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1 Introduction

The general one-loop renormalization counterterms for scalar field theory were computed
by ’t Hooft [1] in dimensional regularization in the MS scheme.! t Hooft’s formula applies
to theories with Lagrangians containing up to two derivatives in the fields, and a canonical
kinetic energy term. It allows for the computation of the one-loop renormalization constants
and anomalous dimensions by purely algebraic manipulations. The formula was extended
to arbitrary two-derivative Lagrangians using a geometrical method [2, 3] which exploits
the invariance of the S-matrix and physical observables under field redefinitions [4-8]. Field
redefinitions can be interpreted as coordinate transformations on the manifold on which
the quantum fields live, and the renormalization counterterms can be written in terms of
geometric objects such as the Riemann curvature tensor of the scalar manifold M.

'The results are also valid in the MS scheme, where the parameter p of the MS scheme is rescaled,
u? — p2e” /(4m), or the usual scheme in chiral perturbation theory, where p? — p2e’™Y /(47). We will refer
to all of these as the MS scheme.



The geometrical approach was used in [2, 3] to study the scalar sector of chiral perturbation
theory, the Standard Model Effective Field Theory (SMEFT), and Higgs Effective Field
Theory (HEFT). It was shown in refs. [2, 3] that deviations of longitudinal gauge boson
and Higgs cross sections from their SM values measure the Riemann curvature of M. The
formalism was generalized to include gauge fields in [9, 10] and fermions in [11-13]. The
geometric approach reorganizes perturbation theory, and greatly simplifies the computation
of radiative corrections. The geometric approach uses an expansion in derivatives rather than
operator dimension, so one can include operators of arbitrary high dimension in an EFT
with a fixed number of derivatives. Applications of the method to chiral perturbation theory,
which also has a derivative expansion, were given in [3], and applications to SMEFT were
discussed in refs. [14, 15]. Ref. [9] computed the one-loop renormalization group equations
(RGE) in SMEFT to dimension eight using this method, obtaining some new results as well
as cross-checking some recent calculations [16-22]. There are also extensions of the method
to Lagrangians with higher derivatives [23-27], and to higher loops [28, 29].

In this paper, we compute two-loop counterterms and anomalous dimensions in scalar
theories with arbitrary interactions up to two derivatives. We find a general algebraic formula
for two-loop counterterms in the MS scheme, generalizing the well-known one-loop result
of 't Hooft [1]. We show that a large class of factorizable diagrams do not contribute to
the two-loop anomalous dimensions, as they factor into the product of one-loop diagrams.
This simplification is hidden in the usual Feynman diagram calculation, which organizes
the terms by powers of the coupling constant, rather than topology. We derive the formula
for the anomalous dimensions in minimal subtraction and generalize 't Hooft’s consistency
relations [30] for counterterms to an arbitrary EFT for which the renormalization group
equations are non-linear. The results of this paper are combined with the geometrical methods
of [2, 3] in a second paper [27] (referred to as paper II), which allows for the computation of
two-loop renormalization of an arbitrary EFT with terms up to two derivatives. It also applies
to theories with more than two derivatives provided higher order terms contain at most single
derivatives acting on each field. At the end of this paper, we explicitly evaluate the two-loop
formula for the renormalizable O(n) model, and verify that it produces the correct anomalous
dimensions. The calculation for the O(n) EFT which includes higher dimension operators
is presented in paper II, since it is more efficiently done using geometrical methods. The
second paper uses the two-loop counterterm formula to compute the two-loop anomalous
dimensions for the scalar sector of SMEFT to dimension six, and for chiral perturbation
theory to order pb. It also explains how the formalism applies to Lagrangians with higher
derivative terms, provided there is only a single derivative acting on each field, as for the
p* Lagrangian in chiral perturbation theory.

2 Form of the loop corrections

In this section, we compute the general formula for the one-loop and two-loop counterterms
in a scalar theory, with terms containing up to two derivatives, in the presence of an arbitrary
background field. The one-loop corrections are given by writing the scalar field ¢ — ¢ +n
in terms of a background field ¢, and a quantum field 7, which is integrated over and only
appears as internal lines in loop graphs. The generic one-loop graph is shown in figure 1,
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Figure 1. One-loop correction to the action. The solid line is the internal field n, and the dashed
lines represent external fields ¢. There can be an arbitrary number of vertices, each of which has two
7 lines. The right hand figure shows the corresponding skeleton graph, which can have an arbitrary
number of nn vertex insertions in the loop.

