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1 Introduction

While much of quantum gravity remains shrouded in mystery, some corners of the landscape
are relatively well understood. Asymptotic regimes of known moduli spaces appear to
display universal behavior, which has led to the development of a number of quantum
gravity conjectures (known as Swampland conjectures) regarding such behavior. The oldest
of these is the Distance Conjecture of Ooguri and Vafa [1], which states:

The Distance Conjecture. Let M be the moduli space of a quantum gravity theory
in d > 4 dimensions, parametrized by vacuum expectation values of massless scalar fields.
Fizing a point pg € M, the theory at a point p € M sufficiently far away in the moduli space



has an infinite tower of light particles, each with mass in Planck units (mg = Ml%_;éi =1)

scaling as
m(p) ~ exp(—ad(p,po)) as d(p,po) — o0, (1.1)

where d(p,po) is the length of the shortest geodesic in M between p and py, and o > 0 is
some order-one number.

This conjecture has been extensively tested in a plethora of string theory compactifica-
tions [2-14] and plays a key role in the Swampland program [15-18], which aims to deter-
mine the constraints that any EFT must satisfy to be UV completed in quantum gravity.

Significant effort has been invested in sharpening and refining the Distance Conjecture,
both as a means to test it more stringently as well as to expand its consequences. One
notable refinement of the Distance Conjecture, proposed by [19], constrains the microscopic
nature of the tower of states:!

The Emergent String Conjecture. FEvery infinite-distance limit in the moduli space
of a quantum gravity theory is either an emergent string limit (featuring a fundamental
string with a weakly coupled tower of string oscillator modes) or a decompactification limit
(featuring a tower of Kaluza-Klein modes).

The Emergent String Conjecture is supported by all known string theory examples in
flat space [23-27] and holographic AdS compactifications [28-30], though it needs to be
slightly modified to account for the non-holographic AdS cases where infinite-distance limits
associated to free points in the dual conformal manifold feature a tower of higher spin
operators that are not necessarily dual to the fundamental string (see [29]).

Another notable refinement of the Distance Conjecture, proposed by [31], places a
sharp lower bound on the possible values of the exponential rate a in (1.1):

The Sharpened Distance Conjecture. The Distance Conjecture remains true with the
added requirement that

1
o>
d—2

, (1.2)

where d is the spacetime dimension.

In fact, the sharpened Distance Conjecture and the Emergent String Conjecture are closely
related, since agge = \/ﬁ is precisely the exponential rate of the tower of oscillator modes
of a perturbative fundamental string, whereas Kaluza-Klein (KK) modes typically have a
larger exponential rate.
More concretely, the exponential rate for a KK tower in a toroidal compactification is
given by (see, e.g., [31])
ny  |d+n—2

ai(K Tl(d— 2) ) (13)

!Substantial work has also been done on a different class of refinements constraining the distance
travelled before light towers appears, see [3, 9, 20-22], but we will not discuss these conjectures further in
the present work.



where d is the space-time dimension and n the number of decompactifying dimensions,
which is indeed larger than s = \/ﬁ for d > 2.

Since (1.3) applies equally to the overall volume modulus of an arbitrary Ricci-flat man-
ifold, it is tempting to conclude that apse and oz%){ are the only possible values for oo compat-
ible with the Emergent String Conjecture.? However, we will see that this is incorrect, since
the exponential rate of a KK tower can differ and possibly become smaller than (1.3) when
the compactification metric is not a direct product but instead involves warping. Warped
compactifications have been extensively studied in the context of string theory, but have not
been discussed yet in the context of the Distance Conjecture to the best of our knowledge.

In this paper, we will explore the Emergent String Conjecture and the sharpened
Distance Conjecture in the moduli space of N/ = 1 supersymmetric string theories in
nine dimensions, which arise from heterotic string theory compactified on a circle. Our
results are consistent with both conjectures provided that we clarify the Emergent String
Conjecture in an important way: some infinite-distance limits in moduli space do not
lead to either an emergent tensionless string or a higher-dimensional vacuum, but rather
to a higher-dimensional running solution. In other words, the decompactification limits
specified by the Emergent String Conjecture may or may not lead to vacuum solutions of
the higher-dimensional theory. The decompactification limit of Type I’ string theory in
nine dimensions with a nontrivial dilaton profile is a prototypical example of the latter.

Nonetheless, we will show in simple examples that these running solutions still feature

Kaluza-Klein towers which satisfy the Distance Conjecture with o > consistent

N=2
with the sharpened Distance Conjecture of [31]. This is made possible by the fact that
the corresponding Kaluza-Klein modes are not BPS and consequently their masses are
a rather complicated function of moduli space position, so the exponential rate changes
depending on the asymptotic geodesic trajectory that bring us to infinite distance. By
careful computation, we determine this function and show that the exponential rate for

the KK tower can get as small as %ﬁ in these nine dimensional examples, which is still

compatible with the bound a > dl—2 = \Lﬁ in d = 9, but does not correspond to one of

the special values (1.3) for any integer n.

We will also show that these nine dimensional compactifications satisfy a “convex
hull” version of the Scalar Weak Gravity Conjecture (SWGC) [31-34] (reviewed below in
section 2). This is especially remarkable in light of the aforementioned moduli-dependence
of the masses of the non-BPS particles, which implies that the convex hull varies as a
function of the moduli. We will further see that the Distance Conjecture itself resembles
a convex hull condition in each asymptotic region of moduli space (as proposed previously
in [33] under the name of the Convex Hull Distance Conjecture), but this requires different
convex hulls in different region of moduli space that do not obviously combine into a single
global picture.

2To be precise, these o values are associated to certain “pure” emergent string and /or decompactification
limits; there are often “mixed” limits that continuously interpolate between these, which have intermediate
values a as well. A sharper statement would be that |5| as defined in section 2 remains fixed at one of
these special values for each tower satisfying the Distance Conjecture. We will show, however, that even
this is false.



The remainder of this paper is structured as follows: in section 2, we review the
sharpened Distance Conjecture and the Convex Hull SWGC, introducing the machinery
we will need for our subsequent analysis and applying it to Type II string theory on a circle
as a warm-up example. In section 3.1, we take a first look at heterotic string theory on
a circle, noting how the self-T-duality of the theory leads to a puzzle. In section 3.2, we
review how decompactification limits of Type I’ string theory introduce new complications,
leading to ten-dimensional running solutions. We then explicitly compute the spectrum of
Kaluza-Klein modes for Type I’ string theory on a circle and show how this resolves the
puzzle mentioned above in a manner consistent with the sharpened Distance Conjecture
and the SWGC (leaving the details of the calculation to appendices A—C). In section 4
we extend our analysis to other nine-dimensional theories of lower rank, thereby checking
the Distance Conjecture and its various refinements in a wide range of 9d theories with
sixteen supercharges. In section 5, we conclude by summarizing our results and highlighting
interesting directions for future research.

2 The distance conjecture and convex hulls

Consider a theory in d dimensions with a set of massless scalar fields (moduli) ¢* weakly
coupled to gravity, with action given by

R 1 ~ <
S = Mgl_,dQ /ddaj\/ —h (2 - iGijé)u(;Sla”dﬂ +. > , (2.1)
where G;; is the field space metric and the geodesic field distance is given in Planck units by

s —
(o, 6) = /¢ Giydgidgi . (2.2)

According to the Distance Conjecture, there will be a tower of particles that becomes
exponentially light at every infinite-distance limit in this moduli space. To understand
precisely how this occurs as a function of the moduli, it is convenient to define the scalar
charge-to-mass vector of a particle of mass m as

0
G = ~ 90 logm, (2.3)

following, e.g., [31, 33|, where the derivative is evaluated with the d-dimensional Planck

mass held fixed. Associated to the moduli-space one-form ¢; there is a dot product ¢? =
E . E = GY(;¢; defined by the inverse of the metric on moduli space G”. In practice, we
pick an n-bein egeiéab = GY and write (, = e’¢; in orthonormal components, which has
the advantage that the dot product of E vectors is the Cartesian dot product, but at the
expense of having to choose a frame at each point in moduli space.

To understand why 5 is the scalar charge-to-mass ratio, note that the moduli mediate
long-range forces between particles whose masses depend their vacuum expectation values.
The strength of these interactions is proportional to d4im, as can be read off from the
Lagrangian expanded about a given point in the moduli space

L2 m*(¢)x* = (md + 2mo(dum)d')x>+ ... . (2.4)



Thus, by direct analogy with gauge charges, p; = —0,im are the scalar charges (the sign
being purely conventional) and £t = —0yi logm = (; is the vector of scalar charge-to-mass
ratios.

Now consider the vicinity of some infinite-distance locus, commonly known as an
asymptotic region. Given a particle that is exponentially light in accordance with the
Distance Conjecture (1.1), the exponential rate at which its mass decreases is given by the
projection of the scalar charge-to-mass vector E along the corresponding geodesic trajectory
approaching the infinite-distance limit, i.e.

a=C_ 7, (2.5)

a ' (M)
b lloaell

where 7% = ¢

S(N).
On the other hand, working by analogy to the Weak Gravity Conjecture [35] and

is the normalized tangent vector to the asymptotic geodesic trajectory

motivated by the connection to scalar forces, reference [32] proposed a Scalar Weak Gravity
Conjecture (SWGC), as follows:

Scalar Weak Gravity Conjecture. In a quantum gravity theory with massless scalar
fields (2.1), at every point in moduli space there exists a state with sufficiently large scalar
charge-to-mass ratio |(| > i for some order-one constant Qnin->

The SWGC is a local statement in moduli space, as it only involves the first derivatives of
the masses of states with respect to the moduli fields. Comparing with (2.5), it is evident
that there is some connection between this conjecture and the Distance Conjecture, see,
e.g., [2, 32, 33]. For instance, the Distance Conjecture implies that a tower version of the
SWGC holds at least asymptotically, with amin equal to the minimum allowed exponential

rate (believed to be \/b per the sharpened Distance Conjecture [31]). Conversely, given a
tower of particles satisfying the SWGC with this value of apin, |E | > aumin is the exponential
rate at which the tower becomes light along its own gradient flow trajectory (i.e. dy¢' o
—0'm(¢)), and we recover the Distance Conjecture for this particular asymptotic limit.

However, even in its tower form, the original version of the SWGC is too weak to make
a useful connection with the Distance Conjecture in theories with multiple moduli, since
only one particle/tower is required by the conjecture, and this is not enough to satisfy
the Distance Conjecture in all possible asymptotic limits. To address this weakness, the
conjecture has to be strengthened with some kind of convex hull condition to account for
the various directions in which different asymptotic limits lie.

As discussed below, there have been two notable attempts to do so [31, 33], with differ-
ent strengths and weaknesses. The first of these — the Convex Hull Distance Conjecture

3More specifically, reference [32] required the existence of some (possibly higher dimensional) state upon
which the scalar force would act more strongly than the gravitational force. Further refinements along these
lines were proposed in [36—40]. In this paper, we are instead interested in the case where the state is a
particle and amin is fixed not by a force condition but by its relationship to the exponential rate in the
(sharpened) Distance Conjecture.



— relies on certain global properties of the moduli space in asymptotic limits and straight-
forwardly implies the Distance Conjecture. By contrast, the second — the (sharpened)
Convex Hull SWGC — is a purely local statement like the original SWGC, relying on
few preconditions, but it requires us to consider of both light and heavy towers and the
connection to the Distance Conjecture is non-trivial (see, e.g., [34]).

To introduce these conjectures, first note that in the presence of multiple moduli
fields, there can be asymptotic geodesics (say, with normalized tangent vector 7) that are
not parallel to the scalar charge-to-mass vector E of any tower. When this happens, the
exponential rate amax(7) of the leading (i.e., lightest) tower along such a geodesic will be
given as in (2.5) by the maximum value of E - 7 among the different towers that exist in
this asymptotic regime. Thus, the Distance Conjecture holds with minimum rate auyi, if

and only if we have aumax(7) > amin for all asymptotic directions 7.4

In all examples checked so far in the literature [12, 31, 33, 41], the convex hull of
the f—vectors of the towers that become light remains unchanged as we move in a given
asymptotic region of the moduli space, even if the individual 5—Vectors move. When this
happens, the Distance Conjecture can be reformulated as in [33] as the following convex
hull condition:

Convex Hull Distance Conjecture. In any given asymptotic region of a quantum grav-
ity theory, the outside boundary of the convex hull generated by the 5—vect0rs (2.5) of all
light towers must remain outside the ball of radius cu,q, in the range of directions defining
the asymptotic region.

This formulation of the Distance Conjecture is powerful because it encodes global infor-
mation about the different infinite-distance limits in a given asymptotic region rather than
each asymptotic geodesic independently.” We will see that it also captures the information
needed to derive the weakly coupled dual description that emerges at infinite field distance.

However, it is not obvious at all whether this formulation of the Distance Conjecture
makes sense when the convex hull of the QT:VGCtOI"S of the towers changes as we move in the
moduli space. When this happens, it is useful to consider a closely related statement that
makes sense locally at any point in moduli space rather than in an entire asymptotic region:

Convex Hull SWGC. In a quantum gravity theory with massless scalar fields (2.1), at
every point in moduli space, the conver hull generated by the 5—vectors (2.5) of all massive

4The general procedure followed in this paper is to choose a slice of the tangent space of the moduli
space which has dimension equal to the codimension of the infinite-distance loci. This way all radial vectors
in the slice correspond to tangent vectors of geodesics approaching the infinite-distance loci. However, it is
also interesting to analyze higher dimensional slices such that not all the vectors are associated to geodesics,
and use the convex hull condition as a criterium to select what trajectories could become geodesics in the
IR upon adding a scalar potential. This has been used to put constraints on the scalar potential from using
only the Distance Conjecture (see [33]).

