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ABSTRACT: We compute the gluon transverse-momentum-dependent fragmentation function
(TMDEFF) at next-to-leading order (NLO) into heavy quarkonium in the color-octet 3S£8]
channel, based on the NRQCD factorization approach. The spurious rapidity divergences
are explicitly shown to cancel in a well-defined TMDFF, which incorporates the needed
soft factor. We also compute the integrated gluon FF at NLO in the same 3S£8] channel,
and show that the matching coefficient of the TMDFF onto the FF at large transverse
momentum is the expected one. These results are relevant to perform precise and sensible
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1 Introduction

Quarkonium production has recently gained quite some attention as a tool to probe nucleon
multi-dimensional structure, in particular transverse-momentum-dependent distributions
(TMDs), see e.g. [1-3]. In particular, different processes have been proposed as a probe of
gluon TMD parton distribution functions (TMDPDFEs) [4, 5] in both hadron-hadron and
lepton-hadron colliders (see e.g. [6-27]). In these studies, in general, the approach to quarko-
nium production relies on effective field theories (EFTs), such as the non-relativistic QCD
(NRQCD) [28], models like the color evaporation model [29-31], or just factorization ansatzs.

In more recent years, with the formulation of soft collinear effective theory (SCET) [32—
35] new details have been included in this description, providing a robust TMD factorization
theorem for the production of quarkonium at small transverse momentum right from the
hard reaction, which is given in terms of the so-called and newly introduced TMD shape
functions [16, 17].

Despite the abundant interest in quarkonium TMDs, little has been done so far in
the direction of TMD quarkonium fragmentation processes, by which we mean single
parton fragmentation mechanism. In processes like ep — J/v + jet, et e™ — J/1 + jet or
ete™ — (J/v)(J/v¢) and even more energetic ones where the J/4 is traded for an Y, the



quarkonium states can also be produced via the fragmentation of a single parton. This
mechanism becomes relevant when a hard scale, much larger than the quarkonium mass,
exists. Such processes can certainly be observed at an Electron Ion Collider (EIC) as the
ones expected to be built in several locations [36, 37].

While the light-quark TMD fragmentation function to quarkonia has been considered
in [38] (see also the recent works [39, 40] for polarized TMDFFs), in this work we concentrate
on the gluon TMD fragmentation function to quarkonia.

In our analysis we employ the NRQCD factorization conjecture, where the quarkonium
state is produced at large distances through the hadronization of a heavy quark-antiquark
pair, QQ(n) The pair can be found in any color and angular configuration n = 2S+1L§01'],
but then the probability that the pair decays in the colorless quarkonium state scales with
the relative velocity, v, of the quark-antiquark pair in the quarkonium rest frame. We
decompose the TMDFF within NRQCD in terms of calculable short-distance matching
coefficients (SDCs) and long-distance matrix elements (LDMEs). We proceed then to the
NLO calculation of this function, extracting the matching coefficient onto the corresponding
LDME:s in the region gr ~ M. Using this information we can evaluate the contribution to
the cross section from gluon fragmentation. We also compute the matching of the TMDFF
onto the corresponding integrated FF at gr > M.

The so-called short-distance coefficient in NRQCD for a gluon fragmenting into a
heavy-quark pair in the 3S£8] channel has been calculated up to next-to-leading order (NLO)
in the strong coupling in [41-43], with some discrepancies in the finite terms. We have
checked this result as a by-product of our analysis, and we do agree with the result obtained
in [43].

We regularize the rapidity divergences using a J-regulator whenever necessary (see [44,
45] for more details) and we check explicitly the cancellation of the rapidity divergences
with the needed soft factor, which is the same as the one appearing e.g. in Higgs boson
production at small transverse momentum [4, 46].

This paper is organized as follows. In section 2 we start by setting the notation and
the relevant definitions. Then in section 3 we present the main results, for which more
technical details can be found in the appendix. Finally in section 4 we conclude.

2 Notation

In this section we establish the notation that we are going to use in the calculations, as
well as the general definition of the gluon TMD fragmentation function and its matching
onto the LDMEs.

2.1 Kinematics

We use the coordinates of the light cone set by the following scalar products in the space-time
dimensions d = 4 — 2e:

p?=2pTp —ph, (2.1)
¢-p=q¢p +q pt+aL pL (2.2)
g’ =g —nfn’ —ntn”, (2.3)



with n? = 7?2 = 0, (an) = 1. We denote the momentum of the fragmenting gluon by ¢ and
the momentum of the heavy-quark QQ pair by P. Also, we work in the frame in which the
transverse momentum of P vanishes.

2.2 Gluon TMDFF definition

The operator for the gluon fragmentation function follows from [44]. The unsubtracted
TMDFF is the hadronix matrix element of that operator

— Pt dg_ —iPt¢ /2
AQ%J/’QL'(Z?bT) = 2(1 *5)(N62 — 1) ;/27{_6 Pret/ (24)

<01 85, (5) 1270 (10l T Bl (5) 100

where £ = {07, ,br} and br is the conjugate variable to the transverse momentum.

The color normalization factor and the normalization of the number of physical gluon
polarizations in d = 4 — 2¢ are encoded in the prefactor. In this equation, BZ | is the gluon
field strength defined as follows
1 .
Bl =— [Wiw)iDh, Waw)], (2.5)

gs
with ¢DF | = 0! + g;Al | where A" | is the SCET n-collinear field. In (2.5), W, is the
collinear Wilson lines defined as

Wy (y) = Pexp [igs /_OOO dsn - An(y + ﬁs)} , (2.6)

0
Wi(y) = Pexp [—igs / dsn - An(y + ﬁs)} :
—o0
The renormalized gluon TMD is defined as follows

Dg—)J/l/J(ZabJ_nufa C) = Zg(:uﬂ C)Rg(u7 C)Ag%J/w(Za bJ_) ) (27)

where Z; is the usual renormalization factor for UV divergences and R, is the rapidity
renormalization factor, u is the scale of UV subtraction and ( is the scale of rapidity
subtraction. Here, R, is the following expression

Ry(p,C) = %, (2.8)
b
which describes the ratio between the soft function denoted as S(b, ) and the soft overlap of
the collinear and soft sectors through the term Zjy, [47], denoting the zero-bin contribution.
The soft function is defined as an expectation value of soft Wilson lines:
1 ba

S(b.1) = s 0 (0] (818) " (07,07, b1) 1X) (X[ (858.) ") 10) . (29)
c X,

where the soft Wilson lines are defined as
0
Sp(z) = Pexp {igs/ dsn-A(xr + sn)} ,

Si(z) = Pexp [—igs /_OOO dsn - Az + Sﬁ)} . (2.10)

These soft Wilson lines, with calligraphic typography, are in the adjoint representation,
where the color generators are given by (%) = —i fabe,



2.3 Gluon TMDFF factorization
We employ, for gr ~ M, the NRQCD formalism [28] to write the gluon TMDFF as a
product of short distance coefficients and the long distance matrix elements (LDMEs):

Dyyypp(2:b1) = dy 000 (2 b1) <(9;{/¢>- (2.11)

Here, n = 25 J[COH describes the color and angular momentum configuration of the

heavy-quark pair. All relativistic effects are absorbed in d, —QOmn)’ which can be calculated
as a perturbative series in the strong coupling constant o, through matching, and the
LDMEs are defined as follows

(0717 = 01X Kbl a0t KX 10), (2.12)

where aj/,, and aT] Jyp AT€ the operators of annihilation and creation of the state describing
the J/1, K,, and K], are products of a color matrix, a spin matrix and other fields, and y
and 1) are the field operators for the heavy quarks in NRQCD.

