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1 Introduction

The study of the Weak Gravity Conjecture (WGC) [1, 2] — a prototype for the broader
Swampland Program [3, 4] — has led to a number of educated guesses about the structure
of quantum gravity that have so far been successfully tested in many examples.

One such prediction is that higher-derivative corrections to the low-energy effective
action decrease the mass of extremal black holes at fixed charge [5].} This can be motivated

!Extremal black holes are here defined as the lightest static, spherically-symmetric, black holes of given
electric and magnetic charges. All black holes in this paper are assumed to be static and spherically-
symmetric.



in part by the sublattice and tower versions of the Weak Gravity Conjecture (WGC) [6, 7],
which require a tower of states of arbitrarily large charge, each with charge-to-mass ratio at
least as large as that of a parametrically heavy extremal black hole. In perturbative string
theory, the lightest states are well described by string oscillation modes, and thus the tools
of perturbative string theory can be used to gather evidence for the WGC [6, 8]. However,
as sufficiently excited strings collapse into black holes, the heavier states required by these
conjectures cannot be probed in the same way. Instead, the conjectures then hinge on the
spectrum of charged black holes, and in particular whether higher-derivative corrections
make them lighter (or, at least, not heavier) at fixed charge.

The Repulsive Force Conjecture (RFC) [9-12] is a close relative of the WGC that
requires the existence self-repulsive states, i.e., states that exert a repulsive or vanishing
long-range force on their identical copy (called a “self-force”) when separated from it by
a parametrically large distance. As with the WGC, the light string excitations satisfy a
stronger sublattice/tower version of the RFC [8, 12], but as before highly excited strings
collapse into black holes, hence for heavier states the conjectures hinge on the self-forces of
charged black holes. In particular, at the two-derivative level static, spherically-symmetric
extremal black holes have the remarkable property that their self-force vanishes (see,
e.g., [13]), hence higher-derivative corrections must make them self-repulsive (or, at least,
not self-attractive) to satisfy the sublattice/tower RFC.

Though less directly connected to an existing swampland conjecture, it has also been
suggested [14] that higher-derivative corrections to the black hole entropy should be non-
negative, ostensibly because derivative corrections represent the effects of heavy modes and
the possibility of exciting these modes leads to a larger number of microstates.

The effect of higher-derivative corrections on extremal black holes has been studied
most thoroughly in the absence of moduli (i.e., scalar fields with vanishing potential), where
the WGC and RFC become the same. The four-derivative corrections to electrically-charged
Reissner-Nordstrom black holes were obtained in [5], and generalized to solutions with
arbitrarily many gauge fields in [15]. Similar calculations were done for Kerr black holes
in [16-18], and for black holes in non-asymptotically-flat backgrounds such as AdS in [18].2
Discussions and calculations of entropy corrections can be found in [14, 21-25].

On the other hand, well-understood string compactifications do have moduli. Previous
works have largely focused on the case where a single dilaton modulus is present, beginning
with [26], where the extremal mass corrections were calculated in heterotic string theory,
and [5], where these corrections were shown to decrease the mass and generate a repulsive
self-force on extremal black holes. A more general bottom-up analysis of dilatonic couplings
was carried out in [24], where four-dimensional dyonic black holes were also considered.

Unfortunately, electrically-charged extremal black holes coupled to a dilaton modulus
are “small”, in that the corresponding solution to the two-derivative effective action has
a horizon of vanishing surface area. What actually occurs near the horizon of a small
black hole depends on curvature corrections that are arbitrarily high order, hence it is
a UV-sensitive question that cannot be answered using the low-energy effective action

2See also [19, 20] for related calculations leveraging dualities.



alone, even when supplemented by its low-order derivative corrections.® For this reason, in
this paper we focus on corrections to “large” black holes — black holes with horizons of
nonvanishing area. Note that large, extremal black holes necessarily have zero temperature.

Extremal black holes with dilatonic couplings can be “large” when they are dyonically
charged. However, dyonic charge only exists in four dimensions, whereas to our knowledge
complete string-theory-derived four-derivative effective actions have only been computed in
high dimensions, see for example [27] for the ten-dimensional heterotic case. While these
couplings can be dimensionally reduced as in, e.g., [28-30], there are potentially important
subtleties in this procedure. For instance, as discussed in [31, 32], Kaluza-Klein (KK)
reducing eleven-dimensional M-theory on a circle or torus and integrating out the massive
KK modes at one loop generates further derivative corrections beyond those present in the
eleven-dimensional effective action. Thus, it is not sufficient to just dimensionally reduce
the four-derivative terms in the ten-dimensional effective action — one must also integrate
out the KK-modes, or at least argue that their contributions are less important than the
dimensionally-reduced derivative corrections. To our knowledge, this has yet to be done
in the literature, nor have the corrections been obtained directly from the compactified
worldsheet sigma model.

In the absence of this crucial string theory input, in this paper we focus on the problem
of determining the mass, self-force, and entropy corrections to large extremal black holes
once the four-derivative effective action is known. In this context, we are able to provide a
very general answer, assuming only that the solution is static and spherically-symmetric.
The formulas we obtain hold for black holes with arbitrarily many gauge fields and moduli,
arbitrary four-derivative operators, and arbitrary couplings between the moduli and gauge
fields, as long as the extremal two-derivative solutions have horizons with non-vanishing
surface area. Using these formulas requires only the original two-derivative solution along
with the four-derivative effective action and its functional first-derivatives (such as the
stress tensor). In particular, the derivative corrected solution is not needed. The mass and
force corrections can be expressed even more simply, depending only on the four-derivative
Lagrangian density evaluated on the two-derivative solution.

As a preview, by a direct attack on the equations of motion, we find the following
explicit formulas for the corrections to the mass, entropy and self-force of an extremal black
hole of fixed charge (held at fixed, zero temperature):

00 0.5
_ A92hd d—2
M = —ad'Vy_o /rh (Eld% + Fj, 6F§‘>R \/ | gtegrr|dr, (1.1a)
R4 dShd _9 05hd
68 = 27’ Vy_o| ————— (T4t FA> RI222C 1.1b
et 2[ (d—3)2< bt FFer S ) TR TSR | (1.10)
—r,
S = —20/Vd2—2/ ((d —2)Ta; + Edg)R2d_5’gtt’\/grrdT- (1.1c)
Th

3Similar points were made in, e.g., [21]. Note that the analysis of [26], referenced in [5], is at string-tree-
level, where derivative corrections are fortuitously insensitive to the singular horizon. This insensitivity does
not, however, extend to string-loop corrections since the dilaton is infinite on the horizon, so the derivative
expansion is not under control, see section 4.3 for further discussion.



Here o/ is a formal derivative-expansion parameter in the action S = Sy + o' Shq, Thq is
the stress tensor associated to Syq where Edﬁ = Zf:_f Thdf denotes the partial trace over
angular directions, Vy_o is the unit (d — 2)-sphere volume, and Flop is the rationalized

coefficient of the long-range self-force, Fgqe(r) = %Tf,g + .... The functional derivatives

with respect to F /f}/ and R,,,,, are normalized as

1 6Shd 1 98

36, T T 15Ty e (2)

5Shd / deI\/ |:
each one having the same symmetries as the tensor in question. The corrections are
to be evaluated by substituting the uncorrected extremal black hole solution, with the
spherically-symmetric metric

ds® = gudt® + grrdr? + R(r)%dQ?, (1.3)

into (1.1¢)—(1.1b) and evaluating the radial integral (in the mass and force cases) or taking
the near-horizon limit » — 7, (in the entropy case).

In fact, the mass and entropy corrections can be more simply expressed in terms of the
higher-derivative Lagrangian density Lyq itself (with Spq = [ ddaz\/—;g[,hd)4

oM = —O/Vd_g/ Ehde_Qy/\gtthdr, (1.4a)

2
dS = e g Vi 2RLng

P (1.4b)

r=rp

These formulas — which we arrive at indirectly — are so simple and elegant that there is
very likely some general principle underlying them, but we leave this interesting question to
future work.

Note that both of our mass formulas were previously derived in the absence of moduli
but generalized to 4d rotating black holes, see [17] in the case of (1.1a) and [33, 34] in
the case of (1.4a). We know of no previous work on these formulas in the presence of
moduli. Likewise, the entropy and force formulas (1.1b), (1.1c), and (1.4b) are completely
new results to our knowledge.

Using these formulas, we show that the extremal force, mass, and entropy corrections
depend on the four-derivative operators in independent ways, and it is possible to have
the mass, self-force, and entropy corrections all take on arbitrary signs relative to each
other. This agrees with some previous results in the literature. For example, in [28] it
was shown that extremal mass and extremal force corrections can take different signs.
However, it seems naively in tension with the results of [14, 35], where it was shown that
the entropy correction at fixed mass and charge is positive near extremality if and only
if the extremal mass correction is negative. The resolution is that the extremal entropy
correction (1.1b), (1.4b) is not the same as the entropy correction at fixed mass and charge
near extremality, as previously argued in [36]. Indeed, the latter generally diverges whereas

4Unlike (1.1a), we have only proven (1.4a) under simplifying assumptions that are valid up to four-
derivative order, see section 2.7 for details, but we strongly suspect that it holds in general.



the former is finite.® Per the general results of [35] (which we reproduce here), the divergent
portion is fixed by the extremal mass correction. Thus, the positivity (or not) of the
extremal entropy correction (1.1b), (1.4b) remains an interesting and relatively unexplored
question, whereas the positivity of the entropy correction at fixed mass and charge near
extremality is completely equivalent to the negativity of the extremal mass correction.
Our paper is structured as follows. In section 2, we derive the force, mass, and entropy
correction formulas for static, spherically-symmetric extremal black holes. In section 3,
we show that the extremal mass and entropy corrections are a priori independent and
explain how this can be consistent with the general result of [35] relating the extremal mass
correction to the entropy correction at fixed mass and charge near extremality. In section 4
we illustrate our method by examining a few specific examples and comparing with existing
results in the literature. We conclude by highlighting a few interesting directions for future
research in section 5. In appendix A we derive a minimal basis of independent four-derivative
operators in the presence of moduli and arbitrarily many gauge fields. Appendices B and C
contain a few formulas that are helpful for computing the corrections in specific examples.

2 Self-force, mass, and entropy corrections

We now compute the leading derivative corrections to the self-force, mass, and entropy of
non-rotating extremal black holes. We assume that the black holes in question are static
and spherically-symmetric — as in familiar examples of non-rotating, extremal black hole
solutions® — and that the cosmological constant vanishes. For simplicity, we also initially
assume that the black holes carry only electric charge, even though magnetic and dyonic
charges are also possible in four-dimensions. As we argue later, our final results generalize
without any modifications to the dyonic/magnetic case.

Note that, since we require both the corrected and uncorrected black hole solutions to
be extremal, all of the corrections calculated below are evaluated at fixed, zero temperature
(as well as at fixed charge). In particular, the entropy correction at fixed, zero temperature
computed in section 2.5 differs considerably from the near-extremal entropy correction at
fixed mass considered in, e.g., [14, 35], see section 3 for further discussion.

2.1 The low-energy effective action

Since we are interested in static, spherically-symmetric, electrically-charged black hole
solutions, at the two-derivative level we can restrict our attention to an effective action of
the form

1 1

S= [dov=Ls,  L2= 5 RGOV VI~ an(@FFE,  (2)

5To be precise, the quantity that diverges is (;% as M — Mext. As demonstrated numerically

in [36], at least in the case without moduli this arises frngnQa fixed M correction 85|, that scales with the
square-root of the higher-derivative couplings Vo’ at extremality.

5We know of no theorem that non-rotating extremal black hole solutions must be static and spherically
symmetry at the two-derivative level, much less accounting for derivative corrections, so it would be

interesting — if technically very difficult — to relax this assumption.



as argued in [13], where p-form dot product is defined as G, - H, = %G“l“'“PHm__MP,
a =1,...,n4 label the moduli, A = 1,...,n4 label a Cartan subalgebra of the gauge
algebra and Gg(¢) and fap(¢) are, respectively, the metric on moduli space and the
(moduli-dependent) gauge kinetic matrix. Note that (2.1) omits all charged and/or fermionic
fields — which can be consistently truncated — as well as all massive fields — which have
been integrated out.” Also absent are fields and couplings that have no effect on static
spherically-symmetric black hole backgrounds, such as higher-form gauge fields and their
Chern-Simons couplings.

