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Invariant Tori, Effective Stability, and Quasimodes with
Exponentially Small Error Terms II -
Quantum Birkhoff Normal Forms

G. Popov

Abstract. The aim of this paper is to obtain quasimodes for a Schrodinger type
operator Py in a semi-classical limit (h \, 0) with exponentially small error terms
which are associated with Gevrey families of KAM tori of its principal symbol H.
To do this we construct a Gevrey quantum Birkhoff normal form of P}, around the
union A of the KAM tori starting from a suitable Birkhoff normal form of H around
A. As an application we prove sharp lower bounds for the number of resonances
of Pj, defined by complex scaling which are exponentially close to the real axis.
Applications to the discrete spectrum are also obtained.

Let M be either R™ or a compact real analytic manifold of dimension n > 2 and

let
J

Py = > Pi(x,hD)W, 0 <h <hg, (1)
§=0
be a formally selfadjoint h-differential operator acting on half densities in
C”(M,Q%), where Pj(z,&) are polynomials of { with analytic coefficients, and
D = (Di,...,D,), Dj = —i0/0x;. We denote the principal symbol of P, by
H(z, &) = Py(x,§), (x,€) € T*(M), and suppose that its subprincipal symbol is
zero. Our main example will be the Schrédinger operator

Py = —B°A + V(z),

where A is the Laplace-Beltrami operator on M, associated with a real analytic
Riemannian metric and V(x) is a real analytic potential on M bounded from
below.

Given g > 1, we define a G2 (Gevrey) quasimode Q of P, as follows:

Q - {(um(ah)a /\m(h)) ime Mh}v

where up, (-, h) € C§°(M) has a support in a fixed bounded domain independent
of h, A\ (h) are real valued functions of h € (0, ko], M, is a finite index set for
each fixed h, and

(@) Patim — Am(h)umlliz < Ce=* me M,
(“) |<umaul>L2 - 6m,l| < Ceic/hl/g y m,lEMh,

for 0 < h < hg. Here C' and c are positive constants, and 0,,,; is the Kronecker
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index. Recall that for any C* quasimode Q the right hand side in (i) and (i) is
On(hN) for each N > 0. We define the G¢ micro-support M S?(Q) C T*(M) of
Q as follows: (zg, &) ¢ M S?(Q) if there exist compact neighborhoods U of z¢ and
V of & in a given local chart such that for any G function v with support in U

/ e @Oy (2)u (2, h)dr = O (e _C/hl/g) , as h ™\, 0,

uniformly with respect to m € My, and £ € V.

We are going to find a Gevrey quasimode Q of P, the Gevrey micro-support
of which coincides with the union A of a suitable Gevrey family of Kolmogorov-
Arnold-Moser (KAM) invariant tori A, w € Q,, of H, obtained in [19]. For this
aim we construct a Quantum Birkhoff Normal Form (QBNF) of P}, around A
in suitable Gevrey classes starting from the Birkhoff Normal Form (BNF) of its
principal symbol H obtained in Theorem 1.1 [19]. In other words, conjugating P,
with an unitary h-Fourier Integral Operator (h-FIO) we transform it to a suitable
h-pseudodifferential operator (h-PDO) PY acting on sections in C°°(T™; L), where
L is a flat Hermitian linear bundle of T = (R/27Z)™ associated to the Maslov
class of the invariant tori. The operator P, has a Gevrey symbol

Pl Lh) ~ Y (K1) + Ri(p, )W, (p,1) € T" x D,
§=0

such that each R; is flat at the Cantor set
T' X E,, E,={I€D:w{l)eN,},

where w : D — Q is a Gevrey diffeomorphism, 2 is a neighborhood of Q,, w(I) —
VEKy(I)is flat at E,, and Ko(I)+ Ro(p, I) is just the BNF of H around A obtained
in [19]. Then R; turn out to be exponentially small around T" x E,; and we obtain
a Gevrey quasimode of Py, (see Corollary 1.2). In the C*° case a similar QBNF
was first obtained by Colin de Verdiére [7] for the Laplace-Beltrami operator A
on a compact Riemannian manifold M. As a consequence, C* quasimodes for A
were obtained in [7].

Quasimodes provide information about the spectrum of Pj. If Py, has discrete
spectrum, we can find eigenvalues of P}, exponentially close to the quasi-eigenvalues
Aj(h). Moreover, the total multiplicity of the part of the spectrum of P, approx-
imated by Q modulo an exponentially small error term is given asymptotically
by (2rrh)~"Vol (A) as h \, 0. The notion “total multiplicity” will be explained in
Sect. 1.2. In the case of “scattering”, using a result of Stefanov [25], we shall find a
large set of resonances of P}, (defined by complex scaling) which are exponentially
close to the real axis (see Sect. 1.3).

Quasimodes associated to a Cantor family of invariant tori were first obtained
by Lazutkin [14] for the Laplace operator in strictly convex bounded domains in R?
(see also [15] and references there) and for n > 2 by Colin de Verdiére [7] who also
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constructed a QBNF around a family of invariant tori in the C'*° case. Quasimodes
associated with invariant tori of the classical Hamiltonian have been obtained also
in [5], [6], [8], [18]. An extension of Nekhoroshev’s theorem in quantum mechanics
is proposed by Bellissard and Vittot [3]. They investigate the rate of divergence in
the Rayleigh-Schrédinger perturbation series when the unperturbed Hamiltonian
is given by a family of harmonic oscillators whose frequencies satisfy a small di-
visor condition. If 0 is a nondegenerate minimum of V, Sjostrand [22] obtained a
quantization formula for all eigenvalues of P}, in an interval [0, h®], where § > 0 is
fixed. Stronger result has been proved recently for Gevrey smooth potentials V()
by Bambusi, Graffi and Paul [1]. They obtained a quantization formula modulo
O(h®) for all eigenvalues of Py, in an interval [0, p(h)] where p(h)’Inh — 0 as
h \, 0 and b is an explicitly determined constant. A link between Nekhoroshev’s
stability for the classical system and the semi-classical asymptotics with exponen-
tially small error term of the low lying eigenvalues of the corresponding Schrédinger
operator is suggested by Sjostrand [22].

The techniques developed in the present paper could be used to obtain quasi-
modes with exponentially small error terms for the Laplace operator —A with
Dirichlet (Neumann) boundary conditions in a domain @ C R" with a compact
analytic boundary which are associated to Gevrey families of invariant tori of the
broken bicharacteristic flow.

The paper is organized as follows: The main results are formulated in Sect.
1. In Sect. 2 we define suitable classes of Gevrey symbols, h~-PDOs and h-FIOs.
We conjugate P, with an elliptic h-FIO T}, to a h-PDO Py, of Gevrey class acting
on sections in C°°(T™; L), the principal symbol of which is just the BNF of H and
the subprincipal symbol is 0. In Sect. 3 we obtain a QBNF of P, conjugating it
with an elliptic h-PDO Aj,. We first find the full symbol of Aj;, on the Cantor set
T" x E, and then use a suitable Whitney extension theorem in Gevrey classes. To
obtain the full Gevrey symbol of Ay on T™ x E,, we have to solve the homological
equation

<VKO(I)76Lp>f(<)O>I) = g(SOvI) , P E " )

uniformly with respect to I € E, and to provide the corresponding Gevrey esti-
mates for the solution. Here g(p, I) is a Gevrey function in T™ x E,; in the sense
of Whitney, and

/n g(p, I)dp = 0.

The analysis of the solution of the homological equation is done in Sect. 4. In Sect.
5 we complete the construction of the normal form of P, near A.

