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1 Introduction

Precise fixed-order theory predictions in quantum chromodynamics (QCD) play an essential
role in the physics programme of the Large Hadron Collider. The current state of the art for
most Standard Model cross sections is next-to-next-to-leading order (NNLO) in QCD, both
for fiducial cross sections and differential distributions. In the coming years, particularly
during the scheduled high-luminosity phase of the LHC, measurements for many observables
will approach percent-level precision. This will require the extension of the technology for
higher-order calculations to next-to-next-to-next-to-leading order (N3LO). Several remarkable
steps towards N3LO phenomenology have recently been made, see [1] for a summary.

A prescription for handling the infrared (IR) divergences of matrix elements at a fixed
perturbative order, such as a subtraction or slicing method, is one of the main missing
process-independent ingredients. The development of a local subtraction method requires an
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understanding of the universal behaviour of N3LO matrix elements in unresolved configura-
tions, including single-unresolved limits of two-loop amplitudes, double-unresolved limits of
one-loop amplitudes, and triple-unresolved limits of tree-level amplitudes. Some unresolved
limits can be described with the iteration of single and double unresolved structures, while
others require novel computations, e.g. single collinear limits of two-loop amplitudes [2, 3];
the two-loop current for the emission of a soft gluon [4–6]; triple collinear limits of one-loop
amplitudes [7, 8]; double soft emission at one loop [9–11]; quadruple collinear splitting
functions [12, 13]; and triple soft emission in tree-level amplitudes [14–16]. At the integrated
level, the interplay of the different unresolved limits is not yet understood.

Several subtraction schemes have been proposed in the last two decades for NNLO
calculations in QCD. In the antenna subtraction method [17, 18], the matrix elements for
several 1 → 2 processes (a photon decaying into a pair of quarks [19], a Higgs boson decaying
into a pair of gluons [20] and a neutralino decaying into a gluino-gluon pair [21]) are used to
define antenna functions, building blocks for subtraction terms which remove the singular
behaviour of matrix elements in the presence of unresolved radiation between a pair of hard
emitters. On the other hand, the integrals of these matrix elements over the phase space are
used to remove the explicit singularities present in virtual corrections. A future extension
of antenna subtraction to N3LO relies on the computation of these ingredients. In [22], we
presented analytic results for the phase-space integration of the corrections to the γ∗ → qq̄

decay up to N3LO. We also performed an analogous calculation for the H → gg decay in
the large top mass limit [23]. These results represent the integrated quark-antiquark and
gluon-gluon antenna functions in final-final kinematics.

In this work, we follow the strategy of [21] to extract the quark-gluon antenna functions
from the decay of a neutralino into a gluino and a gluon. In other words, we analytically
integrate the tree-level five-particle, the one-loop four-particle, the two-loop three-particle,
and the three-loop two-particle matrix elements over the respective phase space,

σ(3) =
∫

dΦ5M
0
5 +

∫
dΦ4M

1
4 +

∫
dΦ3M

2
3 +

∫
dΦ2M

3
2 , (1.1)

where M ℓ
n denotes the ℓ-loop matrix element for the decay of a neutralino into n partons

and gluinos. We refer to the four terms in (1.1) as the triple-real (RRR), double-real-virtual
(VRR), double-virtual-real (VVR), and triple-virtual (VVV) layers of the calculation. For
completeness we recompute also the next-to-leading order (NLO) and NNLO corrections.
Our method was first described in [22] in the context of the decay of a virtual photon into
hadrons and it leverages the reverse unitarity relation [24–28] to gain access to modern
multi-loop techniques.

In our previous work, we could validate the sum of the layers with different final states
against known inclusive cross sections for the production of jets in photon and Higgs boson
decay. As we shall explain in detail, in order to perform the equivalent check, we extend the
present calculation to an effective theory of the minimally supersymmetric Standard Model
(MSSM) with gluons, NF light quark flavours and Ng̃ gluino flavours. In this model, we can
perform an independent calculation of the total decay width of the neutralino and derive the
relevant renormalization constants from higher-order corrections to the neutralino propagator,
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which themselves constitute a new result. In section 5.2, we subsequently isolate the desired
pure QCD radiation by systematically discarding certain final states.

Having control over the ultraviolet (UV) poles of the triple-virtual layer (the three loop
amplitude χ̃ → g̃g trivially integrated over the two-particle phase space), we can compare its
IR poles with well-known factorization formulae. In particular, the prediction in soft-collinear
effective theory (SCET) [29, 30] is cast in terms of universal ingredients such as the collinear
anomalous dimensions of the partons. We are therefore able to extract the gluino anomalous
dimension and the gluino contribution to the cusp and parton anomalous dimensions to O(α3

s).
We provide several observations on their structure and make comparisons with existing results.

The rest of the paper is organised as follows. In section 2, we explain our method for
the computation of the integrated matrix elements in (1.1). In section 3, we describe how
we obtained the necessary renormalization constants. The results are presented in section 4
and printed in full in appendices B and C. We perform several checks on our results and
elaborate on the application to higher-order QCD calculations in section 5, before drawing
conclusions in section 6. Appendix A provides details about the renormalization of individual
matrix elements and in appendix D we report tables with the colour factors appearing in
the integrated expressions up to N3LO.

2 Method

We want to investigate the infrared structure of the decay of an off-shell particle into a
massless quark (a spin 1/2 particle in the fundamental representation of SU(3)) and a gluon
(a spin 1 particle in the adjoint representation of SU(3)). It follows that the decaying particle
must have spin 1/2 and also transform in the fundamental representation. However, off-shell
external states are forbidden in QCD and besides, we want to focus on final-state radiation
by studying the decay of a colour singlet.

Nonetheless, after introducing colour-ordering, one can combine matrix elements for two
different partons in the fundamental representation and with equal momenta to emulate a
particle in the adjoint representation in the final state. This way, one can recover the desired
infrared behaviour from the decay to a spin 1/2 octet state and a spin 1 octet state. In this
case, the off-shell particle is a spin 1/2 singlet. Such a process can be realized within the
minimal supersymmetric Standard Model (MSSM). For the purposes of this paper, we can
simply consider the effective theory for the decay of a heavy neutralino originally formulated
in [31] and its generalization to the decay of a heavy neutralino into a gluon and a gluino [21].
In order to include the necessary interactions in the calculation, we extend the SM QCD
Lagrangian by adding the gluino field ψg̃ [32],

Lgluino = i

2ψ
a
g̃γ

µDµψ
a
g̃ (2.1)

with the covariant derivative of the field given by

Dµψ
a
g̃ = ∂µψ

a
g̃ − gsf

abcGb
µψ

c
g̃ . (2.2)

We use Gb
µ for the gluon field, the indices a, b and c transform in the adjoint representation

of SU(3), fabc are the SU(3) structure constants and gs is the strong coupling constant. The
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term (2.1) describes the gluinos’ coupling to gluons and their propagation. For the effective
coupling of a gluon and a gluino to the external neutralino field ψχ̃, we add to the Lagrangian

Leff = iηψ
a
g̃σ

µνψχ̃F
a
µν + (h.c.) , (2.3)

where the commutator of gamma matrices reads

σµν = i

2[γµ, γν ] (2.4)

and the standard gluon field strength is

F a
µν = ∂µG

a
ν − ∂νG

a
µ − gsf

abcGb
µG

c
ν . (2.5)

The resulting Feynman rules are

X̃(p)

g̃a(k0)

gb(k1, ε1,µ)

= −iηδabσµνk
ν
1 , (2.6)

X̃(p)

g̃a(k0)

gc(k2, ε2,ν)

gb(k1, ε1,µ) = −gsηf
abcσµν , (2.7)

gb(p, εµ)

g̃a(k0)

g̃c(k1)

= −gsf
abcγµ , (2.8)

g̃a g̃b
k

= iδab 1
k2 + iϵ

, (2.9)

where the first two determine the coupling to the external neutralino, while the third one
describes the interaction between gluinos and gluons inside the diagram. The essential
difference between a gluino and a quark lies in the fact that gluon emissions off a gluino
line are weighted with a factor CA = N , instead of CF = (N2 − 1)/(2N), where N = 3
is the number of QCD colours.

In [21], where the equivalent calculation was performed up to NNLO, only QCD emissions
from a single gluino line were considered which is the scenario relevant for the definition
of quark-gluon antenna functions. However, when we represent the various layers of the
calculation as cuts of the neutralino two-point function, we must allow for all physical cuts
of a given diagram in order to derive the relevant renormalization constants or define a total
width for the decay χ̃ → gluinos + partons. For this reason, we perform the calculation
with the full set of diagrams allowed by the combination of the QCD Lagrangian with the
gluino contribution in (2.1) and the effective Lagrangian in (2.3). In section 5.2 we will
illustrate how the presented result can be modified to recover the appropriate quantities for
quark-gluon antenna functions, systematically removing undesired gluino emissions.
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For the computation of the individual matrix elements in (1.1), we follow the strategy
outlined for the decay γ∗ → qq̄ in [22], later applied to H → gg in the large top mass limit
and to H → bb̄ in [23]. First we generate the relevant decay diagrams with QGRAF [33]
as self-energies of the neutralino with cut internal propagators. We take particular care
in treating the supersymmetric particles. As a Majorana fermion, the gluino is its own
anti-particle and requires a symmetry factor of 1/2 for every closed loop. We then apply a
procedure which selects only physical cuts and tags loop- and final-state configurations. The
selected diagrams are subsequently matched onto the integral families reported in [22] using
Reduze2 [34] and the Feynman rules are inserted and evaluated in FORM [35].

The integrals appearing in the matrix elements have up to eleven propagators in the
denominator and a maximum of five scalar products in the numerator. The integrals are
reduced with the help of Reduze2 [34] to a set of 22, 27, 35 and 31 master integrals for the
four terms of (1.1), respectively. The master integrals required for the NNLO calculation
can be found in [36] and have been extended up to weight 6 in [22, 37, 38]. The integrals
required for the N3LO calculation were computed in [37, 39].

3 Renormalization

We work in dimensional regularisation with d = 4 − 2ϵ dimensions and we present results
for the integration of renormalised squared amplitudes in the MS scheme. We replace the
bare coupling α0 with the renormalised coupling αs according to

α0 µ
2ϵ
0 Sϵ = αs µ

2ϵ

[
1 − β0

ϵ

(
αs

2π

)
+
(
β2

0
ϵ2

− β1
2ϵ

)(
αs

2π

)2
+ O(α3

s)
]
, (3.1)

where α0 is the bare coupling, Sϵ = (4π)ϵe−ϵγ with γ the Euler constant, and µ2
0 is the mass

parameter introduced in dimensional regularisation to maintain a dimensionless coupling in
the bare Lagrangian density. We fix the renormalisation scale µ2 to be the invariant mass
of the decaying particle q2. Note that the coefficients βi in the SM extension considered in
this work are not equal to the standard QCD β-function coefficients.