(a) (b)

Figure 2. Skeleton graphs for two-loop corrections to the action. There can be an arbitrary number
of nm vertex insertions, as in figure 1.

and consists of a single  loop, with arbitrary insertions of external fields from 7? vertices.
There are two generic connected one-particle irreducible two-loop graphs, shown in figure 2,
which involve either two insertions of 73 vertices, or one insertion of an n* vertex. Both
types of graphs can have an arbitrary number of insertions of n? vertices. These results
follow from the topological identity

(F-2)+2L =) (Fi—-2), (2.1)

where I is the total number of external fields in a Feynman graph, F; are the number of fields
at each vertex, and L is the number of loops.? In our case, there are no external quantum
fields, so F' = 0. Consequently, the left-hand side of eq. (2.1) for L = 1 and L = 2 is equal
to zero and two, respectively. Thus, the one-loop graphs only contain quadratic vertices,
whereas the two-loop graphs either contain two cubic vertices or one quartic vertex.

We now summarize 't Hooft’s calculation [1]. Starting with a Lagrangian £(¢), we write
the scalar field as the sum of a background field and a quantum field ¢ = ¢ + 7, and expand
in 77.> The general Lagrangian up to order n? and two derivatives is

1 1
L= 5 ,mTa“n + 8#77TN“77 + 577TX77, (2.2)

where n® are real scalar fields, N 5b and X, are matrices which are functionals of the
background fields, and we use matrix notation for the index contractions. The background
fields can be any kind of field, since they do not affect the evaluation of the loop integral over

2The topological identity was used previously to derive the power counting rule of naive dimensional
analysis, which gives a method of counting 47 factors associated to terms in the Lagrangian. A more detailed
discussion can be found in [31, 32]. The same identity was also used to determine factors of coupling constants
associated with a given loop graph [33].

3We focus on scalar fields. The method also works for gauge fields and fermions [1].



n. Following [1], we assume the kinetic term is canonically normalized. The generalization
to an arbitrary kinetic term

1
L= 3 unTg otn (2.3)

was given in [2, 3], and will be discussed in paper II. In eq. (2.3), gup, the metric on the
scalar field manifold, is a function of the background fields. Eq. (2.2) corresponds to a
trivial scalar metric gq, = 4. For this paper, the metric is trivial and we do not distinguish
between upper and lower flavor indices.

The indices a, b, . . . refer to flavor indices. X, is symmetric in its flavor indices, Xg = Xpq.
The Lagrangian can be shifted by a total derivative, which leaves the action unchanged.
Consider the shift

L— L+, [nTZ“n] =L+ 0" (0,Z2")n + (0un)" ZFn + 0" Z"(0um) (2.4)

where Z!, = Z{! is a symmetric matrix. The last term can be rewritten as n’ Z*(d,n) =
(Qm)TZ“n since Z" is symmetric. The last two terms lead to a shift in the symmetric part
of N#, NF — NHF 4+ 27F. ZF can be chosen to remove the symmetric part of N*, so that
N* is antisymmetric, N*, = —N}! . The term 9,Z" is symmetric, and can be absorbed into
a redefinition of X, X — X + 20,Z*. Thus in eq. (2.2), we can always require IV, to be
antisymmetric and X to be symmetric.

Define the covariant derivative

Dym=0um+N,n. (2.5)
N*# plays the role of a background O(n) gauge field, since it is a real antisymmetric matrix.
The Lagrangian eq. (2.2) is

1 1 1 1
L= i(Dw)T(D“n) + inT(X — Ny Nty = §(Dw)T(D“n) + 577T(X + N.N")np  (2.6)

which is equivalent to

1 1
£ =5 (Dun)" (D) + 50" Xn (2.7)
after further redefining X by X — X + N,N¥. As noted by ’t Hooft, eq. (2.7) has an

O(n) symmetry,
n— On, X —o0x07", N, — ON, 0" —9,00™. (2.8)

under which N, transforms as a gauge field. This O(n) symmetry greatly simplifies the
computation of the counterterm Lagrangian. Note that O(n) need not be a symmetry of
the original Lagrangian. The above method writes the fluctuation Lagrangian in an O(n)
symmetric form, even if the starting Lagrangian is not O(n) symmetric.