3 Results

In the present section we show the results of the calculation of the gluon TMDFF for
quarkonium at NLO, defined in (2.7). The details of the calculation can be found in
the appendix. We have used the d-regularization [46] in order to regularize the rapidity
divergences, defined at operator level as follows:

0
Wy (y) — Pexp [igs / dsn - Ap(y + ns) e=0Ts , (3.1)
—0o0
and similarly for the rest of the collinear and soft Wilson lines.

3.1 Leading order

On the one hand, we calculate the left hand side of the equation (2.11), i.e. the matrix
element (2.4), around the threshold (q = 0):

§(1—2)g2(d—2) 4m?

ALO c_¢tohran xnt obTe
90 = §(d=2) temd (@d—-1)° 0 1XTOT (3.2)
yiyes ‘
_ T 51— et ghe tokag.
8(d — 1)m2 (st e

This result is already the TMDFF, since the soft function at LO is just 1. The spinorial
structure which we obtain describes the configuration n = 35’1 18],
On the other hand, we know from pNRQCD that the LDME describing this configuration

is the following,
<OJ/¢(33£8])> |pNRQCD = m. gT okTa n x 77T ok I3 (3.3)

Therefore, by matching both sides of the equation (2.11) the SDC is
T

s’ (34)

Ay (2, b1) =



3.2 Next to leading order
The virtual contributions to the gluon TMDFF at NLO are shown in figure 1.

1
(o)
euv \Cy EIR
2 (8 2n 3n2 59 10n
21?5+ 2IndIntt. <f>1 71 y Il LT
worEmemE 3730, ) M T > "9 904 |

(3.5)
where § = 67 /PT and ) = 11C4/3 — 2ns/3. In order to obtain a well-defined hadronic

quantity it is necessary to renormalize the divergences according to the equations (2.7)

T asCy

GNLOViT sy
(#9) = §a=1)yms 2x

g—J /P

0(1—2)

and (2.8). We have used the d-regularization where the subtractions related with Zy, are
equal to the soft function [44]:

1
Ry(p, Q) = —meres - (3.6)
’ S(bi; Q)
The virtual contribution to the soft function at one loop is as follows [4, 46]
; Ca| —2 2 512 §1)? 2
SVII‘.((S-‘F,C) — st A 5 In 2C 5 —1 2( 2) - . (37)
21 EUv EUV <P+) % % 2

At the end, after the renormalization of the rapidity divergences, the virtual contribution
of the SDC at NLO is

NLO,vir. T asCx 1 1 Bo M
’ ; = 1-— — In
dg—>J/w (20,1, ) 8(d—1)m3 27 o1 =2) [8%\, Ty EUV (CA " ¢

1 5+2 5+ 5-0— 2 2
-+ 12——21 207 o O +<8—"f)1n“

EIR 2 ,u P+ P+ M2 3 ?)CA M2
16 572 59 10ny
4+ “In2—- - 4+ = 7
3 4 + 9 9C4

(3.8)

Since real diagrams will not contain UV divergences, because the transverse momentum

(or distance) is finite, we can extract the evolution of the TMDFF solely from its virtual

part. The renormalization of the TMDFF at NLO requires the renormalization of both g,

which appears already at LO, and the operator itself. In the MS-scheme it is well-known
that the coupling is renormalized as follows:

S <1 b <4we—w>a>
T4 vy (3.9)
Qg BO

And combining this result with the TMDFF at LO in (3.4) and the NLO result in (3.8) we
obtain the complete renormalization factor for the UV divergences:

2
Zy(u,¢) = 1 — 264 L_l ;1 ( Bo +1n“>] . (3.10)

2w %V euyv \ 2C4 ¢




The anomalous dimension of the TMDFF [48], which gives the evolution in the renormal-
ization scale p to O(ay), is the following

L 0Zy(nQ) 1 9Z4(nQ)

d
1 (,¢) = 7 InZg(1,¢) = - (- 2e0s + O(a2))

nu g(1,¢)  Olnp Zg(1,¢)  Oas
_asCa (B o 1
= (CA —|—2ln< .

This result obviously agrees with the one that can be found e.g. in [44], since the UV
behavior of the operator does not depend on the nature of the hadronic state.

We now turn to the real contribution to the gluon TMDFF at NLO, coming from the
diagrams shown in figure 2. We separate the diagrams into two groups. Those with rapidity
divergences, i.e. ¢, d1 and d2, and those without, i.e. a, b, el, €2, f1 and f2.

The contribution of diagrams ¢, d1 and d2 is

c,d . . CAO‘E N2 2 7T2
dg_h]/w(z,bT,(s,M) = W [(5(1 — Z) <1H(S <LT — 1n]\4_2> —l—ln (S—i— ﬁ

—42* + 1123 — 2022 + 132 — 8 2
Ly —1

82(1—z)4 e
+4z (22 = 1) A1(2,b7) + 8 (2% — 323 + 522 — 32 + 2) Aa(z,br)
82(1 —2)+
4z —112% +2022 — 132 + 8 (ln(l - z)> ]
4z 1—z )4’

(3.11)
where Ly = In (u?b%.¢*'F /4) and A (z,br) and As(z,br) are defined in the appendix.
The contribution of diagrams a, b, e and f is

a,b,e,f . CAOZE 5(1 — Z) 1 'u2
dg%J/d;(vaTa(swu) = 8(d—1)m§ [ — +In—

2 2
R i)
— bpM (2% — 22 + 2)B(z,br) (3.12)
N 4(1 — 22)A1(2,b7) — 8(1 — 2)(1 + 22) Aa(2,b7)
8(1—2)+

2(22-22+42) (1—2)(422—2+3) (In(1 —2)
o (1-2)y + 4 (1—2 )J

where B(z,br) is defined in the appendix.
Adding the results (3.11) and (3.12) we obtain the real contribution before renormalizing
the rapidity divergences:

