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1 Introduction

Bootstrapping is an important idea which enables us to compute physical quantities of
interest based on symmetries and general considerations without requiring much of the
microscopic details of the theory. Recently, the conformal bootstrap programme [1–3] and
S-matrix bootstrap [4] have played a significant role in our understanding of conformal field
theory as well as quantum field theories in general. The conformal bootstrap programme has
been developed mainly in position space and in Mellin space [5]. The S-matrix bootstrap,
on the other hand is naturally developed in momentum space. These two programmes
have been developed independently without much overlap. One possible way to bridge
this gap is by studying conformal field theory in momentum space. Momentum space
CFT analysis is important as it plays an important role in the context of cosmological
correlation functions [6], in condensed matter physics applications, its connection to one
higher dimensional amplitudes in curved space and the flat space S-matrix [6–8]. Even

– 1 –



J
H
E
P
1
2
(
2
0
2
3
)
1
7
3

though it is important to understand CFT correlation functions in momentum space, there
exist very limited results. [6, 9–25].

One of the reasons why conformal field theory in momentum space has got very limited
attention is its technical difficulty even at the level of the three point functions. One can also
ask, what new things might one learn by thinking in Fourier space? As has been established
in recent developments, at least in three dimensions, momentum space analysis has already
led to interesting new insights1 into the structure of CFT correlators [22–25, 28–30]. In an
early work [31, 32] by performing a position space analysis, it was shown that the three
point functions of conserved currents in three dimensions generally have three structures
which are the free bosonic, the free fermionic and a parity odd part which can’t be obtained
from the free theories. However momentum space analysis revealed that the parity odd part
can be obtained by a simple transformation [24]2 of the parity even part. Further it was
shown that all three different structures can be constructed3 just from the free bosonic or
just the free fermionic theory results [30]. Even though the computation of the three point
functions has seen some progress, very limited results exist for four point functions. There
has been a lack of systematic analysis of four point CFT correlation functions4 and all the
more less for spinning ones. Any development of the four point functions would be very
useful. In this paper we consider a particular class of CFTs, the slightly broken higher spin
theories [32, 34, 35]. We constrain the form of spinning four point functions and also show
that we can extend the analysis to the five point level and beyond using momentum space
or spinor helicity considerations. We show that the momentum space considerations are
particularly useful in the context of theories with slightly broken higher spin symmetries.

Examples of slightly broken higher spin theories are given by Chern-Simons matter
theories at large N. Chern-Simons gauge field coupled to matter in the fundamental
representation has been the subject of intense research in the recent past [19, 20, 32, 34–119].
These are interesting models as several large-N exact computations can be performed,5they
show strong weak field theory/field theory duality which are called Bose-Fermi dualities.
These theories also provide a concrete example of non super symmetric Gauge/Gravity
duality. Several exact computation suggest that these theories may be integrable. In the
context of correlation functions of spinning operators, direct perturbative computations
have been done for a few three and four point functions in a special kinemetic regime [43,
45, 60, 98, 114]. Recently, using purely conformal field theory arguments it was shown
that in spinor helicity variables that the three point functions of spinning operators take

1Interestingly, momentum space CFT correlators have their own life which cannot be understood as a
Fourier transform of position space CFT correlators. For example, in momentum space and in spinor helicity
variables, one can obtain a larger class of CFT correlation functions which are not consistent with the
position space OPE analysis. However, they play a significant role in connection with cosmological correlation
functions in the α vaccum [26] and its connection to scattering amplitudes in one higher dimension [27].

2The epsilon transform [23, 24] maps the parity even part of the correlation function to the parity odd
part and viceversa.

3This statement is true inside the triangle si + sj ≥ sk for i, j, k taking any of the values 1, 2, 3. Outside
the triangle, we do require at least two structures, the free bosonic and free fermionic structures.

4See [33] for some recent development for the four point function of scalar operators in momentum space.
5There has been an exact computation of the partition function, 2-2 S-matrix, some three point and four

point correlation functions of operators etc. . . , please see [19, 20, 32, 34–119] and references therein.
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on a very interesting form and appear to have an anyonic phase [25]6 which was earlier
observed in the context of 2 → 2 scattering. Since three point functions are universal
and are completely fixed by conformal symmetry, we required hardly any input from the
Chern-Simons matter theories.7 However at the level of the four point functions, any such
results would require a lot more information from the specific theory at hand.8 At the level
of the three point functions, in [32, 40] slightly broken HS symmetry was used to constrain
the three point functions in these theories. Subsequently, in [19, 20, 109, 121], four point
correlation functions of the form ⟨JsOOO⟩ were explored. In this paper, we develop a
methodology to solve slightly broken HS equations which in principle can be used to solve
any n-point function of spinning operators in terms of the free theory correlators.

The rest of the paper is organised as follows:
In section 2, we briefly describe the theory that we shall be interested in. In section 3 we

briefly review and summarise the answers that we obtain in this paper. Section 4 describes
the steps that we use in the rest of the paper to solve slightly broken HS theories. In
section 5, we demonstrate our methodology with the help of several examples of three point
functions and reproduce known results. In section 6 we solve the four point functions. In
section 7 we describe how the Ward-Takahashi identity for slightly broken HS theory can
be understood in terms of the free theory Ward-Takahashi identities. This also suggests
that slightly broken HS algebra can be understood in terms of the free theory HS algebra.
We explore this in one of the appendices. In section 8 we summarize our results and discuss
various future directions. We also have several appendices which are useful for our main
text. In appendix A, we briefly discuss another SBHS theory of interest, that is, the quasi
bosonic theory. In appendix B, we provide the current algebra and the non conservation
equations for the CS matter theories. In appendix C, we briefly review the spinor helicity
formalism for 3d CFTs. In appendix D, we discuss the epsilon transformation in spinor
helicity variables. In appendix E, we show how we can use the SBHS symmetry to compute
two point functions. In appendix F, we perform a naive conformal block decomposition
which yields expressions for four point functions in the SBHS theory. In appendix G, we
provide the details of solving the HSE for the four point functions. In appendix H, we
attempt to extend our results to the five point case. In appendix I, we present a conjecture
for the general form of n point functions in the SBHS theory. Finally, in appendix J, we
attempt to write the SBHS algebra in terms of the exactly conserved HS algebra.

2 CS matter theories: a short summary

Here we will briefly review Chern-Simons matter theories. There are two classes of these
theories, namely the Quasi fermion (QF) and the Quasi bosonic theories. In this work, we

6Interestingly, in [120] it was shown that the parity violating term in Chiral Higher Spin theory correlator
appears from a certain EM duality.

7The only input from the CS matter theory required is the dependence of coupling constants. This leads
to an interesting anyonic phase which appeared previously in the calculation of a 2 to 2 scattering amplitude.
This anyonic phase appears in spinor helicity variables and reveals anyonic features of the CFT correlation
functions. A deeper understanding of the same phenomena would be a interesting future work.

8See [25] for a very naive bootstrap analysis using momentum space analysis which indicates that the
four point function as well takes a very simple form in the spinor helicity variables.
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mainly deal with the QF theory. The details of these theories can be found for example
in [103].

2.1 Quasi fermionic theory

Quasi fermionic theory refers to two different theories, namely CS gauge field coupled to a
fermion or CS gauge field coupled to a critical boson. We review this below.

Fermionic theory coupled to CS field. The fermionic theory coupled to SU(Nf )
Chern-Simons gauge field has the following action

S =
∫
d3x

[
ψ̄γµD

µψ + iϵµνρ
κf
4πTr(Aµ∂νAρ −

2i
3 AµAνAρ)

]
(2.1)

We are interested in the limit as Nf → ∞ and κf → ∞ such that λf = Nf

κf
is held fixed.

The spectrum of operators consists of exactly conserved spin 1 and spin 2 currents and
in general spin-s currents Js with scaling dimensions ∆s = s+ 1 + O( 1

Nf
) for s ≥ 3. The

scalar operator has conformal dimension ∆ = 2 + O
(

1
Nf

)
and is parity odd.

Critical bosonic theory coupled to Chern-Simons theory in d = 3. Let us consider
the critical bosonic theory coupled to Chern-Simons SU(Nb) gauge field. The critical theory
is obtained by adding an interaction of the kind σbϕ̄ϕ where σb is an auxiliary field to the
free bosonic Lagrangian. The theory has the following action

S =
∫
d3x

[
Dµϕ̄D

µϕ+ iϵµνρ
κb
4πTr(Aµ∂νAρ −

2i
3 AµAνAρ) + σbϕ̄ϕ

]
(2.2)

Again, we are interested in the limit as Nb → ∞ and κb → ∞ such that λb = Nb
κb

is held
fixed. The spin-1 and spin-2 conserved currents have scaling dimensions 2 and 3 respectively.
Apart from these, there is an infinite tower of slightly broken higher spin currents. The
conformal dimension of the spin s current ∆ = s + 1 + O

(
1
N

)
. The scalar operator has

conformal dimension ∆ = 2 + O( 1
N ) and is parity even.

2.2 Slightly Broken Higher Spin symmetry

The free theories have exactly conserved higher spin currents ∂.Js = 0 for all s. For CS
matter theories, we have currents which are not exactly conserved, that is ∂.Js ̸= 0 for s > 2.
In this paper we are going to use these symmetries to constrain the form of correlation
functions of arbitrary spinning operators following [32, 40]. More precisely we are going
to use

n∑
i=1

⟨Js1(x1) . . . [Qs,Jsi(xi)] . . .Jsn(xn)⟩=
∫
x
⟨∂.Js(x)Js1(x1) . . .Jsi(xi) . . .Jsn(xn)⟩ (2.3)

where Qs is the charge associated with current Js and ∂.Js(x) ̸= 0. A more detailed form
will be discussed in the subsequent sections. In this paper following [32] we shall use (2.3)
to solve for the correlation functions.
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Abbreviation Full Form
SBHS Slightly broken higher spin
HSE Higher spin equation
FB Free Boson
FF Free Fermion
CB Critical Boson
CF Critical Fermion
QB Quasi Boson
QF Quasi Fermion

Table 1. Abbreviations.

Notation Description
⟨. . .⟩QF In quasi-fermionic theory

⟨. . .⟩FF/FB In free fermionic/bosonic theory
⟨. . .⟩CB In critical bosonic theory
⟨. . .⟩odd Parity odd correlator

⟨. . .⟩FF+FB ⟨. . .⟩FF + ⟨. . .⟩FB
⟨. . .⟩FF-FB ⟨. . .⟩FF − ⟨. . .⟩FB

Table 2. Notation for correlators.

Some useful definitions. The coupling constant in the CS gauge field coupled to a
fermion in the limit Nf → ∞, κf → ∞, is defined as follows,

λf = Nf

κf
(2.4)

We now introduce a few other useful variables which will help simplify our expressions [43, 45]

Ñ = 2Nf
sin πλf
πλf

, λ̃ = tan
(
πλf

2

)
(2.5)

In the main text we will be working only in the quasi-fermionic theory. In some normalisation
we can fix λf to take values 0 ≤ λf ≤ 1. We discuss the Quasi Bosonic theory in appendix A.
We will also frequently use the abbreviations listed in the table below:

3 Summary of results

In this section we summarise the results we have obtained in this paper. Let us describe
some of the notation that is going to be useful.

Notation. Here we introduce some notation for the correlators which we will use to state
our results. For any correlator we define
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Epsilon transform. We will also be using an operation known as the epsilon transform
very frequently. We denote the epsilon transform of X as ϵ ·X.9 The epsilon transform
maps a parity even/odd correlation function to a parity odd/even correlator [23, 24]. We
also make the following useful definition where,

ϵ ·Xµα1...αn = ϵµabpa
p

Xbα1...αn (3.1)

In position space, the epsilon transform is defined as [23, 24]

⟨ϵ.Jµ1µ2···µs1 (y1)Js2(y2)Js3(y3)⟩ = ϵ(µ1
σα

∫
d3x1

|y1 − x1|2
∂σx1⟨J

αµ2···µs1 )(x1)Js2(y2)Js3(y3)⟩

(3.2)

In momentum space the relation is simpler and can be written as [24]

⟨ϵ.Jµ1µ2···µs1 (p1)Js2(p2)Js3(p3)⟩

= 1
p1
ϵµ1p1α⟨Jµ2···µs1

α (p1)Jν1···νs2 (p2)Jρ1···ρs3 (p3)⟩+ (µ1 ↔µ2)+· · ·+(µ1 ↔µs1) (3.3)

Converting to spinor helicity variables [22, 24], ⟨ϵ · Js1Js2Js3⟩ becomes ±i⟨Js1Js2Js3⟩ de-
pending on the helicity.

Having discussed various notations, let us now summarise the results in this paper. To
do that we first summarise the known two and three point functions and then we come to
the four point functions.

3.1 2 point function

We write the general two point function as,

⟨JsJs⟩QF = Ñ⟨JsJs⟩FF + Ñ λ̃⟨JsJs⟩odd (3.4)

It can be shown that [23, 24] the parity odd part can be written in terms of the parity even
part and it turns out that

⟨JsJs⟩QF = Ñ⟨JsJs⟩FF + Ñ λ̃⟨ϵ · JsJs⟩FF (3.5)

which upon converting to spinor helicity variables gives, [25]

⟨J−
s J

−
s ⟩QF = Neiπλf

πλf
⟨J−
s J

−
s ⟩FF (3.6)

where we have used (2.5).
9As an example we write the epsilon transforms of ⟨JJO⟩ and ⟨T T T ⟩ as follows,

⟨ϵ · Jµ(p1)Jν(p2)O(p3)⟩ = ϵµab p1a

p1
⟨Jb(p1)Jν(p2)O(p3)⟩

⟨ϵ · Tµν(p1)Tαβ(p2)Tγθ(p3)⟩ = ϵµabp1a

p1
⟨Tbν(p1)Tαβ(p2)Tγθ(p3)⟩

For more details, please refer to appendix D.
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3.2 3-point functions

It was shown in [32] that for the case of three point functions in the quasi fermionic theory
we have10

⟨JsOO⟩QF = Ñ(1 + λ̃2)⟨JsOO⟩FF

⟨Js1Js2O⟩QF = Ñ⟨Js1Js2O⟩FF + Ñ λ̃⟨Js1Js2O⟩CB

⟨Js1Js2Js3⟩QF = Ñ

1 + λ̃2

[
⟨Js1Js2Js3⟩FF + λ̃⟨Js1Js2Js3⟩odd + λ̃2⟨Js1Js2Js3⟩FB

]
(3.7)

In the above expression the momentum labels and the indices have been suppressed for
clarity and they can be restored appropriately.

However, it was realized [24] that we can write the odd piece in terms of the FF and
FB11 correlators and the final answer turns out to be

⟨Js1OO⟩QF = Ñ(1 + λ̃2)⟨Js1OO⟩FF

⟨Js1Js2O⟩QF = Ñ⟨Js1Js2O⟩FF + Ñ λ̃⟨ϵ · Js1Js2O⟩FF

⟨Js1Js2Js3⟩QF = Ñ

1 + λ̃2

[
⟨Js1Js2Js3⟩FF + λ̃⟨ϵ · Js1Js2Js3⟩FF-FB + λ̃2⟨Js1Js2Js3⟩FB

]
(3.8)

We now convert the last equation of (3.8) to spinor helicity variables. For brevity we
will work with all helicities as minus. In all minus helicity we have ⟨ϵ · Js1Js2Js3⟩FF-FB =
i⟨Js1Js2Js3⟩FF-FB.

Then combining the FF and FB terms, and substituting λ̃ = tan πλf

2 we get,

⟨Js1Js2Js3⟩QF = Ñ

2
[
⟨Js1Js2Js3⟩FF+FB + e−iπλf ⟨Js1Js2Js3⟩FF-FB

]
= Ñe−

iπλf
2

[
cos πλf2 ⟨Js1Js2Js3⟩FF + i sin πλf2 ⟨Js1Js2Js3⟩FB

]
(3.9)

For, λf = 0, we get the FF correlator and for λf = 1, we get the FB correlator.

3-point functions in terms of homogeneous and non-homogeneous decomposition.
It is very interesting to see that the QF correlators can be written in terms of just the free
theory correlators. However for the three-point case it was shown in [30] that we can make
a further stronger claim by representing the correlators in terms of the homogeneous and
non-homogeneous parts [30].

It was shown in [30] that when the triangle inequality

si + sj ≥ sk (3.10)

is satisfied, we can define the homogeneous/non-homogeneous parts of a correlator and
break up the known free theory correlators as

⟨Js1Js2Js3⟩FB = ⟨Js1Js2Js3⟩nh + ⟨Js1Js2Js3⟩h

⟨Js1Js2Js3⟩FF = ⟨Js1Js2Js3⟩nh − ⟨Js1Js2Js3⟩h (3.11)
10Our conventions are such that our scalar operator is related to the one in [32] as O = OMZ

1+λ̃2 .
11When all the spins are non-zero the critical bosonic and free bosonic correlators are identical. When we

have some scalar operator then the correlation functions are legendre transforms of each other.
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We invert these relations to get

⟨Js1Js2Js3⟩nh = 1
2⟨Js1Js2Js3⟩FB+FF

⟨Js1Js2Js3⟩h = 1
2⟨Js1Js2Js3⟩FB-FF (3.12)

Thus inside the triangle inequality we can express our result for a general spinning correlator
in spinor helicity variables (3.9) as follows

⟨Js1Js2Js3⟩QF = Ñ⟨Js1Js2Js3⟩nh + Ñe−iπλf ⟨Js1Js2Js3⟩h (3.13)

which is an even stronger statement than (3.8) since the homogeneous and non-homogeneous
parts can be computed in just the free bosonic theory or just in the free fermionic theory [25].
When we are outside the triangle inequality, such that (3.10) does not hold, the only
contribution is from the non-homogeneous parts [30], i.e. both the parity even structures
and the parity odd structure are non-homogeneous. Also

⟨Js1Js2Js3⟩nh,FB ̸= ⟨Js1Js2Js3⟩nh,FF (3.14)

In that case the distinction in (3.11) no longer holds and we can only represent in terms of
the free theories as in (3.9) in spinor helicity variables.

3.3 4-point functions

Now, we turn our attention to the case of 4-point correlators. For general 4-point correlators,
we obtain the following form in momentum space12

⟨OOOO⟩QF = Ñ(1+λ̃2)2⟨OOOO⟩FF

⟨JsOOO⟩QF = Ñ(1+λ̃2)(⟨JsOOO⟩FF+λ̃⟨JsOOO⟩CB)

⟨Js1Js2OO⟩QF = Ñ⟨Js1Js2OO⟩FF+Ñ λ̃⟨ϵ·Js1Js2OO⟩FF-CB+Ñ λ̃2⟨Js1Js2OO⟩CB

⟨Js1Js2Js3O⟩QF = Ñ⟨Js1Js2Js3O⟩FF+Ñ λ̃⟨Js1Js2Js3O⟩CB

⟨Js1Js2Js3Js4⟩QF = Ñ

(1+λ̃2)

[
⟨Js1Js2Js3Js4⟩FF+λ̃⟨ϵ·Js1Js2Js3Js4⟩FF-CB+λ̃2⟨Js1Js2Js3Js4⟩CB

]
(3.15)

To get a more intuitive form of these correlators, we convert the above expressions to
spinor helicity variables. The general expression for an arbitrary correlator in spinor helicity

12As will be discussed in next few sections, the result presented in this section may not be the unique
solution to the SBHS equations. However, as will be clear, the structure of equations are very tight as
solving for say ⟨JJJJ⟩ does require information about ⟨JJT O⟩, ⟨JJOO⟩. To solve for ⟨JJOO⟩ we need
to know the form of ⟨T OOO⟩. To solve for ⟨T OOO⟩ we need to know ⟨OOOO⟩. Thus, we see that the
solutions are highly interconnected and even if there are more solutions to the SBHS equation, they will be
extremely constrained.
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looks like,13

⟨JsOOO⟩QF = Ñ

cos3 πλf

2

(
cos πλf2 ⟨JsOOO⟩FF + sin πλf2 ⟨JsOOO⟩CB

)

⟨Js1Js2OO⟩QF = Ñ

cos2 πλf

2

e−
iπλf

2

[
cos πλf2 ⟨Js1Js2OO⟩FF + i sin πλf2 ⟨Js1Js2OO⟩CB

]

⟨Js1Js2Js3O⟩QF = Ñ

cos πλf

2

(
cos πλf2 ⟨Js1Js2Js3O⟩FF + sin πλf2 ⟨Js1Js2Js3O⟩CB

)

⟨Js1Js2Js3Js4⟩QF = Ñe−
iπλf

2

[
cos πλf2 ⟨Js1Js2Js3Js4⟩FF + i sin πλf2 ⟨Js1Js2Js3Js4⟩CB

]
(3.16)

where we have suppressed helicity indices. It is clear that for λf = 0, we get the expression
for FF correlator. For λf = 1 we get the CB result. For ⟨JsOOO⟩ and ⟨Js1Js2Js3O⟩ at
λf = 1 we need to appropriately redefine the correlator by absorbing the coupling constant
dependent factor.14

As was discussed in (3.13), in the case of three-point correlators we can get an even
stronger statement that just the FB or just the FF theory is enough to construct QF
theory correlation function. However as of yet we don’t have such a statement for four
point functions.15 The above figure summarises our finding that correlation functions in CS
matter theory are obtainable from the free theories with some anyonic phase factor [30]. For
two and three point functions we can just start with the FB or FF answer and appropriately
multiply with the anyonic phase factor to obtain the result in CS matter theory. For the
four (and higher) point case, we do require both the FF and the FB results to get the result
for the CS matter theory.

4 Mapping Slightly Broken HS correlators to free theory correlators

In the previous section we saw that the results in the QF theory can be written in terms
of the FF and FB theory results. In this section we outline the methodology which maps
correlation functions in SBHS theories to the free theories. In the next section we show
how our methodology works explicitly.

4.1 Method

We make use of the SBHS equation following [32] to compute the result for correlation
functions. Our method can be summarized by the following steps::

13In one particular helicity configuration.
14In this paper we have done the analysis for the QF theory. It should be easy to generalize this for

the QB theory. In the QB theory, the four point function of scalar operators OQB differs from the scalar
four point function of the FB theory by some exchange diagrams in AdS4 that come from ϕ3 vertices, see
equation (1.2) of [98]. The HSE will generate similar contact diagrams for spinning correlators.

15Analysing four point functions of spinning operators in momentum space is a difficult task and has not
yet been done. It would be interesting to understand the homogeneous and non-homogeneous distinction for
this case as well. It might give us a stronger result as in the case of the three point function as discussed
in (3.13).
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Figure 1. A chart visualizing the space of theories. Exactly conserved or weakly broken at large−N
higher spin theories lie on the circle of unit radius.