I QBNF around KAM tori and quasimodes

1.1 Main results. We are going to formulate the main assumptions on the principal
symbol H of Pj,. Fix k > 0 and 7 such that 7 > n — 1 when n > 3 and 7 > 3/2
when n = 2. Given a bounded domain 2 C R"™ we consider the set =, of all
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w € ) having distance > « to the boundary of 2 and satisfying the Diophantine
condition

[w, k)| > forall 0 #k € Z", (L.1)

K
k|7’
where |k| = |ki| + -+ + |kn|. We denote by Q. the set of points of a positive
Lebesgue density in =, namely, w € €, iff for any neighborhood U of w the
Lebesgue measure of U NS, is positive. Fix s = 7/ + 2 with 7/ > maxz{7,5/2}. We
suppose that there exists a real analytic exact symplectic diffeomorphism

x1: T"xD — U C T"(M),

where D is a domain in R™ such that the Hamiltonian

~ def

H(¢,I) = (Hoxi)(p,1) (12)
admits a G°-BNF around a family of invariant tori with frequencies in a suitable
Q.. In other words, we assume that the Hamiltonian H (¢, I) satisfies :

(BF) There exists a domain 2, a G*-diffeomorphism w : D — €2, and an exact sym-
plectic transformation xo € G4*(T™ x D, T™ x D) such that H(xo(p, 1)) =
Ko(I)+Ro(p,I)in T"x D, where Kg € G*(D) and Ry € G1*(T™ x D) satisfy
D¢Ry(p,I) = 0and D¢ (VKy(I) —w(I)) = 0forany (¢,I) € T"xw™1(£y)
and « € Z7. Moreover, there exists a generating function ® € G**(T" x D)
of xo such that [|[Id — @47 (p, I)|| <ein T™ x D for some 0 < e < 1.

Here || - || is the usual sup-norm in the space of n x n matrices. Recall that
® is a generating function of xo if xo(Vi®(¢,1),I) = (¢, Vo ®(p, 1)) for any
(p,I) € T™ x D. Theorem 1.1 in [19] shows that any real analytic Hamilto-
nian H((p,[), (p,I) € T" x D, which is a sufficiently small perturbation of a
non-degenerate real analytic completely integrable Hamiltonian H°(I), satisfies
(BF) with Q = VH(D). The map x; provides “action-angle” coordinates for the
completely integrable Hamiltonian H® and it can be constructed by the Liouville-
Arnold theorem. For example we can take M = R"™ and suppose that V has a
non-degenerate minimum Fy = V(0) and that there are no resonances of order 4
(see (0.3), [19]). Then Corollary 1.3, [19], holds. In this case x; transforms H to
its Birkhoff normal form.

Set x = xi1ox0: T"xD — U C T*(M). Let A be the union of
the invariant tori A, = x(T" x {I(w)}) of H with frequencies w € (,;, where
Q35w — I(w) € D is the inverse to the frequency map D 5 I — w(I) € Q. The
Maslov class of A, w € ,, can be identified to an element 9 of H!(T";Z) = Z"
via the symplectic map x. Notice that ¥ = (2,...,2) in the case when V has a
nondegenerate minimum Ey = V(0). As in [7] we consider the flat Hermitian line
bundle L over T™ which is associated to the class ¥J. The sections f in L can be
identified canonically with functions f: R™ — C so that

™

f(x + 2mp) = eiiw’mf(z) (1.3)
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for each x € R™ and p € Z". It is easy to see that an orthonormal basis of
L?(T™; L) is given by e,,, m € Z", where

en(z) = exp(i{m+9/4,z)).

Set v =7+ n+1 and fix 7/ such that 7+n—1 > 7/ > max(7,5/2). Then fix
v > p > 7 +2, choose o > 1 sufficiently close to 1 such that

v>p>oT+1)+1, (L4)

and set ¢ = ov. Thus p could be any number bigger than v and sufficiently close
to v. Set £ = (o, p,0) and consider the corresponding class of Gevrey symbols
Sy(T™ x D) (see Sect. 2). Starting from the G™ *1-BNF of H around A given by
(BH), we are going to find a QBNF of P, around A in the class of A-PDOs in
L?(T™; L) with a symbol in S¢(T™ x D), conjugating P, with a suitable h-FIO
with canonical relation C' = graph (). Recall that P, is a selfadjoint h-differential
operator acting on half densities in C°°(M,Q2) of the form (.1) with analytic
coefficients in M and with a subprincipal symbol equal to zero.

Theorem 1.1 Suppose that there exists a real analytic exact symplectic map x1 :
T"x D — U C T*(M) such that the Hamiltonian H(p,I) = H(x1(p, 1)),
(p,I) € T™ x D, satisfies (BF) for s = 7/ + 2. Then there exist a family of
uniformly bounded h-FIOs Uy, : L*(T™; L) — L?(M), 0 < h < hy, associated with
the canonical relation C' such that the following holds:

(1) UpUp —1d is a pseudodifferential operator with a symbol in the Gevrey
class S¢(T™ x D) which is equivalent to 0 on T™ X Dy, where Dy is a subdomain
of D containing the union A of the invariant tori

(ii) PpoUy = Uyo P, and the full symbol p°(p,1,h) of P has the form
p°(p,I,h) = K°(I,h) + R°(p,1I,h), where the symbols

KO(Iah) = Z Kj(l)hj and RO(QO’Ivh) = Z Rj(goal)hj
0<j<nh=1/e 0<j<nh=1/e

belong to the Gevrey class Se(T*(T™)), n > 0 is a constant, K° is real valued, and
RO is equal to zero to infinite order on the Cantor set T™ x E,.

As a consequence we obtain a G? - quasimode Q of Pj, with an index set
My, = {meZ": |E; — h(m+9/4)| < h*}
where € = e(p) € (0,1). It is easy to see that

#{m e My} = Vol (T™ x E,;)(1+ o(1))

1
(27h)"
= G VL)L o(1). A0, (15)

where Vol (A) stands for the Lebesgue measure of the union A of the invariant tori
in T*(M).
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Corollary 1.2 Let w,,(x,h) = Up(en)(x), and A\p(h) = K°(h(m + iﬁ)vh‘); for
m € My,. Then
Q= {(Um($,h),)\m(h)) Tme Mh}

1s a G2-quasimode of Pn. Moreover,
MSe(Q) = A. (1.6)

To prove Corollary 1.2 we write P = K} + R}, where the symbols of K}
and R) are K°(I,h) and R°(p, I, h) respectively. It is easy to see that

Prem)(®) = (An(h) + R (¢, h(m +9/4), 1)) e ()
for any m € Mj,. On the other hand,
IDEDFR(p,I,h)| < ClFAIFL gIogli " (o, 1,h) € T™ x D x (0, hol ,

because of (II.3). Then there exist two positive constants Cy and ¢ depending only
on the constant C' such that for every «, 3 € Z’} the following estimate holds

0202 R (0, I, 1) < LI groarm exp (_C\En_zrﬁ) ,

for each (¢, I,h) € T"x D x (0, ho], I ¢ E,, where |E,—1I| =infpcp, |I'—1I|is the
distance to the compact set E, (see [19], (1.3)). Using the inequality p < v < p,
and choosing appropriately € we prove that Q satisfies (7) in the introduction. On
the other hand (i¢) and (I.6) follow directly from the definition of the index set
My, the orthogonality of e, and (7) in Theorem 1.1. O

