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ABSTRACT: It has been proposed that flux compactifications of supercritical string theories
(i.e., with spacetime dimension D > 10) have dS vacua, with large D acting as a control
parameter for corrections to the classical spacetime effective action. In this paper, we
provide a detailed analysis of the self-consistency of such models, focussing on o/ and
backreaction corrections. We first show that all supercritical AdS, Minkowski and dS vacua
in this setting have 2 O(1) curvature and/or field strengths in the string frame. This may
be in tension with suppressing o/ corrections unless the coefficients of the higher-derivative
terms have a sufficiently strong large-D suppression. We then argue that an additional
and more severe problem arises in the dS case due to the backreaction of O-planes. In
particular, we argue using a combination of geometric bounds and string-theory constraints
that the O-plane backreaction is large in supercritical dS models. This implies that a large
part of the naive classical geometry is eaten up by singular holes and thus indicates a
breakdown of the classical description. Our finding resonates with several other recent
results suggesting that string theory does not admit dS vacua in regimes where string and
backreaction corrections are under control. As byproducts of our analysis, we derive a
number of technical results that are useful beyond the specific applications in this paper.
In particular, we compute the leading backreaction corrections to the smeared solution
in a general flux compactification from D to d dimensions for an arbitrary distribution
of O-planes and D-branes. We further argue for a general estimate for Green’s functions
on compact manifolds (and therefore for the backreaction corrections) in terms of their
diameter, volume and dimension.
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Introduction

One of the most basic yet mysterious properties of our universe is its accelerated expansion.

If string theory is to successfully describe nature, it should certainly admit solutions re-
producing this behavior. The simplest possibility would be a compactification to dS space
but none of the proposed scenarios in string theory have been developed into fully explicit



models to date. Even worse, a number of recent works raised serious doubts about the self-
consistency of the approximation schemes underlying the most popular scenarios, i.e., the
KKLT scenario [1], the LARGE-volume scenario [2] and the classical dS scenario [3, 4]. A
recurring theme in all three scenarios is that it is very difficult, if not impossible, to simulta-
neously suppress all relevant o/ and backreaction corrections whenever the vacuum energy
is naively positive [5-17].! This leads to a loss of control and consequently a breakdown
of the effective field theories in which the putative dS vacua arise. By contrast, in Anti-
dS vacua such as DGKT [22, 23] a parametric control over both string and backreaction
corrections appears to be possible [24-26].

A crucial question is whether the reported difficulties with dS are a lamppost effect
or whether there is something fundamentally problematic about dS space, as proposed
in various works [27-31]. To make progress, it is important to get off the beaten track
of the standard scenarios and explore as many regimes of string theory as possible. We
stress that establishing any clear and explicit construction of a dS vacuum would be a
very welcome proof of principle and a major conceptual breakthrough. On the other hand,
purely phenomenological constraints such as a realistic value of the cosmological constant
or a four-dimensional spacetime are not a priority from this point of view.

In this paper, we will study a rarely explored corner of the string landscape, namely
supercritical string theories in D > 10 dimensions [32-34]. We will consider compactifi-
cations of these theories to d dimensions with 4 < d < D including fluxes and localized
sources (D-branes and O-planes). It has been argued that such models can be described in
terms of a D-dimensional spacetime effective action (or a dimensional reduction thereof to
d dimensions), in analogy to the standard approach in the critical string theories [34-37].2

Supercritical flux compactifications differ in a number of interesting ways from their
more familiar critical cousins. In particular, a distinctive feature is the appearance of an
additional term in the scalar potential that generates a tadpole for the dilaton. The moduli
dependence of the potential thus differs from the one in the critical theories, leading to
new possibilities for moduli stabilization. In fact, it was argued in [37, 48-50] that simple
dS solutions arise in this setting.

Another interesting point is that the large dimension D can serve as an expansion pa-
rameter, which may be useful to control corrections to the classical effective action. Indeed,
there are general field-theoretic arguments suggesting that (quantum) gravity simplifies at
large D [51, 52]. In the context of string theory, it was proposed in [37, 48, 50, 53, 54]
that string corrections might be parametrically controlled at large D. Furthermore, in
orientifolds, the number of O-planes becomes exponentially large in the large-D regime
(e.g., Nop = 2P7P~1 on a torus). One might thus hope [37, 48, 49] that generating large
parameters in the scalar potential is easier than in the critical string theories where the
possibility to do so is often limited by rather small tadpoles. Recall that a potential with
large parameters is crucial in order to avoid the Dine-Seiberg problem and allow vacua in
regimes of perturbative control [55, 56].

'Further recent debates about KKLT concern, e.g., the consistency of the pre-uplift AdS vacua [18, 19]
and possible instabilities of the anti-brane uplift due to goldstino condensation [20, 21].

%See also [38-47] for discussions of dualities relating supercritical and critical theories and [45] for a
discussion of swampland conjectures at large D.



On the other hand, it is natural to suspect that the aforementioned control problems
in the dS scenarios of the critical string theories point towards a more general pattern
in string theory. This suggests that supercritical dS vacua may fall victim to the same
problems, in particular large string or backreaction corrections that invalidate the naive
effective field theories in which these vacua arise. The purpose of the present work is to
perform a detailed study of this hypothesis, where we focus on parametric control at large
D in models based on the D-dimensional spacetime effective action, as proposed in the
works mentioned above. We will indeed argue that some of the consistency conditions one
should impose for the classical effective action are violated. While some of our results apply
to all kinds of vacua (i.e., AdS, Minkowski or dS), the problems we find are more severe in
the dS case, which is related to the fact that dS vacua require O-planes.

In the first part of the paper, we attempt to quantify the magnitude of o’ corrections,
which must be small in order that computations based on the classical effective action are
trustworthy. In particular, we show that the string-frame curvature and/or some of the
NSNS and RR energy densities are always large (in string units) for all supercritical AdS,
Minkowski and dS vacua. This follows from the simple observation that the equations of
motion contain terms ~ (D —10)O(1) due to the dilaton tadpole and can therefore only be
satisfied if some of the other terms are of the same order. One may be tempted to interpret
this as a breakdown of the o' expansion and conclude that the vacua cannot be trusted at
the classical level. However, as pointed out in [50, 53, 54|, large scalar curvature and energy
densities may be ok at large D if the (unknown) coefficients of the most dangerous higher-
derivative corrections vanish or scale with D in such a way that an additional suppression
is provided. Our result translates to upper bounds on these scalings, which would have to
be satisfied in string theory in order that supercritical flux vacua can be reliable. In some
cases, we furthermore observe a tension with the consistency condition that massive string
states should be heavier than the KK scale.

In the second part of our paper, we give an independent second argument for the break-
down of the effective action which is less sensitive to assumptions about higher-derivative
terms. This argument applies only to dS vacua and is based on the observation that the
backreaction of O-planes makes a classical solution unreliable if it is too large. Note that
O-planes are required for dS (in the regime where o/ corrections are subleading) according
to a well known no-go theorem [57-59], which we generalize to arbitrary D. In order to
estimate the backreaction corrections, we show following [24] that they are determined by
the Green’s function of the Laplacian on the transverse space of the corresponding source.
We then provide an extensive discussion of Green’s functions and give evidence for a gen-
eral estimate in terms of the diameter, the volume and the dimension of the transverse
space. These results apply to localized sources in critical and supercritical string theories
and should be useful for various applications in future works.

Using our general estimate for the backreaction, we then argue that it is large in a wide
variety of supercritical dS models. This is a problem for the consistency of these models
since O-planes are known to create singular holes in their vicinity where string effects blow
up and the classical approximation is no longer valid. In limits of small backreaction,
these holes shrink until they do not significantly affect the classical solution in most of



the spacetime. For example, this can explicitly be shown in DGKT [24, 25]. However,
our results indicate that regimes of small backreaction are not possible in supercritical dS
models where instead the singular holes eat up a large fraction of the classical geometry,
and consequently the dS vacua cannot be trusted.

Interestingly, the path leading to this conclusion can be rather different depending on
the model, and it generally involves a non-trivial interplay between all kinds of constraints
from both geometry and physics. For example, we employ rigorous theorems on diameters,
volumes, Laplacian eigenvalues and Betti numbers as well as constraints from string theory
such as flux quantization, tadpole cancellation, anomaly cancellation and an absence of

tachyons.?

Our results thus exemplify the familiar fact that string theory often finds
highly non-trivial ways of obstructing seemingly consistent dS scenarios as one digs into
the details.

Another challenging aspect of our analysis is that we have to carefully keep track of
D-dependent factors in every step of our arguments. Correctly accounting for such factors
is crucial at large D since they could parametrically change the conclusions if missed. For
example, the external dimension d, the dimensions of the localized sources or the ranks of
the RR fluxes can all scale non-trivially with D and thus affect the magnitude of various
terms in the equations of motion. Another example is that, even on simple spaces like
spheres, one has to distinguish the different length scales set by the diameter, the curvature
and the volume since, at large D, they all differ parametrically from one another. We pay
particular attention to such subtleties throughout the paper and formulate our arguments
without assuming specific relations between these (and other) geometric quantities.

Our focus in this paper is on geometric models, i.e., models where the (D — d)-
dimensional compactification space is a manifold or orientifold with a metric whose dy-
namics is governed by the Einstein equations. We will occasionally also comment on the
dS models of [37, 48] where one compactifies on an asymmetric orbifold [66] so that the
internal space does not admit a geometric interpretation. Interestingly, these models sat-
isfy the same bounds and inequalities that we find for the geometric models. In particular,
they can be shown to have large RR energy densities. As discussed above, this may be in
tension with controlling higher-derivative terms depending on the large-D scaling of the
corresponding coefficients. The models further have, at least formally, a large O-plane
backreaction just like their geometric cousins. Although it is less obvious what large back-
reaction means without an internal geometry, we find it plausible to again interpret it as a
control problem, as we will discuss in more detail in the main text.

This paper is organized as follows. In section 2, we review some basic facts about
supercritical string theories that will be relevant for our analysis. We also derive a gen-
eralization of the no-go theorem of [57-59] valid for arbitrary D and compute the scalar
potential with respect to the volume and dilaton moduli. In section 3, we show that classical
supercritical AdS, Minkowski and dS vacua necessarily have large string-frame curvature
or large NSNS/RR energy densities. We then explain why this may indicate a breakdown

3See also [60-65] for other interesting applications of diameter and eigenvalue bounds in the context of
string theory.



of the o expansion and review a conjectured loophole to this conclusion at large D. We
also discuss a related tension with the requirement of avoiding light string states below the
KK scale. In section 4, we compute backreaction corrections of localized sources in critical
and supercritical string theories. We also propose an estimate for Green’s functions on
compact manifolds in terms of their diameter, volume and dimension. We further argue
that supercritical dS models have a large O-plane backreaction and that this indicates a
breakdown of the classical effective action. In section 5, we discuss how our results relate
to other recent works on dS scenarios in string theory. We conclude in section 6 with a
few remarks about future research. In appendix A, we describe Minkowski solutions of the
classical equations of motion which, in contrast to the critical type II string theories, do not
require any O-planes. In appendix B, we elaborate on a subtlety related to the discussion
of singular holes and their stringy resolution in section 4.1.

2 Setup

2.1 Effective action and equations of motion

A well known consistency condition for the quantization of the superstring is that the total
central charge of the worldsheet CFT vanishes. In flat space, this leads to the famous
requirement of a critical spacetime dimension D = 10. However, it has been argued that
D # 10 is possible when the strings propagate in a non-trivial background since then
curvature and field gradients contribute to the central charge and modify the condition on
D [32-36].

In this paper, we consider supercritical (D > 10) generalizations of the type II string
theories following [37, 48, 49]. These theories are consistent for D = 10 (mod 16) [49]. The
D-dimensional spacetime effective action in string frame is [34-37]

_ L (e (R, P10 2 L Ly eop
S—%%/d r/=gpe <RD RGOS LU DI RS

4 The index ¢ runs from 0 to D over either the even or

2/ o/ YP—2
where we choose 2x%, = %

odd numbers as in the (democratic formulation of) the critical theories [49]. Fluxes are
quantized as [48]

2}; [ Fu= vreavaytz (2:2)

and analogously for Hs.
We will also include Dp-branes and Op-planes wrapping submanifolds ¥; of the D-
dimensional spacetime. Their action is

Sioc = —Top/Dp (/2 P/ —gpe? - /z: Cp+1> (2.3)

4The results of sections 2.2, 2.3 and 3 also apply to the bosonic string upon substituting D — 10 —

%(D — 26) and setting the localized sources and RR terms to zero.
SWe use the duality relation xpF, = (—=1)9~Y/2F,_ and assume following [49] that F, = dCy_; —
Hs A Cyq—3 (away from localized sources and up to Romans-mass terms) as in the critical theories.



with (downstairs) tension/charge [37]°

95/2-D /49

PRy (2.4)

Top = —2""PTp,,  Tp,=

As in the critical type II string theories, p runs either over the even or odd numbers.
When considering anti-branes or anti-O-planes, the sign of the Cp,1; term in (2.3) has to
be flipped. Note that we omitted couplings to the B field in the (anti-)brane action, as
they play no role in the following. We will furthermore set 27va/ = 1 in all following
expressions.

We consider compactifications of the D-dimensional theories down to 4 < d < D
dimensions.” Since we are interested in vacuum solutions, we assume that maximal sym-
metry is preserved in d dimensions. This implies that the Dp-branes/Op-planes must fill
the d-dimensional spacetime and a (p + 1 — d)-dimensional submanifold of the compact
internal space. Furthermore, derivatives of the various fields with respect to the d external
dimensions must vanish on-shell, and each component of H3 and F, must have either zero
or d legs in the d-dimensional spacetime. In the following, we choose to write all RR field
strengths with external legs in terms of their internal Poincaré duals. The index ¢ then
runs from 0 to D — d in these conventions.

The most general ansatz for the metric is
ds? = 240 ds2 + g, dz™da”, (2.5)

where ds?i is the d-dimensional AdS, Minkowski or dS metric and €24 is a function of the
internal coordinates called the warp factor.

The dilaton equation and the (trace-reversed) external and internal Einstein equa-
tions are

0= —8e?V2e™? — 4de V2% — 2d(d — 1)(8A)? + 8d(DA - dp) + 26 *ARy + 2R p_q

— 87%(D —10) — |H3|* - Z %e%(zi), (2.6)
0= DQd 5 e?V2e™? + de V2 + m(a¢>) +d(d—1)(0A)? — ‘W(@A )
e Ry + D”ﬁ 247r2(D —10) — m|H3|2 — zq: He%wf
- Z > we%(zi), (2.7)

SWe divided the formula in [37] by 4 in order that it matches for D = 10 with the standard result in [36].
The difference is not important in this paper since our arguments will not require specific values for To,/pp.
We further assume that the RR charge, which was not explicitly computed in [37], is determined by the
tension as in the critical theories.

"Most of our results carry over to the case d = 3 as well with the qualification that then the Hs flux is
allowed to fill the d-dimensional spacetime, which yields an additional term in the equations of motion.
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0 = 2e*V,,0,e" % + de V006 + ———gmne®V2e ™ + ——— g, (06)?

