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Invariant Tori, Effective Stability, and Quasimodes with
Exponentially Small Error Terms I –
Birkhoff Normal Forms

G. Popov

Abstract. The aim of this paper (part I and II) is to explore the relationship between
the effective (Nekhoroshev) stability for near-integrable Hamiltonian systems and
the semi-classical asymptotics for Schrödinger operators with exponentially small
error terms. Given a real analytic Hamiltonian H close to a completely integrable
one and a suitable Cantor set Θ defined by a Diophantine condition, we are going to
find a family Λω, ω ∈ Θ, of KAM invariant tori of H with frequencies ω ∈ Θ which
is Gevrey smooth in a Whitney sense. Moreover, we obtain a symplectic Gevrey
normal form of the Hamiltonian in a neighborhood of the union Λ of the invariant
tori which can be viewed as a simultaneous Birkhoff normal form of H around
all invariant tori Λω. This leads to effective stability of the quasiperiodic motion
near Λ. As an application we obtain in part II (semiclassical) quasimodes with
exponentially small error terms which are associated with a Gevrey family of KAM
tori for its principal symbol H. To do this we construct a quantum Birkhoff normal
form of the Schrödinger operator around Λ in suitable Gevrey classes starting from
the Birkhoff normal form of H.

Consider the Schrödinger operator

Ph = −h2∆ + V (x), x ∈ Rn, (.1)

with a real analytic potential V (x), where 0 < h ≤ h0 is a small parameter. Let
us set

E∞ = lim inf
|x|→∞

V (x)

and suppose that E∞ > −∞. Denote by Ph also the corresponding Friedrichs
extension in L2(Rn). Let H(x, ξ) = |ξ|2 + V (x) be the corresponding classical
Hamiltonian. Suppose that E0 = minV (x) < E∞. Then Ph has a discrete spec-
trum in any interval [E0, E] with E0 < E < E∞.

The motivation for this paper comes from the semi-classical behavior of the
low lying eigenvalues of Ph when the potential V has a non-degenerate minimum
E0 = V (0) < E∞, i.e. near the bottom of a well. In that case, after a linear change
of variables in x we may assume that

H(x, ξ) = E0 +
n∑
j=1

α0
j

2
(ξ2
j + x2

j) +O
(
|(x, ξ)|3

)
, for small (x, ξ) , (.2)
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where 0 < α0
1 ≤ · · · ≤ α0

n. Under these assumptions, Helffer and Sjöstrand [11]
determined modulo O(exp(−c/h)), c > 0, the semi-classical asymptotics (as h ↘
0) of all the eigenvalues of Ph lying in an interval [E0, E0 + Ch], where C > 0 is
arbitrary but fixed (see also [27]).

Sjöstrand [28] investigated the semi-classical behavior of all the eigenvalues
lying in any interval [E0, E0 + hδ], where 0 < δ < 1 is fixed. It turned out that it
depends essentially on the Birkhoff normal form (BNF) of H at the origin. Let us
exclude resonances of some finite order N ≥ 4, i.e. assume that

〈α0, k〉 6= 0, 1 ≤ |k1|+ · · ·+ |kn| ≤ N, k ∈ Zn , (.3)

where α0 = (α0
1, . . . , α

0
n). Then the Hamiltonian can be written in a BNF near

0. In other words, there exist analytic symplectic coordinates in a neighborhood
of 0 such that the Hamiltonian becomes H(x, ξ) = H0(I) + H1(x, ξ), where I =
(I1, . . . , In), Ij = 1

2 (x2
j + ξ2

j ), and

H0(I) = E0 + 〈α0, I〉+
1
2
〈QI, I〉+ · · · (.4)

is a polynomial of degree ≤ (N − 1)/2, while

H1(x, ξ) = O(|I|(N+1)/2), as |I| → 0 .

Moreover, the BNF is non-degenerate, which means that detQ 6= 0. If there are
no resonances of any order, then H0 stands for a smooth function in I with a
prescribed Taylor expansion at 0 and (x, ξ) are smooth symplectic coordinates,
while H1 satisfies the above estimate for each N ≥ 4. Conjugating Ph by a suitable
unitary h-Fourier integral operator (h-FIO), Sjöstrand [28] obtained a microlocal
normal form P 0

h of Ph. The complete Weyl symbol of P 0
h has the form p(I, h) +

O(|I|(N+1)/2), where

p(I, h) ∼
∞∑
j=0

p0
j (I)hj ,

and p0 = H0. Moreover, one can take N = +∞ if there are no resonances of
any order. The operator P 0

h is referred to as a quantum Birkhoff normal form
(QBNF) of Ph. It leads immediately to quasimodes for Ph concentrated in the
region |I| < hδ with polynomially small error terms ON (hN ), N > 0, and gives
semi-classical asymptotics for all the eigenvalues of Ph in [E0, E0 + hδ]. Stronger
result has been proved recently for Gevrey smooth potentials V (x) by Bambusi,
Graffi and Paul [1]. They obtained a quantization formula moduloO(h∞) for all the
eigenvalues of the operator Ph in an interval [E0, E0 +ϕ(h)] where ϕ(h)b lnh→ 0
as h↘ 0 and b is an explicitly determined constant. Sjöstrand conjectured in [28]
that given a real analytic HamiltonianH one can expect semi-classical asymptotics
with exponentially small errors.
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Our aim is to study the semi-classical behavior of the eigenvalues in a larger
interval [E0, E], where E > E0 is close to E0 but independent of h. We are inter-
ested in quasimodes for Ph with exponentially small error terms. Such quasimodes
have the form

Q = {(um(·, h), λm(h)) : m ∈Mh},

where um(·, h) ∈ C∞0 (Rn) has support in a fixed bounded domain independent of
h, λm(h) are real valued functions of h in an interval (0, h0], Mh is a finite index
set for each fixed 0 < h ≤ h0, and

||Phum − λm(h)um||L2 = O
(
e−c/h

1/%
)
,

〈um, ul〉L2 − δm,l = O
(
e−c/h

1/%
)
,

for m, l ∈Mh. Here % > 1 and c are positive constants, and δm,l is the Kronecker
index.

To construct quasimodes for Ph with quasi-eigenvalues λm(h) ∈ [E0, E] we
need more information on the dynamics of the classical Hamiltonian H in the com-
pact H−1([E0, E]). It was observed by Lazutkin [14], [15], and by Colin de Verdière
[5] that certain families of invariant tori of the classical Hamiltonian system can
be quantized asymptotically. In other words, one can associate quasimodes with
them with polynomially small errors.

Suppose as above that (.3) holds for some fixed N ≥ 4. After a polar sym-
plectic change of the variables

xj =
√

2Ij sinϕj , ξj =
√

2Ij cosϕj , j = 1, . . . , n ,

the Birkhoff normal form of H can be written as follows

H(ϕ, I) = H0(I) +H1(ϕ, I) , H1(ϕ, I) = O(|I|(N+1)/2) , as |I| → 0 , (.5)

where ϕ = (ϕ1, . . . , ϕn) ∈ Tn = (R/2πZ)n and I belongs to a proper open
cone Γ ⊂ Rn

+ with a vertex at 0. Hence, we can consider H as a small analytic
perturbation of the completely integrable analytic Hamiltonian H0 in any domain
Tn × D, where D ⊂ Γ is close to the origin but still away of it. Moreover, we
suppose that H0 is non-degenerate in D which amounts to

det ∂2H0/∂I2 6= 0 in D . (.6)

More generally we consider a real analytic non-degenerate completely integrable
Hamiltonian H0(I) in Tn × D, where D is a bounded domain in Rn and (ϕ, I)
are the ”angle-action” coordinates in T ∗(Tn). The classical Kolmogorov-Arnold-
Moser (KAM) Theorem asserts that the invariant tori Tn×{I} of the Hamiltonian
flow of H0 having frequencies ω = ∇H0(I), ∇ = (∂/∂I1, . . . , ∂/∂In), in a suitable
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Cantor set sustain small real analytic perturbations H of H0. Fix κ > 0 and
τ > n− 1. The frequencies ω satisfy the Diophantine condition

|〈ω, k〉| ≥ κ

|k|τ , for all 0 6= k ∈ Zn , (.7)

where |k| = |k1|+ · · ·+ |kn|. It is also known [22] that the corresponding invariant
tori Λω of H are analytic Lagrangian submanifolds of Tn×D depending smoothly
on ω in the sense of Whitney.