't Hooft computed the one-loop counterterm Lagrangian

1 1 1
Y — Iy X2 Ty, YR 2.9
ot = Ton2e | 4 9q (2.9)



in d = 4 — 2¢ dimensions in the MS scheme, where

Y = [Du, D)) = 0,N, — 0,N,+ [Ny, N,| (2.10)
is the O(n) field-strength tensor constructed from N,,. Y}, is antisymmetric in its Lorentz
indices Y/}" = =Y ¥, as well as in its flavor indices, V" = =Y. The 1-loop counterterm

Lagrangian eq. (2.9) is gauge-invariant under the O(n) symmetry of eq. (2.7).
The two-loop corrections require terms cubic and quartic in 7. Up to two derivatives,

the allowed terms are*

L= Aaeti™n"n° + Al (Dun) n"n° + Aby (Dyn) (D)1

albe
+ Babed 1" 100" + Bl g (D) 0" 00 + Bl (D) (D) nn’ (2.11)

The terms are written in terms of covariant derivatives rather than ordinary derivatives, to
make use of the O(n) symmetry of the quadratic Lagrangian eq. (2.7). This can always be
done by the replacement 9, — D, — N,, and absorbing the N, terms into redefinitions of the
lower derivative terms in eq. (2.11). The A and B coefficients are arbitrary functionals of the

background fields. Terms with D27 can be converted to the form eq. (2.11) by integration

7
albe

is symmetric in bc, B(’; lbed is completely symmetric in bed. The other coefficients satisfy

: pro _pvp o pyp _ puv Canta
the symmetry relations Aab|c = Aba‘c, Bab|cd = Bba|cd = BabldC.Thus7 the coefficients are

completely symmetric in flavor indices on each side of the vertical bar, with Lorentz indices

by parts. Agpe is completely symmetric in abe, Bgpeq is completely symmetric in abed, A

coupled to the flavor indices to the left of the bar. We will always assume these symmetries
on the coefficients. As in eq. (2.4), we can add total derivatives

L—L+D, {Cﬁbcnanbnc} + D, {F%Cdnanbncnd (2.12)

a

where C¥ ~and F!, . are completely symmetric, which can be used to eliminate the totally

m

symmetric pieces in A and B(’; lbed while shifting Agp. and Bgpeq. Thus one can eliminate

albe
the totally symmetric parts of A%, ~and B! bed:
I n noo_
Aa|bc + Ab|ca + Ac|ab =0,
" " " no_
Ba|bcd + Bb\cda + Bc|dab + Bd|abc =0. (213>

AZ lbe has three flavor indices, and so can be decomposed into irreducible representations of
the symmetric group on three elements, S3. Similarly B(’: lbed is decomposed into irreducible
representations of Sy. The irreducible representations of S, are denoted by Young tableaux
with n boxes. The coefficients Ag lbe and B(’; lbed transform as the irreducible representations
with Young tableaux

AP ~ ‘ BH ~ ‘ ‘ (2.14)

under the symmetric group because of the constraints eq. (2.13). We cannot simplify A"
and B" by adding total derivatives as in eq. (2.12) without introducing terms with two

“Note that the original Lagrangian need not be O(n) symmetric, but the fluctuations can still be written
in O(n) form. The vertical bar | separates the indices contracted with D,n from those contracted with 7.



D, X yw A A+ AW B BH BW
Mass dimension 1 2 2 1 0 -1 0 -1 =2

Table 1. Mass dimensions of the building blocks.