D -2 D -2
2 OA- 00) = 20,0)(0,0) ~ Ru + g s (D = 10) + |2,
- ﬁgmlel2 + ;e%’zq: <|Fq|3m - lq)__ggmnqu?)
-5 3 g (W= g ) 400 (2.8)

7

Here T}, € {Top,, Top, } depending on the source and H%)n is defined such that H%)n = Gmn
for indices parallel to the source and H%)n = 0 for transverse indices. The covariant
derivative V,, and the Laplacian V? are adapted to the (D — d)-dimensional metric gp.
We furthermore denote by R4 and Rp_g4 the external and internal parts of the Ricci scalar
with respect to the unwarped metric. The delta distributions are due to the localized

sources and defined such that
[ dPav=gnso(2) = [ ey =g, s (2.9)

where f is some function of the internal coordinates and f|y, is its restriction to ;. The

e N @D . . . . .
above definition implies that §(%;) = N local coordinates, including an inverse
determinant of the metric of the transverse space. In the smeared approximation, one
replaces

1
5D — — 2.10
(=)~ (210)

in the equations of motion, where V; is the volume of the transverse space. This corresponds
to only taking into account the zero mode of §(%;) and neglecting the effect of the higher
modes. The smeared solution is thus reliable at distances from the source which are longer
than the backreaction length of the higher modes, as we will discuss in more detail in
section 4.1.

We finally state the equations of motion and Bianchi identities for the RR and NSNS
form fields:

d (*DFq) = —H3 A *DFq+2, qu = Hg VAN Fq_Q — (_1)q(q+1)/2 Z %5[)_}%_1,
—~ 27
(2.11)
d (™ xp Hy) = = > *pFy A Fya, dHs=0, (2.12)
q
where @, = T, (the lower sign is for anti-branes and anti-O-planes) and dp_p,—1 =

d(%;)dvolp—_p,—1. The sum in the second equation in (2.11) runs over all ¢ with p; =
D —q—2. The Hodge star xp is defined with respect to the full D-dimensional metric (2.5)
including the warp factor.

2.2 No-go theorem against dS without O-planes

It is well known that classical dS vacua of the critical type II string theories require O-
planes [57-59]. We now prove a straightforward generalization of this no-go theorem which



is valid for arbitrary D. Indeed, combining (2.6)—(2.8), we find
e AR, — 207y (e_2¢8med‘4) __d > ??|F, | - d > %e‘z’é(E-) (2.13)
" 44 T4 or b

where R4 > 0 in a dS vacuum. Multiplying both sides by e%4~2¢? and integrating over the
compact space, we find

d d T,.
Ra= =5 Y (IR — T30 22 (e5(%0), (2.14)
q i
where we introduced the notation
B f dD—dxmedA—2¢X
- defdx\/gDi_de(d—Q)A—qu'

Since the RR terms on the right-hand side of (2.14) are negative, we have Ry < 0 unless

(X)

(2.15)

there are sources with T},, = Tpp, < 0. A necessary condition for a dS vacuum is thus the
presence of O-planes. More precisely, an O-plane filling the full D-dimensional spacetime
would not be sufficient to circumvent the no-go as its RR tadpole would have to be cancelled
by D-branes, which would at the same time also cancel the source term in (2.14). We
therefore require O-planes with codimension > 1 (if the tadpole is cancelled by anti-O-
planes) or > 3 (if the tadpole is cancelled by fluxes) to get dS.

An interesting subtlety occurs for the Minkowski case Ry = 0. Unlike in the critical
type II theories [67], the equations of motion admit Minkowski solutions with Hj flux but
without RR flux and O-planes. These solutions are described in more detail in appendix A.

We finally note that, aside from O-planes, a second possibility to circumvent the dS
no-go is to go beyond the classical effective action (2.1), (2.3) and include corrections
such as higher-derivative terms. We will not study this possibility in this paper since,
even at next-to-leading order in the o/ expansion, the knowledge about the corrections is
incomplete (even more in the supercritical case). It would therefore be difficult to verify

the consistency of solutions which rely on higher-derivative terms.®

2.3 Scalar potential and stability

In order to study the stability of putative vacua, it is useful to derive the scalar potential
of the d-dimensional effective field theory. For simplicity, we do this in the regime where
the smeared approximation is accurate on most of the compact space so that backreaction
corrections do not significantly affect the scalar potential. We will argue in section 4 that
the existence of such a regime is actually a crucial consistency condition for solutions of the

8 An alternative scenario proposed in [50] is to use one-loop corrections in the two-derivative effective
action of the supercritical bosonic string. The dS solutions found in [50] are unstable due to the usual
tachyon of the bosonic string and an additional instability of the dilaton. Furthermore, the coefficients of
the relevant loop corrections are not known for general D and were assumed to be free parameters in [50].
Finally, the solutions have large string-frame curvature so that the problems discussed below in section 3
may apply. More work is therefore required to see whether controlled (meta-)stable dS vacua can arise from
loop corrections at the two-derivative level (in those string theories where such corrections exist).



classical equations of motion with O-planes. Since we will only impose stability conditions
for solutions with O-planes in this paper, our assumption of a smeared regime is therefore
justified.

In the smeared limit, the warp factor and the dilaton are constant, which significantly
simplifies the various expressions. For our purpose, it will furthermore be sufficient to only
keep track of two moduli in the scalar potential, i.e., the dilaton 7 = e~? and the volume
p of the (D — d)-dimensional compact space. In general, the scalar potential of course
depends on many more moduli but we choose to leave the dependence on these moduli
implicit.

To derive the potential, we perform a dimensional reduction of the action (2.1), (2.3)
down to d dimensions.? This yields

—d—2 1 —d—6 A
SD 27r/ddx\/—gd (TZde + T2pDDEd2RD_d —47*r%p (D — 10) — §T2pDDidb | H3|?

1 D—d—2q A T p;+1—d
_Z D | |2 — P yTpma |, 2.16
5 Eq:p IA Z e ) (2.16)

Here we extracted the volume dependence from the various terms by defining gn, =

2
pP=4 gy such that § has unit volume and p = [d”~%x , /gp_4 denotes the volume modulus.
We now go to the d-dimensional Einstein frame by performing the further redefinition

4 2
Qu =T &2p 32§, (2.17)
We thus find
) 27r/dd:m/—gd (Ra—V) (2.18)
with scalar potential

i 4TVi
The d-dimensional traced Einstein equation and the two universal moduli equations are

- d
Ra— T3 2V =0, 0;V =0, 0,V =0. (2.20)
It is straightforward to check that these agree with (2.6)—(2.8) after undoing the previous
field redefinitions of the metric.
An advantage of the formulation in terms of a scalar potential is that the conditions

for the stability of a solution become very simple. In particular, we will impose below the

“Note that a naive dimensional reduction of the democratic (pseudo-)action would lead to a wrong scalar
potential with vanishing RR terms, as is familiar, e.g., from the self-dual Fs in type IIB string theory. The
correct procedure is to either use a formulation of the action which is not subject to a duality constraint or
read off the scalar potential from the external Einstein equations (see, e.g., [68, 69] for a discussion in the
type I1IB context).



requirement that the dilaton is stabilized. In the dS/Minkowski case, we require 92V > 0,'°
and thus

T, d

d+2 5 5 . .
S gs; o < nggwqy (dS/Minkowski), (2.21)

where we used 0,V = 0 to simplify the inequality. We also replaced 7 by its vev 1/gs and
transformed back to the unhatted metric gm.

Recall that, according to (2.14), the net tension of the source terms must be negative
(ie., >, :Q/’:’Z < 0) in dS/Minkowski vacua if RR terms are present. Eq. (2.21) therefore
implies that the source terms in dS/Minkowski vacua cannot be parametrically larger than

the RR terms, which we will repeatedly use below. For AdS with net-negative-tension
sources, the same conclusion follows from (2.14) alone.

3 o' corrections

In this section, we show that the string-frame curvature and/or the energy densities of the
RR/NSNS fluxes are large in vacuum solutions of the supercritical string theories. This
applies to AdS, Minkowski and dS vacua. We also discuss to what extent this result is in
tension with suppressing string corrections to the classical effective action.

3.1 Large curvature and energy densities

Let us again focus on smeared solutions for simplicity. In solutions with localized sources
(i.e., with varying dilaton and warp factor), analogous arguments can be made for averaged
energy densities (such as in (2.14)).

Using (2.6), (2.7) and the trace of (2.8), we find

d+2 T, 1 d
Rp_a= P J|H3)? + g2y |F,|* +47*(D — 10 3.1
D—d 4 98227‘_%—’_2| 3| +4gs;’ q’ + 7T< )7 ( )
1 T, D -2
[Ha? = =29, (D=2 =) Y 5 2o+ 2= >[R[ +47°(D-10).  (32)
2

7 q

Here we defined an effective RR rank and an effective source dimension (similar to [49])
such that

Ty,
Zq|Fq|2 ’ Z,L ’1‘15"‘

if 32, |F,|> # 0 and ¥, 7;/”; # 0, respectively (and § =0, DY, Tvp: — Y i Di TVPZ otherwise).

Note that gmin <7 < gmax, Where ¢uin/max denotes the smallest /largest ¢ with Fj, # 0. On

the other hand, p does not satisfy an analogous inequality if sources with both signs of the
tension are present. In particular, p can be larger than pyax or smaller than py;,, where
Pmin/max denotes the smallest /largest p; with T),, # 0. Neither p nor g need to be integers
in general.

°Tn AdS, 92V < 0 is allowed as long as the Breitenlohner-Freedman bound [70, 71] is not violated. For
dS, an analogous upper bound on scalar masses was furthermore proposed in [72].

~10 -



Let us now analyze the constraints on the curvature/energy densities imposed by (3.1)
and (3.2). We will ignore O(1) numerical factors and focus on the parametric scaling of the
terms with D in the regime where D is large. We will also keep track of the dependence on d,
g and P, as each of these numbers may a priori scale non-trivially with D. It is furthermore
convenient to distinguish three different cases depending on the sign and magnitude of the
source terms. The latter will be denoted as small (large) if g5, | pl‘ < (2)1 (note the

absolute values in the sum) and as positive (negative) if g5 >, ‘ZZ > (<) 0.

No sources or small source terms. Let us first consider the case where we have
either no sources (7, = 0) or only small (positive or negative) source terms. The source
terms do then not contribute at leading order in D to (3.1), (3.2) since gs ‘Tp Z' <1
implies gs| E > pz (3.1) that RD a2 D.
Furthermore, (3.2) requires either ]Hg,|2 2 D or g2>,|Fy* 2 1 with sufficiently large
g > D/2. In the second case, (2.14) also implies |Rg4| 2 d.

Depending on the sign of the vacuum energy, there are further constraints. In partic-

ular, (2.14) implies that having g2 > g |F,|? > 1 or positive source terms is not compatible
with dS or Minkowski. In the case of no sources, Minkowski (for F; = 0) but no dS is
possible, again due to (2.14). For negative source terms, Minkowski and dS are a priori
not ruled out by (2.14), (3.1), (3.2). We remark, however, that a more detailed analysis in
section 4.3 reveals a conflict between small source terms and tadpole cancellation for dS
and Minkowski vacua in a large class of models. For AdS vacua, analogous issues can be
shown to arise in the case where g2 2q |F,|? < 1.

Large positive source terms. We now consider the case where the source terms are
large (gs >_; u;?' 2 1) and positive (gs Y_; 7;21 > 0). Eq. (3.1) then agam implies Rp_q 2 D.
Furthermore, if p > (D — 4)/2, (3.2) requires either |H3|> > D or g2 > g |F,|? > 1 with
sufficiently large § > D/2. In the last case, we further conclude that |Rg4| 2 d due to (2.14).
It also follows from (2.14) that neither dS nor Minkowski vacua are possible when the source

terms are positive.

Large negative source terms. We finally consider the case where the source terms are
large (gs>; li%.\ 2 1) and negative (gs>_; TV”: < 0). Recall that (2.21) then imposes that,
for dS/Minkowski, the absolute value of the source terms is not parametrically larger than

the RR energy densities:

9s Z ZIF 2. (3.4)
i
For AdS, the same conclusion follows from (2. 14)
There are now two cases to consider: gs| Z o 1| < D/d and gs|3-; 7 Ths +| Z D/d. Note
that gs| Z > ‘Tpl| 2 1if there are paramet-

ric cancellatlons between positive-tension and negative- tensmn sources In the first case, we

can neglect the source terms in (3.1) at leading order in D. Satisfying (3.1) then requires
Rp—d 2 D. In the second case, no constraint on Rp_4 follows from (3.1). However, (3.4)
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then imposes g2 3", |Fy|> 2 D/d. Furthermore, in both cases, (3.2) for p < (D — 4)/2
requires either |H3|* 2 D or g3 >, |Fy|* 2 1 with sufficiently large g > D/2.

We summarized in table 1 the various lower bounds on the curvature/energy densities
implied by the above arguments. We stress again that we only imposed the dilaton equation
and the external and traced internal Einstein equations (or, equivalently, the equation for
the volume modulus) as well as the requirement that the dilaton is not a tachyon. Our
bounds are therefore necessary but not sufficient conditions for the existence of a solution.
Further constraints may arise, e.g., from the stabilization of the non-universal moduli and
from tadpole cancellation conditions. We will not present an exhaustive analysis of such
model-dependent constraints here but only give a simple example.

Consider a collection of parallel Op-planes whose tadpole is cancelled by a flux term
H3NFp_p,_4. Let us also assume for simplicity that H3 and Fp_,_4 do not have any pieces
with vanishing wedge product. As will be derived in section 4.3, this implies the constraint

2
2 2 2 Qpi
95| Fp—p—a|”|H3|" = (982;27“/) : (3.5)

where V' is the volume of the transverse space of the O-planes and @), = T}, are their RR

charges. We thus see that tadpole cancellation relates the energy densities g2|Fp_p_4|?

and |H3|? to the source terms gs>; ‘T‘f.i', which can lead to further constraints beyond

those listed in table 1. In section 4.3, we will study such constraints more carefully than
here and argue in particular that supercritical dS vacua cannot have small source terms
(9o 32 T < 1),

The discussion in this section so far applied to geometric compactifications, i.e., assum-
ing that the metric of the compact space is dynamical and satisfies the Einstein equations.
Let us now also discuss a different class of models where this is not the case. In particular,
one of the earliest proposals for a dS model in string theory is an asymmetric toroidal orb-
ifold where all NSNS moduli except for the dilaton are projected out [37, 48]. This implies
that Rp_q = |H. 3\2 = 0 and that there is no equation of motion or stability condition for
the volume modulus. The only relevant constraints are thus the dilaton equation (3.1)
and the dilaton stability condition (2.21), which with (2.14) implies (3.4) for dS. Since
Rp_q = |H3|*> = 0, (3.1) yields —gs>; TVPZ 2 D/d. Using this together with (3.4), we

gg Z |F q|2 2
q

We thus find that the RR energy density is large in such models, analogously to our results

lud
conclude D 56
7 .

for the geometric models.