1.2 Applications to the discrete spectrum. Consider now the Schrédinger operator
P, = —h?A + V(z) in M, where A is the Laplace-Beltrami operator associated
with a real analytic Riemannian metric on M which coincides with the Euclidean
metric when M = R™. Suppose that P}, satisfies the assumptions of Theorem 1.1
in a bounded subdomain of T*(M). Set Eq = max{H (z,&) : (z,&) € A}. Suppose
that H~1((—o0, Es]) is compact for some E; > E; and fix E € (E1, Ez) and
Ey < min{H(z,§) : (z,§) € A}. We need that assumption only when M = R™.
Then Py, 0 < h < hg, has only a discrete spectrum in [Ey, E]. Hereafter hg > 0
is chosen sufficiently small. Fix ¢ > ¢ > 0 and C’ > C, where ¢ and C are the
constants in the definition of Q. Denote by II" the spectral projector of P, and
for each 0 < h < hg and m € My, set

Al = [Am(h) — e M N (h) + O/e_(c—f)/hl/g} .

h

0,m» and we have

Then there exists at least one eigenvalue of Pj, in A

IT(AL, g — ]| < /M 0<h < ho < 1,me My,
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(see [15], Proposition 32.1 and (32.2)). Set
Ih = U{Ag,m :m € My}

and fix A > 2(27) 7" Vol(A). Taking into account (I.5) we obtain that Z" C [Ep, E|
is a finite union of disjoint intervals Ijh of length

22| < AC'Rmem(em/me
Denote by £} the span of all u,, (-, h) such that m € My, and Ap,(h) € Z}'. Then
(0w —of] < Ahme™/™ [o]|, 0 < h < ho <1,

for each v € £? and some constant A’ > 0. Then it is natural to call
Ni(Z") = Y dimI™(Z))Lh
J

total multiplicity of the part of spectrum of Pj, in Z" which is approximated by
the quasimode @ modulo an exponentially small error term (for C*° quasimodes
see [15] ). Moreover, we have

dimI™(Z})L) = dim L}, 0 < h < ho <1,

hence,

NATM) = #{m e My} = ﬁVol(A)(l%—o(l)), N0, (L)

Recall that the function Ny ([Ep, E]) counting with multiplicities the eigenvalues of
Py, in [Ep, E] has a semiclassical asymptotic Ny, ([Ep, E]) = (2rh) " C1(1 4 o(1)),
where C; = Vol (H}([Ey, E)) is the Lebesgue measure of H~1([Ep, E]) in T*(M).

1.8 Applications to resonances. Consider a selfadjoint second order differential
operator in R”

Pyo= Y aa(x)(hD)*H .

la|+j<2

As in [26] we impose the following hypothesis:

(H;1) The coefficients a,(x) are real analytic and they can be extended holomor-
phically to

{rw: we C", dist(w,S") <e,reC,|r| >R, argr € [—¢,0p — €|}

for some € > 0 and 6y > 0 and the coefficients of — h2A — P, tend to zero
as || — oo in that set uniformly with respect to h.
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(H3) For some C > 0 we have

Z aa(x)éa > C|§|27 (x,§)€T*(R")

=2

Then the resonances Res P, of P, close to the real axis can be defined in a conic
neighborhood T' of the positive half axis in the lower half plain by the method
of complex scaling (see [23] and [24]). They coincide in I" with the poles of the
meromorphic continuation of the resolvent

(P, —2)"': Liomp(R") — HE . (R™), Imz > 0.

Thang and Zworski [26] obtained a result which implies lower bounds of the the
resonances Res Py, of Pj, close to the real axis for any h € (0, hg], provided that
there exists a quasimode Q for Pj. Stefanov [25] obtained sharp lower bounds, he
showed that for each h € (0, hg] the number of the resonances of P, close to the
real axis is not less than the cardinality of the index set M, of the quasimode Q.
We set

Ny = #{\€ResP,: ReX € [Ep, E],0 < —ImX < h~""2e—¢/h"* )

where the resonances are counted with multiplicities, ¢ > 0 is the constant in the
definition of Q and Ey < E are as in 1.2. Burq [4] showed that there exists € > 0
and C' > 0 such that there are no resonances of Py, 0 < h < hyg, in

{AeC: Red€[Ey,E],0 < —Im\ < ee “/"}.

Combining Corollary 1.2 with Theorem 1.1 in [25] (which holds also for non-
compactly supported perturbations of —h2A satisfying (H;) and (Hz)), and using
(I.5), we obtain the following:

Theorem 1.3 Suppose that Py, satisfies (H1), (Ha), and the assumptions of Theo-
rem 1.1. Then

Ny > mVol(A)(Ho(l)), hN 0.

IT Gevrey symbols /-PDOs and h-FIOs

2.1. Gevrey symbols. We are going to put the operator Py in a QBNF around the
union of the invariant tori A conjugating it by an elliptic A-FIO with a suitable
Gevrey symbol. The resulting operator will be a h-PDO with a Gevrey symbol.
First we define the class of Gevrey symbols that we need. Denote by D a bounded
domain in R™. Let X be either T™ or a bounded domain in R™, m > 1. Fix
o, >1,0>0+p—1, and set £ = (o, u,0). We introduce a class of formal
Gevrey symbols F'S(X x D) as follows. Consider a sequence of smooth functions
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pj € C°(X x D), j € Z such that suppp; is contained in a fixed compact subset
of X x D. We say that

> pile. )W (IL.1)
j=0

is a formal Gevrey symbol in F'Sy(X x D) if there exists a positive constant C'
such that p; satisfies the estimates

;u%mga?pj(%m < QItHlelHIBIFL gro g1 u jre (IL.2)
X

for any a, 3 and j.

The function p(¢, I; h), (¢, I) € X x R™, is called a realization of the formal
symbol (IL.1) in X x D if for each 0 < h < hg it is smooth with respect to (¢, I)
and has compact support in X x D, and if there exists a positive constant C such
that

N
sup 080% (p(0,1,h) = pi(p, M)
j=0

< pNH C«{VHalHﬁH? BT ol (N +1)1° (I1.3)

for any multi-indices a, 8 and N € Z, where Q = X x D x (0, ho]. For example,
one can take

p(‘P?Lh) = Z pj((pvl)hj7
j<eh—1/e

where € > 0 depends only on the constant C; and the dimension n (for o = p =1
see [22], Sect. 1). We denote by S¢(X x D) the corresponding class of symbols.
Given g € S¢(X x D), we say that g € S, (X x D) if

Sup 0307 glip, T )] < Y OV g gt e

for 0 < h < hg, VN € Z,, and for any multi-indices «, 8 € Z_‘A_’ , or equivalently

sup 10505 g, I; h)| < CL* 1M 17l exp(—ch™1/9)

for some Cy, ¢ > 0, and any h € (0,ho], o, § € Z.. Moreover, given f,g €
Se(X x D), we say that f is equivalent to g (f ~ g) if f —g € S,;°°(X x D).
It is not hard to prove that any two realizations of Z;io p;h? in Se(X x D) are
equivalent. When o = p1 and ¢ = 20 — 1, we set S7 = Sp and ST~ = 5, .

Having two symbols p, ¢ € Sp(X x D) we denote their composition by poq €
S¢(X x D) which is the realization of

> il € FSy(X x D),
§=0
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where 1
(e, 1) = Y. =DIpe(p, 1) 0as(, ). (IL.4)
r+s+lyl=5
In particular, Sy becomes an algebra under this composition. Having a symbol
p € S¢(X x D) associated to the formal symbol (I1.1), we define its conjugate p*
as the realization of the formal symbol

> il € FSy(X x D),
=0

where 1
Cj(@vl) = Z ?Dyang(@aI)
rbl=i

To each symbol p € Sp(X x D) we associate an h-pseudodifferential operator
(h-PDO) by

Pou(z) = (2mh)™" / VO (€, ) uly)dedy, u € C5(X).
R2n

It is well defined modulo exp(—ch~'/2). Indeed, for any p € S, % we have
[|Poullr2 < Cexp(—ch™0)||ul|2, ue C5o (X)),

with some positive constants ¢ and C'. Then the composition of two h-PDOs P,
and @, with symbols p, g € S¢(X x D) is a h-PDO of the same class with a symbol
poq, and the L?-adjoint of Pj, has a symbol p*. Moreover, h-PDOs with symbols
of the class S = Sy, £ = (0,0,20 — 1), 0 > 1, remain in the same class after a
G? change of the x variables, and they can be defined as well on any G° compact
manifold (see Theorem 2.3 [9]).