O,real TOs asCy 1 :U'2
dy s (2, brs 6, ) = {5(1 —2) ( +2Iné <LT - lnw> + 21112(5)

8(d - 1) mg 2 €IR
pro o 2
+ (1 —2) (111]\42 + 6> —2bp M (2* — 22+ 2)B(z, br)



2
- Py, KLT = 1n]\“42> = 2A2(z,bT)]

C22(:2-2:42)  4(z2—z+1)2 <ln(1—z)> }
1 )7

1
(1—2)+ z —z (3:13)
where )
z —z
P,,=2 1- . .
9/9 [(1 ) + p, + z( z)} (3.14)
The real contribution of the soft function, which can be found e.g. in [4, 46]
2 +12 2
real .S+ — aSCA L2 1 2(6+) 2L 1 ((S ) C 271' 1
S (bTv d 7C) ot < T+ /_1/2 + T n(P+)2M2 + 3 (3 5)

Therefore, the real contribution to the SDC at NLO after the renormalization of the
rapidity divergences is the following:

NLO,real et _ mos  asCy
dgHJ/w (ZabTvé aﬂ»() - 8(d— 1)m§ o

) 1oy 5+1 i 12‘5+
(1—2) p— 2HFHW+2 P+
2

2 +)2 2 2
+5(1—z)<—LT+LT1n“ 112@) a ”)

Int— =
5 c 2n +

M? 6
2
L (22 —22+2)
—Pg/g [(LT—IDW> —2142 Z bT] 1 _z
1 In(1 —
C9br M (2% — 22 4+ 2)B(z, by) — 2 2T )\ (n( Z)) ]
z 1—-2 /4

(3.16)
Finally, by adding the virtual part in (3.8) and the real part in (3.16), we get the

short-distance matching coefficient for the gluon TMDFF at NLO into heavy quarkonium

1 1 [ Bo %
0(1—2)| =—+— +In
( ) (6%\/ EUV (CA C))
L% u?
+(5(1—Z) —7+LT111?—E _Pg/g (LT—QAQ(Z,Z)T))

2

I 472 16 59  10ng
5(1— o — =+ g2 4 o - o2
+ol Z)<BOHM2 3 9 9Cy

in the color-octet 381 B channel:
NLO,bar ye" asCx
dg_h]/wa e(zbe;M7 C) = > >

8(d—1)m3 2r

2
i
Pg/glnw — 2bp M (22 — 22 4+ 2)B(z,br)

22842244z AP —z+1)° (111(1 —z)) ]
+

(1—-2)+ z 11—z
(3.17)
We have obtained a well-defined quantity, since it is free from rapidity divergences and

is well-behaved in the limit z — 1 (in terms of distributions), remaining only the UV
divergences which are removed by standard renormalization



We end this section by focusing on the (-evolution of the gluon TMDFF. The TMD
evolution equation in ¢ [49] is the following:

a en.
5o ClanﬁJ/w(Z’bT;M’ ¢) = —Dy(br; p), (3.18)

where Dy (br; 1) is called the rapidity anomalous dimension (RAD), also called Collins-Soper
(CS) kernel. Therefore, from our results, the RAD which gives the evolution in the rapidity
scale ¢ to O(ay) is

asCA

Dy(br; p) = Ly (br; p), (3.19)

This result, as expected, is the same as for the TMDPDF [4], since being the same TMD
operator, the structure of the rapidity divergences is the same.
Finally, the evolution in the plane (u, () of the gluon TMDFF is

Doty &) = exp | [ (el Q)% = Dyfori e )| Dyt s ).

(3.20)
with the UV anomalous dimension vz (u,() and the RAD Dy (br; 1) obtained at O(ay)
n (3.2) and (3.19), respectively. In the integral, P denotes any path connecting the points

(g, Cr) and (g, Gi)-

3.3 Matching onto integrated FF

Following the notation of [44], the small-by matching between the gluon TMDFF and its
corresponding integrated function is described by the OPE of the gluon TMDFF onto the
standard FF:
Dy (2,015 1,C) = Y Cypr(2, b1 11, () ® — 2= T O(brM), (3.21)
f/

where ® is the Mellin convolution in variable z, and both hadronic matrix elements are
understood to be renormalized. All the dependence on the transverse coordinate by and
rapidity scale is in the OPE Wilson coefficient. The integrated FF is defined as

2 25P+ df_ 71 ;
Dyssjolei) = 5 53 [ S (3.22)

X <0‘T [BZJ_] (2) ’Xv J/¢> <X7 ']/w‘T[BnJ_H] <_2§_> |0> :

Notice the different prefactor of z as compared to the TMDFF (apart from the obvious
difference in the separation of the fields of the operator, which in this case is just in the
collinear direction).

In section A.3 we have calculated the collinear unpolarized FF in order to obtain the
OPE Wilson coeflicient of the perturbative expansion of the unpolarized TMDFF at large



transverse momentum:

i NLO,bare(Z'M) _ T asCy
22 9/ AT 8(d—1)m3 27

C

L (P50,

euv \Ca
2
+<Pg/g + ﬁo (5(1 — z))ln%

472 1 1
+5U.—z)<—§+ Ono 4+ 22— 0"f>

3 9 9Cy

223 — 422 + 4z 4(2%2 -2+ 1) (In(1 - 2)
-2y z < )J .

With this result we have extracted the matching coefficient in the g/g channel at NLO:

Cg/g(za br; C) = 5(1 - Z)

2 2 2

T (3.23)

2m ¢ 12
(3.24)
Here, notice that we have expanded in by M the functions
AQ(Z, bT) =lnz+ O(bTM),
(3.25)

(brM)B(z,br) = O ((brM)?) ,

in the TMDFF in (3.17), in order to obtain the Wilson matching coefficient in (3.24) via
equation (3.21). The obtained coefficient is the same as in [44], as expected, since the
matching is done at the operator level, regardless of the hadronic state.