5Tt can also be used to either predict the existence of new light towers of states in an EFT or to
constrain the possible trajectories along which the Distance Conjecture is satisfied, and therefore, the level
of non-geodesicity that should be allowed in the asymptotic valleys of the scalar potential [33].



states contains a ball of radius au,.;, centered at the origin of the scalar charge-to-mass
vector space.

This conjecture has been extensively discussed and tested in [31] with the specific choice
Omin = \/ﬁ (as motivated by the sharpened Distance Conjecture). Note that the Convex
Hull SWGC (applied to towers of states) differs from the Convex Hull Distance Conjecture
because it involves both light and heavy states, and is required to hold everywhere in
moduli space. In the remainder of this paper, we will refer to the Convex Hull SWGC as
simply the SWGC; the reader should take care not to confuse this with the related but
distinct version of the SWGC originally proposed in [32].

The goal of this paper is precisely to consider examples in which the f—vectors change
dramatically as we move in the moduli space and to determine the fate of the various con-
jectures described above. In particular, we will explore in detail the case of heterotic string
theory compactified on a circle, where we will see that the 5—Vectors of certain non-BPS
towers are highly moduli-dependent in regions of the moduli space corresponding to warped

compactifications. Interestingly, we will see that all the above conjectures still hold in a
1
Vd-2"
the Distance Conjecture will still resemble a convex hull condition, but will require different

non-trivial way with amin = Moreover, we will see that in each asymptotic region,
convex hulls in different regions that do not obviously combine into any single global picture.

To illustrate our examples, we will employ two different types of plots. The first of
these is the SWGC plot, where we plot the various f—vectors of towers of states and draw
their convex hull. An example of a SWGC plot is illustrated in figure la, where the towers
are indicated by red dots and the convex hull is indicated by the light blue region. The
SWGC plot is defined at any fixed point in moduli space, and can change as we move from
point to point. The second plot is the max-a plot, where we plot the exponential rate
amax(7) of the leading tower as a function of the asymptotic direction 7. We illustrate
a max-« plot in figure 1b, with the function amax(7) plotted in blue. Notice that the
exponential rate of a given tower is a function () of the angle 6 between f and 7, and
is given by a sphere of radius |5 |/2 that goes through the point 5 and the origin, so that
a(6) varies between 0 and |]. The max-a plot is defined globally in the moduli space, and
doesn’t depend on any reference point.

2.1 Example: Type IIB on a circle

As an illustrative example, we consider the case of Type IIB string theory compactified on
a circle. This theory was previously shown to satisfy the sharpened Distance Conjecture
and the SWGC in [31], and it will serve as a useful warmup for our primary case of interest,
namely heterotic string theory on a circle.

For simplicity, we will set the Type IIB axion Cy to vanish. Upon compactification to
nine dimensions, this leaves a flat two-dimensional moduli space parametrized by the 10D
dilaton ® = log gs and the radius Ryp of the circle. We define a canonically normalized
dilaton by setting ¢ = —/2® (we include a minus sign so that large ¢ corresponds to weak
IIB string coupling) and radion p = \/§ log Rig. The 9d action can be obtained from
dimensionally reducing the Einstein-dilaton part of the 10d Type IIB effective action as



(a) Convex Hull SWGC Plot. (b) Max-a Plot.

Figure 1. (a) Convex hull of the scalar charge-to-mass vectors. The Convex Hull SWGC holds
1
vd—2
Points at which the boundary of the convex hull meets the boundary of the sphere correspond to

points at which the SWGC is saturated, and in known examples these points are always populated
by towers of string oscillator modes. (b) Exponential rate amax(7) (in blue arcs) of the leading
tower in the direction 7. We can see that qmax(7) > amin if and only if the convex hull of 5—
vectors of towers contains the ball of radius au,,. Each of the bubbles correspond to regions of
asymptotic directions in the moduli space with different leading towers, with the boundary between
them corresponding to directions along which two or more towers decay at the same rate.

that this convex hull must contain the ball of radius ay,in, which we take to be in this paper.

follows:

S D Lz /dlox\/ —Geid)/\/5 {RG + 28M¢8M¢}
2K7

= 52 A'rva { By - (90)* ~ (@10 Fun)?}
- 2L9 [@av=g{R, - 00 - @p)*} (2:6)

where Gy y and g, are respectively the 10-dimensional string frame and the 9-dimensional
Einstein frame metrics.
Type IIB string theory in ten dimensions features a fundamental string whose tension

is given by
2w Mgy ¢
= W exp (—E> . (2.7)
There is also a D-string with tension given by
~ 27TM1%1.10 ¢
T = W exp <+E> . (2.8)

Upon dimensional reduction, each of these strings gives rise to a tower of string oscillator
modes as well as a tower of string winding modes. The former towers have characteristic



mass scales

2w Mpi;9 A - _ 2nMpro o r
We’q’( V8 m) TDrose = (g P (i/g m) 29

while the latter towers have characteristic mass scales

2nMpi ex ( Sp ) MDow = 2mMpi exp <+¢ + Sp)
(4m)1/7 va i DT ()T V2 Vid)

There is also a tower of Kaluza-Klein modes with associated mass scale

27 Mpy, 8
MKK = Wexp (—\/Zp) : (2.11)

These five towers of particles yield scalar charge-to-mass vectors given by

Mosc =

(2.10)

My —

() ()

() G e

E\H%\

Notably, these vectors are independent of the vacuum expectation values of the dilaton
and the radion, so they do not change as we move in the moduli space. Relatedly, all of
the particles in these towers are BPS. The scalar charge-to-mass ratio of the KK modes
and winding modes becomes

. - 8
[Ckk| = |Gw| = [CDw| = \/; (2.13)

as expected from decompactifying one extra dimension [31], while

|C_;>sc| = |5D—osc| = (2.14)

1
VT
corresponds to the expected result for the oscillation modes of a critical perturbative
string [31].

These five scalar charge-to-mass vectors (and their convex hull) are plotted in figure 2.
One can see that the convex hull contains the ball of radius \/%, ensuring that the SWGC
is satisfied along these directions in moduli space. The points of tangency, where the convex
hull condition is only marginally satisfied, correspond to emergent string limits.

Figure 3 depicts the function amax(7) corresponding to the exponential rate of the
leading light tower along each asymptotic geodesics moving in each direction 7. As dis-
Vi
is equivalent to the statement that amax(7) must lie outside the ball of radius

cussed above, the sharpened Distance Conjecture requires aupax(7) > for all 7, which

for all

\/d 2
7. This is indeed satisfied in our example. It is no coincidence that the region bounded by

amax(7) here strictly contains the convex hull of the generators, shown in figure 2.



M-theory

Figure 2. Convex hull of the scalar charge-to-mass vectors for Type IIB string theory on a circle.

The convex hull generated by the Kaluza-Klein modes, the fundamental string winding modes, and

the D-string winding modes contains the ball of radius \/% (gray), ensuring that the SWGC is

satisfied. The five different duality frames of the radion-coupling moduli space are coloured depicted
in different shades, with the vertical axis corresponding with the self-dual line.

Figures 2 and 3 also depict the various duality frames in the theory as a function of
location in moduli space. The region with ¢ > 0, p > %Qﬁ corresponds to weakly-coupled
Type IIB string theory compactified on a large circle,® as does the S-dual region with ¢ < 0,
p> —%qﬁ. The region with —%qﬁ <p< %qﬁ admits a (T-dual) description as Type ITA
string theory compactified on a large circle, as does the region with %(ﬁ <p< —%gb.
Finally, the region with p < %(j) and p < —\%Qﬁ is described by 11-dimensional M-theory
compactified on 72. In summary, the dilaton-radion moduli space is divided into five

duality frames: two of Type ITA, two of Type IIB, and one of M-theory.

1
Vd=2
to a decompactification limit of the corresponding string/M-theory. Meanwhile, a limit with

Within each duality frame, an infinite-distance limit with amax(7) > corresponds

Omax(7) = ;72 corresponds to an emergent string limit. Every infinite-distance limit falls
into one of these two categories, as predicted by the Emergent String Conjecture. Notably,
the scalar charge-to-mass vectors are located precisely at the interfaces between the different
duality frames, so that we have as many leading towers as boundaries between different
duality frames.

This concludes our brief review of Type II string theory in nine dimensions. In what
follows, we will carry out a similar analysis for heterotic string theory in nine dimensions,
and we will see that the story is far more subtle due to the importance of non-BPS particles.

SHere, a large circle is one whose Kaluza-Klein scale mxxk is lighter than the string scale, ms.

~10 -



Figure 3. Max-« hull for Type IIB string theory on a circle (blue). Because this hull contains the
ball of radius \/ﬁ (shaded gray), every infinite-distance limit in the dilaton-radion plane features
\/le2~ Limits with apmax = \/% represent emergent string limits,
represent decompactification limits in some duality frame. There are

a tower of particles with o >

1
Vd—2
five duality frames in the dilaton-radion plane, two of Type IIB string theory (shaded red), two of

Type IIA string theory (shaded purple), and one of M-theory (shaded yellow). The red vertical
line depcts the Type IIB self S-dual line. This extends to the M-theory frame, corresponding to
decompactifying opposite cycles.

while limits with o >

3 Heterotic string theory in nine dimensions

In this section, we test the sharpened Distance Conjecture in the moduli space of heterotic
string theory compactified on a circle to nine dimensions, a theory with 16 supercharges
and r = 17 vector multiplets. This theory has an 18-dimensional moduli space of the form

M=MxR, M=S0(17,1;Z)\SO(17,1)/SO(17), (3.1)

where R parametrizes the dilaton and the Narain moduli space M parametrizes the radius
of the circle and the 16 Wilson lines for the heterotic gauge fields.

We will be primarily interested in two particular slices of this moduli space, depicted in
figure 4, obtained by compactifying either the SO(32) or Eg x Eg ten-dimensional heterotic
theory on a circle with all Wilson lines turned off.” Each slice is two dimensional and
flat, so it is parametrized by two moduli which we take, without loss of generality, to be

"Note that there is an additional slice with SO(32) enhanced gauge symmetry, obtained by turning on
a Wilson line in the Zs center of the global gauge group Spin(32)/Z2. We will comment briefly on this
additional slice below in section 4.

- 11 -
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Figure 4. Relevant SO(32) and Eg x Eg slices of the moduli space of the N' = 1 9-dimensional
theory with r = 17, parametrized by the canonically normalized heterotic 10-dimensional dilaton
and radion, ¢ and p. The regions best described by heterotic, type I’, and type I string theories,
as well as M-theory, are respectively colored green, blue, orange and yellow. The self-dual line is
depicted in red, with p = i?(b. The boundaries between the different regions have the same direction
as several of the towers depicted in figures 9a and 9b. Note: the above color code for the different
duality frames will be used in later figures throughout this paper, though we will omit the labels.

the heterotic dilaton ¢ (as in section 2.1, ¢ = —v/2log g, so that the weak coupling limit
corresponds to ¢ > 1) and the radion p associated to the heterotic circle compactification
(both being canonically normalized).

Depending on the values taken by these fields, the theory is best described by different
dual descriptions, so we can split the moduli space into different duality frames associated
to the different weakly coupled (perturbative) descriptions that arise asymptotically (see
figure 4). Starting in the heterotic frame in the upper right-hand side corner of the plots in
figure 4, we can move to smaller values of the radion and dilaton and reconstruct the other
duality frames by performing a series of T- and S-dualities. A very detailed description of
all these dualities can be found in [42]. As the heterotic dilaton ¢ decreases (i.e., as we go
to larger values for the coupling gs), the theory is better described by its S-dual theory,
which is Type I on a circle for the case of SO(32) or M-theory on a torus for the case of
FEg x Eg. If we then also decrease the radius, it is convenient to perform a T-duality and
describe the theory in terms of Type I’ on a circle. Moreover, these slices of the moduli
space are self-dual, which means that they exhibit a self-dual line below which the moduli
space is a copy of the moduli space above. In the above coordinates, the self-dual line
occurs at p = %(ﬁ (red line in figure 4), where the Kaluza-Klein photon enhances to an
SU(2) gauge symmetry. This self-duality corresponds to a T-duality in the heterotic frame.
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3.1 A puzzle in the SO(32) slice of the moduli space

We begin by analyzing the different tower of states that emerge in the subspace of the
moduli space which has SO(32) gauge symmetry.

This theory features (among others) a tower of BPS Kaluza-Klein modes, a tower of
heterotic string oscillator modes, and a tower of BPS heterotic string winding modes. These
have the same dilaton and radion dependence as the Kaluza-Klein modes, fundamental
string oscillator modes, and the fundamental string winding modes in Type II string theory
discussed above, i.e.,

Eosc,h = (\}g’\/l%’) ) Ew,h = (\}5,\/31—4> ) fKK,h = (0, \/§> . (3.2)

The SO(32) heterotic string is S-dual to Type I string theory. Thus, the strongly coupled
regime of the heterotic string features a tower of Type I string oscillator modes and Type I
string winding modes, with moduli dependence matching that of the D-string in Type I11B
string theory, i.e.,

- 1 1 - 1 3

Cosc,I - <_\/§7 \/%) ) CW,I = <_\/§7 _\/ﬂ) . (33)
Further, as mentioned above, heterotic string theory has the property of self-T-duality; a
circle compactification of SO(32) heterotic string theory with Wilson lines turned off is
T-dual to another SO(32) heterotic string theory, under which Kaluza-Klein modes and
winding modes of the heterotic string theory exchange. This implies the existence of a dual
phase of Type I string theory, with particles whose scalar charge-to-mass vectors are related
to those of the original Type I phase by reflection across the self-duality line, p = %qb:

rrimn = (- )L = (L) -
OSCJ(dual) — \/?E’ \/@ 5 W’I(dual) — \/g, \/% . .