Our aim in this paper is to prove that for each µ > τ +2 there exists a family
of Lagrangian KAM tori Λω, ω ∈ Ωκ, which is Gµ-Gevrey regular with respect
to ω in a Whitney sense. Here, Ωκ is a suitable subset of frequencies of a positive
Lebesgue measure in Rn satisfying (.7). Moreover, we shall obtain a symplectic
Gevrey normal form of H in a neighborhood of that family of invariant tori. More
precisely, we shall prove that there exist symplectic coordinates (ϕ, I) in Tn ×D
and a Gµ diffeomorphism ω : D → Ω, Ω being a neighborhood of Ωκ, such that
the Hamiltonian becomes H(ϕ, I) = K(I) + R(ϕ, I), where K is of Gevrey class
Gµ (for a definition of Gevrey classes see Sect. 1), R is analytic with respect to
ϕ and Gµ with respect to I, and R and ∇K(I) − ω(I) are flat at the Cantor set
Tn ×Eκ, Eκ = {I ∈ D : ω(I) ∈ Ωκ}. This normal form can be viewed as a BNF
of H around the union Λ of the invariant tori Λω = Tn × {I}, ω = ω(I) ∈ Ωκ.
A C∞ analogue of it has been proved by Pöschel [22] (see also [5], Theorem 11.1,
and [8], [9],[10], and [29]).

Denote by XH the Hamiltonian vector field of H and by exp(tXH) its flow.
The above Gµ normal form of H leads immediately to effective (Nekhoroshev)
stability of the action on any Hamiltonian trajectory starting near Λ. Even more,
it gives effective stability of the quasiperiodic motion near Λ (see Corollary 1.2).
In particular, the KAM tori Λω, ω ∈ Ωκ, trap nearby trajectories over exponen-
tially long time intervals. This leads to a semi-classical concentration near Λ of
”quasi-eigenfunctions” of Ph with exponentially small error terms with respect to
1/h. Indeed, in part II we are going to construct a quasimode of Ph with an ex-
ponentially small error term, the Gevrey micro-support of which coincides with
Λ. To do this we shall obtain a QBNF of Ph around Λ in suitable Gevrey classes
starting from the BNF of its principal symbol H. In the C∞ case such a QBNF
of Ph was obtained by Colin de Verdière [5].

Effective stability for analytic perturbations of completely integrable Hamil-
tonians was first studied by Nekhoroshev. The Nekhoroshev theorem [19], [20],
states that the variation of the action on each orbit of an analytic Hamiltonian Hε

remains ε-small in a finite but exponentially long time interval 0 ≤ t ≤ T exp(εa),
T > 0, a > 0, if H0 satisfies certain generic steepness conditions (see also [16],
[23]). Gevrey type estimates for the BNF near an elliptic equilibrium point were
obtained in [6]. Gevrey BNFs around invariant tori were predicted by Lochak
[16]. Effective stability of the billiard flow near the boundary of a strictly con-
vex bounded domain in Rn, n ≥ 2, with analytic boundary was obtained in [7]. A
link between Nekhoroshev’s stability for the classical system and the semi-classical
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asymptotics with exponentially small error term of the low lying eigenvalues of the
corresponding Schrödinger operator is suggested by Sjöstrand [28]. An extension
of Nekhoroshev’s theorem in quantum mechanics was proposed by Bellissard and
Vittot [2], see also [1].

The paper is organized as follows: The main results are stated in Sect. 1. In
Sect. 2 we derive a Gevrey symplectic normal form of H around Λ from a suitable
KAM Theorem. In Sect. 3 we prove the existence of a family of the invariant
tori Λω, ω ∈ Ωκ, which is Gµ-regular with respect to ω. We follow the classical
construction of Moser as it was presented recently by Pöschel [21]. Sect. 4 is devoted
to a suitable Whitney extension theorem in Gevrey classes which is essential also
for the second part of this paper.

I KAM tori and BNF

Let us recall some basic properties of Gevrey classes. For each µ ≥ 1, we denote
by Gµ(D) the space of all Gevrey functions in a domain D ⊂ Rn of index µ,
namely f ∈ Gµ(D) if f ∈ C∞(D) and for every compact subset Y of D there
exists C = C(Y ) > 0 such that

sup
I∈Y
|∂αI f(I)| ≤ C |α|+1α! µ , ∀α ∈ Zn+ ,

where Z+ stands for the set of all nonnegative integers and α!µ = (α1! . . . αn!)µ,
α = (α1, . . . , αn). Evidently G1(D) coincides with the space of all analytic func-
tions in D, while for µ > 1 there are nontrivial compactly supported Gµ functions.
Given σ, µ ≥ 1, we say that f ∈ Gσ,µ(Tn×D) if for every compact subset Y of D
there exists C = C(Y ) > 0 such that

sup
(ϕ,I)∈Tn×Y

|∂βϕ∂αI f(ϕ, I)| ≤ C |α|+|β|+1 β! σ α! µ , ∀α, β ∈ Zn+ . (I.1)

The Taylor series of any Gevrey functions f ∈ Gµ(D), µ > 1, has the following
property: For each compact set Y ⊂ D there exist η > 0, c > 0 and C1 > 0
depending only on the constant C = C(Y ) such that

f(I0 + r) =
∑

|α|≤η|r|1/(1−µ)

fα(I0) rα + R(I0, r) ,

where fα(I0) = ∂αf(I0)/α! and∣∣∣∂βI R(I0, r)
∣∣∣ ≤ C

1+|β|
1 β!µ e−c |r|

− 1
µ−1

, 0 < |r| ≤ r0 , (I.2)

uniformly with respect to I0 ∈ Y (see for example [16], Appendix 2). In partic-
ular, if the function f ∈ Gµ(D) is flat at I0 (fα(I0) = 0 for each α), then it is
exponentially small in a neighborhood of I0. More generally, let σ ≥ 1, µ > 1 and
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R ∈ Gσ,µ(Tn ×D) satisfy (I.1) in a compact Tn × Y . Suppose that R is flat on
Tn × E, where E is a compact subset of Y . Then using (I.2), we can find two
positive constants C1 and c depending only on the constant C in (I.1) such that
for every α, β ∈ Zn+ the following estimate holds

|∂βϕ∂αI R(ϕ, I)| ≤ C
|α|+|β|+1
1 β! σα! µ exp

(
−c |E − I|− 1

µ−1

)
, (I.3)

∀(ϕ, I) ∈ Tn × Y, I /∈ E,

where |E − I| = infI′∈E |I ′ − I| is the distance to the compact set E.
Recall that a smooth function Φ in Tn × D is a generating function of a

symplectic map χ of Tn ×D into itself, if det (Id − ΦθI) 6= 0, and

χ (ΦI(θ, I), I) = (θ,Φθ(θ, I)) , (θ, I) ∈ Tn ×D .