3.2 Tension with suppression of o/ corrections?

We have seen that supercritical compactifications necessarily have large string-frame cur-
vature and/or energy densities. As we now explain, this may be in tension with the
requirement of suppressing o’ corrections to the classical effective action (2.1).

To see this, recall that the effective action receives an infinite number of higher-
derivative corrections at string tree and loop levels. This includes in particular terms
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sources D q AdS Minkowski ds
<L \Rp_azD, |Hs|*ZD
no sources b|Rp-a2 D, |Hs>2 D or Rp-az D, |H3|*Z D | ruled out
" Roa2 D, 2 5, FP2 1L Ral2d
<2 |Rp_42D, |Hs|*ZD
small pos. | Rp-a2 D, |Hs* 2D or ruled out
T Rp-azD 5, FP 2L Ral2d
<2 |Rp-azD, |Hs*zD
small neg. 5| Rp—aZ D, |Hs*Z D or Rp-az D, |H3|*Z D
" | Rooa2D. 25, FPR 1L [Ral2d
<P Rp-az D
large pos. <% |Rp-aZD, [HsP 2D ruled out
>L _p |Ro-a2D, |H3|*2 D or
* | Rp-azD, 25, |F,[? 21, [Ra| 2 d
< D-d <B |Rp-azD, |Hs|?ZDor g23 |F, > 25, |Hs|*2 D
large meg. |~ ° |>L2 |Rp_42D, [Hs*ZD or Rp_a2D, 23, [P 21 or 2, |F,22 2
> L4 Rp-azDor 23 |F,|*2 7

Table 1. Lower bounds on string-frame curvature/energy densities imposed by (2.14), (2.21), (3.1)
and (3.2). These are necessary but not sufficient conditions for the existence of a solution (see, e.g.,

section 4.3 for additional constraints from tadpole cancellation). Source terms are denoted as small

(large) if gs >, u;,il < (2) 1 and as positive (negative) if g, >, Q;ﬁ >(<)0.

involving powers of the curvature and RR/NSNS fluxes, which are of the schematic form

SL O gzlfQ (Roooo)m (H3OOO)2n (H (gquoomo)qu > (900)m+3n+zq qrq ’ (37)
q

with m,n,l,ry € No.'' The circle symbols stand for the D-dimensional spacetime indices
of the various tensors, which can be contracted in many different ways. Note that the o/
expansion for the RR fields is not an expansion in powers of F, but in powers of g,Fj. This

is related to an extra factor of g in the corresponding vertex operators [22, 36].'2
The classical approximation is valid as long as the higher-derivative terms are sup-
pressed compared to the two-derivative ones.'® Assuming O(1) expansion coefficients, (3.7)

H)\ore generally, there can also be terms where covariant derivatives act on some of the above factors
and terms involving derivatives of the dilaton. Such corrections will not be relevant for our argument. Also
note that, in the critical type II string theories, the earliest (bulk) higher-derivative terms are believed to
arise at the 8-derivative order, i.e., m +n + Zq rq > 4.

120ne might therefore call the corresponding higher-derivative terms “loop corrections” rather than “o/
corrections” In this paper, we do not care about this distinction and will refer to all higher-derivative terms
as o’ or string corrections.

13There are special backgrounds like the linear-dilaton theory which are exact in o’ [32-36]. Such an
all-order cancellation is not expected for general flux vacua and would again have to be established by
arguments that go beyond studying the classical effective action.
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thus suggests that one should demand
Ral, IRp-al, | Hs|?, 63| Fy|* < 1 (3.8)

as a necessary condition for control over the o’ expansion. Indeed, this is typically imposed
in the critical string theories. If this condition is also correct in the supercritical case, it is
in obvious tension with the results of section 3.1, which we summarized in table 1.

On the other hand, as suggested in [50, 53, 54], the above conclusion may be too
premature at large D. In particular, one may speculate that the expansion coefficients of
the higher-derivative terms are functions of D which ensure a large-D suppression in spite
of the large curvature and energy densities. One should further keep in mind that two
terms constructed from the same tensors can scale very differently with D depending on
their precise index structure. This is the case, for example, for the various R* curvature
invariants, as we will see below. Both effects may contribute to suppressing the higher-
derivative terms more than naively expected. If this is true, the large curvature and energy
densities found in section 3.1 might be ok at sufficiently large D.

As a simple example, consider a compactification with large RR fluxes, ¢2|F,|> = D,
as required in many models according to the results of section 3.1. For concreteness, we
furthermore consider the higher-derivative term

4
oL = ergy? (g2IFP) - (3.9)

For ¢; ~ O(1), this is parametrically larger than the two-derivative term |F,|?, indicating
that the classical effective action (2.1) is no longer trustworthy. On the other hand, if
1] < 55, (3.9) would be negligible in spite of the large RR field strength. Indeed, it was
proposed in [53, 54] (citing unpublished work) that a parametric suppression of higher-
derivative RR terms does occur at large D.
As another example, consider a compactification on a (D — d)-sphere with radius R
and d < D. The curvature tensors are
Runnpg = %(Qmpgnq — 9mq9np),  Rmn = %gmm Rp-a= o d>(}§2 ! 1)‘
(3.10)
Let us assume R? ~ D such that Rp_q ~ D, as required in many models according to

section 3.1. Now consider the following curvature corrections at the 8-derivative order:
0L = 672 (aRb_g + o (RunR™)? + c5(Rommpg R™™1)? +..) (3.11)

where the dots stand for R* terms involving other ways to contract the Riemann tensors.
Using the above formulae, we find
Rb_g~DY  (RuaR™)? ~D?  (RympgR™P)* ~ DV, (3.12)

We thus see that the large-D scaling of the R* terms crucially depends on their index
structure. It follows that the R* corrections are under control in spite of large Rp_q ~ D
if the coefficients ¢; satisfy |¢1| < %, leo] < %, les| < D.

— 14 —



To summarize, we showed that the equations of motion and stability requirements
impose lower bounds on NSNS/RR energy densities and curvature invariants, stated in
table 1. This implies that higher-derivative corrections to the classical effective action
are only under control if their coefficients do not exceed (model-dependent) upper bounds
which scale non-trivially with D. It would be very interesting to check whether these
bounds are satisfied in string theory, e.g., by computing string amplitudes at large D.

Importantly, even if the smeared solutions considered in this section do not have large
string corrections, one should still check that backreaction effects do not change this con-
clusion. In particular, O-planes have the effect of generating singular holes in their vicinity.
If these holes are too large, the classical description breaks down even when the smeared
solution naively suggests no problem with string corrections. Such backreaction effects will
be discussed in section 4.

3.3 Curvature and the KK scale

Another important consistency condition for the validity of the D-dimensional effective
action is that the KK scale is below the scale of the massive string states. We will discuss
this in more detail in section 4.5 and be brief here. The KK scale associated to a compact
space is determined by the first eigenvalue A\; of the Laplacian. Given an n-dimensional
manifold with bounded Ricci curvature such that R,,,u™u™ > (n — 1)K for some K > 0
and all unit tangent vectors v, we can use the Lichnerowicz theorem, which states that
A1 > nK [73]. Consider, for example, an Einstein space with positive Rp_g ~ D. We can
then write

N > D=

—_—. 1
“D-d-1 (3:.13)

We thus find \; 2

~

1 if the compact space is high-dimensional (d < D). Massive string
states are thus comparable to or lighter than the KK scale unless they satisfy M2 > 1.
An even stronger bound A1 2 D is obtained for low-dimensional compact spaces (D —d =
O(1)). The masses of the string states thus drop below the KK scale in such backgrounds
unless they are parametrically large, M2 > D.

As another example, consider a compact space which is a product of O(D) low-
dimensional Einstein spaces. Assuming again Rp_g ~ D, at least one of these spaces
must have a positive scalar curvature 22 O(1). The Lichnerowicz theorem thus again yields
A1 2 1 for KK modes on this Einstein space. It would be interesting to study more sys-
tematically how the Einstein equations constrain the individual components of R, (and
thus K) for more general spaces. We will not attempt to do this and instead continue our
discussion of bounds on the KK scale in section 4.5. We will in particular see there that the
O-plane backreaction in dS models puts further constraints on the KK scale beyond those
discussed here. Interestingly, these constraints do not require a positively curved space but
also arise in spaces with zero or negative curvature.
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4 Backreaction

In this section, we study the backreaction of localized sources in string theories with general
D. One of our key observations is that the backreaction of the O-planes required in
supercritical dS models creates singular holes which eat up a large fraction of the classical
spacetime.

In section 4.1, we compute the leading backreaction corrections for general sources
(D-branes and O-planes) and explain that, for O-planes, a large backreaction is tied to a
breakdown of the classical solution. We find that the backreaction is small if

Dgs Y [Ty, |G < 1 (4.1)
%

up to O(1) factors, where Gj is the Green’s function of the Laplacian of the space transverse
to the corresponding source. In section 4.2, we estimate the Green’s functions as

2
G 2 b ;
n;V;

(4.2)

where n; = D — p; — 1 is the dimension, D; is the string-frame diameter and V; is the
volume of the transverse space. The discussion in sections 4.1 and 4.2 applies to general
compactifications in critical and non-critical string theories.

In section 4.3, we then specialize to supercritical dS models and argue that the source
terms must be large in such models,

T
952 e R L (4.3)

Readers not interested in the arguments leading to the inequalities (4.1)—(4.3) may skip
sections 4.1-4.3 and proceed directly to section 4.4 where we use them to derive one of our
main results. In particular, we argue there that controlling the O-plane backreaction in
supercritical dS vacua would require the average diameter of the transverse spaces to be

small in string units, L

D2 1

<« = 4.4

" <=, (44)
and we show that this is often in conflict with rigorous geometric bounds or with flux
quantization. In section 4.5, we furthermore argue that the required small diameters are
in tension with the requirement that massive string states should not be lighter than the

KK scale.

4.1 Backreaction and singularities

Many flux compactifications in the literature rely on the so-called smeared approximation.
Technically, this means that the localized source terms ~ §(3;) in the equations of motion
are replaced by constants, i.e., the charge and energy densities of the branes or O-planes
are assumed to be effectively spread out over the whole transverse space.

Since there are often misconceptions about smearing in the literature, let us emphasize
that smearing does not require the sources to be physically delocalized. Rather, the smeared
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Dgs|Tp|G—0

Figure 1. Schematic depiction of the smeared limit on the space transverse to an O-plane. In the
region where the O-plane backreacts strongly (red shade), fields like the warp factor or the dilaton
(blue lines) become singular, signaling that the classical description in terms of a D-dimensional
effective field theory cannot be trusted. As we take the limit Dgs|T,|G — 0, the backreaction is
confined to a smaller and smaller fraction of the transverse space until the field profiles agree with
their smeared values (dashed lines) everywhere. In this regime, the classical solution is reliable.

solution should be understood as a computational device describing an effective behavior at
long distances. Indeed, the smeared solution arises as the leading-order term in a systematic
expansion of the fully backreacted solution in a regime where only the zero mode of the
source backreacts at long distances [24, 25]. The backreaction of all other modes is small in
this regime and can be treated as a linear perturbation. The source thus effectively appears
smeared at long distances but its localized nature can still be probed at sufficiently small
distances. In particular, the often made claim that O-planes cannot be smeared because
they are intrinsically localized is false.

Quite the opposite, we claim that the existence of a smeared regime is a crucial re-
quirement in order that a classical solution with O-planes can make sense at all! The reason
is that O-planes are known to generate singular “holes”; i.e., finite-distance singularities
where the description in terms of the classical equations of motion breaks down and string
corrections blow up. As we will explain below, these unreliable regions shrink to zero in
the smeared limit and the classical description becomes reliable. On the other hand, in a
solution which is not in the smeared regime, a large part of the compactification space is
eaten up by the singular holes and there is no reason to believe that the classical solution
is meaningful, see figure 1. For consistency, we should therefore avoid the regime where
the O-planes backreact non-linearly on a large part of the spacetime and consider instead
a regime where the backreaction is small except at very small distances.

Two well-known examples of flux compactifications with O-planes where the above
claims were explicitly verified are DGKT AdS vacua [22, 23] in type ITA string theory and
GKP Minkowski vacua [67] in type IIB string theory. For DGKT, it was explicitly shown
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in [24, 25] that the fully backreacted solution approaches the smeared one at large 4-form
flux (see also [26, 74] for similar results in related setups). For GKP, an analogous behavior
at large volume was shown in ([24], appendix A). See also [75] for earlier work and [76] for
a pedagogical discussion of these ideas.

In the following, we provide a more general discussion of backreaction corrections
which in particular applies to general Dp-branes/Op-planes and general dimension D. Our
discussion follows the general approach developed in [24] and we refer the reader to that
paper for more details.

4.1.1 Leading corrections

In general, finding solutions to the classical equations of motion including the full non-linear
backreaction of the various sources is extremely difficult, as it involves solving a system of
coupled non-linear 2nd-order PDEs (1st order for supersymmetric solutions). However, in
a region of the spacetime where the backreaction is small, we can expand

o =c¢e" Z oy, (4.5)
b=0

where ¢ € {eA,e‘z’,gmn,C’q,l,Bg} denotes any field, ¢ = €%pq is the smeared solution
and 1,2, ... are higher-order corrections encoding backreaction effects. The exponent
a can in general be different for each field (or field component). As we will see below,
the leading corrections ¢; are determined by simple Poisson equations. The expansion
parameter € is for now just a formal device to organize the expansion and we will have to
justify a posteriori that this expansion is self-consistent. We will discuss the corresponding
condition below. For example, in DGKT, one finds ¢ = 1/N, where N is related to the
4-form fluxes, so that expanding around the smeared solution is justified in the large-flux
regime [24, 25]. Since g5 ~ N=3/4 V ~ N3?2 (where V is the Calabi-Yau volume in the
string frame), this is at the same time a regime of small string coupling and large volume.

Our goal is now to compute the corrections ¢ explicitly for general D. For simplicity,
we consider a single Op-plane of codimension n = D — p — 1 and tension QT—; = —1. The
case of several sources is straightforwardly obtained by superposition and will be discussed
further below.