4 Conclusions

The calculation of the 3S£8] gluon TMD fragmentation function at NLO that we have
performed in this paper shows how the TMDFF behaves at the threshold of quarkonium
production. For this we have combined both TMD formalism and NRQCD factorization
at leading power. As expected, the rapidity divergences typical of TMD functions are not
affected by the threshold, because the light-cone and heavy-mass regimes do not interfere
with each other. This means that one can use all our knowledge about the UV and rapidity
evolution kernel also in the case of quarkonia production. We recall that the rapidity
evolution kernel has been recently extracted from experiment with a N4LL analysis [50].
The results of this paper provide necessary ingredients to perform phenomenological studies
of transverse-momentum spectra of quarkonia production, for which the fragmentation
production mechanism is important.
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Diagram 1. Diagram contributing to LO and virtual diagrams contributing to NLO. Only diagrams
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A Short-distance matching coefficient at NLO

In this section we present the details for the calculation of the short-distance matching
coefficient of the unpolarized gluon TMDFF at NLO into heavy quarkonium in the color-
octet 391 channel, which is shown in (3.17). We have used dimensional regularization for
ultraviolet (UV) divergences in the MS-scheme, i.e. u? — p2eYZ /4w, and §-regularization for
infrared (IR) and rapidity divergences. Our goals are to obtain the short-distance coefficient
dgfg S around the threshold by matching both sides of (2.11), to show the cancellation of
the spurious rapidity divergences and to extract the Wilson matching coefficients of the
TMDFF onto its integrated function, as shown in (3.21).

With §-regulator the relevant Feynman rules for the collinear gluon field in (2.5), needed

in the calculation at NLO, become

. S
5abB£L(BH (/{) _ 5ab <g/i N n ) 7

kT —idt
HV2 — 1y HV1 —vo
. cab 1) pvv . cab g n g n
ige fOBU R (ko) = igef [kli_ P k;i_ pr (A.1)

ki‘ L k‘g n nYin?2
ky —iot ki —iot ) [(k +k3) —i267]
where the superscripts (0) and (1) denote the power of the strong coupling constant g. The
next order is zero.

We assume that the relative momentum of the heavy-quark pair is small compared
with the mass m., so

P?=4AFE=4(m?+q%) ~4m = M*.

The Dirac spinors for the ¢ an ¢ in the frame in which the pair has total momentum P are

u(pr) = 2B, + o (Eg+me)& q-a6)",
4Eq(Po + 2E¢)(Eq + me)
(A.2)
v(pa) = 2By + o (~q- & (By+m)e)T,

VAES(Py + 2E)(Eg +m,)

where ¢ and 7 are the Pauli spinors and they are normalized such that ¢7¢ =1 and nfn = 1.

First, we calculate the left hand side of (2.11), that is the matrix element defined in (2.4),
around the threshold (q = 0). To do this, we need the following nonrelativistic expansions
in powers of q, which we will obtain when we make the calculation of equation (2.11) and
which will allow us to compare with the LDMEs when matching:



where o denotes the Pauli matrices and Lf is a boost matrix defined as

gu LI LY = —5",

PrpY (A.4)
by =g+ 2
For example, equation (2.4) at Leading Order (LO), which is shown in figure 1, is

ALO B dragd(l — 2)
9=/ 8(d - 2)

< [0 (7 TE)0(p2)] (02) (™ T B () B () I,
(A.5)

By using the expressions of (A.3) we get

[@(p1)Y™ v (p2)] [0(p2)y ™ u(pr)] = 4m L7 L7 o'y x nlol€. (A.6)

We can average that factor over rotations if we also average the projection operator on the
right side of (2.11). The average of the spin factor is

— Y
Etoin x nfoi¢ = ﬁgakn x nloke, (A.7)

so, by using the second relation in (A.4) we get

2

[@(p1)y™ 0 (p2)] [(p2)y ™ u(pr)] = —— L7 ot x T, (A-8)
where we have defined
wo— PHPY A
Therefore, the left hand side of (2.11) at LO is
T u "
DS y4(2) = W5(1 — 2) &M n x T T o™, (A.10)

After calculating that side of (2.11) we note that we obtain the spin factor £1T%c%nxnfTeo"¢
that defines the color and angular momentum configuration n = 351 ¥l We now focus on
the NRQCD side of the matching equation. The spinor structure ¢T%*n x nTT?c*¢ can
be defined as the expansion to LO in oy of the following NRQCD matrix element:

O] X" TPy ¥ T |0) [pnrqep = 4m?2 €T %%y x T 0*e, (A.11)

and, in turn,

(05¢351)) = 4; (0] T T Pyt Tox 0) | (A.12)

Finally, by matching between the two sides of equation (2.11) we can obtain the short-
distance matching coefficient. We can conclude that by following the equations (A.11)
and (A.12), the short-distance matching coefficient will be the result of the left-hand side
without the spin factor £1T7%*n x nTT?*¢ and with a 1/m, factor:

T

gy (2) = W5(1 —2). (A.13)
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A.1 Details for the calculation of the virtual contribution

Diagrams contributing to the gluon TMDFF at NLO are shown in figures 1 and 2. In this
section we calculate the diagrams shown in figure 1 which are the so-called virtual diagrams.
The diagram 1la is the propagator correction for a gluon with invariant mass M? = 4m?,
diagrams 1bl and b2 describe the vertex correction factor and diagrams 1cl and c2 are the
wave renormalization factor (WFR) for a heavy quark and anti-quark:
;A2
la,q o g M 5(1_2) — a T = a T
AT 8(d—2)(d—1) 2 . [u(p1) Ty v(p2)] [0(p2) Tiy ™ u(p1)]
(0)xp (0)oT2 Ao
B (_p)BO™(p)(—g .
L ) oy o ()
(P?)3[k?+4140][(P—k)?+i0]
_ —ig'd(l-2) /p+((d2)k_p++2(d4)ki)+(d2)k+(M22k‘p+)
- 8(d-2)(d-1)M* J [k =k~ kH][(k+ —p*) (M2 —k—pt)+kip*]

_masd(l—z)a, [ 11 1, p? 5 im ek trak
© 8(d—1)ym2Z |: 6 euv 6lnM2 18+ 6 § T > T 0, (A.14)
42
lag _ 19" M=Cy/2 B . ) .
Ag—>gJ/w_8(d_2)(d_1)5(l—z)/k[u(p1)ﬂﬂ v(pz)] [5(p2) T2 u(py)]

By (—P)B)™(P)(~g)7)
(P2)3[k2+i0][(P—k)2+i0]
B —ig4CA/25(1—z)/ 1
- 8(d=2)(d—1)M* Jy, k] —k~kF][(kT—pF)(M>—k~pT)+kipT]
x (pT((d—2)k~pt +2(3d—5)kT —5(d—2)M?)+(d—2)k* (M?*—2k"p™))