Step 1: Choose an appropriate charge operator and a seed correlator to write down the
higher spin equation in the interacting theory, say the quasi fermionic theory.

Step 2: Repeat the same for the free and critical theories.

Step 3: Write down the ansatz for each correlator that appears in the slightly broken
higher spin equation in the interacting theory.

Step 4: Map the equations that are at the lowest O(λ̃0) and highest orders in the coupling
to the free fermion and critical bosonic theories respectively. This helps us identify
the contributions at the lowest and highest orders as the ones from the free and
critical theories, respectively.

Step 5: Write the pole equations which are obtained by expanding the HSE around λ̃ = ±i
to obtain the remaining unknowns in the ansatz.16

Step 6: Plug back the solution in the higher spin equation and map it to a linear combi-
nation of the equations in the free and critical theories.17

The above map allows us to identify the unknowns in the ansatz of the interacting
theory correlator purely in terms of the FF and CB theory results.

16For certain correlators such as ⟨JJJJ⟩ it turns out that the pole equations are not sufficient and
one has to resort to the higher spin equations at intermediate orders in the coupling to extract out the
remaining unknowns.

17For the case of four-point functions, spinor-helicity variables are extremely useful at this step since the
map between parity even and odd parts of the HSE is much more transparent in these variables.
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5 Example: 3 point functions

The aim of this section is to implement the methodology described in section 4. The
case of two-point functions is straightforward and is dealt with in the appendix E. We
illustrate our methodology for three point functions. The simplest spinning correlator is
of the kind ⟨JsOO⟩. However, we know from (3.8) that this correlator does not have an
odd contribution and is completely fixed by the free theory correlator. We start with the
simplest nontrivial correlator ⟨JJO⟩.

5.1 ⟨JJO⟩QF

As discussed earlier in (3.7), ⟨JαJβO⟩ in the QF theory has an odd part. In our analysis
we make use of higher spin equations and follow the steps given at the end of section 4.

Step 1: we choose the charge operator and the seed correlator to be Q3 and ⟨JOO⟩
respectively to write the following HSE in position space [20]

⟨[Qµν , Jα(x1)]O(x2)O(x3)⟩QF + ⟨Jα(x1)[Qµν , O(x2)]O(x3)⟩QF

+ ⟨Jα(x1)O(x2)[Qµν , O(x3)]⟩QF =
∫
x
⟨∂σJσµν(x)Jα(x1)O(x2)O(x3)⟩QF. (5.1)

We utilize the higher spin algebra (B.24)18 and the current non conservation for Jµνρ (B.16)
in the HSE (5.1). We then perform an integration by parts and use the large N factorisation
of the 5-point correlator that appears on the r.h.s. After a subsequent Fourier transform of
the HSE we obtain the following HSE as an algebraic equation in terms of the correlators
of the interacting theory

p1(µ⟨Tν)α(p1)O(p2)O(p3)⟩QF + p1α⟨Tµν(p1)O(p2)O(p3)⟩QF

+
(
ϵ(µabp2ap2ν)⟨Jα(p1)Jb(p2)O(p3)⟩QF + {2 ↔ 3}

)
=
(

λ̃

1 + λ̃2 p2(µp2⟨Jα(p1)Jν)(p2)O(p3)⟩QF + {2 ↔ 3}
) (5.2)

where the notation p1(µTν)α denotes µ, ν symmetrisation of p1µTνα. We note that Fourier
transforming (5.2) gets rid of the integral on the r.h.s. of (5.1) and thus makes it easier to
factorise the resulting 5-point function [20].

Step 2: we now write down the corresponding HSEs for the FF theory

p1(µ⟨Tν)α(p1)O(p2)O(p3)⟩FF + p1α⟨Tµν(p1)O(p2)O(p3)⟩FF

+
(
ϵ(µabp2ap2ν)⟨Jα(p1)Jb(p2)O(p3)⟩FF + {2 ↔ 3}

)
= 0

(5.3)

and the CB theory,

p1(µ⟨Tν)α(p1)O(p2)O(p3)⟩CB + c2p1α⟨Tµν(p1)O(p2)O(p3)⟩CB

= p2(µp2⟨Jα(p1)Jν)(p2)O(p3)⟩CB + {2 ↔ 3} (5.4)
18We keep the coefficients in the algebra arbitrary since fixing them will not affect our computation.
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Step 3: we consider the following ansatz for the correlators that appear in the HSE (5.2) [32]

⟨Tνα(p1)O(p2)O(p3)⟩QF = Ñ(1 + λ̃2)⟨Tνα(p1)O(p2)O(p3)⟩FF

⟨Jα(p1)Jβ(p2)O(p3)⟩QF = Ñ⟨Jα(p1)Jβ(p2)O(p3)⟩Y0 + Ñ λ̃⟨Jα(p1)Jβ(p2)O(p3)⟩odd
(5.5)

where ⟨Jα(p1)Jβ(p2)O(p3)⟩Y0 and ⟨Jα(p1)Jβ(p2)O(p3)⟩odd are the unknown parts that we
wish to find. The HSE (5.2) can then be written at different orders in the coupling.

Step 4: at O(λ̃0) of (5.2) the HSE is identical to the FF theory equation (5.3) which gives

⟨Jα(p1)Jβ(p2)O(p3)⟩Y0 = ⟨Jα(p1)Jβ(p2)O(p3)⟩FF . (5.6)

Similarly, the highest order equation, namely the one at O(λ̃2) is identical to the CB19

equation (5.4). Thus, we identify

⟨Jα(p1)Jβ(p2)O(p3)⟩odd = ⟨Jα(p1)Jβ(p2)O(p3)⟩CB

⟨Tνα(p1)O(p2)O(p3)⟩FF = ⟨Tνα(p1)O(p2)O(p3)⟩CB (5.7)

Step 5: we now write the pole equation. We expand (5.2) around the pole λ̃ = ±i to get
the following pole equations

ϵ(µabp2ap2ν)⟨Jα(p1)Jb(p2)O(p3)⟩odd + {2 ↔ 3} = p2(µp2⟨Jα(p1)Jν)(p2)O(p3)⟩FF + {2 ↔ 3}
ϵ(µabp2ap2ν)⟨Jα(p1)Jb(p2)O(p3)⟩FF + {2 ↔ 3} = p2(µp2⟨Jα(p1)Jν)(p2)O(p3)⟩odd + {2 ↔ 3}

(5.8)

which helps us identify the unknown correlator ⟨Jα(p1)Jν(p2)O(p3)⟩odd in terms of the same
correlator in free theory [24, 25]

⟨Jα(p1)Jν(p2)O(p3)⟩odd = 1
p2
ϵνab p2a ⟨Jα(p1)Jb(p2)O(p3)⟩FF (5.9)

The expression for ⟨JJO⟩odd obtained from (5.9) is consistent with the results obtained
using perturbative techniques in special kinematic regimes [43, 45] and by solving conformal
Ward identities in momentum space [24, 25].20

Step 6: we now use our results to map the SBHS equation to the free theory HSE. To do
this, we use (5.9) and substitute it back into (5.2) and see that the remaining HSE maps to
the free theory equation. Thus we see that the solution for the odd piece that we obtained
from the pole equation is consistent with the HSE at any order.

19This is because the CB theory is obtained in the limit λ̃ → ∞ of the quasi fermionic theory.
20We note that (5.9) is one of the solutions to (5.8) where we ignore {2 ↔ 3} exchanges. We will adopt a

similar strategy while computing 4-point functions where we again ignore such permutations. However as
we shall see, pole equations are not sufficient to get the odd piece in case of certain 4-point functions and we
will then have to make full use of the slightly broken HS equations and provide a consistent solution to the
higher spin equation.
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This confirms the result obtained for ⟨Jα(p1)Jβ(p2)O(p3)⟩odd in (5.8). Thus we have
completely determined the 3-point spinning correlator ⟨Jα(p1)Jβ(p2)O(p3)⟩odd in the inter-
acting theory purely in terms of free theory correlators i.e

⟨Jα(p1)Jβ(p2)O(p3)⟩QF = Ñ⟨Jα(p1)Jβ(p2)O(p3)⟩FF + Ñ λ̃
ϵβab p2a
p2

⟨Jα(p1)Jb(p2)O(p3)⟩FF

(5.10)

Now in spinor-helicity we have ⟨ϵ · JJO⟩ → ±i⟨JJO⟩ depending on the helicity. Thus the
final expression becomes,

⟨JJO⟩QF = Ñ(1 + iλ̃)⟨JJO⟩FF

= iN(1 − e−iπλf )
πλf

⟨JJO⟩FF (5.11)

We note that the expression of the correlator picks up an anyonic phase when we express
the full correlator only in terms of the FF theory correlator.

5.2 ⟨T T O⟩QF

We now compute the correlator ⟨TαβTµνO⟩ in the QF theory. The analysis here is very
similar to ⟨JJO⟩QF obtained in the previous section. We make use of the higher spin
algebra of Q4 in (B.24) and (B.26) and the current non-conservation equation associated
to J4 in (B.16) to obtain the momentum space HSE in terms of the interacting theory
correlators.

Now we assume ⟨TTO⟩QF has the following structure

⟨Tαβ(p1)Tγδ(p2)O(p3)⟩QF = Ñ⟨Tαβ(p1)Tγδ(p2)O(p3)⟩Y0 + Ñ λ̃⟨Tαβ(p1)Tγδ(p2)O(p3)⟩odd
(5.12)

Repeating the steps as in the previous section, we obtain a set of algebraic equations at
different orders in the coupling. The O(λ̃0) equation is the free theory equation after
we identify

⟨Tαβ(p1)Tγδ(p2)O(p3)⟩Y0 = ⟨Tαβ(p1)Tγδ(p2)O(p3)⟩FF (5.13)

The pole equations help us identify ⟨TTO⟩odd in terms of the same correlator in the
free theory

⟨Tαβ(p1)Tγδ(p2)O(p3)⟩odd = ϵγab
p2a
p2

⟨Tαβ(p1)Tbδ(p2)O(p3)⟩FF (5.14)

We then substitute this back (5.13), (5.14) in the SBHS equation and map it to the free
theory equation. Therefore the interacting theory correlator ⟨TTT ⟩QF is given by

⟨Tαβ(p1)Tγδ(p2)O(p3)⟩QF = Ñ⟨Tαβ(p1)Tγδ(p2)O(p3)⟩FF+Ñ λ̃ϵγab
p2a

p2
⟨Tαβ(p1)Tbδ(p2)O(p3)⟩FF

(5.15)
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Now in spinor-helicity we have ⟨ϵ · TTO⟩ → ±i⟨TTO⟩. Thus the final expression becomes,

⟨TTO⟩QF = Ñ(1 + iλ̃)⟨TTO⟩FF

= iN(1 − e−iπλf )
πλf

⟨TTO⟩FF (5.16)

Yet again we see that the expression of the correlator picks up an anyonic phase.

5.3 ⟨T T T ⟩QF

In this section we will make use of the HSE to obtain the odd part of ⟨TTT ⟩ in the QF
theory. As before we follow the steps presented at the end of section 4.

Step 1: we choose the charge operator and the seed correlator to be Q4 and ⟨OTT ⟩
respectively to write the following HSE in position space

⟨[Qµνρ, O(x1)]Tαβ(x2)Tγθ(x3)⟩QF + ⟨O(x1)[Qµνρ, Tαβ(x2)]Tγθ(x3)]⟩QF

+ ⟨O(x1)Tαβ(x2)[Qµνρ, Tγθ(x3)]⟩QF =
∫
x
⟨∂σJσµνρ(x)O(x1)Tαβ(x2)Tγθ(x3)⟩QF (5.17)

We make use of the higher spin algebra (B.24) and (B.26) along with the current non
conservation (B.16) to obtain the following HSE in momentum space

p1(µp1νp1ρ)⟨O(p1)Tαβ(p2)Tγθ(p3)⟩QF+ϵ(µabp1ap1ν⟨Tbρ)(p1)Tαβ(p2)Tγθ(p3)⟩QF

+
(
p2(µp2νp2ρ)⟨O(p1)Tαβ(p2)Tγθ(p3)⟩QF+p2(µp2νp2α⟨O(p1)Tρ)β(p2)Tγθ(p3)⟩QF+{2↔ 3}

)
= λ̃

1+λ̃2

[
p1(µp1⟨Tνρ)(p2)Tαβ(p2)Tγθ(p3)⟩QF+

(
p2(µ⟨Tνρ)Tαβ⟩QF⟨O(p1)O(p2)Tγθ(p3)⟩QF

+{2↔ 3}
)]

(5.18)

Step 2: we now write down the corresponding higher spin equation for the FF theory

p1(µp1νp1ρ)⟨O(p1)Tαβ(p2)Tγθ(p3)⟩FF−ϵ(µabp1ap1ν⟨Tbρ)(p1)Tαβ(p2)Tγθ(p3)⟩FF

+
(
p2(µp2νp2ρ)⟨O(p1)Tαβ(p2)Tγθ(p3)⟩FF+p2(µp2νp2α⟨O(p1)Tρ)β(p2)Tγθ(p3)⟩FF+{2↔ 3}

)
= 0

(5.19)

and similarly for the CB theory,

p1(µp1νp1ρ)⟨O(p1)Tαβ(p2)Tγθ(p3)⟩CB +
(
p2(µp2νp2ρ)⟨O(p1)Tαβ(p2)Tγθ(p3)⟩CB

+p2(µp2νp2α⟨O(p1)Tρ)β(p2)Tγθ(p3)⟩CB + {2 ↔ 3}
)

=
[
p1(µp1⟨Tνρ)(p1)Tαβ(p2)Tγθ(p3)⟩CB +

(
p2(µ⟨Tνρ)Tαβ⟩QF⟨O(p1)O(p2)Tγθ(p3)⟩CB

+ {2 ↔ 3}
)]

(5.20)
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Step 3: we consider the following ansatz for the correlators that appear in the
HSE (5.18) [32]

⟨O(p1)O(−p1)⟩QF = Ñ(1+λ̃2)⟨O(p1)O(−p1)⟩FF

⟨O(p1)Tαβ(p2)Tγθ(p3)⟩QF = Ñ⟨O(p1)Tαβ(p2)Tγθ(p3)⟩FF+Ñ λ̃⟨O(p1)Tαβ(p2)Tγθ(p3)⟩CB

⟨Tρσ(p1)Tαβ(p2)Tγθ(p3)⟩QF = Ñ
1

1+λ̃2
[⟨Tρσ(p1)Tαβ(p2)Tγθ(p3)⟩Y0

+λ̃2⟨Tρσ(p1)Tαβ(p2)Tγθ(p3)⟩Y2 +λ̃⟨Tρσ(p1)Tαβ(p2)Tγθ(p3)⟩odd
]

(5.21)

Our goal is to determine the parity odd part of ⟨TTT ⟩, viz. ⟨Tρσ(p1)Tαβ(p2)Tγθ(p3)⟩odd in
terms of the free theory correlators. We can now write the HSE at various orders in the
coupling constant.

Step 4: at O(λ̃0) of (5.18), the HSE is identical to the FF HSE (5.19) which gives

⟨Tρσ(p1)Tαβ(p2)Tγθ(p3)⟩Y0 = ⟨Tρσ(p1)Tαβ(p2)Tγθ(p3)⟩FF (5.22)

Similarly, the highest order equation namely the O(λ̃3) is identical to the critical bosonic
equation (5.20) since the CB theory is the λ̃ → ∞ limit of the QF theory. This happens
after we identify

⟨Tρσ(p1)Tαβ(p2)Tγθ(p3)⟩Y2 = ⟨Tρσ(p1)Tαβ(p2)Tγθ(p3)⟩CB (5.23)

Hence we get 2 of the 3 unknowns.

Step 5: to find the third unknown we expand (5.18) around the pole λ̃ = ±i to get the
following pole equations

ϵ(µabp1ap1ν⟨Tbρ)(p1)Tαβ(p2)Tγθ(p3)⟩odd

= p1(µp1
(
⟨Tνρ)(p1)Tαβ(p2)Tγθ(p3)⟩FB − ⟨Tνρ(p1)Tαβ(p2)Tγθ(p3)⟩FF

)
ϵ(µabp1ap1ν

(
⟨Tbρ)(p1)Tαβ(p2)Tγθ(p3)⟩FB − ⟨Tbρ)(p1)Tαβ(p2)Tγθ(p3)⟩FF

)
= p1(µp1⟨Tνρ)(p1)Tαβ(p2)Tγθ(p3)⟩odd (5.24)

which helps us identify the unknown correlator ⟨Tνρ(p1)Tαβ(p2)Tγθ(p3)⟩odd in terms of the
same correlator in the free theories. Thus from (5.21), after contracting with Πµν(p1) and
p1ρ we get ⟨TTT ⟩odd to be

⟨Tµν(p1)Tαβ(p2)Tγθ(p3)⟩odd

= 1
p1
ϵµabp1a

(
⟨Tbν(p1)Tαβ(p2)Tγθ(p3)⟩FB − ⟨Tbρ)(p1)Tαβ(p2)Tγθ(p3)⟩FF

)
(5.25)

Step 6: we now use our results to map the SBHS equation to the free theory HSE. We
use the expression for ⟨TTT ⟩odd and substitute it back into the O(λ̃) and O(λ̃2) equations
and see that they map to the free theory equations. Therefore we see that our solution for
⟨TTT ⟩odd obtained from (5.25) solves the entire higher spin equation and is also consistent
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with results obtained in [24, 25]. The same can also be obtained by solving conformal Ward
identities in momentum space. Thus we have seen that in the QF theory the correlator
⟨TTT ⟩ is given by

⟨TTT ⟩QF = Ñ

1 + λ̃2
(
⟨TTT ⟩FF + λ̃⟨TTT ⟩odd + λ̃2⟨TTT ⟩FB

)
= Ñ

2

(
⟨TTT ⟩FF+FB + 1 − λ̃2

1 + λ̃2 ⟨TTT ⟩FF-FB + 2λ̃
1 + λ̃2 ⟨ϵ · TTT ⟩FB-FF

)
(5.26)

Now in spinor-helicity variables we have ⟨ϵ · TTT ⟩ → i⟨TTT ⟩ and thus

⟨TTT ⟩QF = Ñ

2

(
⟨TTT ⟩FF+FB +

(
1 + iλ̃

1 − iλ̃

)
⟨TTT ⟩FF-FB

)

= Ñ

2
(
⟨TTT ⟩FF+FB + e−iπλf ⟨TTT ⟩FF-FB

)
(5.27)

Thus we see the presence of an anyonic phase yet again in the expression for the correlator.
There is one more representation which makes the duality manifest

⟨TTT ⟩QF = e−iπ
λf
2

(
cos πλf2 ⟨TTT ⟩FF + i sin πλf2 ⟨TTT ⟩FB

)
(5.28)

Note that at λf = 0 it gives the FF and at λf = 1, it gives the FB answer.

5.4 ⟨Js1Js2T ⟩QF

In this section we use HSEs to constrain the general 3-point correlator ⟨Js1Js2T ⟩ in the
QF theory. We choose the charge operator and the seed correlator to be Q4 and ⟨Js1Js2O⟩
respectively. The relevant operator algebra is given by [32]

[Q4, Js] = cs,s−2∂
5Js−2 + cs,s∂

3Js + cs,s+2∂Js+2

[Q4, O] = ∂3O + ϵ · ∂T (5.29)

To solve the resulting HSEs we make use of the following structure of the correlators,

⟨OO⟩QF = Ñ(1 + λ̃2)⟨OO⟩FF

⟨Js1Js2O⟩QF = Ñ⟨Js1Js2O⟩FF + Ñ λ̃⟨Js1Js2O⟩odd

⟨Js1Js2T ⟩QF = Ñ
1

1 + λ̃2
(
⟨Js1Js2T ⟩Y0 + λ̃⟨Js1Js2T ⟩odd + λ̃2⟨Js1Js2T ⟩Y2

)
(5.30)

where our goal is to obtain ⟨Js1Js2T ⟩Y0 , ⟨Js1Js2T ⟩Y2 ,⟨Js1Js2T ⟩odd in terms of the free theory
correlators. We use the free and critical theory equations to identify two unknowns

⟨Js1Js2T ⟩Y0 = ⟨Js1Js2T ⟩FF

⟨Js1Js2T ⟩Y2 = ⟨Js1Js2T ⟩CB (5.31)

The pole equations take the form

⟨Js1Js2T ⟩FF − ⟨Js1Js2T ⟩CB = ϵ · ⟨Js1Js2T ⟩odd

⟨Js1Js2T ⟩odd = ϵ ·
(
⟨Js1Js2T ⟩FF − ⟨Js1Js2T ⟩CB

)
(5.32)

– 16 –



J
H
E
P
1
2
(
2
0
2
3
)
1
7
3

where the dot indicates a contraction of the Levi-Civita tensor with one of the indices of
the spin s1 current in the correlator. From the second equation in (5.32) we obtain the
remaining unknown piece of ⟨Js1Js2T ⟩QF

⟨Js1Js2T ⟩odd = ϵ ·
(
⟨Js1Js2T ⟩FF − ⟨Js1Js2T ⟩CB

)
(5.33)

Therefore we have the full correlator in the QF theory given by

⟨Js1Js2T ⟩QF = Ñ
1

1+λ̃2

(
⟨Js1Js2T ⟩FF +λ̃ϵ·(⟨Js1Js2T ⟩FF−⟨Js1Js2T ⟩CB)+λ̃2⟨Js1Js2T ⟩CB

)
(5.34)

It can be easily checked that the higher spin equations at all orders are satisfied by the
above expression for ⟨Js1Js2T ⟩odd.

