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Lifshitz Tail for 2D Discrete Schrodinger Operator
with Random Magnetic Field

Shu Nakamura

Abstract. Lifshitz tail for 2 dimensional discrete Schrodinger operator with Anderson-
type random magnetic field is proved. We first prove local energy estimates for
deterministic discrete magnetic Schrodinger operators, and then follow the large
deviation argument of Simon [6].

1 Introduction

We first define our Hamiltonian. Let F be the set of unit squares with the vertices
in Z2, and let € be the set of edges, i.e.,

¥F = {[.Z‘l,l‘1 +1] X [1‘2,.732—1—1] ’ T1,To EZ},
E={(z,y) |2,y € Z? |z —y| =1}.

For e = (z,y) € €, we write € = (y,z). For f € F, we denote the boundary of f
by 0f C €, i.e, if f = [x1,21 + 1] X [22, 22 + 1] then

6f = {(m,a:—i—él),(x—i—él,x—i—él +(52>,<.’17+51 +62,$+52)7<$+62,JI)},

where §; = (1,0) and 62 = (0,1) € Z2.
Let A(e) be a function of e € € with values in R/(27Z) such that

A@) = —A(e), eceé.

The discrete magnetic Schrodinger operator H on Z? with a vector potential A is
defined by

Hy(x) = Y (d(a) - C@Dyy)),  zez?,
|z—y|=1
for ¢ € ¢2(Z?). H is a bounded self-adjoint operator on ¢*(Z?), and 0 < H < 8.
For a given vector potential A, the magnetic field is defined by
B(f)= 3 Ale),  fed,
e€df

which is a function on F with values in R/(27Z). It is well-known that the spectral
properties of H depends only on B, not A. Namely, if A and A induces the same
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magnetic field B, then the corresponding Schrodinger operators H and H are uni-
tarily equivalent by a gauge transform (i.e., a unimodular multiplication operator
on Z?).

We suppose that B = B,(f), w € £, is an identically distributed inde-
pendent random variables (i.i.d.) with distribution dp (on R/(27Z)). We denote
the probability space by €. Our principal example is the uniform distribution on
R/(27Z). Then H is an ergodic operator, and the spectrum is independent of w
almost surely (a.s.). See, e.g., [2]. Moreover, the integrated density of states:

1
k(E) = lim —— #{eigenvalues of H*: < E}
L—oo |AL|

exists a.s., where
A = {.73 = (x1,20) € Z* ‘ |z1|, |x2| < L},

|AL| = (2L + 1)2, and H”t is the Hamiltonian restricted on ¢2(Az). (See Ap-
pendix C for the proof.) We suppose the distribution du satisfies the following
assumptions:

Assumption A. (1) dp is not point measure at 0, i.e., B, is not identically zero.
(2) There is C and a > 0 such that

du([—e,e]) > Ce?, 0<e<m,
where we identify R/(27Z) with [—m, 7).

Theorem 1. Let k(E) be the integrated density of states for H = H,,, and suppose
Assumption A. Then

i — 1 =—1.
gﬁ%log( logk(E))/log E 1

Remark. (1) This is a natural analogue of the Lifshitz singularity of the integrated
density of states for Schrodinger operator with random potential (see, e.g., [6],
[2], [4] and references therein). Lifshitz tail for magnetic Schrédinger operator is
recently studied by Ueki [8], where the random magnetic field is supposed to be
Gaussian random field. Note that the space dimension d is 2 in our setting and
the right hand side of the statement is —d/2.

(2) Under our assumption, o(H,) = [0,8] a.s., and hence Theorem 1 describe
the behavior of k(E) at the lower edge of the spectrum. Similar result holds at
8 = sup o(H) with little modifications.