These scalar charge-to-mass vectors are plotted in figure 5.

Here, a puzzle presents itself: figure 5 (left-hand plot) suggests that along the infinite-
distance geodesic with p — oo, p/¢ = —\% (i.e. with tangent vector parallel to C_)OSC,I), the
lightest tower of particles should be the tower of winding modes associated with the dual
Type I string. In reality, however, we know that this limit is actually an emergent string
limit well described by perturbative Type I string theory on a circle, which means that the
lightest tower of particles is the tower of Type I string oscillator modes, with a = % Our
naive picture is wrong!

In fact, we can argue that the decompactification limit associated to the Type I winding
modes is obstructed in certain regimes. To see this, it is more convenient to switch to the
T-dual theory of Type I, which is Type I'. The regime of validity of the Type I’ region
is %(ﬁ <p< —%(b with ¢ < 0 from the perspective of the heterotic variables, which is
equivalent to weak coupling and small radius for Type I. The Type I’ theory is an orientifold
of Type ITA on a circle, and has two orientifold planes O8~ sitting at the endpoints of an

interval, together with 16 D8-branes to cancel the D-brane charge. The background which
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Figure 5. Two naive (i.e., incorrect) convex hulls of the scalar charge-to-mass vectors in SO(32)

heterotic string theory. The left convex hull is incompatible with the fact that a tensionless Type

I string emerges in the limit ¢ — —oo, p/¢ = —ﬁ. The right convex hull is incompatible with

the existence of the Type I winding/Type I’ KK modes and requires an unidentified mystery tower
(shown in orange). The resolution to this puzzle lies in the fact that the scalar charge-to-mass ratio
vector for Type I winding/Type I’ KK modes varies as a non-trivial function of moduli space, as
we will see in section 3.2.

is dual to Type I with no Wilson lines (i.e. such that the gauge group is SO(32)) has all
the D8-branes sitting on top of one of the orientifolds. The Type I’ string coupling then
grows as we go from this orientifold to the other one. Hence, for a given value of the
Type I string coupling near the O8~ + D8's, there is maximum value for the length of the
interval, as otherwise the string coupling would diverge at some regular point in between
the orientifolds. Thus, the decompactification limit is obstructed unless we also send the
Type I’ string coupling to zero fast enough. The limiting case occurs if we move along the
self T-dual line, for which the string coupling diverges precisely at the location of the O8~
without the branes.® This implies, in particular, that the theory does not decompactify
if we move along an asymptotic geodesic whose tangent vector is parallel to ﬁ_osc, as this
would correspond to increasing the radius but also increasing the string coupling from the
Type I’ perspective (recall that winding modes of Type I are dual to KK modes of Type
I'). In particular, this means that the tower of dual Type I winding states do not exist
along the asymptotic trajectory in the direction of 51_050.

Taking this reasoning into account, we could plot a new convex hull including only
the BPS states and the string oscillator modes while ignoring the Type I winding modes
(see figure 5, right-hand plot). However, this convex hull would not contain the ball of

. 1 . . o 22 .
radius = unless there is a new mystery tower with ¢ = ( 5730 3 \/ﬂ> (orange point

in figure g, right-hand plot). If we were to take this mystery tower seriously, it would

8The diverging coupling at the O8~ leads to the enhanced SU(2) gauge symmetry along the self-dual
line, as described in [42].
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Figure 6. Sketch of the O8-(0O8+16 D8) brane-orientifold configuration needed to obtain the
SO(32) gauge group in Type I'; as well as the dilaton profile for B > 0.

have |(] = %ﬁ’ which by (1.3) is equal to the exponential rate of a Kaluza-Klein tower
for a decompactification to an 18-dimensional vacuum. However, this convex hull is also
incorrect, since it is well known that the resolution of taking the infinite-distance limit along
the self-dual line is not a new 18 dimensional vacuum, but a running solution of Type I’
in 10 dimensions. As explained above, this corresponds to the limiting case in which the
string coupling diverges in one of the orientifolds, and we simply recover 10 dimensional
massive Type ITA with a running dilaton in the decompactification limit.

In what follows, we will explain how the apparent contradiction is resolved due to the
fact that the Type I winding modes are not BPS and their scalar charge-to-mass vectors
vary across moduli space. Furthermore, the fact that we are decompactifying to a warped,
running solution will also change the result for the scalar charge to mass ratio of the KK
towers, deviating from the unwarped result of |Cxk| = \/g , (2.13).

3.2 The resolution: sliding and decompactification to a running solution

To begin resolving the puzzle outlined in the previous section, we will focus on one of the
Type I regions of moduli space (shaded blue in figure 9a). Taking an infinite-distance limit
¢ — —oo with fixed \iﬁgb <p< —%qﬁ corresponds to a decompactification limit of weakly
coupled Type I string theory to ten dimensions. However, as we now review, such a decom-
pactification limit leads not to a ten-dimensional vacuum, but rather to a running solution.

As explained in [43] and rederived in appendix A.1, type I’ theory compactified on a
interval 2% € [0,27], with two orientifolds located at its extremes, :1:908 = 0, 2w, and 16
D8-branes located at {z{}18, C [0,27] (see figure 6) results in a warped metric Gy =
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Q2(2°)ny N and running dilaton g, = e®r () given by
(@) = 2(29)75/6  Q(a9) = Cz(a”) /S, (3.5)
with
180 29 16 29 16
2(2%) = 41(al,)MSC{B+ , ;Téf—x dT—</ Zaf—x Jdr — 8 ) }

(3.6)
Here, pg is the coupling to the 9-form potential, and vy, given by Fig A xFg = *I/g is
proportional to the Romans mass of the massive Type ITA theory that arises between the
D8-branes. As explained in appendix A.1, the expression of z(z°) greatly simplifies for the
brane configuration leading to the SO(32) and Eg x Eg gauge sectors. In this first case,

180
250(32) (z%) = T —— (o) *usC(B + 82%), with B> 0.

For later convenience, it is useful to define the dimensionless quantities () = Q(ai,)_l/ 2

and C' = C(af,)~/2, so that C, B are both dimensionless fields, and z(z°) ~ C(B + 8z°)
up to global numerical factors.

This non-trivial warping and dilaton background is important because it modifies the
masses (and therefore the scalar charge-to-mass ratio) of the Type I’ Kaluza-Klein modes.
We have seen previously that circle reduction of a 10-dimensional vacuum solution leads
to Kaluza-Klein modes whose masses scale with the radion p as

8
MKK ~ exp (— 7,0) , (3.7)

which implies 9, log mkgx = —\/g everywhere in moduli space.

In the case of Type I’ string theory at hand, however, this simple calculation no longer
applies. Instead, the moduli dependence of the Kaluza-Klein mass must be computed via
a careful dimensional reduction of the 10-dimensional theory, which requires an explicit
computation of the Laplacian spectrum taking into account the non-trivial warping. We
present the computation in detail in appendix B, while here we only show the final result
for the Type I’ KK mass:

2 R a —-1/7
MKK,1 = < ; dzgﬂse_ml’) Mpy.g. (3.8)

This is valid for both the SO(32) and Eg x Ejg slices of moduli space.
As derived in appendix A, the oscillator modes of the Type 1’50(32) string have a mass
of order

o2 N4 s opem —11/28
Mosc, I’ = ( 0 d$992> < ; dx9Q86_2¢1’) (Z QS —dy

As a side remark, let us mention that this decompactification limit was also recently dis-

1/2
9> Mpriy (3.9)

cussed in [44] to argue from the bottom-up that this asymptotic limit in the 9d supergrav-
ity moduli space should correspond to decompactifying to Type I’ string theory, although
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their estimation of the KK mass and string scale disagree with our results. Egs. (25)
and (26) of [44] imply mgk p ~ C~25/24 and Mose,l! ~ C~5/24 while the correct result is
MKK, I ~ C—25/21 and Mose,l! ~ C~—5/14 which are obtained after plugging (3.5) into our
results for the masses above (see e.g. B.2). In any case, this does not change the fact that
the KK mass is lighter than the string mass along the self-dual line, so the qualitative
results of [44] remain unchanged.

In order to plot the convex hull of all states, we also need to express the BPS masses
in the (B,C) variables. This can be done by identifying the 9-dimensional actions and
the microscopic interpretation of the BPS states from both the heterotic and Type I’
perspectives. This is done in appendix A, and the result for the heterotic radius and the
heterotic dilaton in terms of the warping factor is given by

2 R -1 27 " A 1/7
Ry ~ < i dx992) ( ; dm9§28e—2‘bl'> Mgy (3.10)
B N2 e 32 (16 -2
G ~ 7 < i d$992) < i deQSG—Qq’II) (Z Q5e_¢’1/ x9:x9> (311)
i=1 i

This, together with the relation between the string scales mogcn = g,ll/ Qmosc,p, is enough to
2

osc,

obtain the BPS heterotic KK and winding modes, mkk n = R;l and my n = mi, 1, Ry, in
terms of the (B, C) fields. The explicit expressions are presented in the appendices in A.2
and A.3.

The final piece of information that we need to compute the scalar charge-to-mass ratios
is the moduli space metric Gg,. This can be either computed from dimensionally reducing
the 10-dimensional Type I’ action, or more easily, by imposing that the scalar charge-to-
mass ratio of the BPS heterotic states which are purely KK or winding should remain fixed
at any point of the moduli space. The field space metric is computed using both methods
in appendix C, which combined with the final expression for the different tower masses in
terms of B and C' (see appendix C.2) and using (2.3), leads to the following result for the
scalar charge to mass ratio vectors in the flat coordinates? (¢p, ¢c) € Rsg x R:

Cose,lt = (lej 4\3ﬁ> , Ckin = (1, —\%> ;
Cosesn = (Q—\%) , Con = (—1,—\%) , (3.13)

9As obtained in appendix C.1, {¢5,dc} are flat coordinates such that dsi,lsom) = d¢% + doZ given
by (C.14)

10 5 4/3 4/3
= ——1logC+ ——=1o B+ 167 - B
o =g 78T o s I ) )
2/3 2/3
o5 — L1og BH16T)° + B

2 ° (B +16m)2/3 — B2/3”

with the peculiarity that the sliding will occur in the ¢p direction, and with the ¢¢ axis corresponding
with the self-dual line. Any other flat frame will be related by a O(2) transfromation.
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while for the Type I’ KK mode we have a slightly more complicated expression

_ 3{2“]1 5
v =\ 75 | e '2V7
{E—§@+0<¢B>,;ﬁ) for o < 1,

3.14
b geim 4 0 (e788) 5 for o > 1. &1

2T

This formula (see (3.16) for its expression in the (¢, p) flat frame) is one of the most
important results of this paper. Unlike the previous towers, the scalar charge-to-mass ratio
of the Type I’ KK modes change as move in the moduli space, in such a way that 5KK’I/
slides continuously along a segment of length % in the ¢p (equivalently B) direction of
the tangent space of the moduli space. In doing so, it interpolates between the unwarped
result ( 215 \[) when ¢p, B — co and the highly warped result (0 Qiﬁ) at the self-dual
line when ¢p, B — 0.

Since the above scalar charge to mass ratio is given in the flat coordinates (¢, ¢¢),
we still need to make a change of coordinates to write them in terms of the flat frame
associated to the heterotic dilaton and radius, in order to compare the results with figure 5.
The flat frames for the tangent spaces in different coordinates are simply related by an O(2)
transformation. Knowing that in this case the Jacobian matrix of the coordinate change
is positive definite, said transformation will be part of SO(2), that is, a rotation. We can
determine the transformation matrix My by imposing that fKK’h = (O, \/§> in the (¢, p)

2

a7
Mﬁ:<\ﬁf 18), (3.15)

flat frame (see (3.2)), which leads to the rotation angle ¥ = arccos (—#), and therefore

8 2V2

which finally allows us to write 5KK’I/ from (3.14) in the (¢, p) flat frame:

. 5 3 2 -1 5 3 [7 2 -t
r=- + 1+ = — A5 1+ ——
CKK,I <4\@ 4\/5{ \/1_67—4@3} 414 4 2[ \/1—67—4@3} )
_{(452 2sVoB 1 — 1 5VeB) + O (65) for ¢ <1,

-7 mae e yat 12\/7 74%) +0 <678¢B) for ¢p > 1.

The final result for the scalar charge-to-mass ratios of the towers in the heterotic

(3.16)

variables is plotted in figure 7. The upshot of this result is that the scalar charge-to-mass
vector representing the Type I’ Kaluza-Klein modes varies continuously as a function of
the moduli, sliding along the black dashed line in figure 7 on one side of the self-dual line.
Similarly, the Kaluza-Klein modes of the dual Type I’ string slide along the black dashed
line on the other side.'” This implies that the convex hull of the towers indeed changes as
we me move in the moduli space.

10The fate of the states when one crosses the self dual line is not entirely clear from our analysis. It may
be that the two towers of states are one and the same, or that one tower becomes unstable at the self-dual
line and decays into the other.
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Figure 7. Convex hulls in the two asymptotic limits for B in the I’SO(32) regions. The convex
hull for the limit B — oo is shown in blue; this corresponds to the limit of the I’SO(32) string with
no warping. The convex hull for the analogous zero-warping limit of the dual 1’80(32) string is
shown in yellow. The convex hull for the limit B — 0 limit is shown in green; this corresponds to
decompactification to the 10-dimensional running solution. The sliding segment is depicted by a
black dashed line. Note that the heterotic towers remain fixed in any limit.