5.5 ⟨Js1Js2Js3⟩QF

In this section we use HSEs to constrain the general 3-point correlator ⟨Js1Js2Js3⟩ with
si > 2 in the QF theory. We look at the Ward identity corresponding to the non-conservation
equation of the spin-4 current in the correlator ⟨Js1Js2Js3⟩QF. We use the relevant operator
algebra (5.29) for Js. The current non-conservation does not contribute to the r.h.s. after
we perform a large N factorisation of the resulting 5-point function. The momentum space
HSE becomes

cs1,s1−2p1µp1νp1ρp1α1p1α2⟨Jα3α4...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩QF

+ cs1,s1p1µp1νp1ρ⟨Jα1α2...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩QF

+ cs1,s1+2p1µ⟨Jνρα1α2...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩QF + {1 ↔ 2} + {1 ↔ 3} = 0 (5.35)

The corresponding FF equation is

cs1,s1−2p1µp1νp1ρp1α1p1α2⟨Jα3α4...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩FF

+ cs1,s1p1µp1νp1ρ⟨Jα1α2...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩FF

+ cs1,s1+2p1µ⟨Jνρα1α2...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩FF + {1 ↔ 2} + {1 ↔ 3} = 0 (5.36)

We use the following ansatz for the general 3-point spinning correlator

⟨Js1Js2Js3⟩QF = Ñ

1 + λ̃2

(
⟨Js1Js2Js3⟩Y0 + λ̃⟨Js1Js2Js3⟩odd + λ̃2⟨Js1Js2Js3⟩Y2

)
(5.37)

where ⟨Js1Js2Js3⟩Y0 , ⟨Js1Js2Js3⟩odd and ⟨Js1Js2Js3⟩Y2 , are the unknowns that we wish to
find. We substitute this back into (5.35) and see that the O(λ̃0) equation is like the FF
equation after we identify

⟨Jα3α4...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩Y0 = ⟨Jα3α4...αs1

Jβ1β2...βs2
Jγ1γ2...γs3

⟩FF (5.38)

The highest order equation in λ̃ in (5.35) is like the CB equation. This can be seen after
we use the CB algebra to write the CB higher spin equation and identify

⟨Jνρα1α2...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩Y2 = ⟨Jνρα1α2...αs1

Jβ1β2...βs2
Jγ1γ2...γs3

⟩CB (5.39)
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We now use the following ansatz for ⟨Js1Js2Js3⟩odd

p1µp1⟨Jα1α2...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩odd = ϵνabp1ap1µ

(
⟨Jbα2α3...αs1

Jβ1β2...βs2
Jγ1γ2...γs3

⟩FF

−⟨Jbα2α3...αs1
Jβ1β2...βs2

Jγ1γ2...γs3
⟩CB

)
(5.40)

and plug it back into the HSE (5.35). The above ansatz helps map the O(λ̃) equation
to the free and critical theory equations. Therefore our ansatz of ⟨Js1Js2Js3⟩odd (5.40) is
consistent with the above set of equations. Hence we could compute ⟨Js1Js2Js3⟩QF in terms
of free theory correlators as

⟨Js1Js2Js3⟩QF

= Ñ

1 + λ̃2

(
⟨Js1Js2Js3⟩FF + λ̃ϵ ·

(
⟨Js1Js2Js3⟩FF − ⟨Js1Js2Js3⟩CB

)
+ λ̃2⟨Js1Js2Js3⟩CB

)
(5.41)

which is consistent with the result obtained by solving the conformal Ward identities in
momentum space and reproduces the same result as the one obtained via perturbative
calculations which are in general quite difficult.

If we now write the same in the helicity basis, the steps parallel the analysis done for
⟨TTT ⟩ in 5.3 which gives

⟨Js1Js2Js3⟩QF = Ñ

2
(
⟨Js1Js2Js3⟩FF+FB + e−iπλf ⟨Js1Js2Js3⟩FF-FB

)
(5.42)

and thus the presence of an anyonic phase is a generic occurrence in three-point functions.
Now, if the spins of the operators satisfy the triangle inequality in (3.10) then from the
discussion in 3.2 we can write this result in terms of homogeneous/non-homogeneous parts
of just the FF theory or just the FB theory.

6 Example-II: 4-point functions

In the previous section we solved for 3-point functions using HSEs. In this section we look
into 4-point functions comprising of operator insertions with arbitrary spins.

6.1 ⟨T OOO⟩QF

To start with, we look at the simple example of ⟨TOOO⟩QF. The result of this part was
obtained first in position space by [109], in momentum space in [20] and in Mellin space
in [121]. Below we work in momentum space.

Step 1: we choose the charge operator and the seed correlator to be Q4 and ⟨OOOO⟩
respectively. Then we make use of the higher spin algebra (B.24) and (B.26) along with
the current non conservation (B.16) to obtain the following HSE in momentum space21

p1µp1νp1ρ⟨OOOO⟩QF + g(µνp1ρ)p
2
1⟨OOOO⟩QF + ϵab(µp1νp1a⟨Tbρ)OOO⟩QF

+ {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4} = λ̃p1(µp1⟨Tνρ)OOO⟩QF + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}
(6.1)

21Strictly speaking, we should have the constants from the algebra appearing in each term of the l.h.s. but
since our aim is only to map the SBHS HSE to the free theory HSEs, we do not need to fix these constants
to their numerical values. All we had to do was fix their λ̃ dependence.
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Step 2: we now write down the corresponding higher spin equations for the free theory

p1µp1νp1ρ⟨OOOO⟩FF + g(µνp1ρ)p
2
1⟨OOOO⟩FF + ϵab(µp1νp1a⟨Tbρ)OOO⟩FF

+ {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4} = 0
(6.2)

and similarly for the CB theory,

p1(µp1νp1ρ)⟨OOOO⟩CB + g(µνp1ρ)p
2
1⟨OOOO⟩CB + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}

= p1(µp1⟨Tνρ)OOO⟩CB + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}
(6.3)

Step 3: we consider the following ansatz for the correlators that appear in the HSE (6.1)

⟨TOOO⟩QF = Ñ(1 + λ̃2)
(
⟨TOOO⟩Y0 + λ̃⟨TOOO⟩Y1

)
⟨OOOO⟩QF = Ñ(1 + λ̃2)(⟨OOOO⟩FF + λ̃2⟨OOOO⟩CB)

(6.4)

Step 4: at O(λ̃0) of (6.1) we obtain the HSE to be identical to the FF theory equation (6.2)
which gives

⟨TOOO⟩Y0 = ⟨TOOO⟩FF (6.5)

Similarly, the highest order equation (O(λ̃4)) is identical to the CB equation (6.3) since the
CB theory is the λ̃→ ∞ limit of the quasi fermionic theory. This happens after we identify

⟨TOOO⟩Y1 = ⟨TOOO⟩CB (6.6)

Step 5: we expand the HSE (6.1) around the point λ̃ = ±i and obtain the following pole
equations

ϵab(µp1νp1a⟨Tbρ)OOO⟩FF + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}
= p1(µp1⟨Tνρ)OOO⟩CB + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}

(6.7)

and

ϵab(µp1νp1a⟨Tbρ)OOO⟩CB + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}
= p1(µp1⟨Tνρ)OOO⟩FF + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}

(6.8)

One can check again that (6.8) can be mapped to FF and CB equations. In momentum
space it looks complicated to map the above equation to FF and CB equations as it requires
some epsilon transforms. However, going to spinor helicity variables solves this problem as
in spinor helicity variables the epsilon transform becomes trivial22.

22One possible solution to these pole equations is

ϵab(µp1νp1a⟨Tbν)OOO⟩FF = ⟨Tµν)OOO⟩CB (6.9)

We chose this solution such that equation (6.7) is satisfied individually for each permutation. A direct
verification of this result requires a proper analysis of the contact terms which we leave for future works.
However, we note that certain HSEs demand that this individual equivalence such as that of ⟨T T T O⟩( 6.3).
It is easy to check that using naive bootstrap argument involving single trace operator only, one gets (6.9).
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Step 6: considering different order equations of (6.1), it can be shown directly in momen-
tum space that

HSE at O(λ̃2) = FF HSE+CB HSE (6.10)

The O(λ̃) equation which is the same as the O(λ̃3) equation is the same as an epsilon
transform of the difference between the FF and CB equations. To see this we move to
spinor helicity variables where it is easily seen. Thus we get,

HSE at O(λ̃) = HSE at O(λ̃3) = ±i(FF HSE-CB HSE) (6.11)

For more details on how the mapping is carried out, refer to G.1. Thus we obtain the
following form for ⟨TOOO⟩ in the QF theory in spinor helicity variables

⟨TOOO⟩QF = Ñ(1 + λ̃2)
(
⟨TOOO⟩FF + λ̃⟨TOOO⟩CB

)
(6.12)

Using the same procedure, we can also generalize the above result for correlators with
arbitrary spin as follows in spinor helicity variables.

⟨JsOOO⟩QF = Ñ(1 + λ̃2)(⟨JsOOO⟩FF + λ̃⟨JsOOO⟩CB) (6.13)

One can check the consistency of the result using the following argument: if we consider
the divergence of the correlator,

⟨∂ · JsOOO⟩QF = (1 + λ̃2)(⟨∂ · JsOOO⟩FF + λ̃⟨∂ · JsOOO⟩CB) (6.14)

due to the nonconservation of Js the left hand side is nonzero while in the r.h.s. the free
theory contribution drops out but the CB term is nonzero due to its nonconservation which
is exactly the same as the left hand side.

6.2 ⟨JJOO⟩QF

Let us now see how higher spin equations can be used to solve for the 4-point spinning
correlator ⟨JαJβOO⟩ in the QF theory.

Step 1: we choose the charge operator and the seed correlator to be Q3 and ⟨JOOO⟩
respectively. Then we make use of the higher spin algebra (B.22) and (B.23) along with
the current non conservation (B.15) to obtain the following HSE in momentum space

1
1+λ̃2 ϵαa(µp1ν)p

a
1⟨O(p1)O(p2)O(p3)O(p4)⟩QF +p1(µ⟨Tν)α(p1)O(p2)O(p3)O(p4)⟩QF

+p1α⟨Tµν(p1)O(p2)O(p3)O(p4)⟩QF +2(ϵab(µpa2p2ν)⟨Jα(p1)Jb(p2)O(p3)O(p4)⟩QF

+{2↔ 3}+{2↔ 4})

= 16λ̃
(1+λ̃2)

[
p1(µ⟨JαJν)⟩QF ⟨O(p1)O(p2)O(p3)O(p4)⟩QF

+(p2(µ⟨O(p2)O(−p2)⟩QF ⟨Jα(p1)Jν)(p2)O(p3)O(p4)⟩QF +{2↔ 3}+{2↔ 4})
]

(6.15)
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Step 2: we now write down the corresponding higher spin equation for the free theory

ϵαa(µp1ν)p1a⟨O(p1)O(p2)O(p3)O(p4)⟩FF + p1(µ⟨Tν)α(p1)O(p2)O(p3)O(p4)⟩FF

+ p1α⟨Tµν(p1)O(p2)O(p3)O(p4)⟩FF + 2
(
ϵab(µp2ap2ν)⟨Jα(p1)Jb(p2)O(p3)O(p4)⟩FF

+ {2 ↔ 3} + {2 ↔ 4}
)

= 0

(6.16)

and similarly we write down the higher spin equation for the CB theory.

p1(µ⟨Tν)α(p1)O(p2)O(p3)O(p4)⟩CB + p1α⟨Tµν(p1)O(p2)O(p3)O(p4)⟩CB

=
[
16p1(µ⟨JαJν)⟩FF(⟨O(p1)O(p2)O(p3)O(p4)⟩CB)

+
(
2p2(µp2(⟨Jα(p1)Jν)(p2)O(p3)O(p4)⟩CB) + {2 ↔ 3} + {2 ↔ 4}

)] (6.17)

Step 3: we consider the following ansatz for the correlators that appear in the HSE
in (6.15) [25, 114].

⟨JαJβOO⟩QF = Ñ⟨JαJβOO⟩Y0 + Ñ λ̃⟨JαJβOO⟩odd + Ñ λ̃2⟨JαJβOO⟩Y2 (6.18)

Step 4: at O(λ̃0) of (6.15) the HSE is identical to the FF theory equation (6.16) which gives

⟨JJOO⟩Y0 = ⟨JJOO⟩FF (6.19)

Similarly, the highest order equation namely the O(λ̃4) is identical to the CB equation (6.17)
since the CB theory is the λ̃→ ∞ limit of the QF theory. This happens after we identify

⟨JJOO⟩Y2 = ⟨JJOO⟩CB (6.20)

Step 5: we expand the HSE around the point λ̃ = ±i and obtain the following pole
equations

ϵab(µp2ap2ν)

(
⟨Jα(p1)Jb(p2)O(p3)O(p4)⟩FF−⟨Jα(p1)Jb(p2)O(p3)O(p4)⟩CB

)
+{2↔ 3}+{2↔ 4}

= p2p2(µ⟨Jα(p1)Jν)(p2)O(p3)O(p4)⟩odd+{2↔ 3}+{2↔ 4} (6.21)

and

ϵab(µp2ap2ν)⟨Jα(p1)Jb(p2)O(p3)O(p4)⟩odd+{2↔ 3}+{2↔ 4}

=−p2p2(µ

(
⟨Jα(p1)Jν)(p2)O(p3)O(p4)⟩FF−⟨Jα(p1)Jν)(p2)O(p3)O(p4)⟩CB

)
+{2↔ 3}+{2↔ 4}

(6.22)

To solve this equation, as in the case of the three point function, we neglect the permutation
first and then we dot the first pole equation (6.21) with p2µ and make use of the trivial
transverse Ward identity for ⟨JJOO⟩ to obtain the following expression for the unknown
⟨JJOO⟩odd,23

⟨JαJνOO⟩odd = ϵνabp2a
p2

(⟨JαJbOO⟩FF − ⟨JαJbOO⟩CB). (6.23)
23This result is also consistent with what was obtained in [114]. We thank R.R. Kalloor and Trivko Kukolj

for informing us of this.
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Step 6: we now use our results to map slightly broken HSE to free theory HSE. We can
show that,

HSE at O(λ̃) = CB HSE
HSE at O(λ̃2) = FF HSE (6.24)

For more details on how the mapping is carried out, refer to G.2. The above analysis gives
us all the unknowns that appear in the ansatz (6.18) for the correlator purely in terms of
free theory results. Thus, we can write the QF correlator as

⟨JαJνOO⟩QF = Ñ⟨JαJνOO⟩FF+Ñ λ̃ ϵνabp2a

p2
(⟨JαJbOO⟩FF−⟨JαJbOO⟩CB)+Ñ λ̃2⟨JαJνOO⟩CB

(6.25)

Now, to write the expression in spinor helicity we dot the above expression with the
null polarization tensors zα1 zν2 . In spinor helicity variables we have ⟨ϵ · JJOO⟩ → i⟨JJOO⟩
and thus

⟨JJOO⟩QF = Ñ
[
⟨JJOO⟩FF − iλ̃(⟨JJOO⟩FF − ⟨JJOO⟩CB) + λ̃2⟨JJOO⟩CB

]
= Ñ

2
(
(1 + λ̃2)⟨JJOO⟩FF+CB + (1 − 2iλ̃− λ̃2)⟨JJOO⟩FF-CB

) (6.26)

To get a more intuitive representation of this, we chose a different normalization and
use (2.5) to write the QF correlator as

⟨JJOO⟩QF = Ñ

2(1 + λ̃2)

[
(1 + λ̃2)⟨JJOO⟩FF+CB + (1 − 2iλ̃− λ̃2)⟨JJOO⟩FF-CB

]
= Ñ

2

[
⟨JJOO⟩FF+CB − λ̃+ i

λ̃− i
⟨JJOO⟩FF-CB

]

= Ñ

2
[
⟨JJOO⟩FF+CB + e−iπλf ⟨JJOO⟩FF-CB

]
= Ñe−

iπλf
2

[
cos πλf2 ⟨JJOO⟩FF + i sin πλf2 ⟨JJOO⟩CB

]
(6.27)

6.3 ⟨T T T O⟩

Step 1: the charge operator and seed correlator that we choose are Q4 and ⟨TTOO⟩
respectively.

After using (B.26), (B.24) and (B.16), the HSE in momentum space reads,[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)O(p3)O(p4)⟩

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)O(p3)O(p4)⟩+p1α⟨J4µνρβ(p1)Tγσ(p2)O(p3)O(p4)⟩

+p1µ⟨J4νραβ(p1)Tγσ(p2)O(p3)O(p4)⟩+ 1
1+λ̃2

ϵναap1ap1µp1ρp1β⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩

+{1↔ 2,(α,β)↔ (γ,σ)}
]

+
[
p3µp3νp3ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩+ϵµabp3νp3a⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)⟩+{3↔ 4}

]
= λ̃

1+λ̃2

[
p3µ⟨O(−p3)O(p3)⟩⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)⟩+{3↔ 4}

+p1µ⟨Tνρ(−p1)Tαβ(p1)⟩⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩+{(1↔ 2),(α,β)↔ (γ,σ)}
]

(6.28)
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Step 2: the FF and CB equations are,[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+p1α⟨J4µνρβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF

+p1µ⟨J4νραβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+ϵναap1ap1µp1ρp1β⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩FF

+{1↔ 2,(α,β)↔ (γ,σ)}
]

+
[
p3µp3νp3ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+ϵµabp3νp3a⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)⟩FF

+{3↔ 4}
]

= 0 (6.29)

and[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩CB + p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)O(p3)O(p4)⟩CB

+ p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)O(p3)O(p4)⟩CB + p1α⟨J4µνρβ(p1)Tγσ(p2)O(p3)O(p4)⟩CB

+ p1µ⟨J4νραβ(p1)Tγσ(p2)O(p3)O(p4)⟩CB + {1 ↔ 2, (α, β) ↔ (γ, σ)}
]

+
[
p3µp3νp3ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩CB + {3 ↔ 4}

]
−
[
p3µ⟨O(−p3)O(p3)⟩CB⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)⟩CB + {3 ↔ 4}

+ p1µ⟨Tνρ(−p1)Tαβ(p1)⟩CB⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩CB + {(1 ↔ 2), (α, β) ↔ (γ, σ)}
]

= 0
(6.30)

Step 3: our ansatz is,

⟨TTTO⟩QF = Ñ

1 + λ̃2

(
⟨TTTO⟩Y0 + λ̃⟨TTTO⟩Y1 + λ̃2⟨TTTO⟩Y2 + λ̃3⟨TTTO⟩Y3

)
(6.31)

Step 4: comparing the lowest and highest order equations with the FF and CB equations
give,

⟨TTTO⟩Y 0 = ⟨TTTO⟩FF

⟨TTTO⟩Y 3 = ⟨TTTO⟩CB (6.32)

Step 5: expanding the HSE about λ̃ = i, we obtain the pole equations,

p3p3µ
(
−⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)⟩FF +⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)⟩Y2+{3↔ 4}

)
+ϵνabp3ap3µ

(
−⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)⟩CB+⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)⟩Y1

)
= 0

p3p3µ
(
⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)⟩CB−⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)⟩Y1+{3↔ 4}

)
+ϵνabp3ap3µ

(
−⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)⟩FF +⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)⟩Y2

)
= 0
(6.33)

One of the solutions of the pole equations is,

⟨TTTO⟩Y 1 = ⟨TTTO⟩CB

⟨TTTO⟩Y 2 = ⟨TTTO⟩FF (6.34)
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Step 6: plugging these into the HSE yields in momentum space,

HSE at O(λ̃2) = FF HSE + CB HSE
HSE at O(λ̃3) = HSE at O(λ̃) (6.35)

Further, in spinor helicity variables one can show that the O(λ̃) maps to the epsilon
transform of the difference of the FF and CB HSEs.24 Thus we have,

⟨TTTO⟩ = Ñ
(
⟨TTTO⟩FF + λ̃⟨TTTO⟩CB

)
(6.36)

For more details on how the mapping is done, please refer to G.3.

6.4 ⟨JJJJ⟩QF

We now deal with the case of ⟨JJJJ⟩QF which has 4 spinning operator insertions and we
will see that its analysis is quite involved compared to the previous examples. In this case,
as we will see, the pole equations by themselves are insufficient to solve for the QF correlator
and thus we have to look at the different order equations in order to arrive at a solution.