The effective coupling η0 = Zηη of the neutralino to a gluino and gluon(s) is formally
renormalised with

Zη = 1 + Z(1)
η

(
αs

2π

)
+ Z(2)

η

(
αs

2π

)2
+ Z(3)

η

(
αs

2π

)3
+ O(α4

s) ,

Z(1)
η = Z

(1,1)
η

ϵ
,

Z(2)
η = Z

(2,2)
η

ϵ2
+ Z

(2,1)
η

ϵ
,

Z(3)
η = Z

(3,3)
η

ϵ3
+ Z

(3,2)
η

ϵ2
+ Z

(3,1)
η

ϵ
. (3.2)

To the best of our knowledge, the renormalization constants above are not known. We explain
the method for calculating Z

(i)
η and give the results in this section.
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A common strategy to obtain the inclusive cross section for the decay of a particle is
to use the optical theorem

2 Im [M(a → a)] =
∑

f

∫
dΠf M†(a → f)M(a → f) , (3.3)

which relates the imaginary part of the self-energy of the decaying particle a to the sum
over all allowed intermediate final states f . In dimensional regularization, the ϵ-poles of the
bare self-energy are entirely of ultraviolet origin. Their removal therefore determines the
correct renormalization of the relevant couplings of the theory. Note that the sole source of
the imaginary part is the expansion of the time-like kinematic prefactor of the self-energy:

1
π

Im
[
(−1)ℓϵ

]
=

∞∑
n=0

(−1)nπ2nℓ2n+1

(2n+ 1)! ϵ2n+1 , (3.4)

at ℓ loops. Since this expansion starts at order ϵ, only the poles of the bare expression for
M(a → a) contribute to the renormalized finite part of the sum of the cuts, which is the
total cross section for the production of partons and gluinos in the decay.

We apply this strategy first to the corrections to the photon propagator in order to extract
the renormalization of αs, validate our workflow and replicate the results for the well-known
QCD beta function and the QCD+gluinos beta function computed in [40]. After generating
the relevant diagrams and evaluating the Feynman rules, we translate the integrand to the
notation of FORCER [41], a specialised programme for the IBP reduction of self-energies
up to 4 loops to the master integrals calculated in [42, 43]. Up to 3 loops, we also perform
the reduction ourselves in Reduze2 and insert the master integrals in [43, 44] and find
agreement. The bare self-energy is reported in the supplementary material attached to
this paper. From (3.1), one can read off the renormalization of the ℓ-loop correction to
the photon propagator |M(ℓ)⟩:

|M(1)⟩ = |M(1),U ⟩ , (3.5)

|M(2)⟩ = |M(2),U ⟩ , (3.6)

|M(3)⟩ = |M(3),U ⟩ − β0
ϵ

|M(2),U ⟩ , (3.7)

|M(4)⟩ = |M(4),U ⟩ − 2β0
ϵ

|M(3),U ⟩ +
(
β2

0
ϵ2

− β1
2ϵ

)
|M(2),U ⟩ , (3.8)

where the superscript U denotes unrenormalised quantities. Requiring the vanishing of
each ultraviolet pole in the total decay cross section yields a system of equations with a
unique solution,

β0 = 1
6(11CA − 2NF ) − 1

3Ng̃CA , (3.9)

β1 = 1
6(17C2

A − 5CANF − 3CFNF ) − 4
3Ng̃C

2
A , (3.10)

which is in agreement with the literature [40].

– 6 –



J
H
E
P
1
2
(
2
0
2
3
)
1
9
8

Next we focus on the corrections to the neutralino propagator (see example diagrams
in figure 1), where αs and η ought to be renormalized,

|M(1)⟩ = |M(1),U ⟩ , (3.11)

|M(2)⟩ = |M(2),U ⟩ + 2Z(1)
η |M(1),U ⟩ , (3.12)

|M(3)⟩ = |M(3),U ⟩ +
(

2Z(1)
η − β0

ϵ

)
|M(2),U ⟩ +

(
(Z(1)

η )2 + 2Z(2)
η

)
|M(1),U ⟩ , (3.13)

|M(4)⟩ = |M(4),U ⟩ +
(

2Z(1)
η − 2β0

ϵ

)
|M(3),U ⟩

+
(

(Z(1)
η )2 + 2Z(2)

η − 2β0Z
(1)
η

ϵ
+ β2

0
ϵ2

− β1
2ϵ

)
|M(2),U ⟩

+
(
2Z(1)

η Z(2)
η + 2Z(3)

η

)
|M(1),U ⟩ . (3.14)

Due to the presence of the effective coupling, the general form of the renormalization is
the same as for the H → gg decay. As a validation of our method, we verified that we
can with our setup reproduce the known renormalization coefficients of the Higgs effective
coupling up to N3LO.

The bare neutralino self-energy corrections up to four loops are given in the supplementary
material attached to this paper. Fixing the beta values according to (3.9) and (3.10), we
can again solve a system of equations with a unique solution:

Z(1,1)
η = +1

6(−10CA +NF ) + 1
6Ng̃CA , (3.15)

Z(2,2)
η = + 1

24
(
70C2

A − 17CANF +N2
F

)
+ 1

24Ng̃

(
−17C2

A + 2CANF

)
+ 1

24N
2
g̃C

2
A , (3.16)

Z(2,1)
η = + 1

24
(
−46C2

A + 10CANF + 3CFNF

)
+ 13

24Ng̃C
2
A , (3.17)

Z(3,3)
η = + 1

432
(
−2240C3

A + 894C2
ANF − 117CAN

2
F + 5C2

AN
3
F − 10CACFN

3
F

)
+ 1

144Ng̃

(
298C3

A − 78C2
ANF + 5CAN

2
F

)
+ 1

144N
2
g̃

(
−39C3

A + 5C2
ANF

)
+ 5

432N
3
g̃C

3
A , (3.18)

Z(3,2)
η = + 1

144
(
1024C3

A − 370C2
ANF − 92CACFNF + 30CAN

2
F + 11CFN

2
F

)
+ 1

144Ng̃

(
−462C3

A + 71C2
ANF + 11CACFNF

)
+ 41

144N
2
g̃C

3
A , (3.19)

Z(3,1)
η = + 1

2592(−8335C3
A + 2546C2

ANF + 1992CACFNF − 54C2
FNF − 43CANF

2

− 66CFNF
2 + 1296C2

ANF ζ3 − 1296CACFNF ζ3)

+ 1
1296Ng̃

(
2242C3

A − 76C2
ANF − 33CACFNF

)
− 109

2592N
2
g̃C

3
A . (3.20)
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Finally the R-ratio for the decay of neutralino to gluinos and partons is

R = σ(χ̃ → partons + gluinos)
σ(χ̃ → g̃g)

= 1 +
(
αs

2π

)[67
6 N −NF −Ng̃N

]
+
(
αs

2π

)2 [
N2

(11521
81 − 155

54 π
2 − 51

2 ζ3

)
+NFN

(
−39821

1296 + 71π2

108 + 2ζ3

)

+NFN
−1
(71

48 − ζ3

)
+N2

F

(
91
81 − π2

27

)
+Ng̃N

2
(

−20869
648 + 71π2

108 + 3ζ3

)

+Ng̃NFN

(
182
81 − 2π2

27

)
+N2

g̃N
2
(

91
81 − π2

27

)]

+
(
αs

2π

)3 [
+N3

(45447757
23328 − 17731

216 π2 + 365
3 ζ5 − 1407

2 ζ3

)
+NFN

2
(

−2702383
3888 + 1625

54 π2 − 1
120π

4 − 35
3 ζ5 + 3455

24 ζ3

)
+NF

(133685
2592 − 41

72π
2 − 1

120π
4 + 5

2ζ5 − 439
12 ζ3

)
+NFN

−2
(155

288 − 5
2ζ5 + 37

24ζ3

)
+N2

FN

(84127
1296 − 727

216π
2 − 19

3 ζ3

)
+N2

FN
−1
(

−13745
2592 + 5

72π
2 + 7

2ζ3

)
+N3

F

(
−1055

729 + 1
9π

2
)

+Ng̃N
3
(

−1450409
1944 + 6623

216 π
2 − 50

3 ζ5 + 2185
12 ζ3

)
+Ng̃NFN

2
(38917

288 − 1469
216 π

2 − 97
6 ζ3

)
+Ng̃NF

(
−13745

2592 + 5
72π

2 + 7
2ζ3

)
+Ng̃N

2
FN

(
−1055

243 + 1
3π

2
)

+N2
g̃N

3
(181999

2592 − 371
108π

2 − 59
6 ζ3

)
+N2

g̃NFN
2
(

−1055
243 + 1

3π
2
)

+N3
g̃N

3
(

−1055
729 + 1

9π
2
)]

. (3.21)

Note that setting Ng̃ = 0 in (3.15) reproduces the renormalization constant quoted in (2.4)
of [21], where contributions due to additional gluino emissions were discarded.

4 Results

The notation we adopt is similar to the one in [22, 23]. Given a set of n final-state particles
denoted by I, we can generically write the amplitude for the χ̃ → I process as

|M⟩I = |M(0)⟩I +
(
αs

2π

)
|M(1)⟩I +

(
αs

2π

)2
|M(2)⟩I +

(
αs

2π

)3
|M(3)⟩I + . . . . (4.1)

In appendix A we describe how to renormalize of each term in (4.1). We denote the integration
over the respective phase space of the matrix element ⟨M|M⟩I summed over spins, colours

– 8 –
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(a) Self-energy with a single gluino line
coupling to the external neutralino.

(b) Self-energy with a closed gluino loop.