We now consider higher-derivative corrections to (2.1):
£=£2+Oz,£hd—|—..., (2.2)

where L4 contains the leading higher-derivative corrections and o is a formal order-counting
parameter of negative mass dimension — notationally inspired but not necessarily related to
o’ in string theory. Lpq encodes the infrared consequences of a wide variety of UV physics,
such as massive particles, extra dimensions, stringy physics, etc. The particular nature of
this UV physics will not matter for our analysis, except that in the case of massive particles
we assume that none of them become massless in a part of the moduli space visited by the
black hole solution in question; otherwise, the extra massless particles must be incorporated
into the action to maintain control of the effective field theory, an extra step that is beyond
the scope of this paper.

Typically Lyq consists of four-derivative operators, but our general formulae will not
depend on this. For illustration, as shown in equation (A.33) of appendix A, the four-
derivative operators that correct the mass and self-force of static spherically-symmetric
electrically-charged black hole solutions can be put into the following form:

K= po
+ aped(9)(VO? - V) (Vo© - Vo) + aapap(9) (Vo - V) (FA-FB),  (2.3)

up to total derivatives, field redefinitions, and combinations of operators that have no effect

Ehd _ aABCD(¢)(FA X FB)(FC i FD) + iGAB(@FA FB RIJ«VPO' + a<¢)RGB

on static spherically-symmetric electrically-charged black hole solutions, where Rgp =
Ryypo RFPT — AR, RM + R? is the Gauss-Bonnet term and a4pcp(¢), aap(¢), etc., are
a priori general functions of the moduli. Thus, the set of effective operators relevant to
problem at hand is both rich and enumerable; however, our results will not depend on Lyq
taking the form (2.3).

Our analysis of the effects of these operators will be semiclassical. As argued in [34, 37],
one-loop effects can be important or even dominant in the four-dimensional case, so our
results must be treated with caution in d = 4.

2.2 Black hole ansatz and equations of motion
A general static spherically-symmetric electrically-charged black hole solution takes the form
dr?
I(r)

"Moreover, we assume that all massless neutral scalar fields are moduli, hence V(¢) = 0. A massless,

ds? =~ f(r)dt? + T3V [ + &mg% ,

neutral scalar field with a non-vanishing potential would have a similar effect on black hole solutions to the
derivative corrections that we study, but requires a separate analysis.



FA = FA(r)dt A dr, (2.4)

" = ¢(r),
where ng_Q is the round metric of unit radius on the transverse S% 2 and we choose the

same gauge as in, e.g., [13], without yet making use of the equations of motion.
The equations of motion for the gauge-fields read

45
dxF4 =0, dF4 =0, where Fa = fapFP — O/(ST}f, (2.5)
where g‘;hj is the covariant functional derivative of Spq = [ d%z\/=gLpq, defined via the
functional variation
5Shd 1 5Shd
(5Shd = /dd.’L’\/ —g 5FA . W = /ddx\/ —g §5F;14’/(5F17A7 (26)
1%

and we assume that £,q depends only on the field strength F4, not directly on the gauge
potential 44.3

Using spherical symmetry, the tr component of F4 is completely fixed by ¢ and the
electric charge of the black hole @ 4:

Qae*

Vit 27)

(QA::(%‘ *F A, = Far =
gd—2

d—1

2n "2
r(4h)

where Vy_o = is the area of a unit-radius S%—2 sphere. Thus, we obtain®

2y )
A_ qaB( @Be hd
FA=f (_ Va2t a’(SFBtT>dt Adr, (2.8)

where f45($) denotes the inverse of the gauge kinetic matrix fag(¢).
The moduli equations of motion and Einstein equations are
/55£d>
St )’
1
Ry = SR = KT, = K2 (Gabau¢a 08,0 + fapF o FP + a':rg;i) ,

where G®(¢) denotes the inverse of the metric on moduli space Ggp(¢) and!”

VI 4 TL00" - 06°) = G (S ansF N PP~ a
(2.9)

1 05hd
be = iGad(de,c + Gedp — Goed)s Thﬂg = _2W’
(2.10)

1
WO Xy =Wy Xv — iglww “ X Wy Xy = HW,U«VL..VPXVVL“VP,

for arbitrary (p + 1)-forms w and Y.

8In particular, this excludes higher-derivative Chern-Simons terms, see appendix A for a justification for
this omission.

“Note that while F'4 o« dt A dr is required by spherical symmetry in d > 4, in 4d spherical symmetry also
permits an angular sin #d0 A d¢ component. However, this vanishes when the magnetic charge Q7 = fs a_s Fo
vanishes, as assumed in this section.

0As before, functional derivatives are defined covariantly, so that 6Shq = fdd:c —ggs)jﬂ ogh” +

f dlx 79%545“. In general, writing the functional derivatives of Shq in terms of ordinary deriva-
95hd — 9Lhd

tives of Lna requires integration by parts, e.g., - Vu% in the case where Lnq contains no

o O

second derivatives of ¢*.



Applying the ansatz (2.4) and computing the associated Ricci tensor, we obtain:

rd{z (Td_2f¢/a)/+frgc¢/b¢lc _ e—%Gab (;fAB,bFA'FB—a/ 5(;5;1;)’ (2.11&)
e e (gt e

1 d—2 ¢/ d—3 ! d=3 5 20 4
i [r J'+(d=3)r (1—f)] =T e (T; +T7), (2.11c)
¢/[f¢/+f/]+( —3)° (1— f)—if __2%,3 = 3T’" (2.11d)

where primes denote r-derivatives, 7' = T/, and TZ’ = E,‘L-i:_f Tf denotes the partial trace of

T} over the angular directions.
To simplify these equations, it is convenient to define the inverse radial variable

1 1

dz=———+=d 2.12
(d — 3)Vd_27’d_3 = i Vd_QTd_2 N ( )

z

as well as the function

=3 f=1-2x(2). (2.13)

In terms of these, the equations of motion become

1 )
(PO 4 fridhde = A gt (3amoF PP - a&;;) (2.148)
. 2k ne2¥ A2 . ;
X = —W((d—Q)TT +1T7), (2.14Db)
d, . . .
Z(fo—x) = —kne®V AX(T! +1T7), (2.14c)
O f+ f] = X = —2kye AP T, (2.144)
where dots denote z-derivatives,
A(z) = Vy_gr2e~T3Y (2.15)
is the z-dependent area of the S92, and
_d=3 ,
kn = T 5" (2.16)

is the rationalized Newtonian force constant. Note that (2.14d) is a constraint equation at
leading order in the derivative expansion: differentiating it gives a linear combination of
the other equations.

To study the event horizon, we rewrite the metric in infalling coordinates:

F(p)dv® 2dvdp
2= 2 702
ds” = R(p)2(d=3) + (d—3)R(p)d—4 + R(p)"dS2 o, (2.17)

BN
where p = %73, R(p) = re” @3, and F(p) = r2(4=3) f(r). Thus, a smooth horizon requires
F(p) — 0 at finite p = py, Wlth R(p) remaining finite and non-zero. There is a residual

-8 —



gauge symmetry shifting p by a constant while holding the form of R(p) and F(p) fixed,
so the value of pj, is thus far meaningless. By contrast, F'(p,) > 0 is a gauge-invariant
characteristic of the horizon. In particular, the product of the surface gravity g, times
the horizon area Ay is readily found to be g, A;, = d%:)’Vd_gF’(ph), so F'(py) = 0 is the
(quasi)extremal case in the terminology of [13], whereas F'(py) > 0 is the subextremal case.

While in principle we can proceed in any gauge, it will be very convenient to make
the gauge choice p, = F'(pp,), so that p > 0 with p, — 0 in the (quasi)extremal limit. In

terms of 7 and f(r), this becomes!!

Fow) =0, ) =222 (2.18)

Th

where 7}, is the outer horizon radius and (quasi)extremality corresponds to r, — 0. In
terms of z and y, the gauge condition is

) =2 Xe) =0, (219)
where zp, = W, and (quasi)extremality corresponds to zj, — oo.
Note that the above gauge choice can be restated as
1
gnAn = 2 (2.20)

relating the surface gravity g; and horizon area Aj to the coordinate location of the
horizon z = zj,.

2.3 Self-force corrections

We first observe that 77 + 75577 = o/ (Tha! + 755 That) since the two-derivative action (2.1)

makes no contribution to this particular combination. Thus, using the boundary condi-
tions (2.19) and the appropriate Green’s function, we solve (2.14b) to obtain
1 20/]6‘ N z

= (5-1) 426 (@-2Baf()+ Ball)) @' (221)

In particular, due to the explicit appearance of o/ in the second term, this equation fixes
the order-a/ correction to x(z) in terms of the functional form of L4 along with the
leading-order fields.

To relate this to the long-range part of the force between identical electrically-charged
black holes, note that the latter takes the form [13]

Fop t o
Foe(r) = V;eZ e Foar = f22QaQ5 — G piapy, — kn M2, (2.22)

where fA8 = f4B(¢y), G2 = G®(¢pso) for ¢% = ¢%(r = 00) the vacuum at spatial infinity,
M is the mass of the black hole, and pu, is the “scalar charge”,

oM

Ha = %7 (2.23)

1Tn the quasiextremal case we obtain the boundary condition f (r = 0) = finite instead.



i.e., the derivative of the mass of the black hole with respect to the values of the scalar field
at spatial infinity. Equivalently, u, determines the long-range behavior of the scalar fields,
Gab I

P = 95 — = 3)0‘;d_2rd—3 T (2.24)

so that p, = —Gggé&.u
Evaluating (2.14d) at spatial infinity, we obtain

Q;Z')oo |:1/}oo - Xoo} - Xoo = kaéBQAQB - kNGZZ go¢go (225)

Note that the contributions to (2.14d) involving o/Tpq" have all dropped out because they
invariably fall off too quickly as r — oo.
Using, e.g., the formulae in [38], we obtain the ADM mass

1 1 .
M=— =y -t ). 2.26
o (5~ o) (2.26)
Thus, (2.25) becomes
[ AB ab 2 1 . 1 2
Foar = 55" QaQB — GLpapp — knM* = “In Xoo + X ) (2.27)

Specializing to the (quasi)extremal case, we obtain

2 / [ee) .
oo = — ZORN [ 2 (4~ 2Tl + Toal) . (2.284)
d—3 Jo
20'kn [ 2V A2 ;
= d— 2T+ Thal) dz, 2.28b
Xo =75 | ((d = 2)Thay + Ta}) d2 (2.28b)

using (2.21). Thus, the self-force coefficient of a quasiextremal solution is
- e 7 r i\~ 2 2d-5 2
Fyf = —2a Vd_2/ ((d —2)Tha, + ﬂldi)e =3 rt2dr 4+ O(a'). (2.29)
0

This vanishes at leading order in the derivative expansion, as first shown in [13]. Using

»
R =re @3 from (1.3), we can rewrite the force formula in the alternative way:
A e [ i\ 19 2d—5 2
Pt =20V [ ((d = 2T} + Toal ) R*Flgul ygrrdr + O(a®). (2:30)
Th
2.4 Mass corrections

Let M(¢) be the mass of an extremal black hole of fixed charge at two-derivative order,
expressed as a function of the asymptotic values of the moduli, and define

Q*(¢) = [P (¢)QaQs. (2.31)

12The derivation of this relation between the scalar charge and the long range scalar fields can be found in,

e.g., [13] section 4.1, at the two-derivative level. In fact, the argument is unchanged by derivative corrections,
whose contributions to the probe particle action are velocity-dependent and whose contributions to the
linearized backreaction fall off more rapidly than the leading-order 1/ 473 contributions.