Let Θ be a compact subset of Rn and D a bounded domain in Rn. Let H(ϕ, I)
be a real analytic Hamiltonian in Tn×D and µ > 1. It will be said that H admits
a Gµ-BNF around a family of invariant tori with frequencies in Θ if the following
holds:

(BF ) There exists a neighborhood Ω of Θ, aGµ-diffeomorphism ω : D→ Ω, and an
exact symplectic transformation χ ∈ G1,µ(Tn×D,Tn×D) defined by a gen-
erating function Φ ∈ G1,µ(Tn×D), such that H(χ(ϕ, I)) = K(I)+R(ϕ, I)
in Tn×D, where K ∈ Gµ(D) and R ∈ G1,µ(Tn×D) satisfy Dα

I R(ϕ, I) = 0
and Dα

I (∇K(I) − ω(I)) = 0 for any (ϕ, I) ∈ Tn × ω−1(Θ) and α ∈ Zn+.
Moreover, ||Id− ΦϕI(ϕ, I)|| ≤ ε in Tn ×D for some 0 < ε < 1.

Here || · || is the usual sup-norm in the space of n × n matrices. Let Ω 3 ω →
I(ω) ∈ D be the inverse map to the diffeomorphism I → ω(I) and E = ω−1(Θ).
Then each

Λω = χ(Tn × {I(ω)}) , ω ∈ Θ ,

is an invariant torus of H with a frequency ω, and in view of (I.2) K(I) can be
regarded as a simultaneous Birkhoff normal form of H around all the invariant
tori Λω. Moreover, R satisfies (I.3) with E = ω−1(Θ).

To explain the ”smallness” condition in the KAM theorem we need some
additional notations. Let D0 be a bounded domain in Rn and r0 > 0. Let H0 be
a real analytic Hamiltonian in

D0 + r0 = {z ∈ Cn : dist (z,D0) ≤ r0} .

Suppose that H0 is non-degenerate in D0 + r0. In other words we assume that the
Hessian matrix H0

zz(z) of H0 is non-degenerate, i.e.∣∣H0
zz

∣∣
D0+r0 ,

∣∣∣(H0
zz

)−1
∣∣∣
D0+r0

≤ R (I.4)
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for some R > 0, where | · |D0+r0 stands for the sup-norm in D0 + r0. We suppose
also that the map

D0 3 I −→ ∇H0(I) ∈ ∇H0(D0) = Ω0 (I.5)

is a diffeomorphism. Given r0 > r > 0, s > 0, and a subdomain D ⊂ D0, we set

Tn + s = {z ∈ Cn/2πZn : |= z| ≤ s} , Us,r = Us,r,D = (Tn + s)× (D + r) ,

the latter being equipped with sup-norm | · |s,r and denote Ω = ∇H0(D). Let Ξκ
be the set of all frequencies ω ∈ Ω satisfying the Diophantine condition (.7) and
also having distance ≥ κ to the boundary of Ω. We define Ωκ to be the set of
points of a positive Lebesgue density in Ξκ. In other words, ω ∈ Ωκ if for any
neighborhood U of ω in Ω the Lebesgue measure of U ∩Ξκ is positive. Obviously,
Ωκ and Ξκ have the same Lebesgue measure, which is positive if 0 < κ ≤ κ̃(D) is
sufficiently small.

Fix the constant τ > n − 1 in the small divisor condition (.7) and chose
τ ′ > max (5/2, τ) and s > 0. Notice that the condition τ ′ > 5/2 is required only
for dimensions n ≤ 3. Fix an integer N ≥ 1.

Theorem I.1 Assume that H0 is real analytic and non-degenerate in D0 + r0,
and the map (I.5) is a diffeomorphism. Let D be a subdomain of D0. Choose
κ̃ = κ̃(D) > 0 so that the Lebesgue measure of Ωκ̃ is positive. Fix κ and r such
that 0 < κ ≤ κ̃(D) and κ ≤ r ≤ r0. Then there exists δ > 0 independent of
the domain D ⊂ D0 and of the parameters κ and r, such that any real analytic
Hamiltonian H on Us,r,D with

δH
def= κ−2 |H −H0|s,r ≤ δ

admits a Gµ-Birkhoff normal form (BF ), where µ = τ ′ + 2, Θ = Ωκ and Ω =
∇H0(D). Moreover, for any fixed 0 < q < 1 and N ≥ 1, there exists L > 0
independent of κ, r, δH , and of D such that the function Φ and the diffeomorphism
ω in (BF ) satisfy∣∣Dβ

ϕD
α
I (Φ(ϕ, I)− 〈ϕ, I〉)

∣∣ +
∣∣Dα

I (ω(I)−∇H0(I))
∣∣

≤ L|β|+1 κ1−|α| β! δqH ,∀β ∈ Zn+ ,

for (ϕ, I) ∈ Tn ×D and |α| ≤ N .

Denote Eκ = {I ∈ D : ω(I) ∈ Ωκ} and set H̃(ϕ, I) = H(χ(ϕ, I)), where χ
is the symplectic transformation in (BF ). The symplectic normal form (BF ) ob-
tained in Theorem 1.1 leads immediately to effective stability of the quasiperiodic
motion around the invariant tori. Indeed, taking σ = 1 and E = Eκ in (I.3) we
easily obtain:
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Corollary I.2 For any 0 ≤ p ≤ c and 0 < ε ≤ 1, and for any integral curve

exp(tX
H̃

)(ϕ0, I0) = (ϕ(t), I(t))

of the Hamiltonian vector field H̃ with initial data

(ϕ(0), I(0)) = (ϕ0, I0) , |Eκ − I0| ≤ ε/2 ,

we have
|I(t)− I0| ≤

ε

2
exp

(
−p ε−1/(τ ′+1)

)
,

|ϕ(t)− ϕ0 − t∇K(I0)| ≤ Cε exp
(
−(2p− c) ε−1/(τ ′+1)

)
,

for some C > 0 provided that

|t| ≤ C̃ ε exp
(

(c− p) ε−1/(τ ′+1)
)
,

where C̃ = (2
√
nC2

1 )−1 and c and C1 are the constants in (I.3).

Consider for example an elliptic equilibrium at some %0 = (x0, ξ0), and denote
by ±iα0

1, . . . , ±iα0
n the corresponding characteristic exponents which are purely

imaginary. To apply Theorem 1.1 we fix some N ≥ 4 and exclude the resonances
of order ≤ N , i.e. we assume that (.3) holds. Consider the BNF H0 of H given by
(.5) near %0 and fix D0 = {I ∈ Rn : |Ij | < C1a0, j = 1, . . . , n}, where 0 < a0 � 1
and C1 > 1. We suppose that H0 is nondegenerate in D0 +a0. For each 0 < a ≤ a0
set

D = Da = {I ∈ Γ : C−1
1 a ≤ Ij ≤ C1a, j = 1, . . . , n}.

Next we choose κ = κa = εa, where 0 < ε � 1 is fixed, then fix s > 0 and take
r = a. The perturbation H1 satisfies

|H1|s,r ≤ κ2C2a
(N−3)/2 ≤ κ2δ, (I.6)

for each 0 < a ≤ a0 choosing a0 small enough. Hence, applying Theorem 1.1 we
obtain:

Corollary I.3 Let %0 be an elliptic equilibrium of a real analytic Hamiltonian H.
Suppose that (.3) is satisfied, and denote by H(ϕ, I) = H0(I) +H1(ϕ, I) the cor-
responding BNF. Let detQ 6= 0. Then for each 0 < a ≤ a0, a0 sufficiently small,
there exists a symplectic diffeomorphism χ0 of Gevrey class G1,µ, µ = τ ′ + 2,
mapping Tn × D into itself, a Gµ-diffeomorphism ω : D → Ω, and K ∈ Gµ(D)
such that the Hamiltonian H̃ = H ◦ χ0 ∈ G1,µ(Tn ×D) has the form H̃(ϕ, I) =
K(I) + R(ϕ, I), where R and ω(I)−∇K(I) are flat on Tn×Eκ and Eκ = ω−1(Ωκ)
respectively. The symplectic map χ0 has a generating function Φ ∈ G1,µ(Tn ×D)
and for each |α| ≤ (N − 1)/2 and 0 < q < 1, we have∣∣Dβ