Figure 1. Example diagrams of N3LO QCD corrections to the neutralino propagator, with and
without closed gluino loops (blue). In red we highlight the gluino line which connects to the external
neutralinos. All the physical two-, three-, four- and five-particle cuts of these diagrams contribute to
the respective layers of the squared matrix element in (1.1).

and quark and gluino flavours as

T (k,[ℓ×ℓ])
I =

∫
dΦn ⟨M(ℓ)|M(ℓ)⟩I , (4.2)

and for ℓ1 ̸= ℓ2

T (k,[ℓ1×ℓ2])
I =

∫
dΦn 2 Re

[
⟨M(ℓ1)|M(ℓ2)⟩I

]
. (4.3)

The label k denotes the perturbative order: contributions with the same k sum to the
NkLO correction to the total decay cross section. The explicit expressions for T (3,[ℓ1×ℓ2])

I are
provided in appendix B, while in appendix C we report the lower-order results expanded up
to transcendental weight six. We denote the coefficient of each colour factor C as T (k,[ℓ1×ℓ2])

I
∣∣
C ,

and we omit the superscript [ℓ1 × ℓ2] in case of no ambiguity. All results are also provided
in the supplementary material attached to this paper, in computer-readable format, with
the notation

T (k,[ℓ1×ℓ2])
I = [X_I_k_ℓ1xℓ2] . (4.4)

All the expressions are renormalised and in time-like kinematics. In appendix D, we tabulate all
the colour factors C that appear for a given final state I. Higher-order results are normalised to

T (0)
g̃g = 4(N2 − 1)η2(1 − ϵ)(q2)2P2 , (4.5)

with N the number of colours and P2 is the volume of the two-particle phase space:

P2 =
∫

dΦ2 = 2−3+2ϵ π−1+ϵ Γ(1 − ϵ)
Γ(2 − 2ϵ) (q2)−ϵ . (4.6)

Final states with multiple fermionic lines, either quark or gluino lines, are completely
decomposed into same- or different-flavour contributions. Primed and double-primed fermion
labels are used to explicitly indicate different-flavour lines. For the one-gluino four-quark
final state we can differentiate the same- and different-flavour contributions simply by the
powers of N and NF they carry,

T (3)
g̃qq̄qq̄ = 1

NF − 1T (3)
g̃qq̄q′q̄′ + ∆T (3)

g̃qq̄qq̄|NF
+ ∆T (3)

g̃qq̄qq̄|NF N−2 , (4.7)
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where ∆T (3)
g̃qq̄qq̄|NF

and ∆T (3)
g̃qq̄qq̄|NF N−2 represent interference contributions only present in

the same-flavour case.
In multiple-gluino final states, same- and different-flavour contributions have the same

colour factor, since gluinos transform in the adjoint representation of SU(3). Let us first
consider the emission of a gluino pair in addition to the single hard gluino present in any
final state. We have

T (k)
g̃g̃g̃(ij) = 1

Ng̃ − 1T (k)
g̃g̃′g̃′(ij) + ∆T (k)

g̃g̃g̃(ij) , (4.8)

where ∆T (k)
g̃g̃g̃(ij) indicates extra terms which can not be straightforwardly identified by a specific

colour factor as in the same-flavour quark case above, and i and j are potential additional
final-state particles which are not gluinos (quarks or gluons). At N3LO, five-gluino final states
are also allowed, with up to three different gluino flavours. The following relations hold:

T (3)
g̃g̃′g̃′g̃′g̃′ = 1

Ng̃ − 2 T (3)
g̃g̃′g̃′g̃′′g̃′′ + ∆T (3)

g̃g̃′g̃′g̃′g̃′ , (4.9)

T (3)
g̃g̃g̃g̃′g̃′ = 2

Ng̃ − 2 T (3)
g̃g̃′g̃′g̃′′g̃′′ + ∆T (3)

g̃g̃g̃g̃′g̃′ , (4.10)

T (3)
g̃g̃g̃g̃g̃ = 1

(Ng̃ − 1)(Ng̃ − 2) T (3)
g̃g̃′g̃′g̃′′g̃′′ + 1

Ng̃ − 1∆T (3)
g̃g̃′g̃′g̃′g̃′

+ 1
Ng̃ − 1∆T (3)

g̃g̃g̃g̃′g̃′ + ∆T (3)
g̃g̃g̃g̃g̃ . (4.11)

In the supplementary material attached to this paper, we specifically denote the ∆-terms
above as

∆T (k,[ℓ1×ℓ2])
I = [Delta_X_I_k_ℓ1xℓ2] . (4.12)

The natural check we perform on the obtained results is the complete cancellation of
the infrared singularities in the sum over all possible final states at a given perturbative
order, as well as the recovery of the fully inclusive decay rate in (3.21). We find perfect
agreement in all powers of N , NF and Ng̃.

It is possible to identify precise relations among the quark and gluino contributions to
each term in (1.1). As observed also in [40, 45, 46], the perturbative corrections due to the
emission of gluino pairs can be directly matched onto those coming from a quark-antiquark
pair emission simply by adjusting certain colour factors in the final result. This can be easily
seen for example in the β-function coefficients (3.9) and (3.10) for which we have

β0
∣∣
CANg̃

= β0
∣∣
NF

, (4.13)

β1
∣∣
C2

ANg̃
= β1

∣∣
CANF

+ β1
∣∣
CF NF

. (4.14)

For each final-state multiplicity and up to N3LO, we can then consider the sum over
all possible partonic configurations, denoted in the following by fixing the subscript I = n,
instead of indicating a specific set of partons. At NLO we have

T (1)
n

∣∣
CANg̃

= T (1)
n

∣∣
NF

(4.15)
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with n = 2, 3, at NNLO we have

T (2)
n

∣∣
C2

ANg̃
= T (2)

n

∣∣
CANF

+ T (2)
n

∣∣
CF NF

, (4.16)

T (2)
n

∣∣
C2

AN2
g̃

= T (2)
n

∣∣
N2

F
, (4.17)

T (2)
n

∣∣
CANg̃NF

= 2T (2)
n

∣∣
N2

F
(4.18)

with n = 2, 3, 4 and at N3LO we have

T (3)
n

∣∣
C3

ANg̃
= T (3)

n

∣∣
C2

ANF
+ T (3)

n

∣∣
CACF NF

+ T (3)
n

∣∣
C2

F NF
, (4.19)

T (3)
n

∣∣
C3

AN2
g̃

= T (3)
n

∣∣
CAN2

F
+ T (3)

n

∣∣
CF N2

F
, (4.20)

T (3)
n

∣∣
C3

AN3
g̃

= T (3)
n

∣∣
N3

F
, (4.21)

T (3)
n

∣∣
C2

ANg̃NF
+ T (3)

n

∣∣
CACF Ng̃NF

= 2T (3)
n

∣∣
CAN2

F
+ 2T (3)

n

∣∣
CF N2

F
, (4.22)

T (3)
n

∣∣
C2

AN2
g̃ NF

= 3T (3)
n

∣∣
N3

F
, (4.23)

T (3)
n

∣∣
CANg̃N2

F
= 3T (3)

n

∣∣
N3

F
(4.24)

with n = 2, 3, 4, 5. Note that for a given choice of multiplicity and colour factor, some
terms might be vanishing but the identities hold nonetheless. We verified that the relations
above hold up to transcendental weight six, but it is perfectly reasonable to assume they
are exactly satisfied. Such results indicate that the gluino contribution is straightforwardly
obtained from the standard QCD matrix elements (i.e. with Ng̃ = 0) in two steps. Firstly,
the kinematics of an emitted gluino pair and a quark-antiquark pair is identical, so the gluino
contribution can be generated with the replacement NF → NF + CANg̃, or more generally
TFNF → TFNF + CANg̃/2, as observed at lower orders in ref. [45]. Secondly, one has to
account for the fact that gluinos transform in the adjoint representation and quarks in the
fundamental representation of SU(3) and consequently the emission of a gluon from a gluino
line comes with a factor CA rather than a factor of CF as for the quark. It follows that after
the first mapping, one has to identify Cn

FNg̃ → Cn
ANg̃ in all the generated colour factors which

do not contain a residual NF . The observed correspondence and its simple interpretation
provide another strong check on our results, particularly on the implementation of gluinos
which is new in the current workflow.

5 Discussion

5.1 Comments on the infrared singularity structure

In the following, we comment on the structure of the infrared singularities of our results at
N3LO. For the two-particle final state g̃g, the infrared singularity structure of the three-
loop amplitude (trivially integrated over the two-particle phase space) is predicted through
universal IR factorisation formulae [47, 48]. In order to avoid a proliferation of powers of
π2 originating from the analytic continuation, we perform this analysis for the space-like
form factors T (k),SL

g̃g , denoted with the superscript SL. They differ from the results given
in appendix B only by the absence of the trivial analytic continuation of the prefactor
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(−q2)ℓϵ, and we provide them for ease of reference in the supplementary material attached
to this paper. We have

Poles
(
T (1), SL

g̃g

)
= 2 I(1) , (5.1)

Poles
(
T (2,[2×0]), SL

g̃g

)
= 2 I(2) + I(1) T (1),SL

g̃g , (5.2)

Poles
(
T (3,[3×0]), SL

g̃g

)
= 2 I(3) + I(2) T (1),SL

g̃g + I(1) T (2,[2×0]),SL
g̃g , (5.3)

where we can consider the subtraction operators I(ℓ) as scalars in colour space because there
are only two external partons. According to our normalization, we have T (0)

g̃g = T (0), SL
g̃g = 1.

The factors of 2 in the equations above come from taking twice the real part of the interference
of the ℓ-loop amplitude with the Born-level amplitude. The subtraction operators are given by

I(1) = Z(1) , (5.4)

I(2) = Z(2) −
(
Z(1))2 , (5.5)

I(3) = Z(3) − 2Z(2)Z(1) +
(
Z(1))3 , (5.6)

where the coefficients Z(ℓ) can be directly extracted from ultraviolet renormalization in
soft-collinear effective theory [48]:

Z(1) = Γ′
0

4ϵ2 + Γ0
2ϵ , (5.7)

Z(2) = Γ′2
0

32ϵ4 + Γ′
0

8ϵ3
(

Γ0 − 3β0
2

)
+ 1

4ϵ2

(
−β0Γ0 + Γ2

0
2 + Γ′

1
4

)
+ Γ1

4ϵ , (5.8)

Z(3) = + Γ′3
0

384ϵ6 + Γ′2
0

64ϵ5 (Γ0 − 3β0) + Γ′
0

9ϵ4
(

−5
4β0Γ0 + 11

9 β
2
0 + 1

4Γ2
0 + Γ′

1
8

)
+ 1
ϵ3

(1
9β1Γ′

0 + Γ0

(
β2

0
6 + Γ′

1
32

)
− 1

8β0Γ2
0 − 5β0Γ′

1
72 + Γ1Γ′

0
16 + Γ3

0
48

)
+ 1
ϵ2

(
−β1Γ0

6 − β0Γ1
6 + Γ1Γ0

8 + Γ′
2

36

)
+ Γ2

6ϵ (5.9)

with Γℓ and Γ′
ℓ given by

Γℓ = γ g̃
ℓ + γg

ℓ , (5.10)
Γ′

ℓ = −2CA γ
K
ℓ , (5.11)

while γi with i = K, q, g, g̃ represent the coefficients of the perturbative expansion

γi =
∞∑

i=0
γi

ℓ

(
αs

2π

)l+1
(5.12)

for the cusp, quark, gluon and gluino anomalous dimensions. Note that the relevant β0 and
β1 coefficients used in (5.7)–(5.9) include the gluino contribution, as given in equations (3.9)
and (3.10). The same holds for the anomalous dimension coefficients, for which however, to
the best of our knowledge, the gluino contribution is not known. We can therefore impose the
equations (5.1)–(5.3) and seek a unique solution for the anomalous dimensions. The recovery
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of the usual anomalous dimension coefficients with Ng̃ = 0 is a strict test of our result for the
two-particle final states. The coefficients of the powers of Ng̃ constitute a new result.