A crucial consequence of the formula (3.14) is that the sliding of Q?KK,I/ occurs entirely
as a function of the flat coordinate ¢p, which has the interpretation as the perpendicular
distance to the self-dual line. Thus, if we move along any asymptotic geodesic that is
not parallel to the self-dual line, ¢p will grow arbitrarily large as we move towards the
asymptotic region, and 5KK’1/ will approach the unwarped result (—%, %ﬁ) exponentially
quickly. If we are only interested in tracking the dependence of the exponential rate as a
function of direction, then, the sliding will happen instantaneously right as our asymptotic
geodesic becomes parallel to the self-dual line, as depicted in figure 8.

However, there is a two-parameter family of asymptotic geodesics, parametrized by
J

both the direction as well as the “impact parameter,” or the initial displacement in the
perpendicular direction. While for most geodesics the impact parameter will not affect
the value of 5KK71/ in the asymptotic regime, for geodesics parallel to the self-dual line we
see that the value of C_'KKJ/ depends very strongly on the impact parameter (in this case,
¢pB), even asymptotically, as depicted in the left part of figure 8. We can see that there is
an order-of-limits issue regarding the asymptotic value of EKK,I“ the limits of taking our
geodesic parallel to the self-dual line and moving infinitely far along our geodesic do not

commute.

~19 —



Figure 8. Sketch of the behavior of the convex hull (which is defined in the tangent space,
T, Mgo(32)) for points along trajectories moving to different limits of the SO(32) slice of the moduli

space, Mgo(s2), parameterized by the canonically normalized heterotic (¢, p). Note that in the
Type I and Heterotic regions the convex hull is the same as in the unwarped limit of the Type I’
region (i.e. B,¢p — 00), which is also the same shape as in the Type IIB string compactification
on a circle, figure 2. For fixed ¢p, the tangent vector is parallel to the self-dual line, but the
shape of the convex-hull depends on the distance to it, given by ¢p. As we move closer, the

figure is deformed by the sliding of the Type I’ KK scalar charge-to-mass vector sliding, while still
1

Jis radius ball.

containing the

With the dependence of fKK,I/ on our asymptotic trajectory in hand, let us now derive
the amax-plot which provides the value of the exponential rate for the lightest tower for
every asymptotic geodesic of the moduli space. For the purposes of computing the apax as a
function of direction in the Type I’ phases of moduli space, we can imagine that the Kaluza-

. . . . = 1 3
Klein scalar charge-to-mass vector jumps discontinuously from (g = (_ﬁ’ —ﬁ) to

5KK (dual) = (—%, \/%) as one crosses from one Type I’ phase into the other. Note that

for geodesics parallel to the self-duality line, i.e., with p; = %qﬁl < 0, we have amax = \/%—8

independently of the values of ¢y and pg. This independence is a bit surprising given the
nontrivial sliding of the Type I’ Kaluza-Klein modes’ scalar charge-to-mass vector that
occurs as ¢g and pg are shifted, but this shifting turns out to have no effect on apax for
the simple reason that the self-duality line is orthogonal to the line segment on which the
sliding occurs, as can be seen from figure 7.

The result of all this is the max-« hull shown in figure 9a. Clearly, the sharpened

Distance Conjecture is satisfied, as amax > \/ﬁ in every direction in the dilaton-radion

plane. The limits in which this bound is saturated correspond to the three emergent string
limits, one of which is a heterotic string limit, the other two of which are Type I string
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Figure 9. Max-a hull for SO(32) and Es x Eg heterotic string theories on a circle. Everywhere
except the Type 1’30(32) region, the arc of the hull is determined by the f—vector of the tower
contained in said arc. In the Type I'SO(32) regions, however, the leading tower is more subtle: in
the Type 1,30(32) region above the self-dual line, the leading tower is the Type I’-KK tower whose

g?—vector is located below the self dual-line. In the dual 1’80(32) region below the self dual line, the
leading tower is the Type I'-KK tower located above the line.

limits. Our initial puzzle is resolved: the Type I’ KK modes exist as long as we stay in
one Type I’ region, but do not obstruct the other Type I emergent string limit since their
scalar charge-to-mass vector varies as a function of moduli space.

An interesting consequence of our results is that the maximum value of the exponen-
tial rate for the Type I’ KK tower occurs precisely along the self-dual and it is smaller

than the naive unwarped result, amax = —= < \/g. Hence, one has to be careful when

assuming (1.3) for a KK tower. This rais\e/sfsan obvious question: how small the can the
exponential rate of a KK tower become if decompactifying to a running solution? Could it
get even smaller than the one corresponding to the fundamental string oscillator modes?
If so, this would violate the sharpened Distance Conjecture but not the Emergent String
Conjecture, which in particular shows that the latter conjecture does not necessarily imply
the former. Clearly, in the case under consideration, this does not happen, and the sharp-
ened Distance Conjecture is still satisfied in a non-trivial way, but this possibility opens

interesting avenues to explore in the future.

3.3 The Eg X Eg slice of moduli space

A similar analysis to that presented above can be carried out for Eg x Eg heterotic string
theory on a circle. Recall that the different duality frames arising at different regions of
the moduli space were shown in figure 4. Once again, this moduli space features a pair
of Type I' phases, which are related to each other by the self-T-duality of the Fg x Eg
heterotic string. To get the Fg gauge group in this theory, we need to put 7 D8-branes
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on an orientifold plane, and one D8-brane away from it, precisely at a distance that will
maintain the infinite string coupling at the O8™ plane, as explained in [42]. If we do this at
both ends, we get the vacuum of type I’ string theory that is dual to the heterotic Eg x Eg
string with no Wilson line turned on. We will see that the Kaluza-Klein modes for the two

Type I’ phases will again slide along a line segment between (—%, \/%) and (— L, -2

)
as a function of position in moduli space. However, they will slide in the opposite\/girec\t/ilgn
from the case of the SO(32) slice previously considered!

The dimensional reduction of the Type I’ theory is analogous to the case of SO(32),
with the exception that the warping and dilaton running along the compact direction are

now given in terms of the zp,x g, (z%) functions by

Ca? if0<2?<B
zpexps(2°) ~{ CB if B<ax?<2r—B , (3.17)
C2n—a%) if 2r — B < 2% < 2r

where, in the Type I’ frame, B denotes the location, at z° = B,27 — B, of the two D8-
branes which are not located in the O8-planes. Note that here B € [0, 7], so that the
two corresponding limits are: B — 0, which corresponds with a low warping limit and a
Eg x Eg — SO(16) x SO(16) enhancement, and B — 7 where the two bulk branes coincide
in the middle of the interval, leading to the enhancement Fg x Eg — Eg x Fg x SU(2) along
the self-dual line [42].

In the same way as in the SO(32) slice, the Type I’ KK tower mass is given by (3.8),
with O and e®v given in terms of zpgyx g, (z”) this time. Furthermore, as computed in

appendix A, the oscillator modes of the Type Ingx , String read
1/4
9> Mp,9

2r—B R —1/4 2m . -1/7 /16
meSCXI/ES ~ (/ d:v9(22> (/ dx9986_2¢1’> <Z Qe v oy
3.18

In order to obtain BPS masses in terms of the (B, () variables, we can identify the
heterotic winding modes (which are wrapping M2-branes from the M-theory perspective)
with the Type I’ string wrapping the interval, with endpoints at z; = 0, 2r — B (i.e. the

Type I’ string is stretched between one O8-plane and the D8-brane located further away
R
2W2L

in the interval,'! as in figure 10). This way, My h = = My, . Using this, we obtain

(see appendix A.2) the following expression of the heterotic radius and dilaton,

16

B 962 7 g —aay) A5~ 1
Ry ~ (/0 dz”Q ) (/0 dz’Q%™ 1’) (Z 0e 7V ;p9:xf?> Mpyg (3.19)
i=1 g
o8B  \Y?, 2w 16 ~3/2
Gh ~ (/0 dx9§22> (/0 dxgﬂgeml’) <Z QP 9) , (3.20)
i=1 i

1 This identification of the heterotic winding states in the Type I’ description can be derived by matching

9=z

charges of the states under the Eg x Eg x U(1) x U(1) gauge symmetry preserved at a generic point of this
slice of moduli space.
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Figure 10. Sketch of the (O8+7 D8)-D8-D8-(08+7 D8) brane-orientifold configuration needed
to obtain the Eg x Eg gauge group in Type I'. The two stacks of seven D8-branes are located at
the orientifolds at 2° = 0, 27, with the other two branes at 2% = B 27 — B, such that the string
coupling e®r diverges at each O8~ plane. The string identified with the heterotic winding states
in the Type I’ description is also depicted, stretching from one orientifold to the D8-brane located
further from it along the interval.

The final result for the BPS states, my 1, and mxk n ~ Ry !, is given in (A.34c) and (A.34d).
Finally, using the field space metric of the Egx Ej slice of the moduli space (see appendix C),
we can compute the scalar charge to mass ratio vectors of the above states in the flat
(6B, 6c) € Rag x R frame,'? as done in appendix C.2. All the towers have the same
expression as the SO(32) slice, i.e. (3.13), except for the Type I’ KK tower, which reads

C_, B (1 _ 2 ) )
KK,I/ - 2 1 + 3€2¢B ’ 2\/7
|50 (). %) oo

3.22
08+ 0(63).57%) for ¢5 ~ 0, (3.22)

In this case, it interpolates between (0, %) (highly warped along self-dual line) and

(%, %) (unwarped), again solely as a function of the perpendicular distance to the self-
dual line. The change of coordinates between (¢p,¢c) and (p,¢) has positive-definite

12The same way as in the SO(32) case, we have dsi,lEsts = d¢% + d¢Z, given by (C.17a)

10 5 5
= — logC+ —>_log [B(4r — B
bc Wik o7 g [B( )’]
op = —L1og 3B
BTy T

again with the sliding only happening in the ¢p direction and ¢¢ axis being the self-dual line.
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Jacobian, and the SO(2) transformation is again given by ¥ = arccos (—21%) The same

way as in the SO(32) case, in the (¢, p) flat frame, we obtain

- 5 3 e¥B _1 5 3 [T e2%5 — 1
(KK, = | — - 3 y T\ 5995
42 442328 +17 414 4V 23e2%5 + 1
3 4+ 1 ,—2¢p 1 1 /7 ,-2¢ —4¢
[ (el ame e adm — i) + O () for g o ox, (3.23)
(-7~ som i + Wion) +OLh)  Eron o

The result for the SWGC convex hull is shown in figure 11. The Type I’ KK modes
again slide following the dashed black line. A key difference between FEg x FEg heterotic
string theory and its SO(32) counterpart, however, is that the position of Type I’ KK scalar
charge-to-mass vector approaches the value (—%, —\/%) in the bottom Type I' phase in
figure 11, whereas it approaches the value (—%, \/%) in the top Type I’ phase (the SO(32)
case has top <> bottom). Hence, as we move along the blue arrow in figure 11, the convex
hull is given by the blue triangle, while the yellow triangle arises when moving along the
yellow arrow in the bottom Type I’ phase. As a result, these Kaluza-Klein modes obstruct
the Type I’ emergent string limits,'® so there is only one emergent string limit in this moduli
space, namely, the emergent heterotic string limit. On the contrary, the unwarped decom-
pactification limit is not obstructed if we move along the direction of 5}(}(,1/ = (%, %ﬁ)

The result of this analysis for the Distance Conjecture is the max-a hull shown in
figure 9b. Even if the towers are located at the same places than for SO(32), the nature
of the leading tower dominating along some of the asymptotic limits is different. Since the
emergent string limit is obstructed, the yellow region now corresponds to decompactifying
two dimensions (to M-theory). In the Type I’ blue region, we still decompactify to a 10-
dimensional running solution (thereby the sliding of the KK modes), but only a finite region

of the interval exhibits a non-vanishing Romans mass. The sharpened Distance Conjecture
1
d—2

is satisfied, as the exponential rate of the leading tower satisfies aupax > in every

direction, and saturation occurs only in the emergent string limit.

3.4 The SO(16) x SO(16) slice of moduli space

For the sake of completeness, we consider one final slice of the moduli space of heterotic
string theory compactified on S* to 9d: the slice with enhanced SO(16) x SO(16) gauge
symmetry. From the Type I’ point of view, this corresponds [42] to having 8 D8-branes
on each O8~ plane located at the endpoints of the interval S'/Zs. By (3.6), we have
2(2%) o« BC, so there is no warping and the dilaton is constant along the interval. In this
case gy ~ B~5/6C5/6 and Q ~ B5/6C'/6 which implies that every point of moduli space
has the same moduli space metric, and the scalar charge-to-mass vectors of the various
towers do not slide.

13This nicely reproduces the string theory expectations. From the string theory perspective, weak cou-
pling implies moving the isolated D8’s closer to each other, so there is a lower bound for the string coupling
that gets saturated when the two D8’s coincide at the middle of the interval. Hence, we cannot take the weak
coupling limit while keeping the radius of the interval fixed, so the Type I’ emergent string limit is obstructed.
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Figure 11. Convex hulls in the two asymptotic limits for B in the I};sx g, regions. The convex
hull for the limit B — 0 is shown in blue; this corresponds to the limit of the Iy, , 5 string with no
warping and large string coupling between the O8’s. The convex hull for the analogous zero-warping,
large coupling limit of the dual I:E8>< g, String is shown in yellow. The convex hull for the limit
B — m limit is shown in green; this corresponds to decompactification to the 10-dimensional running
solution. The sliding segment is depicted by a black dashed line. As in the SO(32) case, the heterotic
towers remain fixed in any limit. Note that the Type I’ emergent string limits are always obstructed.