Let u(x,h) be a family of smooth functions in M for 0 < h < hg. The G?
micro-support M S¢(u) C T*(M) of u is defined as follows: (zg,&p) ¢ MS(u) if
there exists ¢ > 0 and compact neighborhoods U of zy and V of & in a given local
chart such that for any G? function v with compact support in U

/e‘“””’@/hv(x)u(x,h)dx =0 (e‘d"fw> , as h ™\, 0,

uniformly with respect to & € V. Obviously, (zo, &0, 0, —&o) does not belong to the
G? microsupport of the distribution kernel of the h-PDO P, above if its amplitude
p € Sg belongs to S, in a neighborhood of (zg, &o).

2.2. Quantization of x1. We are going to quantize the real analytic symplectic
transformation (z,£) = x1(y,n) defined by (I1.2). Set

Cr = {(x1(y;m),y,m) = (y,m) € T" x D}
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and denote

C1 = {@y.&m): (2.8, -n) € Cr}.
Recall that x1 : T" x D — T*(M), D C R", is exact symplectic , hence C is
an exact Lagrangian submanifold of T*(M x T™). In other words, the pull-back
1*a of the canonical one-form « of T*(M x T™) via the inclusion map is an exact

form,
Fa=df (IL.5)

for some analytic function f on Cf. This means that the Liouville class [¢+*«] of Cf
is trivial in the first cohomology group H'(C}; R) which allows us to quantize x;.
Given o > 1, we are going to define a class of h-FIOs the distribution kernels of
which are oscillatory integrals in the sense of Duistermaat [5] associated with Cf
and having Gevrey symbols in S?.

Locally Cf can be defined by a nondegenerate real analytic phase function
as follows. Let us fix some (o = (o, yo,&0,70) in Cf. Choosing suitable analytic
local coordinates  in a neighborhood Uy of zg, we can parameterize (locally) the
Lagrangian manifold C; by (y,&) € Uy x Us, where Uy is a local chart of T™ and
U, is a neighborhood of €° in R™. Then there exists a real analytic function ¢(y, £)
in Uy x Up such that C1 = {(¢g,&,y,¢,)} and det 0%¢/0yo¢ # 0in Uy x Us
(see [12], Proposition 25.3.3). It is uniquely defined up to a constant, and we fix
it by ¢(yo,&) = (o,&) — f(Co), where f is given by (IL.5). The real analytic
phase function ¥(z,y, &) = (x, &) — ¢(y, &) defines locally the Lagrangian manifold
Cy, namely, rank d(, , eyde W = n on Oy = {(x,y,§) : de¥ = 0}, and the map

0w 3 (2,9,8) — (2,4, ¥, V) € Cy
is a local diffeomorphism in C}. Moreover, we have
\I](x07y07£0) = f(CO) (116)

We are ready to define h-FIOs associated to C; and mapping C'*°(T"; 03 x L)

to C§° (M, Q%), where Q2 is the corresponding half density bundle and the sections
in L are defined by (I.3). Fix ¢ > 1 and choose a symbol a € S,(U x Us) =
S7(U x Us), £ = (0,0,20 — 1), where U = Uy x U;. We extend a for y € R™ by

a(z,y +21p,&,h) = e 2P gz, y, € h), (x,9,6) €U xR™, pe 2",

and we extend ¢ as a 27 periodic function with respect to y in Up x (U1 +27Z"™) X Us.
Then given a section u € C*°(T™; L) of the linear bundle L we set

Thu(e) = (2mh)™" / / YNNG (2 y € h)A(y)dedy,  (ILT)
n Ul

where @ satisfies (1.3). Notice that a(x,y,&, h)u(y) is 27 periodic with respect to
y in R™ and we can replace Uy by Uy + 27p for any p € Z™ . Denote by K (¥, a)
the distribution kernel of T},. We define a class of h-FIOs

Th: C®(T™ 02 @L) — C°(M,Q?)
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with G Gevrey symbols as a finite sum of operators given microlocally by (I1.7),
where the half density bundles have been trivialized by dividing with the corre-
sponding canonical half densities.

We denote the class of the distribution kernels K}, of T}, by I,(M x T™, C{;
Q2 ® L/, h), where L/ is the dual bundle to L. One can show that the definition
does not depend on the choice of the phase functions. Indeed, fix {; € C] as above
and choose as above a real analytic nondegenerate phase function ®(x,y,£) such
that C] = Cg locally near (p and such that (II.6) holds. It can be proved that
there exists a symbol g € S? such that {; ¢ MS?~Y K} — K,(®,g)), where
K3 (¥, a) denotes the distribution kernel of (I1.7) (one can also take more general
phase functions as in [5], Proposition 1.3.1). Here we use the following stationary
phase lemma:

Lemma I1.1 Let ®(x,y) be a real analytic function in a neighborhood of (0,0) in
R™*™m2 . Assume that ®/,(0,0) =0 and that ®”,(0,0) is non-singular. Denote by
x(y) the solution of the equation ®,(x,y) = 0 with £(0) = 0 given by the implicit
function theorem. Then for any g € S°(U), where U is a suitable neighborhood of
(0,0) we have

/eiq)(w,y)/hg(x’%h)dx — W/ Gy, h),

where G € S°.

To prove the lemma we first use the Morse lemma with parameters for real
analytic functions which can be proved as in [12], Lemma C.6.1, and then we follow
the proof of Lemma 7.7.3 in [12] (see also [9]). Actually it could be proved that
Lemma 2.1 holds also when ® € G°.

The principal symbol of T}, (see [5], [16]) is of the form e'/(9)/2Y(¢), where
T is a smooth section in Q2 (C}) ® M¢ ® 75(L/). Here Q2 (C}) is the half density
bundle of C, M¢ is the Maslov bundle of C{, and 7 (L’) is the pull-back of L’
via the canonical projection 7¢ : € — T". The bundle Q2 (C}) is trivialized by
the pull-back of the canonical half density of T™ x D via the canonical projection
mp : C] — T" x D. As in the proof of Theorem 2.5, [7], 7&(L’) can be canonically
identified with the dual M{, of the Maslov bundle. Hence, the principal symbol of
Ty, can be canonically identified with a smooth function b on Cj. Moreover, for
any T}, of the form (II.7) we have

(B (Y, ),y &, — 0, (4, €)) = ao(de(y. €), . )| det 0%¢/DydE(y, £)|7/2,

where ag is the leading term of the amplitude a.

We choose an operator T3, as above with a principal symbol equal to one
in a neighborhood of the pull-back via 75 of the union of the invariant tori A of
H o 1, given by (BF).

Using Lemma 2.1 it can be proved that @, = T157,7T1n is a h-PDO in
C°(T", L), with a symbol ¢(z,€) = 3272, ¢;(x, )R’ in S7(T" x D). Moreover, its
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principal symbol is equal to 1 in a neighborhood U of A and we can assume that
¢1(z,£) =01in U. To do this we write Ty, = Ap, + hBj, where the principal symbol
of Ay, is equal to 1 in U, and then we solve a linear equation for the real part of the
principal symbol of B. Let us conjugate Pj, by an operator T7; defined as above.
Using Lemma 2.1 it can be proved that P! =17, P, Ty, is a h-PDO in C*(T™, L),
with a symbol in S?(T" x D). Moreover, we have P} = TfhlPthh + h2R;,, where
Ry, is a h-PDO. As in Lemma 2.9, [7], we obtain that the principal symbol of P}
is equal to H o x; and that its subprincipal symbol is zero.