In Section 2, we prove a simple local energy estimate for discrete magnetic
Schrodinger operators. It is an analogue of the Avron-Herbst-Simon estimate [1] for
continuous magnetic Schrédinger operators, and we also show that it is optimal. In
the rest of the paper, we mimic the argument of Simon [6] to prove the Lifshitz tail.
We define the Dirichlet-Neumann decoupling in Section 3 and prove Theorem 1 in
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Section 4. In Appendix A, we discuss a generalization of the local energy estimate
of Section 2. It is not necessary in this paper, but is interesting in itself and maybe
useful in the analysis of discrete magnetic Schrédinger operators. In Appendix B,
we give a proof of the spectral property of an example of Section 2. We give a
proof of the existence of the integrated density of states in Appendix C.

Notations. We denote the inner product of £2(Z?) by
(plv) = > pl@y(x), @ e (2.
x€Z?

P(-) and E(-) denote the probability and the expectation with respect to w € ,
respectively. For e € &, i(e) and t(e) denote the initial point and the terminal
point of e, respectively, i.e.,

i) =2, tle)=y, ife=(ny).
We write Zy = {0,1,2...}.

2 Local energy estimates for discrete magnetic
Schrodinger operators

In this section, we consider deterministic magnetic Schrodinger operators on Z2.
For a given magnetic field B, we set

Wg(z) = (1—cos(B(f)/4), x€Z
zef

Here we identify R/(27Z) with [—m,7), and hence B(f)/4 € [-n/4,7/4). Thus,
in particular,

0<Wp(z) <41 -1/V2), zeZ’
Theorem 2. Let H and W as above. Then H > Wp, i.e.,
(Y HY) > (Wpy) = > Wp(z W, e P(Z?).
r€Z?

Remark. The motivation of this estimate comes from recent works by Higuchi and
Shirai [3]. (See also Sunada [7] for related results on generalized Harper operators.)

Proof. We note

WIHY) = Y 9@) (v(@) - A EDy(y))

|z—y|=1

> W) (V) - @)

|z—y|=1
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since A((y,x)) = —A((z,y)). We take the average of these expressions, and obtain
WHY =2 Y (@) — 4@y (p)|
=3 x)—e Yy

lz—yl=1
= L3 |tiCe)) — 4 (e(e))|

ecé

Since each e € € is an element of df for only one f € F, we may write

(G| HY) = ZZW ) — ¢ Ay(t(e))

feETFecof

’2
Lemma 3.

3 [t - e @ue))|” 2 2(1 - cos(EL)) 3w

ecof z€f

Now Theorem 2 follows immediately.
Proof of Lemma 3. Let
f=lz1, 21+ 1] x [22,22 + 1], r = (x1,12) € Z2,

and we write

ur =P(x), ug=vP(@+061), uz=v(@+06+062), us=1(x+0),
= A((l‘,l‘—l—él)), 0y = A(({IJ + 61,2 + 61 +62)),
= A((x + 61+ 62,7 + 62)), 04 = A((x + b2, 7)).

Then we have

S [t - e

ecdf
2 —ett 0 —e 7104 Uq
| e 2 —ei02 0 us |
= (Ula Uz, us, 'LL4) 0 _6_7;92 2 _eiQS us =u h@u.
s 0 —e s 2 Uy

We set a; = 61, as = 01 + 05, ag = 01 + 05 + 03, and

1
eial

A=
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Then we have

AmA = 5T, =4
—eiB 0 -1 2

since B = B(f) = 01 + 02 + 05 + 64. Note that Ap is the Hamiltonian of the
free discrete Schrodinger operator on the closed chain {0, 1,2, 3} with the periodic
boundary condition with an additional phase e*Z. Thus the eigenvectors are given
by

v = (17 eiﬂj7€2iﬂj,63iﬂj), i = (B + 2773‘)/4’ 7=0,1,2,3,

and the eigenvalues are A; = 2(1 — cos u;). In particular, the lowest eigenvalue is
Ao = 2(1 — cos(B/4)) since B € [—m,m). This implies Ap > 2(1 — cos(B/4)), and
hence hy > 2(1 — cos(B/4)) to conclude the assertion.