~10 -



This mass function M(¢) satisfies the condition

Q*() = knM?(9) + G (9) M.a(¢) M 5(9), (2.32)

related to the vanishing of the long-range self-force at two-derivative order. Moreover, the
two-derivative extremal solution is an M(¢) gradient flow, solving

) = —kye¥ M, P = —eVGP M, (2.33)

The function M(¢) is also known as the “fake-superpotential” [39-43]; it can be calculated
systematically by solving (2.32), see, e.g., [2] for a review.
To quantify the change in the solution due to derivative corrections, we define

X = fi+ knfe M, YO = [t + Vel GO My, (2.34)

where the particular powers of f are chosen for future convenience. Since extremal so-
lutions satisfy f = 1 at two-derivative order, X = Y = 0 for extremal two-derivative
solutions per (2.33). Thus, for extremal derivative-corrected solutions, X and Y* are O(a/).
Eliminating v, in favor of X.,, the ADM mass (2.26) becomes:

M=Mit - (1XOO - XOO>. (2.35)
kn \2
Thus, M = % (% Xoo — Xoo) evaluated on a derivative-corrected extremal solution is the
extremal mass correction we are interested in.
To determine this combination, consider the t¢ component of the Einstein equations (a
linear combination of (2.14c) and (2.14d)), which takes the form:
1

X () + 5[0+ ] = ke AT (2:36)

Eliminating ) in favor of X, we obtain

1 . X24Xf o1 :
gX = X+ fo = ik?\,eszQ — knVfe¥Y M 1¢% + kne®Y A TY. (2.37)

Rewriting M? using (2.32) and then eliminating M , in terms of Y% and ¢ using (2.34),
we find:
1. o X4 Xf+hnGaYY? 1

SX—X+ 2 SN (€ QP+ FGap" ") +hv e AT} (2.38)

To make use of this expression, note that the last term on the left-hand-side is O(a'?) for
an extremal solution. Since X vanishes on the horizon,'® as does x in the quasiextremal
case, we conclude that

5M:1{1XOO_XOO} __ / {%%Qul FOpd P+ 2Tt dsr0(a?). (239
kn L2 0o |2 2

13This follows from f(zx) = 0 in the nonextremal case and from f — finite and ze¥ — finite as z — oo in
the quasiextremal case.
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The first two terms on the right-hand-side cancel the leading order contributions to
T}, leaving:

= 55
t AY9hd
SM = —a'Vy_s /0 (ﬂdt RS

)e_ﬂirder +0(a?). (2.40)

__¥_
Using R = re” @-3 from (1.3), we can rewrite the mass formula in the alternative way
that suggests a covariant generalization:

o0 0Sha
oM = —O/VH/ (Edg + F 5F{3)Rd 2\ geegrrldr + O(a'). (2.41)

Th

This matches a covariant formula that was derived for Reissner-Nordstrom black holes (i.e.,
without moduli) in [17], compared with which our result is both more general (allowing for
arbitrary moduli) and less general (requiring spherical symmetry).

2.5 Entropy corrections

Corrections to black hole entropies induced by higher-derivative operators were previously
studied in certain contexts in, e.g., [14, 22, 25, 44]. In this subsection, we use the attractor
mechanism [21, 45-48] to compute the entropy correction to spherically-symmetric extremal
black holes in general effective field theories with moduli.

The Iyer-Wald entropy S [49] is defined as

1 68
= o [ 22 ¢ erndAy o, 9.42
™ . 45R/u/pa €uv€p d—2 ( )
where Y, is the event horizon, €, is binormal to 3;, with €,, e’ = —2, dA;_» is the volume-

form on the event horizon, and the functional derivative with respect to the Riemann tensor
is defined by

1
0S = /ddl'\/ 4(5R/“,pg— Rul/pav (243)

where 5 R has the same symmetries as the Riemann tensor.

In our gauge €, = /—GguGrr (5M5£ — 5;55). Thus, performing the integral using
spherical symmetry we obtain

08
=21A 2.44
& =2m "SR, "tr e rh’ (2.44)
where Ay, is the area of the event horizon. In particular, at two-derivative order,
052 1
= — (6P 03 — oPod 2.4
5Rmnpq 1{2( mYn n m)7 ( 5)
due to the Einstein-Hilbert action Sy = ﬁ [diz\/—gR+ ..., so at leading order,
27 A
0) _ h
SO = ==, (2.46)

where Al(lo) is the leading-order horizon area.
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Continuing to the next order, one finds

§=50 4 254, + om0’ a0 25
K

12 2.4
h (SRtTt +O(Of ), ( 7)

T lr=ry

so there are two types corrections: (1) those arising from derivative corrections to the
horizon area Ay, and (2) those arising from operators in the higher-derivative action that
involve the Riemann tensor.

The area correction via the attractor mechanism. To find the area correction d Ay,
we use the attractor mechanism [21, 45-48]. Define

x(2) = ¢¥(z) + log 2. (2.48)

The area of the horizon is related to xp = lim,_,o 2(2) by (see also (2.15))

d—

Ap = Vyol(d — 3)Vg_ge™] d=5. (2.49)

»

In terms of z, the uncorrected versions of (2.14a) and (2.14c) are
¢ + TP g = ﬁG“b(qﬁ)QQbezm, (when no corrections), (2.50a)
Z k)
1
&= (ijQQGQm - 1) , (when no corrections). (2.50b)
z

Looking back at the infalling metric (2.17), we see that a smooth, extremal horizon requires
x and f to be smooth functions of p = r%=3 at p = 0, and ¢® must be as well if the moduli
are smooth at the horizon. Expressed in terms of z o< 1/p, any such function F'(z) must
have a finite limit F, = lim,_, F(2), whereas its nth derivative F(™(z) must fall off faster
than 1/2".

In particular zj, = lim,_,o 2(z) must be finite, whereas zi and 2%% tend to zero as
z — 00, and likewise for ¢f, 2¢® and z2¢%. Thus, multiplying (2.50) by 22 and taking the
z — 00 limit,

Q,Qa(ff’h) =0, Q% (o) = (kye*n)=1, (when no corrections). (2.51)

These equations both fix the values of the moduli at the event horizon ¢f (with some
ambiguity when Q?(¢) has multiple critical points) and also determine the horizon area of
the resulting extremal solution.

We now examine how derivative corrections modify this attractor argument. In terms
of x, the equations of motion (2.14) can be rewritten as

d . o 1 6]
2 % a T% 2dP2d¢ = 2% A2 ab( FA.pB _ hd) 259
Z o (f0) + [Te20"20" = PTG S fany S ) (2.52a)
d? (1—f ey e A2 ‘
3 _ _ i i
P ( . ) T3 ((d—2)Tr +T7), (2.52b)
22 (fa'c - 1) = —kne* AT} +T7) (2.52c)
dz z t ro ’
f (225 — 2232 + 22) = kne*  AX(TF — T}), (2.52d)
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where the last equation is a linear combination of (2.14c) and (2.14d). Consider the z — oo
limit of the equations (2.52), requiring that f — fn, © — x5, and ¢* — ¢¢, with nth
derivatives of these quantities falling off faster than 1/z". After a bit of rearranging, we
obtain the following attractor equations

0Sha 5Shd}
2 1 A2 AC B
=2a'A F 2.53
Q,a(d)h) o h[ 5 +fABf,a tr 5Ft€ T:Th’ ( a)
1 4
frn =1+ o' K2*n A3 {Thd; + HThdﬁ} ; (2.53b)
r=rp
1 )
2 _ ! A2 t r A 99hd
Q% (¢n) = e + o' Aj [Thdt + Tha, + 2L, 5Fté]r=r : (2.53¢)

0 = [Thal — That) (2.53d)

r=rp
Equation (2.53c) tells us how x5, which is related to the area of the black hole by (2.49),
depends on the value of Q?(¢) at the horizon. Meanwhile, (2.53a) governs the values that
the moduli must take at the event horizon. Note that while (2.53b) likewise fixes f; (which
is not needed in our present calculation), (2.53d) at first glance appears to constrain the
two-derivative solution itself in a manner that depends on the higher-derivative corrections.
In fact, (2.53d) is identically true because the near-horizon geometry of a large black hole
at two-derivative order is AdSs x S92, and the symmetries thereof require T# o §# along
the AdS,.

In principle, the corrected horizon area is determined by first solving (2.53a) to determine
the values of the moduli at the horizon ¢f = (¢$L)(O) + ¢, then substituting these values
into (2.53c) to fix zp, then applying (2.49) to obtain the horizon area Aj;. However, Taylor
expanding Q?(¢y) about the leading-order attractor point <;5§LO), one finds

Q*(6n) = QA(A) + 500" 56 Q6 + . (2:54)

where terms linear in d¢® vanish due to the leading-order attractor equation Q?a(gzb;lo)) =0,
see (2.51). Thus, since d¢% is O(’) per (2.53a), the leading correction to Q?(¢yp,) is O(a/?).
As a consequence, expanding (2.53¢) to linear order in o yields

2 55
0=——" bz, + A} [Iﬁdi + T + 2Ff -0

2
: 2.
kN eZin L_Th +0(a”) (2.55)

Applying (2.49) to eliminate xj, in favor of Ay, we obtain

0Ap _ d—2 O/IQQ'R% 405hd

% Ty = A N b A 0ohd
A, a3 [hdt+ rSEA

@3 +0(a?), (2.56)

T=Th

1
where R, = [%} 42 is the curvature radius of the horizon and we use (2.53d) to eliminate
Tha® in favor of Tqt.
Substituting this into (2.47), we obtain the extremal entropy correction

d

R 55 55
58 = 2ma/Vy_s [—(d_3)2 (ﬂldHFgﬁ 5th) +RI2 R:;‘: } +0(a?). (2.57)
tr Tdr=ry,
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2.6 The dyonic case

In four dimensions, static, spherically-symmetric black holes can be dyonic, carrying both
electric and magnetic charge. In our preceding analysis, we assumed that only electric
charge was present. We now examine the four-dimensional dyonic case, showing that our
final results (2.30), (2.41), and (2.57) are unchanged.

Firstly, because of the presence of magnetic charge, we can no longer neglect moduli-
dependent 6 terms in the two-derivative effective action of the form

Sy = 871T2/9AB(¢)FA AFE. (2.58)

Accounting for such 6 terms, the gauge-field equations of motion become

,05hd

dxF4 =0, dF4 =0, where Fa= fapFP+04p+xFF—a SEi (2.59)
The conserved electric and magnetic charges are thus'*
QY — 7§ *Fa QA = L pa (2.60)
A 52 ? (m) 27T 52
Spherical symmetry then implies that
e)sin 0do A d
*Fa = (xFa)udt A dr + Q(A)W, (2.61a)
in0df A d
FA = FAQE N dr + Q(‘m)w, (2.61b)

where 6, ¢ are the standard coordinates on S? and V5 = 47 is its volume. Eliminating F
in favor of F4, we obtain

FA _ fAB

v ) in0df A d
(), UBCc 5o € s OOhd 4 sin ©
- (QB T or Q(m)> a2 T SEB dt N dr+ Q) 2 - (262)

Note that this reduces to (2.8) upon setting Q(‘m) =0.
Apart from this modification to the form of F, /f‘

., the Einstein equations are unchanged

from before — since the 6 terms do not couple to the metric — whereas the moduli equations
of motion become

d, .. b 9 1 1 0Shd
e a FCL c_ 7,Z)A2 ab( FAFB — 0 FA FB— / )
dz(f¢ )+ [T’ =e G\ 5 amp +gafans 'S5 )
(2.63)
rather than (2.14a).
We can then proceed exactly as before until we reach (2.25), which now reads
oo [thoo = Xoo] — Yoo = kN Q3() — kn Gt il (2.64)

To be precise, these are the Page charges (see, e.g., [50]), which are quantized and conserved, but not
invariant under large gauge transformations (in this case, constant shifts of 045(¢) by amounts that leave
the quantum theory unchanged).
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where

Q2(¢) = fAB(¢) (6) (¢) Q(m GBD((b)

2

Q%)+

QO | +47° faB() Q) Qb
(2.65)

The extra terms are precisely those appearing in the coefficient of the self-force

Fself = Q2(¢oo) Gabﬂaﬂb kNMZ ) (266)

see, e.g., [13] for details, so we still obtain

Fyr = —2d/V7 / (2B} + Toa) ) R%|gul /Gy + O(a?), (2.67)

Th
in an identical manner to before.
Likewise, the calculation of the mass correction proceeds identically through (2.39). To
obtain our final answer from here, we plug in the explicit form of Q?(¢) and T}; each has
extra terms in the dyonic case, but these extra terms fortuitously cancel,!® leading once

o 5Sha
SM = —a'Vy / (nd;g +FA 5F¢)R2‘/ \gugen|dr + O(a”). (2.68)

Th

again to

Note that, unlike in the electric case, Ftr ‘;f;g 7& lﬁjgiff, so it is important to write the
tr

formula in this particular form.

The entropy calculation is likewise virtually unchanged, and we again find

0Sha 0Sha
68 = —2nd' Vo R} [T L4 pA + R, } + 0(a’?), 2.69
2/%p hd¢ t (5FA t 6Rt i s ( ) ( )

just as before.