2.8. Quantization of xo. We are going to conjugate P! with a h-FIO Ty, :
L?(T™; L) — L?*(T™ L) associated to the canonical relation graph (yo), where
(x,€) = xo(y,I) is given by (BF'). The distribution kernel of T5;, has the form

(2mh)™" / e(@=yN+o@D)/hp T h)dl,

where ¢(x, ) = ®(x,I) — (x,I), and ® € GH*(T" x D) is given by (BF), while
b is a symbol of Gevrey class S{(T" x D) with = (o,py0+p—1)and g > s =
7' +1 >0 > 1is fixed in (I1.4). We suppose that the principal symbol of Ty, is
equal to 1 in a neighborhood of T™ x D. Set T}, = T}, o Toy,.

Proposition I1.2 The operator 13h =Ty oPyoTy is a h-PDO with a symbol in the
class S’f[, where £ = (o, p,0 + p— 1). Moreover, the principal symbol of Py, equals

H = H o x, and its sub-principal symbol is zero.

Proof. We are going to show that P, = T3, o PloTyy is a h-PDO with a symbol in
S5 Denote by a € 57 = S(0,0,20—1)(T™ x D) the amplitude of P} and recall that
b € S{T" x D). Choosing a suitable partition of the unity in T", we suppose that
the support of b(z,n, h) with respect to z is contained in a fixed local chart of T™.
Then the Schwartz kernel of the operator P,% o Ty, can be written in the form

(2r )" / (=) + () /h

X ((%h)” / eV @2EM/ g o € n,h) dzdg) dn, (IL.8)
R"”xD
where Q(‘ra Z, f? UB h) = a(m, 53 h)b('zv n, h)» and
1/’(17;7«"5777) = <.T - Zag - 77> + ¢(277l) - d)('ra 77)

= <1‘—Z,5_77+$z('raz7n)>

Setting = (z,2) and € = (£,7) we obtain that ¢(Z, &, h) belongs to the symbol
class S Consider the inner integral u(z,n, h) in (I1.8). Changing the variables in
it we obtain

u(z,m,h) = (27Th)*n/ eHz8)/h Q(z,z,& n,h)dzdé  (mod ST,
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where @ is again in Sf[. Applying the Taylor formula at z = 0 and then integrating
by parts with respect to £ we obtain that u belongs to SZ’ Now we can write the

Schwartz kernel of the operator ]3h in the form

(gwh)—n/ gita—y, &) /h

X ((% h)~™ / et WzEm/h b(z,g,h)u(z,n,h)dzdn> de. (I1.9)
R"xD
The phase function ¥ can be written as follows
U(z,y,2,&n) = (y—=2,—n) +d(z,n) — ¢(2,§)
= <y_2_$€(z7£777>? 5_77>

where

_ 1
Fe(z.60m) = / 06/06 (2,6 + (5 — €) dt

is analytic with respect to z and G* with respect to (§,7), ie. QNSE € GY* with
respect to (z,(), ¢ = (&,n). The stationary points with respect to (z,n) are n = ¢
and z =y — 55 (2,&,€) in view of (BF'). Integrating by parts with respect to (z,7)
in the inner integral we can suppose that

|2 —y+ ez, 6|, In—€ <1

on the support of b(z,&, h)u(z,n,h). On the other hand dzag(o,f,f) is nonde-
generate in view of (BF) and there exists z = Z(y, ¢, &, I) given by the implicit
function theorem such that ¢ = z —y + 55(5, &,m). Moreover, one can show that
Z(y, v, &, n) is real analytic with respect to (y, ¢) and G* with respect to (£,n) and
that for any function g(z,&,n) of class G”* with respect to (z,(¢), ¢ = (&, n), the
function g(z(y, ¢, &,n),&,n) is G7* with respect to ((y, ), (&,1)) (see Appendix
A.2). We make a change of the variables in the inner integral in (II.9) setting

p=z—y+ gg(z, &, n) and I =n — & Then the inner integral becomes

oy &, h) = (2mh)~" / D/ Ry, 6,1, ) dpdl

where R € SZ’ Using the Taylor formula at ¢ = 0 and integrating by parts with
respect to I we obtain that v belongs to S Moreover, choosing the subprincipal
symbol of Ty, so that T3, = T;hl + O(h?), we obtain that the subprincipal symbol
of ]Sh is 0. O
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IIT Normal form of ﬁh

We can suppose now that P, is a selfadjoint pseudodifferential operator with a
symbol p € SZ(T" xI'), £ = (o,u,0 + p— 1), where

(g, I;h) Zp; @, Dh

and
po(e, I) =po(I) = Ko(I), pi(p,I)=0, VY(p,I)€T" x Ej.

Recall that E,, is a Cantor set in a bounded domain D such that each I € F,
is of a positive Lebesgue density, i.e. the Lebesgue measure of F, N U is positive
for any neighborhood U of I. Then given £ = (o, s1, ), we can define S;(T" x Ey)
as above, where the derivatives with respect to I in E,, are taken in the sense of
Whitney. On the other hand, having a (formal) symbol

pie. ) = 3 pilp, DY € FSy(T" x E,),
7=0

we can extend it to a formal symbol p € FS;(T™ x D) using a suitable Whitney
extension theorem in Gevrey classes (see [19], Theorem 4.1). In other words, using
that theorem we can extend simultaneously all p; to Gevrey functions of the same
class in T™ x D with a Gevrey constant C' independent on j. Recall that for any
f e C>®(T" x D) with f(¢,I) =0 for (p,I) € T" x E,, we have

0705 f(, 1) =0, forall (p,I)€T" x E,,

for any multi-indices «, 8 € Z7}. Hence, if

W= 3 pWn k=12 9>0,
0<j<nh—1/e

are two extensions of the formal Gevrey symbol p in F'Sy(T" x D), then p™) — p()
is a flat function on T" x E,; for each 0 < h < hy.

We are going to transform P, to a normal formal P conjugating it with
an elliptic pseudodifferential operator A, with a symbol a(p, I, h) in Sy(T™ x T')
where £ = (o, i, 0), 0 = ov and v = 7+ n+ 1. To this end we consider p(p, I; h) as
a symbol of the class S{T" x E\;), where ¢ = (0, p,0 4y —1). The main technical
part in the proof is the following:

Theorem III.1 There exist symbols a and p° in Sy(T™ x E,), { = (0o, i, 0), given

by
a(e,I,h) ~ > aj(e, ki, p°(I,h) ~ > pH(I)hi,
Jj=0 7=0



264 G. Popov Ann. Henri Poincaré
with ag = 1, p) = Ko, pY =0, such that

poa—aop’ ~0
in Sg(T™ x E).

Theorem 1.1 follows from the result above. First, using [19], Theorem 4.1, we
extend a to a symbol of a pseudodifferential operator Ay, in Se(T" xT"), £ = (o, i, 0)
so that ag = 1, and set V}, = Tj, 0 Aj,. Then we have P,oV), = Vho(P,?JrRh)7 where
P,? and Ry have the desired properties. Unfortunately, V}, may not be an unitary
operator. For this reason we consider the pseudodifferential operator W, = V;" oV},
with a symbol w(p, I,h) = 3272 w;(p, [)h? in Se(T™ x T'). Then wy = 1 and we
have:

Lemma ITL.2 For each j the function p}(I) is real valued on E, and w;(p,I) does
not depend on ¢ for each I € E,.