ϕD
α
I (Φ(ϕ,I)−〈ϕ,I〉)

∣∣ +
∣∣Dα

I (ω(I)−∇H0(I))
∣∣ ≤ C |α|+|β|+1aq(N−1)/2−|α| β!,

∀β ∈ Zn+ , for any (ϕ, I) ∈ Tn ×D, where C does not depend on a.
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II Proof of the BNF

The inverse map ψ0 : Ω0 → D0 of the frequency map ∇H0 : D0 → Ω0 is given
by ψ0(ω) = ∇g(ω), where g is the Legendre transform of H0 defined by g(ω) =
supI∈D0(〈I, ω〉 −H0(I)). Given a subdomain D ⊂ D0 we set Ω = ∇H0(D). Fix
s > 0 and r0 ≥ r > 0, and for given τ ′ > max (5/2, τ) denote µ = τ ′ + 2. We shall
deduce Theorem 1.1 from the following:

Theorem II.1 Suppose that H0 and H satisfy the assumptions of Theorem 1.1.
Then there exists a constant δ > 0 independent of κ, r and of the domain D ⊂ D0,
and for each real analytic Hamiltonian H in Us,r,D with δH ≤ δ, there is a map
f : Tn ×Ω→ D of Gevrey class G1,µ, such that any torus

Λω = {(θ, f(θ, ω)) : θ ∈ Tn } , ω ∈ Ωκ ,

is invariant with respect to XH and the restriction of exp(tXH) to Λω is conjugated
to the linear flow on Tn with frequency ω. Moreover, for any integer N ≥ 1 and
0 < q < 1, there exists C > 0 independent of κ, r, δH , and of D, such that
F (θ, ω) = f(θ, ω)− ψ0(ω) satisfies∣∣∣Dβ

θD
α
ωF (θ, ω)

∣∣∣ ≤ C |β|+1 κ1−|α| β! δqH , (II.1)

∀ (θ, ω) ∈ Tn × Ω , ∀β ∈ Zn+ , |α| ≤ N .

Recall that Ωκ is of a positive Lebesgue measure if κ is sufficiently small. Theorem
2.1 will be proved in Sect. 3. Moreover, for any 0 < q < 1 we shall obtain the
following Gevrey type estimates :∣∣∣Dβ

θD
α
ωF (θ, ω)

∣∣∣ ≤ C̃ |α+β|+1 κ1−|α| β!α! µδqH , (II.2)

∀ (θ, ω) ∈ Tn × Ωκ , ∀α, β ∈ Zn+ ,

where C̃ is independent of κ, r, δH , and D.

Proof of Theorem 1.1. Fix an integer N ≥ 1. Recall that each torus Λω, ω ∈ Ωκ,
is a Lagrangian submanifold of T ∗(Tn) (see also [8], Sect. I.3.2). Denote by p :
Rn → Tn the natural projection.

Lemma II.2 There exist a function ψ ∈ G1,µ(Rn × Ω) and a map R ∈ Gµ(Ω; Ω)
such that

(i) ∇xψ(x, ω) = f(p(x), ω)), for each (x, ω) ∈ Rn × Ωκ,
(ii) The function Q(x, ω) = ψ(x, ω) − 〈x,R(ω)〉 is 2π-periodic in x, and

for each 0 < q < 1, there exists a constant C independent of κ, r, δH , and of
Ω = ∇H0(D), such that for each |α| ≤ N we have∣∣Dβ

xD
α
ωQ(x, ω)

∣∣ + |Dα
ω(R(ω)− ψ0(ω))| ≤ C |β|+1 κ1−|α| β! δqH , ∀β ∈ Zn+ , (II.3)

for any (x, ω) ∈ Rn × Ω.
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Proof. First we shall find a function ψ̃ of Gevrey class G1,µ(Rn ×Ωκ) such that

∇xψ̃(x, ω) = f(p(x), ω), ∀ (x, ω) ∈ Rn × Ωκ (II.4)

(for a definition of Gevrey classes on Rn ×Ωκ see Sect. 4). To this end we set

γx = {(tx, f(p(tx), ω)) : 0 ≤ t ≤ 1},

and consider the action on it

ψ̃(x, ω) =
∫
γx

σ =
∫ 1

0
〈f(p(tx), ω), x〉 dt,

where σ = ξdx is the canonical one-form on T ∗(Rn). Obviously, ψ̃ ∈ G1,µ(Rn×Ωκ)
in the sense of Whitney. Moreover, as Λω, ω ∈ Ωκ, is a Lagrangian torus, we get

ψ̃(x+ y, ω)− ψ̃(x, ω) =
∫
l(x,y)

σ , ∀ y ∈ Rn ,

where l(x,y)={(x+ ty,f(p(x+ ty),ω)) : 0≤ t≤1}. The integral above is equal to∫ 1

0
〈f(p(x+ ty),ω),y〉dt = 〈f(p(x),ω),y〉+O(y2),

which implies (II.4). In particular, ∇xψ̃(x,ω) is 2π-periodic in x for each ω∈Ωκ,
which implies

ψ̃(x+2πm,ω)− ψ̃(x,ω)=〈2πm,R̃(ω)〉 , m∈Zn , ω∈Ωκ ,

where the components of R̃ can be written as follows

2πR̃j(ω) = ψ̃(2πej ,ω),

{ej} being an unit basis in Rn. Then the function

Q̃(x,ω)= ψ̃(x,ω)−〈x,R̃(ω)〉, (x,ω)∈Rn×Ωκ,

is 2π-periodic in x∈Rn, and we have Q̃∈G1,µ(Rn×Ωκ) in the Whitney sense.
Moreover, using (II.1) it is easy to see that R̃−ψ0 and Q̃ satisfy (II.3) on Tn×Ωκ.
Now, we apply Proposition 4.2 to the functions

(κδqH)−1Q̃(θ,κω) , (κδqH)−1(R̃(κω)−ψ0(κω)), (θ,ω)∈Tn×(κ−1Ωκ).

In this way we obtain Q∈G1,µ(Tn×Ω) and R∈Gµ(Ω) such that

Q̃(x,ω) = Q(p(x),ω), R̃(ω) = R(ω), ∀(x,ω)∈Rn×Ωκ,

and (II.3) holds. Then ψ(x,ω)=Q(p(x),ω)+〈x,R(ω)〉 is the desired function. 2
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In particular, choosing δ sufficiently small, we obtain a diffeomorphism Ω3
ω→∇xψ(x,ω)∈D for any x fixed. In this way we extend the family Λω, ω∈Ωκ,
to a G1,µ-foliation of Lagrangian tori

Λω = {(p(x),∇xψ(x,ω)) :x∈Rn} , ω∈Ω,

of Tn×D. We define the action I=(I1,...,In) of Λω by

Ij(ω) = (2π)−1
∫
γj(ω)

σ , j=1,...,n,

where γj(ω)={(p(tej),∇xψ(tej ,ω)) : 0≤ t≤1}. Now, we have

Ij(ω) = (2π)−1(ψ(2πej ,ω)−ψ(0,ω)) = Rj(ω), (II.5)

where I(ω)−ψ0(ω) is estimated by (II.3). Hence, we can suppose that the ”fre-
quency” map

Ω3ω→I(ω)∈D
is a Gµ-diffeomorphism and we define the map D 3 I→ω(I)∈Ω as its inverse.
Then ω is a Gµ-map as well. Denote by Eκ=I(Ωκ) the image of Ωκ via I. Notice
that for any |α|≤N we have∣∣Dα

I (ω(I)−∇H0(I))
∣∣≤Lκ1−|α|δqH , I∈D,

where L does not depend on κ, r, δH and D. We set

Φ(x,I) = ψ(x,ω(I)) , (x,I)∈Rn×D.