Since the cusp anomalous dimension alone describes the deepest poles, it can be easily
isolated,

γK
0 = 2 , (5.13)

γK
1 =

(
67
9 − π2

3

)
CA − 10NF

9 − 10
9 CANg̃ , (5.14)

γK
2 =

(
11ζ3

3 + 11π4

90 − 67π2

27 + 245
12

)
C2

A +
(

−14ζ3
3 + 10π2

27 − 209
54

)
CANF

+
(

4ζ3 − 55
12

)
CFNF − 2

27N
2
F +

(
−2ζ3

3 + 10π2

27 − 913
108

)
C2

ANg̃

− 2
27C

2
AN

2
g̃ − 4

27CANFNg̃ . (5.15)

The standard QCD results computed to this order in [49] are easily recovered setting Ng̃ = 0. It
is possible to relate this result to the cusp anomalous dimension in the N = 1 supersymmetric
Yang-Mills theory of gluons and gluinos by setting NF = 0 and Ng̃ = 1. Generally speaking,
conventional dimensional regularization (CDR) [50] used in this paper explicitly breaks
supersymmetry [51] and computations in supersymmetric theories often rely on other schemes
such as the four-dimensional helicity (FDH) [51] scheme or dimensional reduction (DR) [52].
For the cusp anomalous dimension up to this perturbative order, the conversion from the
MS scheme with CDR to dimensional reduction is particularly straightforward [53]. We
can simply redefine the strong coupling constant in the perturbative expansion of the cusp
anomalous dimensions according to eq. (6.8) of [53]. Setting NF = 0 in our result and ns = 0,
nf = Ng̃ in eq. (6.13) of ref. [53], we find perfect agreement.

The gluon and gluino anomalous dimensions both enter the two-particle final state matrix
elements with the same colour factors and so they cannot be uniquely determined at three
loops from this calculation alone. Hence we repeated the calculation of the gluon form factor
up to three loops from the corrections to the vertex H → gg with the setup introduced
in [23], this time including gluino-gluon interactions. We notice that for the renormalization
of the strong coupling and the effective Hgg coupling (which can be written entirely in
terms of beta function coefficients) it is sufficient to consider the beta function coefficients
given in (3.9) and (3.10) instead of the standard QCD ones, in order to include the gluino
contribution. The low poles of this decay process are described in terms of the cusp and
gluon collinear anomalous dimension, which reads

γg
0 = − 11

6 CA + 1
3NF + 1

3CANg̃ , (5.16)

γg
1 =

(
ζ3
2 + 11π2

72 − 173
27

)
C2

A +
(

32
27 − π2

36

)
CANF + CFNF

2

−
(91

54 − 1
36π

2
)
C2

ANg̃ , (5.17)
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γg
2 =

(
− 5

18π
2ζ3 + 61ζ3

12 − 2ζ5 − 319π4

2160 + 6109π2

3888 − 48593
2916

)
C3

A

+
(

89ζ3
54 + 41π4

1080 − 599π2

1944 + 30715
11664

)
C2

ANF

+
(

−19ζ3
9 − π4

90 − π2

24 + 1217
216

)
CACFNF +

(
−7ζ3

27 + 5π2

324 − 269
11664

)
CAN

2
F

− 11
72CFN

2
F − 1

8C
2
FNF +

(
−25ζ3

54 + 29π4

1080 − 85π2

243 + 94975
11664

)
C3

ANg̃(
−7ζ3

27 + 5π2

324 − 2051
1164

)
C3

AN
2
g̃ +

(
−14ζ3

27 + 5π2

162 − 145
729

)
C2

ANFNg̃

− 11
72CACFNFNg̃ . (5.18)

With this knowledge, one can use the result of this paper for the g̃g dipole to extract also
the gluino anomalous dimension coefficients

γ g̃
0 = − 3

2CA , (5.19)

γ g̃
1 =

(
ζ3
2 + π2

24 − 521
108

)
C2

A +
(

65
108 + π2

12

)
CANF +

(
65
108 + π2

12

)
C2

ANg̃ , (5.20)

γ g̃
2 =

(
−145853

11664 + 2449π2

3888 + 191ζ3
36 − 187π4

2160 − 5π2ζ3
18 − 2ζ5

)
C3

A

+
(

−10757
11664 + 703π2

1944 + 227ζ3
54 − 5π4

216

)
C2

ANF

+
(

1355
216 + π2

8 − 46ζ3
9 − π4

90

)
CACFNF +

(
2417
5832 − 5π2

108 − ζ3
27

)
CAN

2
F

+
(62413

11664 + 473
972π

2 − 49
54ζ3 − 37

1080π
4
)
C3

ANg̃ +
(

2417
5832 − 5π2

108 − ζ3
27

)
C3

AN
2
g̃

+
(

2417
2916 − 5π2

54 − 2ζ3
27

)
C2

ANFNg̃ . (5.21)

Again, the standard QCD results computed to this order in [54–56] are easily recovered setting
Ng̃ = 0. As expected, we can observe in the anomalous dimensions the same correspondence
between gluino and quark contributions discussed above:

γK
1
∣∣
CANg̃

= γK
1
∣∣
NF
, (5.22)

γK
2
∣∣
C2

ANg̃
= γK

2
∣∣
CANF

+ γK
2
∣∣
CF NF

, (5.23)

γK
2
∣∣
CANF Ng̃

= 2γK
2
∣∣
C2

AN2
g̃

= 2γK
2
∣∣
N2

F
, (5.24)

γg
0
∣∣
Ng̃

= γg
0
∣∣
NF
, (5.25)

γg
1
∣∣
C2

ANg̃
= γg

1
∣∣
CANF

+ γg
1
∣∣
CF NF

, (5.26)

γg
2
∣∣
C3

ANg̃
= γg

2
∣∣
C2

ANF
+ γg

2
∣∣
CACF NF

+ γg
2
∣∣
C2

F NF
, (5.27)
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γg
2
∣∣
C2

ANF Ng̃
+ γg

2
∣∣
CACF NF Ng̃

= 2γg
2
∣∣
C3

AN2
g̃

= 2
(
γg

2
∣∣
CAN2

F
+ γg

2
∣∣
CF N2

F

)
, (5.28)

γ g̃
1
∣∣
C2

ANg̃
= γ g̃

1
∣∣
CANF

, (5.29)

γ g̃
2
∣∣
C3

ANg̃
= γ g̃

2
∣∣
C2

ANF
+ γ g̃

2
∣∣
CACF NF

, (5.30)

γ g̃
2
∣∣
C2

ANF Ng̃
= 2γ g̃

2
∣∣
C3

AN2
g̃

= 2γ g̃
2
∣∣
CAN2

F
. (5.31)

We can use this correspondence to write down, without repeating an explicit calculation, the
quark anomalous dimension with gluino contributions for completeness. The only caveat
is that the quark anomalous dimension perturbative coefficients have an overall CF factor
which should not undergo the conversion to CA described at the end of section 4. We have

γq
1
∣∣
CF CANg̃

= γq
1
∣∣
CF NF

, (5.32)

γq
2
∣∣
CF C2

ANg̃
= γq

2
∣∣
CF CANF

+ γq
2
∣∣
C2

F NF
, (5.33)

γq
2
∣∣
CF CANF Ng̃

= 2γq
2
∣∣
CF C2

AN2
g̃

= 2γq
2
∣∣
CF N2

F
, (5.34)

hence the coefficients read

γq
0 = − 3CF

2 , (5.35)

γq
1 =

(
13ζ3

2 − 11π2

24 − 961
216

)
CACF +

(
65
108 + π2

12

)
CFNF

+
(

−6ζ3 + π2

2 − 3
8

)
C2

F +
(

65
108 + π2

12

)
CACFNg̃ , (5.36)

γq
2 =

(
−241ζ3

54 + 11π4

360 + 1297π2

1944 − 8659
5832

)
CACFNF

+
(

−1
3π

2ζ3 − 211ζ3
6 − 15ζ5 + 247π4

1080 + 205π2

72 − 151
32

)
CAC

2
F

+
(

−11
18π

2ζ3 + 1763ζ3
36 − 17ζ5 − 83π4

720 − 7163π2

3888 − 139345
23328

)
C2

ACF

+
(

32ζ3
9 − 7π4

108 − 13π2

72 + 2953
432

)
C2

FNF

+
(

− ζ3
27 − 5π2

108 + 2417
5832

)
CFN

2
F +

(
2π2ζ3

3 − 17ζ3
2 + 30ζ5 − π4

5 − 3π2

8 − 29
16

)
C3

F

+
(62413

11664 + 473
972π

2 − 49
54ζ3 − 37

1080π
4
)
C2

ACFNg̃

+
(2417

5832 − 5
108π

2 − ζ3
27

)
C2

ACFN
2
g̃ +

(2417
2916 − 5

54π
2 − 2ζ3

27

)
CACFNFNg̃ . (5.37)

We observe that to the loop order considered here, the quark and gluino anomalous dimensions
coincide when CF is mapped to CA in both, effectively washing out the difference between
the two fermions with different SU(3) transformation properties,

γ g̃
ℓ

∣∣
CF →CA

= γq
ℓ

∣∣
CF →CA

. (5.38)
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Final-state I C3
A C2

ANF CACFNF C2
FNF C3

ANg̃

VVV g̃g −4
3

1
ϵ6 − 73

6
1
ϵ5 +5

3
1
ϵ5 +5

3
1
ϵ5

VVR

g̃gg +46
9

1
ϵ6 + 4333

108
1
ϵ5 −112

27
1
ϵ5 −112

27
1
ϵ5

g̃qq̄ − 7
18

1
ϵ5 −4

9
1
ϵ5 −2

9
1
ϵ5

g̃g̃g̃ + g̃g̃′g̃′ −19
18

1
ϵ5

VRR

g̃ggg −113
18

1
ϵ6 − 43 1

ϵ5 +5
2

1
ϵ5 +5

2
1
ϵ5

g̃qq̄g +139
108

1
ϵ5 +55

54
1
ϵ5 +4

9
1
ϵ5

g̃g̃g̃g + g̃g̃′g̃′g +11
4

1
ϵ5

RRR

g̃gggg +5
2

1
ϵ6 + 1625

108
1
ϵ5

g̃qq̄gg −11
12

1
ϵ5 −31

54
1
ϵ5 −2

9
1
ϵ5

g̃qq̄q′q̄′ + g̃qq̄qq̄

g̃g̃′g̃′g̃′′g̃′′ + g̃g̃′g̃′g̃′g̃′

+g̃g̃g̃g̃′g̃′ + g̃g̃g̃g̃g̃

g̃g̃′g̃′gg + g̃g̃g̃gg −185
108

1
ϵ5

Table 1. Coefficients of ϵ−6 and ϵ−5 poles for different colour factors of χ̃ → g̃g at N3LO. The sum
of the coefficients in each column vanishes. Blank cells indicate vanishing coefficients for these poles.