Step 1: we choose the charge operator and the seed correlator to be Q3 and ⟨JJJO⟩
respectively. Then we make use of the higher spin algebra ((B.22) and (B.23)) along with
the current non conservation (B.15) to obtain the following HSE in momentum space[
ϵαa(µp1ν)p1a⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩QF+p1(µ⟨Tν)α(p1)Jβ(p2)Jγ(p3)O(p4)⟩QF

+p1α⟨Tµν(p1)Jβ(p2)Jγ(p3)O(p4)⟩QF+{1↔ 2,α↔β}+{1↔ 3,α↔ γ}
]

+2ϵab(µp4ap4ν)⟨Jα(p1)Jβ(p2)Jγ(p3)Jb(p4)⟩QF

= −16iλ̃
1+λ̃2

[(
p1(µ⟨JαJν)⟩QF⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩QF+{1↔ 2,α↔β}+{1↔ 3,α↔ γ}

)]
+p4(µ⟨O(p4)O(−p4)⟩⟨Jα(p1)Jβ(p2)Jγ(p3)Jν)(p4)⟩QF

(6.37)

Step 2: we now write down the corresponding HSE for the FF theory[
ϵαa(µp1ν)p1a⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩FF + p1(µ⟨Tν)α(p1)Jβ(p2)Jγ(p3)O(p4)⟩FF

+ p1α⟨Tµν(p1)Jβ(p2)Jγ(p3)O(p4)⟩FF + (1 ↔ 2, α↔ β) + (1 ↔ 3, α↔ γ)
]

+ 2ϵab(µp4ap4ν)⟨Jα(p1)Jβ(p2)Jγ(p3)Jb(p4)⟩FF = 0

(6.38)

and similarly for the CB theory.[
p1(µ⟨Tν)α(p1)Jβ(p2)Jγ(p3)O(p4)⟩CB+p1α⟨Tµν(p1)Jβ(p2)Jγ(p3)O(p4)⟩CB+(1↔ 2,α↔β)

+(1↔ 3,α↔ γ)
]

=−16i
[
p1(µ⟨Jα(p1)Jν)(−p1)⟩FF⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩CB+(1↔ 2,α↔β)+(1↔ 3,α↔ γ)

]
+2ip4(µp4⟨Jα(p1)Jβ(p2)Jγ(p3)Jν)(p4)⟩CB (6.39)

24Here the mapping requires that ⟨T OOO⟩CB = ϵ · ⟨T OOO⟩FF as we discussed in the footnote 6.1.
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Step 3: we consider the following ansatz for the correlator ⟨JJJJ⟩QF in momentum
space(momentum and spin labels suppressed for clarity) expanded in orders of the coupling
as in [114]

⟨JJJJ⟩= Ñ

(1+λ̃2)2

(
⟨JJJJ⟩Y0 +λ̃⟨JJJJ⟩Y1 +λ̃2⟨JJJJ⟩Y2 +λ̃3⟨JJJJ⟩Y3 +λ̃4⟨JJJJ⟩Y4

)
(6.40)

Step 4: we substitute the above ansatz into the HSE and at O(λ̃0) of (6.37) the HSE is
that of the FF theory (6.38) which gives

⟨JJJJ⟩Y0 = ⟨JJJJ⟩FF (6.41)

Similarly, the highest order equation namely the O(λ̃5) equation is that of the CB (6.39)
since the CB theory is the λ̃→ ∞ limit of the QF theory. Thus, we identify

⟨JJJJ⟩Y4 = ⟨JJJJ⟩CB (6.42)

Step 5: we expand the HSE around the point λ̃ = ±i and obtain the following pole equa-
tions

ϵab(µp4ap4ν)
(
⟨JαJβJγJb⟩Y0 − ⟨JαJβJγJb⟩Y2 + ⟨JαJβJγJb⟩Y4

)
=

2ip4(µp4
(
⟨JαJβJγJν)⟩Y3 − ⟨JαJβJγJν⟩Y1

) (6.43)

and

ϵab(µp4ap4ν)
(
⟨JαJβJγJb⟩Y1 − ⟨JαJβJγJb⟩Y3

)
=

2ip4(µp4
(
⟨JαJβJγJν)⟩Y0 − ⟨JαJβJγJν⟩Y2 + ⟨JαJβJγJν⟩Y4

) (6.44)

A possible solution to the above pole equations is

⟨JJJJ⟩Y1 = ⟨JJJJ⟩Y3

⟨JJJJ⟩Y2 = ⟨JJJJ⟩Y0 + ⟨JJJJ⟩Y4 (6.45)

In [114] it was noticed by direct computation in specific kinematic regime that these relations
holds between various components. See appendix B of [114] for more details. As alluded to
earlier, the ⟨JJJJ⟩ pole equations are insufficient to solve for the entire correlator. The
remaining expression in ⟨JJJJ⟩QF that is still to be determined is ⟨JJJJ⟩Y1 . To get the
expression of Y1 in spinor helicity, consider the combination O(λ̃3) − 2O(λ̃) and dot it
with the null polarization tensors z1αz2βz3γz2µz2ν and then convert the equation to spinor
helicity variables. Then the expression for Y1 that we get is the following

⟨JJJJ⟩Y1 = ϵ · (⟨JJJJ⟩Y0 − ⟨JJJJ⟩Y4). (6.46)
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Step 6: we now use our results to map the SBHS equation to the free theory HSEs25 We
can show that in spinor helicity variables,

HSE at O(λ̃) = CB HSE
HSE at O(λ̃2) = 2 FF HSE
HSE at O(λ̃3) = 2 CB HSE
HSE at O(λ̃4) = FF HSE (6.47)

For more details on how the mapping is carried out, refer to G.4. Using the answers obtained
at different orders in coupling (6.45) we get the full correlator to be

⟨JJJJ⟩QF = Ñ

(1 + λ̃2)

[
⟨JJJJ⟩FF + λ̃⟨ϵ · JJJJ⟩FF-CB + λ̃2⟨JJJJ⟩CB

]
(6.48)

To get a more intuitive form, we can move to spinor-helicity variables by dotting with null
polarisation tensors, which gives us ⟨JJJJ⟩Y1 to be

⟨JJJJ⟩Y1 = i
(
⟨JJJJ⟩Y0 − ⟨JJJJ⟩Y4

)
(6.49)

Thus, using the solutions of the pole equation (6.45) and the expression for Y1 that we just
obtained, we can write the full QF correlator in spinor-helicity variables as

⟨JJJJ⟩QF = Ñ

(1 + λ̃2)2

(
⟨JJJJ⟩FF + iλ̃⟨JJJJ⟩FF−CB + λ̃2⟨JJJJ⟩FF+CB

+ iλ̃3⟨JJJJ⟩FF−CB + λ̃4⟨JJJJ⟩CB
)

= Ñ

2

[
⟨JJJJ⟩FF+CB + λ̃+ i

λ̃− i
⟨JJJJ⟩FF−CB

]

= Ñ

2
[
⟨JJJJ⟩FF+CB + e−iπλf ⟨JJJJ⟩FF−CB

]
= Ñe−

iπλf
2

[
cos πλf2 ⟨JJJJ⟩FF + i sin πλf2 ⟨JJJJ⟩CB

]
(6.50)

which yet again, exhibits the characteristic anyonic behaviour.

6.5 ⟨Js1Js2Js3Js4⟩QF

Now we proceed to the general case of spinning correlators, ⟨Js1Js2Js3Js4⟩QF for si > 2.
For this analysis we choose to work with the action of the spin-4 current. A similar analysis
can also be done with the spin-3 current.

25⟨Jν(−p1)Jα(p1)⟩⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩odd+ϵaανp1a⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩CB-FF is left over while
performing the mapping. However, we note that ⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩odd is given by an ep-
silon transform of the difference between the corresponding CB and FF correlators as in (6.23) and
ϵaανp1a⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩CB-FF is also similar to the epsilon transformation of the difference be-
tween the CB and FF correlators. Thus, we believe that a more careful analysis of these terms should get
rid of this leftover expression and render the mapping exact. Further evidence is provided by the fact that
this issue does not appear in the general case ⟨Js1 Js2 Js3 Js4⟩ as we discuss below. In order to understand
this, we believe that we need a proper understanding of the structure of spinning 4 point correlators which
we will come back to in a future work.
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Step 1: to write the HSE for general 3-point spinning correlator with si > 2, consider the
action of Qµνρ on the correlator ⟨Js1Js2Js3Js4⟩QF which gives us

Qµνρ⟨Js1 Js2 Js3 Js4⟩QF

= cs1,s1−2 p1µp1νp1ρp1(α1p1α2⟨Js1−2 Js2 Js3 Js4⟩QF

+cs1,s1 p1µp1νp1ρ⟨Js1 Js2 Js3 Js4⟩QF+cs1,s1+2 p1(µ⟨Js1+2 Js2 Js3 Js4⟩QF

+(1↔ 2)+(1↔ 3)+(1↔ 4) = 0

(6.51)

We have set the r.h.s. for this HSE to zero because in the decomposition of six-point correlator
⟨O T Js1 Js2 Js3 Js4⟩ coming from the current divergence, the only possible decompositions
at the large N limit are those involving multiplication of two 3-point functions and no
possible decomposition into a 2-point function multiplied by a 4-point function. Also, we
neglect the 3-point contributions while considering the 4-point HSE. Thus, the above HSE
is valid upto 3-point functions.

Step 2: we now write down the corresponding HSEs for the free theory,

cs1,s1−2 p1µp1νp1ρpα1p1α2⟨Js1−2 Js2 Js3 Js4⟩FF + cs1,s1p1µp1νp1ρ⟨Js1 Js2 Js3 Js4⟩FF

+ cs1,s1+2p1µ⟨Js1+2 Js2 Js3 Js4⟩FF + (1 ↔ 2) + (1 ↔ 3) + (1 ↔ 4) = 0
(6.52)

and for the CB theory,

cs1,s1−2 p1µp1νp1ρpα1p1α2⟨Js1−2 Js2 Js3 Js4⟩CB + cs1,s1p1µp1νp1ρ⟨Js1 Js2 Js3 Js4⟩CB

+ cs1,s1+2 p1µ⟨Js1+2 Js2 Js3 Js4⟩CB + (1 ↔ 2) + (1 ↔ 3) + (1 ↔ 4) = 0
(6.53)

Step 3: we consider the following ansatz for the general spinning correlator [114]

⟨Js1Js2Js3Js4⟩QF = Ñ

(1 + λ̃2)2

(
⟨Js1Js2Js3Js4⟩Y0 + λ̃⟨Js1Js2Js3Js4⟩Y1 + λ̃2⟨Js1Js2Js3Js4⟩Y2

+ λ̃3⟨Js1Js2Js3Js4⟩Y3 + λ̃4⟨Js1Js2Js3Js4⟩Y4

)
(6.54)

we get the equation

cs1,s1−2
p1µp1νp1ρp1(α1p1α2

(1+λ̃2)2

(
⟨Js1−2Js2Js3Js4⟩Y0 +λ̃⟨Js1−2Js2Js3Js4⟩Y1 +λ̃2⟨Js1−2Js2Js3Js4⟩Y2

+λ̃3⟨Js1−2Js2Js3Js4⟩Y3 +λ̃4⟨Js1−2Js2Js3Js4⟩Y4

)
+cs1,s1

p1µp1νp1ρ

(1+λ̃2)2

(
⟨Js1Js2Js3Js4⟩Y0 +λ̃⟨Js1Js2Js3Js4⟩Y1 +λ̃2⟨Js1Js2Js3Js4⟩Y2 +λ̃3⟨Js1Js2Js3Js4⟩Y3

+λ̃4⟨Js1Js2Js3Js4⟩Y4

)
+cs1,s1+2

p1(µ

(1+λ̃2)2

(
⟨Js1+2Js2Js3Js4⟩Y0 +λ̃⟨Js1+2Js2Js3Js4⟩Y1 +λ̃2⟨Js1+2Js2Js3Js4⟩Y2

+λ̃3⟨Js1+2Js2Js3Js4⟩Y3 +λ̃4⟨Js1+2Js2Js3Js4⟩Y4

)
+(1↔ 2)+(1↔ 3)+(1↔ 4) = 0 (6.55)
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Step 4: now as before we look at the lowest and the highest order equations of the HSE
and note that they match the FF and CB equations respectively after we identify

⟨Js1Js2Js3Js4⟩Y0 = ⟨Js1Js2Js3Js4⟩FF,

⟨Js1Js2Js3Js4⟩Y4 = ⟨Js1Js2Js3Js4⟩CB (6.56)

Step 5: from the pole equations we get the following relations among the unknowns

⟨Js1Js2Js3Js4⟩Y2 = ⟨Js1Js2Js3Js4⟩Y0 + ⟨Js1Js2Js3Js4⟩Y4 (6.57)
⟨Js1Js2Js3Js4⟩Y3 = ⟨Js1Js2Js3Js4⟩Y1 (6.58)

Step 6: we now use our results to map the slightly broken HSE to the free theory HSEs.
We have already mapped the lowest and highest order equations in λ̃ and now we consider
the intermediate order equations
O(λ̃):

cs1,s1−2p1µp1νp1ρpα1p1α2⟨Js1−2Js2Js3Js4⟩Y1 + cs1,s1p1µp1νp1ρ⟨Js1Js2Js3Js4⟩Y1

+ cs1,s1+2p1µ⟨Js1+2Js2Js3Js4⟩FF + (1 ↔ 2) + (1 ↔ 3) + (1 ↔ 4) = 0
(6.59)

O(λ̃2):

cs1,s1−2p1µp1νp1ρpα1p1α2⟨Js1−2Js2Js3Js4⟩Y2 + cs1,s1p1µp1νp1ρ⟨Js1Js2Js3Js4⟩Y2

+ cs1,s1+2p1µ⟨Js1+2Js2Js3Js4⟩Y2 + (1 ↔ 2) + (1 ↔ 3) + (1 ↔ 4) = 0
(6.60)

O(λ̃3):

cs1,s1−2p1µp1νp1ρpα1p1α2⟨Js1−2Js2Js3Js4⟩Y3 + cs1,s1p1µp1νp1ρ⟨Js1Js2Js3Js4⟩Y3

+ cs1,s1+2p1µ⟨Js1+2Js2Js3Js4⟩Y3 + (1 ↔ 2) + (1 ↔ 3) + (1 ↔ 4) = 0
(6.61)

Generalizing the results for ⟨JJJJ⟩QF , we propose

⟨Js1Js2Js3Js4⟩Y2 = ⟨Js1Js2Js3Js4⟩FF + ⟨Js1Js2Js3Js4⟩CB

⟨Js1Js2Js3Js4⟩Y3 = ⟨Js1Js2Js3Js4⟩Y1 = ϵη1abp4a(⟨Js1Js2Js3Js4⟩FF − ⟨Js1Js2Js3Js4⟩CB) (6.62)

Plugging these expressions into the different order equations, we can map the equations to
the free and critical theory higher spin equations as

HSE at O(λ̃) = HSE at O(λ̃3) = FF HSE − CB HSE (6.63)
HSE at O(λ̃2) = FF HSE + CB HSE (6.64)

Finally, inputting (6.62) in the expression for the QF correlator we get it to be

⟨Js1Js2Js3Js4⟩QF = Ñ

(1+λ̃2)

[
⟨Js1Js2Js3Js4⟩FF+λ̃⟨ϵ·Js1Js2Js3Js4⟩FF-CB+λ̃2⟨Js1Js2Js3Js4⟩CB

]
(6.65)
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and converting it into spinor helicity, we get,

⟨Js1Js2Js3Js4⟩QF = Ñ

(1+λ̃2)2

(
⟨Js1Js2Js3Js4⟩FF−iλ̃⟨Js1Js2Js3Js4⟩FF−CB

+λ̃2⟨Js1Js2Js3Js4⟩FF+CB−iλ̃3⟨Js1Js2Js3Js4⟩FF−CB+λ̃4⟨Js1Js2Js3Js4⟩CB
)

(6.66)

Now using (2.5) we finally have

⟨Js1Js2Js3Js4⟩QF = Ñ

2
[
⟨Js1Js2Js3Js4⟩FF+CB + e−iπλf ⟨Js1Js2Js3Js4⟩FF-CB

]
(6.67)

Thus we conclude that the correlation functions in a SBSH theory can be computed
using the free theory correlators. We would like to point out once again that the solution
found in this paper is one particular solution to the HSE. However we also saw how the
HSEs for different correlators are interconnected. For example, if we want to solve the HSE
for ⟨JJJJ⟩ we need information about ⟨JJTO⟩ and ⟨JJOO⟩. To solve for ⟨JJTO⟩ we
need information about ⟨JJOO⟩ and ⟨J3JOO⟩ and so on. Thus, we see that we need to
solve an interconnected set of HSEs. We suspect that finding out any other solution which
would simultaneously satisfy all such constraints would really be a difficult job.

For an extension of the above analysis to the five point case, please refer to appendix H.

7 Ward Takahashi identity of QF theory in terms of free theory

In this section we show that the non-conservation Ward Takahashi Identity can be obtained
from the Ward Takahashi Identity of conserved currents for the boson and fermion. To see
this concretely consider the Ward Takahashi identity for the correlator ⟨Js1Js2Js3⟩QF. To
analyse this, let’s write the correlator in terms of the free theory and parity odd correlators:

⟨Js1Js2Js3⟩QF = Ñ

1 + λ̃2

(
⟨Js1Js2Js3⟩FF + λ̃2⟨Js1Js2Js3⟩FB + λ̃⟨Js1Js2Js3⟩odd

)
(7.1)

Now consider the Ward Takahashi identity

⟨∂.Js1Js2Js3⟩QF = 1
1 + λ̃2

(
⟨∂ · Js1Js2Js3⟩FF + λ̃2⟨∂ · Js1Js2Js3⟩FB + λ̃⟨∂ · Js1Js2Js3⟩odd

)
(7.2)

From the pole equation of ⟨Js1Js2Js3⟩(5.40), we know that parity odd correlator is

⟨Js1Js2Js3⟩odd = ϵ · (⟨Js1Js2Js3⟩FF − ⟨Js1Js2Js3⟩FB) (7.3)

Inputting (7.3) in (7.2), we get

⟨∂.Js1Js2Js3⟩QF =
1

1+λ̃2

(
⟨∂ ·Js1Js2Js3⟩FF+λ̃2⟨∂ ·Js1Js2Js3⟩FB+λ̃ ϵ·(⟨∂ ·Js1Js2Js3⟩FF−⟨∂ ·Js1Js2Js3⟩FB)

)
(7.4)
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In the l.h.s., we get two contributions, one from the Ward Takahashi identity of the
conservation and the other from the Ward Takahashi identity of the non-conservation.

⟨∂ · Js1Js2Js3⟩c + ⟨∂ · Js1Js2Js3⟩nc = 1
1 + λ̃2

(
⟨∂ · Js1Js2Js3⟩FF + λ̃2⟨∂ · Js1Js2Js3⟩FB

+ λ̃ ϵ · (⟨∂ · Js1Js2Js3⟩FF − ⟨∂ · Js1Js2Js3⟩FB)
) (7.5)

Now, the Ward Takahashi contribution from the conservation in the l.h.s. comes from the
free fermion and free boson terms. Thus, we can write

1
1+λ̃2

(
⟨∂ ·Js1Js2Js3⟩FF+λ̃2⟨∂ ·Js1Js2Js3⟩FB

)
+⟨∂ ·Js1Js2Js3⟩nc =

1
1+λ̃2

(
⟨∂ ·Js1Js2Js3⟩FF+λ̃2⟨∂ ·Js1Js2Js3⟩FB+λ̃ ϵ·(⟨∂ ·Js1Js2Js3⟩FF−⟨∂ ·Js1Js2Js3⟩FB)

)
(7.6)

Thus, the FF and FB contributions cancel out from both sides and we are left with a
expression for the Ward Takahashi identity from the non-conservation as

⟨∂ · Js1Js2Js3⟩nc = 1
1 + λ̃2 λ̃ ϵ · (⟨∂ · Js1Js2Js3⟩FF − ⟨∂ · Js1Js2Js3⟩FB) (7.7)

Now, we can have two different cases. For the case of outside the triangle, s1 > s2 + s3,
the Ward Takahashi identity for free fermion and free boson are not equal and the Ward
Takahashi identity for the correlator has contribution from non-conservation. But, for the
case of inside the triangle, i.e, s1 ≤ s2 + s3, the Ward Takahashi identity for the FF and
FB are identical and hence looking at (7.7), we can conclude that the contribution to the
Ward Takahashi identity fom the non-conservation in this case is vanishing. It is consistent
with the fact that inside the triangle, the parity odd part of ⟨Js1Js2Js3⟩ is homogeneous. It
can also be explicitly checked that the non-conservation part does not contribute to the
Ward Takahashi identity in this case.

Finally, returning to (7.4)

WTQF = 1
1 + λ̃2

(
WTFF + λ̃2WTFB + λ̃ ϵ · (WTFF − WTFB)

)
(7.8)

Now, to get an interesting perspective, we go to spinor helicity variables where the epsilon
transform of the correlator just becomes i times the correlator. We get

WTQF = 1
1 + λ̃2

(
WTFF + λ̃2WTFB − λ̃ i(WTFF − WTFB)

)
(7.9)

= 1
1 + λ̃2

(
WTFF(1 − iλ̃) + iλ̃(1 − iλ̃)WTFB)

)
(7.10)

This can be modified and written as

WTQF = 1
2

(
(WTFF + WTFB) − λ̃+ i

λ̃− i
(WTFF − WTFB)

)
(7.11)
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Using the definition, λ̃ = tan πλf

2 we get

WTQF = 1
2
(
(WTFF + WTFB) + e−iπλf (WTFF − WTFB)

)
= 1

2
( (

1 + e−iπλf

)
WTFF +

(
1 − e−iπλf

)
WTFB

)
= e−iπ

λf
2

(
cos πλf2 WTFF + i sin πλf2 WTFB

)
(7.12)

This gives us an interesting interpretation that the QF correlator can be expressed in terms
of the free theory correlators with modified Ward Takahashi identity. As is clear from the
previous equation, at λf = 0 we get the WT of the FF whereas for λf = 1 we get the WT
identity for the FB. For the case when we are inside the triangle si ≤ sj + sk we have
WTFF = WTFB which gives

WTQF = e−iπλf WTFF . (7.13)

A similar calculation can be repeated for higher point functions.
This mapping of WT identities for SBHS theories to the free theories suggests that the

non conservation should be accounted for by doing simple modification to the HS algebra
for the conserved currents. In appendix J, we elaborate on this topic.

8 Discussion

In this paper, we develop a methodology to systematically solve SBHS equations for spinning
correlation functions. Our solution involves mapping the SBHS theory correlation functions
to the free theory correlation functions. We demonstrate our procedure first with three
point functions which reproduce known results. We then apply our methodology to four
point functions of spinning correlators. We show that the four point functions take on a
remarkably simple form and can be mapped to the free theory correlation functions. Our
analysis in this paper demonstrates the usefulness of momentum space or spinor helicity
variables to deal with slightly broken HSEs. Our main strategy was to map the slightly
broken HSE to exactly conserved HSEs which in turn maps the interacting correlation
functions in terms of the free theory correlators.26 We also showed that one can rewrite the
SBHS algebra in terms of the exactly conserved HS algebra with an appropriate redefinition
of currents.

There are a number of interesting followups on our work.

Perturbative calculation. In this paper we have made use of SBHS symmetry to
compute the correlation functions. It would be interesting to understand the same result
from perturbative calculation in CS matter theory. In general, even for two and three point
functions, the perturbative calculation is very complicated and is only performed for a
few simple cases that too in special kinemetic regions [43, 45]. For four point functions

26We should emphasize that slightly broken HS equation can have more solutions. We checked some more
possibilities but they all lead to inconsistencies. At the level of three point functions, the answers are unique
as can be verified directly by using conformal symmetry [22].
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Figure 2. We denote the effective propagator with a black dot. This black dot contains all possible
quantum corrections.

Figure 3. The vertex in interacting theory.

Figure 4. The left hand side of the above figure represents a fully quantum corrected two point
function. The right hand side expresses the same as a free theory correlation function and its
epsilon transform.

Figure 5. The left hand side of the above figure represents a fully quantum corrected three point
function in the quasi-fermionic theory. The right side expresses the same as a combination of the
free fermionic and the free bosonic correlation functions and their epsilon transform.

see, [60, 98, 101, 111, 114]. However our results suggests that there should be a better
way of formulating the perturbative calculation. For example, if we consider a two point
function, the full answer has both parity even and parity odd results. The parity odd
results appear only in the odd loop calculation. The parity odd results are just an epsilon
transform of the parity even free theory result and since any even loop gives the free theory
result, there should be a direct way to see this happening at the perturbative level. We
display our results in terms of perturbative calculations in a fermion coupled to CS gauge
field by the following set of diagrams.

Hilbert space interpretation. In [118], it was demonstrated that the thermal partition
function of CS matter theories at large N can be given a simple Hilbert space interpretation.
They showed that the partition function can be understood in terms of an associated
ungauged theory Hilbert space subject to a Gauss’ law constraint in CS matter theory.
This Hilbert space interpretation is at the level of single and multiparticle fock space and
in some sense, the high energy sector. On the other hand currents can be interpreted as
bound states and hence can be understood to appear in the low energy sector of Hilbert
space. The fact that correlation functions of these currents can be understood from the free

– 32 –



J
H
E
P
1
2
(
2
0
2
3
)
1
7
3

theories and the fact that they show anyonic behaviour indicates that for the low energy
sector as well there should be some interesting Hilbert space interpretation.27

Bosonization, anyon and anyonic current. In 2D bosonization, there is a direct map
between currents of the fermionic and bosonic theories. In three dimensions, there may
not exist a direct map as in this case bosonization is realised through anyonic behaviour.
However results in this paper indicate that one might be able to define effective anyonic
currents which interpolate between fermionic and bosonic currents. One should as well
be able to use these anyonic currents to define some effective Wick contraction to get the
correlation functions.