AA |D?, X, ¥
AFA | B2 XD, YD
AtAR DY XD?, YD?, X2, XY, Y?
AW A |\D* XD? YD? X? XY, Y?
AP AR DS XD3 YD3, X2D, XYD, Y2?D
A A DS X DY YD X2D? XYD? Y2D? X3 X?Y, XY? Y3

Table 2. Possible two-loop counterterms from figure 2(a). The first column gives the two cubic vertices
in the diagram. Each line gives the possible counterterms for those cubic vertices. For instance, the
first line means that allowed counterterms with two factors of A can either have two factors of A and
two derivatives, or two factors of A and one X, with all possible Lorentz and flavor contractions. ¥
means there is no AAY counterterm allowed by the Lorentz and flavor contractions. The counterterms
with A" are not needed for our results. The explicit form for the counterterms is given in section 4.

B |P4, XP2 K ¥p2 X2 XY K6 ¥2
Br|P5S XD ¥Dp3 X?2D XYD, ¥2D
Bw\|\DS  X2D? XYD? Y2?D? X3 X?Y, XY? Y3

Table 3. Possible two-loop counterterms from figure 2(b). The first column gives the single quartic ver-
tex in the diagram. Each line gives the possible counterterms for that quartic vertex. Some counterterms
with a line through them are not allowed because they are total derivatives, or because the diagram
factors into a product of one-loop graphs (see text). The explicit counterterms are given in section 4.

derivatives on a single . We will assume that the coefficients have been put in a standard
form so that eqs. (2.13) are satisfied.

The two-loop counterterms, from the graphs in figure 2, either have one quartic B-vertex,
or two cubic A-vertices. The possible two-loop counterterms can be determined by dimensional
analysis. The mass dimensions of the coefficients in egs. (2.7), (2.10) and (2.11) are listed
in table 1. Since the theory has O(n) symmetry, the allowed factors from the quadratic
Lagrangian are X and Y),,. The possible structures for the two-loop counterterms are given
in table 2 and table 3. Some possible counterterms permitted by dimensional analysis are
not allowed, and have a line through them. For example, AAY is removed because the
Lorentz index contraction implies it must contain Y, = 0. The AA*D3 term vanishes
because A* has no completely symmetric flavor piece, from eq. (2.13). The BD* counterterm
vanishes, since it is a total derivative. Terms such as BX D? are not allowed because the



AAmm |1
AFAnn |D
At APy | D% X, Y

Bmm P2, X, ¥

Bt P2, XD, YD

BWyn | BY, XD? YD?, X2, XY | Y?

Table 4. Possible one-loop subdivergence counterterms from figure 3. The first column gives the two
cubic vertices or the single quartic vertex in the one-loop diagram, as well as the two external scalar
fields n. Each line gives the possible counterterms for the given vertices and fields. Some counterterms
with a line through them are not allowed because they are total derivatives or vanish. The explicit
counterterms are given in section 3.

O

(a) (b)

Figure 3. One-loop subdivergence graphs from the n? and n? interactions. The external lines are n
fields.

B-graphs factor into the product of two one-loop graphs, one of which is a scaleless power
divergent integral which vanishes. The factorization property of B-graphs leads to important
consequences, and is discussed in section 5.

There is one major simplification that we make at this point. We will see in paper II that
the cubic variation of the action does not generate the two-derivative term A" C(Dlm)a(D,,n)bnC
if one uses Riemann normal coordinates, which were used in [3] to simplify the one-loop
calculation. We will therefore drop A*”, which gets rid of many terms in table 2. A
naive expansion using ¢ — ¢ + n does generate A*Y. Dropping AMY greatly simplifies the
computation of the counterterm Lagrangian, and shows the advantages of a geometrical
approach. In a renormalizable theory, A" Ibes B bea a0 B éj|c ; vanish. In paper II, we will

see that A" be and B éj|c ; start at dimension six, and B bea 2 dimension eight.

3 One-loop subdivergences

The two-loop graphs in figure 2 contain subdivergences, which have to be subtracted by the
insertions of the one-loop counterterms vertices into one-loop graphs. These are generated
by the A and B vertices, and have two external 7 fields. The expressions for the one-loop
counterterms allowed by dimensional analysis are listed in table 4. They can be computed
from the one-loop graphs in figure 3 using the Lagrangian eq. (2.11) and eq. (2.7) for the

interaction vertices.