In the N = 1 supersymmetric Yang-Mills theory, the gluino and gluon anomalous
dimensions are in fact equal. This was observed to two-loop order in [46] in the FDH scheme.
Since we use CDR, we can verify this relation only at first perturbative order: γ g̃

0 = γg
0

if NF = 0 and Ng̃ = 1.
In order to extend the observations about the infrared singularities to real emission layers

along the lines of the analysis presented in [23], we summarize in table 1 the coefficients of
the deepest infrared poles for each contribution to (1.1) organized according to final-state
particles. For the following discussion, it is more convenient to use the constants CA and
CF instead of powers of N .

First of all, it can be easily checked that for each layer the coefficients of the poles in
the C3

ANg̃ colour factor can be obtained summing the coefficients of C2
ANF , CACFNF and

C2
FNF . This trivially follows from equations (4.19)–(4.24). The poles in the C2

FNF colour
factor feature the usual 1 − 2 + 1 pattern of cancellation among the VVR, VRR and RRR
layers, typical of abelian emissions, described in detail in [23].

It is instructive to compare the highest poles of χ̃ → g̃g with the highest poles of H → gg

and H → bb̄ (massless bottom quarks), presented in [23]. Namely, we want to relate the
infrared poles of a fermion-vector boson colour dipole with those of a vector-vector and a
fermion-antifermion dipole. For ease of reference, we re-print table 1 and table 2 from [23] as
table 2 and table 3 below. In table 3 we restore an overall factor 2CF which was omitted
in [23] as part of the chosen normalization.
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Final-state I C3
A NFC

2
A NFCACF NFC

2
F

VVV gg −4
3

1
ϵ6 − 77

6
1
ϵ5 +7

3
1
ϵ5

VVR
ggg +46

9
1
ϵ6 + 4609

108
1
ϵ5 −305

54
1
ϵ5

qq̄g −7
9

1
ϵ5 −8

9
1
ϵ5 −4

9
1
ϵ5

VRR

gggg −113
18

1
ϵ6 − 1661

36
1
ϵ5 +10

3
1
ϵ5

qq̄gg +119
54

1
ϵ5 +53

27
1
ϵ5 +8

9
1
ϵ5

qq̄q′q̄′ + qq̄qq̄

RRR

ggggg +5
2

1
ϵ6 + 440

27
1
ϵ5

qq̄ggg −13
9

1
ϵ5 −29

27
1
ϵ5 −4

9
1
ϵ5

qq̄q′q̄′g + qq̄qq̄g

Table 2. Coefficients of ϵ−6 and ϵ−5 poles for different colour factors of H → gg at N3LO. Blank
cells indicate vanishing coefficients for these poles. The sum of the coefficients in each column vanishes.
Adapted from table 2 of [23].

Final-state I C2
ACF CAC

2
F C3

F NFCACF NFC
2
F

VVV qq̄ −11
2

1
ϵ5 −4

3
1
ϵ6 − 6

ϵ5 + 1
ϵ5

VVR qq̄g +1
9

1
ϵ6 + 241

108
1
ϵ5 + 1

ϵ6 + 52
3

1
ϵ5 + 4

ϵ6 + 18
ϵ5 −17

54
1
ϵ5 −7

3
1
ϵ5

VRR
qq̄gg − 5

18
1
ϵ6 − 133

36
1
ϵ5 − 2

ϵ6 − 109
6

1
ϵ5 − 4

ϵ6 − 18
ϵ5 +1

3
1
ϵ5 +4

3
1
ϵ5

qq̄q′q̄′ + qq̄qq̄ + 1
27

1
ϵ5 +11

27
1
ϵ5

RRR
qq̄ggg +1

6
1
ϵ6 + 79

54
1
ϵ5 + 1

ϵ6 + 19
3

1
ϵ5 +4

3
1
ϵ6 + 6

ϵ5

qq̄q′q̄′g + qq̄qq̄g − 1
18

1
ϵ5 −11

27
1
ϵ5

Table 3. Coefficients of ϵ−6 and ϵ−5 poles for different colour factors of H → bb̄ at N3LO. Blank cells
indicate vanishing coefficients for these poles. The sum of the coefficients in each column vanishes.
Adapted from table 1 of [23]. Note that the overall factor of 2CF that was factored out in [23] is
explicitly included here.

We introduce the notation P (·) to extract the ϵ−6 and ϵ−5 poles. For any layer, summing
over partonic final states, we find

P (χ̃→ gg̃)
∣∣∣
C3

A

=

1
2

[
P (H → gg)

∣∣∣
C3

A

+P
(
H → bb̄

)∣∣∣
CF C2

A

+P
(
H → bb̄

)∣∣∣
C2

F CA

+P
(
H → bb̄

)∣∣∣
C3

F

]
, (5.39)

P (χ̃→ gg̃)
∣∣∣
C2

ANF

+P (χ̃→ gg̃)
∣∣∣
CACF NF

+P (χ̃→ gg̃)
∣∣∣
C2

F NF

=

1
2

[
P (H → gg)

∣∣∣
C2

ANF

+P (H → gg)
∣∣∣
CACF NF

+P (H → gg)
∣∣∣
C2

F NF

+P
(
H → bb̄

)∣∣∣
CACF NF

+P
(
H → bb̄

)∣∣∣
C2

F NF

]
, (5.40)
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which indicates that after replacing CF with CA in the H → bb̄ result, the deepest infrared
poles for radiation from a fermion-vector dipole are given by the average of the singularities
in radiation from vector-vector and fermion-antifermion dipoles. We verified that equations
analogous to (5.39) and (5.40) hold also for all layers at NLO and NNLO. This is explained
by the fact that the deepest infrared singularities receive distinct contributions from the
two hard partons.

5.2 Applications in higher-order QCD calculations

In this section we discuss how the presented results can be adjusted for use in higher-order
calculations in QCD. In [21], it was shown that the matrix elements for the decay of a
neutralino into a gluino and a gluon can be employed for the analysis of QCD radiation from
a dipole formed by a hard quark and a hard gluon. This property was exploited to extract
NLO and NNLO quark-gluon antenna functions [17, 57, 58] from physical matrix elements.

In [21], the matrix elements for neutralino decay were adapted to obtain quark-gluon
antenna functions by discarding any contribution coming from final states with multiple
gluinos, on top of neglecting any internal gluino loop. This strategy effectively retains the
QCD (quarks and gluons) component of the radiation from the hard gluino. We can recover
the results in [21] and extend the same procedure to N3LO by choosing

Ng̃ = 0 and ∆T (k)
g̃g̃g̃(ij) = 0 and ∆T (3)

g̃g̃g̃g̃g̃ = 0 (5.41)

in the expressions provided in appendix B and C. With (5.41), the results presented in this
paper can be directly used for the definition of integrated quark-gluon antenna functions
for final-state radiation at N3LO.

We can elaborate further on (5.41) and the interplay we observe between the layers
of (1.1) once this condition is imposed. Setting Ng̃ = 0 preserves any check and result
discussed in the previous sections and is a consistent way to discard the contribution of cut or
uncut closed gluino lines at the level of the unrenormalized matrix elements, renormalization
coefficients, or anomalous dimensions. On the other hand, discarding specific final states, as
prescribed by the second part of (5.41), has implications for the validation against results
obtained via the optical theorem in section 3. As shown in figure 2, whether a given cut of a
self-energy diagram is kept or not depends on the particular choice of the cut propagators.
Indeed, discarding multiple gluino final states affects the three-, four- and five-particles matrix
elements at each perturbative order, while leaving the two-particle final-state intact.

In particular, one should not expect the full cancellation of infrared poles to be preserved
in the full sum over different-multiplicities final states after the restrictions are imposed. At
NLO, the removed term ∆T (1)

g̃g̃g̃ happens to be infrared-finite, so the sum over the two- and
three-particle final states is finite as well, but this is not the case at NNLO and N3LO.

In [21] the authors argue that it is possible to define the infrared pole structure of the
two-particle final-state at NNLO, namely the renormalized two-loop correction to χ̃ → g̃g, in
such a way that the full cancellation of infrared singularities is recovered in the sum with the
integrated real emission layers. From our explicit calculation, we find that in order to obtain
the quoted infrared structure of [21], one would need to consider a different leading-colour
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(a)

(b) (c)

Figure 2. The example self-energy diagram (a), considered in section 3 in figure 1(a) has both (b)
a five-propagator cut with a single gluino on the cut and (c) a four-propagator cut with 3 gluinos
originating from the hard gluino line in the final state. The former is considered as QCD radiation
from the gluon-gluino dipole, the latter has to be discarded.

term for the two-loop matrix element:

T (2)
g̃g

∣∣∣
N2

→ T (2)
g̃g

∣∣∣
N2

+ ∆T (2)
g̃g̃g̃

∣∣∣
N2

+ ∆T (2)
g̃g̃g̃g

∣∣∣
N2

(5.42)

to effectively reabsorb the infrared poles which are removed in the three- and four-particle final
states. Such a discrepancy is also the reason why the two-loop gluino anomalous dimension
obtained in [21] differs from the one we give in (5.20), even after considering Ng̃ = 0. In [21],
the gluino hard collinear function [29, 47] H(2)

g̃ is extracted from the considered infrared
singularity structure of (5.42) reads1

H
(2)
g̃ = eϵγE

4Γ(1 − ϵ)ϵ

{[
−187

216 + 13
48π

2 − 1
2ζ3

]
C2

A + CANF

[
− 25

108 + π2

24

]}
. (5.43)

Exploiting the explicit expression of the hard collinear function [29]

H
(2)
g̃ = 1

4ϵ

(
γ g̃

1 − γK
1
γK

0
γ g̃

0 + π2

16β0γ
K
0 CA

)
, (5.44)

it is possible to extract the following gluino two-loop collinear anomalous dimension (Ng̃ = 0):

γ g̃
1,restricted =

(
−ζ3

2 + 7π2

24 − 1393
216

)
C2

A +
(

65
108 + π2

12

)
CANF , (5.45)

1We confirmed with the authors that there is a misprint in (5.15) of [21].
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where the subscript restricted indicates that the quantity has been obtained after impos-
ing (5.41). One can verify that

γ g̃
1 − γ g̃

1,restricted = −1
4

(
∆T (2)

g̃g̃g̃

∣∣∣
N2

+ ∆T (2)
g̃g̃g̃g

∣∣∣
N2

)
+ O(ϵ) . (5.46)

The difference in the two anomalous dimensions is due to missing same-flavour triple-collinear
limits g̃ ∥ g̃ ∥ g̃ in γ g̃

1,restricted, which are the only type of infrared singularity present in
∆T (2)

g̃g̃g̃

∣∣∣
N2

and ∆T (2)
g̃g̃g̃g

∣∣∣
N2

.
In the context of the antenna subtraction method at NNLO, the same-flavour q ∥ q̄ ∥ q

triple collinear limit (which is completely analogous to the g̃ ∥ g̃ ∥ g̃ limit) is removed in
double-real emission corrections by means of the quark-antiquark antenna function C0

4 [17].
For this reason there has been no need to retain such a configuration in the definition of
quark-gluon antenna functions. Due to the complicated infrared structure at N3LO, only the
first applications will indicate whether it is more advantageous to keep or remove the multiple
gluino final states in the definition of the quark-gluon antenna functions. Nevertheless, with
the results presented in this paper, we expose clear relations between the infrared behaviour
of the radiation from a gluino and off a quark after accounting for systematic differences in
colour factors. Moreover, the full decomposition into partonic channels and colour factors of
the integrated results gives us control over different infrared limits and therefore versatility
in defining the precise transition from neutralino decay matrix elements and quark-gluon
antenna functions in the future.