Starting from this Type 1’80(16)Xso(16) frame, we can cover the entire two-dimensional
slice of moduli space by a sequence of dualities [43, 45-48]. First, this Type I’ string theory
is T-dual to Type I string theory with Wilson lines that break the gauge symmetry to
SO(16) x SO(16). As in section 3.1, this is S-dual to SO(32) heterotic string theory on S1,
again with Wilson lines preserving the SO(16) x SO(16) subgroup. This is in turn T-dual
to Fg x Eg heterotic string theory on S! with Wilson lines preserving SO(16) x SO(16)
(recall that is the maximal common subgroup of SO(32) and Eg x Eg). Finally, as in
section 3.3, the Fg x Eg heterotic string can be related via the Horava-Witten construction
to M-theory on S'/Zs x S', again with the Wilson lines on S' breaking Eg to SO(16).
From the initial 9-dimensional Type I’ on S'/Zs point of view, the 10d bulk theory is Type
ITA, which in the strong coupling limit can be lifted to M-theory by growing an additional
S1, thus completing the duality chain. The different regions, parametrized in terms of the
canonically normalized SO(32) heterotic dilaton and radion, are depicted in figure 12.

Figure 12 also depicts the scalar charge-to-mass vectors of the relevant towers of the
theory. Beginning in SO(32) heterotic string frame, we first have the KK modes (located
on the p axis) and the heterotic string oscillation modes (located on in the self-T-dual line),
as well as the winding modes of the SO(32) theory. Crossing to the Type I frame, we have
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M-theory

Figure 12. The convex hull of the scalar charge-to-mass vectors for the SO(16) x SO(16) slice of
9d heterotic moduli space, given in terms of the canonically normalized dilaton and radion of the
SO(32) heterotic string. It is evident that the convex hull contains the ball of radius \/% = %
Note that this figure is essentially identical to figure 2, but in this case the towers of Type I
oscillation modes and winding modes are not BPS.

the Type I KK and winding modes at each side of the T-duality line, along which the Type
I string tower is located. The mass expressions in terms of {¢, p} and coordinates of the
(7 vectors in this SO(32) heterotic frame are the same as in (2.9)(2.12), so the resulting
convex hull, depicted in figure 12, is the same as the Type IIB case shown in figure 2.
Notably, the convex hull remains unchanged as we move in the moduli space, which is
possible because the heterotic theory is not self-T-dual in this slice of moduli space, so the
convex hull is not symmetric under the T-dual heterotic line.

Similarly, the discussion about the leading tower decay rate amax(7) along different
directions 7 is the same as the Type IIB case, which was discussed above in section 2.1.
Note, however, that in this case the towers of Type I string oscillation modes and winding
modes are not BPS.

4 Other nine-dimensional moduli spaces with 16 supercharges

So far, our main focus has been testing the sharpened Distance Conjecture in nine-
dimensional heterotic string theory. In this section, we will see that our results imme-
diately generalize and allow us to describe multiple additional slices of the landscape of
nine-dimensional quantum gravities with 16 supercharges. These additional slices can be
viewed as “frozen” phases of the two slices we have considered with SO(32) and Eg x Eg
gauge symmetry. We again refer the reader to [42] for a detailed account of these theories.
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The first additional slice we can easily describe is the two-dimensional locus in the
moduli space of the CHL string with enhanced Eg gauge symmetry [42, 49, 50]. This theory
has r = 9 vector multiplets, and is obtained by compactifying the Fg x Eg heterotic string
on a circle with a discrete Wilson line turned on for the gauged Zy outer automorphism
exchanging the two copies of Fs. The moduli space of this theory is identical to that of the
Eg x Eg slice we have considered previously (see figure 4), with a self-T-duality line and
duality frames given by Eg x Eg heterotic string theory on a circle, M-theory on a M&bius
band, and an unusual variant of Type I’ string theory.

To describe this variant, recall that the Fg x FEjg slice was given by a configuration of
Type I string theory with 7 D8-branes on each O8~ plane and two additional D8-branes
placed precisely at a distance to maintain infinite string coupling on each O8~. To obtain
the Eg locus of the CHL string, one must replace one of the O8~ planes and the 7 D8-
branes on top of it with an O8(~1) plane that is frozen to sit at infinite coupling. While this
replacement changes the local dynamics on the orientifold plane, it does not change the bulk
geometry whatsoever, and thus the scalar charge to mass ratio vector of the Type I’ KK
modes is again given by (3.22). As a result, the SWGC convex hulls for the Ejg slice of the
CHL string moduli space will be identical to those for the corresponding point in the Fg x Eg
slice depicted in figure 11, and the max-« hull will be the same as that depicted in figure 9b.

The next slice we can easily describe is the two-dimensional moduli space of the asym-
metric orbifold of Type ITA string theory on a circle (AOA) by the action of (—1)f~
combined with a half-shift along the circle [42, 51, 52], a theory with r = 1 vector multi-
plets. The moduli space of this theory is again identical to that of the Eg x Ejg slice, and
has a self-T-duality line as well as duality frames given by the AOA theory, M-theory on a
Klein bottle, and a configuration of Type I’ string theory. This configuration is obtained
from the Eg x Eg configuration by replacing both O8~ planes and the 7 D8-branes on
each with O8(—1) planes frozen to infinite coupling, leaving behind two D8-branes in the
middle of the Type I’ interval. Again, the bulk geometry is identical to that of the Eg x Eg
configuration, and so the Type I’ KK scalar charge to mass ratios, SWGC convex hulls,
and max-a plots will be identical to those for the Fg x Eg slice considered previously.

The final slice we can easily describe is the two-dimensional moduli space of a similar
asymmetric orbifold of Type IIB string theory on a circle (AOB) by (—1)f~ combined with
a half-shift [42, 51, 52], another theory with » = 1 vector multiplets. While the moduli
space of the AOA theory is identical to that of the Fg x Fg slice, the moduli space of
the AOB theory is instead identical to that of the SO(32) slice, with a self-T-duality line
and duality frames given by the AOB theory, the Dabholkar-Park background [53], and
a configuration of Type I’ string theory. This configuration is obtained by the SO(32)
configuration by replacing the O8~ plane with 16 D8-branes on top of it with an O8%
plane. Just as in the previous two cases, the bulk geometry remains identical (this time
to that of the SO(32) configuration), and so the Type I’ KK scalar charge to mass ratios,
SWGC convex hulls, and max-a plots will be identical to those for the SO(32) slice (given
in (3.14), figure 7, and figure 9a respectively).

There are two additional slices of the landscape of nine-dimensional quantum gravity
with 16 supercharges, to which our results do not quite apply verbatim, but for which
we expect very similar (if not identical) results to hold. These are the additional slice
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with SO(32) gauge symmetry mentioned in Footnote 7, as well as its frozen phase, the
new string theory with r = 1 vector multiplets described in reference [54] and obtained by
turning on a discrete f-angle in the AOB theory. These theories are very similar to the first
SO(32) slice and the AOB theory respectively, but have additional Zs restrictions on their
charge lattices. Our expectation is that these differences will only change the prefactor of
the masses of towers of states, and not the exponential rates, so it is our expectation that
the SWGC convex hulls and max-a plots will be identical to those plotted in figure 7 and
figure 9a respectively.

5 Discussion

In this paper, we have studied several noteworthy slices of the moduli space of quantum
gravity theories in nine dimensions with 16 supercharges. Our findings have led to a striking
confirmation of the sharpened Distance Conjecture and an important clarification for the
Emergent String Conjecture. As demanded by the sharpened Distance Conjecture, every
infinite-distance limit in moduli space considered above features at least one tower of light

particles which decays with geodesic distance ¢ as m ~ e~*?, with a > \/dITQ = \% This
bound is saturated only in emergent string limits, and is satisfied strictly in all other limits.

As demanded by the Emergent String Conjecture, all of these infinite-distance limits
represent either emergent string limits or decompactification limits. However, in the case of
the Type I' decompactification limits, we found that the decompactification does not result
in a 10-dimensional vacuum, but rather a running solution. The running of the dilaton in a
Type I’ decompactification limit implies that the masses of the Type I’ Kaluza-Klein modes
develop a non-trivial dependence on the moduli, which we computed explicitly by a careful
dimensional reduction including the effects of a warped compactification. The possibility of
a decompactification to a non-vacuum state is an important caveat to be considered when
attempting to derive consequences from the Emergent String Conjecture (as in [55]), since
it implies a possible suppression of the exponential rate of a KK tower due to the warping
and a non-trivial variation of its value as we move in the moduli space. Given this, it is
perhaps a bit surprising that the sharpened Distance Conjecture continues to hold even in
Type I’ decompactification limits, and more generally it is not obvious that the sharpened
Distance Conjecture will remain valid once decompactifications to non-vacuum solutions
are taken into account.

We also checked a version of the Scalar Weak Gravity Conjecture (SWGC) [32, 33]

[Vm|
m
of the gradient of the mass to the mass of the tower of states, which is commonly known

in these nine-dimensional theories, which implies a lower bound for the ratio ]E | =

as the scalar charge-to-mass ratio. Unlike the Distance conjecture, the SWGC is a local
condition of the moduli space, and we find that it is always satisfied in the asymptotic
regimes if we take the bound to be || > \/dlfQ. This holds thanks to the particular sliding
behaviour of the non-BPS states. Notice that this version of the SWGC no longer has

the interpretation of a balance of gravitational and scalar forces (as in the original SWGC

proposal [32]) since the numerical factor in the bound is different, and is instead fixed to

coincide with the lower bound of the sharpened Distance conjecture.

! This is why such type of bound was originally refered to in [33] as the Convex Hull Distance Conjecture
and referred to in [31] as the Tower SWGC.
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Assuming that the scalar charge-to-mass ratio of the towers does not change in a
given asymptotic regime, reference [33] showed that the Distance Conjecture is satisfied
with minumum rate i, if and only if the convex hull of the towers of states includes
the ball of radius auyiy. In this paper, we find that this connection between the Distance
Conjecture and this version of the SWGC still holds in the interior of any fixed asymptotic
regime (i.e. for each of the dual regimes in figure 4), even taking into account the sliding
of the non-BPS states. This is possible thanks to the fact that the sliding of the Type
I’ KK states occurs instantaneously as a function of the asymptotic direction, and so
there is effectively no sliding as long as one considers asymptotic geodesics that have a
different asymptotic tangent vector.!> This implies that, in practice, one can draw the
max-« plot by stitching together the max-a plots of the unwarped light towers in each
region. However, the relevant light towers jump discontinuously as a function of direction
when crossing the self-dual line, as represented in figure 13. The jumping occurs in
opposite directions for the case of SO(32) or Eg x Eg. As a result, the exponential rate
of the Kaluza-Klein modes matches that of an unwarped circle compactification along the
geodesics in the interiors of the Type I’ regions, even if it never reaches the unwarped rate
of \/g in the SO(32) case (recall figure 9a for the max-a plot providing the exponential
rate of the leading tower along each direction). It would be interesting to investigate
whether this relationship between the Convex Hull SWGC and the Distance Conjecture
holds more generally in any fixed asymptotic region (satisfying, therefore, the Convex Hull
Distance Conjecture of [33]), or whether there are examples where the SWGC convex hull
changes continuously as a function of asymptotic direction.

It is important to note that, while the max-a plot for each fixed asymptotic region
arises from a convex hull, the resulting figure obtained from joining piece-wise the different
convex hulls in each asymptotic regime is not a convex hull anymore, as depicted in see
figure 13. In each asymptotic regime, we draw the convex hull of the leading towers
of states, which happen to be always a straight line between the two competing towers
characterizing each asymptotic regime. In the Type I’ regime, the competing towers are
always the Type I string oscillator modes and the Type I’ KK modes, but the KK modes
jump as we cross the self-dual line. Figure 13 also nicely captures the difference between
the SO(32) and Eg x Eg slices: even if the towers of states seem to be located at the same
places, the Type I’ KK tower which is valid in a given Type I’ regime is located at opposite
sides of the self-dual line, and the jumping occurs in opposite directions. This implies that
the pure decompactification limit (or the emergent string limit) is obstructed for SO(32)
(or Eg x Eg) respectively, since the relevant tower of states is not present when moving in
the appropriate direction. This result nicely reproduces the string theory expectations.

An interesting exercise is to check how much we could have predicted about the weakly
coupled descriptions that emerge in the infinite distance limits knowing only the towers of
states (along the lines of [55]). First of all, we want to remark that knowing the leading
tower along a particular asymptotic direction is not enough to find out the weakly coupled

151f we consider geodesics that are parallel to the self-dual line, the sliding occurs as a function of the
distance to the self-dual line.
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(a) SO(32). (b) Es x Es.