VP (—k,k—P,P)V" (k,—k+P,—P)

ras8(1—2)asCa [19 1 19, p? 29 irl9
= s kid - nt— 422 TTa k TTa k
8(d—1)ym2 = [48 T VR TR T R A
(A.15)
A2
la,G ig"M=Cy _ @ _ @
A= sy 00 [ [T o)) ) T )
0)A 0)oTs o
B’l(’LJ)_ p(_P)Br(zﬁ (P)(_gj\_ )(p_k)pkn
(P?)3[k2+4140][(P—k)2+10]
_ig'Cad(1—2) / k3 p*
 8(d-2)(d-1)M* Ji [k% —k+E][(k+ —pt) (M2 —k~p*)+k3 pt]
magd(1—2)asCa[1 1 1. p?2 1 rm
= _ —In+t—_—- —4+ = TTa k TTa k
8[d—1)m2 = [485Uv+48 YRR SR S A A
(A.16)
la+h.c. __ la,q la,g la,G
Agﬁ{]/w =2Re [angﬁJ/w—i_AgﬁJ/w—i_AgﬂJ/w]
_ ' 2
:7r0436(1 z) asCy (5_ ny ) <1+1nu>+19)_ 5nf}
8(d—1)m3 ™ 6 3C4 Euv M? 12 9C4
x&tTaoknxntTeoke
O(1—2) a,Ca [ 1 2\ 1
:7ra6( z) asCa (Bg —1)(—1—111”)4—9—5”’(}
8(d—1)m3 s L QCA EUV M?2 12 QCA
x & Tk yxniToke, (A.17)
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P1 H//2 ]?/+mc P2 VTlppo (P,—k,—P+l€)

Fa ,71(1b1) 3 2€Ta
i =g TG L kP K2(P—k)2
1—xo . 711'\(5)
_ e G4 / d / d % —3 7
g ot 2 2 .’,1?3 ( £ )777,25((21,‘24-%3)2—4332)5
+ (2m(2Hy T =T B) +4m? (2$2+w3—1)27“

I'(1+¢) }
M2+ (209 +23)2 —dag) 1 1e

+2(1—e)p™ B (2z2+23—1)%)

o0 31 3 42 1, 2 i5n
— igOAT (E ] SRS Y S
WAty [7 (85UV+8nM2+3n +3+24>
3 1 T
2 pyn (2= Al
+Wﬁv(8 aal (A.18)

a,T +H/2+mc W—H/Q—ch
pem(1b2) _ 3 2ema _Ca / o -
ij —gH ] Cr kQ k2+k-P v k2—k-P e
C 1=a2 j 2(1—¢)2T'(¢)
= — 26Ta ( A) / d / d |: ol
g 12 Z2 fﬂg 2 e v (mc(x27x3))25

+ (21 —e)mZ((z2—3)? —2)’Yn+28m01%n>(mc(zg(iJ;j;)Q*QE]

11 11 2
:Z-g(CFOA)Ta [ <++ o

2 K ™ 45UV QEIR 4 M2
T N S R (A.19)
2 144 4mc 7 '
. +HK+mg
_ixnel) / p i tH+mo
! ]{72 p1+/€ 27#
2,20y / (2—d)( ;d1+15/ +dmo
k2[(p1+k)2—md]
9e (2—d)(1— 171/1—|—dm0 A
= — -2
a2 C/ w W2 pia(l—a)—mda]?’ (8.20)

In order to calculate the contribution of the renormalization of the heavy-quark wave
function we need to define the following:

2(p1) = A(p)mo + Bi)p;,
ArasCr 5, ! —€
A@@—(4Pi‘2N>M—2@A(m0%x—ﬁu1—m) : (A21)

Qg 1 —e
B(p?) = %4)205 12T (e)2(1 — 5)/0 dz(1 —x) (m%x —pra(l — x)) )

The renormalization factor of the heavy-quark wave function is then

2 d(A+ B)

Zo—1=RB +2m
Q (m2) i

(A.22)

+ fn—+§ln2+1
4€UV 251R 4 M? 2

The UV pole comes from B(m?) and the IR pole from the other term.
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Diagrams 1(d14d2) and its hermitian conjugate give

4
L(d1+d2)+he. __19°Ca B / [_ o ((—}51 +E+ mc)) m
TAVH 52(1 —5)6(1 z) A u(p1)y"T3; o Y o (p2)

— k)2 —m?
+ a5 (L) o0t | )0 T8 000

1 O I R (1) N v
PQ[I{?2 + ZOH(P — ]{;)2 + 7/0] BnJ_)\Tlp( P7 k)BnJ_ (P)( 91 ) + h.c.

X

2
_ o aCa o 2,2 + _
= S(d— 1)mg(5(1 z) 327 m. Im (P IABCD IABD)
x EIT*y x niT ¢
2 2
azCy 1 13w
= ———0(1— —=1
sa-1mzot =2 [ i BT Ty
x 1%y x piTo"e, (A.23)

with

d4 Zak
/ / (2m)A=2e (A.24)

Here, we have a different spinorial structures from the previous one:

Me (PmiLrm — permmy etohy x pfoke,

()7 0 (p2)] [0(p2)7™u(pr)] =

2
d]\{ . (glmﬁnm _ gT1p£u‘rz + gnuﬁmz) (A'25)

glokn x nioke,

[U(p1)y™ v v(p2)] [U(p2)y ™ u(p1)] =

where we have used that the rotational average of £7{[c?, o*], o!}n x nT7¢ vanishes.
Diagrams le and its hermitian conjugate give

4
Ayt = s [ a0 0 T)0wn)] () 6™ (o)

1 0)oT T o
B, (- P —R)BT (P)VOOT (k Pk, P)(~g))
P2[k2+i0][(P—k)2+i0]

+h.c.

a2Cy 9 n
___ Ts=a _ _ trpa _k trpa k
= 8(d—1)m(2:6(1 z) 81 Im<2P IPY:Ye IAB)f T " nxn'T"¢ (A.26)

a’Cy 1 1 @2
=—2"= _§(1— 1421 5—71 254+Ind In——
8(d—1)m2 (1=2) |55y 1 F2mo) =g+ IndInry
p ST | ctpa ks piga gk
+21 W—{—l—— T " nxn'Ta ¢,

where Ve (p, q, k) = gV (k — p)? + g7 (¢ — k)* + g*°(p — ¢)” and we have used eq. (A.8).

~15 —



The integrals that appear in the calculation of the virtual contribution are as follows

d4—2ak, 1
IaBc =/ - : -
(2m)4=2¢ [k2+i0][(k— P)?+i0][(P—k)-n+idt]
i 1 po im
= 16:2P" <€Uv —HHW +Z7T> <1n5+2>
1 5. 7r% 37
—511'1 5+ﬂ—711’15 +O(€),
A%k 1 1
ITacp =/ — - ; .
(2m)4=2¢ [k2+i0][(P—k)-n+i0T] [(k— P/2)?—m2+i0]
o 2In2 2 0. T2
— 167-‘-2P+ [— cov —21112111@—211'1 2_3 +O(€),
A%k 1 1
IBCD:/ - . . —,
(2m)4=2¢ [(k—P)2+i0][(P—k)-n+idt] [(k—P/2)2+410]

~ 16n2P+

2
—2ln25—%—|—21n22—i27ﬂn(5 +0(e),
d4—25k. 1 i Mz
Iap= _ o o
AB /(2ﬂ)425 [k2+i0][(k‘—P)2—|—iO] 1672 5UV+ nM2+ im|+0(e),
d4725k 1 ; MQ
Lap= = In-+— +2+2In2 ,
AD /(27r)4_25 [k24+i0][(k—P/2)2—m2] 1672 EUV+ nM2+ +2In2|+0(e)

and 4m2Iapop = Iacp + Ipop — 21apc and 4m21app = 2(Iap — Lap).