Then Φ∈G1,µ(Rn×D) (the class Gµ is invariant under composition [25], Ap-
pendix), and using (II.5) we obtain

Φ(x,I) = 〈x,I〉+φ(p(x),I),

where φ(x,I) =Q(x,ω(I)) is 2π-periodic in x in view of Lemma 2.2, (ii). Then
φ∈G1,µ(Tn×D), and for each |α|≤N we have∣∣∣Dβ

θD
α
I φ(θ,I)

∣∣∣≤L|β|+1
0 κ1−|α| β!δqH , (θ,I)∈Tn×D, (II.6)

where L0 is independent of κ, r, δH and D. We have obtained the desired esti-
mates for Φ and its derivatives. Next we observe that for δH small enough, Φ is a
generating function of an exact symplectic transformation χ : Tn×D→Tn×D of
Gevrey class G1,µ, defined by

χ(∇IΦ(θ,I),I) = (θ,∇θΦ(θ,I)).

Indeed, we have χ(ϕ,I)=(y(ϕ,I),η(ϕ,I)), where θ=y(ϕ,I) solves the equation

ϕ=(∇θΦ)(θ,I).
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Using (II.6) we get an unique solution θ which belongs to G1,µ and such that
|θ−ϕ|<π (see [13] or [25], Appendix). Moreover, η(ϕ,I)=(∇θΦ)(y(ϕ,I),I) belongs
to G1,µ as well. On the other hand, using Lemma 2.2, (i), we obtain that χ−1(Λω),
ω∈Ωκ, coincides with the torus Tn×{I(ω)}. Set

H̃(ϕ,I) = H(χ(ϕ,I)), K(I) = H̃(∇IΦ(0,I),I) =H(0,∇θΦ(0,I)),

Eκ={I(ω) :ω∈Ωκ}.

Since H is constant on each invariant torus Λω, ω∈Ωκ, we get H̃(ϕ,I)=K(I) on
Tn×Eκ. Then H̃(ϕ,I)−K(I) is flat at Tn×Eκ since any I ∈Eκ is a point of a
positive Lebesgue density in Eκ (see [5] and [24], Lemma 2.1). In particular, the
frequency of Λω(I) is ∇K(I). By Theorem 2.1 the frequency on Λω(I) equals ω(I)
for I∈Eκ. Hence,

∇K(I) = ω(I), I∈Eκ ,

and we obtain that ∇K(I)−ω(I) is flat at Eκ.
The proof of Theorem 1.1 is complete. Moreover, using (II.2) one can prove

Gevrey type estimates for φ(ϕ,I) and for ω(I)−∇H0(I) on Tn×Eκ. 2

III Gevrey regular families of KAM tori

To prove Theorem 2.1 we shall follow the classical approach of Moser [18] as it
was presented by Pöschel [21]. We shall deduce Theorem 2.1 from another KAM
theorem concerned with perturbations of a family of linear Hamiltonians where
the frequencies are taken as independent parameters. One of the advantages of
this approach is that it makes comparatively easy to check the regularity of the
corresponding family of invariant tori with respect to the frequencies.

Consider the Hamiltonian H(θ,z) =H0(z)+F (θ,z). Expanding H0(z) near
given z0∈D⊂D0, we can write

H0(z)=H0(z0)+〈∇zH0(z0),I〉+
∫ 1

0
(1− t)〈∇2

zH
0(zt)I,I〉dt,

where zt=z0+tI, I varies in a small ball B in Rn centered at the origin, and∇2
zH

0

stands for the Hessian matrix of H0. Let us recall that Ω0 3ω→ψ0(ω) =∇g(ω)
is the inverse to the frequency map D03z→∇H0(z), where g(ω) is the Legendre
transform of H0(z).

Setting ω=∇H0(z0), we get z0 =∇g(ω) and we can write

H0(z)=e(ω)+〈ω,I〉+PH0(I;ω),

F (θ,r)=F (θ,∇g(ω)+I)=PF (θ,I;ω),
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where e(ω) =H0(∇g(ω)) while PH0 stands for the quadratic term in I in the
expression of H0. In this way we obtain a family of Hamiltonians

H(θ,I;ω)=N(I;ω)+P (θ,I;ω)

in Tn×B depending on the frequency ω∈Ω. Here, N(I;ω)=e(ω)+〈ω,I〉 is a linear
normal form with respect to I which admits the invariant torus T0 =Tn×{0} for
any ω∈Ω, while P (θ,I;ω)=PH0(θ,I;ω)+PF (θ,I;ω) is the perturbation. The idea is
to find for each τ ′>max(5/2,τ) a family of symplectic transformations F(θ,I;ω)
which are analytic with respect to (θ,I), and of Gevrey regularity Gτ

′+2 with
respect to the frequency parameter ω∈Ω, and such that the Hamiltonian H(θ,I;ω)
is transformed by F to a linear normal form with a quadratic in I remainder term
for any fixed ω∈Ωκ. As in [21], we are looking for a transformation of the form

F(θ,I;ω) = (Φ(θ,I;ω),φ(ω)), Φ(θ,I;ω) = (U(θ;ω),V (θ,I;ω)), (III.1)

having Gevrey regularity G1,τ ′+2 (analytic in (θ,I) and Gτ
′+2 in ω), such that

Φ(θ,I;ω) is a linear form with respect to I, and the map

F(.,.;ω) : T ∗(Tn)→T ∗(Tn)

is symplectic for any fixed ω∈Ω. The transformations F form a subgroup of the
group of diffeomorphisms in Tn×B×Ω which will be denoted by G. To state the
main result we introduce the complex domains

Ds,r={θ∈Cn/2πZn : |=θ|<s}×{I∈Cn : |I|<r},

Oh={ω∈Cn : |ω−Ωκ|<h}.
The sup-norm of functions in Ds,r×Oh will be denoted by | · |s,r,h.

Set ν = τ +n+ 1 and recall that τ ′ >max(5/2,τ). We have the following
Gevrey analogue of Theorem A, [21]:

Theorem III.1 Let the Hamiltonian H(θ,I;ω) =N(ω)+P (θ,I;ω) be real analytic
on Ds,r×Oh, where κsν ≤h and 0<r,s,h<1. Then there exists c>0 depending
only on n, τ , τ ′, s, such that if the perturbation P satisfies the inequality

|P |s,r,h ≤ cκr,

then the following holds: There exists

F : Ds/2,r/2×Ω−→Ds,r×Ω

of the form (III.1) such that F ∈ G, F belongs to the Gevrey class G1,τ ′+2 on
Ds/2,r/2×Ω, and

H ◦F(θ,I;ω)= ẽ(ω)+〈ω,I〉+ P̃ (θ,I;ω),
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where
Dα
I P̃ (θ,0;ω)=0, ∀(θ,ω)∈Tn×Ωκ ,

for each |α|≤1. Moreover, for any 0<q<1 there exists Cq>0 such that

s−1|Dα
ω(U(θ;ω)−θ)|+r−1|Dα

ω(V (θ,I;ω)−I)|+κ−1|Dα
ω(φ(ω)−ω)|

≤ C |α|+1
q κ−|α|(α!)τ

′+2δqP ,

uniformly on Ds/2,r/2×Ωκ, where δP = (κr)−1|P |s,r,h, and Cq depends only on
n,τ,τ ′, and q.