Instead of computing perturbative solutions of the form (4.5) in specific models, we
try to remain as general as possible. In particular, there can be many different scaling
limits of the various fields in which the backreaction becomes small, and we do not wish to
analyze all of them case by case (see [24-26, 74| for explicit examples). Our only input in
the following is to assume that we are in a regime where a) corrections to (components of)
fields which are non-zero in the smeared solution are small and b) terms in the equations
of motion which are quadratic or higher in the corrections can be neglected.'* Under these
two assumptions, the leading corrections satisfy a set of linear equations which can be
solved explicitly and are derived from (2.6)—(2.8), (2.11) as follows:

MNote that the second assumption does not follow from the first one since many compactifications have
fields which are zero in the smeared solution but sourced by the backreaction.
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o We first note that the dilaton and the warp factor are constant in the smeared solution
(with ¢ = Ings and A = 0). This implies that the terms (9¢)?, (9A)? and (DA - 0¢)
in (2.6)—(2.8) are at least quadratic in the backreaction corrections and can therefore
be discarded. The second-derivative terms e?VZe~? and e4V2e? contain terms
which are linear in the corrections and are therefore kept. They reduce to g,VZe?
and VZe? at leading order, where V2 is the Laplacian with respect to the smeared
metric G-

o Expanding the Ricci tensor around the smeared solution yields [24]
B, 1~rs vaw vaw 1~7's~ = 1~2
Rmn = Rmn + 59 (vsvmgrn + vsvngrm) - 59 vangrs - §v Imn (46)

up to terms quadratic or higher in the backreaction corrections, where R, and V,,
are the Ricci tensor and the covariant derivative with respect to g,.,. Here we used
that terms of the form (Vg)? are at least quadratic in the backreaction corrections
since the smeared metric satisfies V§ = 0 by definition of V.

o The remaining terms in (2.6)—(2.8) and (2.11) are simplified by discarding the sub-
leading corrections to the smeared fields. For example, we can replace e2¢\Fq\2 and
|H3|% by g2|F,|? and |H3|? at leading order and analogously for other terms, where
the tildes indicate that the objects are built using the smeared solution. We also
replace Hs A Fj,_3 in (2.11) by Hs A F,,_5 at leading order.?

After these steps, the equations of motion reduce to the following set of equations:

0=—8¢sVZe™® —4dV2e! + 2Ry 4+ 2R p—a — 25™"V2gmn + 2V V" grn — 872(D — 10)

— |H3|* + g:0(%), (4.7)
_ 2 &2 —¢ 52 A d 2 d 7. |2
0= D_QgsV e “+dVie” — R4+ D—247T (D—lO)—D_Q\Hgl
(—1d 9 =49 (n=2)d =
N M ey 20 Sesy 4.
q
- ~ 2 - ~ 1 ~ o~ ~ o~
0= 293vm8ne_¢+dvmaneA+7§mngsv2e_¢_7€mn_ 7grs (vsvmgrn + vsvngrm)
D-2 2
1~ ~ ~ 1~2 ~ 4772 1 = 2 1 ~ 7. |2
=" m vV nyrs a mn mn D_l *H _7mnH
+ 59"V Vagrs + 5V gmn + Gmn 5 ( 0) + 5 H3lmn — 55— 9mnlH3
1 2 ~ 2 q_ 1 - ~ 2) 1 (~ D_n~ ) =
5 F, _7mnF o Hmn_imn 5527 4.
#9985 (1l = =gl ) + 5 D ) 0:0(3) (19)
0= —dF,_1 4 H3 A F,_3 £ (=1)"(""D/25(2)dvol,, (4.10)

where dvol,, = %,1 is the volume form of the transverse space and tildes indicate as before
that we use the smeared fields. The upper sign in (4.10) applies to O-planes and the lower
one to anti-O-planes.

15Tf H3 or F,_3 have several components, the two assumptions stated above do a priori not exclude
that some of the backreaction corrections in Hs A F,,_3 contribute at the same order as the smeared term
.Hg A ang. However, we are not aware of examples of this kind and will assume a regime where this does
not happen.

~19 —



The final step is to substitute the smeared fields in each equation with the smeared
source term ~ 1/V using the smeared equations of motion (i.e., those where the delta
distributions are replaced by (2.10)), where V is the volume of the transverse space. We
thus arrive at'6

5 5 5 . 1 -
0= —8g,V2%e? — 4dV%e? — 2™ V2 gm + 2V V" G — gs (f/ — 5(2)) , (4.11)
2d S ) =9 A (n — 2)d ( 1 ~ )
— \ A (= —5(D)), 4.12
0 D_2gVe +dV-e 2(D_2)g v (%) (4.12)
- . 2 - 1 - -
_ —¢ A ~ 2. —¢ T =rs
0= 29,V 0™ + dVmdne” + 55 Gmngs Ve = 25" (VaVimgrn + ViVngrm
e < 1=y 1 /- D—n 1
=g m vV nyrs a mn = 5 Hmn_7~mn S T—é E ) 4]-
+ 59 VinVages + 5V 2( Y )g (V ()) (4.13)
1 - -
0=—dF,_; F (-1)"n=1/2 (f/ — 5(2)) dvol,,. (4.14)

Note that the right-hand sides of all equations consistently integrate to zero on a compact
space. An explicit step-by-step derivation of the above equations for the DGKT example
can be found in [24].

It is straightforward to verify that (4.11)—(4.14) are solved by

et =1+ igsG, (4.15)
Gmn|| = Gmn|| (1 + ;gsG> , (4.16)
Imnl = Jmnl (1 - ;gsG> , (4.17)

e =gt <1 + 2"_5_295(;) : (4.18)
Fp_y = F,_1 £ (—1)"+D/25 4a. (4.19)

Here g,n)|; gmnL are the parallel and transverse internal metric components, respectively.
We furthermore denote by G the Green’s function of the Laplacian on the transverse space,
which satisfies

V26 = L _5(%). (4.20)

%4

The corresponding expressions for an (anti-)D-brane would be obtained by flipping G —
—G in (4.15)—(4.19). It is also straightforward to generalize the above solution to the case
of several sources. The leading correction to each field is then simply the sum over the
corrections for the individual sources.

'8One might be worried that there could be parametric cancellations between the various smeared terms
in (4.7)~(4.9) such that g;/V is very small and competes with the backreaction corrections we discarded
earlier. A general analysis of this possibility is beyond the scope of this work. However, we will find
in section 4.3 that, in the dS models studied in this paper, the source term cannot be arbitrarily small
but satisfies g5/ V > 1. Some checks we performed in examples suggest that the discarded backreaction
corrections are then subleading compared to g./V and can self-consistently be neglected in the regime
DgsG < 1 (where G will be defined below), which is consistent with independent arguments in section 4.1.2
leading to the same condition.
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Above we only displayed the leading corrections for the fields which are directly sourced
by the O-plane. Some of the other fields can in general also receive corrections (in par-
ticular, the exact piece of F;,_1, other form fields like F;,_3 and H3 or some of the metric
components that vanish in the smeared solution), which are obtained in terms of the dis-
played ones using the linearized equations of motion. To demonstrate this, we state here
the leading corrections to Fj,_3 and Hg for the simplest case where no further fluxes are
present in the smeared solution (i.e., Fq = 0 for ¢ # n — 3). More complicated setups
work analogously by solving the corresponding linear equations. Let us also assume that
the n-dimensional transverse space is a product of an (n — 3)-dimensional space and a
3-dimensional one on which Fn_g and H 3 are harmonic forms, respectively. The relevant
equations are then (2.11) and (2.12), which at linear order in the backreaction become

- D — -
d (3 Fp_3) = F(-1)""=D/24G A Hy — TGngG ANénFn 3, dF,_3=0, (4.21)
d (3, Hs) = £(—1)""D/262dG A F,,_5 — gsdG A %, H, dH; =0,  (4.22)

where we used (4.15)—(4.19). This is solved by'”

Fuca = Fuca 2 (<1702 2d [5, (afly) | + 22 [rd (0 Foca)] - (423)
Hy = Hy ¥ (~1)""D/2g,d 3 (aFys) | + (=1)"d [Fnd (akn5) |, (4.24)

where the function a satisfies V2o = ¢;G + const. and the constant is chosen such that
integrating the right-hand side over the transverse space gives zero.

4.1.2 Validity of the expansion and relation to singularities

Now that we know the leading backreaction corrections to the smeared solution, we need
to determine when they are small. One might naively guess that the regime of small
backreaction is simply ¢g;G < 1. However, we claim that the parametrically stronger
condition

Dg,G <« 1 (4.25)

is required up to O(1) factors at large D > 10. To see this, consider the situation where
the RR tadpole of the O-plane is cancelled by a flux [ Hs A F,,_3. Using the solution of
section 4.1.1, we find that the energy density of the RR flux is
D—4 - ~ g D—6_- .

e2¢’Fn—3‘2 = 93 (1 + 4gsG> ’Fn—3‘2 + 2v121730‘§S - Tv273a|gan—3‘2 (4'26)
at linear order in the backreaction, where the tildes on the right-hand side indicate as
before that the objects are constructed with the smeared fields. Recall further that o
satisfies V2o = g,G + const., where V2 = V2_; + V3 is the Laplacian on the n-dimensional
space transverse to the O-plane. By @%,3 and @3, we mean the Laplacians on the (n — 3)-
dimensional and 3-dimensional subspaces on which F,_s and Hj live, respectively.

7 To see this, note that d [ind (Oéﬁg)} = (—1)"(gsG +const.) FnHs+%nd [;nd (o&nffg)] and analogously
for the other exact terms.
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We observe that the energy density of the RR flux is corrected by three terms: one
term ~ DgsG and two terms ~ @i sa. Importantly, the Dg,G term does not cancel
with the Vn 3 terms at a generic point on the transverse space. Indeed, for n = 3, the
latter just vanish. For n > 3, they do not vanish in general (except in special solutions
like GKP [67]) but are different functions than the DgsG term and thus cannot cancel the
latter at a generic point. We thus conclude that we should demand (4.25) to control the
backreaction corrections, as claimed above.!®

In models where the RR tadpole of the O-plane is not cancelled by fluxes but by an
anti-O-plane, deriving the condition (4.25) is a bit more subtle.'” One way to motivate it is
to consider the backreaction of the O-plane on the anti-O-plane (or vice versa) and demand
that this should be small. The action of the anti-O-plane in the background generated by
the O-plane is

/ dP"g (1 + D8293G> (4.27)

at linear order in the backreaction, where G denotes the Green’s function associated to the
O-plane (i.e., V3G = % — 0(%), where 6(X) has support on the O-plane, not the anti-O-
plane). We thus again observe the crucial D factor in the integrand, leading to (4.25).2°
One might complain here that one should not expect our expansion to be valid at the
source locations in the first place. Indeed, the backreaction of a localized source diverges
in its own vicinity and we should not plug this back into its own action. However, we
believe it still makes sense to demand as above that the backreaction of a source is small
at the location of the other sources since otherwise the smeared approximation stops being
reliable.

An alternative argument is that corrections to the transverse metric determinant
VIn = \Vn (1- 1 9s @) should be small since the transverse volume appears in the defi-
nition of the smeared source terms. This then again implies (4.25) unless n < O(D) in
which case (4.25) follows from demanding small corrections in (4.18). Finally, we expect
that the condition (4.25) may also follow from various higher-than-linear corrections in the
equations of motion, which we do not compute here.

18 A subtlety occurs in the case where n is large, but this does not change the conclusion. In particular,
let us assume a generic point on the transverse space and no parametrically large anisotropies so that
derivatives of o along the 3-dimensional subspace with Hs flux are not parametrically larger than derivatives
of a along the remaining n — 3 dimensions. We then expect that Via < V2_sa at large n and therefore
V2Z_sa — Via = ¢.G up to 1/n corrections. The V2_sa corrections and the Dg,G corrections in (4.26)
might thus cancel each other at leadmg order, which would invalidate our estimate for the backreaction.
However, we find €*?|F,_3|* = g2 (1 -Lg.G+0(2 )) |Frs|® 42 (gSG + O(%gSG)) %, where the %
term can be neglected since % < G2 EFn—3|? in bOluthIlb with O-planes (cf. the discussion around (3.4)).
The leading corrections to the RR energy density are thus ~ DgsG so that we again require (4.25) just as
for small n.

¥ 0ur discussion also applies if the tadpole is cancelled by D-branes but this cannot happen for all O-plane
charges in the dS case since a net negative tension must remain according to (2.14).

20Since (4.20) only determines G up to a constant, one might wonder whether this freedom can be used
to set the corrections at the locus of the anti-O-plane to zero. However, once the moduli are fixed, it is
clear that there cannot be any free parameters. The constant in G must therefore be fixed by the equations
of motion at higher orders in the backreaction expansion.
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We have seen that the O-plane backreaction is small at points on the manifold
where (4.25) holds. At all other points, the backreaction is non-linear and the expan-
sion around the smeared solution breaks down. For finite g,, this inevitably happens in
a finite region surrounding the O-plane since G' diverges like 1/r"2 (for n > 2) at small
distances r. As explained before, we furthermore expect a singular hole to open up in this
non-linear region. In the limit Dg;G — 0, the size of this singular hole goes to zero and
the smeared approximation becomes reliable everywhere on the manifold, see figure 1.

Let us illustrate this in an explicit example. We consider an O3-plane in GKP, i.e.,
a Calabi-Yau orientifold of type IIB string theory with D = 10, d = 4, n = 6. The
solution including the full non-linear backreaction is known in this setup and given by
Gmn =€ 4G, e M =1 - ¢,G, e® = g, [67]. This yields

92| 3

21 12
e“P|F3l = ——————.
‘ 3’ (1—g5G)3/2

(4.28)

Using that the smeared GKP solution satisfies g2|F3|> = |H3|> = % [75], one can check
that (4.28) agrees with (4.26) at linear order in ¢g;G as it should.

What happens in the non-linear regime? As we move from a region of small backre-
action towards the O3-plane, gsG becomes larger in the denominator of (4.28) until we
eventually reach a singularity at gsG = 1. At all points with ¢;G > 1, the energy density
is formally imaginary, which is incompatible with a positive dilaton and a positive-definite
metric and clearly indicates that the classical solution is no longer trustworthy. It is nat-
ural to expect that string corrections blow up in this region and significantly modify the
classical solution to cure the naive singularity. We thus have large string corrections for
9sG 2 1, which is the same regime where the backreaction becomes non-linear.

To summarize, O-planes are surrounded by a stringy region where the classical ap-
proximation breaks down. From the point of view of the (backreacted) classical solution,
this region looks like a singular hole. Its size can be estimated by determining the locus in
spacetime where the backreaction is non-linear.

Returning to general D > 10, we expect that the classical solution breaks down for
9sG 2 1/D since as we showed the backreaction becomes non-linear there. Strictly speak-
ing, this is an assumption since neither the full non-linear backreaction nor the stringy
resolution of the classical singularities are known in general compactifications (in partic-
ular, in the supercritical case). We can therefore not exclude that there are backgrounds
where for some reason O-planes backreact more mildly than in the known examples (see
appendix B for a toy model). However, in all examples we are aware of, finite-distance
singularities are indeed a characteristic feature of an O-plane in the regime where the non-
linear backreaction sets in. Moreover, it follows from (4.26), (4.27) that, even in the absence
of stringy effects, the classical backreaction alone would already significantly modify the
smeared solution for g;G 2 1/D. We therefore in any case lose control in this regime
unless we compute the solution non-perturbatively in g;G, which would be very difficult in
practice. For these reasons, we believe that (4.25) is a well-motivated condition for control,
and we will impose it in the remainder of this paper.
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4.1.3 Backreaction of several sources

How does the condition DgsG < 1 generalize to the case of several sources? We claim that
the appropriate generalization is
Dgs Y Gi <1, (4.29)
i

where ¢ runs over all sources and G; are the corresponding Green’s functions. It is straight-
forward to verify this if all sources are wrapped on the same cycle. Indeed, the total cor-
rection to a field due to the backreaction of all sources is at the linear level simply the sum
over the corrections due to the individual sources. Therefore, all we have to do is repeat
the argument of section 4.1.2 replacing G by Y, G; in all expressions, which yields (4.29).