(A.27)

We note that we obtain the same spin factor £IT%%n x nTT?c*¢ from all the virtual

diagrams, which in turn, is the same as the one we obtain in eq. (A.10) at LO. As we

said in the calculation of the LO contribution, this spin factor defines the configuration

n= 351 B In order to obtain the SDC of each diagram, matching translates into removing

the spin factor and adding the factor 1/m. to the previous results:

et = Oy [ (3o i) L
+%— 958];+§ln2+1n]\l222 (2_?24)] :
4 (2:6) = m(su —2) :—;m?a + 22— 13”2] ,
1 (256) = ma(l —2) 2oy (1+2Iné) — %m?a +Indlnt
+21n]\/222 +1- 5271;

Here 1b denotes 101 + 162 and so on.
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A.2 Details for the calculation of the real contribution

In this section we calculate the contributon of the diagrams shown in figure 2 which are the
so-called real diagrams.
Diagram 2a gives

B 2rgtC Pt

+ L pt(1—-1/2
A= TTgog DO T 0] ) (67 T upy)] O(k*+PH(1-1/2))

(P2)2[(P+k)2+i0]?
x8(k)0(kT)BL)  (~P—k) B (P4 )V (P+k,—k,—P)V,s,, (k,—P—k, P)

22

225377251QQCA/ 2 3(1—z)"!
= . 4> *k, [(k])%2" (2% —2—e+1)
1(]_ _ 7 [\KL
M*(d—-1)(1—¢) [ki_l_MQ(l—z)}

—k3 22 M?(2—1)2% (23(4e —5) +2%(6—4e) +2(4e —5) — 2 +2)

+ M (2—1)? (22 +42—1) (e—1)] €T Fnxn' T o"¢.

(A.29)
In the second equality, we have used that
2

I 1£T”2 elokn x nioke, (A.30)

[a(p1)y™ v(p2)] [0(p2)y P u(pr)] =
where LM is defined in eq. (A.9).
Diagram 2b gives

gt +
82,y = AT [ o) 67 T o) [502) 0™ T )

x 6(k)0(kH)BL). (—p. —k)BLI (k, p) (—9)%)
228—37T26—1a2CA

MA(d - 1)

S(k* +pt(1—1/2))
(p?)?

/dd72kJ_Z(1 —2)7 Lok x pfTeoke.
(A.31)

Diagrams 2c and its Hermitian conjugate give

o A + + 4yt
8157 = ZECTE | (a6 o) o (P Tt )) S G222
x 6(k)0(k ") BN (=0 —R) B (0 + k) Vry (b, —p — b, p)(—91) + hec.
B 22e=372e-1020 /dd72 2711 - 2)
MAd—-1)(1—¢) L[ki—F%] [(1— 2)2 + §222]

X {kizQ(zg —2—2e4+2)+2M?*(22% — 2z +1)(e — 1)} %k y x nTTee"e.
(A.32)
Diagrams 2d and its Hermitian conjugate give

S +
2(d14-d2)+h.c. _ VTG CaP — TLa = Toa ﬁ1+l¢+m0
AN _16(1—5)/k {U(pl)(V 1Tij)v(p2)} {—U(W)’Y Ty <(p1+k)2—m§ 7Pulpr)

Sy HmeN ]Sk PH(1-1/2)8()0(k")
<p2+k>2mz) “(pl)] PP R) 0]

(—P,—k)BY)7™ (P+k)(—g}%)

+alpay T

(1)
X BnJ_)\Tlp
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(271')25_20@6',4 / a2 2_2(1—2)2
= 1
MP(d=D)(1—2) PR S T [

x [k} 22 (22— 2 e+ 1)+ M2 (22 41) (e 1)| €10 nxn Tote, (A.33)

Here, we have a different spinorial structures from the previous ones:

7 T 7 T2 2me TIT2 T2 LT1
[a(p1)y ™ v(p2)] [D(p2)y "y ulpr)] = — =5 (PPLT™ = PRLTY) elabn x plats,

_ M?
[ﬁ(pl)'yﬁv(pg)] [v(pz)’yp’y“’yT2u(p1)] — 71 (Q'LLT2£TIP _ gPT2£T1H + gPNLTz) é‘TO.kn XN O_k&
(A.34)
where we have used that the rotational average of &fo'n x nt{[o7, 0*], o' }¢ vanishes.

Diagrams 2el + 2e2 and its Hermitian conjugate give

4 +
2(el+e2)+he. TG CaP _ ra _ rora (W1 TH M\,
Ayl = 16(1-2) /k[U(Pl)(’Y 1Tij)”(l’2)] {U(Pz)V Ty ((p1+k)2—mg Y u(pr)

—po—K+me\ S(kt+PH(1-1/2))8(k*)0(kT

x B\ (~P—k)V*" (P+k,~k,—P)B ™ (P4 k) +hec.

225 3 25 1 2CA 2—4

MQ(d 1)( /d2 ! [k2 M2i127z)]2[ki+M2(1—z)2}

22

x [(ki)224(3(z—1)z—2s+2)
+kI M2 (2—1)2%((2(4(2=1)2+5)—2)(4—26) +((2—52) 2 —T7) 2 +4)

+2M(z=1)%(52—1)(e—1) ] €' T%*nxnTT "¢,
(A.35)

Diagrams 2f1 4 2f2 and its Hermitian conjugate give

S ==t L o (g e

X {Cpﬁ(pg)'ypT,?l <;l/213/+)> Y u(p1)

(p2+k)?
+(Cr=Caf2) ot T (L5 Y ruto)|

O(k*+P*(1-1/2))6(k*)0(KT) L) (0)or A
—P—k)B *(P+k)(—g¢1)+h.c.
[(P+k)2+i0]2 By iar (=P =Fk)B, " (P+k)(=g17) +h.c

B 228_37T2€_1C@CA _5(1_2)

(d-1)(1-¢) /2 ) L[k3+7M2<;;z>]2[k3+M2<1—z>2]2

22

x [(k1)%2* (=222 +224e—1)
+2k3 M?(2—1)2% (2*(2e —3) — 222 (e —2) +2(3c —4) —e+1)

+M*(z—1)? (2 =62+1) (e—1) 1t T n xpiTeo*e.
(A.36)
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Where we have used that
[u(p)y™ (=p/2 = ¥+ m) v v(p2)] [V(p2)V” (—=§/2 = k + m) v u(p1)]
M2

= — ((—p/2 — k)L — g P (=p/2 — k)L 4 (—p/2 — k)" LP +

(d—1) 2

pPL™ — pT2 Lf)
2

pm Ly — pPLy pLiﬂ)

X <(—p/2 — k)?LY — g™ (—p/2 — k)sL] + (—p/2 — k)L —

%%y x ntTeo"e.
(A.37)
Finally, we note that we obtain the same structure £/T%*n x ntTe*¢ for all diagrams.
As we mentioned in the calculation at LO, this spin factor defines the configuration n =3 SF}.
In order to obtain the SDCs from each diagram, matching translates into removing the spin
factor and adding the factor 1/m, to the previous results.