Proof of Theorem 2.1. We write as above H =N +P , where P = PH0 +PF is
real analytic on Dr,s×Oh with κsν ≤ h, r≥ κ. Given r0 ≥ r≥ % > 0 we obtain
|PH0 |s,%,h≤cR%2, where cR≥1 depends on the constant R in (I.4), but not on κ,
r, and D. We suppose also that 2cR≥c, where c is the small constant in Theorem
3.1, which does not depend on κ, r, and D either. Fix δ>0 by δ1/2 =c(2cR)−1 and
set %=κδ1/2≤r. Then we have

|P |s,%,h≤|PH0 |s,%,h+ |PF |s,r,h≤cR(%2 +κ2δ)=cκ%.

Hence, we can apply Theorem 3.1. Set

Ψ(θ,ω)=(U(θ;ω),W (θ,ω)),

where W (θ,ω)=(∇g)(φ(ω))+V (θ,0;ω). Then

R3 t −→ Ψ(θ+ tω,ω), (θ,ω)∈Tn×Ωκ ,

is an integral curve of the Hamiltonian vector field XH . Moreover,

Ψ:Tn×Ω→Tn×D , Ψ(θ,ω)=(U(θ,ω),W (θ,ω)),

is of Gevrey class G1,µ. Moreover, for any 0<q<1 there exists C̃ >0 independent
of κ, δH , r, and D, such that for any multi-indices α and β we have∣∣∣Dβ

θD
α
ω(U(θ,ω)−θ)

∣∣∣+κ−1
∣∣∣Dβ

θD
α
ω(W (θ,ω)−ψ0(ω))

∣∣∣
≤ C̃ |α|+|β|+1κ−|α| β!(α!)µδqH ,

for each (θ,ω)∈Tn×Ωκ, since %≤κ. Fix N≥1. Using Proposition 4.2 we extend
U and W on Tn×Ω so that
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∣∣∣Dβ
θD

α
ω(U(θ,ω)−θ)

∣∣∣+κ−1
∣∣∣Dβ

θD
α
ω(W (θ,ω)−ψ0(ω))

∣∣∣
≤ C |β|+1κ−|α| β!δqH ,∀β∈Zn+ ,

for each (θ,ω)∈Tn×Ω and |α|≤N , where C>0 is independent of κ, δH , r, and
D. In particular, for any δH≤δ sufficiently small, the map Tn3θ→U(θ,ω)∈Tn is
a diffeomorphism close to the identity for each ω∈Ω. Using the implicit function
theorem ([13], [25], Appendix A.2), we obtain f on Tn×Ω and prove (II.1). 2

To prove Theorem 3.1 we first rescale κ to 2 multiplying ω, h, N and P by
2/κ, and then we denote by Ω∗ the set of all ω∈Ω such that |ω−Rn \Ω|≥2, and
(.7) holds with κ=2. We set

Oh={ω∈Cn : |ω−Ω∗|<h},

with h already rescaled. As in [21] we are going to use the following notations:
if u<cv with some positive constant depending only on n and τ , then we write
u< ·v, and if c<1 we write u·<v. Given σ,r>0 we set

W =

(
σ−1Id 0

0 r−1Id

)
,

where Id is the identity matrix. We keep the same notationW for the corresponding
linear map in Cn×Cn, and denote by id the identity map. To prove Theorem 3.1
we use the KAM step established by Pöschel [21]:

Proposition III.2 [21]. Suppose that |P |s,r,h≤ε with

ε·<ηrσν , ε·<hr, h≤K−τ−1, (III.2)

for some
0<s,r<1, 0<η<1/8, 0<σ<s/5, K≥1. (III.3)

Then there exists a real analytic transformation

F=(Φ,φ) : Ds−5σ,ηr×Oh/4−→Ds,r×Oh
in the group G such that H ◦F=N+ +P+ with N+(I;ω)=e+(ω)+〈ω,I〉, and

|P+|s−5σ,ηr,h/4< ·
ε2

rσν
+(η2 +Kne−Kσ)ε, (III.4)

|N+−N ◦φ|s,ηr,h/4< ·ε.
Moreover,

|W (Φ− id)|, |W (DΦ− Id)W−1|< · ε
rσν

,

|φ− id|, h|Dφ− Id|< ·ε
r
,

uniformly on Ds−5σ,ηr×Oh/4 and Oh/4, respectively.
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As in [18] and [21] we are going to iterate the KAM step infinitely many
times choosing appropriately the parameters 0<s,r,σ,h,η<1 and so on. Our goal
is to get a convergent scheme in the Gevrey spaces G1,τ ′+2. Assume that s,r and
σ are chosen as in (III.3). Next we choose a “weighted error” 0<E<1 and set

η=E1/2, ε=Erσν .

Now (III.3) requires 0<E<1/64. We define K and h by

Kne−Kσ=LE, h=K−τ−1,

where L=([ν]+2)! and [ν] is the integer part of ν=τ+n+1. Setting x=Kσ we
get the equation

xne−x=LEσn, (III.5)

which has an unique solution with respect to x∈ [n+1,+∞) provided that

0<E<min{ 1
64
,
(n+1)ne−n−1

L
}. (III.6)

Then K=xσ−1>1, and we have

ε

r
=
h

L
xνe−x≤h([ν]+1)!

L
·<h.

Hence (III.2) is satisfied and we can apply the KAM step. We set

r+ =ηr, s+ =s−5σ, σ+ =δσ,
2
3
<δ<1.

Now the KAM step gives the estimate

|P+|s+,r+,h/4< ·rσν(E2 +(η2 +Kne−Kσ)E)

=(2+L)rσνE2< ·r+σ
ν
+E

3/2.

Hence there is a constant c1>L>1 depending only on n and τ such that

|P+|s+,r+,h/4≤c
1/2
1 r+σ

ν
+E

3/2.

We fix the weighted error for the iteration as E+ = c
1/2
1 E3/2, set ε+ =E+r+σ

ν
+,

and then define η+, x+, K+, and h+ as above. Notice that, c1E+ =(c1E)3/2. We
require also c1E < 1 which leads to an exponentially converging scheme. Then
E+<E and x+>x≥n+1.

Suppose that h+≤h/4. Then we obtain

|P+|s+,r+,h+≤ε+. (III.7)
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Consider now the normal form N+(I;ω)=e+(ω)+ 〈ω,I〉 given by the KAM step.
We have

|e+−e|h+ < · (1+ |e|h)
ε

rh
, |e+|h+ < · ε+ |e|h . (III.8)

Indeed, using the KAM step and the Cauchy theorem we obtain

|e+−e|h+ ≤ |N+−N ◦φ|r+,h/4 +r|φ− id|h/4 + |e◦φ−e|h/4 < · (1+ |e|h)
ε

rh
.

On the other hand, using the relation φ(Oh/4)⊂Oh we obtain the second inequality
in (III.8).

It remains to check the inequality h+≤h/4 choosing appropriately δ=σ+/σ,
and taking into account the assumption τ ′≥5/2.

Lemma III.3 Let max(5/2,τ)<τ ′<2τ+1. Then there exist constants C(n)≥n+1
and 0<δ<1 such that for any 0<σ<1, and any x satisfying

x>C(n), xτ
′−τστ+1>1,

we have
x+>C(n), xτ

′−τ
+ στ+1

+ >1.

Moreover,

d0x ≤ x+ ≤d1x and c0h ≤ h+ ≤
1
4
h,

where d1>d0>1 and c0>0 depend only on n,τ,τ ′ and c1.

Proof. We fix 0<q<1/2 such that (3/2−q)7>16 and then define

δ=
(

3
2
−q
) τ−τ′

τ+1

.

Obviously, 2/3<δ<1. Consider the function g(t)= t−nlogt. Set d=− 1
2 log(c1/L),

and fix C(n)≥n+1 such that

nlogt<qt−|d| (III.9)

for each t>C(n). We have

xn+e
−x+ =Lσn+E+ =δn

(c1
L

)1/2
σ−n/2(xne−x)3/2 .