On the other hand, if the sources wrap different, possibly intersecting cycles C,, it is
less obvious that (4.29) is the correct condition since the Green’s functions then do not just
appear in the corrections as the sum ) ; G; but with different prefactors that depend on the
codimensions of the sources and on how they overlap. For example, in a metric component
parallel to sources on C; and transverse to sources on Ca, the Green’s functions of the two
sets of sources have a relative minus sign: gmn = Gmn (1 + %gs Ziecl G; — %gs ZiGCQ G;
(cf. (4.16), (4.17)). Similarly, the two sums of Green’s functions can appear with relative
prefactors in the corrections to the RR energy densities. It is therefore not straightforward
to repeat the argument of section 4.1.2 in this case. In particular, one may wonder whether
there could be cancellations between corrections from C; and Cy so that the total backre-
action is small even when (4.29) is parametrically violated. However, this cannot happen
at generic points since, by assumption, the Green’s functions of the sources on C; and Co
depend on different coordinates so that they can at best cancel at a measure-zero subset
of the points. We should therefore demand that the corrections associated to each cycle
are small individually, i.e., Dgs ) ;cc. Gi < 1 for each C, on which sources are wrapped.
Summing this over a then again implies (4.29) up to O(1) factors as in the single-cycle case.

This argument assumes that the number of cycles with wrapped sources is O(1) but
leads to a parametrically weaker condition than (4.29) if we put sources on parametrically
many (e.g., O(D)) different cycles. We will not present a fully general proof of (4.29) in
this latter case. However, such tricks to avoid parametric problems do typically not work
in string theory, and we anticipate that the naively gained factor D may be lost again
elsewhere so that one again arrives at (4.29).

In section 4.3, we will discuss a class of models with H3 and F},_3 fluxes where it is not
difficult to derive (4.29) although the O-planes wrap O(D) different cycles. The reason is
that the O-planes in these models are oriented such that F;,_3 is transverse to all of them.
The expression for the RR energy density is thus

D—4 .
e¥|F,_3? = ¢° (1 + 4gSZGi> |Fn s>+ ..., (4.30)
7

where ¢ runs over all sources on all cycles. The dots stand for additional terms with
a different functional dependence (like the V2 s terms in (4.26)). We thus find that
controlling the backreaction requires (4.29) in these models in spite of the parametrically
large number of wrapped cycles.
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Let us finally also reinstate the dependence on the tension, which we have set to
:g’;? = —1 until now. The condition for small backreaction is thus

Dgs Y |T,,|Gi < 1, (4.31)
7

where we in general allow sources with negative and positive tension. Note that the absolute
value |T},| appears instead of T},, here since the combined backreaction of two sources with
opposite tensions T}, = -1}, is generically of the order T}, rather than cancelling out
(recall that we do not care about a factor 2 but only about the parametric behavior). This
is true unless these sources are placed on top of each other (or at a very small distance),
which would be captured by simply setting 7}, = 0 for ¢« = 1,2 in the above sum. For dS
vacua, it cannot happen that 7, = 0 for all 7 since a net negative tension must remain to
satisfy (2.14). It is therefore not possible to trivially satisfy (4.31) by locally cancelling all
O-plane tensions using D-branes.

4.1.4 The small-hole condition

Where on the manifold should we impose (4.31)? Since G; diverges like 1/r"~2 at small
distances r from a source, it is inevitable that the backreaction becomes large sufficiently
close to it (cf. figure 1). It is therefore clear that (4.31) cannot hold everywhere (assuming
that gs is finite). One might now give up and claim that compactifications with O-planes
cannot be described classically and instead always require a fully non-perturbative compu-
tation. However, we believe this is too pessimistic. A milder condition proposed in [16, 24]
(see also [6]) is the following:

Small-Hole Condition (SHC): The classical description of a string compactifi-
cation with O-planes is reliable if the singular/stringy regions generated by the
O-planes cover a sufficiently small fraction of the compact space.

We stress that this is obviously only a necessary and not a sufficient condition for a classical
solution to be a consistent string vacuum, as there might be additional problems that are
not visible at the level of the classical equations of motion but only at higher orders in the
o’ expansion or non-perturbatively.

How small is “sufficiently small”? The idea behind the SHC is that the classical descrip-
tion is reliable if the local divergences near the O-planes, and the associated stringy effects,
do not significantly affect the long-distance physics. In particular, we should demand that
d-dimensional observables (such as moduli masses, couplings or the cosmological constant)
can reliably be computed using the classical solution, in spite of its breakdown at very
short distances. This should precisely be the case when the regions where the backreaction
blows up are small enough that their contribution to integrals over the compact space is
negligible. Technically, this is motivated by the fact that the d-dimensional effective action
is obtained by dimensional reduction of the D-dimensional one, i.e., by integrating the
D-dimensional Lagrangian over the compact space.

The prime example illustrating the logic behind the SHC is again DGKT, where the
fraction of the compact space covered by the stringy regions near the O6-planes goes to
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zero in the large-flux limit N — oo (measured in the smeared metric). Proving that string
corrections to d-dimensional observables become negligible in this limit is of course hard
without explicitly knowing the full non-perturbative solution. However, a parametric esti-
mate suggests that, for large enough N, the 4d scalar potential is indeed well-approximated
by the smeared solution in spite of the local divergences near the O6-planes ([24], section 5).

It is natural to wonder whether large D could in a similar way serve as a control
parameter for supercritical dS models, in the sense that the stringy regions surrounding
the O-planes shrink to zero in the limit D — oo. However, this is not the case, as we will
see in the remainder of this paper. In particular, we will argue that the SHC is violated in
supercritical dS models.

4.2 Estimating the Green’s function

We argued in section 4.1 that the condition Dgs Y, |Tp,|G; < 1 is a reasonable proxy for
small backreaction and control over the classical solution. We would now like to understand
how this condition constrains the geometry of the spaces transverse to the sources. To this
end, we have to estimate the Green’s functions.

Let us again consider a single source of codimension n = D — p — 1 and an associated
Green’s function G. We choose to normalize G such that G = 0 at its minimum, which can
always be done by a constant shift.2! To simplify the notation, we will furthermore drop
the tildes on top of Laplacians, volumes, etc. in the following. It is understood that these
quantities are always defined using the smeared metric.

How can we estimate the magnitude of G on a general n-dimensional manifold? A
quick estimate is to consider the Green’s function in flat space G ~ r~(=2) (for n # 2),
where 7 is the radial distance to the source. Evaluating this at a generic distance r ~ O(R),
where R is a length scale characterizing the compact space, yields

1
G~ =k (4.32)
The same conclusion is reached by considering the defining equation
2 1
VG = v (%), (4.33)

where V denotes the volume. Since the Laplacian scales like R~2 and the volume scales like
R", we conclude again that G must scale as in (4.32), without having to assume anything
specific on the manifold. A familiar example is the warping generated by a D3-brane on a
Calabi-Yau 3-fold in type IIB string theory. Since the D3-brane is pointlike on the Calabi-
Yau, we have n = 6. The length scale R is in this case determined by the string-frame
Calabi-Yau volume as V ~ RS. The warping corrections are thus of the order g,G ~ %
at generic points on the Calabi-Yau. At very small distances r < R from the source, the
backreaction is of course much stronger, as G then diverges like 1/7%.

The estimate (4.32) is often very helpful to get an intuition for the backreaction.

Indeed, it correctly predicts how the backreaction behaves under rescalings of the overall

2INote that, according to (4.20), our sign convention for G is such that it grows approaching the source
and consequently it must have a minimum somewhere in the compact space.
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volume while keeping the shape of the geometry fixed. In particular, we can read off
from (4.32) that the backreaction becomes small in the large-volume regime (for n > 3).
Nevertheless, relying on this estimate can be deceptive for (at least) two reasons, as we
now explain.

4.2.1 Anisotropy

The first reason is that the space can be highly anisotropic, i.e., be characterized by several,
parametrically different length scales. As a simple example, consider a 3-torus consisting
of one large circle with radius R; and two much smaller ones with radii Ry, R3 < Rj.
We choose a metric ds? = S22, (27 R;)?dz? with z; € [0,1] and put the source at z; = 0.

We now ask how the Green’s function Gps(¥) of the 3d Laplacian scales with the radii on
effectively like the Green’s function on a circle. At large Ry, this is true almost everywhere

such a space. We expect that, at all points with x; > the Green’s function looks
on the torus. See (][26], appendix D) for a numerical verification of this claim (and an
analytic proof for the simpler example of the 2d cylinder). We can thus make the ansatz
Grs(Z) = C(z3—|z1]|+3) up to small corrections. Here C is a constant which can be fixed by
demanding that we recover the ordinary circle Green’s function Ggi(z1) = mRy (23 —|21|+7)
when integrating over the two small dimensions: [ dzadzs,/g Gys(Z) = mRy (23 — |z1]+ ).
This yields

- R 1 Ry R
Or@ = pg (-l +7). m> Rl (434

At a generic point on the torus, the parametric scaling of Gps is thus Gz ~ %}33. For the
case R; = R, this would reduce to Gz ~ %, in agreement with (4.32) for n = 3. However,
making R; large at fixed volume, the backreaction becomes much stronger.

It is useful to write the scaling of the Green’s function in a unified way by expressing
it in terms of the volume V = 873 R; Ry R3 and the diameter D ~ 7wRy:

D2
G~ T (4.35)
This correctly reproduces the scaling for the isotropic case R; = R and in all anisotropic
limits where one of the radii is much larger than the other two.

In fact, we claim that (4.35) is a reliable estimate not only on the torus but on a general
manifold (aside from a dimension-dependent factor determined further below). First of all,
the inverse volume scaling in (4.35) follows immediately from (4.33) at any point away from
the source. For dimensional reasons, we have to multiply this with a squared length scale.
As the 3-torus example demonstrates, this should be the longest length scale available, so it
is natural to multiply by D?. In particular, in a regime where a manifold is stretched along
neg of its n dimensions in such a way that it becomes very long and thin, it effectively looks
neg-dimensional at all distances from the source which are larger than the size of the small
dimensions. The Green’s function in this regime should then agree with the corresponding
neg-dimensional Green’s function at generic points on the manifold and therefore scale with
the diameter like G = GoD? " where Gy is a factor which does not depend on D. This
is precisely reproduced by (4.35) since V' = VD" in the stretched regime.
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4.2.2 Large dimension

A second caveat with (4.32) is that, in the large-n regime, we have to be very careful
with n-dependent factors since these can parametrically affect the scaling of G. This is
particularly relevant for this work: since we are interested in string compactifications at
large D, also n can be large.

As an example, consider the Green’s function of the n-sphere with radius R:

Gn(6) = ?/2 (732 / do [sin(@)l_" ( / d6sin(6)"" + 01)] + 02) , (4.36)

where 6 = [0, 7] is the polar angle and D = R is the diameter. This can be verified by
integrating (4.33) using the standard Laplacian in spherical coordinates. The integrals are
indefinite ones, where we absorb the arbitrary integration constants into C7 and Cs. We
choose the integration constant C; such that the source sits at ¢ = 0 and Gl =0 at 6 = 7.
As stated before, we choose the second constant Cy such that min(Ggn) = Ggn(mw) = 0.

We first observe that, at large n, the estimate (4.35) is super-exponentially larger than
the estimate (4.32):

V 27 2 V2

This demonstates that, at large n, we need to carefully distinguish length scales even in

D2 R2—nn21 ntl 2 n/2
= ng ) ~ T ( n ) R, (4.37)

v 2me

an isotropic space. In particular, the two length scales V/" and R differ parametrically at
large n for the n-sphere, leading to the large discrepancy between (4.35) and (4.32).

The overall factor %2 in (4.36) appears to support the proposal (4.35). However, to
verify this, we have to study the #-dependent factor inside the brackets in (4.36), which

we denote as Ggn = 755Ggn from now on. For n = O(1), we find that Ggn is an O(1)
function of 8, except at small 6 where it diverges, see figure 2. We thus obtain Ggn 2 %2,
in agreement with (4.35).

At large n, things are more subtle. Taking the limit of large n (at fixed %2), we
observe that the source becomes very thick, with a hard wall at 6 = 6. ~ § separating
a region of vanishing backreaction from a region of huge backreaction, see figure 2. Our
numerical analysis suggests that the wall approaches . — 7 in the limit n — co. At large
n, it is therefore not accurate to say that Ggn is an O(1) function. Rather, Ggn — oo in
roughly one half of the 6 interval and Ggn — 0 in the other half. One might be tempted
to conclude from this that the region of large Gg» occupies about half of the volume of the
sphere. However, as stated before, one should not jump to conclusions at large n. Indeed,

we numerically verified that the fraction of the volume occupied by points with large Ggn
Bx(n) ian—1
. dfsin™~1(0)
0 —
tends to zero at large n, nlgrolo o) 0.

As we explained in section 4.1.4, we believe it would be too strict to demand small

backreaction everywhere on the sphere. Instead, we would like to allow large backreaction
in a small fraction of the volume and only demand small backreaction at generic points.
Let us therefore ignore the region 6 < 6, and focus on the region 6 > 6, where most points
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Figure 2. Profile of the Green’s function of the n-sphere at fixed %2 = 1 for different choices of
n (top). At large n, the Green’s function scales like = 1/n (bottom).

on the S™ lie. Our numerical analysis shows that Ggn scales like 1/n in this region, see
figure 2. The n-sphere example thus suggests the following refinement of (4.35):

1 n=0(1)

G2 cG(n)v, ca(n) ~9 1 o . (4.38)
= n
n

An obvious exception is the minimum of G where in our conventions G = 0.

Let us study another example, the n-torus. For simplicity, we choose equal radii R; = R

for all i =1,...,n. We further choose the fundamental domain to be x; € [—%, %] and put
the source at x; = 0. The Green’s function is then [77-79]
4D2 > a —4n2s
Grn(i) = 0 | ds <1;[1 03 (i, e™1™) —1 (4.39)

up to a constant shift, where we used D = wy/nR, V = (2rR)™ and 03 is the Jacobi theta
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function defined by
O3(b,e70) = Y emanit2miln, (4.40)

n=-—o0o0
Confirming (4.38) for the n-torus thus amounts to showing that (4.39) scales at least like
1/n at large n and fixed %2. To verify this, we define

Gro (2) = % /0 T ds (65 (=, ef4ﬂ28)” ~1), (4.41)

which probes the Green’s function along the diagonal x; = z. This should be sufficient for
1
29
which is farthest away from the source (and therefore the backreaction is the weakest).

our purpose of confirming the scaling 2 1/n since the diagonal includes the point z; =

Our numerical analysis shows that, analogously to the n-sphere, the source again becomes
a hard wall at large n, i.e., Grn diverges for a subset of the points and scales like 1/n
for the remaining ones (see figure 3). Although we will not discuss it explicitly here, it is
straightforward to verify analogous results also for points which do not lie on the diagonal.