Example 1. Let b € (—m,7) and let
b if i
B(f)= R 1 1 + 2o ?S even,
—b, if 1 + x5 is odd,
where f = [z1, 21 + 1] X [22, 22 + 1]. In this case, Wg(z) = 4(1 — cos(b/4)) for any
x € Z2. H is solvable and we can show
o(H) = [4(1 — cos(b/4)),4(1 + cos(b/4))].

This example shows that Theorem 1 is optimal. See Appendix B for the compu-
tation of this example.

We will use the following (almost trivial) analogue of the Kato inequality:

Lemma 4.

(WIHY) = (¢ | Holl), o € (Z?),

where Hy denotes the free discrete Schridinger operator on Z2, i.e., H with A = 0.
Proof. We have

(i) = 3 Y|wtie) - A e))|
> =S| wlie)] — (ue|® = {1 | Holwl). 0

This implies, for example,
1 1
(WIHY) 2 (Y] | Ho [9]) + 5 (W)

] 1(Ho + W) ).
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By the min-max principle, we obtain the following lemma.

Lemma 5.
1
info(H) > 3 info(Ho + Wg).

Note that Hy + Wp is a usual discrete Schrodinger operator. We will use (a
modified version of) Lemma 5 in the proof of Theorem 1.

3 Dirichlet-Neumann bracketing

In this section, we generalize the Dirichlet and Neumann decoupling of Simon
[6, Section 2] to discrete magnetic Schrodinger operators. Let Z% = >~ S, be a
disjoint decomposition of Z2, and let

E:{eeg‘egZSaforanySa}

be the boundary set of the decomposition. Then for a given magnetic Schrédinger
operator H, we construct operators H>" and H>P such that

HE;N < H < HE;D

and they commute with the direct decomposition: ¢%(Z?) = @, ¢*(Sa), i.e., they
act on each £%(S,).
For each e € &, we set

V(@) =A%), ifa=ie),
V(@) — e AOYGi(e)), o= te),

otherwise.

Le¢($> =

O = N

L. corresponds to 2 X 2-matrix

1 1 —etAle) .
(e ) e,
and hence L. has eigenvalues 1 and 0. In particular, L, > 0. We note

H:ZLS.

ect

On the other hand, we also set
(@) + EAOB(e)), i
W(x) + e—“‘@w(i(e))), if & = t(e),

otherwise.

I
.
—~
[
~—

Metp(x) =

O IR NI
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Then, similarly, we learn M, > 0. Now we set

H*N=H-3"L.=> L,

eED e¢™

HYP =H+> M.
e€X

Then, clearly, we have
0 SHE;N S HSHE;D,

and H>7# has no off-diagonal elements corresponding to e € X, where # = N
or D. Hence H™# acts on each component of the direct decomposition: £2(Z2) =

Do £2(Sa)-
For L € Z, we set
S&L)z{erz|Lozj§a:j<L(ozj+1),j:1,2} for a € Z°.
Let HL3# be the operator H¥# restricted to ¢2 (SSL)). As in [6, Section 2], we set
k:f(E) = L °E[#{eigenvalues of HE# < E}
with # = N or D. Then we have
KD (E) <k(B) <kp(E),  E€R,

for each L € Z,. We will estimate k% (E) and kY (E) to obtain lower and upper
bounds of k(E), respectively.

4 Proof of Theorem 1

The proof of Theorem 1 is similar to [6], and we mainly discuss the necessary
modifications.

4.1 Lower bound

Recall that the lowest eigenvalue of H}*P is given by ef™” = 2(1 — cos(n/L)) ([6,
Theorem 2.4]). For E > 0, we set L € Z, such that

VaAr2JE < L < \/4n2JE +1
so that ep’” < 27%/L? < E/2. If we suppose

[B(f)| < B/SL  forany f C S5,
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then we can find a vector potential A such that
|A(e)] < E/8  for any e C S{V.