CFT bootstrap in momentum or spinor-helicity variables. Three point function
of conserved currents can have three structures

⟨Js1Js2Js3⟩ = nF ⟨Js1Js2Js3⟩FF + nB⟨Js1Js2Js3⟩FB + nOdd⟨Js1Js2Js3⟩odd. (8.1)

However solving in spinor helicity and momentum space breaks up things naturally in the
following way:

⟨Js1Js2Js3⟩ = (nF + nB) ⟨Js1Js2Js3⟩nh + (nF − nB) ⟨Js1Js2Js3⟩h,even + nodd⟨Js1Js2Js3⟩h,odd
(8.2)

where the “nh” peice saturates the WT identity and the coefficient of it is fixed by two point
function, whereas the homogeneous piece depends on the OPE coeffcient and contains both
parity even and parity odd contributions. Further, using the fact that in spinor helicity
variables the homogeneous odd and the homogeneous even parts are related trivially which
leads to

⟨Js1Js2Js3⟩ = c2pt⟨Js1Js2Js3⟩nh + cse
iθ⟨Js1Js2Js3⟩h. (8.3)

Now, if we compute the free theory correlators, the homogeneous and non homogeneous
parts can be isolated just from say, the free bosonic theory correlator. This gives us a
powerful result that the full three point function can just be obtained from just the free
bosonic theory or just from the free fermionic theory.

We would like to repeat the same for four point functions, that is write them in the form,

⟨Js1Js2Js3Js4⟩ = ⟨Js1Js2Js3Js4⟩nh + ⟨Js1Js2Js3Js4⟩h. (8.4)

We believe separation of homogeneous and non-homogeneous parts in the four point function
would lead to important insights into the structure of four point functions as it did in the
case of three point functions. We believe this will lead to an even more beautiful structure
in CS matter theory.

It would also be very interesting to develop bootstrapping ideas directly in momentum
space or in spinor helicity variables. See [23] for some progress towards this. A naive
analysis is presented below, see also [25].

27We thank S. Minwalla for a discussion on a discussion related to this point.
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⟨T OOO⟩QF. We can use conformal block decomposition to write

⟨TOOO⟩QF =
∑
s

⟨TOJs⟩QF⟨JsOO⟩QF

=
∑
s

(
⟨TOJs⟩FF + λ̃⟨TOJ⟩CB

)(
(1 + λ̃2)⟨JsOO⟩FF

)
= (1 + λ̃2)

∑
s

(
⟨TOJs⟩FF⟨JsOO⟩FF + λ̃⟨TOJs⟩CB⟨JsOO⟩CB

)
= (1 + λ̃2)

(
⟨TOOO⟩FF + λ̃⟨TOOO⟩CB

)
(8.5)

Going from the second to the third line we have used the fact that ⟨JsOO⟩FF = ⟨JsOO⟩CB

⟨JJOO⟩QF. Doing the same process for ⟨JJOO⟩QF , we can write

⟨JJOO⟩QF

=
∑
s

⟨JJJs⟩QF⟨JsOO⟩QF

=
∑
s

(
1

(1+λ̃2)
(⟨JJJs⟩FF+λ̃ ϵ·(⟨JJJs⟩FF−⟨JJJs⟩CB)+λ̃2⟨JJJs⟩CB)

)(
(1+λ̃2)⟨JsOO⟩FF

)
=
∑
s

⟨JJJs⟩FF⟨JsOO⟩FF+λ̃ ϵ·⟨JJJs⟩FF⟨JsOO⟩FF−ϵ·⟨JJJs⟩CB⟨JsOO⟩CB

+λ̃2⟨JJJs⟩CB⟨JsOO⟩CB = ⟨JJOO⟩FF+λ̃ ϵ·(⟨JJOO⟩FF−⟨JJOO⟩CB)+λ̃2⟨JJOO⟩CB

(8.6)

Here again, while going from the second to the third line we have used ⟨JsOO⟩FF =
⟨JsOO⟩CB. Even though the above analysis is very naive, it gives the same result as we
obtained in (3.15). We have not taken care of the double trace contributions. However, as
was explained in the case of scalar four point functions [98], these do not contribute. A
naive analysis for spinning correlators also suggest the same. It would be very interesting
to put these calculations on a firmer footing. Naive analyses for more general cases are
discussed in appendix F.

We believe that since spinor-helicity variables give interesting insights into the CFT
correlation functions even at the level of three point functions, it would also reveal some
interesting structures at the level of the four point functions which have not been understood
as of yet in position or Mellin variables. An other attractive feature of the momentum
space analysis is its connection to S-matrix bootstrap programme. At the level of three
point functions, a detailed relation of flat space amplitudes and CFT correlators appeared
in [27]. It would be interesting to understand this connection at the level of the four point
function better and thus making a connection to the S-matrix bootstrap.

Supersymmetric extension. For the case of three point functions it was observed [108,
122, 123] that conserved currents have two structures, one parity even and one parity odd.
In spinor-helicity variables, this fact can easily be shown, see [30]. This just follows from
plugging nB = nF in (8.2). This implies that there will be one non-homogeneous and only
one homogeneous odd contribution. In the context of four point functions, it should lead
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to very simple structures. It would be interesting to understand this both in terms of the
higher spin equation as well as the conformal bootstrap perspective in momentum space.
See [124] for a calculation of four point correlation function for the stress tensor multiplet
for N = 6 susy SBHS theory. Like non-susy case considered in this paper, [124] also showed
that there is no contact term contributing to four point function using super symmetric
localization.

Correlation function under relevant or marginal deformation and at finite
tempearture. In this paper we have considered CS matter theories at the conformal fixed
point. Three point and four functions results are fully expressible in terms of free theory
results. It would be interesting to check if similar conclusions hold true even away from the
conformal fixed point. It would also be interesting to understand if at finite temperature
similar conclusions can be reached. To start with we can just concentrate on turning on
a mass term [20]. In this regard we consider a concrete example of determining the two
point function ⟨JµJν⟩ of conserved higher spin operators in the free massive bosonic theory
where we have deformed the free bosonic theory by introducing the mass term. We start by
acting Qµν on ⟨Jα(x1)O(x2)⟩ in position space.

⟨[Qµν , Jα(x1)]O(x2)⟩FMB + ⟨Jα(x1) [Qµν , O(x1)]⟩FMB = 0 (8.7)

Here ⟨. . .⟩FMB denotes a correlator in free massive bosonic theory. The algebra in the
massive case is the same as in the case of free theory [20]. Using the algebra (B.6) we get
the equation

⟨∂µ∂ν∂αO(x1)O(x2)⟩FMB + gµν⟨∂α□O(x1)O(x2)⟩FMB + ⟨∂µTνα(x1)O(x2)⟩FMB (8.8)
+ ⟨∂αTµν(x1)O(x2)⟩FMB + ⟨Jα(x1)∂µJν(x2)⟩FMB = 0 (8.9)

One important difference between the massless case and the massive one is that for the
latter, 2-point functions of different spins may not be zero. Converting this to momentum
space we get the equation

p1µp1νp1α⟨O(p1)O(−p1)⟩FMB + gµνp1αp
2
1⟨O(p1)O(−p1)⟩FMB

+ p1µ⟨Tνα(p1)O(−p1)⟩FMB + p1α⟨Tµν(p1)O(−p1)⟩FMB + p2µ⟨Jα(p1)Jν(−p1)⟩FMB = 0
(8.10)

Now, we can compute ⟨O(p1)O(−p1)⟩FMB and ⟨Tµν(p1)O(−p1)⟩FMB explicitly. Inputting
the explicit expression it can be checked that this equation is indeed satisfied [20]. It would
be an interesting future goal to generalise this for the case of slightly broken higher spin
theories and to check that the correlators in the slightly broken theories can be written in
terms of the free bosonic, critical fermion correlators and their epsilon transforms.

Derivation of dual of CS-matter theory. The free bosonic or free fermionic theory in
three dimensions are dual to Vasiliev Type A or Type B theory. CS matter theory which is
a parity violating theory is dual to Vasiliev theory with parity violating θ term. Given the
fact that we are able to derive the correlation functions in the parity violating CS matter
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theory in terms of free theory, this indicates that there might be a way to write down
these parity violating theta deformed theories in terms of Vasiliev-A or Vasileiv-B theories.
Recently, in [125], it was shown how to rewrite the path integral over free theory vector
models in d dimensions in terms of path integrals of fields in one higher dimension in AdS
space. Since CS matter theory results can be mapped to free theory results, it might turn
out that this rewriting of the path integral can be extended for the case of CS matter theory
and show how the θ term arises. One possible difficulty28 is the fact that position space
correlation functions when expressed in terms of free theory results becomes complicated.
Also, even though we could express the three point function in terms of just the free fermion
theory, the four point function requires both free fermion and crtical bosonic results.29

Contact diagram in AdS or double trace contribution. As mentioned above, we
could show that the full slightly broken HSEs can be mapped to the FF HSE, CB HSE
their combinations or as we defined earlier, an epsilon transformed version of these. In this
analysis we did not require any contact diagrams. As mentioned in the main-text, the result
reported in the paper solves the SBHS equations but there could be multiple solutions.
In principle one can add contact diagrams to our results [98, 121, 126]. We suspect these
contact diagrams would violate the HSEs. However, let us emphasize again that we could
solve SBHS equations without requiring contact diagrams.

For scalar four point function in [98] it was shown explicitly that contact terms are
not required. For ⟨JJJJ⟩ in [114] it was argued that no contact term is required. Our
results indicate that, we may not require AdS contact diagrams and hence no double trace
contribution os required. The full results are just obtained from single trace contribution.
From AdS perspective this would imply existance of sub-AdS locality in the higher spin
gauge theories.30

Generating functional for correlation function in CS matter theory. Given the
simplicity of the results presented in this paper, it would be interesting to find out a
generating functional which reproduces all the results. See for three point function for free
theories [31], for four point function in free theories [127], see also [128] for recent abstract
discussions on interacting theories. It would be interesting to find explicit expression of
correlation function for free theories in momentum space for four point functions.

Finite N bootstrap. Reproducing the results presented in this paper from the position
space or Melin space bootstrap perspective would be very interesting. Also generalizing the
results by taking subleading order in O( 1

N ) corrections would be an interesting thing to
pursue. In [100] it was shown that to obtain CFT data at 1

N2 we need to know spinning
four-point functions ⟨Js1Js2Js3Js4⟩. It would be nice to revisit analytic bootstrap program
in [100] in light of the results presented in this paper.

28We thank Ofer Aharony for a comment regarding this point.
29Hopefully understanding the four point function in spinor helicity variables and their decomposition in

terms of homogeneous and non-homogeneous terms can give us a much stronger result.
30See discussion section in [98].
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A CS matter theory

In the main text we have defined the QF theory. Let us define the QB theory here. The
QB theory is two different theories which are dual to each other. These are a boson coupled
to the CS gauge field and a critical fermion coupled to the CS gauge field. Here we briefly
discuss a boson coupled to the CS gauge field. More details can be found in [103].

A.1 Bosonic theory coupled to CS field

The bosonic theory coupled to the Chern-Simons gauge field has the following action

S=
∫
d3x

[
Dµϕ̄D

µϕ+iϵµνρκF4πTr(Aµ∂νAρ−
2i
3 AµAνAρ)+ (2π)2

κ2
B

(xB6 +1)(ϕ̄ϕ)3
]

(A.1)

The scalar primary operator has conformal dimension ∆ = 1 + O
(

1
N

)
and is parity even.

The spin-1 and spin-2 conserved currents have dimensions 2 and 3 respectively. The theory
also has an infinite tower of weakly broken higher spin currents Js with spin s > 2 and
conformal dimension ∆ = s + 1 + O

(
1
N

)
. In this text we will refer to this as the quasi

bosonic(QB) theory.

A.2 Relationship between parameters

The coupling constant in the CS matter theories is defined as follows,

λb = Nb

κb
, λf = Nf

κf
(A.2)

we now introduce a few other useful variables which will help simplify our expressions. [43, 45]

Ñ = 2Nb
sin πλb
πλb

= 2Nf
sin πλf
πλf

λ̃qb = tan
(
πλb
2

)
= cot

(
πλf

2

)
λ̃qf = cot

(
πλb
2

)
= tan

(
πλf

2

)
(A.3)

B Higher Spin current algebra

In theories possessing higher spin symmetry, there exist an infinite tower of conserved
currents such that their associated charge Qs kills any correlator. i.e.∑

i

⟨Js1 . . . [Qs, Jsi ] . . . Jsn⟩ = 0 (B.1)
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The conserved charges have an associated algebra with the current operators. We
can constrain this algebra from covariance, dimensionality, parity, spin considerations etc.
Throughout this text we will be mainly focusing on two charges, namely Q3 and Q4. For
the FB theory we have a scalar operator O with dimension ∆ = 1 and an infinite tower of
exactly conserved currents Js with integer spin s and dimension ∆ = s+ 1. The algebra of
charges Q3 and Q4 with O and J1 is given by:

[Q3, O] = [Qµν , O] = c1∂(µJν) (B.2)
[Q3, J ] = [Qµν , Jρ] = c2∂µ∂ν∂ρO + c3gµν∂ρ□O + c4∂(µTν)ρ + c5∂ρTµν (B.3)

[Q4, O] = [Qµνρ, O] = d1∂µ∂ν∂ρO + d2g(µν∂ρ)□O + d3∂(µTνρ) (B.4)
[Q4, J ] = [Qµνρ, Jα] = d4 ∂(µ∂ν∂ρ)Jα + d5 ∂α∂(µ∂νJρ) + d6g(µν∂ρ)□Jα

+ d7gµν∂α□Jρ + d8gα(µ∂ν□Jρ) + d9∂αJ(µνρ) (B.5)

The several constants {ci, dj} can be fixed by using two-point and three-point functions.
Similarly the FF theory in three dimensions has a pseudo-scalar operator O with dimension
∆ = 2 and an infinite tower of exactly conserved currents Js with integer spin s and
dimension ∆ = s+ 1. The algebra of charges Q3 and Q4 with O and J1 is as follows:

[Qµν , O] = ϵµab ∂
a∂νJ

b (B.6)
[Qµν , Jρ] = ϵσρ(µ∂ν)∂σO + i∂(µTν)ρ + ∂ρTµν (B.7)

[Qµν , Tαβ ] = pµpνpαJβ + pµpβpαJν + gµνpαp
2
1Jβ + pµJναβ (B.8)

[Qµνρ, O] = ∂µ∂ν∂ρO + gµν∂ρ□O + ϵµab∂ν∂aTbρ (B.9)
[Qµνρ, Jα] = a ∂(µ∂ν∂ρ)Jα + b ∂α∂(µ∂νJρ) + ∂αJ(µνρ)

+ g(µν∂ρ)□Jα + gµν∂α□Jρ + cgα(µ∂ν□Jρ) (B.10)
[Qµνρ, Tαβ ] = b1∂µ∂ν∂ρTαβ + b2∂µ∂ν∂αTρβ + b3∂µJνραβ + b4∂αJµνρβ (B.11)

In the case of theories with slightly broken higher spin symmetry, the non-conservation
equation gets a contribution proportional to the coupling strength λ̃ and becomes,∑

i

⟨Js1 . . . [Qs, Jsi ] . . . Jsn⟩ =
∫
⟨∂ · JsJs1 . . . Jsn⟩ (B.12)

The non-conservation for the currents J3 and J4 for the QB theory is given by [32, 75],

∂ · J3 = ∂σJ
σ
µν(x) = ϵµab

(
f0Ja(x)∂b∂νO(x) + b1∂bJa(x)∂νO(x)

+ f1∂νJa(x)∂bO(x) + b2O(x)∂b∂νJa(x)
)

(B.13)
∂ · J4 = ∂σJ

σ
µνρ(x) = ϵµab

(
f0Taν(x)∂b∂ρO(x) + b1∂bTaν(x)∂ρO(x)

+ f1∂ρTaν(x)∂bO(x) + b2O(x)∂b∂ρTaν(x)
)

(B.14)

and in the case of QF theories, the non-conservation for J3 and J4 are given by

∂σJ
σ
µν = a∂(µJν)O+bJ(ν∂µ)O (B.15)

∂σJ
σ
µνρ = r0∂µO(x)Tνρ(x)+ϵµab

(
a0Ja(x)∂ρ∂νJb(x)+b1Ja(x)∂b∂νJρ(x)+e0Jν(x)∂a∂ρJb(x)

)
(B.16)
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here the several factors {fi, bj} are no longer constants but pick up a λ̃ dependence. The
precise values are given as follows,

a = 3
5Ñ

λ̃

1 + λ̃2 , b = − 2
5Ñ

λ̃

1 + λ̃2 ,

r0 = 480
7Ñ

λ̃

1 + λ̃2 , b1 = −512
3Ñ

λ̃

1 + λ̃2 , b2 = 128
3Ñ

λ̃

1 + λ̃2

f0 = 64
Ñ

λ̃

1 + λ̃2 , f1 = −128
3Ñ

λ̃

1 + λ̃2 (B.17)

The algebra for the slightly broken HS theory is also slightly modified where the coefficients
may or may not pick up a dependence of the coupling constant. The modified algebra for
each theory is given by,

Quasi-bosonic theory

[Q3, O] = [Qµν , O] = c1∂(µJν) (B.18)
[Q3, J ] = [Qµν , Jρ] = c2∂µ∂ν∂ρO + c3gµν∂ρ□O + c4∂(µTν)ρ + c5∂ρTµν (B.19)

[Q4, O] = [Qµνρ, O] = d1∂µ∂ν∂ρO + d2g(µν∂ρ)□O + d3∂(µTνρ) (B.20)
[Q4, J ] = [Qµνρ, Jα] = d4 ∂(µ∂ν∂ρ)Jα + d5 ∂α∂(µ∂νJρ) + d6g(µν∂ρ)□Jα

+ d7gµν∂α□Jρ + d8gα(µ∂ν□Jρ) + d9∂αJ(µνρ) (B.21)

Quasi-fermionic theory

[Qµν , O] = c1ϵµab ∂
a∂νJ

b (B.22)

[Qµν , Jρ] = 1
1 + λ̃2 c2ϵσρ(µ∂ν)∂σO + c3∂(µTν)ρ + c4∂ρTµν (B.23)

[Qµνρ, O] = a1∂µ∂ν∂ρO + a2gµν∂ρ□O + a3ϵµab∂ν∂aTbρ (B.24)
[Qµνρ, Jα] = b1 ∂(µ∂ν∂ρ)Jα + b2 ∂α∂(µ∂νJρ) + b3∂αJ(µνρ)

+ g(µν∂ρ)□Jα + gµν∂α□Jρ + cgα(µ∂ν□Jρ) (B.25)
[Qµνρ, Tαβ ] = b1∂µ∂ν∂ρTαβ + b2∂µ∂ν∂αTρβ + b3∂µJνραβ + b4∂αJµνρβ (B.26)

the precise values of all the {ai, bj , ck} sometimes cannot be determined but it is usually
not required. The only information we know about these coefficients is if they are modified
for SBHS theories. Our aim in this paper has been to map the correlation function in SBHS
theories to the free theories which does not require explicit knowledge of these coefficients.31

If we now move to lightcone coordinates, these coeffcients are explicitly known and can be
found in [20, 32].

31One can fix some of these coefficients usinf two and three point functions and some of them are given by

c1 = 1, c2 + c3 = 2i,

a1 = 1, a2 = 1. (B.27)
We would like to again point out that for our analysis we do not require explicit values of there coefficients
unless they explicitly depend on coupling constants.
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C Spinor helicity variables

Spinor-helicity variables are a useful tool to represent scattering amplitudes and correlation
functions in a compact manner. Here we will give a short introduction of the basic
definitions and list the identities which we used throughout the text. For a more detailed
discussion see [6].