Hence
g(x+)−g(x)=

1
2

(g(x)+nlogσ)+nlog
1
δ

+d. (III.10)

Since τ ′−τ≤τ+1 and x≥C(n)>1, we get xσ≥1 from the inductive assumption.
Now, (III.9) implies

g(x)+nlogσ≥x−2nlogx≥(1−2q)x+2|d|.
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Using x+>x≥C(n) we obtain

x+ ≥ x+g(x+)−g(x) ≥ (3/2−q)x,

and we set d0 =3/2−q>1. Since τ ′>5/2 we get

h+

h
=
(
K

K+

)τ+1

=δτ+1
(
x

x+

)τ+1

<

(
3
2
−q
)−τ ′−1

<

(
3
2
−q
)−7/2

<
1
4
.

It is easy to see that

g(x+)− g(x) ≥ 1
n+1

(x+−x)

since x+>x≥n+1. On the other hand, g(x)+nlogσ<x. Using (III.10) we find
d1>d0 such that x+≤d1x for x≥C(n), and as above we obtain h+≥c0h, where
c0 depends only on n,τ,τ ′,c1. Moreover, we have

xτ
′−τ

+ στ+1
+ ≥

(
3
2
−q
)τ ′−τ

δτ+1xτ
′−τστ+1 =xτ

′−τστ+1>1,

and the proof of the Lemma is complete. 2

We are ready to set up our parameters. Let

σj+1 =δσj, sj+1 =sj−5σj,

with σ0 =s0/20<c0(n)<1. Let

c1Ej+1 = (c1Ej)3/2 , ηj = E
1/2
j , rj+1 = ηjrj .

Suppose that E0≤γ0, where

γ0 < min
(
(n+1)ne−n−1L−1,1/64,c−1

1

)
, L=([ν]+2)!.

Then c1E0<1, and for any j∈Z+ there exists an unique xj≥n+1 such that

xnj e
−xj = LEjσ

n
j < (n+1)ne−n−1 .

We set
Kj = xjσ

−1
j , hj = K−τ−1

j , εj = Ejrjσ
ν
j , j∈Z+ .

Choosing γ0 sufficiently small as a function of s0, n, τ and τ ′ we can assume that

x0>min
(
C(n),σ(τ+1)/(τ−τ ′)

0

)
,

where C(n)≥n+1 is given in Lemma 3.3. Now Lemma 3.3 yields for any j∈Z+
the inequalities

d0xj≤xj+1≤d1xj , c0hj≤hj+1≤
1
4
hj ,
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xτ
′−τ
j στ+1

j >1. (III.11)

The last inequality will be used to gain Gevrey regularity with respect to ω. It
shows as well that εj/rjhj <Cσνj and hj<σ

ν
j , where C depends only on n,τ and

τ ′. Indeed, we have

hjσ
−ν
j <σ

n(2τ−τ ′+1)/(τ ′−τ)
j <1 , εj/rjhj = Ejσ

ν
j /hj =

1
L
xνj e
−xj < Cσνj

with some C large enough. We can formulate now the iterative lemma. Set

Dj={θ∈Cn/2πZn : |=θ|<sj}×{I∈Cn : |I|<rj},

Oj={ω∈Cn : |ω−Ω∗|<hj} , Õj={ω∈Cn : |ω−Ω∗|<hj/2},
and put

W0 =


σ−1

0 Id 0 0

0 r−1
0 Id 0

0 0 h−1
0 Id

 .

We are going to formulate a Gevrey analogue of the Iterative Lemma in [21].

Proposition III.4 Assume max(5/2,τ)< τ ′ < 2τ + 1 and suppose that P0 is real
analytic on D0×O0 with

|P0|s0,r0,h0 = ε0 ≤ γ0r0σ
ν
0 ,

where γ0 is sufficiently small, depending only on s0, n, τ, and τ ′. Then for each
j≥0 there exists a normal form Nj(I;ω)=ej(ω)+〈ω,I〉 and a real analytic trans-
formation Fj defined by F0 =Id, and for j≥1 by

Fj =F0 ◦···◦Fj−1 :Dj×Oj−→D0×O0,

Fj(θ,I;ω)=(uj(θ;ω),vj(θ,I;ω),φj(ω)),

which belongs to the group G and such that H ◦Fj=Nj+Pj with

|Pj|sj ,rj ,hj ≤εj=Ejrjσ
ν
j .

Moreover, |ej+1−ej|< · (1+ |e|h0)εj/rjhj, and

|W0(Fj+1−Fj)|, |TFj+1−TFj ◦Fj |< ·
εj
rjhj

(III.12)

in Dj+1×Oj+1, and for each 0<q< 1 there exists a constant Cq > 0 depending
only on n,τ,τ ′, and q such that

|W 1−|β|
0 Dα

ωD
β
I (Fj+1−Fj)|≤C |α|+1

q (α!)τ
′+2Eq0x

−1
j , (III.13)

uniformly on Dj+1×Õj+1, for any j≥0, α∈Zn+, and each β with 0≤|β|≤1.
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Proof. We proceed as in [21]. Set F0 = Id and define Fj , j≥0, successively by
Proposition 3.2. We have already checked the assumptions of the KAM step for
each j≥0. Thus we obtain for any j≥0 a transformation

Fj :Dj+1×Oj+1−→Dj×Oj

taking Hj =Nj +Pj into Hj+1 =Hj ◦Fj =Nj+1 +Pj+1, while (III.7) and (III.8)
imply |Pj+1|≤εj+1 and |ej+1−ej|< ·(1+ |e|h0)εj/rjhj . Moreover, the KAM step
yields |φj− id|< ·εj/rj . Notice that Fj+1 =F0 ◦···◦Fj takes H to Hj+1 =Nj+1 +
Pj+1. The estimate (III.12) follows from the arguments in [21]. Let us evaluate

Jjα=
∣∣W0D

α
ω(Fj+1−Fj)

∣∣
in Dj+1×Õj+1 for any j≥0 and |α|≥1. Recall that (III.12) is valid inDj+1×Oj+1.
Then Cauchy’s estimate leads to

Jjα < · 2|α|α!εj
rjhjh

|α|
j+1

=
2|α|α!Ejσνj
hjh
|α|
j+1

.

According to (III.11) we have hj+1≥c0hj , hence

Jjα< ·
(

2
c0

)|α| α!Ejσνj
h
|α|+1
j

.

Recall that hj =K−τ−1
j =(σ−1

j xj)−τ−1 and Ej = L−1(σ−1
j xj)ne−xj . Then for any

fixed 0<q<1 we obtain

Jjα < ·
(

2
c0

)|α|
α!xνj (σ−1

j xj)(τ+1)|α|−nqe−(1−q)xjEqj .

Taking into account (III.11) we get 1<xjσ−1
j <x

(τ ′+1)/(τ+1)
j and using that Ej≤

E0 for j≥0, we obtain

Jj,α < ·
(

2
c0

)|α|
e−(1−q)xj x

ν+(τ ′+1)|α|
j α! Eq0

< C |α|+1
q (α!)τ

′+2x−1
j Eq0 ,

where Cq depends only on n, τ , τ ′, and q. In the same way we prove (III.13) when
|β|=1. 2

To prove Theorem 3.1 we apply the Iterative lemma to H=N+P as in [21],
letting P0 =P , r0 =r, s0 =s, h0 =h. Set |P0|s0,r0,h0 =ε0≤γ0r0σ

ν
0 . The linear (in I)

maps Fj and their derivatives TFj with respect to I converge uniformly to certain
mappings F∗ and TF∗ in D∗×Ω∗, D∗=0×{|=θ|<s/2}. In this way we obtain a
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linear in I map F=F∗+(TF∗)I in Ds/2,r/2×Ω∗. The corresponding normal forms
Nj converge to Ñ(I;ω)= ẽ(ω)+〈I,ω〉, and we have H̃=H ◦F=Ñ+ P̃ , where

|P̃ |s0/2,0,0 = |DI P̃ |s0/2,0,0 = 0.