2.7 Further simplifications

In fact, the mass and entropy correction formulas (2.41) and (2.57) can be further simplified,
as follows. First, notice that for the independent three and four-derivative operators
classified in appendix A (see also appendix C for useful formulas), Thqt + Ff g%z}
equal to the Lagrangian density Lyq when evaluated in a spherically symmetric background,

is always

except for operators involving the Riemann tensor.

To generalize this observation, we begin by assuming that L£yq depends on the metric,
V0, F lﬁ,, and RY,,,, but not on higher covariant derivatives thereof. Thus, the variation
in L34 as these constituents are varied is'6

OLna 5 0Lna

1 aﬁhd A 1 8£hd
9Fnd 3 SR
D9 I T OV 140

0Lpg = n )
20F8 M T 40RE , T e

V0" + (2.70)

5This cancellation can be traced back to the fact that the two-derivative portions of 7} and 7} depend
on F4 in exactly the same way.
1Note that to define the partial derivative 65:3 we need not only specify that V,¢%, FA and R,

held fixed, but also that (2.70) holds with 3 M e g”"a‘;ﬁ% chosen to have all the symmetries of the
Voo

Ruvpo
Riemann tensor. The reason for this subtlety is that gu«6R%,, does not have all the symmetries of the

Riemann tensor; in particular, (o0 R = —09(ula R,y pe since §(Ruvpo) = 6(gualk,),,) does retain all

v)po
the symmetries. Thus, adding a term symmetric in the exchange of u, v to Bgi]:ia changes

gﬁhd without
v

altering the dependence of Ln4 on the Riemann tensor.
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where partial derivatives with respect to tensor fields are defined to enjoy the same symme-
tries as the tensor field in question, and the factors of 1/2 and 1/4 reflect our normalization

A
conventions (so that, e.g., gi‘g = 5’4(5”5" —06£65,)). In particular, due to general covariance!”
L4 must be invariant under an infinitesimal coordinate transformation z# — z* — el 4
for any (1,1) tensor field ¥, resulting in
59,Lw = Eﬁgpu +€ly)g,LLp7 5vu¢a = EZVV¢G’
A A A
OF;, =eh el OR g =—eh Rl 5 + ngp,87+€ﬁR/éép7 apRaﬁp, (2.71)
which applied to (2.70) implies the identity
OLna o OLna 4 0Lng 0Lna
0= 29””789,@ + V., N0 + Fy, oFA + RO“BV@R” (2.72)
Next, we express the functional derivatives of Syq in terms of partial derivatives of Lyq,
as follows:
0Sha 0Lna 0Sha  OLna 0Sha 0Lna
0V,u6" OV, 6FA T OFA’  GR' . OR" (2.73a)
u® p v v aBy afy
0Sha  OLpa 1 OLna 1
= Vi ,Voym7o— + =9"" L1, 2.73b
S0  Ogu 2 0VORR o T39S (2.73b)
where to derive (2.73b), take dShq = [ d%x\/—g [%@W + }18%‘3 5R’f,pg 39" 69, Lnd)
and integrate the middle term by parts twice using 0R/,,, = V, 00, — V01", and

(H—szp = §gu/\(vv(sgp)\ + vp(sgu)\ - v)\dgyp) 18

Combining (2.72), (2.73a), (2.73b) and the definition of the stress tensor 7}y = 22‘525,

we obtain:

0Shda A 55hd 0Sha 0Sha
F _
5vu¢a P SF, Raﬂv ORY, +V(Pv0) SR,

Thal +V,¢" =0} Lhd- (2.74)
In the special case of spherical symmetry and the absence of Riemann couplings, we see
that this reproduces Thq! + FA‘;?};% = Lyq as previously noted.

We now apply the relation (2 74) to simplify the entropy correction formula (2.57).
Observe that in the near horizon limit, ¢%, F}, 4 and RY, , are all covariantly constant. Thus,
all covariant derivatives of these quantities Vanlsh, and we obtain

05hd 0Sha

hd¢ tr (5F trir <5 5Rtrtr s hd|r Th ( )
In fact, even though we derived this formula by assuming the absence of higher covariant
derivatives in Lyq, it easily generalizes to include such terms because all the covariant

derivatives evaluate to zero in the near-horizon limit, as already noted.

"Here we implicitly exclude gravitational Chern—Simons terms, as justified in appendix A.

18Explicitly, 6Smia = 1 dz\/—g 0L V0%, = —= [ dzy/=gV, OLnd o™,
2 ORY o ORpo

OLna
P ORuupo

9Lna_s
paRquo' Gop-

= f%/ddm\/fgv A /ddx\/ VAV,
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a2
Thus, using R, = — (ng’) in the near-horizon limit (see appendix B), we obtain the

general result

2w
5 = — 1= 3) Vi oRWha| (2.76)

The simplicity of this answer — in contrast with the complexity of its derivation — suggests

T=Th

that there is a more general principle at work. However, we leave further consideration of
this to future work.
Next, we consider the mass formula (2.41). Defining the projection tensor II¥ = 614!,

we can write the integral more coviariantly as

M = —o /E I, (Eldf,‘ + Fﬁ??ﬁ)]\f\f hd' (2.77)

where the integral is taken over a spatial slice ¥ from the horizon to infinity, h is the

determinant of the spatial metric and N = y/—1/¢" is the lapse function. Applying (2.74),
this becomes:

MR, ;. 765, .

SM = —o// [Lhd L 11, R" O5hd ~ 1YV, V, 05hd ]N\/Eddlx, (2.78)
P

since II'V,¢" = 0 and II,, =11, in a static background. Computing the second covariant

derivatives of TI# in an extremal black hole background, one finds that!?

XN VI = ”HVRQB,Y X P (2.79)

for any X, with the symmetries of the Riemann tensor. Thus, we obtain:

5M:—o// [Lhd+v (v ) >—VU<HZV O5ha )]N\/ﬁdd—lx
%

v Y >%
“SRY SR,
3S sS >
——a / LraNVhd* ™z —a/i a{v I Vhd ~ILV hd ]NRd—2 . (2.80)
Ry Ripa r=rp,

after converting the total derivatives into boundary terms,? where Pu = \/9rr0,, is the
radially-outwards unit vector. In fact, since the lapse function IV vanishes at the horizon
and the fields fall off sufficiently rapidly at infinity, the boundary terms vanish, and we
finally obtain?!

oM = —a’/zﬁhd]\f\/ﬁdd_lx = —O/Vd_g/ Lhde_2\/|gtth]dr. (2.81)
Th

19As a shortcut, first verify that Vi1 )= Vi oIl? ] by explicit computation. It immediately follows that
VIV LI = VIV I + Vi, VPRI Then, using V,V, 4 = 8,0,% — T%,,0,1 and the explicit form
of the connection (see appendix B), one obtains v[fv[tnﬂ = f%R and VI V[t ] = ffRf;, or equivalently
Vv I = —rplmg.

20Note that the explicit presence of the lapse function in the measure compensates for the fact that V, is

the spacetime covariant derivative.
21This formula appeared previously in [33, 34] in the four-dimensional case without moduli (but allowing
for rotation).
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Again, the simplicity of this answer suggests a more general principle at work, but we defer
further consideration of this to future work.

Unlike (2.76), it is not trivial to extend our derivation of (2.81) to Lagrangians Lnq
involving arbitrarily many covariant derivatives. Instead, we limit ourselves to a few
observations. First, note that (2.81) is correctly unchanged by adding a total derivative
to L4, once again because the lapse function vanishes at the horizon and the fields fall
off sufficiently rapidly at infinity. In appendix A, we show that arbitrary three and four-
derivative operators can be rewritten in terms of V, ¢, F; lﬁ/, and RY,,, via integration
by parts, eliminating all higher covariant derivatives. Thus, (2.81) holds to at least four-
derivative order, if not beyond.

3 On the independence of mass and entropy corrections

At first glance, the mass and entropy corrections (1.1a), (1.1b) appear to be related, especially
when written in the form (1.4a), (1.4b). This may seem to confirm the claim [14, 35] that
they are directly (anti)correlated. However, notice that a naive reading of (1.4a), (1.4b)
suggests that 6 M and S should have the same sign, whereas [14, 35] argue that they have
opposite signs. As demonstrated explicitly below — and matching prior work [24] where
this point was first emphasized — this difference is because the corrections are sensitive to
whether, at fixed charge, temperature is held fixed or mass is held fixed.

3.1 Demonstration of independence

In fact, despite appearances the extremal entropy correction (1.1b), (1.4b) is independent
of the extremal mass correction (1.1a), (1.4a), in the sense that each one can have any
magnitude or sign independent of the other in a generic effective field theory.??

To show this, it suffices to compare the effect of two different four-derivative operators:

& LY = agyap(9)(FA-FB)(V¢®-Ve®) +aapop(¢)(FA-FB)(FC-FP).  (3.1)

The resulting entropy correction is easily evaluated using (1.4b):

2T u
(d—3)2V} R4S

68 = — ABOD (4,)Q4QBQcQp (3.2)

where Ry, = R(rp) is the curvature radius of the horizon, ¢f = ¢%(r;) is the attractor
point in question, and a*BCP(¢) = fAY(¢)--- fFPP(@)anpcrp(¢). In particular, the
F?(V)? coupling does not contribute to the extremal entropy correction because the
moduli are constant in the near-horizon limit. On the other hand, the moduli are generically
not constant far from the horizon, hence F?(V¢)? does contribute to the extremal mass
correction. Because of this, by adjusting the coefficient a,p45(¢) we can choose the extremal
mass correction to have any magnitude or sign, regardless of what the extremal entropy
correction is.

While the above example demonstrates that the extremal mass and entropy corrections
are independent, this independence is not limited to theories with moduli. For instance,

22See [36] for similar arguments in the special case of Reissner-Nordstrom black holes.
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consider the four-derivative operator

o/ LyFP = aap(RMPT — 2RMPGVT)FiA FD (3.3)

Due to the simplified form of the Riemann tensor in the near-horizon limit (see, e.g.,
appendix B), this operator evaluates to zero in that limit and thus generates no entropy
correction. However, it does generically generate a mass correction, for instance

_ 2(d — 3)?
(3d — T)Vy_oRE

a*?QAQp (3.4)

in the Reissner-Nordstrom case, where 48 = fAA/ fBB a4 pr similar to above. This is
made possible by the additional non-vanishing Riemann tensor components (mixing the

angular and ¢—r directions) that appear away from the near-horizon limit.

3.2 Comparison with the literature

How can we reconcile this with the claim, due to [14, 35], that the entropy correction to a
near-extremal black hole is positive if and only if the mass correction to the same black
hole is negative?

The essential difference is that [14, 35] consider the near-extremal entropy correction
at fized charge and fized mass, whereas our extremal calculations are at fized charge and
fized (zero) temperature. Before elaborating, we first reproduce the results of [14, 35].
Since (1.1a), (1.1b) apply only to extremal black holes, this requires some additional work.

We start by combining (2.14c) and (2.14d) to obtain:

A e X _Lirei b N2¢2_/ 26 42+, A 05hd
5 795 500 1= G+ TR 0) el A T |

(3.5)
We expand the solution about an uncorrected solution,

Y=o+, 8=l +8b, [ =fo+d, (3.6)

where §9(z), d¢%(z) and df(z) are O(a’) perturbations to the solution and we hold the
charges @ 4 fixed. Substituting into (3.5) and simplifying using the leading-order equations
of motion, we obtain

o, f

f&b— L 0f =S ay— fww—kaGabéwb]=—a’kwe2¢A2[ﬂdi+F£§?§
tr

(3.7)
up to O(a’?), where we omit the (0) subscripts on the leading-order solution for ease of
notation. Integrating z from 0 to z, (i.e., from r = co to r = ry) gives

g 4 DX Ox(zn) | W(zn)

- d
2 2 2 2zp 0 -

(3.8)
where we use f) =1— i at leading order and fo =1, 9o = 0 to all orders, holding the

| 2 5Sha
5F (2n) + —— 61 (2n) = —a'kn / 20 42 [E di+ P
tr

asymptotic moduli values ¢% fixed.
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In our chosen gauge, the coordinate location of the horizon zj, is related to the surface
gravity g, and horizon area Aj via (2.20). Thus, z, receives o corrections, and we must
carefully distinguish between, e.g., 69(z), which is 0¥ (z) evaluated at the leading-order

(0)

horizon z = z; 7, versus the correction to the value of ¢ at the horizon, which is instead

5o = (zn) — 0O (=) = 69(zn) + P(2n) 2, (3.9)

up to terms that are O(a’?). Along similar lines, the gauge-fixing conditions (2.18) (f;, = 0,
fn= —i) and (2.19) (xp = i, Xr = 0) imply that

oz, ozp

) =— ) = ——. 3.10
f(zn) o X(2n) 2 (3.10)
Thus, (3.8) becomes:
L X 1 [ 5Zh} / /z” 2 2[ 4 05hd
-5 ) | =—dk VA Bl + Ff -5 |d 3.11
Yoo + B +22h Y + o Y 0 € hd¢ + tr(SFté Zs ( )
up to O(a'?). Using (2.49), (2.20), and (2.26), this can be rewritten as
1 oo a2t 24 05hd
oM — ?ghCSAh = —04//0 e "Z}A |:E1dt + Ftr@ dz. (312)
Finally, using (2.47) to relate the change in area to the change in entropy and rearranging,
we find
gn / o t 495hd d—2
SM — 58} =« Vd_g/ (Rd + I R\ | gueger|dr
|: 2 fixed Q, ¢2, - t tr 5Fté rr
—d/grA O(a’ 3.13
& gh h(thTtr S + (Oé )7 ( )
where g, is the surface gravity, related to the Hawking temperature Tgy = $~. Note

that the left-hand-side of (3.13) resembles the first law of black hole mechanics, but is
technically distinct from it since we are computing the change in the solution induced by
the o corrections, rather than varying the solution with fixed o/ corrections.