This implies ||H0L;D — gD H < E/2, and hence the lowest eigenvalue of H%P is
smaller than E. Thus we have

kP(E) > L™P(|B(f)| < E/SL for any f C 5§")
= L2P(|B(f)| < E/SL)" > L-2CT’ (cE¥/?)et
= exp[—2log L + L*(log C' + alogc + (3a/2) log E)]
This implies

ligl igf log(—logkP(E))/logE > —1

since L2 ~ 472E~! as E — 0, and hence

li%nirolflog(—log k(E))/logE > —1.

4.2 Upper bound
We first note an analogue of Lemma 5.

Lemma 6. Let

Wk(z) = Z (1 fcos(Bif))).

foCS(()L)
Then
1
inf o (H"N) > 5 inf o (HEN + WE).

The proof is almost the same, and we omit it.
We fix g and fy > 0 such that

P(1 — cos(B(f)/4) = €0) = fo

Now the main lemmas of [6], i.e., Theorems 4.1 and 4.2 are rewritten as follows in
our setting:

Proposition 7. There exist Ly and ag such that if L > Ly and if
L2 {w e S8 | Wh(z) > &0} > fo/3,
then

inf o (HEN + Wh) > agL™2.
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Proposition 8.

P((L-1)2#{s e 3"‘ fcsP —cos(if)) >e0) < %fo)

4
< exp(~ 5 (L~ 177).
Proposition 8 implies
]P’((L — 1)72#{1' € S(()L) } WE(z) > 50} < %fo) < exp(—%fg(L - 1)2).
by the definition of W%. Combining this with Proposition 7, we observe
IP’(infU(HOL;N +W§) < aoL_z) < exp(—%fg[?)
if L > L. Hence we have
k (B) < P(info(H"Y) < E)
< P(infa(HOL;N +WE) < 2E) < exp (—% fgLQ)
if we choose L so that 2F < agL™2, i.e., if

L< \/Cko/?E.

We set L be the largest integer satisfying the above condition, so that L ~ /aqg/2-
E~1/2 as E — 0. Then we learn

1 2
EN(E) Sexp(—ﬁfg( a0/2-E_1/2—1> ) Nexp(—%ng_l>
as E — 0, and we conclude

lim sup log(—log k(E))/log E < —1.
E—0

Appendix A Generalization of local energy estimate
Let m € N and let F,, be the set of squares of size m with the vertices at Z2, i.e.,
T = {[mhxl + m| X [z2, T3 + m)] ‘ 1,2 € Z}.

Let A(e) be a given vector potential. Then for f € F,,, we denote the magnetic
flux through f by

B(f)=")_ Ale),

ecdf
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where Of is the boundary of f. Here we again identify R/(27Z) with [—m, ) and
we always suppose B(f) € [, 7). Then we set

-k 5 (120

rEfEF,,

Theorem 9. Under the above notations, H > W](gm) for any m € N.

Proof. We note that each e € € is an element of df for m different f € JF,,. Hence,
as in the proof of Theorem 2, we have

2

WiHY = 5= 3 [plile)) - 4Ou(r(e))

fEFm

Then we use the following lemma:

Lemma 10. For each f € F,,,

3 [utie)) - ¢ @utre)| 2 2(1 - cos(BL)) T i)

ecdf 4m zef

The lemma is proved similarly as Lemma 3, since the left hand side of the
above formula is the energy function for the free discrete Schrédinger operator on
the closed chain of size 4m with the periodic boundary condition with the phase
¢!BU) Now the theorem follows immediately. O

Theorem 9 may imply better estimate if B(f) does not change the sign fre-
quently. Let us consider the constant magnetic case to observe this.