6 Conclusions

In this paper, we extended the computation presented in [21] to higher perturbative order by
computing the QCD corrections to the decay of a neutralino to gluinos and partons at O(α3

s).
The main result of this work lies in the analytically integrated tree-level five-parton, one-loop
four-parton, two-loop three-parton, and three-loop two-parton matrix elements for this process,
separated by final-state particle species and colour factors. The relation between the colour
algebra of a gluino and a quark-antiquark pair with the same momenta [21] permits the use
of the integrated matrix elements as integrated quark-gluon antenna functions in the antenna
subtraction scheme. Together with the quark-antiquark antenna functions from photon
decay [22] and the gluon-gluon antenna functions from Higgs decay [23], the results presented
here complete the set of integrated antenna functions in final-final kinematics at O(α3

s).
In order to perform checks on our results, we extended the QCD Lagrangian by Ng̃

flavours of gluinos. In this theory, some of the renormalization coefficients of the couplings
were not known and we derived them by considering higher-order corrections to the photon
and neutrino propagators. Having identified the UV and IR poles of the matrix elements,
we were able to extract the gluino contributions to the cusp, quark and gluon anomalous
dimensions and the gluino collinear anomalous dimension up to O(α3

s). Setting NF = 0 and
Ng̃ = 1, we recovered a known result for the cusp anomalous dimension in N = 1 super
Yang-Mills theory. Simple relations between the universal ingredients which we identified
imply similarities in the IR structure of the amplitudes for the decay of a colour singlet to
g̃g and the decay of a colour singlet to qq̄ and gg.
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With all the analytical ingredients available, we are in the position to assemble a candidate
extension of the antenna subtraction scheme for the calculation of the N3LO correction for
processes with final-state QCD radiation. Of course, the definition of a consistent set of
subtraction terms at N3LO is challenging. In the context of antenna subtraction, general
observations can be made about the kind of structures we expect to appear in the subtraction
term for each layer of the calculation [59]. Nonetheless, it is a priori not clear how to avoid
over-subtraction due to the proliferation of possible combinations of NLO and NNLO antenna
functions and matrix elements. In practice (already at NNLO), antenna functions derived
from neutralino decay contain an unphysical triple-collinear limit due to the cyclicity of
the colour structure of gluino-gluon matrix element [21, 60]. Such limits produce spurious
infrared poles at the integrated level, which can however be systematically removed [61].
Recently, a framework to compute idealised antenna functions without spurious infrared
limits has been proposed in [62–64] and applied up to NNLO.

The completion of the computation of antenna functions in final-final kinematics opens
the door to the formulation of the first local subtraction scheme at N3LO in the foreseeable
future. Jet production at lepton colliders is the ideal target for the implementation of such
a subtraction scheme. In fact, all of the multiloop matrix elements for two-[38, 65] and
three-jet production [66, 67] (in the leading colour approximation) have recently become
available. The calculation of jet observables at a new level of precision compared to present
results [60, 68, 69] is thus within reach.
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A The renormalization of amplitudes

Using (3.1) and (3.2) for the renormalization of αs and the effective coupling η, the ℓ-loop
amplitude |M(ℓ)⟩I , where I indicates a generic final state, is renormalized as

|M(1)⟩ij = |M(1),U ⟩ij + Z(1)
η |M(0)⟩ij , (A.1)

|M(2)⟩ij = |M(2),U ⟩ij +
(
Z(1)

η − β0
ϵ

)
|M(1),U ⟩ij + Z(2)

η |M(0)⟩ij , (A.2)

|M(3)⟩ij = |M(3),U ⟩ij +
(
Z(1)

η − 2β0
ϵ

)
|M(2),U ⟩ij

+
(
Z(2)

η − Z
(1)
η β0
ϵ

+ β2
0
ϵ2

− β1
2ϵ

)
|M(1),U ⟩ij + Z(3)

η |M(0)⟩ij , (A.3)
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|M(1)⟩ijk = |M(1),U ⟩ijk +
(
Z(1)

η − β0
2ϵ

)
|M(0)⟩ijk , (A.4)

|M(2)⟩ijk = |M(2),U ⟩ijk +
(
Z(1)

η − 3β0
2ϵ

)
|M(1),U ⟩ij

+
(
Z(2)

η − Z
(1)
η β0
2ϵ + 3β2

0
8ϵ2 − β1

4ϵ

)
|M(0)⟩ijk , (A.5)

|M(1)⟩ijkl = |M(1),U ⟩ijkl +
(
Z(1)

η − β0
ϵ

)
|M(0)⟩ijkl , (A.6)

where the superscript U denotes unrenormalised quantities.

B N3LO results

B.1 Two-particle final states

T (3,[3×0])
g̃g

∣∣∣
N3

=+ 1
ϵ6

(
−1

3

)
+ 1
ϵ5

(
−53

12

)
+ 1
ϵ4

(
−4103

324 + 3
2π

2
)

+ 1
ϵ3

(7109
1944 + 8609

1296π
2+ 11

6 ζ3

)
+ 1
ϵ2

(1699
3888 − 23429

3888 π
2+ 2011

108 ζ3− 14333
12960π

4
)

+ 1
ϵ

(
−6608795

69984 − 331013
23328 π

2+ 4195
108 ζ3+ 21737

51840π
4− 1867

216 π
2ζ3− 439

30 ζ5

)
− 67273981

419904 + 8587951
139968 π

2+ 58957
1944 ζ3+ 319535

31104 π
4− 13469

432 π2ζ3

+ 2339
36 ζ5+ 18101

116640π
6− 883

18 ζ
2
3 +O(ϵ), (B.1)

T (3,[3×0])
g̃g

∣∣∣
NF N2

=+ 1
ϵ5

(2
3

)
+ 1
ϵ4

(2543
648

)
+ 1
ϵ3

( 251
1944 − 157

162π
2
)

+ 1
ϵ2

(
−6035

1944 + 199
486π

2− 133
108ζ3

)
+ 1
ϵ

(1401337
69984 + 15611

5832 π
2+ 61

162ζ3+ 977
25920π

4
)

+ 1062379
209952 − 1817077

139968 π
2+ 3707

162 ζ3− 150553
155520π

4

− 161
54 π

2ζ3− 19
60ζ5+O(ϵ), (B.2)

T (3,[3×0])
g̃g

∣∣∣
NF

=+ 1
ϵ3

(25
72

)
+ 1
ϵ2

( 83
216 + 2

9ζ3

)
+ 1
ϵ

(
−2545

1296 − 25
288π

2+ 65
54ζ3+ π4

270

)

− 6355
1944 + 1039

864 π
2+ 529

648ζ3+ 19
1620π

4− 19
18π

2ζ3+ 14
9 ζ5+O(ϵ), (B.3)

T (3,[3×0])
g̃g

∣∣∣
NF N−2

=+ 1
ϵ

(
− 1

96

)
, (B.4)
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T (3,[3×0])
g̃g

∣∣∣
N2

F N
=+ 1

ϵ4

(
− 49

162

)
+ 1
ϵ3

(
− 763

1944

)
+ 1
ϵ2

( 85
162 + 77

1296π
2
)

+ 1
ϵ

(
−22073

69984 − 215
1944π

2+ 19
324ζ3

)
+ 1140755

419904 − 101
7776π

2− 140
243ζ3− 71

10368π
4+O(ϵ), (B.5)

T (3,[3×0])
g̃g

∣∣∣
N2

F N−1
=+ 1

ϵ2

(
− 11

144

)
+ 1
ϵ

( 11
432

)
, (B.6)

T (3,[3×0])
g̃g

∣∣∣
N3

F

=+ 1
ϵ3

( 5
216

)
, (B.7)

T (3,[3×0])
g̃g

∣∣∣
Ng̃N3

=+ 1
ϵ5

(2
3

)
+ 1
ϵ4

(2543
648

)
+ 1
ϵ3

(
− 53

243 − 157
162π

2
)

+ 1
ϵ2

(
−3391

972 + 199
486π

2− 157
108ζ3

)
+ 1
ϵ

(769019
34992 + 64469

23328π
2− 67

81ζ3+ 881
25920π

4
)

+ 1748719
209952 − 1985395

139968 π
2+ 14299

648 ζ3− 152377
155520π

4

− 52
27π

2ζ3− 337
180ζ5+O(ϵ), (B.8)

T (3,[3×0])
g̃g

∣∣∣
Ng̃NF N2

=+ 1
ϵ4

(
−49

81

)
+ 1
ϵ3

(
−763

972

)
+ 1
ϵ2

(1459
1296 + 77

648π
2
)

+ 1
ϵ

(
−5741

8748 − 215
972π

2+ 19
162ζ3

)
+ 1140755

209952 − 101
3888π

2− 280
243ζ3− 71

5184π
4+O(ϵ), (B.9)

T (3,[3×0])
g̃g

∣∣∣
Ng̃NF

=+ 1
ϵ2

(
− 11

144

)
+ 1
ϵ

( 11
432

)
, (B.10)

T (3,[3×0])
g̃g

∣∣∣
Ng̃N2

F N
=+ 1

ϵ3

( 5
72

)
, (B.11)

T (3,[3×0])
g̃g

∣∣∣
N2

g̃ N3
=+ 1

ϵ4

(
− 49

162

)
+ 1
ϵ3

(
− 763

1944

)
+ 1
ϵ2

( 779
1296 + 77

1296π
2
)

+ 1
ϵ

(
−23855

69984 − 215
1944π

2+ 19
324ζ3

)
+ 1140755

419904 − 101
7776π

2− 140
243ζ3− 71

10368π
4+O(ϵ), (B.12)

T (3,[3×0])
g̃g

∣∣∣
N2

g̃ NF N2
=+ 1

ϵ3

( 5
72

)
, (B.13)

T (3,[3×0])
g̃g

∣∣∣
N3

g̃ N3
=+ 1

ϵ3

( 5
216

)
, (B.14)
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T (3,[2×1])
g̃g

∣∣∣
N3

=+ 1
ϵ6

(−1)+ 1
ϵ5

(
−31

4

)
+ 1
ϵ4

(
−127

9 + 2
3π

2
)

+ 1
ϵ3

(
−865

216 + 533
144π

2+ 13
2 ζ3

)
+ 1
ϵ2

(
−25885

1296 + 1945
432 π

2+ 1267
36 ζ3− 59

1440π
4
)