Entropy corrections at fixed mass versus fixed temperature. Using (3.13), we
can deduce several things. Firstly, in the zero temperature limit g, — 0 we recover the
extremal (i.e., fixed charge and fixed zero temperature) mass correction (1.1a). Alternately,
per (3.13), the mass correction at fixed charge and fized entropy is given by

o0 0Sha _
oM = *O/Vd—Q/ <ﬂldt + Ff >Rd 2\/ |getgrr|dr
fixed Q, ¢, S Th LTS "
0Shd
—ad'gpA +0(?). 3.14
ARG . () (3.14)

This once again reduces to the extremal mass correction (1.1a) in the zero temperature limit
gn — 0, but for a subtle reason: although fixed temperature and fixed entropy are not the
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same in general — in particular, the extremal entropy correction (at fixed, zero temperature)
is in general nonzero — the mass correction becomes insensitive to the difference in the
zero temperature limit because of the gj in front of 6S in (3.13).

On the other hand, (3.13) also implies that the entropy correction at fixed charge and
fized mass is given by

2ma! o 6Sha d—2
5S = —Vd_g/ <Eldt+FA )R v/ | geeger |dr
fixed O, d)go’ o an - t tr 5Fté | tt T‘T’|
+2md’A + 0(a). 3.15
S| +0E (315)

This does not reduce to the extremal entropy correction (1.1b) in the zero temperature
limit; in particular, the first term diverges in this limit, whereas (1.1b) is finite. The reason
is simply that fixed mass and fixed temperature are generally distinct — the extremal mass
correction being generally nonzero — whereas the same factor of g, in front of S in (3.13)
makes the entropy correction hypersensitive to the difference in the g — 0 limit.?

In summary, the entropy correction near extremality depends sensitively on whether we
hold the mass or the temperature fixed (along with the charge). In our work, we computed
the correction (1.1b) to the entropy of an extremal black, holding the temperature fixed (at
zero). As shown in section 3.1, the extremal mass and entropy corrections are independent,
and their signs can be the same or different depending on the choice of effective field theory.

By contrast, [14, 35] consider the near extremal entropy correction at fixed charge and
fixzed mass. Then, comparing (3.14) and (3.15), one concludes that

SM =-Ihss , (3.16)
fixed Q, ¢%,,S 27 lfixed Q, 0%, M

as first shown in [14, 35]. Thus, the extremal mass correction (being insensitive to the
distinction between fixed temperature and fixed entropy) is negative if and only if the
near-extremal entropy correction at fized mass (and charge) is positive.

Thus, our results do not disagree with those of [14, 35]. A deeper question that we will
not attempt to answer is which notion of entropy correction is relevant in various contexts.
Arguably, the extremal entropy correction that we have calculated is a more “natural”
quantity than the near-extremal, fixed-mass entropy correction that appears in (3.16),
for instance because the former is finite whereas the latter diverges at zero temperature.

*How can a finite, extremal entropy correction emerge from (3.13)? Working at fized temperature,

2 , < 55, _
58 = r [5M +a VH/ (Edi + Fi} 5Fh§>73d ? gttgrrldr} +
fixed @, 0,7  IP fixed Q, %, T Th tr
’ 5Shd 12
+ 2ma’ Ap SRIT + 0(a).

T=Th

Expanding about zero temperature and comparing with the extremal (fixed temperature) mass correction
formula (1.1a), we see that the term in brackets is O(gn), avoiding a divergence. However, to actually
reproduce the extremal entropy formula (1.1b) we would need to calculate the near-extremal mass correction
to O(gn), which is beyond the scope of this paper.
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However, when arguing that 6S > 0 (as in [14]) either (or neither) notion might be the
correct, depending on the argument. Here we simply emphasize the difference without
addressing these deeper questions.

4 Examples
We now consider a few explicit examples to further illustrate our methods.

4.1 Electric Reissner-Nordstrom black holes

We begin with the simplest case of Einstein-Maxwell theory, with the two-derivative
effective action:

S = /d%f(R— 2edF2) (4.1)

. . . . . d—2 d—4
where k4 and eq are the gravitational and gauge couplings of dimensions —%“5= and —%5=,

respectively. The (Reissner-Nordstrom) extremal charged black hole solutions are most
conveniently expressed in the gauge®*

-1

Ri i VEvealQ]
d 2 _ dt2 h d 2 QdQQ Rd 3
s [ d =3 4+ rdQy_o, (d SV o
2
e;Q
with mass My = ed]LN|, where ky = g%gnz as before.

Per the results of section A.2, all possible parity-even four-derivative corrections to this
theory can be reduced to four independent couplings:%

L) = cgLcs + crp2 RMPPF L Fly + C(F2)2 (F2)2 +cpaFy F'PE G FF, (4.3)

where Lop = R*P7R0p0 —4R’“’RW+R2 is the Gauss-Bonnet combination. Applying (1.4),
one finds the mass and entropy corrections

d—3)3 (23 . +2
SM = (d—3)Vd_2RfL5{(d—2)(d—4)cGB—( _) ( cicnr Gl T 4]> . (44a)

3d—7 kn k2,

4
5S = QWVd_QR;iL4|:(d_2)[3d2_15d+16] B_(d_3)2(46303F2 n Gd[C(F2);+2CF4]> 7
d—3 kn k2
(4.4b)
where ’R,d*?) — VinedQl kM

(d=3)Vi—2 — (d=3)Vy—2"
A few comments are in order. First, note that (4.4a) reproduces the results of [5],

appendix B. Second, we observe that both the mass and entropy corrections depend on
¢(p2)2 and cpa in the combination ¢(p2y2 +2cpa. This is a consequence of parity and spherical
symmetry, as explained in section A.4.

#Note that, although this differs from the gauge introduced in section 2.2, since the formulas (1.1), (1.4)
are invariant under radial gauge changes we can use any convenient gauge.
25Recall that F? = %FWF‘“’ in our conventions.
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On the other hand, the remaining couplings all appear in independent ways in the mass
and entropy corrections, demonstrating the general results of section 3. To illustrate this,
consider the 4d case:

_ 1672 2e2¢ e eﬁi‘[c F2y2 + 2¢pa]
SM@=H — _ 4°RF (F2) 45
BknMo \ ky T K2, ’ (4.5)
2 4
584=4) — 872 8cap — dejcrp2 € [C(F2)22+ 2c ] . (4.5b)
ki K3

In particular, notice that the Gauss-Bonnet operator contributes to the entropy correction
but not the mass correction. This operator is actually topological (locally a total derivative)
in 4d, explaining its vanishing contribution to the mass correction, which depends only
on the equations of motion. On the other hand, higher-derivative topological operators
can correct the (Wald) entropy [51-54], as happens here. However, since the operators
RMPF,, Fo and (F?)? also contribute to the mass and entropy in linearly independent
ways, the independence of the mass and entropy corrections does not rely on this subtle
point about topological operators.

With a little more effort (see the helpful formulas in appendix C), one can reproduce (4.4)
using (1.1), from which we also obtain the self-force correction

Fugr = _2(d_3)2Vd2—2R}21(d_4) (d-2)(d4)caB—

(d—3)° (26303F2 +6§[C(F2>2+20F4])
3d—7 \  ky K2

. (4.6)

In fact, the mass and force corrections are not independent in the absence of moduli, since
Flop = e?lQQ — kyM? = —2knModM + O(5M?) upon substituting in the corrected mass
M = My + dM. This relation indeed holds for (4.4a), (4.6).

4.2 Dyonic Reissner-Nordstrom black holes

We now turn to 4d dyonic Reissner-Nordstrom black holes, in part as a natural extension
of the above and in part as a preview of the dyonic Einstein-Maxwell dilaton black holes to
be discussed below. The leading-order solution is now

-1 =
v (202 + 8202
ds® = — [1 - Rh]dtQ + {1 - Rh} dr® + r2d02, b = VRN (e2QZ + ¢ @)
T T 4
2 inod
F=_ Zﬁ; dt A dr + Qm%de A dep, (4.7)
. 2 62Q2+52Q2 . L.

with mass-squared My = — where for simplicity we set the theta angle to zero

eQm
eQe

and € = 27 /e is the magnetic gauge coupling. Defining ¢ = ‘ ], we obtain

S = 1672 [143¢%2e%cpp (1 —C2)2etepae 201+ CY) etepa (4.82)
SkyMo | 1+¢2 ky (1+¢2)2 k% (1+¢2)2 k2 | '
4e2cppe 1-¢? ? etepae 201+ CY) etepa
68 = 8n? |8cap — — - — — E 4.8b
" [ “GB T TN 1+ K L+ K| (4.8b)

— 24 —



assuming the same four-derivative operators (4.3) are present. The self-force coefficient can
likewise be computed, and comes out to Fself = —2knMydM as expected.

Note that in principle the results (4.8) can be deduced from (4.5) using electromagnetic
duality, though doing so is not completely straightforward. To illustrate this, we consider
the effect of S-duality, Q. = @, @, = —Q., ¢ = ¢, and F' = i—gﬁ where F' = — x F. This
takes ¢ — 1/¢, but also changes the coefficients of the higher-derivative operators in (4.3).
In particular

E,(4) = C/GB[:/GB + C/RFQRMVpJF//LVF//JJ + C,(FQ)Q (F/2)2 + CIF4F;/LVFVp/F//)0FJM,

172 114 14
= C/GBEGB + |:e€ CIRF2RMVpJFuVFpa + |:ee C/(FQ)Q (F2)2 + |:Z] CI};4FuVFVprJFJu.
(4.9)
Eliminating pairs of F’s using Qu,,ngaﬁV‘s = —245&55 636?7], we obtain
e'1?
/(4) = C/GBEGB - |:6:| C/]%F2 (RHVPGF,LLVFPO' - 4R5FVPFMP + RF#VFHV)
6/ 4 8, 4

+ L] 2y (F?)? + L] s Fyy FYPFpp FOH. (4.10)

2
Next, we use the leading-order Einstein equations R, = % (F weFy— % 9 F' 2) to put this
back into the form (4.3),

2 2

C;%FQ(FWFVPFPUFUM - (FZ)Q)

/

' = daplan — [6 ,
(1) = CcB .

oo RP B Foy + 8k {6

2
114 114
N o (F2 4 | S| ouFo FYPE,, FOH 411
+ " C(Fz)z( ) + . Cpaliyy po ) ( A1)
from which we read off
1 4 N7 Sk 12
CGB — CGB, (& C(F2)2 =€ C(F2)2 — NE CRFQ, (4 12)
2 _ 21 4 o4y 2 ’
e“crp2 = —€ Cpp2, e cpa =€ Cpa +8kne Cppa.

One can check that, together with ¢’ = 1/(, this transformation leaves (4.8) unchanged
as required.

Thus, using S-duality we can deduce the purely magnetic ¢ — oo limit of (4.8) from
the purely electric result (4.5). However, deriving (4.8) in its entirety from (4.5) requires a
more general calculation (e.g., using a democratic approach), which we omit for the sake
of brevity.