Proof. We have wy =1, p3(I) = Ko(I), p{ = 0. Moreover, it is easy to see that
Wiho (P} +Ry) = (P +Rj,) oWy,

since Py is selfadjoint. Then we have pPow=wop’ on T" x E,. This equality
implies

1
“Lowi(p, 1)+ pB(1) —p3(I) =0, I € E,,

where £, stands for the derivative along the vector field w(I) = VKy(I), namely,

Q.
@
h

L, < Wi (1)d,,. (II1.1)

n
=1

J

Integrating in ¢ € T™ we obtain that the imaginary part Spj = 0 and wy (¢, I) =
w1(0, ). In the same way we get by induction

1 -
Zﬁwwj(@al) +p?+1(1) —p?_,’_l(f) =0, I € E,,

and as above we prove that pg is real valued and that w;4; does not depend on
I ek O

The symbol ¢(p,I,h) of Q, = (V;* o V3,)~/2 belongs to Se(T™ x T'), £ =
(0,1, 0), and q(p, I, h) —q(0,1,h) has a zero of infinite order at T™ x E, in view
of Lemma 3.2. Now U, = V}, o Oy, is the desired unitary operator. O
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IV On the homological equation in Gevrey classes
The aim of this Section is to solve the equation L,u = f in Gevrey classes in Fj.

Lemma IV.1 Let w € C®°(E,;R™) satisfy the following Gevrey type estimates:
IDw(I)] < CIMal™H2 VI € E,, acZl\{0}, (IV.1)

w(I). k)| > w|k|™", VI€ E,, kezm\{0}. (IV.2)

Then there exists a positive constant Cy depending only onn, k, 7', and C1, such
that

a -1 || +1 Tj+T+] T+l
IDF (), k)] < o hat max (HF (o <)) (V3)

forany I € By, 0#k €Z" and a € Z}.

Proof. Set gx(I) = (w(I),k) for 0 # k € Z™. Applying the Leibnitz rule to the
identity D¢ (grg), ") =0, |af > 1, we get

o _ _ a am _
Df (o) = ~aD™ ¥ () Dan 07 (o)
0<fB<a
Assuming that (IV.3) is valid for |a| < m, we shall prove it for |a| = m. In view
of (IV.1) there exists Co > 0 depending only on C; and 7’ such that
al
o

Set Cy = e~ 1Cs with some ¢ > 0 which will be determined later. Then using the
above inequality, (IV.2), as well as the estimate z!y! < (z + y)!, we obtain

/42
IDfw(I)| < C) ( > ,VI€E,, acZ\{0}.

| 741
Df (D) < el 3 () e
0<fB<L

% _ gl — T+l ij+T+j)
s (o= 8 =37k

< d.CM a1 max <(|a\ —j— 1)!T'+1|k|f(j+1)+r+j+1)
- 0<j<laj-1

1 Ny T
< d.Cl ol max (o] =)

where

o0
d. = k1 Ze‘ﬁ‘ < ert Zs”esfz <1
0<p3 s=2
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choosing ¢ sufficiently small. O

For any m > 0 we set (k)p, = 14 |k1|™ + -+ + |kn|™, k € Z™. Next, for any
Jj € Z4 we denote
m(j) = [(F"+1)j+7]+n+1,

where [p] stands for the integer part of p € R. Set W (k) = (1 + |k|)"*® with
0 < e < min{r' —7,[r] -7+ 1}.

Then
Ti+j+TH+n+e < m(j) < (F+1)ji+v, VjeZt,

with v = 7 + n + 1. Taking into account the inequality
k™ < n"™{k)m, m>0, keZ",
and using Lemma 4.1, we get

W (k) | D (WD), k)™ )| < el max ((|a|—j)!7/+1<k’>m(]—))7 (IV.4)

- 0<j<|a

for any I € E,, o € Z7, and 0 # k € Z", with a constant Cy > 0 depending only
on n, k, and Cf.
Suppose that f € C°(T" x E,;) satisfies

|DEDIf(e,T)| < do CHHPIT (ulal + o8] + g) (IV.5)

for any I € E,, o, 8 € Z", and some ¢ > 0, where ['(z), > 0, is the Gamma
function and o and p are suitable positive constants. Let

fle,Ndp = 0. (IV.6)
We are going to solve the equation

Lou(p,I) = flp,I), u(0,I)=0, (Iv.7)

and provide the corresponding estimates for the derivatives of u, where L, is
defined in (II1.1) and w(I) satisfies (IV.1), (IV.2) and (IV.4) on E,.

Proposition IV.2 Let f € C*°(T"x E,) satisfy (IV.5) and (IV.6), where o > 1 and
p—1> o(7'+1). Then the equation (IV.7) has a unique solution u € C°(T™ x Ey,)
and there is cg = co(n,Co) > 1, Cy being the constant in (IV.4), such that if
C > ¢y, then the solution u of (IV.7) satisfies the estimate

| DS DYu(p,I)| < Rdo CHHT (ula| + oly| +ov +q) | (IV.8)

forany I € E., and o, v € Z"}, where R > 0 depends only on n, 7, 7" and Cy.
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Proof. Consider the Fourier expansions of f and u

fe D) = 3 &% (),

keZﬂ

wp, D) = 3 bRy (1),

kezn

where
Al = @0 [ e fp, Dy,
and uy(I) is defined in the same way. Now, up = 0 in view of (IV.6), and

up(I) = (W), k)™ fu(I), IEE,, 0 £k Z".

Integrating by parts, and using (IV.5) we get for any v € Z and m € Z, the
following estimate for the Fourier coefficients of f:

K7 (k)m D fr(I)] < (n+ 1)do CHHFIH T (pujal + oly| +om +q),

for any I € E,, k € Z", and any «, v € Z,. Now, taking into account (IV.4) we
estimate the quantity
A = W(k) k" Dy (1)

« 1 1B+
< ¥ (5) el ma

0<B<a

(181 = DR )i DF 7 F(1)|
< (n+1)do OS%:SQ (a%!ﬁ)! ol s ‘(|5| THLD(s) cf] .

Here, t = pla — B + |y| +m(j) and we write

s ' pla =B+ ol +om(j) + 4.
Using the inequality g — 1 > o(7' + 1) we get

s < pla=pBl+o(r +1))j+o|+ov+g
< plal = 18] = o(7" + 1))(B] = j) + ol +ov +q.

On the other hand, by Stirling’s formula we have

(@)™ < CET((r + D), = > 1,
with some constant Co > 0. Using the relations

T(s+1) = sT(s), I'(s)I'(u) < T'(s+u), Vs,u > 1,
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and the inequalities o > 1 and s > 1, we obtain for each 0 < j < |

ol

(Ozfﬁ)' (‘ﬁ‘ _j)!7/+1 F(S)

< YN (s+18l = 1) sT(s)D((" + 1)(I8] - )
< YT (s + 18] + o' + 1)(18] - 3))
< ' (ulal +oly| + ov +q) .
Obviously, the same inequality holds for j = |3|. Moreover,
t < plof+ |y 18]+ .