It would be interesting to determine the precise boundaries of the divergent region and
the fraction of the volume covered by it, as we did in the n-sphere example. However, since
this is much more involved than in the n-sphere case, we will not attempt this here. In
any case, our results show that Grn 2 1/n and therefore the Green’s function scales like
Gn 2 %, providing another non-trivial check of (4.38).

In conclusion, (4.38) correctly predicts the scaling of G in several non-trivial examples,
in particular in examples with large anisotropies and in examples with large n. Inter-
estingly, both the n-sphere and the n-torus exhibit the same 1/n scaling in (4.38). This
suggests that (4.38) is independent of the topology and the curvature of the manifold and
a general property of Green’s functions at large n. A heuristic argument is that, for unit
diameter and in a locally orthonormal frame, G = %G satisfies S0, 02,G = 1 at the
minimum, and so we have 83,19 ~ % for each direction. We thus expect that G scales like %
near the minimum and keeps growing towards the source position where it diverges. This
suggests that the estimate (4.38) holds in general, in particular also for negatively curved
manifolds.?? Nevertheless, given that we have not explictly tested (4.38) on many different
manifolds, we leave open the possibility that manifolds might exist in which the backreac-
tion is weaker at large n. Proving a rigorous lower bound on G that confirms (4.38) is an
interesting geometry question which we leave for the future.

As a final comment, we note that (4.38) is consistent with a rigorous upper bound
on G due to Cheng and Li [80] (see also [81], chapter 3). Consider a compact n-
dimensional Riemannian manifold M whose Ricci curvature is bounded from below such
that Rypu™u™ > (n—1)K for some K € R and all unit tangent vectors ™. Further define

the shifted Green’s function Gcy, = G — iVLG such that f/vl Gcr, = 0. Then Gy, satisfies

the bound
D2

75

22For metrics with large anisotropies, we further expect that n is replaced by the number of large dimen-

Ger > —vy(n, Ko) (4.42)

sions neg along which G should dominantly vary, as discussed in section 4.2.1.
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Figure 3. Profile of the Green’s function of the n-torus along the diagonal x; = = at fixed DVZ =1
for different choices of n (top). At large n, the Green’s function scales like 2 1/n (bottom).

where v > 1 is a constant which only depends on the dimension n and Ky = KD2.

Substituting Gcr, = G — # into (4.42) and evaluating the bound at the point where
G = 0, we find that the average of G' over the manifold is bounded from above by
Iu G D?

vV <v(n, Ko)—- (4.43)

Note that, while warped metrics in string compactifications can have singularities and may
not have a bounded Ricci curvature as assumed above (see, e.g., [61] for a recent discussion),
G is defined with respect to the Laplacian of the smeared metric for which no singularities
appear and the Ricci curvature is bounded. G must therefore satisfy (4.43). Evidently,
since v > 1, our proposal (4.38) is consistent with this requirement. This does of course
not exclude the possibility that there might be metrics which violate (4.38). Nevertheless,

G
it could have been that there is a bound fMT <+ %2 such that v/ < % for some manifolds,
which would have been in conflict with (4.38). It is reassuring that this is not the case
for (4.43), independent of the sign of K.
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4.3 Magnitude of the O-plane terms

In this section, we argue that the O-planes (and, if present, D-branes) in supercritical dS
models?? satisfy the lower bound

T,
gs Y | ;' z1 (4.44)
i K2

in the smeared solution, where we ignore O(1) numerical factors as before and focus on
the scaling with D.

We first verify this in models without Hs flux (or Hs flux with subleading energy
density |H3|?> < D).?* The dilaton and Einstein equations then yield

pi —4 T,
472 (D — 10) Z |F|2+ Z 41 2;’{/'. (4.45)
(]

\Tpil

Violating the bound (4.44) by assuming g, ; =~ < 1 would imply gs| >, Ty Z] < 1 and

gs| > pilp 1| < D so that the source terms Would be subleading in the above equation
compared to the term on the left-hand side. Since ¢ < D, it then follows that g2 " g S F? 2
1 or else the equation has no solution. However, this is inconsistent since we know that
gs| > T‘ﬁl 2>, |[Fy? must be of the same order in D because of (2.14), (2.21). We
thus conclude that the bound (4.44) must be satisfied.

A similar bound can also be derived in the asymmetric-orbifold model of [37, 48].

Recall that Rp_gq = ]Hg|2 = 0 in this model and that we should not impose the internal
Einstein equations since the internal metric is not dynamical. However, the dilaton and
external Einstein equations (without trace reversal) yield

d+2 T,
47%(D — 10) —*QSZ‘FF Z%pv. (4.46)

> D wwhich implies (4.44) and is parametrically

This can only be satisfied if g 2 g

Ty,
i v

stronger unless d is large.

The remaining case are models with leading |H3|> ~ D. This case is somewhat more
involved than the others and we will not present a fully general proof of (4.44). We will
instead focus on a concrete class of geometries and show that (4.44) is implied there by
tadpole cancellation. In particular, we consider as the internal space a product of m 3-
manifolds, on which we put Hj flux, times possibly another factor without Hs flux:

Mp_qa= M;(), ) x M(Z) X /\/lém) X Mp_d—3m. (4.47)

This is a fairly general class of models as we do not make any further assumptions about
the geometries of the various factors.

To derive (4.44) in these models, we proceed under the assumption that (4.44) is

. . T,

violated (i.e., gs >_; #

V7 | < 1) and then show that this leads to a contradiction.

Z30ur arguments also apply to Minkowski vacua with O-planes.

24In simple models where all sources have the same p and all RR fluxes have the same ¢, we found that
setting H3 = 0, d = O(1) and Rq > 0 yields tachyons in the volume-dilaton moduli subspace. However,
there might be more complicated setups avoiding this issue.
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We first note that, at leading order in D, the Einstein and dilaton equations yield

1
Ronn = §|H3|2 |H3|? = 47*(D — 10), (4.48)

mn?

where we again used that the RR and source terms have to be of the same order in D
and are therefore subleading. In order to satisfy (4.48), we have to put Hs flux on the

3-cycles in (4.47). We can write Hz = Y./, Héa) =>m, %‘;"1‘1, where dvol, and v,

are the volume forms and the volumes of the 3-manifolds and h, are the quantized fluxes

satisfying [ M H?Ea) = hy € Z in string units. The energy density of the flux on a single

3-cycle is thus
ha
v2’

[P = (4.49)

The corresponding 3-manifold needs to be positively curved and Einstein since R, =
$|Hsl2, = % 9gmn at leading order in D. The 3-manifold could thus, e.g., be a 3-sphere or
a lens space. The Bishop-Gromov inequality [82, 83] now implies that v, < Vol(S?) for any
such manifold, where Vol(S3) denotes the volume of the 3-sphere with the same curvature

2 3/29,.2 2,3
R(@) — % We thus have v, < %(«;)237;2 = 1|6}:1 |§“ and therefore

1672

‘H(Q)P <
’ |hal

(4.50)

with equality for the 3-sphere. Since h, is quantized, this means that |Hga)|2 on that
particular 3-cycle cannot be larger than 167%. However, the equations of motion impose
that the total |H3|? satisfies |H3|? = 472(D — 10). We thus conclude that we require Hj
flux on at least m = % 3-cycles and that the energy density on each of these 3-cycles is
]Héa)|2 = O(D"). In addition, we could allow further 3-cycles with small energy densities
|H. éa) |2 < 1, but these turn out to be irrelevant for the argument so that we will not discuss
them further.

Recall now that we require O-planes for dS because of (2.14). In order to stabilize the
dilaton, we then also have to turn on an RR flux F, according to (2.21). This generates a
flux tadpole Hz A Fy; on m (q + 3)-cycles Co = C?()a) x Cq4. For simplicity, we only consider
RR flux on a single g-cycle here.

The flux tadpole must be cancelled by (anti-)Op-planes or (anti-)Dp-branes with ¢ =
D —p — 4. We thus have

Hg(,a) AF, = (_1)(q+2)(q+3)/22§‘a/a *q 1 (4.51)

for all a, where Q, = > ;¢ @p, denotes the total charge of all sources contributing to
the tadpole on C,. We further denote by *,1 = *2?31 and V, the corresponding (q + 3)-
dimensional volume forms and volumes, respectively (which should not be confused with
the 3-dimensional volumes v, used earlier).

Crucially, the sources contributing to (4.51) wrap m — 1 of the m Mg factors in (4.47)
and thus have Hs on their worldvolumes. We can therefore not have (anti-)D-branes

in (4.51) due to the Freed-Witten anomaly [84]. The sources are thus (anti-)O-planes,
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which implies that |T,| > |Q.| and T, < 0 on each cycle.?> However, it is not clear to us
whether the required intersection pattern of the O-planes can consistently arise from an
orientifold involution.?6 If this is not the case, (anti-)O-planes are excluded in (4.51) as
well, which means that the flux tadpole cannot be cancelled in these models. Our earlier
assumption gs >, u‘%‘ < 1 thus leads to a contradiction and (4.44) must be satisfied
instead, as claimed in the beginning of this section.

On the other hand, if the above intersection pattern does arise in consistent orientifolds,
there is no immediate contradiction. However, the above inequalities for (), and T, then
again lead to (4.44), as we now show. In particular, it follows from (4.51) that

_ o pasaraatals” Qo
F,=(-1) O (4.52)

We thus obtain
92 Qs 2 2 Q2

4.53
]H |2(27TV) SVQ’ (4.53)

93|Fq’2

where in the last step we used that ]H \2 O(1) on each 3-cycle.

Combining our various results, we can now derive the following chain of relations:

2
|Tal Qal\* 0 0@ 2 2 Ta 2 |Tal
(952 v, > gsz v, ~ D% sV2 ~D%g |Fq| ~ D%y, Zva NDQSZ?(I‘
(4.54)

In the first step, we used that |T,| > |Qq| on each cycle. In the second and third steps, we
used that we have O(D) 3-cycles and that ‘Q“| has the same order of magnitude for each
of them according to (4.53). In the fourth Step, we used the by now familiar fact that the
O-plane and RR terms have to be of the same order for dS. Finally, in the last step, we
used that T}, on each cycle is negative. We thus conclude

Z |

T,
“’ Z' bl > D2 (4.55)

This is again in contradiction with our earlier assumption gg )", | &1‘
K2

our initial claim (4.44).27

Z5Here we do not consider exotic positive-tension objects such as OpT-planes, whose consistency conditions
would require a separate analysis.

26T particular, note that each O-plane worldvolume shares three dimensions with transverse spaces of
other O-planes, which naively means that the worldvolumes cannot be invariant. In familiar examples like
type ITA orbifolds with intersecting O6-planes, the corresponding worldvolumes and transverse spaces share
an even number of dimensions, at least for the standard orientifold projection ([85], section 4.2).

27 Aside from the (anti-)O-planes cancelling the flux tadpoles, one may try to put further O-plane/anti-
O-plane pairs on other cycles on which no flux tadpole arises. The right-hand side of (4.54) would then
read D*g3|Fy|* ~ D?g| > .00 O-planes 7;27 +> . %| > D?g.| Y, ‘T/—‘:| and thus the same inequality (4.55)
would again follow from (4.54). Another 1dea is to put brane/anti- brane pairs on cycles without Hs flux
such that D?gZ|Fy|* ~ D?gs| >, .\ V DI #l< D?g.| >~ +2|. This naively violates (4.55) but

k3

introduces open-string instabilities which would have to be stabilized somehow.

~ 34—



One might wonder whether there is a way to choose the orientation of F; such that
H3 AN F; = 0 to avoid generating a flux tadpole and violate (4.55). However, it is easy
to see that this is impossible. For example, consider the case where the 3-manifolds with
Hj3 flux are 3-spheres. We assume that Fj is a harmonic form as usual. Evidently, Fj
must then have either three or zero legs on each S® factor since by = by = 0 on an S°.
In fact, the only allowed option is zero legs since the RR equations of motion impose
H3z A xF; = 0 for harmonic fluxes. It thus follows that H3 A Fj is non-vanishing and
therefore it is unavoidable that a flux tadpole is created. The same argument actually
holds more generally if we replace the S3 factors by an arbitrary product of 3-manifolds.
Recall that the equations of motion impose a positive Ricci curvature Ry, = % Gmn ON
each 3-manifold at leading order in D. By a theorem due to Bochner [86, 87], it then follows
that by = by = 0 so that we can again make the same argument leading to H3 A F, # 0.

It might be possible to avoid the above conclusions by turning on several RR fluxes or
by considering manifolds which are not of the product form (4.47). In particular, preventing
a flux tadpole for arbitrary choices of the h, fluxes would require a positively curved
compact manifold with harmonic 3-forms w;(;a) and a harmonic g-form w, such that wéa) A
Wq = wéa) Axwg = 0. Furthermore, this would have to hold for 2 O(D) independent 3-forms
unless the argument around (4.50) (which assumed a product space) does no longer hold.
If manifolds with these properties exist, one might be able to fine-tune the O-plane terms
to values much smaller than (4.44). We anticipate that this may create new problems such

as tachyons, but we leave a detailed study of this possibility for future works.

4.4 Putting everything together

We are now ready to put the results of sections 4.1-4.3 together and state our main argu-
ment. Let us recap what we did so far. We first argued that backreaction effects are of the
order (cf. (4.31))
B=Dgs Y |T,|Gi, (4.56)
(2

where ¢ runs over the various sources and G; is the Green’s function of the Laplacian on the
corresponding transverse space. We then argued that a general estimate for the Green’s
function is (cf. (4.38))

D;
Here n; is the dimension, V; is the volume and D; is the diameter of the transverse space.

G > (4.57)

Finally, we argued that the source terms satisfy the bound (4.44):

[T
P>, 4.58
We now use these results to derive an upper bound on the diameters of the transverse
spaces that needs to be satisfied in dS models with a controlled backreaction. To this end,

we substitute (4.57) in (4.56) to estimate the backreaction as

BZgsd

i

D |T,,|D;

4.
ni Vi (4:39)
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Let us further define the weighted average®®

Y = (4.60)
T, |
i,
Dividing (4.59) by (4.58) and using (4.60), it now follows
D? . B
4.61
"< (4.61)

As explained in section 4.1, a necessary consistency condition is that the backreaction is
small on most of the compactification space, i.e.,

B« 1, (4.62)

since otherwise a singular hole eats up a large fraction of the space and makes the classical
approximation unreliable. We thus have to demand
D21

<« = 4.63
— <5 (4.63)

i.e., the average diameter of the spaces transverse to the O-planes must be very small at
large D. This is one of the main results of this paper.