We begin by expressing the 4-momentum as,

pαα̇ = λαλ̃α̇ (C.1)

We define barred spinors using,

λ̄α = λ̃α̇τ
α̇
α where τ α̇α = −ϵα̇β̇Iβ̇α (C.2)

The 3-momentum can be expressed as

pi = 1
2(σi)αβλαλ̄β (C.3)

Using the above relations we can express the momentum derivatives in terms of spinorial
derivatives and the special conformal generator then becomes

Kκ = 2
n∑
i=1

(σκ) β
α

∂2

∂λiα∂λ
β
i

(C.4)

We also define the inner product brackets as follows,

⟨ij⟩ = ϵαβλiαλjβ , ⟨ij̄⟩ = ϵαβλiαλ̄jβ (C.5)

Finally we define the transverse polarization vectors as,

z−αβ = λαλβ
2p z+

αβ = λ̄αλ̄β
2p (C.6)

Given a momentum space expression we dot it with the polarization tensors to convert it
into spinor-helicity notation. For example

zi · pj = −⟨ij⟩⟨ij̄⟩
2pi

zi · zj = − ⟨ij⟩2

4pipj
(C.7)

When we have three momenta, the spinor brackets satisfy the following relations: [129]

⟨ba⟩⟨āc̄⟩ = E⟨bc̄⟩
⟨ba⟩⟨āc⟩ = (E − 2kc)⟨bc⟩
⟨b̄a⟩⟨āc̄⟩ = (E − 2kb)⟨b̄c̄⟩
⟨b̄a⟩⟨āc⟩ = (E − 2kb − 2kc)⟨b̄c⟩

⟨ba⟩⟨āb⟩ + ⟨bc⟩⟨c̄b⟩ = 0
⟨ab⟩⟨āb̄⟩ = E(E − 2kc)
⟨b̄a⟩⟨āb⟩ = (E − 2ka)(E − 2kb) = k2

c − (ka − kb)2 (C.8)
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Similarly, when we have four momenta we have the following identities

⟨ba⟩⟨āc̄⟩ + ⟨bd⟩⟨d̄c̄⟩ = E⟨bc̄⟩
⟨ba⟩⟨āc⟩ + ⟨bd⟩⟨d̄c⟩ = (E − 2kc)⟨bc⟩
⟨b̄a⟩⟨āc̄⟩ + ⟨b̄d⟩⟨d̄c̄⟩ = (E − 2kb)⟨b̄c̄⟩
⟨b̄a⟩⟨āc⟩ + ⟨b̄d⟩⟨d̄c⟩ = (E − 2kb − 2kc)⟨b̄c⟩

⟨ba⟩⟨āb⟩ + ⟨bc⟩⟨c̄b⟩ + ⟨bd⟩⟨d̄b⟩ = 0
⟨ba⟩⟨āb̄⟩ − ⟨cd⟩⟨d̄c̄⟩ = E(2kc + 2kd − E)
⟨b̄a⟩⟨āb⟩ − ⟨c̄d⟩⟨d̄c⟩ = (kc − kb)2 − (ka − kb)2 (C.9)

In our computation we also made use of the expression of dot products of momenta with
each other and with null transverse polarization vectors zi which satisfy the null condition
z2
i = 0 and the transverse condition zi · pi = 0. The dot products take the following form

Parity Even:

2pa · pb = −⟨ab⟩⟨āb̄⟩, 2pa · z+
b = ⟨ab̄⟩⟨b̄ā⟩

2pb
, 2pa · z−b = ⟨āb⟩⟨ba⟩

2pb

2z+
a · z+

b = − ⟨āb̄⟩2

4papb
, 2z−a · z−b = − ⟨ab⟩2

4papb
, 2z+

a · z−b = − ⟨āb⟩2

4papb
(C.10)

Parity Odd:

ϵpipjz
+
k

= −1
pk

(
⟨ik̄⟩⟨k̄j̄⟩ + pj⟨ik̄⟩⟨k̄ī⟩ + pi⟨jk̄⟩⟨k̄j̄⟩

)
ϵpiz

+
j z

+
k

= −1
pjpk

(⟨ik̄⟩⟨k̄j̄⟩⟨jī⟩ − pi⟨j̄k̄⟩2)

ϵpiz
−
j z

+
k

= −1
pjpk

(−⟨ik̄⟩⟨jk̄⟩⟨jī⟩ − pi⟨jk̄⟩2) (C.11)

D Epsilon transforms in spinor-helicity variables

We denote the epsilon transform of a current Js as follows

⟨ϵ · J (µ1···µs)
s (p) · · · ⟩ := ϵσα(µ1 p

σ

p
⟨Jµ2···µs)α
s (p) · · · ⟩. (D.1)

We illustrate the epsilon transform by an example. Consider the expression of ⟨JJO⟩odd in
the quasi-bosonic theory

⟨Jα(p1)Jν(p2)O(p3)⟩odd = ϵαab p1a
p1

⟨Jb(p1)Jν(p2)O(p3)⟩FB (D.2)

The explicit expression of ⟨JJO⟩FB is given by,

⟨Jα(p1)Jν(p2)O(p3)⟩FB = πµa(p1)πνb(p2)
(
A(pi)p2ap1b +B(pi)δab

)
(D.3)
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If we dot it with the polarization tensors z−1µ, z
−
2ν on both sides we will get

⟨J−J−O(p3)⟩FB = A⟨1, 2⟩2 〈1, 2̄〉 〈2, 1̄〉
8p1p2

+ B⟨1, 2⟩2

2p1p2

⟨J−J−O(p3)⟩odd = i
A⟨1, 2⟩2 〈1, 2̄〉 〈2, 1̄〉

8p1p2
+ i

B⟨1, 2⟩2

2p1p2
(D.4)

hence we have ⟨ϵ · JJO⟩FB → i⟨JJO⟩FB. Similarly if we dot with z+
1µ, z

+
2ν on both sides we

will get

⟨J−J−O(p3)⟩FB = A
〈
1, 2̄
〉 〈

2, 1̄
〉 〈

1̄, 2̄
〉2

16p1p2
+ B

〈
1̄, 2̄
〉2

8p1p2

⟨J−J−O(p3)⟩odd = −iA
〈
1, 2̄
〉 〈

2, 1̄
〉 〈

1̄, 2̄
〉2

16p1p2
− i

B
〈
1̄, 2̄
〉2

8p1p2
(D.5)

so we notice ⟨ϵ · JJO⟩FB → −i⟨JJO⟩FB. Thus we notice that in spinor-heilcity variables
⟨ϵ · JJO⟩FB → ±i⟨JJO⟩FB

It turns out that this observation is not limited to just ⟨JJO⟩ and in-fact for any
correlator we have ⟨ϵ · Js1Js2Js3⟩ → ±i⟨Js1Js2Js3⟩. The analogous result for four-point
functions holds true as well.

E Two-point functions

In this section, we use the SBHS equation to calculate the two point functions. We present
a simple example and demonstrate how higher spin symmetry can be employed to calculate
correlation functions.

E.1 ⟨JJ⟩QF

Consider the action of Q3 on the correlator ⟨JαO⟩ in the QF theory,

[Qµν , ⟨Jα(x1)O(x2)⟩QF] =
∫
x
⟨∂σJσ(µν)(x)Jα(x1)O(x2)⟩QF (E.1)

Using (B.22) and (B.23) we expand the l.h.s. as follows

[Qµν , ⟨Jα(x1)O(x2)⟩QF]

= ⟨[Qµν , Jα(x1)]O(x2)⟩QF + ⟨Jα(x1)[Qµν , O(x2)]⟩QF

= c2ϵσρ(µ∂1ν)∂σ⟨O(x1)O(x2)⟩QF + c3∂(1µ⟨Tν)ρ(x1)O(x2)⟩QF + c4∂1ρ⟨Tµν(x1)O(x2)⟩QF

+ c1ϵµab ∂
1a∂1ν⟨Jb(x1)O(x2)⟩QF (E.2)

Now using the fact that ⟨JsO⟩ is zero, the l.h.s. simplifies to just two terms

c2ϵσρ(µ∂1ν)∂1σ⟨O(x1)O(x2)⟩QF + c1ϵµab ∂
1a∂1ν⟨Jα(x1)Jb(x2)⟩QF (E.3)
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Now, using the non-conservation of J3 from (B.15) we can write the r.h.s. as,∫
x
⟨∂σJσ(µν)(x)Jα(x1)O(x2)⟩QF =

∫
x
⟨(a∂(µJν)(x)O(x) + bJ(ν(x)∂µ)O(x))Jα(x1)O(x2)⟩QF

=
∫
x
(a− b)⟨∂(µJν)(x)O(x)Jα(x1)O(x2)⟩QF

=
∫
x
(a− b)⟨∂(µJν)(x)Jα(x1)⟩QF⟨O(x)O(x2)⟩QF (E.4)

where in the second line we used integration by parts and in the third line we wrote the
only nonzero large-Ñ contribution.

Now, to get rid of the integral and to make the overall HSE simpler we write it in
momentum space as follows

c2ϵσρ(µp1ν)p1σ⟨O(p1)O(−p1)⟩QF + c1ϵµabp
1ap1ν⟨Jα(p1)Jb(−p1)⟩QF

= 16i λ̃

1 + λ̃2 p1(µ⟨Jν)(−p1)Jα(p1)⟩QF⟨O(p1)O(−p1)⟩QF (E.5)

where we used the values for a, b from (B.17). Thus, we have an expression for the unknown
correlator ⟨JJ⟩QF and now we will try to solve for it. The scalar 2-point function in the
QF theory is given by,

⟨O(p)O(−p)⟩QF = Ñ

2 (1 + λ̃2)⟨O(p)O(−p)⟩FF = −Ñ2 (1 + λ̃2)p8 (E.6)

while the ⟨JJ⟩QF correlator decomposes as follows,

⟨Jµ(p)Jν(−p)⟩QF = Ñ

2 [⟨Jµ(p)Jν(−p)⟩even + ⟨Jµ(p)Jν(−p)⟩odd]

= Ñ

2

[
pµpν − p2gµν

16p + c̃JJϵµνap
a

]
(E.7)

where the even part of the correlator is just the FF correlator and for the odd part we make
a guess knowing that the term should be parity odd and have the correct dimensions which
leaves only one possibility. Substituting (E.6) and (E.7) back in (E.5) and equating the
parity odd tensor structures we get

c̃JJ = λ̃

16 (E.8)

Thus, we see that the above expression for ⟨JJ⟩QF matches with what we had earlier.
Now, using the definition of Ñ and λ̃ from 2.2 let us rewrite the expression in a different way,

⟨Jµ(p)Jν(−p)⟩QF = Ñ

2

[
pµpν − p2gµν

16p + λ̃

16ϵµνap
a

]

= Nf
sin πλf
πλf

pµpν − p2gµν
16p +

tan
(
πλf

2

)
16 ϵµνap

a

 (E.9)
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If we now dot with the polarization tensors z1µ, z2ν and convert to spinor-helicity variables,
we will get

z1µz2ν⟨Jµ(p)Jν(−p)⟩QF = Nf
sin πλf
πλf

−pz1 · z2
16p +

tan
(
πλf

2

)
16 ϵz1z2p


= − iNe

iπλf ⟨12⟩2

32πλfp
(E.10)

Thus we see that in spinor-helicity variables, the two-point function turns out to be
just the free theory expression but with an overall phase factor. This procedure can be
generalised for arbitrary spin-s conserved currents.

F Naive conformal bootstrapping and conformal block decomposition

In this section we present a naive conformal block decomposition of the four point function.
In the discussion section we presented a naive analysis for ⟨TOOO⟩QF and ⟨JJOO⟩QF. In
the following we consider two more cases of interest.

F.1 ⟨JJT O⟩QF

⟨JJTO⟩QF

=
∑
s

⟨JJJs⟩QF⟨JsTO⟩QF

=
∑
s

(
1

1+λ̃2
(⟨JJJs⟩FF+λ̃ ϵ·(⟨JJJs⟩FF−⟨JJJs⟩CB)+λ̃2⟨JJJs⟩CB)

)(
⟨JsTO⟩FF+λ̃⟨JsTO⟩CB

)
= 1

1+λ̃2

∑
s

(
⟨JJJs⟩FF⟨JsTO⟩FF+λ̃⟨JJJs⟩FF⟨JsTO⟩CB+λ̃(ϵ·⟨JJJs⟩FF)⟨JsTO⟩FF

+λ̃2(ϵ·⟨JJJs⟩FF)⟨JsTO⟩CB−λ̃(ϵ·⟨JJJs⟩CB)⟨JsTO⟩FF−λ̃2(ϵ·⟨JJJs⟩CB)⟨JsTO⟩CB

+λ̃2⟨JJJs⟩CB⟨JsTO⟩FF+λ̃3⟨JJJs⟩CB⟨JsTO⟩CB

)
(F.1)

Now, we can use

⟨JsTO⟩FF = ϵ · ⟨JsTO⟩CB and ⟨JsTO⟩CB = −ϵ · ⟨JsTO⟩FF (F.2)

If we input this into (F.1), we get

1
1+λ̃2

∑
s

(
⟨JJJs⟩FF⟨JsTO⟩FF−λ̃⟨JJJs⟩FF(ϵ·⟨JsTO⟩FF)+λ̃(ϵ·⟨JJJs⟩FF)⟨JsTO⟩FF

−λ̃2(ϵ·⟨JJJs⟩FF)(ϵ·⟨JsTO⟩FF)−λ̃(ϵ·⟨JJJs⟩CB)(ϵ·⟨JsTO⟩CB)−λ̃2(ϵ·⟨JJJs⟩CB)⟨JsTO⟩CB

+λ̃2⟨JJJs⟩CB(ϵ·⟨JsTO⟩CB)+λ̃3⟨JJJs⟩CB⟨JsTO⟩CB
)

(F.3)
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Schematically, we write (ϵ ·⟨JJJs⟩)(ϵ ·⟨JsTO⟩) as ±⟨JJJs⟩⟨JsTO⟩. Thus the above equation
becomes

1
1+λ̃2

∑
s

(
⟨JJJs⟩FF⟨JsTO⟩FF−λ̃⟨JJJs⟩FF(ϵ·⟨JsTO⟩FF)+λ̃(ϵ·⟨JJJs⟩FF)⟨JsTO⟩FF

∓λ̃2(⟨JJJs⟩FF)(⟨JsTO⟩FF)∓λ̃(⟨JJJs⟩CB)(⟨JsTO⟩CB)−λ̃2(ϵ·⟨JJJs⟩CB)⟨JsTO⟩CB

+λ̃2⟨JJJs⟩CB(ϵ·⟨JsTO⟩CB)+λ̃3⟨JJJs⟩CB⟨JsTO⟩CB

)
= 1

1+λ̃2

(
⟨JJTO⟩FF−λ̃ ϵ·⟨JJTO⟩FF+λ̃ ϵ·⟨JJTO⟩FF∓λ̃2⟨JJTO⟩FF

∓λ̃⟨JJTO⟩CB−λ̃2 ϵ·⟨JJTO⟩CB+λ̃2 ϵ·⟨JJTO⟩CB+λ̃3⟨JJTO⟩CB

)
= 1

1+λ̃2

(
⟨JJTO⟩FF∓λ̃2⟨JJTO⟩FF∓λ̃⟨JJTO⟩CB+λ̃3⟨JJTO⟩CB

)
(F.4)

Comparing to the ansatz that we had for ⟨JJTO⟩QF,32 we can identify that

⟨JJTO⟩Y2 =∓⟨JJTO⟩FF ⟨JJTO⟩Y1 =∓⟨JJTO⟩CB (F.5)

However, only the identifications with the plus signs satisfy the pole equations for ⟨JJTO⟩QF.
Thus, we have

⟨JJTO⟩Y2 = ⟨JJTO⟩FF ⟨JJTO⟩Y1 = ⟨JJTO⟩CB (F.6)
This is analogous to ⟨TTTO⟩QF (6.36).

F.2 ⟨JJJJ⟩QF

⟨JJJJ⟩QF

=
∑
s

⟨JJJs⟩QF⟨JsJJ⟩QF

=
∑
s

1
1+λ̃2

(
⟨JJJs⟩FF+λ̃ ϵ·(⟨JJJs⟩FF−⟨JJJs⟩CB)+λ̃2⟨JJJs⟩CB

)
×
(
⟨JsJJ⟩FF+λ̃ ϵ·(⟨JsJJ⟩FF−⟨JsJJ⟩CB)+λ̃2⟨JsJJ⟩CB

)
= 1

1+λ̃

[(
⟨JJJJ⟩FF+2λ̃ ϵ·⟨JJJJ⟩FF−2λ̃3 ϵ·⟨JJJJ⟩CB+λ̃4⟨JJJJ⟩CB

+λ̃2⟨JJJJ⟩FF+λ̃2⟨JJJJ⟩CB
)

+
∑
s

(
−λ̃⟨JJJs⟩FF(ϵ·⟨JsJJ⟩CB)+λ̃2⟨JJJs⟩FF⟨JsJJ⟩CB−λ̃2(ϵ.⟨JJJs⟩FF)(ϵ·⟨JsJJ⟩CB)

+λ̃3(ϵ·⟨JJJs⟩FF)⟨JsJJ⟩CB−λ̃(ϵ·⟨JJJs⟩CB)⟨JsJJ⟩FF−λ̃2(ϵ·⟨JJJs⟩CB)(ϵ·⟨JsJJ⟩FF)

+λ̃2⟨JJJs⟩CB⟨JsJJ⟩FF+λ̃3⟨JJJs⟩CB(ϵ·⟨JsJJ⟩FF)
)]

(F.7)

32We have done a schematic analysis here. Hence, it is possible that there might be extra terms like
λ̃ϵ · ⟨JJT O⟩ in the expression. But, if we include these terms, the pole equation of ⟨JJT O⟩QF doesn’t get
satisfied. Thus, using the higher spin equations we neglect these terms. There could also be some contact
terms as well as contributions from products of 3-point correlators. There could also be contact diagram
contributions from AdS which have to satisfy higher spin equations by themselves. Studying them will be
interesting and we plan to return to this problem in the future.
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Now, we cannot move forward with the terms inside the summation. This is because in this
case we do not have a direct epsilon transform relation between ⟨JsJJ⟩FF and ⟨JsJJ⟩CB.
In case of ⟨JJTO⟩QF, we could proceed because we could write ⟨JsTO⟩FF and ⟨JsTO⟩CB
as epsilon transforms of each other, but this is not possible in the analysis of ⟨JJJJ⟩. Thus,
the conformal block argument of ⟨JJJJ⟩ does not help us infer much. However, using the
higher spin equation, we could solve for ⟨JJJJ⟩QF.

G Details of four-point HSEs

G.1 ⟨T OOO⟩QF

We discussed the case of ⟨TOOO⟩ in section 6.1. It turns out that in this case the HSE
allows for a stronger result as follows.

We shall now explicitly show the mapping of the SBHS equations to the free theory
HSEs. At O(λ̃) of (6.1) we have

ϵab(µp1νp1a⟨Tbρ)(p1)O(p2)O(p3)O(p4)⟩Y1 + +{1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}
= −12p1(µp1⟨Tνρ)(p1)O(p2)O(p3)O(p4)⟩Y0 + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}

(G.1)

At O(λ̃2) we have

p1µp1νp1ρ⟨O(p1)O(p2)O(p3)O(p4)⟩FF+CB + g(µνp1ρ)p
2
1⟨O(p1)O(p2)O(p3)O(p4)⟩FF+CB

+ ϵab(µp1νp1a⟨Tbρ)(p1)O(p2)O(p3)O(p4)⟩Y0

+ {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4} = −12p1(µp1⟨Tνρ)(p1)O(p2)O(p3)O(p4)⟩Y1

+ {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4}

(G.2)

At O(λ̃3) the equation takes the form

ϵab(µp1νp1a⟨Tbρ)(p1)O(p2)O(p3)O(p4)⟩Y1 + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4} (G.3)
= −12p1(µp1⟨Tνρ)(p1)O(p2)O(p3)O(p4)⟩Y0 + {1 ↔ 2} + {1 ↔ 3} + {1 ↔ 4} (G.4)

It is easy to see directly in momentum space that the O(λ̃2) equation maps to the simple linear
combination of the lowest (6.2) and highest order equations (6.3), namely O(λ̃0)+O(λ̃4).
To show that the O(λ̃) equation maps to the combination O(λ̃0)-O(λ̃4) we move to spinor
helicity variables where it is easily verified. That is,

HSE at O(λ̃) = FF HSE − CB HSE
HSE at O(λ̃2) = FF HSE + CB HSE (G.5)

Thus. we map the entire HSE to the free and critical theory HSEs. Let us note that we
have taken ⟨OOOO⟩FF = ⟨OOOO⟩CB which can be checked explicitly [98].

G.2 ⟨JJOO⟩QF

In 6.2 we found that the correlator ⟨JJOO⟩QF is given by the expression in (6.26). Using
this expression and plugging it back into (6.15) we can show that the resulting HSE can be
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mapped to a combination of the free theory HSEs. As done in the main text, we expand
the HSE in (6.15) at each order in the coupling constant λ̃. At O(λ̃) in (6.15) we have

p1(µ⟨Tν)α(p1)O(p2)O(p3)O(p4)⟩CB + p1α⟨Tµν(p1)O(p2)O(p3)O(p4)⟩CB+

2
(
ϵab(µp2ap2ν)⟨Jα(p1)Jb(p2)O(p3)O(p4)⟩odd + {2 ↔ 3} + {2 ↔ 4}

)
= −16

[
p1(µ⟨JαJν)⟩FF⟨O(p1)O(p2)O(p3)O(p4)⟩FF

+
p2(µp2

8 (⟨Jα(p1)Jν)(p2)O(p3)O(p4)⟩Y0) + {2 ↔ 3} + {2 ↔ 4}
]

(G.6)

Now, if we plug the solutions that we got from the pole equation (6.23) into the O(λ)
equation (G.6), we get

p1µ⟨Tνα(p1)O(p2)O(p3)O(p4)⟩CB+p1α⟨Tµν(p1)O(p2)O(p3)O(p4)⟩CB+(2↔ 3)+(2↔ 4)
=−2ip2p2µ⟨Jα(p1)Jν(p2)O(p3)O(p4)⟩CB−16i⟨Jα(p1)Jν(−p1)⟩FF ⟨O(p1)O(p2)O(p3)O(p4)⟩FF

+(2↔ 3)+(2↔ 4)
(G.7)

which is exactly the CB HSE. To get (G.7) from (G.6), we note that in the l.h.s. of (G.6), we
used various tensor identities involving ϵµνρ which turns the ⟨JJOO⟩odd term proportional
to ⟨JJOO⟩FF −⟨JJOO⟩CB using (6.23). Also using (6.19) we observe that the free fermion
terms cancel with the corresponding FF terms of ⟨JJOO⟩ in the r.h.s. and we are left
with (G.7).

At the next order, that is at O(λ̃2) we have

ϵαa(µp1ν)p1a⟨O(p1)O(p2)O(p3)O(p4)⟩CB + p1(µ⟨Tν)α(p1)O(p2)O(p3)O(p4)⟩FF

+ p1α⟨Tµν(p1)O(p2)O(p3)O(p4)⟩FF + 2
(
ϵab(µp2ap2ν)⟨Jα(p1)Jb(p2)O(p3)O(p4)⟩Y2

+ {2 ↔ 3} + {2 ↔ 4}
)

= −16
[
p2(µp2

8 ⟨Jα(p1)Jν)(p2)O(p3)O(p4)⟩odd + {2 ↔ 3} + {2 ↔ 4}
]

(G.8)

Now we plug in the solution of the pole equation (6.23)into the O(λ̃2) equation which yields,

ϵ(µ|αap1|ν)p
a
1⟨O(p1)O(p2)O(p3)O(p4)⟩FF + p1(µ|⟨T|ν)α(p1)O(p2)O(p3)O(p4)⟩FF

p1α⟨Tµν(p1)O(p2)O(p3)O(p4)⟩FF + 2ϵ(µ|abpa2p2|ν)(⟨Jα(p1)Jb(p2)O(p3)O(p4)⟩FF)
+ (2 ↔ 3) + (2 ↔ 4) = 0 (G.9)

which is exactly the FF equation. Therefore, by using the solutions of the pole equations
we can map the O(λ̃) and O(λ̃2) and hence the entire HSE to the FF and CB HSEs. Thus,
this also proves to be a consistency check of the solution that we have for the correlator.

G.3 ⟨T T T O⟩QF

In 6.3 we found that the correlator ⟨JJTO⟩QF is given by the expression in (6.36). Using
this expression and plugging it back into (6.28) we can show that the resulting HSE can be
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mapped to a combination of free theory HSEs. As done in the main text, we expand the
HSE in (6.28) at each order in the coupling constant λ̃.