Let us examine the special case ¢ = 1 more closely (for which the electric and magnetic
fields have equal magnitude):

1672 [4ecppe etcpa

4ecpp2 ecpa
ok My kn k%1

kn k2,
(4.13)

SM(E=1) —

68=D = 872 |8cap —
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We have repeatedly made the point that the extremal mass and entropy corrections are
independent, and that this independence does not depend on topological couplings such as
the 4d Gauss-Bonnet term. Nonetheless, if we ignore the Gauss-Bonnet contribution then
the linear relation dM = W&S seems to hold. What is going on here?

The answer is that we have set the parity-odd higher-derivative couplings to zero
for simplicity, even though the background we are studying is not parity invariant. Per
the analysis of appendix A, there are two additional parity-odd couplings that we should
consider, R*P7F, WF po and F, wF"PF, F7F. The latter vanishes for ¢ = 1, and thus does
not contribute to either the mass or the entropy corrections. The former does contribute,
but only to the mass:

- 32n2e2c,, . -
oMED) = ii%?vi\zw’ s =, (4.14)
where the overall sign is that in eQ)e = £€Q),,. Thus, upon turning on all possible couplings,
the independence of the mass and entropy corrections is again manifest.
Finally, note that the WGC constraint éM < 0 is more powerful when applied to the
full spectrum of dyonic black holes, rather than just electrically-charged black holes. In
particular, define the dimensionless combinations

€4C(F2)2 echFg
Cl = -

k2 kn

€ZCRF2 o €4CF4 T 4€2CRF2 ' (415)

C3 —
’ k2, kn

) C2 =

kn
Then, in terms of u = 2log ¢ one finds the mass correction

1672 [(ca + 2c3) coshu + 2¢; sinh u — ¢3)

oM = — , 4.16
5kn My coshu +1 ( )
in the absence of parity-odd couplings. This is negative semi-definite for all w iff
co + 2¢3 > 2| | and \/(02 + 2c3)% — 4c? > co. (4.17)
By comparison, only considering the electric case (u = —o0) yields the weaker constraint

co + 2¢3 = 2cy.

These constraints will change when we include parity-odd operators. However, since
parity-odd contributions are always odd under @Q,, — —Q,, with Q. fixed (leaving u =
log ié%% also fixed) the WGC bound dM < 0 only gets harder to satisfy, and (4.17) is still
a necessary condition.

4.3 Dyonic Einstein-Maxwell-Dilaton black holes

We now generalize our discussion to the case with moduli. Perhaps the simplest two-
derivative effective field theory involving a modulus coupled a gauge field and gravity is
Einstein-Maxwell-Dilaton theory, with the action:

S = /ddx\/jg {21,{!2 <R - 1(v¢)2) - 2%e*@sF F|, (4.18)

2
2c e
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where ¢ is the dilaton, o > 0 is its dimensionless coupling strength, and we set (¢) = 0 in
the asymptotic vacuum by convention.

Now, however, there are two difficulties. Firstly, the electrically charged extremal black
hole solutions in this theory have vanishing horizon area, hence the derivative expansion
breaks down near the horizon and we cannot compute the corrections to their mass, entropy
and self-force in effective field theory. To overcome this difficulty, we consider 4d dyonic
black holes, for which the charge function

Q%(¢) = e?ef Q2 + e *E3Q2, (4.19)

€Qm | Then, since Q?(¢p) =

has a minimum at the attractor point ¢, = log (o for (o = 0.

47|QeQm| > 0, the horizon area is non-zero.

The second difficulty is more technical: while numerically tractable, these dyonic
solutions cannot be written in closed form except for the special cases o = 0,1, /3. Note
that a = 0 is the Reissner-Nordstrom case, whereas o = /3 arises naturally in Kaluza-Klein
theory. We instead focus on o = 1, which arises naturally in string theory. The extremal
solution is then

ds? = —e*dt? + e 2 [dr? + r2d03],

20) p2+¢ .
F= 9Ty p g Dm0 g g,
472
K 2k ,
(U= ¢__ log {1 + = where  Ru = V2kn fi0|Qe| (420)
2 r 4 &0|Qml, —.
with mass My = %

Imposing parity for simplicity, the possible four-derivative operators take the form

L1y = acB(®)Rap+arp2(¢) R Fuy Fopo+a(p2y2(9) (F?)? +aps (¢) Fuy FYP Fpo F7H
tap2 (w2 (0)FA (V) +apyeyz(8) F* FuyVud VP o+ag s (0)(Ve)?, (4.21)

where agp(¢), app2(¢), etc., are a priori unknown functions of the moduli. The entropy
correction is easily evaluated using (1.4b):

4 2 4
58 — 8772 SGGB((,bh) . € (¢h)aRF2 (¢h) o eh(¢h)C;F4 (¢h) ’ (422)
where €?(¢) = e2e? is the dilaton-dependent gauge coupling and ¢, = log {y = log 5600%7: is
the attractor point. Note the strong similarity with (4.13). Indeed,
é((bh)Qm
on) = |-~ |=1 4.23
(on) (On)Q (4.23)

so the attractor mechanism automatically makes the electric and magnetic fields equal in
magnitude at the horizon, explaining why the entropy correction closely parallels that of
the ( = 1 dyonic Reissner-Nordstréom case discussed above.
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On the other hand, to compute the mass correction we need to do a non-trivial integral
that depends on the functional form of the EFT coefficients in (4.21). For example, in the
case of the F,, F"PF,, F° correction this integral can be written as

SM = —

T h e 2P[ePh e — 4p | oAdn
4 /¢ [e?r + 1) 1) (e* + )aF4 (5)do, o)

Similar expressions (of varying complexity) can be written for the other operators in (4.21).
To obtain a more explicit result, we specialize to the four-derivative Lagrangian

,C(4) cGBeé ¢£GB + C(F2)26 (F2)2 + CF48_3¢ijFVprUF(m + CFQ(V¢)2€_2¢F2(V¢)2.
(4.25)
Here we have kept only certain terms in (4.21) for simplicity, and we have assumed a
particular ¢ dependence, with the following rationale (as in, e.g., [24]). Suppose we begin
with a four-dimensional “string-frame” action of the form

2

R+ 4(V(I>) ) F-F+ceplas+ - (4.26)
€0

mz /d4:c ——

—20

where the overall factor of e occurs for closed strings at string tree-level. Switching to

Einstein frame:

Skin = / d*z\/—g [R 2(VD)? — ’12 2. F 4 ecgpe *Lap + - - (4.27)
€0
Identifying ¢ = 2®, we reproduce the ¢-dependence seen in each term of (4.25).
To state the resulting corrections more concisely, it is convenient to define?®
log(¢o) + Yon—y U5
fp(Go) = —p , (4.28)

(1— Co)
for any positive integer p. This combination is chosen so that f,(1) = 1, cancelling the
apparent pole at (y = 1. The mass correction is then?”

212 1+ (o
oM = — 8(245f1 —20fy +20f3 — 10f, + 3
Sen M o (2+5f fo+20f3 fa+3fs5)caB
666(}72)2 630F4
+ (1 —20f5 4 40f3 — 25 f4 + 4]‘5)7,€2 +2(1+5f4—4f5) 12
N N
620
+2(1— 10f; +20f> — 25f4 + 14%)% (4.29)
N

Notice that the Gauss-Bonnet term does contribute to the mass correction, unlike in the
4d Reissner-Nordstrém case. This is because the dilaton-dependent prefactor renders it
non-topological.

26 Alternately, f,(¢) = p®(1 — ¢, 1,p) in terms of the Lerch trancendent ®(z, s, a).

2"In comparison with [24], our (F?)? and Gauss-Bonnet corrections agree, but we obtain the opposite sign
for the F2(V¢)? correction. The basis used in [24] does not include an F* term. While this can be related
to the (F - F)Q term that they do include, they implicitly choose a different dilaton coupling for this term,
preventing a direct comparison of our F* correction with their results.

~ 98 —



Likewise, using (1.1c) we obtain the force correction:

- 8>
Fsar = == |16(1 +10f2 — 20f3 + 15f4 — 6f5)ccn
6%0(}72)2 ech4
+ (14 20fy —80f3 + 75 fs — 16]"5)]{:72 +2(1 = 15f4 + 16f5) 12
N N
G%CFz(v¢)2
+2(1—-20fs + 75f4 —56f5)T , (4.30)
whereas the general entropy result (4.22) becomes
872 edcpa
0S8 = — <8CGB -0 ) 4.31
Co k3 (4.31)
While these complicated functions of (y = ’% are not particularly interesting in them-

selves, we note several important features. First, for (; = 1 we recover a ( = 1 dyonic
Reissner-Nordstrom solution, and in particular (4.29) reduces to (4.13) with cgp2 = 0.

Second, note that the mass, force and entropy corrections (4.29), (4.30), and (4.31) each
involve linearly-independent combinations of the couplings cgp, ¢(p2y2, cps and cpz(vg)2
for every value of (, except for the special case ( = 1 where §Fyof = —2knyModM due to
the vanishing dilaton charge at the attractor point. Thus, for given charges at a given point
in the moduli space, all three corrections are generically independent from each other.

Of course, when viewed as functions of the moduli, the mass and force corrections are
not independent because For = e%Qg + é%Q?n — knyM? — 2&3(%)2 depends only on the
charges and M (¢). This implies certain global relations between the signs of the mass and
force corrections. For example, suppose there is a unique leading-order attractor point,
implying a single continuous family of leading-order extremal solutions as a function of the
moduli. In this case, if the force correction is positive (self-repulsive) everywhere in moduli
space it follows that the mass correction is negative (super-extremal) everywhere in moduli
space, see appendix A of [2].

To see more explicitly how the mass and force corrections are related in the present
example, we substitute M = My + dM into the definition of Fl5 to obtain

. dMy doM
0 Fgert = —2kn MooM — 8ky ————. 4.32
self N My NIo do (4.32)
Note that the derivative is taken with respect to the asymptotic value of the modulus,
whereas we previously set ¢, = 0 by convention. To avoid confusion, it is more convenient
to work with (;3 = ¢ — log(y, so that the attractor point is fixed at <Z;h = 0, whereas
(%oo = —log (y is allowed to vary. Likewise, we re-express the couplings in terms of their

fixed, horizon values

- - - -3 A 2
cgp =¢€ ¢hCGB, Cp2yz =€ ¢hc(Fz)z, €y = en/ €0, (4.33)
A -3 ~ —2 .
Cpa = € ¢hCF4, CF2(V¢)2 =€ ¢hCF2(V¢)27
C1/2_"_<71/2 N ~
and we write the leading-order mass My = >0—5%— My in terms of its minimum value My
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at the attractor point. In terms of these quantities, (4.29) becomes

A2 1/2
SM = — 50|82 4 5f; — 20fs + 20f3 — 10fs + 3f5)éan
S5k My
égé(pz)2 éééF4
+ (1 —20fy +40f3 — 25f4 + 4f5)k72 +2(1+5f4 —4fs5) 12
N N
é%éFQ(V¢)2
+2(1 = 10f1 + 20f5 — 2504 + 14f5)k}, (4.34)
N

where the dependence on <£oo is now enters entirely through (y = e~ Rewriting (4.32) as

A - d 12 .—1/2
O Fserf = _2k’NMOCOd7<0 |:( o — & ) (SM} ) (435)
and applying this to (4.34), one indeed recovers (4.30).2

Third, note that in the electric limit, (; — 0, the corrections all diverge:

2 4

2
€oCF4 eOCFQ(qu)?) 1
—36 9 —4+0(
k]2v kJQV + kN CO + ( Og CO)?

4
1
58— 8m2(8 —eOCF“) 4.36

™ ( CGB k]2V CO, ( )

4 4 2
~ enC( 22 exe efCr2 2
Fiyerp — 327 <8CGB_ OkSzF) —2 %2F4 +2-2 Z(W) )bg(Co)-
N N N

This is not surprising as the derivative expansion breaks down in this limit, as previously

27 eéc(Fz)2

SM — —T
T 1Bkn DM

<14QCGB -8

noted. However, curiously the corrections are all finite in the magnetic limit, (o — oo:

2 ete 4 e2c
SM = — (IGCGB 4 URE | 900 | 50 F2(V¢)2), 58 =0,
Bl M K2, K2, kn (437
~ 87r2 eéc(pz)z ech4 echz(v¢)2 .
Fyf — — (16 2 2 .
self 5 ( CGB + k]2\7 + k]2\[ + kN >

This is because the “string-frame” metric e®g,,, is non-singular in this limit [24, 55], taming
the string-tree-level derivative corrections. However, since the dilaton blows up near the
horizon, “string loop” derivative corrections at not similarly tamed, and will give divergent
individual contributions, signaling that the derivative expansion does indeed break down
near the horizon.