Example 2. Suppose B(f) = b for all f € F. Then for f € F,,, B(f) = m?b
(modulo 27Z). We choose m € N so that

7T b<7T
(RS

when |b| is small enough. Then m ~ |7/b|*/? and |m2b| = 7+O(|b|*/?) when b ~ 0.
By simple computations, we learn

o
H > Wg'(x) = 7 [bl + O(o]*’?)

as b — 0. Probably this lower bound is not optimal, but it is better than the
estimate which follows from Theorem 2 for small b.
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Appendix B Spectrum of Example 1
We set 6 = b/2,

0, if z1 + 2o is even,
797 if xr1 + o is Odd,

A(z,z+6)) = {

and A((x,z + 62)) = 0 for any x € Z2. Then A defines a magnetic Schrodinger
operator of Example 1. Note that this operator is invariant under the following
change of coordinates:

T1y(z) = ¢(z + 61 + 62), Typ(z) = P(z + 61 — 62)
where 1) € (?(Z?). Hence we can apply the Floquet-Bloch theory. Namely, we
compute the (generalized) eigenfunction and eigenvalues of H under conditions
Ty = "9, Ty = €4

with fixed a, 8 € R/(27Z). These lead to a system of equations:

Hip(0) = 4(0) — {e” + """ - e7i e~ }a(8y),
Hp(81) = —{e7 + & T0reth) o gio 4 eB14(0) + 44p(61).

4 A .

5\ 4> with A =
—{e? 4 ¢i0=a=08) 4 eg=ie 1 ¢=8Y They are 4 + |\|, and by simple computations
we obtain

Thus the eigenvalues are the characteristic roots of the matrix (

IA|> = 4{1 + cos acos 3 + cos §(cos o + cos 3) }.
It is then easy to see

sup |\ = 4(2 + 2cos ) = (4cos(b/4))?,
a,B

and the range of |A| (as a function of @ and 3) is [0,4 cos(b/4)]. Thus the spectrum
of H is given by
o(H)={4%|\|a,B€R/(27Z)} =[4—4cos(b/4),4 + 4 cos(b/4)]

and it is absolutely continuous.

Appendix C Existence of the integrated density of states

Theorem 11. The integrated density of states

E(E) = lim s

v.of HM < E
g g pHeyo < B
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ezists for £ € R almost surely. Moreover,
k(E) = lim kP(E) = supkP(E)
— 00 L

= lim kN(E) = inf EN(E),

L—oo
where kP and kY are defined in Section 3.

Proof. Let A C Z? be a box in Z2, and let HYP and HMYN be defined similarly as
H5P and H%N in Section 3. Namely, they are defined by

WIHNYg) = 2 3 Jola) - A CDy (),

lz—y|=1
z,yeN
AD oy L iA((2,y)) 2 2
(WHN ) = o Y 0 [o(a) = EDp)+ 3 ju()]
lz—y|=1 le—y|=1
,yen wEAYEA®
for ¢ € £2(A). We set
ki (E) = ﬁ#{e.v. of HN* < E}

for E € R with * = D or N. Note that k3, (E) = k3, ,(E). We fix E. Now it is
a standard procedure to see that kY (E) and k¥ (FE) are subadditive process and

superadditive process, respectively, in the sense of [2] Definition VI.1.6. Then by
Theorem VI.1.7 of [2], we learn

KY(E) = lim kp(E) = inf k7 (E),
EP(E) = Jim EP(E) =supkP(E)
— 00 L

exist. Since
kgp 1 (E) < mi'#{e.v. of H* < E} < kY . (E),
it remains only to show
EN(E) = kP (B). (N-D)

By the definition, HA2:P — AL is an operator of rank #(0A 1) = 4(2L+1).

Hence, by the min-max principle ([5] Section XIII.1), we have
0 < #{ev. of H*N < E} — #{e.v. of HMP < E} < 4(2L 4 1).
This implies
4

2L +1
and (N-D) follows immediately from this. O

0< K, (B) ~ k%, () <
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