A.2.1 Fourier transform

We show the calculation of the Fourier transform of the results of the previous section. We
separate the calculation into the diagrams that have rapidity divergences and those that
do not.

The real contribution of diagrams ¢ and d as a function of k| is

4e-1n2-1020y 273(1 - 2)

d;ﬂj/q/)(zkaJ(;) = 5 M2(1— M2(1—2)2
(d=1)(1—e)M? 12 4 M2 i3 4 ML [(1 = 2)2 4 5227]
X [(ki)224 (—22 + 242 — 2) + k3 Mm223 (23 — 224+ 2(3—4e) + 1)
+2M* (24 — 423 427 — 22 + 1) (1-— 5)} .
(A.38)
We need the following integrals in order to obtain that contribution as a function of b ,
In(Z, bL) — /dd—QkLeikL'bi Mg(lz()ki)n EEE , (A39)
it + 255 i+ 2
I oml—e Be/2 et K. (av1—2) K. (a(l-2))
0= Me+2 (1= 2)lHe2 T (1—z)+ )’
2) 1—638/2 e—1 K. 1= K. 1—
I — T z (av/ 2) B (a(1—2)) 7 (A.40)
M= 1 — 2)e/2 (1—2)st
7 ol e Be/2 553  Ke(avl—2z)  Ke(a(l-2))
2= Me—2 (1— 2)e/2-1 (I—2)3 )’
where B = b2 /4 and a = 2\/BM?/z2.
Therefore, the Fourier transform of the equation (A.38) is the following
2257171.535/20426114 25(1 _ Z)lfa
d(},d b :§) =— S
gﬁ‘]/w(z’ 139) M3+e(d—1)(1—e) [(1 — 2)% + 0222
X {(1 —2)2T (2 = 2 + 1)K, (a\/ 1— z) (A.41)
C2((z—1)z((2—2)z — 26 +3) — 2 + 2)Kc(a — az)}
. .
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The real contribution of diagrams a, b, e and f as a function of k| is
fe—1,2e—1,2 —5(1_ )1
4y (2K 130) = (d—g(l—i)sl\% 2 M2(1Zz)( j) M2(1—2)2 ]2
it + 252 i+

X [(ki)sz6 (—22+z+25—2)

+2(k3)2MP (2= 1)2 (222 (e = 1) +243(e— 1))

i M (2 —1)22 (24 2% (3—4e) +2%(26 —3)+ 2(13—12¢) +6(c — 1) )
+2MO (1) (23~ 22=3241) (1-¢)| .

(A.42)
We need the following integrals in order to obtain that contribution as a function of b ,
d—2 ik | -b (kiyb
In(z,bL):/d K, efkibo 2. (A.43)
(k3 + 22620 | [ie3 4 MU
I _2n' B2 (K. (av1—2) Ke(a(l-2))~VBMK.4i(a
0 Me+1 (1—2)5+2 (1—2)=+2
I orl=eBe/2,¢ _\/EMKEH(a(l—z))+Ks(a(1—z))_ (av/1—2)
' Me+2 (1-2) (1—2)+1 (1 2)5
I _2r!==Be/22572 (/BMK. 1 (a 1—z))_(z—|—1)K8(a(1—z))+Ks (av1—2)
& Me (1—z)s—2 (1—z)=1 (1—2)e/2 |7
I orl—eBe/2 54 _\/EMKaH(a(l—z)) +(2z—|—1)KE(a(1—z)) K. (av1-2)
NV (1—2)=—4 (1—2)=—3 (1-2)5-1 )"
(A.44)

where B = b? /4 and a = 2,/BM?2/22.

Therefore the Fourier transform of the equation (A.42) is the following
92e—1ne Be/2020)y
M3+e(d—1)(1 —¢)
X {4\/EM (22 — 22+ 2) (1—-¢)Keyi1(a—az) (A.45)
+2 (z2(1 —2e) 4 2ze — 2e + 1) K. (a—az)

~(z =26+ 1)(1 = 2)7?K. (avT=2)].

A.2.2 Behaviour at z — 1

dabef (Z,bL,(;) — _

g 25(1—2)"°¢

In this section we make explicit the infrared divergences associated with the limit z — 1 for
the real diragams. We want to extract those divergences and reexpress them as poles of ¢
and a combination of plus distributions of z.
We know that the limit form when & — 0 of the modified Bessel function of second
kind of order n, K, (z), is
Ko(x) ~ —Inzx,
(A.46)
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so Ky, (x) diverges as a logarithm when n = 0 and as 1/2™ when n > 0. We can extract this
behaviour from K, (z) as follows

Ko(z)=Ko(z)+Inz—Inzx = f(x)—Inz,

KA@:KA@—%?(g)n+%ﬁ<;>n:%unrmWﬁ>n,n>u

(A.47)

where f(x) and gy (z) are regular at x — 0.
On the other hand,

(A.48)

Since the order O(¢e) of K (x) is zero we can define

K&(x) = f(x) —Inz + 0(52)’
T(1+¢) <x>—1—a' (A.49)

2 2

Kite(z) = g14e() +

with f(x) and gi4(z) regular at x — 0.

If we proceed by the same way in eq. (A.41) we obtain the following

1—2 2—e/2
[(1(_ 2)2)+ eV T=2)

1. Ai(z) = (Ly —In(p?/M?))/4 1 (In(1 -2 )
_(1 ) (1—Z)+ 2( >++O(E )‘|7

(A.50)

1—2)l=
@ . 2)2 zr oz felall =2))

= 5(12_ 2) <1n5 (LT - lnﬁé) +1In?5 + 7r2> + (AQ(Z) - (ln(l — Z)>+ +0(e),

12 1-2); 1—z
(A.51)
with
ST = T — 5 oE
Al(z, bT) = KO (bT]leZ> + In (bTM12ZG> y
br M (1 by M (1 g (4.52)
— _ E
Az(z,bT)=K0<T(ZZ))—I—1n<T ( 5 2)e >7

that are regular at z — 1.
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And for the eq. (A.45):
(1= 2)*Kype(a(l — 2))
—1—¢
B+ (1+e¢) (fM) <_5(1 o B S <ln(1 —z)) +(9(52)> |
—z ).