Finally, note that it is possible to choose non-zero couplings cgp, ¢(p2y2, cps, and
cp2(ve)2 such that dM < 0, Fger > 0 and 65 > 0 for arbitrary dyonic charges. For instance,
this is the case for the couplings

o o 5r2 o Tk? o 2
CGB = 163 C(F2y2 = E'Te%’ Cps = E.Teg? CR2(Vg)2 = E-%, (4.38)
given in section 5.5 of [24], where we use (F - F)? = 1F,, F"PF,, Fo* — L(F?)? to relate
their basis to ours.

Z8Note that this equality relies on the absence of derivative corrections to the relation =-G5 .,
aM

since ¢% (not 54a) was used to derive (1.1c). While the absence of such corrections was explained in

oM
et

footnote 12, we can now see that this is indeed the case in a non-trivial example.
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5 Summary and Future Directions

In this paper we obtained new, general formulas for the leading derivative corrections to the
mass, entropy and self-force of extremal black holes. We also observed that these corrections
are all independent at any given position in the moduli space, complicating earlier attempts
to prove that the mass correction is negative by linking it to the entropy correction.

In principle, our results could be used to systematically study the signs of these three
corrections in actual quantum gravities, with important implications for various swampland
conjectures such as the Weak Gravity Conjecture and the Repulsive Force Conjecture.
However, an important obstacle to progress is the fact that relatively little is known about
the leading derivative corrections to the low energy effective actions of specific quantum
gravities, particularly those in less than ten dimensions. In fact, we are unaware of any
example where the mass or self-force corrections have been rigorously computed in a specific
string theory vacuum to leading non-trivial order in the derivative expansion (the result
in [5] being questionable due to string loop corrections, see footnote 3 and [21]).

Thus, an extremely interesting (if potentially challenging) direction for future research
would be to close the gap between the general effective field theory machinery developed in
this paper and actual quantum gravities, or to determine the leading derivative corrections to
extremal black holes directly using some more UV-specific tool such as worldsheet techniques.
It would also be very interesting to better understand the corrections to extremal black
holes whose horizon area vanishes at two-derivative order, though this necessarily requires
additional UV input beyond the derivative-corrected low energy effective.

While the examples discussed in section 4 have all appeared in some form in prior
works, these are far from the only examples to which our method can be applied. There are
numerous large extremal black holes in string theory (described by the attractor mechanism),
and their mass, self-force, and entropy corrections could all be computed using our method.
However, as we have just explained, the leading-order derivative corrections to these theories
are not presently known. In particular, these corrections are unknown functions of the
moduli, and the resulting mass and force corrections will depend on integrals of these
unknown functions.?? For this reason, we have limited our examples to those appearing in
the literature, because these allows us to perform cross-checks and compare with previous
works. As we have emphasized, the leading-order derivative corrections are not fully known
in these examples either.

Despite the unfortunate lack of data about curvature corrections in real quantum
gravities, this paper (1) shows precisely how the black hole corrections depend on the
(unknown) derivative corrections and (2) sets goal posts for how to make further progress:
the leading-order curvature corrections in simple but non-trivial string compactifications
need to be computed.

Finally, on a technical level it would be interesting to devise more elegant and efficient
derivations of our formulas (1.1), (1.4), and potentially to generalize them beyond static,
spherically symmetric backgrounds. For instance, the ADM formalism [56] and/or the
Iyer-Wald formalism [49, 57, 58] (as used in [17, 18]) might provide some of the necessary
tools to do so.

9By contrast, the entropy correction depends only on these functions evaluated at the attractor point.
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A Classifying three- and four-derivative operators

In this appendix, we classify the possible derivative corrections to the low-energy effective
action (2.1) up to four-derivative order.

30 except in the

For the sake of brevity, we only consider parity-invariant operators,
four-dimensional case. To justify this omission, note that static, spherically symmetric
electrically charged black holes are parity invariant. Since mass, self-force, and entropy
are parity-even, this implies that parity-odd operators can only correct these quantities at
o(d 2). On the other hand, dyonic black holes in four dimensions are not parity invariant,
so parity-odd operators can correct their mass, self-force, and entropy at O().

Similarly, we do not consider higher-derivative terms with a Lagrangian density that is
not gauge and/or general coordinate invariant (e.g., Chern-Simons terms). In particular,
such terms typically correspond to topological operators of the form FA---AFARA---AR
in one higher dimension, implying that they are parity-odd and occur only in odd dimensions.
If so, they do not contribute by the argument in the previous paragraph.

It is convenient to categorize higher derivative operators by their “derivative structure”,
i.e., the number of first derivatives, second derivatives, etc., appearing in the operator.
Specifically, writing the operator as K(¢)(9™)¢1)(0"2)¢) --- (0" ¢py) for ng > ng >
-+ = ng > 0, we abbreviate the derivative structure as (nq,...,ng). Derivative structures
can be ordered by “complexity”, where larger values of ny are more complex, with ties
broken by the larger value of ns, further ties broken by the larger value of ns, etc. For
instance, by this classification an operator involving a third derivative is more complex than
one involving any number of second derivatives, whereas an operator involving multiple
second derivatives is more complex than one involving just one second derivative, and so on.

Since covariant operators often involve a sum of multiple derivative structures, we
label them by their most complex one, e.g., the Ricci scalar R has derivative structure
(2) (even though some terms in it involve only first derivatives) whereas F? has derivative
structure (1,1).

After compiling an exhaustive list of operators at a given derivative order, we can
simplify the list in several ways:

1. We can impose the Bianchi identities:

ViFiy =0, VR? =0, VV,6"=0. (A.1)

2. We can replace antisymmetrized covariant derivatives acting on a tensor with the
Riemann tensor contracted with the tensor.

39For our purposes, all moduli ¢* and gauge fields Aﬁ have even intrinsic parity.
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3. We can integrate by parts.

4. We can impose the leading-order equations of motion:
1
Ry = K |GapVud"Vod' + fapF - By = —— gu fapF* - FP
VH(faBF,) =0,
1
V24" = —T%.V¢' - V¢© + 5Gab fappFA - FB. (A.2)

Since the action is not strictly on-shell, the last point requires some explanation. To be
precise, we are free to make field redefinitions involving derivatives, such as

% — ¢ + o/ Ag?, (A.3)

where A¢® is some operator involving an appropriate number of derivatives. Then, to first

order in o/, the action S = Sy + o’Spq changes to

059
Yol

48

The leading-order equations of motion are precisely ﬁ = 0, so in this way we can generate

S Sy +d <shd + / /=g A" ) +0(?). (A.4)

or remove higher-derivative terms that are proportional to the leading-order equations
of motion and/or (after integration by parts) derivatives of the leading-order equations
of motion.

We now proceed as follows. At each derivative order, we first list the possible operators.
Up to four-derivative order, all such operators are built from the primitive factors

1. One derivative: F and V¢,

2. Two derivatives: R, VF, and V?2¢,

3. Three derivatives: VR, V2F, and V3¢,
4. Four derivatives: V2R, V3F, and V¢,

where we omit Lorentz indices for simplicity for the time being. We then apply manipulations
1-4 to eliminate more complicated derivative structures in favor of simpler ones wherever
possible. In particular, given any operator with ni > ns+ 2 we can immediately simplify the
derivative structure via integration by parts, e.g., (V2F)F — (VF)2. Up to four-derivative
order this eliminates primitive factors containing more than two derivatives, so we need
only consider operators built from R, VF,V2¢, F, V¢ and arbitrary functions of the moduli.
Moreover, assuming parity, Lorentz indices must be contracted in pairs, so each operator
must contain an even total number of covariant derivatives V, (since R, s and F),, both
carry an even number of indices).

A.1 Parity-even three-derivative operators

The possible derivative structures at three-derivative order are (2,1) and (1,1,1). In the for-
mer case, we have the possibilities RF, (VF)(V¢) and (V2¢)F, but only (VF)(V¢) admits
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a Lorentz-invariant contraction consistent with the symmetries, specifically (V,EF*)(V,¢).
Since this can be simplified using the F' equations of motion, we can reduce to the (1,1,1)
derivative structure, where the options are F® and F(V¢)2. Each one admits a unique
Lorentz-invariant contraction, hence accounting for the moduli-dependent prefactors, the
complete set of independent parity-even three derivative operators is

L5 = apc (@)Y PP FC, + aga(¢) V6"V ¢ Fl,. (A.5)
(1,1,1) is the simplest possible derivative structure at three-derivative order, hence no
further simplifications are possible.
A.2 Parity-even four-derivative operators

At four-derivative order, the possible derivative structures are (2,2), (2,1,1), and (1,1,1,1).
We deal with each in turn:

Derivative structure (2,2). The possibilities are R?, RV2¢, (VF)(VF), and V2¢V2¢.
All but R? can be simplified, as follows:

1. The possible index structures for R? are
R™P Rivps, R'™R,,, or RZ (A.6)

The latter two can be freely introduced or eliminated using the Einstein equations,
hence we can transform the first into the Gauss-Bonnet combination:

Rep = R**P° R0 — AR*™ R, + R>. A7
VP iz

This cannot be further simplified, although it yields a topological operator in d = 4
(i.e., an operator that is locally a total derivative) unless multiplied by a moduli-
dependent prefactor.

2. Lorentz-invariant contractions of RV?¢ always involves either the Ricci tensor or
the Ricci scalar, so we can transpose them to simpler derivative-structures using the
Einstein equations.

3. The possible index structures for (VF)(VF) are
V., FPNPFE,,, V. F,,NFEP or V,F,,VYF*. (A.8)

The first can be simplified using Maxwell’s equations whereas the second can be
transposed into the third using the Bianchi identities and the third can be simplified
by using integration by parts, commutation of covariant derivatives, and Maxwell’s

equations in turn.
4. In the case of V2¢V?2¢, the index structure is either
(VuVE9)(V, VI ) or (V,V,0)(VIVY9). (A.9)

The first can be simplified using the moduli equations of motion, whereas the second
can be simplified using integrating by parts, commutation of covariant derivatives,
and the moduli equations of motion.
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Derivative structure (2,1,1). The possibilities are RF?, R(V$)?, (VF)(V¢)F, (V2¢)F?
and V2¢(V¢)2. All but RF? can be simplified, as follows:

1. The possible index structures for RF? are
RYPEFy, RMYWE,,FFf, or REF,F". (A.10)

The latter two can be simplified using the Einstein equations, whereas the first cannot
be simplified.

2. Lorentz-invariant index contractions of R(V¢)? always involves either the Ricci tensor
or the Ricci scalar, so we can transpose them to simpler operators using the Einstein
equations.

3. (VF)(V¢)F has the possible index structures
VL FMNPOF,,, Y, F,,VrF"?, or Y ,F,,V'oF". (A.11)

The first can be simplified using Maxwell’s equations, whereas the second can be
transposed into the third using the Bianchi identities and the third can be transposed
into an F2V?¢ term plus a term that can be simplified using the Maxwell equations
upon integration by parts.

4. (V2¢)F? has the possible index structures
(V. VFG)FPF,,, o V,V,6 FHE,. (A.12)

The first can be simplified immediately using the moduli equations of motion. To
simplify the second, we first integrate by parts, then apply the F' equations of motion
and Bianchi identities, then integrate by parts once more:

Vu VY FFPEY, — —NY¢ (V, FI)F,, — VYo FHPN | F,
1 1 1
~ —§VV¢FWVVFMP = —ZVVQZ)VZ,(FWFM,) - 1(V2¢)FWFM’7
(A.13)

where “—” means integration by parts and “~” means equality up to terms with a
simpler derivative structure. The final result can now be simplified using the moduli

equations of motion.