At O(λ̃) in (6.28) we have[
p1α⟨J4µνρβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd+p1µ⟨J4νραβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd

−p1µ⟨Tνρ(−p1)Tαβ(p1)⟩⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩FF

+ϵναap1ap1βp1µp1ρ⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩CB

+p1αp1βp1µ⟨Tνρ(p1)Tγσ(p2)O(p3)O(p4)⟩odd+p1αp1µp1ν⟨Tρβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd

+p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd+{1↔ 2,(α,β)↔ (γ,σ)}
]

+
[
p3µp3νp3ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd−p3p3µ⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)⟩Y0

+ϵµabp3ap3ν⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)⟩Y1+{3↔ 4}
]

(G.10)

At O(λ̃2) the HSE reads,[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+CB+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+CB

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+CB+p1α⟨J4µνρβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+CB

+p1µ⟨J4νραβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+CB+ϵναap1ap1µp1ρp1β⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩FF

+{1↔ 2,(α,β)↔ (γ,σ)}
]

+
[
p3µp3νp3ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩FF+CB

+ϵµabp3νp3a⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)⟩FF+{3↔ 4}
]

−
[
p3µ⟨O(−p3)O(p3)⟩CB⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)⟩CB+{3↔ 4}

+p1µ⟨Tνρ(−p1)Tαβ(p1)⟩CB⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩CB+{(1↔ 2),(α,β)↔ (γ,σ)}
]

= 0

(G.11)

which tells us that,
HSE at O(λ̃2) = FF HSE − CB HSE

At O(λ̃3) in (6.28) we have,[
p1α⟨J4µνρβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd + p1µ⟨J4νραβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd

− p1µ⟨Tνρ(−p1)Tαβ(p1)⟩⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩FF

+ ϵναap1ap1βp1µp1ρ⟨O(p1)Tγσ(p2)O(p3)O(p4)⟩CB

+ p1αp1βp1µ⟨Tνρ(p1)Tγσ(p2)O(p3)O(p4)⟩odd + p1αp1µp1ν⟨Tρβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd

+ p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd + {1 ↔ 2, (α, β) ↔ (γ, σ)}
]

+
[
p3µp3νp3ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)⟩odd − p3p3µ⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)⟩Y2

+ ϵµabp3ap3ν⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)⟩Y3 + {3 ↔ 4}
]

(G.12)
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Using our solution to the pole equations (6.34) we see that,

HSE at O(λ̃) = HSE at O(λ̃3)

Using spinor helicity variables we can show that,

HSE at O(λ̃) = ϵ · (FF HSE − CB HSE)

and thus we are done. Yet again, we show that the solution that we obtained from the pole
equation is indeed consistent as plugging it back into the HSE reduces it at each order to
the FF, CB or a linear combination of the FF and CB HSEs.

G.4 ⟨JJJJ⟩QF

In 6.4 we found that the correlator ⟨JJJJ⟩QF is given by the expression in (6.48). Using
this expression and plugging it back into (6.37) we can show that the resulting HSE can
be mapped to a combination of free theory HSEs. As done in the main text, we expand
the HSE in (6.37) in the coupling constant λ̃. Let us now consider the intermediate order
equations of the HSE in (6.37). At O(λ̃) we have[
ϵαa(µp1ν)p

a
1⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩odd+p1(µ⟨Tν)α(p1)Jβ(p2)Jγ(p3)O(p4)⟩Y1

+p1α⟨Tµν(p1)Jβ(p2)Jγ(p3)O(p4)⟩Y1 +(1↔ 2,α↔β)+(1↔ 3,α↔ γ)
]

+2ϵab(µpa2p2ν)⟨Jα(p1)Jβ(p2)Jγ(p3)Jb(p4)⟩Y1

=−16i
[
p1(µ⟨Jα(p1)Jν)(−p1)⟩FF⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩FF+(1↔ 2,α↔β)+(1↔ 3,α↔ γ)

]
+2ip4(µp4⟨Jα(p1)Jβ(p2)Jγ(p3)Jν)(p4)⟩Y0

(G.13)

Using the solutions of the pole equation and the expression for Y1, we checked that the
O(λ̃) equation (G.13) maps to the O(λ̃5) equation upon dotting with the null polarisation
tensors z1αz2βz3γz2µz2ν and converting the expression to spinor helicity variables.

HSE at O(λ̃) = CB HSE (G.14)

At O(λ̃2) we get[
ϵαa(µp1ν)p1a⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩CB+2ϵαa(µp1ν)p1a⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩FF

+p1(µ⟨Tν)α(p1)Jβ(p2)Jγ(p3)O(p4)⟩Y0+Y2 +p1α⟨Tµν(p1)Jβ(p2)Jγ(p3)O(p4)⟩Y0+Y2

+(1↔ 2,α↔β)+(1↔ 3,α↔ γ)
]
+2ϵab(µp2ap2ν)⟨Jα(p1)Jβ(p2)Jγ(p3)Jb(p4)⟩Y2

=−16i
[
p1(µ⟨Jα(p1)Jν)(−p1)⟩FF⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩odd+(1↔ 2,α↔β)+(1↔ 3,α↔ γ)

]
+2ip4(µp4⟨Jα(p1)Jβ(p2)Jγ(p3)Jν)(p4)⟩Y1

(G.15)

This maps to 2O(λ̃0) in spinor helicity varibles. Thus we get,

HSE at O(λ̃2) = 2 FF HSE (G.16)
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Moving on, the O(λ̃3) equation is[
2ϵαa(µp1ν)p1a⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩odd+2p1(µ⟨Tν)α(p1)Jβ(p2)Jγ(p3)O(p4)⟩Y1

+2p1α⟨Tµν(p1)Jβ(p2)Jγ(p3)O(p4)⟩Y1 +(1↔ 2,α↔β)+(1↔ 3,α↔ γ)
]

+2ϵab(µp2ap2ν)⟨Jα(p1)Jβ(p2)Jγ(p3)Jb(p4)⟩Y3

=−16i
[
+p1(µ⟨Jα(p1)Jν)(−p1)⟩even⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩CB+FF+(1↔ 2)+(1↔ 3)

]
+2ip4(µp4⟨Jα(p1)Jβ(p2)Jγ(p3)Jν)(p4)⟩Y2 (G.17)

Similar to the case of the O(λ̃) equation, the O(λ̃3) in (G.17) maps to 2O(λ̃5) equation in
spinor helicity variables. Hence,

HSE at O(λ̃3) = 2 CB HSE (G.18)

Finally the O(λ̃4) equation is[
ϵαa(µp1ν)p

a
1⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩FF + 2ϵαa(µp1ν)p

a
1⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩CB

+ p1(µ⟨Tν)α(p1)Jβ(p2)Jγ(p3)O(p4)⟩Y2 + p1α⟨Tµν(p1)Jβ(p2)Jγ(p3)O(p4)⟩Y2

+ (1 ↔ 2, α↔ β) + (1 ↔ 3, α↔ γ)
]

+ 2ϵab(µpa2p2ν)⟨Jα(p1)Jβ(p2)Jγ(p3)Jb(p4)⟩Y4

= −16i
[
p1(µ⟨Jα(p1)Jν)(−p1)⟩FF⟨O(p1)Jβ(p2)Jγ(p3)O(p4)⟩odd + (1 ↔ 2, α↔ β)

+ (1 ↔ 3, α↔ γ)
]

+ 2ip4(µp4⟨Jα(p1)Jβ(p2)Jγ(p3)Jν)(p4)⟩Y3

(G.19)

The above equation maps to the O(λ̃0) equation in spinor-helicity variables. Thus we have

HSE at O(λ̃4) = FF HSE (G.20)

Thus, we can map the entire QF HSE to the free and critical HSEs by using the obtained
solution. To summarize,

HSE at O(λ̃) = CB HSE
HSE at O(λ̃2) = 2 FF HSE
HSE at O(λ̃3) = 2 CB HSE
HSE at O(λ̃4) = FF HSE (G.21)

This acts as a consistency check as well. Note however, that for this example, we mapped
the HSE at each order to the FF and CB results only in spinor helicity variables. The
reason is that in momentum space we would have to perform a host of epsilon transforms
and that is quite complicated. However, in spinor helicity, as mentioned earlier, the epsilon
transform becomes trivial and we easily perform the mapping.

H Five-point functions

In this appendix, we discuss how our strategy can be used to constrain five point functions
in a slightly broken HS theory. The input for the bootstrapping, similar to the four point
case, is the five point scalar correlator. We choose the form of the five point scalar correlator
based on a naive bootstrap analysis, much like we did in appendix F.
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H.1 ⟨T OOOO⟩QF

Let us begin with the example of ⟨TOOOO⟩QF. For this, we act Qµνρ on the scalar 5-point
correlator, ⟨OOOOO⟩QF . Using the higher spin algebra (B.6) and the non conservation
current equation, (B.16), we get the HSE to be

p1µp1νp1ρ⟨OOOOO⟩QF+g(µνp1ρ)p
2
1⟨OOOOO⟩QF

+
(
ϵab(µp1νp1a⟨Tρ)bOOOO⟩QF+{1↔ 2,3,4,5}

)
= 12λ̃p1(µp1⟨Tνρ)OOOO⟩QF+{1↔ 2,3,4,5}

(H.1)

Now, we use the decomposition of the QF correlators,

⟨OOOOO⟩QF = (1 + λ̃2)2
(
⟨OOOOO⟩FF + λ̃⟨OOOOO⟩CB

)
(H.2)

⟨TOOOO⟩QF = (1 + λ̃2)
(
⟨TOOOO⟩FF + λ̃⟨TOOOO⟩odd + λ̃2⟨TOOOO⟩CB

)
(H.3)

Now, plugging this into (H.1), we can use a similar algorithm as mentioned in the case of
the 3-point and 4-point functions to solve for the full correlator, ⟨TOOOO⟩QF . Solving the
pole equation gives us

⟨TνρOOOO⟩odd = ϵνabp1a
p1

(⟨TbρOOOO⟩FF − ⟨TbρOOOO⟩CB) (H.4)

Thus, the quasi fermionic correlator is given by

⟨TνρOOOO⟩QF = (1+λ̃2)
(
⟨TνρOOOO⟩FF+λ̃ ϵνabp1a

p1
⟨TbρOOOO⟩FF-CB+λ̃2⟨TνρOOOO⟩CB

)
(H.5)

It is not very difficult to generalize this analysis to five point correlators with more spinning
operators as well as higher point correlation functions.

For more examples of constraining 5 point functions, please refer to appendix H. Let
us now solve for various spinning five-point correlators using the SBHS symmetry.

H.2 ⟨JJOOO⟩QF

Step 1: the charge operator and seed correlator that we choose are Q3 and ⟨JOOOO⟩
respectively.

Thus we have,

[Qµν ,⟨Jα(x1)O(x2)O(x3)O(x4)O(x5)⟩]

= λ̃

1+λ̃2

∫
d3x⟨∂σJσ3µνJα(x1)O(x2)O(x3)O(x4)O(x5)⟩ (H.6)
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Using (B.22), (B.23) and (B.15) and performing a Fourier transform to the above, the HSE
in momentum space reads,

ϵaανp1ap1µ⟨O(p1)O(p2)O(p3)O(p4)O(p5)⟩ + p1α⟨Tµν(p1)O(p2)O(p3)O(p4)O(p5)⟩
+ p1µ⟨Tαν(p1)O(p2)O(p3)O(p4)O(p5)⟩ + ϵνabp2ap2µ⟨Jα(p1)Jb(p2)O(p3)O(p4)O(p5)⟩
+ (2 ↔ 3) + (2 ↔ 4) + (2 ↔ 5)

= λ̃

1 + λ̃2

[
p1µ⟨Jν(p1)Jα(−p1)⟩⟨O(p1)O(p2)O(p3)O(p4)O(p5)⟩

+ p2µ⟨O(−p2)O(p2)⟩⟨Jα(p1)Jν(p2)O(p3)O(p4)O(p5)⟩ + (2 ↔ 3) + (2 ↔ 4) + (2 ↔ 5)
]

(H.7)

Step 2: the FF and CB HSEs are,

ϵaανp1ap1µ⟨O(p1)O(p2)O(p3)O(p4)O(p5)⟩FF + p1α⟨Tµν(p1)O(p2)O(p3)O(p4)O(p5)⟩FF

+ p1µ⟨Tαν(p1)O(p2)O(p3)O(p4)O(p5)⟩FF + ϵνabp2ap2µ⟨Jα(p1)Jb(p2)O(p3)O(p4)O(p5)⟩FF

+ (2 ↔ 3) + (2 ↔ 4) + (2 ↔ 5) = 0 (H.8)

and

p1α⟨Tµν(p1)O(p2)O(p3)O(p4)O(p5)⟩CB+p1µ⟨Tαν(p1)O(p2)O(p3)O(p4)O(p5)⟩CB

+(2↔ 3)+(2↔ 4)+(2↔ 5)

=
[
p1µ⟨Jν(p1)Jα(−p1)⟩FF⟨O(p1)O(p2)O(p3)O(p4)O(p5)⟩CB

+p2µp2⟨Jα(p1)Jν(p2)O(p3)O(p4)O(p5)⟩CB+(2↔ 3)+(2↔ 4)+(2↔ 5)
]

(H.9)

Step 3: we have,

⟨OOOOO⟩ = Ñ(1 + λ̃2)2
(
⟨OOOOO⟩FF + λ̃⟨OOOOO⟩CB

)
⟨TOOOO⟩ = Ñ(1 + λ̃2)

(
⟨TOOOO⟩FF + λ̃⟨TOOOO⟩Odd + λ̃⟨TOOOO⟩CB

)
(H.10)

We make the following ansatz for the correlator of interest:

⟨JJOOO⟩ = Ñ
(
⟨JJOOO⟩X0 + λ̃⟨JJOOO⟩X1 + λ̃2⟨JJOOO⟩X2 + λ̃3⟨JJOOO⟩X3

)
(H.11)

Step 4: matching the lowest order of the HSE with the FF HSE and the highest order
with the CB HSE gives us,

⟨JJOOO⟩X0 = ⟨JJOOO⟩FF

⟨JJOOO⟩X3 = ⟨JJOOO⟩CB (H.12)

Step 5: expanding the HSE about λ̃ = i we obtain the pole equation which tells us that,

⟨JJOOO⟩X1 = ⟨JJOOO⟩CB
⟨JJOOO⟩X2 = ⟨JJOOO⟩FF (H.13)

as expected for a correlator with an odd number of scalar operator insertions.
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Step 6: it is now easy to see directly in momentum space that the following relations hold:

HSE at O(λ̃) = HSE at O(λ̃3)
HSE at O(λ̃2) = FF HSE + CB HSE (H.14)

To show that the O(λ̃) equation maps to FF HSE − CB HSE we need to go to spinor
helicity variables.

Thus we have,

⟨JJOOO⟩ = Ñ
(
⟨JJOOO⟩FF + λ̃⟨JJOOO⟩CB + λ̃2⟨JJOOO⟩FF + λ̃3⟨JJOOO⟩CB

)
= Ñ(1 + λ̃2)

(
⟨JJOOO⟩FF + λ̃⟨JJOOO⟩CB

)
(H.15)

H.3 ⟨T T T OO⟩QF

Step 1: the charge operator and seed correlator that we choose are Q4 and ⟨TTOOO⟩
respectively.

Thus we have,

[Qµνρ, ⟨Tαβ(x1)Tγσ(x2)O(x3)O(x4)O(x5)⟩]

= λ̃

1 + λ̃2

∫
d3x⟨∂σJσ4µνρ(x)Tαβ(x1)Tγσ(x2)O(x3)O(x4)O(x5)⟩ (H.16)

Using (B.26), (B.24) and (B.16) and performing a Fourier transform, the HSE in momentum
space reads,

[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩QF+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩QF

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩QF

+ 1
1+λ̃2

ϵναap1ap1µp1ρp1β⟨O(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩QF

+p1µ⟨J4νραβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩QF+p1α⟨J4µνρβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩QF

+{1↔ 2,(α,β)↔ (γ,σ)}
]

+
[
p3µp3νp3ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩QF

+ϵνabp3µp3a⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)O(p5)⟩QF

+{3↔ 4}+{3↔ 5}
]

= λ̃

1+λ̃2

[
p3µ⟨O(−p3)O(p3)⟩QF⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)O(p5)⟩QF+{3↔ 4}+{3↔ 5}

+p1µ⟨Tνρ(−p1)Tαβ(p1)⟩QF⟨O(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩QF+{1↔ 2,(α,β)↔ (γ,σ)}
]
(H.17)

– 53 –



J
H
E
P
1
2
(
2
0
2
3
)
1
7
3

Step 2: the FF and CB HSEs are,[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩FF+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩FF

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩FF

+ϵναap1ap1µp1ρp1β⟨O(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩FF

+p1µ⟨J4νραβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩FF+p1α⟨J4µνρβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩FF

+{1↔ 2,(α,β)↔ (γ,σ)}
]

+
[
p3µp3νp3ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩FF

+ϵνabp3µp3a⟨Tαβ(p1)Tγσ(p2)Tρb(p3)O(p4)O(p5)⟩FF

+{3↔ 4}+{3↔ 5}
]

= 0 (H.18)

and[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩CB+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩CB

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩CB

+p1µ⟨J4νραβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩CB+p1α⟨J4µνρβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩CB

+{1↔ 2,(α,β)↔ (γ,σ)}
]

+
[
p3µp3νp3ρ⟨Tαβ(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩CB+{3↔ 4}+{3↔ 5}

]
−
[
p3µ⟨O(−p3)O(p3)⟩CB⟨Tαβ(p1)Tγσ(p2)Tνρ(p3)O(p4)O(p5)⟩CB+{3↔ 4}+{3↔ 5}

+p1µ⟨Tνρ(−p1)Tαβ(p1)⟩CB⟨O(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩CB+{1↔ 2,(α,β)↔ (γ,σ)}
]

(H.19)

Step 3: we have,

⟨JsTOOO⟩QF = Ñ(1 + λ̃2)
(
⟨JsTOOO⟩FF + λ̃⟨JsTOOO⟩CB

)
⟨OTOOO⟩QF = Ñ(1 + λ̃2)

(
⟨OTOOOFF + λ̃ϵ · ⟨OTOOO⟩FF-CB + λ̃2⟨OTOOO⟩CB

)
⟨OO⟩QF = Ñ(1 + λ̃2)⟨OO⟩FF

⟨TT ⟩QF = Ñ
(
⟨TT ⟩FF + λ̃⟨TT ⟩odd

)
(H.20)

We make the following ansatz for the correlator of interest:

⟨TTTOO⟩=
Ñ

1+λ̃2

(
⟨TTTOO⟩Y 0+λ̃⟨TTTOO⟩Y 1+λ̃2⟨TTTOO⟩Y 2+λ̃3⟨TTTOO⟩Y 3+λ̃4⟨TTTOO⟩Y 4

)
(H.21)

Step 4: matching the lowest order of the HSE with the FF HSE and the highest order
with the CB HSE gives us,

⟨TTTOO⟩Y 0 = ⟨TTTOO⟩FF

⟨TTTOO⟩Y 4 = ⟨TTTOO⟩CB (H.22)
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Step 5: expanding the HSE about λ̃ = i we obtain the pole equation which give us
a solution,

⟨TTTOO⟩Y 2 = ⟨TTTOO⟩FF + ⟨TTTOO⟩CB

⟨TTTOO⟩Y 1 = ϵ ·
(
⟨TTTOO⟩FF − ⟨TTTOO⟩CB

)
(H.23)

Step 6: substituting this solution back into the HSE would reduce it to a linear combination
of the FF and CB HSEs at each order.33

Thus we have,

⟨TTTOO⟩ = Ñ
(
⟨TTTOO⟩FF + λ̃ϵ · ⟨TTTOO⟩FF-CB + λ̃2⟨TTTOO⟩CB

)
(H.24)

H.4 ⟨T T T T O⟩QF

Step 1: the charge operator and seed correlator that we choose are Q4 and ⟨TTTOO⟩
respectively.

Thus we have,

[Qµνρ, ⟨Tαβ(x1)Tγσ(x2)Tϕψ(x3)O(x4)O(x5)⟩]

= λ̃

1 + λ̃2

∫
d3x⟨∂σJσ4µνρ(x)Tαβ(x1)Tγσ(x2)Tϕψ(x3)O(x4)O(x5)⟩ (H.25)

Using (B.26), (B.24) and (B.16) and performing a Fourier transform, the HSE in momentum
space reads,[

p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩QF

+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩QF

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩QF

+ 1
1+λ̃2

ϵναap1ap1µp1ρp1β⟨O(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩QF

+p1µ⟨J4νραβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩QF+p1α⟨J4µνρβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩QF

+{1↔ 2,(α,β)↔ (γ,σ)}+{1↔ 3,(α,β)↔ (ϕ,ψ)}
]

+
[
p4µp4νp4ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩QF

+ϵνabp4µp4a⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tρb(p4)O(p5)⟩QF

+{4↔ 5}
]

= λ̃

1+λ̃2

[
p4µ⟨O(−p4)O(p4)⟩QF⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tνρ(p4)O(p5)⟩QF+{4↔ 5}

+p1µ⟨Tνρ(−p1)Tαβ(p1)⟩QF⟨O(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩QF

+{1↔ 2,(α,β)↔ (γ,σ)}+{1↔ 3,(α,β)↔ (ϕ,ψ)}
]

(H.26)
33⟨Tνρ(−p1)Tαβ(p1)⟩FF⟨O(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩CB-FF +ϵναap1ap1βp1µp1ρ⟨O(p1)Tγσ(p2)O(p3)O(p4)O(p5)⟩odd

is left over but we are sure that a careful analysis of the current algebra would render the mapping exact.
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Step 2: the FF and CB HSEs are,[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩FF

+ p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩FF

+ p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩FF

+ ϵναap1ap1µp1ρp1β⟨O(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩FF

+ p1µ⟨J4νραβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩FF

+ p1α⟨J4µνρβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩FF

+ {1 ↔ 2, (α, β) ↔ (γ, σ)} + {1 ↔ 3, (α, β) ↔ (ϕ, ψ)}
]

+
[
p4µp4νp4ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩FF

+ ϵνabp4µp4a⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tρb(p4)O(p5)⟩FF + {4 ↔ 5}
]

= 0 (H.27)

and[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩CB

+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩CB

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩CB

+p1µ⟨J4νραβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩CB+p1α⟨J4µνρβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩CB

+{1↔ 2,(α,β)↔ (γ,σ)}+{1↔ 3,(α,β)↔ (ϕ,ψ)}
]

+
[
p4µp4νp4ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩CB+{4↔ 5}

]
−
[
p4µ⟨O(−p4)O(p4)⟩CB⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tνρ(p4)O(p5)⟩CB+{4↔ 5}

+p1µ⟨Tνρ(−p1)Tαβ(p1)⟩CB⟨O(p1)Tγσ(p2)Tϕψ(p3)O(p4)O(p5)⟩CB+{1↔ 2,(α,β)↔ (γ,σ)}

+{1↔ 3,(α,β)↔ (ϕ,ψ)}
]

= 0 (H.28)

Step 3: we have,

⟨JsTTOO⟩QF = Ñ
(
⟨JsTTOO⟩FF + λ̃ϵ · ⟨JsTTOO⟩FF-CB + λ̃2⟨JsTTOO⟩CB

)
⟨OTTOO⟩ = Ñ(1 + λ̃2)

(
⟨OTTOO⟩FF + λ̃⟨OTTOO⟩CB

)
⟨OO⟩QF = Ñ(1 + λ̃2)⟨OO⟩FF

⟨TT ⟩QF = Ñ
(
⟨TT ⟩FF + λ̃⟨TT ⟩odd

)
(H.29)

We make the following ansatz for the correlator of interest:

⟨TTTTO⟩= Ñ

(1+λ̃2)2

(
⟨TTTTO⟩Y 0+λ̃⟨TTTTO⟩Y 1+λ̃2⟨TTTTO⟩Y 2

+λ̃3⟨TTTTO⟩Y 3+λ̃4⟨TTTTO⟩Y 4+λ̃5⟨TTTTO⟩Y 5
)

(H.30)

Step 4: matching the lowest order of the HSE with the FF HSE and the highest order
with the CB HSE gives us,

⟨TTTTO⟩Y 0 = ⟨TTTTO⟩FF

⟨TTTTO⟩Y 5 = ⟨TTTTO⟩CB (H.31)
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Step 5: expanding the HSE about λ̃ = i we obtain the pole equation which give us a
solution,

⟨TTTTO⟩Y 1 = ⟨TTTTO⟩CB

⟨TTTTO⟩Y 2 = 2⟨TTTTO⟩FF

⟨TTTTO⟩Y 3 = 2⟨TTTTO⟩CB

⟨TTTTO⟩Y 4 = ⟨TTTTO⟩FF (H.32)

Step 6: substituting this solution back into the HSE would reduce it to a linear combination
of the FF and CB HSEs at each order. For instance, at O(λ̃2) we get 2FF HSE-CB HSE
and at O(λ̃4) what we get is FF HSE-2CB HSE

Thus we have,

⟨TTTTO⟩ = Ñ
(
⟨TTTTO⟩FF + λ̃⟨TTTTO⟩CB

)
(H.33)

H.5 ⟨T T T T T ⟩QF

Step 1: the charge operator and seed correlator that we choose are Q4 and ⟨TTTOO⟩
respectively.