Hence,

Ap < (n+1)doCo Y (CoCoC™HIPL Mt D (pla| + oly| + ov + q) .
0<B<a

We choose ¢y > CoCy > 1 and set ¢ = C’OC’gcgl. Then for any C' > ¢y we obtain
A < do Ry CHeH D (ulal + oy + ov +q)
where
o]
Rl = (TL + 1)00 an&‘sil .
s=1
Finally, we obtain

DsDIu(e, 1) < S Wk) A,
kE€Z™\0

< do RO T (ulal + oly| + ov +q)

where

R =R Y Wk
keZn

The proof of the proposition is complete. O
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V Proof of Theorem 3.1

Set £ = (o, j1, 0), where o = ov. We are looking for symbols a and p” in S;(T" x E,;)
of the form

a ~ Y aj(e. D, p° ~ S Pl
7=0 j=0

where a; € C*°(T" x E,) and p} € C*°(E,). Consider the symbol

o0
ro= poa—aopONer(go,I)hj.
Jj=0

We have ag = 1, pQ(I) = po(I) = Ko(I), and p{ = p; = 0 in T" x E,. Then
ro =71 = 0 and for any j > 2 we get

(Lwaj—1)(e, 1) + pi(e, 1) — p}(I) + Fj(e,1).

1
’I"J((p,,[) = ;

Here F5(p,I) =0, and for j > 3, we have

Fj((p71> = jl(‘p71> _Fj2<90’[)7

j—2
1
Fjl(@aI) = Z Z _'D?pf((pa[)agas((pa[)a

s=1  r4|y|=j—s

Fpled) = 3 aulp. D) (1).

We solve the equations r; = 0, j > 2, as follows: First we put

B0 = @07 [ GileD) + Bile.D)de. (v.1)

then, using Proposition 4.2, we find a;_; from the equations

Lot (e D) = fieD), (v.2)

/n aj—l(SDaI)dSD = 07 (V'?’)

where f;(p, 1) = p%(I) — p;j(@, I) — Fj(p,I). For j = 2 we obtain

A = e [ e,
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and
Loaled) = D) - mle.D), [ aleDde =0 (V)

n

On the other hand, we can suppose that p;, j € Z_, satisfy the estimates
07 80p; (0, D] < O qwgie (jryetet

< O QBT (0 — D)ol + (0 = DIB| + (0 +p—1)(j — 1)),  (V.5)

for any multi-indices o, 8 € Z7, j € Z,, where ' (z) = I'(z) for x > 1 and
'y (z) =1 for < 1. In particular, using Proposition 4.2 we find a solution a; of
(V.4) such that

0¢05a1(,T)] < 2RCo CHHIPIT (ujal + o8] + o) ,
choosing C' > ¢o. Fix j > 3 and suppose that there exist p)(1), 2 < k < j —1,
satisfying (V.1) and ar(p,I), 1 < k < j — 2, satisfying (V.2) and (V.3), and such
that
OFpR(I)| < d*IPCHT (ol + (k= 1)0), 2<k <j—1, (V.6)
07 00ak(p, I)| < d*CHHPIT (ulal + 0|8l + ko), 1<k <j—2,  (V.7)

for any (¢, 1) € T" x E; and a, 3 € Z}, where d > 2RCj. Choosing appropriately
d as a function of n, 7, u, 0, Cy and C only, we shall prove that p(; and a;j_1 satisfy
the same estimates. First we estimate the derivatives of F}.

Lemma V.1 Let C' > 4Cy. Then for any o and (3 in Z7} we have
IDEDEF(p, 1) < Rad2CHHPIT ulal + 18]+ (— o) , (¢.1) € T" x B,
where Ry depends only on n, T, u,o0,Cy and C.

Proof.  Set
1
By s (0. 1) = ?0?177-(%1)8;%(%1)7 (V.8)

where
3<r+s+yl=7, 1<s<j-—2. (V.9)

Then |y| +r > 2, and by (I.4) we have
(n=D+(e+p=1)(=1) = (p=1)(y[+r=1)—0 = p—o—1> o7 > 1. (V.10)
Taking into account the above inequality, (V.5) and (V.7) we obtain

10707 Brsr (0, 1)
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1 « 6 +aq 1 a—aq —B1
<3 % (8 (5) ooz e nior oyt

ar<a f1<08
s p! B
< d (7+041)!7—1!(51>(51>

a1<a B1<8
xT((w =Dy + o[+ (0 =D[p1]+ (0 +p—1)(r—1))
< T(ula— 1| + oy + B — Bi] + sg) CLrH A1 Gula—ar il

Now Lemma A.2 yields
10707 Brs (0, 1)| <

d* CHFIPEN "N D (plal + ofB] + (0 4+ p = 1)(y] + 7 — 1) + so)
ar<a 1<8

x(2C,/C)lertAl C(\)'v|+r+1 (20)M!.
Set 6 = 9p— 0 — u+ 1. Since v > u we have
6 =ov—p—0o+1 > (u—1)(c—-1) > 0.
On the other hand,
(G—De=bd(hl+r-1) = (c+p=1)(hl+r—-1)+s0 = 1.
Hence, using Lemma A.1 we get
[(plal + 018+ (0 +p =17 +7 1) + se)

=T(plal +olBl+ (G —De—6(y+r—1))

Lol + 0181+ (G —1)e)
ST(6(+r—1))

Suppose that C' > 4Cy. Then, for any r, s,y satisfying (V.9) we obtain

10808 Br s/ (0, 1) < Rod?=2CHHIBID (plal + 0|8 + (j — 1)v)

Cbcﬂkﬂ+2r
ST(S(+r=1)"

where

Ry? = 3 27ll,

aezz
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Hence, we obtain

ID¢DEFu(o. D)) < Y. S ID$DIBs (0. 1)]
5=1 |y|4+r=j—s

< Ryd?~2CHeH B (ua) + 0|8 + (5 — 1)0), (V.11)
where
RyCy C2lpl+2
R = — < 0.
e SV i ES))
p€Z++
We have proved the lemma. O

Now we can estimate p?([), j >3, given by (V.1). Notice that

/ FJ2 o, I ij s / as(p, Idp = 0
T n

in view of (V.3). Hence,

PO = @07 [ e D)+ Fale D).

and taking into account (V.5) and (V.11) we obtain for any j > 2 the following
inequality:

0¢p9(I)] < Ryd?=2CH°IT (plal + (j — 1)o)
+ G D (la] + (G — 1)(o 4+ p - 1))
< dI3RCrIT (ula] + (j - 1)o),

since p = ov > pu+ (0 — 1)v > o + p — 1. Here we choose d sufficiently large
as a function of n, 7, u, 0, Cyp and C. This proves (V.6). It remains to estimate
FjQ(Soal) and aj,1(¢,1).

Lemma V.2 For any o and 3 in Z' we have
IDEDF; (. 1) < Mpd'=2 CHIHIPID (ol +o[Bl+(i—1)e) , (¢.]) € T" X E,,

where Ms depends only on n, 7, u,o,Cqy and C.
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Proof. In view of (V.6) and (V.7) we have

|Dg DY (as(p. D) ((D)] < Y <a> |DY Das(y, DIIDF"p)_(1)]

v K
< it onlabiol 3 (:) T(uly| + o|8] + so)
7o

xP(pla =+ (G —s—1)o).
Recall that 1 < s < j—2and u > 7 +2 > 9/2. Using Lemma A.3 and the

inequalities

-1
. ) 9
B(o|f| +so0,(j —s—1)0) < B(s,j—s—1) < (i1> ’
we obtain

|D¢DE(as (i, I)pI_, (¢, 1))|

r —~1/6
< MdimsomelHoy (|a| > B(o|B| + so,(j — s — 1)0)"/*
=\l

. —1/3
xT(ulal + 016+ (j = 1)o) < Myd/=2CnelHA (i _ f)

xD(plal +o|8] + (7 — o),

where My =2M >  7n 2-11/6_On the other hand
+

Then we get
@ i—3 a .
|D§DEF; o(p, 1) < Myd'=> CHHIT (ufaf + o] + (j - 1)0)
which proves the lemma. O

Finally, combining Lemma 5.1 and Lemma 5.2 we estimate the right hand
side of (V.2) as follows:

07021500, D] < Mzd?=3 M (ufa| + 018 + (j — 1)0) , Yo, B € 21},

where M3 depends only on n, 7, u, o, Cy and C. Now applying Proposition 4.2 we
find a solution a;_1 of (V.2) and (V.3) which satisfies (V.7) for k = j —1, choosing
d=d(n,T,u,o,Co, C) sufficiently large. O
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Appendix
A.1. We are going to recall certain properties of the Gamma function
o0
I(z) = / e " b dt jx > 0.
0

We have the following relation
(@)(y) = D(z+y)B(z,y), ©,y >0,
(see [2]), where
B(z,y) = /1 (1 —t)>tvlat.
In particular, B(x,y) < y~! for any 2 > 1 and y > 0, and we obtain

Lemma A.1 For any x > 1 and y > 0 we have

nmr@>g§rw+y»

For any 0 < y < z, z,y € Z} we set (”z) = le). where 0! = 1 by
convention.