Figure 13. Sketch of the leading towers that fulfill the Convex Hull Distance Conjecture in the
different asymptotic regions. FEach facet is generated by two competing towers, each of which
becomes light in an asymptotic region. The emergent string limits are depicted in purple. The
self-dual line in the Type I’ region should be interpreted as a sort of branch cut, in the sense that
the scalar charge-to-mass ratios of the Type I'-KK towers jump depending on which side of the
self-dual line the infinite-distance limit resides. This means that the competing towers in the Type
I’ region are always the Type I’ KK modes and the string oscillator modes, but the location of these
towers changes as we cross the self-dual line.

description that emerges asymptotically. For instance, consider an asymptotic trajectory
on the upper left region of the moduli space in figure 13. The leading tower is the heterotic
KK modes for p > —%(b both in the case of SO(32) and Eg x Eg. However, the emerging
weakly coupled description is very different in the two cases, as one obtains 10d Type 1
string theory in the former and 11d M-theory in the latter. Hence, in general, it is necessary
to have information about the multiple competing light towers in a given asymptotic region,
information that can be easily read from figure 13. For the SO(32) case, the upper left
(orange) region is controlled by a KK tower of one extra dimension and a tower of string
oscillator modes, so the emerging description is a string theory in 10 dimensions. Contrarily,
for Fg x Eg, the upper left (yellow) region is controlled by two KK towers of one extra
dimension, so the resolution is an 11 dimensional theory (i.e., M-theory). Hence, one has to
be careful when extracting conclusions from checking individual trajectories or neglecting
the sliding of the towers in the moduli space. Let us also mention that each dual frame (or
equivalently, each face of figure 13) is characterized by a unique result of the species scale
hinting a particular weakly coupled description, as will be explored in more detail in [56-59].

One shortcoming of this work is that we have ignored periodic scalar fields, i.e., axions.
This omission can be justified on the grounds that axions do not play a role in our discussion
of the Distance Conjecture, since they may be taken to be constant along asymptotic
geodesics in these slices. However, axions do play an important role in the closely related
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Convex Hull SWGC [31, 33|, the refined Distance Conjecture [20, 21], and other attempts
to extend the Distance Conjecture into the interior of moduli space [22]. Furthermore,
axions are more relevant for phenomenology than infinite-distance limits in moduli space.
To this end, it would be worthwhile to study axion couplings to matter, both in the theories
considered here and more generally.

It has been over 17 years since Ooguri and Vafa first appreciated the appearance of uni-
versal behavior in infinite-distance limits of quantum gravity moduli spaces and proposed
the celebrated Distance Conjecture. Yet even the last several years have seen remarkable
progress in our understanding of these limits. The structures underlying the Distance
Conjecture have come into focus, and the Distance Conjecture itself has attained a greater
degree of precision and rigor. After the explosive activity of the past years, it is fair to say
that we are now entering into a precision era in the Swampland program. In this paper, we
have extended this program even further, and in the process we have demonstrated that
even old and well-studied theories may hold new, important insights into old and well-
studied Swampland conjectures. We hope that this work will inspire further exploration
of uncharged territory in the Landscape and the Swampland, even more precisely.
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A Heterotic-Type I’ duality in nine dimensions

In this appendix, we rederive the background of [43]. Additionally, we compute the masses
of the 1/2 BPS heterotic winding and KK modes. We defer to appendix B to compute
the masses of KK modes of Type I’ string theory. With these masses, we will compute in
appendix C.2 the sliding of the 5—Vectors for Type I’ KK modes.

A.1 Equations of motion for the Type I’ dilaton and warp factor

We begin by obtaining and solving the equations of motion for the massive Type I’ dilaton
®p and warp factor for the 10-dimensional string-frame metric, gy = Q1. We will consider
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them to be dependent only on the internal dimension x? € [0,27]. Along this interval we
consider two orientifolds located at its extremes, x%s = 0, 27, and 16 D8&-branes localted
at {z?}18, C [0, 27, with coupling pg to the 9-form potential. The bulk action (the brane
terms will only account for the “jumps” of these functions and can be studied separately)
is given by [48]

" 1
S(,b k) _ 52 /dw e 2% [Rg/ + 40P 0 (I)I’} (ai/)4y[2)}
10,1”

1
= 5 5 /d10x674<1>1/(x9)9(x9)6 {(ai/)4uge4¢1’(wg)9(x9)4 +4Q(x9)2896¢1’($9)
K10,

—18e2%r () [30/(2%)2 + Q") (2%)] } (A1)

where we have included an (ai,)2 term accompanying the Romans mass so that the Fig A
*g F10 = *g,, 1/(2) term has the correct units of L8 Now, the solutions to the associated
equations of motion are given by

(@) = (29756 Q2% = Cz(a”) VS, (A.2)
with!0
180
2(2%) = H(ai/)%(Bués + v92?), (A-3)

with vy constant between branes, such that there its value has a A(z) = n;us jump at
each stack of n; 8-branes located at z?, resulting in vy(27) = vo(0) + 16us. As boundary
conditions require vy(27) = —vp(0) = 8ug, we end up having

29 16
,ugl/ ZéT—x dT—S]. (A.4)

On the other hand, B and C are two functions with dimensions of 1 and L constant
between branes. Following the discussion from [43], by requiring 2 and @ to be continous,
we have that C' must be constant and AB(z)) = Fn;x, so that

29 16
B(2%) = B(z) ¥ Z 76(1 — a?)dr, (A.5)

szl

where ] is some arbitrary position of the interval, z € [0, 27 for which B(z{) is finite. We

will take C' and B(x}) (in our computations simply B) as moduli. Furthermore, positivity
of the membrane tension will require taking the lower signs of the above expressions, finally

reaching the following expression:

150 29 16 29 16
2(2%) = i —(ay) MgC{B / 2757‘—30 d7‘—</ 267‘—30 )dr — 8 ) }
3[70 =1

(A.6)

1Note that the numerical coefficient / % we obtain is slightly different than the % =V 180 appearing
n [43]. While this difference will not have any further implication in our results, it is nonetheless an
interesting observation.
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This greatly simplifies for the SO(32), in which all the branes are located at z = 27, and
we take B = B(0), so that
180
z50(32) (2”) = 11 ——(af/)?usC(B + 82?), (A7)

with the B — 0 limit resulting in the string coupling diverging at 2 = 0, while for B — oo
both &1 and €2 are approximately constant, corresponding with the low warping limit.

For Fg x Eg case, where we have 7 D8-branes at each O8-plane and two additional at
two points 7 F m%, with B = B(m). If we further require the orientifold planes to have
infinite coupling, we will need to impose z(0) = z(27) = 0, which using (A.6) amounts to
zy, = m — B (so that it is only valid for B < ), and thus

B2 (af)?usCa® if0<29<B
2By s (77) = \/@(ai/) 1sCB ifB<az9<2r—B (A.8)
14810( i) MSC(QW—:U ) ifor— B<z?<2nm

As we will need to use it in the next subsection, we can obtain the 9-dimensional
Einstein metric for our theory. For this we will write said 9-dimensional metric as g, =
D_Qnu,,, with D some mass scale independent of 2 we will soon determine, so that gy =
(QD)2 g,w- Doing this, we obtain

St D /dwx\/—gpe*%l’RgI, D —5—

/ d%zy/—gRg D" / dz®Q%e 2% (A.9)
K10, 10 T
with additional terms contributing to the moduli space metric through the kinetic term

%Gijaugoiﬁﬂgpj . Now, defining

2w
r= dz®Q8e 2% (A.10)
0
to go to Einstein frame we must use for D the following value,
—1/7
D= (T) o (A.11)
To

where rq is some auxiliary scale, which will not have any implication in the final result and
we just include to have dimensionally sensible expressions, we introduce to have a metric
with the correct dimensions. This way, we get

1/8 r1/8
101/ 10 r
H,_/
2/1%
9,1/
so that
7 21 1/7
1 17 —1/56 —2/T 2 2 908, —20y 1
D =1r / ro / = 7“1/ 10 I// MPIQ W < 0 dx Q (& I) MP1;9 (Alg)
and finally
2/7
T 1/4
B = (m) TO/ umz (A.14)

— 33 —



A.2 Heterotic-Type I’ duality relations

Once we have the equations of motion associated to the Type I’ dilaton and warping,
we can obtain the heterotic and Type I’ radii and couplings in terms of the B and C
moduli, from which we can obtain the KK and winding modes, which are 1/2 BPS, and
emergent string towers of the heterotic theory. Anchoring the scalar-charge-to-mass ratios
of these 1/2 BPS masses allow us to determine how the I' KK modes slide. The strategy
we employ is to compute the masses in heterotic string theory, and then express the masses
in terms of Type I’ string theory’s B and C' fields and 9d Planck constant. Because this
derivation involves translating between I’ string theory and heterotic string theory, we keep
all dimensionful terms (such as kappas and o’’s) explicit.
We start with the following terms appearing in the heterotic 10D action [48]:

1
/d10$ e 2% {Rgh _

2
2K70,n

/
Y

4

Sh D TrVFg} , (A.15)

with /ﬁ%ah = (27;)7 (a4)*. On the other hand, we find that for the Type I’ theory in the

presence of D8-branes perpendicular to the 22 direction and located at {z}1%, has

1
2K10,1

Sy D

B o, —5/2 16 B
RN ”I’ng—(s&)ﬁi/ ey =gV Ty B, (A16)
i=17T =T

where we have expanded the DBI action for Dp-branes, with B-field set to zero

_p+1
2

SpBIp = GO / de:ce_(D\/— det(g — 2w/ Fy) (A.17)
P (271’)p Sp+1
up to O(a’)? order and used that det(1 + M) = exp [Trylog(1 + M)], with Tr; = 1 Try.
. 2m)7
Again, H%OJ/ = { g) (o)™
We will consider that our metrics are conformally flat, with gyyn = Q(xg)QnMN in

the 10-dimensional string frame, and ghu., = gruw = D‘an (so that the 9-dimensional
Einstein frame metric is the same in both theories), with the compact dimension being
along a circle of radius Rp. For the time being, we will not assume any specific form for
the Q and e®r, only that they depend on the internal coordinate x°. In order to relate the
parameters from the two theories, we can compare their actions. We start doing so with
the gravitational terms:

v 1
S}(Igra ) =— /dlox /7_ghe—2<l>hRgh
2”10,11

1 21 4 _
T K2 /dgx/ 2’/ =g\ Vot e (R (@) + R )
Kioh 0 —— In In
’ Rh \-\0/-/
21 Rpe2%n 9 (d)
N / AN AT (A.18)

Note that from the above we recover the usual expression for xg p,

1 27 Rye 2%
2 - 2
2"99,11 2’<~'1o,h

= Iig,h = H%07h(27TRh)7162(bh (A.19)
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Now, by using that Hg = 2Mgl;9, with the Planck mass theory-independent, we have that
(using (A.13)),

2 ;N\ 4 1 2r d290Q 7
floh )~ (2R — opRye 2% (22: 0 ) , (A.20)
k10,1 ay Jo " dz?Q8e2%r
which we will later use. On the other hand, from the Type I’ action,
v 1
SEra) _ T /dlox\/_—gpe—mI,RgI/
1 2w d 9 _ ,
=52 /dgaj da? _91(/) \/ _91(/ ) g2 (Rg(/d) 4 Rg<?))
10,I/ 0 ——— —— I 1
QD9 /—g'¥ Q 0
I/
D7 d) 2w
= P2/ - PR / dz®08e=2%r A21
21‘1%0 ) / 9n gf,d) 0 ( )

where we have used that in the 10-dimensional String frame, gy, = QQD2ghW, as such,
ng = Q2D 2R 4@ (with Q is independent of the macroscopic coordinates). Now, by

1/
comparing the two actlons one gets

7\ 4 2
21 Rpe 2% = (%) D7 / da?QBe 2% (A.22)
aI/

On the other hand, we can relate the gauge terms of both actions, as working in an
analogous way as above

S}(Igauge) . /dlo \/_7‘%6—2<I>hTI.VG%
8“1011
I
27 Rye 2% / A%z =g\ Vv, F2 (A.23)
8’£10h
_5/2 16
(gange) _ (aw) ™2 o | (@ —oy 2
5 -~ 8(2m)8 i=1 x9:z?dx gre v
-5/2 16

aI’ o, d
_ =y et / A2/ —g\DTry F2, (A.24)
i=1 *

where in the last step one must take into account the use of the inverse metric to raise
indices in F5. This way, one obtains the following relation

16
21 Rpe 2% = 71(a, ) (o)) T2/2D° Z Qde v I (A.25)
i=1 i
This way, one can use eqs. (A.22) and (A.25) to obtain the following value for D:
legl 9567491/ ’m9:m9
D= ﬁ(ail)‘l“(ai/)?’/“d (7 A e (A.26)
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One can see that, in order for eqs. (A.22) and (A.25) to make sense, we have that [D] = L1
and [Q] = L. The above relations are valid for both the SO(32) and Eg x Eg heterotic string
theories. In order to find a third relation that allows us to obtain the expression of D, Ry,
and gp,, we need to identify different string states between the heterotic and Type I’ theories.