’ : Zem (- 2)4 1
(A.53)
(1—2)""K-(a(l - 2))
C(1— As(2) = (Lr — In(p?/M?)/2  (In(1 - 2)
= (1 )[ (1-2)+ ( - >++O(a)], (A.54)
(1—2)"?K.(av1—2)
— (11—~ Al(z)_(LT—ln(/ﬂ/M?))/él_} M )
_(1 >[ (1—Z)+ 2( 11—~ )++O()], (A.55)
with
—1—¢
B(z,br) = K14« <2\/§]\i(1 - Z)) B (12—|-5) <\/>M(1 _ Z))
2vVBM (1 — z) (A.56)
:K1< P ) _2\/§M(1_z)+0(5).

which is regular at z — 1.
Note that after substituting the expansions of this section in equations (A.41) and (A.45)
we obtain the final result of equations (3.11) and (3.12).

A.3 Integrated FF

In this section we show the details for the calculation of the equation (3.23). The virtual
contribution for the integrated function is the same as for the TMDFF in eq. (3.5):

7dNLO vir. (2;5) _ TQs QSCAé(l—Z) |: 1 (BO +21n (5>

22 g J /P

8(d—1)m3 2m euv \Cyg 5IR
@2 8 2n 2 16 372 59 10n
. 2 o 4nf H . . f
21n 5+21n5ln (3 —30 )1 —4——31 n2 - —i—fg TCA )

(A.57)

In the case of the real contribution, we start from equations (A.38) and (A.42), and instead
of computing the Fourier transform to obtain the TMDFF, we integrate over k| .

For the contribution of the diagrams 2(c + d1 + d2) + h.c. we need the following

integrals
k2 )n
_ /ddeJ_( ( L )
M2(1—2z M?2(1—2)2
(k3 + 2G=2)] i3 4 AR

22

= i /OO dy M2(1_z)yn_€ ) (A.58)
ik el
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2?T(1—¢) z2
72 cse(me) (M2\ . o
=g (2) (@-2—a-2'%),
727¢ csc(me 2\ =t
2= m_(f <M> (=22 — (1)), (A.59)

By using the results of the integrals shown in equation (A.59) we obtain:

(1 — 2)4571rs 102 (1 — 2) 722725 L ese(me) (]\j—;)_g
(d—1)M3(1—e)I(1—¢) (1 —2)% +0222)

x [221 + 2% (1= 2)7 = 6) = 22 (£ (1 - 2)° + 2) = 5)

+z(—(1—2)"4+2e((1—2)°*+2)—6) —4e+4].

In that equation there is an infrared divergence associated with the limit z — 1 which can

c,d
) dgﬁ]/w(Z; 0) =

(A.60)

be made explicit by using the expansion

(1—z)t=% < £ 9 9 ) 1 (ln(l - z)>
— = 0(1- —Ind + — (12In%0 —_— | ——
Aoz oz o2 (-n +24( w4 nt) )+ 1-2, \U1-z J,

+ O(?).
(A.61)
Therefore, the final result for the contribution of the diagrams 2(c + d1 + d2) 4 h.c. to
the integrated function FF at NLO is as follows

204 1 224 — 523 41022 — Tz + 4
Laed ey = %G (502 yms
22 g—apu(50) 8(d—1)ym3 |e (1=2)nd+ 4z(1 - 2)4+
72 1—2)2%(2z—-1
61— 2) (w24 ™) 4 L2222 D)
12 401 —2)4
(A.62)
4zt 4+ 112° —202° +132 - 8 <1n(1 —z)>
4Z 1—2z2 +
©? 224 =523 41022 -T2+ 4
In— | —0(1 — 2)1
+nM2 ( o1 —2)lnd+ 42(1— 2)4

For the contribution of the diagrams 2(a + b + el + €2 + fl +f2) + h.c. we need the
following integrals

_ _ (k2 )n

—/dd 2k, 2+M} [k2 %2)2}2

— mle & Yy

= IM/O dy [y n M22127z):| [y+ M2(Z1;Z)2}2 (A63)

~ 93 -



2

_ " csc(me) (M? - 21 [ T R o |
P (=)™ o1 - 2) (1-277),

w2 cse(m 2\ °
I = _2211(1_(;)) (142) <—(1 —2) "+ (=z+ 11— 2)1_25 —ze(1— 2)1_25> ,
727¢ cse(me) <M2

Iy = —
s 20(1—¢)

—e+1
) ((1=2)'72 = 22+ 1)(1 = 272 + 22(1 - 2)° %) .

(A.64)

22

By using the results of the integrals shown in equation (A.64) we obtain:
02C 445 ro (1 — 2) 731223 (22) 7 ()
(d—1)M3(e— )I(1—¢)
x [0 (—4e2(1 = 2)° + Te(1 - 2)F —2(1 - 2)° +¢)
)+ 4(1 = 2)" +2(2 - 18(1 - 2)°) - 1)
+2:0 (23 -T(1 = 2)7) + (1 - 2)° = (1 - 2)*
e (T(1 =2+ (1 - 2% —1) - 1)
+ 2% (1462 (1= 2)° = 1) = 10(1 = 2)° + 5(1 — 2)* (A.65)
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4+ 6(e—1)((1—2)° — 1)2} .
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22 g/

+ 27 (42 (31— 2)F — 1

In that equation there is an infrared divergence associated with the limit z — 1 which can

be made explicit by using the expansion

1 0(1—2) 1 _€<ln(1—z)

(1 —z)lte T (1—2)4 1—2

) + O(e%). (A.66)
4

Therefore, the final result for the contribution of diagrams 2(a + b + el + €2 + f1 4 {2) +
h.c. to the integrated function FF at NLO is as follows

ida,b,e,f () = a2Cy [1 (5(1—2) —223+3z2—2z+1>
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41— 2)4 422 11—z /4
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Finally, the total real contribution to the integrated function FF at NLO is

P,
idNLO,real( 5) = T asCy [6(1—2) <_21n5 n 1 > 4 Ly/q

22 9=J/Y N 8(d — 1) mf 2 EUV €IR EUV
2 2 2 2
1 pow M
+6(1 —2) <—21n(51n]w2 +21n%6 + lnﬁ + 6) + Py lnm
_2(,23 —22% +22) B 4(2% — 2+ 1)2 (ln(l — z)>
(1—2)+ z L=z /4

(A.68)
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