Moreover,

|W0D
α
ω(F∗− Id)| , |Dα

ω(TF∗− Id)| ≤C |α|+1
q (α!)τ

′+2
(

ε0

r0h0

)q
,

in Ds0/2,0×Ω∗ since
∑
x−1
j <∞ in view of (III.11). The Theorem is proved for

κ=2. Finally, we scale back ω to κω/2 and multiply h0, P0 and ε0 by κ/2 in order
to complete the proof of Theorem 3.1. 2

IV On Whitney’s extension theorem in Gevrey classes

Let E be a compact subset in Rn. To simplify the notations about Whitney jets
we suppose that each I∈E is a point of a positive Lebesgue density of E (see Sect.
1). Then each f ∈C∞(Rn) with f=0 on E is a flat function on E (see [24], Lemma
2.1). Moreover, the usual definition of differentiation can be extended on E. For
each multi-index α we denote by ∂αI f(I) the corresponding partial derivative (if it
exists) of a given function f on E. We say that f ∈Gµ(E) in the sense of Whitney
if f ∈C∞(E) and

|∂αI f(I)| ≤ C |α|+1 (α!)µ , I∈E,
for each multi-index α.

Let U be a compact neighborhood of E in Rn and σ≥1 and µ>1. It is known
that there may not exist a continuous linear extension operator from Gµ(E) to
Gµ(U). Nevertheless, the restriction map % :Gµ(U)→Gµ(E) is surjective [3], and
using an argument of Bruna [4] we obtain for each bounded set V1 in Gµ(E) a
bounded set V2 in Gµ(U) such that %(V2)=V1. This leads to the following result
which will be essential for the construction of QBNFs in the second part of this
paper.

Theorem IV.1 Let F be a set of smooth functions on Tn×E in the sense of
Whitney with the following property: There exists C>0 such that∣∣∂βϕ∂αI f(ϕ,I)

∣∣ ≤ C |α+β|+1β!σα!µ , (ϕ,I)∈Tn×E, (IV.1)

for each f ∈F and any multi-indices α and β. Then there exists C0>0 and a map

j :F→Gσ,µ(Tn×U)

such that for each f ∈F we have

∂αI j(f)(ϕ,I) = ∂αI f(ϕ,I) , ∀(ϕ,I)∈Tn×E , ∀α∈Zn+ , (IV.2)∣∣∂βϕ∂αI j(f)(ϕ,I)
∣∣ ≤ C

|α+β|+1
0 β!σα!µ , ∀(ϕ,I)∈Tn×U , ∀α,β∈Zn+ . (IV.3)
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Proof. For each f ∈F consider the Fourier coefficients

fk(I) = (2π)−n
∫

Tn
e−i〈k,ϕ〉f(ϕ,I)dϕ , k∈Zn .

Using (IV.1) we obtain for some r=r(n,σ,C)>0

er|k|
1/σ |∂αI fk(I)| ≤ 2C |α|+1α!µ , I∈E

for any α,k and f . Then

gfk(I) = er|k|
1/σ
fk(I), I∈E, k∈Zn , f ∈F ,

is a bounded family in Gµ(E). On the other hand, the restriction map of Gµ(U) to
Gµ(E) is surjective (see [3], Theorem 3.9, and Remark 3.13). Then an argument
of Bruna ([4], Lemma 3.4) holds, and we obtain a family of functions Gfk∈Gµ(U)
such that

∂αI Gfk(I) = ∂αI gfk(I) , ∀I∈E , f ∈F , k∈Zn , α∈Zn+ ,

and
|∂αI Gfk(I)| ≤C |α|+1

2 α!µ , ∀I∈U , f ∈F , k∈Zn , α∈Zn+ ,

with some C2>0. Set

j(f)(ϕ,I) =
∑
k∈Zn

ei〈k,ϕ〉−r|k|
1/σ
Gfk(I). (IV.4)

Obviously (IV.2) is satisfied. Moreover, it is easy to see that (IV.3) holds with a
suitable C0>0. 2

Unfortunately we have no control on the constant C0 in (IV.3). In particular,
C0 may depend on the compact set E.

Proposition IV.2 Let f be a G1,µ function on Tn×E in the sense of Whitney
such that (IV.1) holds with σ= 1. Then for each integer N ≥ 1 there exists F ∈
G1,µ(T ∗(Tn)) and a positive constant L depending only on µ, N , the dimension
n, and on the constant C in (IV.1) but not on the set E such that

∂αI F (ϕ,I) = ∂αI f(ϕ,I) , (ϕ,I)∈Tn×E,

for each multi-index α, and∣∣∂βϕ∂αI F (ϕ,I)
∣∣ ≤ L|β|+1β!, (ϕ,I)∈T ∗(Tn), (IV.5)

for each multi-index β and any α with |α|≤N .
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Proof. Denote by U a ball in Rn containing E in its interior and such that the
distance between E and the boundary of U is ≥2. Consider the Whitney extension
g=j(f) of f in G1,µ((Tn+r0)×U) given by (IV.4), where r0 =r/2 and r=r(n,C).
There exists an open neighborhood W of E in U and some L1>0 depending only
on n,µ,N, and C (choosing C > 1 one can take L1 =CN+2(N !)µ) such that the
distance from W to the boundary of U is ≥1 and

|∂αI g(ϕ,I)| ≤ L1 , ∀(ϕ,I)∈(Tn+r0)×W , |α|≤N.

By Cauchy’s estimate,∣∣∂βϕ∂αI g(ϕ,I)
∣∣ ≤ L1 r

−|β|
0 β!, ∀(ϕ,I)∈Tn×W , ∀β∈Zn , |α|≤N.

Then there exists r1>0, depending only on n and C, such that the Fourier coeffi-
cients gk of g can be estimated by

er1|k| |∂αI gk(I)| ≤ 2L1 , ∀I∈W , |α|≤N, ∀k∈Zn .

Using the Whitney extension theorem in [21] we extend each hk(I)=er1|k|gk(I),
I∈W, to a CN function Hk in Rn such that

|∂αI Hk(I)| ≤ c0L1 , I∈U , |α|≤N, (IV.6)

where c0>0 depends only on n and N . Fix 0<ε<1 such that 2ε is smaller than
the distance between E and the boundary of W . For each k there is a function H̃k

in Gµ(U) such that∣∣∣∂αI (H̃k(I)−Hk(I))
∣∣∣ ≤ εN+1 , I∈U , |α|≤N. (IV.7)

Choose ψ∈Gµ(Rn) such that ψ= 1 on E and ψ= 0 outside U . We can suppose
that the constant C in the Gevrey estimates for the derivatives of ψ on U does not
depend on E since the distance between E and the boundary of U is ≥2. Choose
ψj ∈Gµ(Rn), j=1,2, with supports in U such that ψ1 +ψ2 =1 in a neighborhood
of suppψ, suppψ1⊂W , ψ1 =1 in a neighborhood of E, and

|∂αI ψj(I)| ≤ ε−|α| , I∈U , |α|≤N, j=1,2. (IV.8)

Set Fk = (ψ1hk+ψ2H̃k)ψ, and define

F (ϕ,I) =
∑
k∈Zn

ei〈k,ϕ〉−r1|k|Fk(I).

Taking into account (IV.6), (IV.7) and (IV.8) we prove that F has the desired
properties. 2

Remark 4.3 In the same way one can see that Theorem 4.1 and Proposition 4.2
hold for any compact subset E 6= 0 of Rn using the usual definition of Whitney
jets in Gevrey classes (see [3], Sect. 3).
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