First of all, for the SO(32) theories, we have that we can identify the masses of the
heterotic KK and Type I’ winding states, which are dual and BPS. Following [43], we have
that mgkn = Rﬁl = Dmy, 1/, so that

1 D 2T
S 2 dz?0? A2
Rh 271'0[1/ A . ( 7)

dA = Q(2)2d2%d2?, and that we wrap the string from one orientifold to the other and back.
Now, expressions (A.22), (A.25) and (A.27) mix both heterotic and Type I' o factors.
Substituting o, = g; '}, we obtain that for the SO(32) theories,

o —1/4 o 1/4
D= 21/4(ai,)_1/2 (/ dx9§22) ( dnglge_zq)l’)
0 0

in 10-dimensional Planck units, where we have used that T, = the area element is

16 -1/2
X (Z 9567’1)1/ x9:x9> (A28a)
i=1 i
T 2m R —3/4 2 R —1/4
Ry = —(ap)'/? ( / dx992> ( dx99862@v>
2 0 0
X ( Q5e_¢’1/ xg_x9> (A28b)
i=1 i
V2 [ 2 N\3/2 , rom R -2 /16 —1/2
9= ( ; deQZ) ( ; d$998€2®1/> (Z QPe v x9:x9> . (A.28¢)
i=1 g

where we have introduced the dimensionless function {2 = (ai,)_l/ 2Q). The above expres-
sions have the expected dimensions and units. While we could try to use duality relations

to obtain the expression of the Type I’ radius and coupling, this will not be necessary.
Using (A.13) and (A.28a), we find
)

- 16
(/ dm9@862¢l,> (Z 0P e~ v
0 i=1
(A.29)

On the other hand, in the Eg x Eg case, we have that the heterotic winding (where the

N
N

9=z

27 “ -
Mpyy = — (ai/)%<0 dl’992>

winded heterotic strings at small g, and large Ry, are wrapped M2-branes from M-theory
with large Rg and small Rjg) and Type I’ winding modes with the strings wrapped between
one O8-plane and the D8-brane located further away inside the interval at x; =0, 27 — B
(where the winded strings are wrapping M2-branes from M-theory perspective). This way

Ry D

2r—B
My h 2/ dz?0? = My 1/ (A.30)
0

 2mal, 2mal,
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From the above equation and (A.22) and (A.25) we obtain, using again that o, = g}jlai,,

—1/4
I ) (A.31a)

om-B  \ M4
D = \/i(alx)fl/z (/ dng2> <Z QPe v
0

om-B  \¥4, jem -1
Ry = V2(a})/? ( / dx9§22> ( dx99862‘1’v>
0 0

5/4
e > (A.31b)

2 2n—B R 1/2 2T R 16 —3/2
gh:Tr< /0 dxgﬂ2> ( /0 dx9986—2@v) (Z Qo m9:x9> . (A.31c)

=1

as well as
913/2 2r—B . VA, o R VT /16 . —1/4
Mpyg = - (ozi,)_l/2 (/ dx992> (/ dfchse_M)I’) (Z Qe v o 9)
(A.32)

A.3 Masses of BPS towers

Using the expressions obtained in the above subsection one can finally compute the expres-
sion for the mass of the different towers:

Mg ~ (o) 7172 (A.33a)
27 o\ 1/4 o A —11/28 1/2
~ ( deQQ) < d$99862@11> (Z Q5 —&y , ) ]\413179
0 0 T —xi
D 27
miKn ~ vl AL (A.33b)
2T N 2T " - -1/7
~ ( dx992> < / dxm%—?‘l’v) Mpy.g
0 0
SO _ _
Mg ~ (04) 12 = gi2(af) 72 (A.33¢)
o . —5/14 -1/2
~ (/0 d$9986—2‘1>1/) (Z Q5 -y xgzx?> Mpl;g
R R
) T S (A.33d)

2maf,  2mal,

o N1 oo A ~6/7 /16 -1
~(0 dx992> (O dxmge—?‘bv) (Z QP _9) Mpy.g,
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Similarly, the Eg x Eg towers are given by

mZEA ~ (ap) M2 (A.34a)
27—B N\ VA o A ~17 /16 1/4
~ (/ deQQ) </ d$99862@1/> <Z Q5ef<1>1/ . 9) MPI;Q
1
M~ R (A.34D)
2r—B A . 6/7 /16 -1
N (/ dx992> (/ dxgﬂse_zq’l’) (Z (Pe-r| 9) Meng
mEEs s (0h,) 71 = g2 (af) T2 (A.34c)

o 5/14 /16 —1/2
N / 42008 o~ 201 OB e~ v Mpyo
0 1 9=z ’

1=

D 2r—B 2r—B . 2m .
mis s ~ / dz?Q? ~ < / dm9§22> ( / dx99862<1’1’) Mpyy (A.344)
0 0 0

; oy,

We must take into account that the z(z?) has different expressions for the SO(32) and
Eg x Eg, respectively given by (A.7) and (A.8).

B Kaluza-Klein modes for Type I’ in nine dimensions

In this section, we compute the moduli-dependence of the scaling of the masses of the
highly-excited KK modes for Type I’ string theory in 9d, and we demonstrate a universal
formula governing the scaling. We consider both the SO(32) case and the Eg x Eg cases.
We first compute the masses of these modes from the dilaton, then the RR 1-form, and
finally show that our formulas apply to all KK modes that come from massless 9d fields.
In this section, we express everything in terms of the I’ 9d Planck mass, which we set
to 1, since this allows us see clearly the scaling of the masses in terms of the B and C fields.
Only the scaling is important in our analysis, because that determines the @vectors that
are computed in subsection C.2. We are free to do this here because all of our analysis is in
terms of I’ string theory, unlike the situation in appendix A where we do not set the type
I’ 9d Planck to 1 as in that case we compare I’ string theory with heterotic string theory.

B.1 Background fields

As derived in appendix A.1, the equations of motion for the 10-dimensional string frame
metric and dilaton are given by

grmn = Q=) nuw, @) = 2(z%)7°/6, Q(z") = Cz(2”)~1/6, (B.1a)
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where indices M, N run from 0 to 9, with

Z30(32) (z%) = 2C(B + 8z”), (B.1b)
20Cx? 0<z<B
ZEyx Eg (5179) =< 20CB B<xz'<2r—B (B.1c)

20027 —2%) 2r — B <29 <27,

where B and C fields are dimensionless!” with zy a numerical constant which will not be
important for the subsequent derivations. This solution is sufficient for computing the I’
KK modes.

To get the (d = 9)-dimensional theory, we integrate over the 2 direction in the 10d
action (A.1) using the backgrounds in (B.1). However, the resulting action is not in Einstein
frame. To get into Einstein frame, we must Weyl-rescale to the metric g, (where y and v
run from 0 to 8), defined as

2

2 2
g — < / dx96—2‘1>QD—2> T = < / dx%—?‘PQD—?) O 2 (B.2)

As we will argue below, the highly excited KK mode masses from all 10d fields will uni-
versally scale with the moduli via

, 27 *1/7
Micc ~ (/0 d:cgﬂgezq’l’) (B.3)
B.2 I’ KK masses

KK modes from the dilaton. We now compute the f—vectors for high-excitation KK
modes from the dilaton in I’ string theory.

The strategy we employ is as follows. First, we expand the dilaton ® as a mode
expansion, ®(zM) = &(2%) + 32, dn () fn(2?), where ®(z?) is a background field and the
functions f,(z%) are a basis of functions on x°. For a wise choice of f,,(z?), we have that
in Einstein frame in 9d I’ string theory the modes have an action that takes the form

;/d%\/fg (Rg -y [(8%)2 + migbiD ... (B.4)
n

Since this is in Einstein frame, the KK-mode masses are just m, (times the 9d I’ Planck
mass, which in the above formula is set to 1). With this mass, and also a computation of
the metric on moduli space, we can find the scalar charge-to-mass ratios of the dilaton’s
KK modes.

To find out the KK mode masses from the dilaton using the above prescription, let us
decompose the dilaton into a background and some fluctations using the following expansion
ansatz.

(M) = o(2) + > ¢ (@) fu(a?), (B.5)

Tn appendix A.1 we obtained that C' had dimensions of lenght, but we can rescale it C' — C’(oé,)fl/2
so that it becomes adimensional, resulting in zo being a numerical factor too.
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where ®(z9) is the background value of the dilaton from (B.1), ¢, are the KK modes of
the dilaton and are z° independent, and f, is #*-independent and a basis for functions of
2. When we plug the ansatz (B.5) into the action (A.1), we have that the dilaton’s KK
modes ¢,, appear in the action in the following way,

S(b N/dlo —gre 2¢’ZVM ¢mfm) (¢nfn) (B'G)

To find out what the masses of the dilaton’s highly-excited KK modes are in 9d, we
would the basis f, to be such that, in 9d Einstein frame, the mode expansion takes the form

S, [ A2V Y (00n)? + i sic?). (B.7)

That is, we would like to have the kinetic and mass parts of the modes ¢,, to be diagonal.

The diagonality in (B.7) does not automatically follow from (B.6). To obtain it, we need

the basis fy,(z9) to be carefully chosen so that both the kinetic and mass parts of (B.7) are

diagonal. Fortunately, the following approach for finding a basis f,, accomplishes this job.
Let us write the metric gy pn in the following way,

ds? = € hyy (%) dztdz” + €% hgo(dz?)?, (B.8)

where h,,, is x°-independent, a is some yet-to-be-determined number, and ¢ and hgg sat-
isfying

e = 620h99 = 92. (B.Q)

Inserting the metric (B.8) into the KK-mode action (B.6), and using the fact that ¢y
are z°-independent and f,, is z*-independent, we have that the dilaton’s KK modes are
governed by the action

S, [ APav/=hahgged ST (€0 i b OybmOubn + € bmouh® Do fno )

’ (B.10)
Let us have a in the ansatz (B.8) satisfy
—l(da+2)—a = a——i (B.11)
2 o d-2 '

as this choice allows us to perform the following integration by parts,
Sen ~ / dDa:\/—hdhggz <fmfnh””6u¢may¢n + e 2027 6, h% 0 Frn o fn> (B.12)
= [ 4P/ oy > (fmfnh””amm 0,0 — Gmnfh®Vale 790 1,)).

Now one can check that the operator

hov <eié"vg").> (B.13)
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is indeed self-adjoint with respect to both the integration measures dPxv/=hghgy and
da?v/hgg, so that its eigenvectors {fn}n are orthogonal. As a result, we define the basis f,
in (B.5) to satisfy the eigenvector equation

hOv i <e—3—5“vgh> fn) = -A2f,. (B.14)
This implies that the KK-mode action (B.12) can be rewritten as

S, [ Aav/=ha 3 (10 6mdun + Nbmn) [ do®shoo fnfo
= [ v =ha Y (W 0000, + Xo2) [ da®VVhons? (B.15)

In going from the first to second line, we used the fact that [dz®v/—hggfimfrn < Gmn,
implied by the orthogonality of the {f,}, basis with respect to the dz?\/—hgy measure.

To proceed, we need to find out what A, and f, are. Under the WKB approximation
(where A, is assumed to be very large), and using (B.9), we have that the eigenvalue
equation (B.14) for f, yields

A2 fo ~ 03 fr + O(An). (B.16)
That is, under the WKB ), > 1 approximation, f, takes the form'®
fn(@°) = ¢, cos(Apz? + k). (B.17)

The constants ¢, and k, in the above equation are fixed by the boundary conditions, and
are not important for our analysis, as we are not interested in the precise nature of these
boundary conditions, just that f,, has moduli-independent periodicity. The periodicity on
fn results in A\, being an integer,

An = n. (B.18)
For very large n, we thus have

1
/ dz?v/heo f2 ~ ici / dz?v/hgg, (B.19)

and thus for high excitation modes, (B.15) becomes
S, ~ / da/“ha 3 (W 0,600, 6 + 1?63 / dz”\/Frge. (B.20)

The metric in (B.20) is not in Einstein frame, so we cannot interpret the coefficient
in front of ¢2 as being the mass. When we express the metric hy, (B.8) in terms of the
Einstein frame metric g, (B.2), the action for the KK modes becomes

Se, = /dda:\/TgZ ((8¢n)2 + (/ deGQ@QDZ)_ﬁQ nzqﬁ%) . (B.21)

8Had we included the O(\yn) term in the eigenfunction equation, an overall power of the warping factor
would appear before the cos function, not affecting the \,, expression.
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Since (B.21) is in Einstein frame, we can read off the dilaton’s high-excitation KK-mode

mass,

=

1 _
m%% = (/ dxge_mQD_2> o (/ dxge_Qq’Qg) , (B.22)

in 9d I’ Planck units.

KK modes from the RR 1-form. We now calculate the mass of the KK mode from
the RR 1-form, and this approach is similar to the calculation for the KK modes from the
dilaton. The RR 1-form is governed by the following action,

1
Spz = —i/dD:m/—g?/Ff. (B.23)
We decompose the 1-form into the following basis,

Anr(a#,2%) =37 AW () g (29). (B.24)

where Ag\Z’) are z independent and g, (z%) are z*-independent. With this decomposition,

we have
FynFMN = F F* 4 2F,g " Fgg F (B.25a)
Fu " =" F Mg g, (B.25b)
mn

FoF* =% (vMAgw — Ay log gn> (V“Ag(m) — AMEg9 Jog gn) gngm  (B.25¢)
FooF? = 0. (B.25d)
For highly excited modes,

FuoF" =y~ A AM™E G906, 09 (B.26)
Thus, under the WKB approximation,
Spa = = [ v/ 3 (FW FO ™ gug + A AT GR000,000,)  (B.21)
To proceed, consider the following metric ansatz,
ds?, = €™ Hy, (x")da*dz” + e* Hog(dz”)?, (B.28)

where H,,(z*) is 2%-independent, and we can have this ansatz by having backgrounds ¢
and Hgg satisfy

e* = €2§H99 = QQ. (B29)
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Using this metric, we have

1
SF22 — _§/de /_Hnggeé(da+2)§

(B.30)
% Z v (672a§HpUFA(Lz)F(m)gng +e (a+2)<A(n)A(m)H99899 aggm> )
If we have the ansatz (B.28) satisfy,
—Ldaro 20 — a=-—-1 (B.31)
= (da a a=—-—7 .

then we can integrate by parts to get

SF2 = —1/dD1‘\/ —hdhgg (B.32)

S (g A A O (5, )
h

mn

Note that Hggng) [ —254 V( )o} is self-adjoint with respect with the measures

dPa/—H; Hgg and dz?+/Hygg, S0 eigenvectors of this operator are orthogonal with respect
to these measures. Thus, we choose our basis g,, to satisfy

HOv{M [e_QiZgVéH)gm} = 22 g, (B.33)
For highly excited modes,
—Xngn = 93gn + O(An) (B-34)

Imposing moduli-independent periodicity, this is satisfied by A, = n and g,(2) =
v2sin(nz?), and so for highly excited modes,