There is an alternate algebraic way of computing the one-loop subdivergence counterterms
which is instructive. Treat eq. (2.7) plus eq. (2.11) as the new Lagrangian, and repeat the
procedure used to obtain eq. (2.9):

(a) Make a shift n — 77+ ¢ of the quantum field 7 into a new background quantum field 77
and quantum field .

(b) Since we want the one-loop correction, expand the Lagrangian to quadratic order in (.

Shifting the field n — 7 + ¢, expanding to O(¢?), and dropping the bar over 7, yields

1 1
£ = S(DuQ)"(DM0)" + 5 XanC"C" + 3AaneC* (" + 247, (D) ¢"n° + Al (D) "¢

+ GBabch“Cbncnd + 3Bg|bcd(D,uC)aCb77077d + 3Bg|bcd(Du77)aCbCC77d (3.1)
+ Bhy (D) (D)’ ¢e¢t + 4BLy ((Dum) (Do) ¢ + Bl (D) (D)’
The last term gives a non-trivial spacetime metric for ¢
1" Gab = 0" at + Bhy g0’ (3.2)

on comparing with eq. (2.2). This piece cannot be handled by ’t Hooft’s formula eq. (2.9)
so it is treated separately. It can be included if we compute the diagrams explicitly, and is
included in the final expressions for the one-loop subdivergence counterterms.

(c) Remove the symmetric part of the 9¢,(, term by adding a total derivative as in eq. (2.4).

(d) Determine the covariant derivative D, and mass term X for the resultant Lagrangian,
analogous to the terms in the original Lagrangian eq. (2.7).

(e) Finally, compute the one-loop counterterms with two external 7 fields from eq. (2.9).
This procedure uses a double shift of the field ¢ to determine the counterterms, first by
n and then by ¢. The RGE commute with shifts in the field, i.e. computing the RGE
and shifting the field gives the same result as shifting the field and then computing the
RGE [34].

The symmetric part of (D¢)( is moved to X by integration by parts, using the identity
as in eq. (2.4),

(DuC)*¢" + ¢ (DuC)" = Du(¢"¢") - (3.3)
With this transformation, the Lagrangian eq. (3.1) has the form

£ = 5D (D) + (D, Q)T U+ 3¢

1 1 ~
= 5 @€+ NG+ UuQ) T (0¢ + N"C+ U) + 5¢T (X + 0,07 ¢ (3.4)
where
c 3 c, d v v c, d
U(fb = (A5|bc B A§|ac)77 + §(B5|bcd o Blﬁacd)?7 n+ 2(Bczﬁbd B Bcl‘;\tad)(DVn) n (3'5>



and

Xab=Xab+6Aaper®+2A4% (D) +12Bapeann” +6 B (D)) 0™ +2Bley (D) (D)

clab

3
5D [(Bg|bcd+35|acd)nc77d] —2D,[(Begjpa T Bitjad) (Dyum)n’]. (3.6)

~D, (AL 2

albe

+AG =

blac
The new covariant derivative and mass term are given by the replacement in eq. (2.7)

Dy — D, +U,=8,+ N, +U,,
X = X + U, U, (3.7)

with the new field-strength
YMV — YMV + DMUV - DVUu + [Uuy Uu] ) (38)

where D, is the old covariant derivative (without U,). Using 't Hooft’s formula eq. (2.9),
and retaining the terms quadratic in A or linear in B gives the results listed below in
eq. (3.11) and eq. (3.12).

3.1 One-loop subdivergence counterterms

The B counterterms are computed from the graph 3(b) using the n* terms in eq. (2.11). Since
the two-loop graph factorizes into the product of one-loop graphs, it is convenient to first
compute one-loop counterterms from a single insertion of the n? interaction Lagrangian

Line = Capnn” + Ciy (D)™ n” + Cly (Dyn)* (D) (3.9)
treated as a perturbation added to the Lagrangian eq. (2.7). This computes the expectation

value of n bilinears <17“17b>, <D,m“17b> and <D,m“D,,nb> in the presence of X and NN, fields

and gives the counterterms

1 1 1
Lot = Tgrae| ~CobXom = 5CDL Ko+ GOl DY
1 1w 1w , 1
- ﬁcgfz)?xba = 3G AP Do} Xoa — 5C0 DY + 10t XneXea (3.10)

1 1 o1 , 1
GOV Yo+ XooY ) + S Ol VY2 — JOWYEY 4 ClYedya? |
The allowed terms are (schematically) (nem) — Xap, (Dunams) — DpXap, DaYy',
(DynaDymy) ~ D*X,D?Y, X2 XY,Y% (nn) cannot produce a Y, because the Lorentz
indices would have to be contracted, and Y,, = 0. This explains some of the missing entries
in table 3. Eq. (3.1) will be needed for some results in paper II.