+ 1
ϵ

(
−966289

7776 − 26681
2592 π

2+ 5221
108 ζ3− 707

1152π
4− 37

8 π
2ζ3− 9

10ζ5

)
− 18431953

46656 + 98035
15552π

2+ 99985
648 ζ3+ 13937

5760 π
4− 6625

432 π
2ζ3

+ 611
12 ζ5− 6647

60480π
6− 125

2 ζ2
3 +O(ϵ), (B.15)

T (3,[2×1])
g̃g

∣∣∣
NF N2

=+ 1
ϵ5

(1)+ 1
ϵ4

(85
24

)
+ 1
ϵ3

(37
24 − 7

18π
2
)

+ 1
ϵ2

(8
9 − 35

27π
2− 115

36 ζ3

)
+ 1
ϵ

(2965
144 + 779

324π
2− 80

27ζ3+ 209
2880π

4
)

+ 61645
864 − 10199

15552π
2+ 1787

324 ζ3− 4313
17280π

4

+ 35
54π

2ζ3− 67
60ζ5+O(ϵ), (B.16)

T (3,[2×1])
g̃g

∣∣∣
NF

=+ 1
ϵ3

(1
8

)
+ 1
ϵ2

( 5
24

)
+ 1
ϵ

(
− 7

96π
2
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ϵ
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∣∣∣
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∣∣∣
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2+O(ϵ), (B.72)

T (3,[1×1])
g̃g̃′g̃′

∣∣∣
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ϵ
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∣∣∣
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∣∣∣
Ng̃N3

=+ 1
ϵ2

(
− 8

27

)
+ 1
ϵ

(
−215

54 + π2

216

)

− 57293
1944 + 167

216π
2+ 71

18ζ3+ π4

1620 +O(ϵ), (B.84)
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∣∣∣
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∣∣∣
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B.3 Four-particle final states
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∣∣∣
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54 ζ3 − 205097
25920 π

4
)

+ 1
ϵ

(
−3739171981

139968 + 28013821
11664 π2 + 2704571
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∣∣∣
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4 + O(ϵ), (B.93)
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B.4 Five-particle final states
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∣∣∣
NF N−2

=+ 1
ϵ5
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− 1
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)
+ 1
ϵ4

(
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)
+ 1
ϵ3

(
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72π

2
)

+ 1
ϵ2

(
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7776 + 143
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18ζ3

)
+ 1
ϵ

(
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46656 + 11785
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2+ 767
27 ζ3− 1993

25920π
4
)

− 180508649
279936 + 1733569

31104 π2+ 126665
648 ζ3− 25909

38880π
4
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216 π
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∣∣∣
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ϵ4
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)
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)
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ϵ2
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648 − 103
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2
)
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ϵ
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3888π
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54 ζ3
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324 ζ3+ 6331
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4+O(ϵ), (B.107)
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∣∣∣
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)
+ 1
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2
)

+ 1
ϵ
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11664 + 1147
3888π
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)
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69984 + 5785
2592π
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324 ζ3− 341

31104π
4+O(ϵ), (B.108)
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∣∣∣
NF
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)
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ϵ
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4
)
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∣∣∣
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)
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5184 − 7411
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(B.110)

T (3)
g̃g̃′g̃′gg

∣∣∣
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(
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)
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(
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(
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)
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ϵ

(
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648 ζ3− 43237
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4
)
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311040 π
4
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4
)
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ϵ

(
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54π
4+ 23
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)
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72 π2+ 212881
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)
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ϵ
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)
+ 19954037
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4+O(ϵ), (B.113)
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)
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)
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ϵ

(
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11664 + 1147
3888π

2+ 77
108ζ3

)
− 2107297

69984 + 5785
2592π

2+ 2387
324 ζ3− 341

31104π
4+O(ϵ), (B.114)
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)
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ϵ
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4
)
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216 ζ3+ 251
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72π

2ζ3+8ζ5+O(ϵ),
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)
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2
)

+ 1
ϵ
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648 π
2− 17

4 ζ3

)
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23328 − 5093
432 π

2− 6155
162 ζ3+ 4789

51840π
4+O(ϵ), (B.116)

∆T (3)
g̃g̃′g̃′g̃′g̃′

∣∣∣
(Ng̃−1)N3

=+ 1
ϵ2

(
13
72 −π2
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9

)
+ 1
ϵ
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108 − 71

216π
2− 19

27ζ3+ 13
1080π

4
)
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162 − 7735

2592π
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405π
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9 ζ5+O(ϵ),
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ϵ3
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)
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36 −π2

24 + ζ3
6

)
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)
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∆T (3)
g̃g̃g̃g̃g̃

∣∣∣
N3

=+ 1
ϵ

(
13
32 −π2

16 + ζ3
4

)
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6 − 397
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2+ 11

12ζ3− π4

288 + 5
72π

2ζ3+ 41
24ζ5+O(ϵ). (B.119)

C Lower order results

C.1 NLO

T (1)
g̃g

∣∣∣
N

=+ 1
ϵ2

(−2)+ 1
ϵ

(
−10

3

)
+
(7

6π
2
)

+ϵ
(

−2+ 14
3 ζ3

)
+ϵ2

(
−6− 73

720π
4
)

+ϵ3
(

−14+ 7
6π

2− 49
18π

2ζ3+ 62
5 ζ5

)
+ϵ4

(
−30+ 7

2π
2+ 14

3 ζ3− 437
60480π

6− 49
9 ζ

2
3

)
+O(ϵ5), (C.1)

T (1)
g̃g

∣∣∣
NF

=+ 1
ϵ

(1
3

)
, (C.2)

T (1)
g̃g

∣∣∣
Ng̃N

=+ 1
ϵ

(1
3

)
, (C.3)

T (1)
g̃gg

∣∣∣
N

=+ 1
ϵ2

(2)+ 1
ϵ

(10
3

)
+
(34

3 − 7
6π

2
)

+ϵ
(209

6 − 35
18π

2− 50
3 ζ3

)
+ϵ2
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4 − 119

18 π
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9 ζ3− 71
720π

4
)

+ϵ3
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72 π2− 850

9 ζ3− 71
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18 π
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5 ζ5

)
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+ϵ4
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16 − 2947
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4
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54 π

2ζ3− 482
3 ζ5− 4027
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9 ζ2
3

)
+O(ϵ5), (C.4)

T (1)
g̃qq̄

∣∣∣
NF

=+ 1
ϵ

(
−1

3

)
+(−1)+ϵ

(
−3+ 7

36π
2
)

+ϵ2
(

−9+ 7
12π

2+ 25
9 ζ3

)
+ϵ3

(
−27+ 7

4π
2+ 25

3 ζ3+ 71
4320π

4
)

+ϵ4
(

−81+ 21
4 π

2+25ζ3+ 71
1440π

4− 175
108π

2ζ3+ 241
15 ζ5

)
+O(ϵ5), (C.5)

T (1)
g̃g̃′g̃′

∣∣∣
(Ng̃−1)N

=+ 1
ϵ

(
−1

3

)
+(−1)+ϵ

(
−3+ 7

36π
2
)

+ϵ2
(

−9+ 7
12π

2+ 25
9 ζ3

)
+ϵ3

(
−27+ 7

4π
2+ 25

3 ζ3+ 71
4320π

4
)

+ϵ4
(

−81+ 21
4 π

2+25ζ3+ 71
1440π

4− 175
108π

2ζ3+ 241
15 ζ5

)
+O(ϵ5), (C.6)

∆T (1)
g̃g̃g̃

∣∣∣
N

=+
(

−1
6

)
+ϵ
(

− 5
12

)
+ϵ2

(
−31

24 + 7
72π

2
)

+ϵ3
(

−197
48 + 35

144π
2+ 25

18ζ3

)
+ϵ4

(
−1231
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288π
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36 ζ3+ 71

8640π
4
)

+O(ϵ5). (C.7)

C.2 NNLO

T (2,[2×0])
g̃g

∣∣∣
N2

=+ 1
ϵ4

(1)+ 1
ϵ3

(73
12

)
+ 1
ϵ2

(143
36 − 25

12π
2
)

+ 1
ϵ

(
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216 − 133
72 π

2− 25
6 ζ3

)
+
(21923

1296 + 997
216π
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18 ζ3+ 31

40π
4
)

+ϵ
(519827

7776 + 937
1296π

2− 845
54 ζ3− 21

20π
4+ 323

36 π
2ζ3+ 71

10ζ5

)
+ϵ2

(10159787
46656 − 172967

7776 π2− 21085
162 ζ3− 14591

4320 π
4
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54 π

2ζ3− 751
30 ζ5+ 491

10080π
6+ 901

18 ζ
2
3

)
+O(ϵ3), (C.8)

T (2,[2×0])
g̃g

∣∣∣
NF N

=+ 1
ϵ3

(
−5

6

)
+ 1
ϵ2

(
−41

36

)
+ 1
ϵ

(55
54 + 2

9π
2
)

+
(

−3053
1296 − 65

108π
2+ 5

9ζ3

)
+ϵ
(

−79361
7776 − 205

1296π
2− 80

27ζ3+ 43
480π

4
)

+ϵ2
(

− 1631345
46656 + 25937

7776 π
2− 131

162ζ3+ 101
432π

4

+ 269
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2ζ3− 43
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)
+O(ϵ3), (C.9)

T (2,[2×0])
g̃g

∣∣∣
NF N−1

=+ 1
ϵ
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−1

8

)
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=+ 1
ϵ2

( 1
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∣∣∣
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6
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+ 1
ϵ2
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ϵ
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+ϵ
(
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4
)

+ϵ2
(
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7776 π
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162ζ3+ 101
432π

4

+ 269
108π

2ζ3− 43
15ζ5

)
+O(ϵ3), (C.12)

T (2,[2×0])
g̃g

∣∣∣
Ng̃NF N

=+ 1
ϵ2

(1
6

)
, (C.13)

T (2,[2×0])
g̃g

∣∣∣
N2

g̃ N2
=+ 1

ϵ2

( 1
12

)
, (C.14)

T (2,[1×1])
g̃g

∣∣∣
N2

=+ 1
ϵ4

(1)+ 1
ϵ3

(10
3

)
+ 1
ϵ2

(
25
9 −π2

6

)
+ 1
ϵ

(
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18π
2− 14

3 ζ3

)

+
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3 − 70
9 ζ3− 7
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4
)

+ϵ
(

24−π2

3 + 73
432π

4+ 7
9π

2ζ3− 62
5 ζ5

)

+ϵ2
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18π

2− 28
3 ζ3+ 245

54 π
2ζ3− 62

3 ζ5− 31
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(C.15)
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∣∣∣
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2
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−1− 73
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)

+ϵ2
(
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36π
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2ζ3+ 31
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)
+O(ϵ3), (C.16)
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∣∣∣
N2

F
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ϵ2
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)
, (C.17)
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∣∣∣
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ϵ3
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3

)
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ϵ2
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9

)
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ϵ
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36π
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)
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3 + 7
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)
+ϵ
(
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4320π