The above argument assumes that the two gauge fields are the same species. More

generally,
1
kap(O)V, V¢ FUPEL & —kap(9)VoF WY, Fy (A.14)
]' v
= _ZkAB(¢)V gva(FAMPFMB;)? (A15)

where we take kap(¢) = kpa(¢) without loss of generality due to the symmetric form
of the original operator. Thus, after a further integration by parts we can simplify
the result as before.
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5. V2¢(V$)? has the possible index structures
(VEV,0) (VY 9)(Vuo), or VANV GV ,0V,é. (A.16)

The first can be simplified using the moduli equations. To simplify the second, we
integrate by parts

VIV OV L0V, = SVHVIOVL0) Va0 = —3(TOV0)(TIV0), (A7)

after which the moduli equations of motion can be used as before. More generally, in
the presence of multiple moduli:

1
b (6) VY767 106 % e (6)V" | V¥V, V.87 — 39,0090,
(A.18)
up to terms that can be simplified using the moduli equations of motion, where we
take Kape(¢) = kaep(¢) due to the symmetric form of the original operator. Thus, after
integration by parts we reach the simpler (1,1, 1, 1) derivative structure.

Derivative structure (1,1,1,1) and summary. The possibilities are F*4, F2(V¢)?
and (V¢)*, with possible Lorentz-invariant index structures:

(B F"™)?,  FF"PF,,FoF,  F,,FMV,¢VP¢, FMF,V,0V ¢, and (V,0VHe)>.

(A.19)

As this is the simplest possible derivative structure at four-derivative order, none of these
can be simplified any further.

Thus, accounting for moduli-dependent prefactors, the complete list of independent,

parity-even four-derivative operators is

£ = a(g)Rap + aap(@)R™PFLFE + axpep(o)(F4 - FB)(FC . FP)

+bABCD(9)Efn FP P F g FP7 - appan(9)(F4 - FP)(Vg® - Vo)
+bABab(¢)FAWFﬁ)Vu¢aVP¢b + Gaped(9) (Vo2 - V) (Vo© - V). (A.20)

A.3 Parity-odd three- and four-derivative operators in d = 4

Parity-odd operators are constructed using the covariant Levi-Civita symbol €, ,, =
vV —=9€u,..u, Where €, ,, = 1 is the usual completely antisymmetric Levi-Civita symbol.
Thus the operator must contain d completely antisymmetrized indices. Since at most two
indices of R, s can be antisymmetrized, and likewise at most one of the indices on v
can be antisymmetrized (up to terms proportional to the Riemann tensor), parity-odd
operators not involving the gauge fields must have a derivative order at least as large as the
spacetime dimension. In particular, a complete list of such operators up to 4 derivatives in
d=4is?!

LYY = () RE, o RY e x 27 + Giaped(0)V 107V, 00V p¢°V o077 (A.21)

where there are no such operators at this derivative order for d > 4.

31Note that both of these operators are topological in the absence of moduli-dependent prefactors, similar
to the 4d Gauss-Bonnet term.
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For the same reason, once gauge fields are included at least one factor of F},, must carry
an antisymmetrized index (at the four-derivative level in d > 4). Consider such an operator

O =02 " F" Qg vy (A.22)

where 02", representing the rest of the operator, is completely antisymmetric in vy, .. ., vg.
Replacing the indicated factor of F* with ﬁﬂ“”pl"")dﬂﬁmmpdﬁ gives
1 -

O = OZ2MVdQHV1p1mpd72QVU/Q...Vdel...pd_Q — —(d . 1)Ol/jp1...pd72ﬁvp

= (A.23)

1Pd—2"

In this way, we can rewrite the operator in terms of Fm gy = —%Qul,,,”dﬁngp” contracted
with other factors, without the explicit appearance of €2,,....,,.

This is particularly convenient in d = 4 spacetime dimensions since pr can alternately
be viewed as just another species of gauge field. Thus, reusing our parity-even results, the
list of independent three-derivative parity odd operators in four dimensions is:

L5999, = apc(@) P4 FP1LFCH, 1 a4 (¢)VH ¢V " F, (A.24)

where each term corresponds to a term in (A.5) with a single factor of F),, replaced with F, e

Likewise, at four-derivative order in 4d, the list of parity-odd operators involving £},
derived from (A.20) is:
L0 = aap(Q) R TELE,
+aapcp(¢)(F4 - FPY)(FC - FP) + bapep(9)Fiy, FPPF G FPo#
+aapar(0)(FA - FP)(Vo* - Vo) + bapap(0) P FEV,¢*VPeb. (A.25)

In fact, unlike the parity-even case, this list can be reduced still further. Consider an
operator consisting of (FA - F'P) times another factor involving at least one index contraction,

i.e., of the form

. 1
O=(FA FBO} = —ZQWWF;‘VFﬁoﬁ. (A.26)

Then, since the complete antisymmetrization of 5 indices in d = 4 dimensions vanishes,

0=5Qr FA FE O = uer pA FE O) —20mP FA FE OF 200 FA FE OF
(A.27)
and so O = FAP)‘F/f,Oj\' + F;‘;‘VFB“)‘(’)K.
Two of the operators in (A.25) can be eliminated in this way, leaving the final list of
independent, parity-odd four-derivative operators in 4d:
L9 = A(0) R, po R usx 27 +aap (¢) R FLLFE b apep(9) Fat FPYP S FPow
+bapab($) FY FEN " VP @0+ aapea($)V 1V ¢V p¢°V 5 Q127 (A.28)

where the first and last entries are from (A.21).
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A.4 Spherically-symmetric backgrounds

In summary, we have found the following three and four-derivative parity-even operators in
general dimension:

LE = aupo(d)FA4FBY FOP 4 aga(9) Ve VY F L,

£ = a(@)Rap + aap(@) R FLE) + aapep(@) (B - FP)(EC - FP)
+bapen () Fiu FPPEG P 4 axpey(9)(FA - FP)(Ve® - V)

+baBab (D) FH RN ,¢°VP ¢ + aanea(9) (Vo™ - V') (Vo© - Vo), (A.29)

as well as the three and four-derivative parity-odd operators in d = 4:

L9 = anpo(@) P FPILECR 4 ag,4(6)VF6 VY U FLL,
L9 = A() Ry R a7 + aap(9) RYP EAFE + bapop(¢)Eh FPPES FPo#

+ bapap(@) FM EB N, 6°VP S + Gaea(9)V 10" VitV 0 V777 (A.30)

While these operators are independent in general backgrounds, not all of them contribute
in static, spherically symmetric backgrounds. In particular, assuming parity, spherical
symmetry requires that Ft‘? and V,¢® are the only non-vanishing components of F /ﬁ, and
V¢, respectively, hence evaluating the parity-even operators (A.29) on a static spherically
symmetric background we obtain:

Fo PP EC PPk =o(FA- FP)(FC.FP),  FYF2V,$°VPe’ = (F4FP)(Ve*- V),

(A.31)
where all the three-derivative operators vanish. In fact, these relations — which we have
observed at the level of the action — persist in the equations of motion and in other first
functional derivatives as well. To see why, expand perturbatively in the spherical-symmetry-
breaking components of the various fields,

S— 50 4 Sé?5¢a5¢ﬁ o (A.32)

where d¢® are non-spherically symmetric modes (e.g., non-trivial spherical harmonics) and
the term linear in dp® is absent due to the underlying spherical symmetry of the action.
Thus, the first functional derivatives of S evaluated on a spherically symmetric background
depend only on S evaluated on a spherically symmetric background, and the relations
implied by spherical symmetric can be read off from the action itself.

Therefore, up to four-derivative order, the higher-derivative operators making indepen-
dent O(a’) contributions to static, spherically symmetric, parity-even backgrounds are

E(mdep) a(¢p)Rep+aap(¢) R Fi Fl +aspcp(¢)(F4 FP)(FC.FP)

+aapa(9)(FA-FB) (Vo™ V') +aapea(9) (V- V') (Ve -Voh).  (A.33)

In the case of dyonic black holes in d = 4, Flﬁ/ has two nonvanishing components: F/} and Fé?o.
As a result, while the three-derivative operators still do not contribute, the relations (A.31)
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no longer hold. The parity-odd operators are now relevant as well. However, since the
metric and the moduli profiles still respect parity,3? only the parity-odd operators involving
F can contribute. The complete list of higher-derivative operators making independent
O(d') contributions to static, spherically symmetric dyonic 4d backgrounds is then

LR 575 () R + aan(0) R FLED + an(0) R FL L
+aapep(@)(FA - FPY(FC - FP) + bapep(¢)F FPPES FPH
+oapep(9)Fa FP/PES FPOM 4 aspay(0)(FA - FP)(Ve® - Vo)
+bapab(9)F M FEB N, ¢*VP P + bapan(¢) FH FEV 0" VP

Faabed(9) (Vo - V@) (Ve - V). (A.34)

B Riemann tensor

In this appendix, we record the connection coefficients and Riemann tensor for extremal
black holes at leading order in o’ in our ansatz. From the extremal metric ansatz

ds? = _621/)(?“)dt2 + e_d%:iw(’q) [drz + Tde?l,Q], (B'l)

one obtains the non-vanishing connection coefficients

‘s rr ' /17[)/
Fir =4/, I'yy=—g gut), Iy, = T4_3
W 1 ' " N ‘ A (B.2)
Ly =9"9i ( - >7 Ly = <— + )5@ I = Yjns
‘ d—3 r " d—3 r)"’ J J
where ’y]i-k is the Levi-Civita connection on S¢~2. One finds the Riemann tensor
d—2 - )’ 1\ .
Rtrr — _ T " / 2) th L T /( o >5z
t g (w +d_3(¢) ) tj g w d—3 r K
(ry!) v (2 ¥ B
Y=g o =g Z- 5i6] — 8161).
B =97 =% fa=g d—3<r d—3>(’” {9%)

Likewise, the Ricci tensor and Ricci scalar are

- Td72w/ / . - T.df2¢/)/ d—2 ,
R;;:_g ( Td_2 ) ; Rr: (T(S_Q(d—g) _d_3(¢ )2)7
(B.4)
i __ rr (rd—Qw/)l 7 _rr 2(rd—2¢/)/ d_ 2 N2
=9 (d—3)rd*25j’ f=g (rdQ(d—?))_d—?)w))'

Near-horizon limit. In the near-horizon limit, we have

A, \ a2
=t <Vdf2> ’ B9

32In particular, dyonic black holes are related to electric black holes by electromagnetic duality, hence a
modified version of parity is still conserved by dyonic black hole backgrounds where the modification only
involves the gauge fields.
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where Aj is the horizon area. The Riemann tensor, Ricci tensor and Ricci scalar then
simplify to

2
Vi o]d-2 , .
R = R By = =3P 2] R =R =0
Vo] T2 Vi ol T3
ij | Yd=2 """ il cigd i a—2 """ ¢
R]kl - |:14h] (5k5l] —5l5i), Rj = (d—3)|: Ah ] 5].’ (B6)
2
Vi ol d—2
R——(d—3)(d—4){ d 2} .
Ap,

6S 6S

C Stress tensor, 5F,° SRumpe

In this appendix, we record the stress tensor, %, and j Rfi po. for the higher-derivative
action:
Sha = /ddﬂ?\/ —gLa,

L4 = aRyupo R + appRI7PF o Fiy + aapep(FY - FP)(FC - FP) (o q)
+bapepFM, FBY, FO0, FP0, + appa(FA - FP) (Vo™ - V)
+bapa PP EP Y 100V, + aaea (V" - V') (Ve - Vo),

where

DUV — v v v v v 1 v v
R“pg = R“pa — (5;)‘]:{0 + 5(’,‘Rp + (5pRﬁ — 50Rfj + 5((52‘50 — 5{,‘5/,)]%, (C.2)

and Rm,pol%“” P9 = RMPP R, po — ARMY R, + R? is the Gauss-Bonnet density. Using the
notation wys o EN =wnr €N — %gMNw - &, one finds
T = 8R o VPV a — 4aR,0p, R, + guaRugpe RO
+AVPV (aaBFy, Fly) + 6aaB R WF N Foy + guaap R OF L F

4
—daapep(F o FP)(FC - FP)

+bapep(—8F i FPFCP, FP%, + g, FA% P8 FCP PP,

~2a4pa|(Ff 0 FP)(Ve" - V") + (FA - FP)(V,0° 6 V, ")

1
~2bapab | Fp Fug V0 V70" + 2550, FPP7N ) 6V 0" — g By By PV 9 VP 6

ppt'vo
4
—4aghea(Vpd® © V,8")(V° - V). (C.3)
Likewise,
5.5;
6F}i =4axpR" P Fl + daapop PP (FC - FP) + 8bapcp FPH FS, FP77
+2a0p A FP" (V" - V) — dbapap FPHV 19"V P gP, (C.4)
and 55 4
hd _ S(IRW/pU + —aap [2FAH,VFBp0’ _FA,u,pFBUV _FA/,LO’FBVp]. (05)
SR po 3
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