In many models, (4.63) immediately leads to a contradiction. In particular, there are
classes of manifolds for which rigorous lower bounds on D are inconsistent with (4.63). To
see this, let us for simplicity compactify on a product space Mp_4 = Mp_g4_n x M,, where
Mp_q_n is wrapped by the O-planes and M,, is the transverse space. Now assume, for
example, that M,, is a Kéhler-Einstein manifold with Ricci curvature R = (n— 1)K gmn
for some K > 0. Then, as shown in [65], the diameter is bounded from below as D 2>
(nK)~Y2 up to O(1) factors. We can now determine K using the Einstein and dilaton
equations. For Ry > 0, the equations imply that the scalar curvature of M,, satisfies

3 n—3 T, 3 T,
< S47*(D - 10) — P« Z4n?(D -1 pl 4.64
Ry < S47*(D = 10) 4gs;%Vi<2w< 0) Z (4.64)
where the second inequality holds because — Ty, v = 12 v Ty, \ < E L 1‘ for dS. The last

term on the right-hand side is bounded by (4.58). Let us assume for the moment that (4.58)
is saturated, i.e., gs>_; % ~ 1. Since n < D, (4.64) then yields R,, < D and therefore
K S nDQ up to O(1 ) factors. The results of [65] thus imply that the diameter of M,, is
bounded by D? > %, which is inconsistent with (4.63).
The same conclusmn actually follows if (4.58) is far from saturation, e.g., for
Gs D |Tpi ~ D. Substituting this into (4.64) yields R,, < nD and therefore K <

~

so that the lower bound on the diameter is relaxed to D? > 1 . One might thus nalvely
think that, for large enough n, there is no contradiction Wlth the upper bound (4.63)
anymore. However, this is too premature. Indeed, going again through our derivation

ZNote the slightly different definition compared to P in section 3.1.
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of (4.63) but this time using gs Y, |TV”Z| ~ D, we find that now there is a stronger upper

bound %2 < %. We thus again arrive at a contradiction as before.

We conclude that Kéhler-Einstein manifolds with K > 0 are incompatible with small
backreaction. This is purely a consequence of the fact that the geometry does not allow
small enough diameters. It was conjectured in [65] that similar lower bounds on D hold
more generally for any Einstein manifold with K > 0, even when they are not Kéhler.
For example, this is certainly true if the transverse space is a (product of) sphere(s). If
the conjecture of [65] holds with the same bound D > (nK)~'/2 that holds for Kahler-
Einstein manifolds, this is again in tension with our upper bound (4.63) and implies that
the O-plane backreaction must be large in such models.

A possible concern with the above discussion might be that compactifications with
localized sources can be singular and do not have a bounded Ricci curvature so that the
results of [65] do not apply. However, note that all objects that appear above are defined
with respect to the smeared metric, which does have a bounded Ricci curvature (with K > 0
in the above examples). As emphasized before in section 4.1, our viewpoint is that the
classical description of a compactification with O-planes only has a chance of being reliable
if we are allowed to work with the smeared solution. In particular, we expect that the
smeared solution becomes classically exact in limits where the strong-backreaction regions
near the O-planes shrink to points (right-hand side of figure 1). What we showed above
is that it is not self-consistent to approach such limits on some manifolds, which indicates
that the classical description breaks down (left-hand side of figure 1).

A lower bound on D contradicting (4.63) can also arise from flux quantization. As
a simple example, consider the case where M,, is an n-torus with radius R. Since the
diameter is D ~ /nR, (4.63) states that the O-plane backreaction is large in this model
unless the radius is parametrically small: R? < %. Now we put Hg flux somewhere on the

> . ha > 1
(2rR)6 = (2wR)6>
through the various 3-cycles. For R4y > 0, the Einstein and dilaton equations imply

torus. The energy density is |H3|? = where h, are the quantized fluxes

-1 Ty, n |0, |
Hs|? < 4x?(D —10) — 4, Pi — 472(D —10) + g, pil 4,
|Hs|* < 47%( 0) = — QZ2WW<7T( O)+2g;2ﬂ/¢ (4.65)

i

Assuming saturation of the bound (4.58), this yields |H3|> < D. At the same time, we
have |H3|? > R so that
2
D7 ~ R%2> 1
n ~ D3’

which is inconsistent with (4.63). As before, one can furthermore verify that the same

(4.66)

conclusion follows if (4.58) is far from saturation. The lower bound (4.66) then becomes
weaker but at the same time the upper bound (4.63) becomes stronger so that there is
again a contradiction.

To summarize, the above discussion shows that large classes of models cannot sat-
isfy (4.63), either for purely geometric reasons or due to the physical requirement of flux
quantization. In such models, the classical description is not self-consistent and we should
not trust any dS solutions obtained this way.
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Another interesting example violating (4.63) is the asymmetric-orbifold model studied
in [37, 48]. The model has O-planes and anti-O-planes of codimension n = D — d.?? The
transverse space M, in this case is a torus which is fixed by the orbifolding at the self-dual
radius R ~ 1. We thus have D ~ /n, which apparently is in conflict with (4.63). Since
the internal space is not geometric in this model, it is a priori not obvious whether the
violation of (4.63) can be interpreted as a large O-plane backreaction and to what extent
this is pathological. However, we consider it plausible that one should still impose (4.63),
as we now explain. The idea of an asymmetric orbifold is to orbifold by a T-duality
symmetry [66]. Since T-duality requires an appropriate isometry [88-90], we expect that
the orbifold picture is reliable in a regime where the O-planes in the compactification can
be treated as approximately smeared. Otherwise their backreaction breaks the isometries
and there is no T-duality by which we can orbifold to begin with. This suggests that we
should again consider (4.56) as a proxy for backreaction and demand that it is small just
like in the geometric models. Since we have already shown that (4.57) and (4.58) hold in
the asymmetric-orbifold model (see sections 4.2 and 4.3), it then follows that (4.63) would
have to hold for consistency, as discussed at the beginning of this section.

4.5 Backreaction and the KK scale

Aside from the model-dependent obstructions we just discussed, there is another problem
with the bound (4.63). Indeed, the fact that the diameters need to be small in string
units raises a concern about the validity of the classical effective action, as small diameters
are typically associated with a breakdown of such an approach. In particular, making the
compact space small is expected to increase the curvature and the flux densities and thus
have the effect that higher-derivative corrections are no longer suppressed (cf. section 3).
At the same time, a small compact space implies a high KK scale so that it may no longer
make sense to keep the KK modes dynamical in the effective field theory while integrating
out the string states. We thus expect a tension between the three different consistency
conditions of small backreaction, small o corrections and a scale separation between the
KK and string scales.

We can make this intuition more precise. Let us consider an n-dimensional com-
pact Riemannian manifold without boundary and with bounded Ricci curvature such that
Romu™u™ > (n — 1)K for some K € R and all unit tangent vectors u™. As stated be-
fore, warped compactifications with localized sources may be singular and need not have a
bounded Ricci curvature but the quantities of interest in this section (diameters, volumes,
etc.) are defined with respect to the smeared metric, which is smooth and does satisfy such
a bound. As explained in section 4.1, large deviations from the predictions of the smeared
solution are expected to signal a breakdown of the effective field theory so that it makes
sense to demand that this is not the case.

Under the above conditions, we can estimate the first non-zero eigenvalue Ay of the
Laplacian in terms of D, n and K. Historically, such estimates were often obtained assum-
ing in addition K > 0 or K = 0 (see, e.g., [73, 91, 92]) but there are also bounds which are

P There are also spacetime-filling (anti-)O-planes with n = 0, which are, however, not important for the
argument.
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valid for K < 0. For our purpose, a useful bound applying to any K € R is due to Shi and

Zhang [93]: )
s n—1
>
A2 T

Similar earlier results with numerically slightly weaker bounds were obtained in [94, 95].

K. (4.67)

Interestingly, (4.67) provides a model-independent lower bound on the diameter in
terms of the curvature and the KK scale, which is in potential conflict with our wupper
bound (4.63) related to the backreaction.?" To make this manifest, we first average (4.67)
as defined in (4.60) over the transverse spaces associated to the various localized sources.

We thus find
—— nnh-1)K S

Al — —. 4.68
=1,
Using 77 > (%2) ;31 and substituting (4.61) then yields
— nn-1)K _ D
AM———— 2 —. 4.
ny 5 R R (4.69)

As anticipated, (4.69) directly relates three crucial consistency conditions for the validity
of the D-dimensional spacetime effective action: small o/ corrections (controlled by K),
small O-plane backreaction (controlled by B), and a separation between the KK scale and
the string scale (controlled by A;). This confirms and makes quantitative our claim of a
tension between these three consistency conditions in supercritical dS models.

In particular, (4.69) states that a small backreaction B < 1 requires at least some of
the manifolds transverse to the O-planes to satisfy either

D D
A1> — or K| >» ———, K<O0. (4.70)
n n(n—1)

The second possibility is actually excluded by the Einstein equations, which yield

1 1 1 1 T,. ;
Rmn = §\H3\$nn + 59? Eq: |Fq|%nn + ggman + 59 zl: vai (an - H%)n) . (4.71)
For dS, this implies
T

4.72
oV (4.72)

1
Rynu™u™ > —59s zz:
for all unit tangent vectors v™. Since K is defined as the minimum of the Ricci curvature,
Rymu™u™ > —(n — 1)| K], it follows
1 Ty, |
K| = P 4.73
1K 2(n—1)gszz7rm-’ (4.73)

%

3%Note that, depending on the metric, (4.67) can strongly underestimate the true diameter. For example,

for the round sphere, we have D = 7R but using Ay = nR™ %, K = R™? in (4.67) only gives the estimate
D > Y21k

- n+1
therefore be parametrically stronger than indicated by (4.67).

#IThis follows from (4.60) and the fact that (3, ziyi) (>, 2vi) > (O, vi)* for @i, y; > 0.

, which is parametrically weaker at large n. The true tension with the upper bound (4.63) can
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where the right-hand side is bounded by (4.58). If (4.58) is saturated, we have |K| ~ —1;.
Since n < D, it follows that the second possibility in (4.70) is ruled out. We thus conclude
that a small backreaction is tied to a large KK scale (in string units):

D
A (4.74)

We will not discuss in detail the case where (4.58) is far from saturation (e.g., gs > _; ‘%l'
D) but just note here that the bound (4.74) then becomes even stronger. To see this, one

has to rederive (4.61) and (4.70) using gs > _; H;Zil
D in these inequalities and, as a consequence, in (4.74), leading to an even larger KK scale
AL > %2.

The problem with (4.74) is the following. We know that the KK scale has to be smaller

than the squared masses of the first excited string states, \; < M2. Otherwise it would

~ D, which introduces an extra factor of

not make sense to consider a D-dimensional spacetime effective action where string states
are integrated out but KK modes are dynamical. Hence, M2 needs to be large in the dS
background:

D
M2 > X\ > — (4.75)

This certainly looks suspicious. Recall that quantizing the D = 10 superstring in flat
space yields M2 ~ 1 [36]. For general D, the squared masses of the lowest string excitations
scale linearly with D and D appears with a minus sign (see, e.g., [35], sections 1.3, 1.4 for
the bosonic string). However, this result should be taken with caution as flat space is not a
consistent background for D # 10. In a non-trivial background with curvature and fluxes,
the squared masses presumably receive further O(D) contributions (recall from section 3
that the equations of motion impose 2 O(D) curvature and energy densities). This suggests
M? < D, although we are not aware of explicit results deriving this. Assuming that
M? ~ 1, (4.75) is violated, which indicates that the effective field theory breaks down,
either due to large O-plane backreaction or light string states below the KK scale. If
there are backgrounds with M2 ~ D, the tension is relaxed to some extent and we only
observe an immediate problem in models with small n. Of course, in that case, there
may nevertheless be a conflict with bounds on the geometry or with flux quantization, as
discussed in section 4.4.

It is instructive to compare the results of this section with (AdS) flux compactifications
in the critical string theories. We consider again the DGKT vacua. These solutions admit
a limit of large 4-form flux, where backreaction and o’ corrections become small and the
KK modes become light in string units [22-26]. The key difference to supercritical flux
vacua is that, in the critical case, there is no dilaton tadpole ~ D — 10 in the equations of
motion, which has the consequence that the source terms need not satisfy (4.58). Instead,
they scale like gg)°; %”Z‘ ~ N73/2 in DGKT, where N > 1 is an unbounded discrete
parameter related to the 4-form fluxes. Repeating the derivation of (4.69) under this new
assumption for the source terms yields

— nn-1)K D
e Nk

(4.76)
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We can simplify this using that the Ricci curvature is zero and that the backreaction is of
the order B =1/N in DGKT [24, 25]. Using further D = 10, n = 3, we arrive at

A > NTV2 (4.77)

At large N, the bound on the KK scale thus goes to zero in string units and no problem
arises for the effective field theory. This is in agreement with estimating the KK scale
as A\ ~ V13 where V ~ N3/2 is the Calabi-Yau volume.?? This provides a non-trivial
cross-check of our formula (4.69) and the various arguments leading up to it.

5 Discussion — de Sitter and the Dine-Seiberg problem

In the preceding sections, we argued that supercritical dS models are not under control at
large D since the required O-planes generate large backreaction corrections that invalidate
the classical description. Let us now widen the scope and discuss the possible implications
of this result on a more general level.

Although our arguments are not a rigorous proof, they show a generic control problem
with supercritical dS which appears to be difficult, if not impossible, to avoid. As we will
review momentarily, this is in line with a number of other recent results showing similar
problems in various dS scenarios in string theory. Interestingly, these scenarios are techni-
cally very different from one another but the problems found there appear to be universal.
In particular, a recurring observation is that string theory does not admit dS vacua in a
perturbative regime where the scalar potential is dominated by a few leading terms and
an infinite number of string and backreaction corrections is parametrically controlled (i.e.,
their suppression is guaranteed by a small parameter and we do not have to make ad hoc
assumptions about unknown O(1) coefficients). This is fundamentally different from AdS
where a parametric control appears to be possible. In particular, in DGKT, all known
corrections are suppressed by inverse powers of the 4-form fluxes, which can be chosen
arbitrarily large [22-26].