4
)

+ϵ2
(
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3 + 7

36π
2− 49
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2ζ3+ 31
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)
+O(ϵ3), (C.18)

T (2,[1×1])
g̃g

∣∣∣
Ng̃NF N

=+ 1
ϵ2

( 1
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)
, (C.19)

T (2,[1×1])
g̃g

∣∣∣
N2

g̃ N2
=+ 1

ϵ2
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)
, (C.20)

T (2)
g̃gg

∣∣∣
N2

=+ 1
ϵ4
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2
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)
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4− 940

9 π2ζ3+ 3224
5 ζ5
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405 π
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)
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∣∣∣
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3
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9
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27π
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108 − 979
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)

+ϵ2
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(C.22)
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∣∣∣
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=+ 1
ϵ3

(4
3

)
+ 1
ϵ2

(20
9

)
+ 1
ϵ

(275
36 − 7
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)

+ϵ2
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)
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)
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81 ζ3+ 15511
25920π
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∣∣∣
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(
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54 ζ3− 41
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)

+ϵ2
(
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(C.25)
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∣∣∣
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)
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)
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18π

2− 4
9ζ3

)
+ϵ2
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∣∣∣
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)
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)
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∣∣∣
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)
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∣∣∣
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729 − 95

27π
2− 74

9 ζ3+ 317
6480π

4
)

+O(ϵ3), (C.30)

∆T (2)
g̃g̃g̃

∣∣∣
N2

=+ 1
ϵ2

(1
2

)
+ 1
ϵ

(11
4

)
+
(401

36 − 3
4π

2− 2
3ζ3

)
+ϵ
(16061

324 − 1573
432 π

2− 110
9 ζ3− 7

270π
4
)

+ϵ2
(141481

648 − 4717
288 π

2− 6829
108 ζ3+ 631

6480π
4+ 17

9 π
2ζ3− 50

3 ζ5

)
+O(ϵ3),

(C.31)

∆T (2)
g̃g̃g̃

∣∣∣
NF N

=+
( 7

18

)
+ϵ
(805

324 − 11
108π

2
)

+ϵ2
(8227

648 − 181
216π

2− 37
27ζ3

)
+O(ϵ3), (C.32)

∆T (2)
g̃g̃g̃

∣∣∣
Ng̃N2

=+ 1
ϵ

(
−1

9

)
+
(

− 5
18

)
+ϵ
(

−31
36 + 7

108π
2
)

+ϵ2
(

−197
72 + 35

216π
2+ 25

27ζ3

)
+O(ϵ3), (C.33)

T (2)
g̃ggg

∣∣∣
N2

=+ 1
ϵ4

(5
2

)
+ 1
ϵ3

(37
4

)
+ 1
ϵ2

(398
9 − 11

3 π
2
)

+ 1
ϵ

(28319
144 − 55

4 π
2− 188

3 ζ3

)
+
(2201527

2592 − 529
8 π2− 722

3 ζ3+ 511
720π

4
)

+ϵ
(6214571

1728 − 28295
96 π2− 31624

27 ζ3+ 10333
4320 π

4+ 844
9 π2ζ3− 1085

2 ζ5

)
+ϵ2

(2070937579
93312 − 947713

576 π2− 1592867
216 ζ3− 58583

12960π
4

+ 4672
9 π2ζ3− 555569

120 ζ5− 1459
1890π

6+ 86227
72 ζ2

3

)
+O(ϵ3), (C.34)
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T (2)
g̃qq̄g

∣∣∣
NF N

=+ 1
ϵ3

(
−5

6

)
+ 1
ϵ2

(
−17

4

)
+ 1
ϵ

(
−2239

108 + 5
4π

2
)

+
(

−20521
216 + 51

8 π
2+ 200

9 ζ3

)
+ϵ
(

−1624069
3888 + 2237

72 π2+ 340
3 ζ3− 29

144π
4
)

+ϵ2
(

− 13887251
7776 + 61483

432 π2+ 89317
162 ζ3− 493

480π
4

− 100
3 π2ζ3+ 616

3 ζ5

)
+O(ϵ3), (C.35)

T (2)
g̃qq̄g

∣∣∣
NF N−1

=+ 1
ϵ3

(1
6

)
+ 1
ϵ2

(35
36

)
+ 1
ϵ

(
1045
216 −π2

4

)
+
(28637

1296 − 35
24π

2− 40
9 ζ3

)
+ϵ
(749845

7776 − 1045
144 π

2− 700
27 ζ3+ 29

720π
4
)

+ϵ2
(19106909

46656 − 28637
864 π2− 10450

81 ζ3+ 203
864π

4

+ 20
3 π

2ζ3− 616
15 ζ5

)
+O(ϵ3), (C.36)

T (2)
g̃g̃′g̃′g

∣∣∣
(Ng̃−1)N2

=+ 1
ϵ3

(−1)+ 1
ϵ2

(
−47

9

)
+ 1
ϵ

(
−1841

72 + 3
2π

2
)

+
(

−151763
1296 + 47

6 π
2+ 80

3 ζ3

)
+ϵ
(

−1332661
2592 + 5519

144 π
2+ 3760

27 ζ3− 29
120π

4
)

+ϵ2
(

− 102430415
46656 + 151603

864 π2+ 36739
54 ζ3− 1363

1080π
4

−40π2ζ3+ 1232
5 ζ5

)
+O(ϵ3), (C.37)

∆T (2)
g̃g̃g̃g

∣∣∣
N2

=+ 1
ϵ2

(
−1

2

)
+ 1
ϵ

(
−57

16 +π2

8 − ζ3
2

)
+
(

−2143
96 + 9

8π
2+6ζ3− 2

45π
4
)

+ϵ
(

−69323
576 + 1811

288 π
2+ 91

3 ζ3+ 91
540π

4+ 11
12π

2ζ3−22ζ5

)
+ϵ2

(4475885
3456 − 106079

1728 π2− 3423
8 ζ3− 9647

2592π
4

+ 571
18 π

2ζ3− 12527
24 ζ5− 2167

11340π
6+ 2675

24 ζ2
3

)
+O(ϵ3). (C.38)
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D Colour factors up to N3LO

I NkLO, ℓ1 × ℓ2 Colour factors

g̃g

1 N , NF , Ng̃N

2, 2 × 0 N2, NFN , NFN
−1, N2

F , Ng̃N
2, Ng̃NFN , N2

g̃N
2

2, 1 × 1 N2, NFN , N2
F , Ng̃N

2, Ng̃NFN , N2
g̃N

2

3, 3 × 0 N3, NFN
2, NF , NFN

−2, N2
FN , N2

FN
−1, N3

F ,
Ng̃N

3,Ng̃NFN
2, Ng̃NF , Ng̃N

2
FN , N2

g̃N
3, N2

g̃NFN
2, N3

g̃N
3

3, 2 × 1 N3, NFN
2, NF , N2

FN , N2
FN

−1, N3
F

Ng̃N
3, Ng̃NFN

2, Ng̃NF , Ng̃N
2
FN , N2

g̃N
3, N2

g̃NFN
2, N3

g̃N
3

g̃gg

1 N

2 N2, NFN , Ng̃N
2

3, 2 × 0 N3, NFN
2, NF , N2

FN , Ng̃N
3, Ng̃NFN

2, N2
g̃N

3

3, 1 × 1 N3, NFN
2, N2

FN , Ng̃N
3, Ng̃NFN

2, N2
g̃N

3

g̃qq̄

1 NF

2 NFN , NFN
−1, N2

F , Ng̃NFN

3, 2 × 0 NFN
2, NF , NFN

−2, N2
FN , N2

FN
−1, N3

F ,
Ng̃NFN

2, Ng̃NF , Ng̃N
2
FN , N2

g̃NFN
2

3, 1 × 1 NFN
2, NF , NFN

−2, N2
FN , N2

FN
−1, N3

F ,
Ng̃NFN

2, Ng̃NF , Ng̃N
2
FN , N2

g̃NFN
2

g̃g̃′g̃′

1 (Ng̃ − 1)N

2 (Ng̃ − 1)N2, (Ng̃ − 1)NFN , (Ng̃ − 1)Ng̃N
2

3, 2 × 0
(Ng̃ − 1)N3, (Ng̃ − 1)NFN

2, (Ng̃ − 1)NF , (Ng̃ − 1)N2
FN ,

(Ng̃ − 1)Ng̃N
3, (Ng̃ − 1)Ng̃NFN

2, (Ng̃ − 1)N2
g̃N

3

3, 1 × 1 (Ng̃ − 1)N3, (Ng̃ − 1)NFN
2, (Ng̃ − 1)N2

FN ,
(Ng̃ − 1)Ng̃N

3, (Ng̃ − 1)Ng̃NFN
2, (Ng̃ − 1)N2

g̃N
3

g̃g̃g̃

1 N

2 N2, NFN , Ng̃N
2

3, 2 × 0 N3, NFN
2, NF , N2

FN , Ng̃N
3, Ng̃NFN

2, N2
g̃N

3

3, 1 × 1 N3, NFN
2, N2

FN , Ng̃N
3, Ng̃NFN

2, N2
g̃N

3

Table 4. Colour factors appearing in the neutralino decay into two- and three-particle final states,
organised by final-state particles I, perturbative order k and loop configuration ℓ1 × ℓ2, in case
of ambiguity.
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I NkLO Colour factors

g̃ggg
2 N2

3 N3, NFN
2, Ng̃N

3

g̃qq̄g
2 NFN , NFN

−1

3 NFN
2, NF , NFN

−2, N2
FN , N2

FN
−1, Ng̃NFN

2, Ng̃NF

g̃g̃′g̃′g
2 (Ng̃ − 1)N2

3 (Ng̃ − 1)N3, (Ng̃ − 1)NFN
2, (Ng̃ − 1)Ng̃N

3

g̃g̃g̃g
2 N2

3 N3, NFN
2, Ng̃N

3

g̃gggg 3 N3

g̃qq̄gg 3 NFN
2, NF , NFN

−2

g̃qq̄q′q̄′ 3 (NF − 1)NFN , (NF − 1)NFN
−1

g̃qq̄qq̄ 3 NF , NFN
−2

g̃g̃′g̃′gg 3 (Ng̃ − 1)N3

g̃g̃g̃gg 3 N3

g̃g̃′g̃′qq̄ 3 (Ng̃ − 1)NFN
2, (Ng̃ − 1)NF

g̃g̃g̃qq̄ 3 NFN
2

g̃g̃′g̃′g̃′′g̃′′ 3 (Ng̃ − 2)(Ng̃ − 1)N3

g̃g̃′g̃′g̃′g̃′ 3 (Ng̃ − 1)N3

g̃g̃g̃g̃′g̃′ 3 (Ng̃ − 1)N3

g̃g̃g̃g̃g̃ 3 N3

Table 5. Colour factors appearing in the neutralino decay into four- and five-particle final states,
organised by final-state particles I and perturbative order k.
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