Spo = —= / Az /—H, ( / dz°/Hoo >Z (FG Fom 4 n2 (0 A0W)  (B.35)

Let’s now compare with Einstein frame. Switching from H,, (B.28) to g, (B.2), we
get (after locally canonically normalizing the massive vector)

2

S = -1 [t gz< rgppow e (| dxge—zéQD—Q)‘“A;mAmw). (B.36)

Since the above action (B.36) is in Einstein frame, we can read off the mass as

1 _1
my Al) (/ dzde~22QP- 2) e = (/ d:nge_m(ls) 7, (B.37)

again in the appropriate 9d Planck units. This is the same as the mass of the KK mode
from the dilaton.
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Generalization to KK modes from any massless I’ field. In fact, all high-excitation
KK modes from massless fields I’ string theory have masses that scale with the moduli in
exactly the same way. In general, suppose we have, suppressing indices, some massless field
U (e.g. the dilaton, a p-form, or the metric) with some number of Lorentz indices, and in
10d the action for this field is schematically (suppressing indices)

1 A
S ~ 5 [ A0 =gu(R + a(@)(@0)), (.38)
where a(®) is some function of the dilaton.
For high excitation modes, ¥ behaves as

U~ Z U (2#) sin(naz?), (B.39)

9

and upon integrating over z”, we have schematically

S ~ % / /= (( / dx962‘i’QD2> R+ () znj [(@un)” + nZwZD . (B.40)

where b(¢) some unspecified function of the moduli and 7 is the Minkowski metric.
Now, note that this is not in Einstein frame. Moving to it, we obtain

S~ ;/dgxﬁ (R + c(9) zn: l(@@bn)z + </ dyz/‘ge_2(i’QD_2)d22 n%/)i]) ,  (B.41)

for some unimportant function c(¢). This way, switching to Einstein frame causes the
kinetic term and the mass terms to always differ by a frame-switching factor, namely

__2_
(f da:9e_2q’QD_2) 4= due to both terms depending on different powers of the metric.
Thus, the highly excited I' KK mode from any massless field in 10d has a mass that
satisfies a universal dependence on the moduli, given in the 9-dimensional Planck units by

1 _1
My, ~ (/ d$96_2i)QD_2> R (/ dxge_%QS) " (B.42)

C Moduli space metric, flat coordinates and sliding

In order to compute the scalar charge-to-mass vectors associated to the different towers, we

will need the moduli space metric G;;. Because of the warping of the internal dimension, the
G

moduli space metric will not correspond to the usual hyperbolic metric G;; = ﬁ unless
in the low warping limits. The easiest way to obtain it is by considering the expression of

scalar charge-to-mass vectors of the masses,
;= —67€40, logmy, (C.1)

and noting that is nothing but a linear transformation in 7, M to the flat frame described
by normal coordinates (so that the moduli space metric is given by Gy = 643) Oy logm — (*
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by the matrix 6 e}. Knowing how the elements of a basis of T;,M transform will give us
the expression of §% ej. Now, in section 3.2 it was argued that BPS states (such as the
heterotic KK and winding modes) have fixed 51 Denoting &% = § e, (Ceps)f = ¢4 and
(Mpps)ar = Oqlogmy, then é = CBpsMBTI%S, and from here G = (¢7é¢)~!. The BPS towers
mass are given in section A.3, and we can ask that in some normal coordinates of T, M
(all of them will be related by a SO(dim M) = SO(2) transformation)

5KK,h = (1, —\%) ; C_;v,h = (—17 —\%) ;

which corresponds with the expected result in the low-warping limit.
We first start with the SO(32) moduli space metric. While the full bulk moduli space
metric is slightly complicated,' we recover the following asymptotic expression:

AT 1) for Bk 1
GSB%(32) - 212/;7214?)19%3_: O(1) for B < (C.3a)
6382 ( ) for B> 1
SO(32 100
GS0(2) _ so@2) _ 100 (B + 16m)%/® — B%/3
BC cB 63C (B + 167)5/3 — B5/3 + 167 B/3(B + 167)1/3
3B+ 0(CT'BY3) for B« 1 (©30)
C\g25 +0O(CTIB7?) for B> 1 '

We can use the above expression to obtain the geodesics of the moduli space. The
B > 1 case is pretty straightforward, with geodesic equations resulting in the usual

(B,C)(\) = (BoAP, CoX°), A>1,b0>0, (C.4)

which we could implicitly rewrite as B ~ C'* for some « > 0. Choosing b = 0 results in a
geodesic sending C — 0, oo for fixed B. On the other hand, it is not difficult to show that

also solve the geodesic equations in any point of the moduli space. This results in a

(B,C) — (By,0), (Bp, o) limit, corresponding to trajectories with null tangent B compo-
nent.

9The complete expression of the BB component being

sow 4 (—800773% — 50B% + 35847#13*%) (B + 16m)73 + (17927#3*% + 253%)
G ==

BB 63

5 5 2
((B +16m)3 — B3 + 167 BY3(B + 167r)1/3>

(2582 + 8007 B + 81927%) (B + 167) %

— . (C.2)
((B +16m)% — B3 + 167 BY/3(B + 167r)1/3>
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On the other hand, for the Fg x Eg component, the moduli space metric is given by

Ggng8:4(25BQ—5OTrB+88712): 3B2—|—(9( D for B« 1 (C.6a)
63B%(B —dn)? >+ O(r—B) for B~r
povp. 100
Gl e = = 5307 (C.6b)
GEgXEg GESXES 100( ) — 63BC + O(C ) fOI' B << 1 (C 6C)
be 63B(B—4m)C | N B) L o(C(r—B)?) for Bow

As for the geodesics, they are analogous to the SO(32) case, with (B, C)(\) = (Bo, CoA)
being geodesic trajectories in every point of the moduli space, and (B, C)()\) = (BoA?, CoA°)
for the B, A < 1 and b > 0, corresponding with the low warping limit.

Finally, in the two cases studied above it is not difficult to show, computing the only
independent component of the Riemann tensor in a 2-dimensional manifold, that both
moduli spaces are flat.

Another possible way of obtaining the moduli space metric is by dimensionally re-
ducing the Einstein-dilaton terms in 10-dimensional Einstein frame of the action (with
metric gy y = Q%*%/%MN)’ and inspecting the kinetic terms of the massless moduli,
Gap0,p' 0" in the lower dimensional Einstein frame.

This way, one obtains

Javev=g{r, -5 (000)"} = 5

Sy D

v —8 {Rg - Gaba,ugoaaugpb} )
(C.7)

10 I

where
= 2
1 21 ~ 7 98672@1,701/7
apgh b — 908 ,—2dy 0
GasOup"0"0" = ;/0 dere {8 l‘”og (w
(C.8)

2) . . . . .
where 51((13 is an extra, second order term, coming from the Ricci scalar reduction, given by

0820y 2 L/7
T/ — { / dz208e2%r A log</>}
(C.9)

In the low warping limit, the 2 integral in the above expression factorizes and the above

1
+§(6q)1/)2 +5l(jr)u

[ e -

2:‘@9 T

term vanishes, as then d; ( ) . corresponds to a total derivative. It can be then checked that
from (C.8) the low warpmg limits of (C.3) and (C.6) are recovered. However, this is not
the case for points of the moduli space for which there is warping, as the above term
does not vanish and the moduli space metric does not correspond with the expression
obtained from (C.8). We then need to integrate by parts and substract the B — oo or
B — 0 expressions, depending on whether we are considering the SO(32) or Eg x Eg
(which correspond to a total derivative, so that we recover the appropriate B — oo or
B — 0 behavior), so that we can rewrite

@ _5__1 /—gb
5k1n - 6 \/jg nglo 0 [ g(ﬂ ) (ClO)
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It can be checked that the only term in the metrics receiving contributions from &

2 .
Qseichl/’f'l/’?
+= 0 log< )0“105; <708/70

(C.11)
(2)
kin
is Ggg. This Way, in the SO(32) case, from this two terms we obtain that for B <

SO(32) 1 1 . .
1, G 21/33%4/332/3 — ST 3EE 21/37%4/332/3, as found in (C.3), while the
(2)

contrlbutlons from 5( ) are subleading with respect to & B2 in the B > 1 limit, with 4,3,

~

vanishing. As for the Es x Eg case one obtains that for any value of B € (0,7), now
EsxEs _ 16(B—227)(B—n) 4(B—m) _ 4(25B%-50mB+88n?) .
Gpp = 63B2(B—4m)2  3B(B—4m? —  63B2(B—4n)? as in (C.6).
In any case, as it have been shown above, the moduli space metric is more straightfor-

wardly computed by fixing the BPS towers.

C.1 Flat coordinates

Once the explicit expression of G3°(2) and GFs*Es is known in terms of {B,C}, we can
obtain a set of flat coordinates {¢p, ¢c} for which Gy,e, = ;.

We will start with the SO(32). For this we take (C.3) and, after completing squares,
impose

100 [dC (B+16m)'/* — B/ r

WMsown) = 63 | '@ T (B+ 16075 = B

[ 327 r
+ dB
3BY3(B + 16m)Y/3[(B + 16m)%/3 — B4/3]
= do% + do, (C.12)
which result in the following system:
10 [d B+ 167)Y/% — B'/3
doc = 10 4@, (B 16m) (C.13a)
3T (B + 167m)4/3 — B4/3
2
dép = 527 dB . (C.13D)

3BY3(B + 16m)Y/3[(B + 16m)%/3 — B4/3]

Note that each of the above equations are unique up to a + sign, which we have the freedom
to choose (the relation between different flat coordinates is only a O(2) transformation
that includes reflections along some axis). The above equations can be integrated (up to
integration constants we choose to be zero) to

10 5 4/3 _ p4/3
b0 = 5 =lorC + 57 log (B +167)"/3 — BY/?] (C.14a)
1 B 1 2/3 B2/3
¢p = 7 log (B 1 16m) 7 + (C.14b)

27 (B+16m)2/3 — B2/3”

with ¢. € R and ¢p € (0,+00), corresponding with the B — 0 and B — oo limits.
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Figure 14. Plot of the coordinate curves for constant B (in blue) and C' (in green) in the (¢p, ¢¢)
flat chart for both the SO(32) and Eg x Es configurations. Note that ¢ € R, so that it would
continue for ¢, < 0, even though only the positive values are plotted.

On the other hand, for Eg x Eg we take (C.6) and impose

100 [dC T —DB 2

2 2
el e _em _ .2 2
WhMeer, = 63 | 0 " Bldn )dB} +{B(47rB)dB] dgg +dep,  (C.15)

resulting in the following differential equations:

10 [dC m—B
o= i Lo BB (10
2m

where here we have chosen the — sign for d¢ g equation, for reasons that will become clear
soon. Upon integration (and setting constants to zero) they yield

5 3
b = 3\[ log C + Gz Lo [B(47r —B) ] (C.17a)
1 3B
oB = D) log —B (C.17b)

here ¢ € R and ¢p € (0,+00), corresponding with the B — 7 and B — 0 limits. In
figure 14, the coordinate curves for B and C are depicted in teh (¢ g, ¢c) frame for SO(32)
and ES X Eg.

C.2 KK mode sliding

Once we have the expression for flat coordinates {¢p,¢c} in terms of B and C we can
invert the relation and rewrite the heterotic KK and winding and Type I’ KK masses in
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Figure 15. The sliding of the I’ KK modes in the SO(32) and Eg x Fg cases, in terms of the
normalized ¢p and ¢c moduli. The sliding of I’ string theory’s high excitation KK mode occurs
across the dashed region. The region in gray is the ball of radius % Note that in this basis,
the ¢c-axis is the self-dual line. Recall that from SO(32) the limits ¢ — 0,400 correspond with
B — 0,400, while for Eg x Eg, ¢p — 0,400 are given by B — =, 0.

terms of these expressions and see whether they remain constant as we move along moduli
space. First of all, for SO(32), we find (after some algebraic effort) from (A.33) and (B.22)

1
mfﬁ?m ~eviteton (C.18a)
g
mi?((f) ~ evrPe o8 (C.18b)
2¢p 3/2 20 _ 3/2
so32) (7B 4+1)°% + (e 1)3/2 34,5 4
ki~ e 27 TRYe (180

resulting in the following scalar charge-to-mass vectors in the {¢p, ¢} basis:

Cwn = (—1,—%) ; Ckin = <—1, %) ;

Ckx o = _§[#+1]1i (C.19)
KKI' = | =5 Ny o7 ) .

We see that all of the above components are constant but Cﬁf} p» Which is a monotonic

function of ¢p, with a sliding occurring from Cﬁf}’l, = —% for ¢pp = 0o to Cﬁf}y =0 at
¢ =0.
On the other hand, for Eg x Eg we take (A.34) and (B.22) and invert (C.17a) to find
1
My h ~ eviPoton (C.20a)
%¢c—¢3 C b
MKK,h ~ € ( .20 )
__5_ 3 -1
iy ~ e VEPOTEP (14 320 (C.20¢)
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Note that now it is evident the implications of choosing the — sign in (C.16b), as this way
the my, 1, and mgg n coincide for both SO(32) and Eg x Eg. Now the scalar charge-to-mass
vectors have the following expressions:

5w,h = <—1, —\%> ; 5KK,h = <—1,+\%> )

- 1 2 )
r= == . C.21
CKK,I (2 1+ 362¢B ) 2\/?) ( )

Here again all the components but (féf} p are constant, with it being monotonic as a function
of ¢p and sliding between szf} p = 3 for ¢p = oo and Cﬁf} p = 0 for ¢p = 0. This is
depicted, for both SO(32) and Eg x Eg, in figure 15.
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