We now briefly review the control problems discovered in the various dS scenarios:

o KKLT scenario [1]: many string and backreaction corrections to the KKLT effective
field theory are suppressed by powers of the Calabi-Yau volume V, where V?/3 ~
In(|Wp|™1) in terms of the flux superpotential Wy. Since the IIB flux landscape is
finite [96-100], there is a minimal |[Wp| in a given compactification and therefore a
maximal volume. Hence, unlike DGKT, there is necessarily a limit to how strongly
we can suppress the corrections. Nevertheless, one might hope that the minimal Wy
is small enough so that in practice it serves as a control parameter and hence KKLT
vacua exist in a perturbative regime. See [18, 19] for a recent debate about whether
this is possible for AdS vacua. Here we are concerned with the dS case for which there
is by now strong evidence that perturbative control is in fact not possible. Assuming

32Note that estimating the KK scale in terms of the volume yields the correct parametric dependence on N
since the large-N limit is a uniform rescaling of the internal manifold and does not create any parametrically
large anisotropies.
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an anti-brane uplift, the volume in the putative dS vacuum is constrained by the
requirement that the AdS vacuum energy is balanced with the uplift term, which leads
to a number of problems [5-7].33 In particular, it was shown in [6] that the volume is
too small to prevent a large backreaction of the uplift on the bulk geometry, causing
a large part of the latter to become formally singular (“singular-bulk problem”). It
is plausible that string theory resolves these singularities by replacing them with
a strongly curved stringy geometry [101]. However, as emphasized in [6], the real
problem is not the singularity itself but the fact that we lose control over the Kéhler
potential, which is only known in the supergravity regime [102]. The singular-bulk
problem thus implies that the KKLT effective field theory is unreliable in the dS case
since string corrections are not under control. Moreover, [6] also discussed a number
of generalizations of the original KKLT scenario, including models with large h'!,
and argued that they are also unlikely to avoid the singular-bulk problem.

o LARGE-volume scenario (LVS) [2]: a similar control problem occurs for LVS dS
vacua with anti-brane uplift. The volume scales like V ~ ¢?(1)/9s in this scenario,
where g is a function of the flux parameters and the O(1) number in the exponent
depends on the topology of the Calabi-Yau 3-fold on which one compactifies. Asin the
KKLT scenario, gs is bounded since the IIB flux landscape is finite. Nevertheless, a
moderately small g is sufficient to make the volume exponentially large, which naively
suggests an excellent control over string and backreaction corrections. However, it
turns out that this is not the case [8-13]. Indeed, one finds that there is always at
least one type of correction which is not suppressed by any small parameter, making
the naive LVS effective field theory unreliable [8, 10]. Similar results were obtained
in [11, 12] taking into account the polarization channel of the anti-D3-brane(s) into an
NS5-brane and in [13] for a less strongly warped variant of the LVS.3* A possible way
out would be if the numerical coefficients of the various corrections could be tuned
small, e.g., through their complex-structure-moduli dependence [8, 10]. However, it
is currently not known how to compute these coefficients and whether it is possible to
make several of them small simultaneously. An exception are curvature corrections
to the anti-D3/NS5-brane, which have been computed and shown to not have small
coefficients [8, 11, 12].

o classical dS scenario [3, 4]: another popular scenario proposes to search for dS vacua
of the (critical) type II string theories in the classical regime. This means that, in
contrast to KKLT and LVS, one attempts to stabilize all moduli classically using
fluxes, while all (non-)perturbative string corrections are assumed to be negligible.
While there is no rigorous proof that suppressing string corrections is impossible in

33See also [20, 21] for an independent debate about a possible instability of the anti-brane uplift based
on goldstino condensation.

31Refs. [11, 12] also proposed to avoid these problems by considering a modified version of KKLT/LVS
where the anti-D3/NS5-brane sits in a throat with large curvature corrections. It is not obvious how to
reliably derive the effective field theory describing this regime. In any case, the proposal of [11, 12] would
be consistent with our above claim that string theory does not admit dS in a perturbative regime where
string corrections aside from a small number of leading terms are negligible.
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this setting (see, e.g., [17] for a discussion), several no-go results strongly support
this conclusion if one demands parametric control. In particular, [14, 15] argued that
ITA compactifications with O6-planes do not admit dS vacua in the asymptotic large-
volume/small-coupling regime. This is true in setups with arbitrary fluxes and Ricci
curvature and also includes non-trivial scaling limits where multiple fields become
large ([14], section 3.2). The same arguments can also be applied to compactifications
with O4 or O5-planes [17]. For compactifications with O8-planes, it was shown in [16]
that they do not admit dS vacua in a regime where string corrections have a negligible
effect on the cosmological constant (see also the discussion in [24], section 5.2).%°
All of these setups therefore at best admit dS vacua in regimes where the classical
approximation is inconsistent without further knowledge about the string corrections.

The universal problems observed with these different dS scenarios strongly suggest an
underlying principle. There is a special case where there is indeed a simple explanation
for this, namely the case where the scalar potential has no large parameters (such as flux
numbers or the dimension D). The absence of dS (and other) vacua in the perturbative
regime is then a consequence of the well-known Dine-Seiberg problem [55]. The key insight
is that, in string theory, perturbative control is linked to moving towards the asymptotics
of the moduli space. Consider, for example, the potential V(¢) for the dilaton ¢, which
controls the string coupling via e® = g,. At small coupling ¢gs < 1, we can expand V in
powers of gs. In the absence of other large parameters, it is then clear that V' must be
dominated by the leading term V ~ e~2¢, implying a runaway unless V = 0. Hence, it
immediately follows that (A)dS minima with respect to the dilaton can only exist in the
strong-coupling region g; ~ 1 where the g;-expansion breaks down and we lose perturbative
control. An analogous argument can also be made for the volume modulus, which controls
the o expansion [56]. Furthermore, a generalized version of the Dine-Seiberg problem
arises for dS in any asymptotic region of the moduli space if one assumes the swampland
distance conjecture [29]. Hence, if the potential has no large parameters, the Dine-Seiberg
problem and its generalization in [29] provide a simple explanation for why string theory
does not have dS vacua in regimes of perturbative control.

Interestingly, the results reviewed above now suggest that dS is also forbidden in
the more general case where the potential contains large parameters like fluxes or the
dimension D, although naively one should not have a (generalized) Dine-Seiberg problem
there (see [14], section 2 for a discussion). In particular, as the DGKT AdS vacua exemplify,
a potential with unbounded parameters can have minima at arbitrarily large field values.
It is therefore a priori not clear why the same should not work for dS vacua. A possible
explanation is that there exists an analogue of the Dine-Seiberg problem in the asymptotics
of the discrete-parameter space spanned by the fluxes and the dimension. To see whether
this is true or not, it may be useful to consider a generalized notion of distance for discrete
parameters, perhaps along the lines of [103] and [45-47]. We hope to come back to these
ideas in future work.

35Recall that, although string corrections locally blow up near the O-planes, their integrated effect in
the lower-dimensional effective field theory would have to be small in order to claim a consistent solution
(cf. section 4.1.4).
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6 Conclusions

Flux compactifications of supercritical string theories are an interesting arena to test and
challenge our prejudices from the lamppost of the critical theories. In this paper, we
analyzed whether supercritical dS models allow a better control over dangerous string
corrections than critical dS models like KKLT, LVS or the classical dS scenario. One might
have hoped that the new parameter D that arises in the supercritical case can be used as a
control parameter in the sense that string corrections are parametrically suppressed at large
D. However, we argued that this is not the case and that supercritical dS models instead
have control problems much like their cousins in the critical theories. The key problem
we identified is that the O-plane backreaction cannot be made small in the supercritical
models. This has the effect of generating singular holes which eat up large parts of the
classical spacetime and thus make the classical description unreliable. Supercritical dS
models thus look like the picture on the left in figure 1, whereas a controlled model would
look like the picture on the right.

In particular, we argued that in order to control the backreaction effects one would
have to impose an upper bound on the average diameters of the transverse spaces of the
localized sources. On the other hand, lower bounds on such diameters are satisfied due
to geometric constraints or physical requirements like flux quantization. A lower bound
on diameters also needs to be imposed in order to avoid light string states below the KK
scale. We found that the upper bound from controlling the backreaction and the lower
bounds are often in tension with each other, ruling out reliable dS constructions in the
corresponding models.

As byproducts of our analysis, we derived a number of technical results that are useful
beyond the specific applications in this paper. Most notably, we computed the leading
backreaction corrections to the smeared solution in a general flux compactification from D
to d dimensions for an arbitrary distribution of O-planes and D-branes. We also argued
for a general estimate for Green’s functions on compact manifolds (and therefore for the
backreaction corrections) in terms of their diameter and volume which remains valid for
metrics with large anisotropies and in any dimension.

Although we believe that the arguments presented in this paper are compelling, they
are in part based on examples so that we cannot exclude that models exist which somehow
evade our constraints. It would be very interesting to look for such counter-examples or
rule them out, for example, through a rigorous proof of the proposed bound on Green’s
functions in section 4.2 or by studying the tadpole argument in section 4.3 for a more
general class of manifolds. These are interesting research problems where geometry and
string theory intersect.

In view of some of our results, it would also be important to learn more about su-
percritical string theory beyond the classical approximation, for example, concerning the
large-D scaling of the tower of massive string states or of higher-derivative corrections to
the classical effective action. Knowing the scaling of the string states would in particular
allow to make the constraints of sections 3.3 and 4.5 related to KK /string-scale separation
more precise. The scaling of the higher-derivative terms would be interesting because of
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the results of section 3.1, where we showed that the curvature or some energy densities of
the NSNS/RR field strengths are always large in the string frame. While the majority of
this paper focussed on dS vacua, this particular result applies to AdS, Minkowski and dS
vacua alike, and we argued that it may be in tension with controlling the higher-derivative
terms. However, as pointed out in [50, 53, 54], such a conclusion may be avoided if the
coefficients of the higher-derivative terms are sufficiently strongly suppressed at large D.
Computing these coefficients would therefore be very interesting.

Our focus throughout this work was on parametric control over string and backreaction
corrections at large D, which is one of the key features of the supercritical-dS scenario
proposed in [37, 48-50, 53, 54]. Our results do therefore not exclude the weaker claim of
numerical control for some finite D > 10. Although it is unclear why one should expect a
simultaneous numerical suppression of all corrections in the absence of a common scaling
factor, it would in principle be very interesting to explore this possibility further. However,
numerical control is in practice extremely hard to verify and therefore a much less attractive
scenario since it would require to compute all relevant higher-derivative corrections and the
full non-linear O-plane backreaction including all numerical coefficients.

We finally note that many arguments in this paper involved a non-trivial interplay of
various constraints from geometry (e.g., estimates for volumes, diameters and Green’s func-
tions) and string theory (e.g., flux quantization, tadpole cancellation, absence of tachyons
and anomalies). It is quite intriguing that all these different constraints needed to work
together in order to uncover the control problems of naively consistent dS solutions. Which
of the constraints are relevant turned out to depend on the specific classes of models con-
sidered. For example, the arguments in section 4.3 were rather different for models with
or without H3 flux but led to the same conclusion. As discussed in section 5, there is
furthermore strong evidence in the recent literature that the popular dS scenarios in the
critical theories share similar control problems, even though they are technically quite dif-
ferent from one another and from the supercritical models. This universality suggests an
underlying structure in string theory. Understanding this structure and learning something
from it about the nature of dark energy will be a crucial task for the future.
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A Minkowski solutions

We present here a simple class of Minkowski solutions in supercritical string theories. These
are analogous to the no-scale solutions of type IIB but do not require any O-planes. We
consider a spacetime of the form

}Rl’d_lx 53 N, 513 xr]I!D—d—3m

—_—
m times (A 1)
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with Hs flux on each of the 3-spheres. More generally, one could replace the 3-spheres by

other positively curved Einstein 3-manifolds and the torus by any Ricci-flat manifold.

m

We can write Hz = > ., %‘f’la with h, € Z, where v, are the 3-sphere volumes.

The equations of motion then fix the radii R, of the spheres to R? = ‘4}:2‘ and impose an
additional condition
1672 9
> = 47*(D — 10) (A.2)
a=1 |ha’

on the fluxes. One can furthermore verify that the dilaton and the torus radii are flat
directions at the classical level.

The condition (A.2) is satisfied, e.g., for the choice m = % and h, = 1 with
10 —d + % unstabilized torus radii. An example with the dilaton as the only flat
direction is m = 274, d =10, D = 10+ 16 - 9, k € N and hg = ha41 = 1, hgyo = 4 for
a=1,4,7,....

We emphasize that these are solutions to the equations of motion of the classical
D-dimensional spacetime effective action. Whether these solutions correspond, exactly
or approximately, to genuine vacua of a supercritical string theory is not obvious due to
the possibly large o’ corrections (see section 3). Assuming that the large-D suppression
of the latter is strong enough that the solutions are reliable, it would be interesting to
try to stabilize the dilaton using non-perturbative effects and/or loop corrections. The
former case is a supercritical analogue of the KKLT scenario but without O-planes and the
associated tadpole restrictions and backreaction effects, which are at the heart of various
control problems of the original scenario.

B Comments on non-linear O-plane backreaction

In this appendix, we elaborate on a caveat related to the discussion in section 4.1.2. In
particular, we argued there that the regime g;G = 1/D where the O-planes backreact non-
linearly is intimately linked to large string corrections and thus a breakdown of the classical
solution. While this is true in all examples we are aware of, we do not know precisely what
happens at gsG 2 1/D unless we actually compute the full solution non-perturbatively in
9sG and identify the relevant (perturbative and non-perturbative) string corrections that
resolve the putative classical singularity. We can therefore not rule out the possibility that,
in some backgrounds, the backreaction at gsG 2 1/D modifies the classical solution less
violently than expected.

Let us discuss this a bit more explicitly. We consider again a single source with tension
=
a scenario where we have three qualitatively different regimes: a) a regime far away from

= —1 and ask what happens as we approach the source. In particular, let us consider

the source where gsG < 1/D such that the backreaction is a small perturbation, b) an
intermediate regime 1/D < ¢gsG < C(D) in which the backreaction is already non-linear
but string corrections are still negligible, and ¢) the near-source regime g;G 2 C(D) where
string corrections become relevant and resolve the singularities generated by the classical
backreaction. The condition for small string corrections is thus ¢g,G < C', which for large
enough C' is much weaker than the condition gsG < 1/D for small backreaction.
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We do not know whether such “mildly backreacting” orientifold backgrounds exist in
string theory. However, we now show in a simple toy example that this may require rather
strong assumptions. In particular, we find in our model that the backreaction is not mild
in the above sense unless the solution remains classical up to energy densities which are
exponentially large in D (in string units).

To see this, let us assume that the non-linear backreaction yields

Qg‘ﬁn—3|2
(1 _ gSG)(D74)/4'

| Fs)® = (B.1)
Note that this agrees with the first term in (4.26) at linear order in g;G. For D = 10,
n = 6 it furthermore reduces to (4.28), which is the correct all-order expression in the
GKP solution [67] (see also [75] for T-dual versions with a similar behavior).?¢ We stress
again, however, that this is a toy model. In general, the non-linear backreaction will not
lead to such a simple expression, but it suffices to illustrate our point.

We now assume that the smeared solution scales like g2|F,_3|> ~ D* and that string
corrections become relevant for €2?|F,_3|?> > DY for some z,y € R. We further take y > x
since otherwise the smeared solution is out of control. Using this in (B.1), we conclude
that string corrections are important for

WG 1 D4gj) N 4(y — z)In(D) (B.2)
~ D
at large D. The regime where the classical solution breaks down thus agrees parametrically
(up to a logarithmic factor) with the regime g;G 2 1/D where the backreaction becomes
non-linear. This is true regardless of the precise energy scale at which the string corrections
become relevant, as long as it is power-law in D.
On the other hand, if the solution remains classical up to exponentially large
e??|F,_3]? > e¥P, (B.1) yields

gsG>1—e W~ D° (B.3)

at large D. In contrast to the power-law case, the regime of large string corrections now
differs parametrically from the regime g;G 2 1/D of large backreaction. Our toy example
thus illustrates that the connection between non-linear backreaction and string corrections
is to some extent sensitive to the nature of the latter.3”

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

92| Fp_s|?
(1_%95 G)S/z
finite-distance singularity at g:G 2 1/D and thus do not realize the mild scenario described above.

37But much less so than the arguments in section 3. Indeed, the problem with suppressing string correc-

360ther choices such as *?|F,_3|* = are also consistent with (4.26), (4.28) but yield a

tions observed there is already resolved if the solution remains classical for O(D) energy densities, which is
power-law rather than exponential in D.
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