Thus we have,

[Qµνρ, ⟨Tαβ(x1)Tγσ(x2)Tϕψ(x3)Tξχ(x4)O(x5)⟩]

= λ̃

1 + λ̃2

∫
d3x⟨∂σJσ4µνρ(x)Tαβ(x1)Tγσ(x2)Tϕψ(x3)Tξχ(x4)O(x5)⟩ (H.34)

Using (B.26), (B.24) and (B.16) and performing a Fourier transform, the HSE in momentum
space reads,[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩QF

+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩QF

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩QF

+ 1
1+λ̃2

ϵναap1ap1µp1ρp1β⟨O(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩QF

+p1µ⟨J4νραβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩QF+p1α⟨J4µνρβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩QF

+{1↔ 2,(α,β)↔ (γ,σ)}+{1↔ 3,(α,β)↔ (ϕ,ψ)}
]

+
[
p5µp5νp5ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩QF

+ϵνabp5µp5a⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)Tρb(p5)⟩QF

]
= λ̃

1+λ̃2

[
p5µ⟨O(−p5)O(p5)⟩QF⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)Tνρ(p5)⟩QF

+p1µ⟨Tνρ(−p1)Tαβ(p1)⟩QF⟨O(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩QF

+{1↔ 2,(α,β)↔ (γ,σ)}+{1↔ 3,(α,β)↔ (ϕ,ψ)}+{1↔ 4,(α,β)↔ (ξ,χ)}
]

(H.35)
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Step 2: the FF and CB HSEs are,

[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩FF

+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩FF

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩FF

+ϵναap1ap1µp1ρp1β⟨O(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩FF

+p1µ⟨J4νραβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩FF

+p1α⟨J4µνρβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩FF

+{1↔ 2,(α,β)↔ (γ,σ)}+{1↔ 3,(α,β)↔ (ϕ,ψ)}
]

+
[
p5µp5νp5ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩FF

+ϵνabp5µp5a⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)Tρb(p5)⟩FF

]
= 0 (H.36)

and

[
p1µp1νp1ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩CB

+p1µp1νp1α⟨Tρβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩CB

+p1µp1αp1β⟨Tνρ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩CB

+p1µ⟨J4νραβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩CB+p1α⟨J4µνρβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩CB

+{1↔ 2,(α,β)↔ (γ,σ)}+{1↔ 3,(α,β)↔ (ϕ,ψ)}
]

+p5µp5νp5ρ⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩CB

−
[
p5µ⟨O(−p5)O(p5)⟩CB⟨Tαβ(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)Tνρ(p5)⟩CB

+p1µ⟨Tνρ(−p1)Tαβ(p1)⟩CB⟨O(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩CB+{1↔ 2,(α,β)↔ (γ,σ)}

+{1↔ 3,(α,β)↔ (ϕ,ψ)}+{1↔ 4,(α,β)↔ (ξ,χ)}
]

= 0 (H.37)

Step 3: we have,

⟨JsTTTO⟩ = Ñ
(
⟨OTTOO⟩FF + λ̃⟨OTTOO⟩CB

)
⟨OTTTO⟩QF = Ñ

(
⟨OTTTO⟩FF + λ̃ϵ · ⟨OTTTO⟩FF-CB + λ̃2⟨OTTTO⟩CB

)
⟨OO⟩QF = Ñ(1 + λ̃2)⟨OO⟩FF

⟨TT ⟩QF = Ñ
(
⟨TT ⟩FF + λ̃⟨TT ⟩odd

)
(H.38)

We make the following ansatz for the correlator of interest:

⟨TTTTT ⟩ = Ñ

(1 + λ̃2)2

(
⟨TTTTT ⟩Y 0 + λ̃⟨TTTTT ⟩Y 1 + λ̃2⟨TTTTT ⟩Y 2 + λ̃3⟨TTTTT ⟩Y 3

+ λ̃4⟨TTTTT ⟩Y 4 + λ̃5⟨TTTTT ⟩Y 5 + λ̃5⟨TTTTT ⟩Y 6
)

(H.39)
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Step 4: matching the lowest order of the HSE with the FF HSE and the highest order
with the CB HSE gives us,

⟨TTTTT ⟩Y 0 = ⟨TTTTT ⟩FF

⟨TTTTT ⟩Y 6 = ⟨TTTTT ⟩CB (H.40)

Step 5: expanding the HSE about λ̃ = i we obtain the pole equation which give us a
solution,

⟨TTTTT ⟩Y 1 = ϵ · ⟨TTTTT ⟩FF-CB

⟨TTTTT ⟩Y 2 = 2⟨TTTTT ⟩FF + ⟨TTTTT ⟩CB

⟨TTTTT ⟩Y 3 = 2ϵ · ⟨TTTTT ⟩FF-CB

⟨TTTTT ⟩Y 4 = 2⟨TTTTT ⟩FF + 2⟨TTTTT ⟩CB

⟨TTTTT ⟩Y 5 = ϵ · ⟨TTTTT ⟩FF-CB (H.41)

Step 6: substituting this solution back into the HSE would reduce it to a linear combination
of the FF and CB HSEs at each order.34

Thus we have,

⟨TTTTT ⟩ = Ñ

1 + λ̃2

(
⟨TTTTT ⟩FF + λ̃⟨TTTTT ⟩FF-CB + λ̃2⟨TTTTT ⟩CB

)
(H.42)

I The general form of n point functions

In section 3, we presented our results for general three and four point correlators in the
SBHS theory. Further, we have seen in appendix H that our methods can be extended
to the five point case. Based on these results, we make a conjecture about the form of a
general n point function in the SBHS theory. Let us first begin by discussing general five
point functions.

I.1 5-point functions

Based on our results in H, we propose the following forms in momentum space for general
five point correlators:

⟨OOOOO⟩QF = Ñ(1+λ̃2)2
(
⟨OOOOO⟩FF+λ̃⟨OOOOO⟩CB

)
⟨JsOOOO⟩QF = Ñ(1+λ̃2)

(
⟨JsOOOO⟩FF+λ̃⟨ϵ·JsOOOO⟩FF-CB+λ̃2⟨JsOOOO⟩CB

)
⟨Js1Js2OOO⟩QF = Ñ(1+λ̃2)

(
⟨Js1Js2OOO⟩FF+λ̃⟨Js1Js2OOO⟩CB

)
⟨Js1Js2Js3OO⟩QF = Ñ

(
⟨Js1Js2Js3OO⟩FF+λ̃⟨ϵ·Js1Js2Js3OO⟩FF-CB+λ̃2⟨Js1Js2Js3OO⟩CB

)
⟨Js1Js2Js3Js4O⟩QF = Ñ

(
⟨Js1Js2Js3Js4O⟩FF+λ̃⟨Js1Js2Js3Js4O⟩CB

)
34⟨Tνρ(−p1)Tαβ(p1)⟩FF⟨O(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩CB-FF + ϵναap1ap1βp1µp1ρ⟨O(p1)Tγσ(p2)Tϕψ(p3)Tξχ(p4)O(p5)⟩odd

is left over but we are sure that a careful analysis of the current algebra would render the mapping exact.
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⟨Js1Js2Js3Js4Js5⟩QF = Ñ

(1+λ̃2)

(
⟨Js1Js2Js3Js4Js5⟩FF+λ̃⟨ϵ·Js1Js2Js3Js4Js5⟩FF-CB

+λ̃2⟨Js1Js2Js3Js4Js5⟩CB

)
(I.1)

I.2 Conjecture for n-point function

In this subsection we make a conjecture for n-point functions. The conjecture, just like at
the five point level is based on assuming a form of the scalar n-point function.

⟨O1O2 · · ·O2i+1⟩QF = Ñ(1+λ̃2)i
(
⟨O1O2 · · ·O2i+1⟩FF+λ̃⟨O1O2 · · ·O2i+1⟩CB

)
⟨O1O2 · · ·O2i⟩QF = Ñ(1+λ̃2)i−1 (⟨O1O2 · · ·O2i⟩FF+λ̃2⟨O1O2 · · ·O2i⟩CB

)
⟨O1 · · ·O2i+1Js2i+2 · · ·Jsn⟩QF = Ñ(1+λ̃2)i(⟨O1 · · ·O2i+1Js2i+2 · · ·Jsn⟩FF+λ̃⟨O1 · · ·O2i+1Js2i+2 · · ·Jsn⟩CB)

⟨O1 · · ·O2iJs2i+1 · · ·Jsn⟩QF = Ñ(1+λ̃2)i−1(⟨O1 · · ·O2iJs2i+1 · · ·Jsn⟩FF+λ̃⟨O1 · · ·O2iJs2i+1 · · ·Jsn⟩odd

+λ̃2⟨O1 · · ·O2iJs2i+1 · · ·Jsn⟩CB)

⟨Js1Js2 · · ·Jsn⟩QF = Ñ

(1+λ̃2)

[
⟨Js1Js2 · · ·Jsn⟩FF+λ̃⟨Js1Js2 · · ·Jsn⟩odd+λ̃2⟨Js1Js2 · · ·Jsn⟩CB

]
(I.2)

The odd pieces can be written in terms of the epsilon transform of the free theory as follows

⟨O1 · · ·O2iJs2i+1 · · · Jsn⟩odd = ⟨O1 · · ·O2iJs2i+1 · · · ϵ.Jsn⟩FF-CB

⟨Js1Js2 · · · Jsn⟩odd = ⟨ϵ · Js1Js2 · · · Jsn⟩FF-CB

(I.3)

We see that for any n-point function we can determine the interacting theory results purely
in terms of the free theory expressions.35

J Slightly broken HS algebra interms of exactly conserved HS algebra

As is well understood and discussed in the previous section, a crucial difference between
the free and the interacting theories is that the higher spin symmetry in the latter is
weakly broken.

Let us now consider the three point function of spinning operators in the QF theory.
We have 5,

⟨Js1Js2Js3⟩QF = 1
1 + λ̃2

(
⟨Js1Js2Js3⟩FF + λ̃ϵ · ⟨Js1Js2Js3⟩FF-FB + λ̃2⟨Js1Js2Js3⟩FB

)
(J.1)

As mentioned before, in spinor helicity variables, we can further break the correlator into
homogeneous and non homogeneous pieces (inside the triangle inequality where si + sj ≥ sk

35The CB theory correlators and FB theory correlators are related by a Legendre transformation at large
N and therefore, knowledge of one entails knowledge about the other.
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holds) as,

⟨Js1Js2Js3⟩FF = ⟨Js1Js2Js3⟩nh − ⟨Js1Js2Js3⟩h

⟨Js1Js2Js3⟩FB = ⟨Js1Js2Js3⟩nh + ⟨Js1Js2Js3⟩h (J.2)

such that,

⟨Js1Js2Js3⟩FB-FF = 2⟨Js1Js2Js3⟩h

⟨Js1Js2Js3⟩FB+FF = 2⟨Js1Js2Js3⟩nh (J.3)

where the nh piece saturates the WT identity. For instance, in ⟨TTT ⟩, the nh piece comes
from the Einstein Hilbert term in AdS4 (or dS4) and the h piece comes from the W 3 term.

Then re-writing (J.2) in terms of the h and nh terms yields,

⟨Js1Js2Js3⟩QF = ⟨Js1Js2Js3⟩nh − eiπλf ⟨Js1Js2Js3⟩h (J.4)

where 0 ≤ λf ≤ 1 is the coupling constant that appears in CS matter theories.
As we can see, if λf=0 we get the FF answer and for λf = 1 we get the FB answer which

is exactly what we should get due to the duality. Thus, the SBHS theory answer interpolates
nicely between FF and FB theory answers. We can also see the explicit appearance of
an “anyonic phase” eiπλf which interpolates between the FF and FB correlators. In
equation (J.4)the correlator is given in terms of the free theory alone, say just the FF theory
since both h and nh parts can be identified from the FF theory.

This leads us to the motivation for this section where we investigate the possibility
that the algebra for the QF theory can be written in terms of the FF theory alone.

Thus we introduce a modification to the higher spin algebra of the interacting theory
which enables us to write the HSE in a manner that mimics the HSEs of the free theory.
Demanding such a modification of the algebra would conceivably give us a notion of an
effective current in the SBHS theories which we could then make use to compute correlators
using a generalized notion of Wick’s theorem in free theories.

J.1 Effective algebra

We begin our discussion with a general 3-point correlator with arbitrary spins s1, s2 and
s3 and modify the Q4 higher spin algebra when the spins si for i = 1, 2, 3 satisfy certain
conditions that arise after incorporating the current non conservation for J4.

The Ward identity corresponding to the non conservation of J4 is given by

Qµνρ⟨Js1(x1)Js2(x2)Js3(x3)⟩ =
∫
x
⟨∂σJσµνρ(x)Js1(x1)Js2(x2)Js3(x3)⟩. (J.5)

Using the fact that non-conservation of J4 only contains O and T (B.16), at large N the
factorisation of the r.h.s. would yield a non zero contribution only when one of the insertions
in the correlator ⟨Js1(x1)Js2(x2)Js3(x3)⟩ corresponds to the stress tensor or a scalar. If
none of the operator insertions correspond to the scalar or the stress tensor then the current
non-conservation plays no role i.e

Qµνρ⟨Js1(x1)Js2(x2)Js3(x3)⟩ = 0. (J.6)
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This implies that the slightly broken HS algebra can effectively be given by the free theory
exactly conserved HS algebra. However, if we consider the case when one of the operator
insertions is a spin 2 operator, i.e. the stress tensor, then the r.h.s. is non zero and is
given by

Qµνρ⟨Tγδ(p1)Js2(p2)Js3(p3)⟩ = pρ⟨Tµν(−p1)Tγδ(p1)⟩⟨O(p1)Js2(p2)Js3(p3)⟩. (J.7)

Our aim is to redefine the Q4 algebra in the l.h.s. in a way such that it cancels the
contribution due to non-conservation in r.h.s. Let us consider an example

⟨T T T ⟩ in QF theory interms of effective algebra. We first consider the action of Q4
on ⟨OTT ⟩ in the QF theory. The relevant algebra takes the form as in (B.24) and (B.26)
The WI corresponding to the non conservation of J4 is

⟨[Qµνρ, O(x1)]Tαβ(x2)Tγσ(x3)⟩QF =
∫
x
⟨∂aJa(µνρ)(x)O(x1)Tαβ(x2)Tγσ(x3)⟩QF (J.8)

We use the fermionic current equation (B.14) and get the following HSE in momentum space

a1p1µp1νp1ρ⟨O(p1)Tαβ(p2)Tγσ(p3)⟩QF+a2g(µνp1ρ)p
2
1⟨O(p1)Tαβ(p2)Tγσ(p3)⟩QF

+a3ϵab(µp1νp1a⟨Tbρ)(p1)Tαβ(p2)Tγσ(p3)⟩QF+
(
b1p2µp2νp2ρ⟨O(p1)Tαβ(p2)Tγσ(p3)⟩QF

+b2p2(µp2νp2α⟨O(p1)Tρ)β(p2)Tγσ(p3)⟩QF+b3p2(µ⟨O(p1)Jνρ)αβ(p2)Tγσ(p3)⟩QF +{2↔ 3}
)

= c0
λ̃

1+λ̃2

[
p1(µ⟨O(p1)O(−p1)⟩QF⟨Tρν)(p1)Tαβ(p2)Tγσ(p3)⟩QF(

p2(µ⟨Tρν)(p1)Tαβ(−p1)⟩QF⟨O(p1)O(p2)Tγσ(p3)⟩QF+{2↔ 3}
)]

(J.9)

The modification that we propose in the algebra is the following. The stress tensor in the
[Qµνρ, O] algebra is transformed via the following rule

Tνρ(p1) → Tνρ(p1) + λ̃
ϵcdνp1d
p1

Tcρ(p1) (J.10)

A similar modification should also be done in the case of the scalar operator in [Qµνρ, T ]
algebra. With the modification as given in (J.10) the QF algebra for [Q4, O] is modified in
momentum space as

[Qµνρ, O] = a1pµpνpρO + a2ϵµabpνpaTbρ + ã3λ̃ϵµabpνpa

(
ϵcdρpd
p

Tbc(p)
)

= a1pµpνpρO + a2ϵµabpνpaTbρ + ã3λ̃pνpTµρ(p)
(J.11)

In going from the first line to the second line of the r.h.s. we have used the transversality
and the tracelessness of the stress-tensor. We now re-write the HSE using36 (J.11). With
the modified algebra, the r.h.s. will become zero but we shall get some additional terms in
the l.h.s. and we would require ã3 = c0 to account for non conservation.

One can easily work out the four point function, say ⟨TOOO⟩ using this modified
algebra and show that this reproduces the non-conservation HSE.

Therefore we see that with a redefinition of the higher spin algebra we can compare the
modified higher spin equation with one that corresponds to exact conservation of the current.

36The appropriate modification in the [Qµνρ, T ] algebra involves O → λ̃
1+λ̃2 O.
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J.2 Higher spin equations in spinor helicity variables

In spinor helicity variables, the correlation functions take a very simple form as in (6.67).
The anyonic behaviour of the correlators also appears in spinor helicity variables (6.67). This
suggest that it would be illuminating to write down the HS algebra in spinor helcity variables.

In the previous sections we made use of the higher spin equations in momentum space
to solve for correlators in the interacting theory. The same exercise can be done in spinor
helicity variables where we start with the higher spin algebra and the current equation in
these variables. We begin by writing the FF algebra in spinor helicity variables.

Free fermionic HSE in spinor helicity. Dotting the free fermion algebra (B.24) with
null polarization tensors we get37,38

zµq z
ν
q z

ρ
q [Qµνρ,O(p)] = ⟨p̄q⟩3⟨qp⟩3

8q3 O+ip⟨p̄q⟩⟨qp⟩2q Tqq

zµq z
ν
q z

ρ
q z
α
p z

β
p [Qµνρ,Tαβ(p)] = ⟨p̄q⟩3⟨qp⟩3

8q3 Tpp+ ⟨p̄q⟩⟨qp⟩
2q Jqqpp+p⟨p̄q⟩⟨pq⟩

5

32q3 O (J.12)

where, zq is the null polarization tensor corresponding to momenta q ̸= p and Tqq = zνq z
ρ
qTνρ,

Jqqpp = zµq z
ν
q z

ρ
pz
σ
p Jµνρσ.

Quasi fermionic HSE in spinor helicity. Coming to the QF case, to write the charge
algebra in spinor helicity,once again we dot with the polarization tensors which gives us
the same algebra as in the FF case (J.12). Now, we focus on writing the non-conservation
r.h.s. of the HSE in spinor helicity.39 To do so we dot the following null polarization tensor
combination with the current equation (B.16) which gives us

zµq z
ν
q z

ρ
q∂σJ

σ
µνρ(p) = λ̃

1 + λ̃2

[⟨p̄q⟩⟨qp⟩
2q O(p)Tqq(p)

]
(J.14)

37For example, for ⟨T T O⟩, the r.h.s. becomes

zµ
q zν

q zρ
q za

p1 zb
p1 zc

p2 zd
p2⟨∂σJσ

µνρTabTcdO⟩ = λ̃

1 + λ̃2

[
(1 + λ̃2) ⟨p̄3q⟩⟨qp3⟩

2q
p3⟨Tp1p1 Tp2p2 Tqq⟩

+
(
⟨p̄1q⟩⟨qp1⟩

2q
⟨TqqTp1p1⟩⟨OTp2p2 O⟩ + {1 ↔ 2}

)]
.

38It is to be noted that the notation for the spinor brackets used here are slightly different from the one
in C. Here, ⟨pipj⟩ is identical to ⟨ij⟩ in C.

39One can redefine the HSE algebra again to account for non conservation. Now, to write the non-
conservation HSE in the form of an effective conservation HSE, we modify the charge algebra (J.12)
by redefining

zµ
q zν

q zρ
q [Qµνρ, O(p)] = ⟨p̄q⟩3⟨qp⟩3

8q3 O + ip
⟨p̄q⟩⟨qp⟩

2q
(Tqq + iλ̃Tqq)

zµ
q zν

q zρ
q zα

p zβ
p [Qµνρ, Tαβ(p)] = ⟨p̄q⟩3⟨qp⟩3

8q3 Tpp + ⟨p̄q⟩⟨qp⟩
2q

Jqqpp + p
⟨p̄q⟩⟨pq⟩5

32q3 O (J.13)

Following the same set of arguments as we used in section 5, which involves analysing the higher spin
equation at each order in the coupling constant and substituting the ansatz for the correlators, we can
similarly derive expressions for the odd part of interacting theory correlators in spinor helicity variables
which is fairly straightforward and gives us the same results.
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One can use (J.12) and (J.14) to write the slightly broken HSE in spinor helicity variables.
In spinor helicity variables the HSE takes a very simple form and can be solved easily and
can be shown to give exactly the same results as discussed in the main text.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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