Lemma A. 2 For any any < «, $1 < 8, and v € Z"} and for any s > 1, r > 0 with
|v| +r > 2, we have

(et 28 (2 (5) M=+ ol +o = DI+ o+ - 10— 1)

~! (o751
X D(ple —ar| + aly + 6 = Bi] + s0)
< 2T (ulal + ol + (0 + = 1) (] +7 = 1) + s0) -
Proof.  Using the equality 2 T'(z) =T'(z + 1), z > 0, we obtain

<v+mﬂ@1(a>(g)er—al+oh+ﬁ—ﬁl+w>

’7! (051

L
< glrtaal o] I'(pla—ai|+0olB8 =Bl +oly] +s
- |Oé—0¢1|! |B_61|' (/J’| 1| ‘/8 61| |'7‘ Q)

< 20l D(jo + 18] + (n = D)a = | + (0 = 1)|B = Bu| + ol7| + s0)
= 20D (plal + o]8] — (1 — 1)|oa| — (0 = 1)|B1] + oly| + s0) .
On the other hand, sp > 1 and by (V.10)
(k=Dy+al+(c+p-1r-1) > 1,

and applying Lemma A.1 we complete the proof of the assertion. O



Vol. 1, 2000 Invariant Tori, IT 275

Lemma A. 3 Let p > 9/2. Then there exists a positive constant M such that for
any x,y € Zy andp >1, ¢ > 1, we have

7/6
(x;ry> T(px +p)T(py +q) < MT(u(z+y)+p+q) Blp.g)/>.

Proof. Suppose that x > 1 and y > 1. We have

Cpz +p)l(py +q) = T(u(z+y) +p+q)B(ur +p,py +q).

On the other hand

1
B(uz +p,py +q) = / P (L — )t ldE < B(p, py),
0
and in the same way we get

B(px +p,py+q) < B(p,q).

Hence

T(uz +p) Ty +q) < T +y) +p+q) Blpa, py)** Blp,g)** . (A1)
By Stirling’s formula there exists L > 0 such that for any z > 1 we have

Lil < F(I)(27T)71/21'%7I6w < L.
Then
[(pz) < L(Qw)lmmumfée—uzu#x,%

n—1

x) 2 M'MC—%-

< LA (2)H (_
- (z) 2w

In the same way we get

M) < DTy ()T ot

9 3
F(u(x+y))_1 < L#+1F(m+y)—#< 4 > M—H($+y)+%_
Hence

pt
1 2
Blpa,py) < L¥F3(2m) 2" p /2 (%) B,y =

pn—1

< ()7 Bl

r+y
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(1-p)/2 —7/4
() ()
T x

since 1 > 9/2. This proves the assertion for 2,y > 1. On the other hand, if x =0
and y > 0, we have

L(p)L(py + q) D(py +p+q)Bp,py +4q) <

IN

T(uy+p+q)Bp,q) < T(uy+p+q)B(p,q)'/?,

which completes the proof of Lemma A.3. O

A.2. At the end of this section, we collect some more or less known facts about the
composition of Gevrey functions. Fix u > o > 1. Let f € G? in a neighborhood
of 0 € R™ and g = (g1,-.-,9n,) € G?" with respect to (z,y) € R" x R"s
in a neighborhood of (0,0), g(0,0) = 0. Following an argument in [11] (see also
[9]), we shall show that h(z,y) = f(g(x,y)) belongs to G”* in a neighborhood of
(0,0) € R™ x R"s.

Set F(z,z,y) = f(2) and denote L = (Ly,...,Ly,) and K = (K1,...,K,,),

where
L; = 0/0x; + (09/0x;,0/0z) , K; = 0/0y; + (0g/0y;,0/0z) .

Then given (o, §) € Z'* x Z*, we obtain

(0/02)*(0/0y) Wz, y) = (L*K"F) (g(z,y),z,y). (A2)

Set n = nj +mns, m =ng, and t = (z,z), and denote by U a compact neighborhood
of (0,0) in R™ x R™. Consider g, as functions in U and denote by A the finite set
of functions ¢ = 1, dgy/0x;, and dgi/dy,; defined in U. Fix C' > 0 such that

(8/0t)(8/0y) alt,y)| < CleTPlTaropr

in U for any a € A and any (a,3) € Z'} x Z7'. We suppose that F'(t,y) satisfies
the same inequalities in U. Notice that the right hand side of (A.2) is a sum of at
most (n +m)Y, N = |a+ f|, terms of the form

D0 (ty) = PO - PRYQY F(t,y),

where

N N

5,65 €{0,1}, v+ & =1, Iyl =D v =lal, 16| =Y & <6, hl+18| =N,
j=1 j=1

and P; = a;(t,y)0/0ty,, Q; = b;(t,y)0/0Ym;, with a; and b; in A. We use the

conventionlt’j(J = @Y% = 1. Then |y[!°|§|!* < (la|+|B])! 7|81 H~7 < C'(I)\7+1|04|!"|ﬁ|!“7

and the statement follows from the following lemma, which is a variant of [11],

Lemma 5.3 and [9], Lemma 3.1.
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Lemma A. 4 There exists a constant C7 > 0 independent of v and 6 such that
D™ (ty)] < (CLO)NH e s (A.3)
To prove (A.3), we notice that
[DY0(ty)| < OV 6| B

where
By = {ueZV ™ ug+-+u; <j,1<j<N-1},

and #By stands for its cardinality. Setting w1 = w1 and w; = w1 + -+ + uy,
2<j<N-1,weobtain0 <w; <land 0 <w; <wji <j+lforl <j<N-2.
Assigning to any such w = (wi,...,wy—1) the unit cube [wq,w; + 1] X -+ X
[wy_1,wn_1 + 1] in RN~ we estimate #By from above by the volume of

Wy = {s=(s1,...,sn-1) ERV 1 0<s; <sj431+1 < N+1,1<j < N-2}.
On the other hand,
vol Wy < 2N"Y N — 1)V /(N —1)! < oM+,

and we obtain the desired inequality.

In the same way one can prove that h(z,y) = f(z,g(y)) is a G7* func-
tion if f € G”* and g € G*. Using a similar argument one can prove also the
implicit function theorem in Gevrey classes (see also [13]). More precisely, let
f=1, 0, fny) € G2 > 0 > 1, with respect to (z,z,y) € R™ x R"2 x R"s
in a neighborhood of (0,0,0). Suppose that f(0,0,0) = 0 and that d, f(0,0,0) is
nondegenerate. Let z = Z(x,y), 2(0,0) = 0, be the function given by the implicit
function theorem. Then we obtain zZ € G?* in a neighborhood of (0, 0).
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