The one-loop B subdivergence counterterms are

B,1 1
‘Cg.t. ) = 1672¢ [_GBabchcdnanb - 3B5|deXcd(Dp77)a77b - Bélachcd(Dyn)a(Dyn)b (311)

3
- *Bfﬁbcd(DaX Jav“n” — 2Bguipa(DaX )ab(Dun)Cnd

(D, Yuana( Clbcd — Bb\acd)nn (DYoo) (Ba — Biud) (Dun)’

3

4
1
[ 12 D2 Col[bOer ({D‘“D }X)abBab|cd 1ZBab\cd(D2Ylw)

+43al>lccha€XebJr Bab\cdyléaye“a *B’“j ViV + 5 B““ YO‘BYW} ]

ablcd ea abled” be “ea

These can be obtained by starting with the B Lagrangians eq. (2.11), choosing two 7 fields
to be in the loop, and using eq. (3.10) for the result of the loop graph. The coefficients
in eq. (3.11) differ from those in eq. (3.10) by the combinatorial factor for picking two n
fields out of a n* vertex. The results in the first three rows were also obtained by applying
't Hooft’s method, which gives the same result. The results in the last two rows could not
be computed using 't Hooft’s method because they arise from terms in eq. (3.2) giving a
non-trivial spacetime metric.

The one-loop subdivergence counterterms from the A-type terms were computed from
the one-loop graphs, and by ’t Hooft’s method, both of which give the result

Al 1 1 c c c
£l = (1677 ¢ l—gAcabAdabn 06 Aape (D Aly ) nd+18AabcAg|b (D)

+2D,, (A" ) (A% (Do) AdabAd\aa un)* (D) '+ 6 Do (Alsy°) Do (AL 1)

=5 () () 5 () Xar (50 45 () Xor ()

1 1 d d
_gD (Aa|bcnc) Dq (Aaadn ) _gDu (Agwcnc) D, (AZ\ad” ) - (Ag\bcnc) Xaf (A'afdn )

2 y d

3Ya7)VA |€CAe|ad77 n _gyab Ag|ec b‘(idncn gYa/'lL) Ae‘acAeﬂ)dn n ] (312)

The one-loop counterterms with quantum fluctuations eq. (3.11) and eq. (3.12) are auxil-
iary results needed for the computation of two-loop counterterms to the original Lagrangian.
They are not included in the counterterms for the original theory. The one-loop counterterms
for the original theory were already given in eq. (2.9). The results eq. (3.11) and eq. (3.12)
can be obtained from eq. (2.9) by making the replacement ¢ — ¢ + n and expanding to
quadratic order in the quantum fields.

4 Two-loop counterterms

The two-loop counterterms are computed from the graphs in figure 2 and the one-loop graphs
with one-loop counterterm vertices computed in the previous section. The resulting two-loop

,10,
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Figure 4. Graphical representation of the symmetry relation A% e + Aglca + A% \ap = 0. The lines
from top to bottom correspond to the flavor indices a, b, ¢, and the line with the open circle denotes
the first index of A*, which is contracted with (D,n).

divergences are local, with the non-local pieces all cancelling between the two-loop graphs
and the one-loop subdivergence graphs. This cancellation provides a non-trivial check on the
computation. The details of the calculational method are given in appendix A.

4.1 Quartic B terms

The B-type two-loop counterterms from the figure eight topology figure 2(b) are
B 1 s X Xea 4 DB (DaX)asXed + =B (DY) s X 41
c.t. _W abed<X ab cd+§ a\bcd( « )ab cd+§ a\bcd( o ,ua)ab cd ()
1
+ 5 ab|cd(‘D2X)abXCd+ Bgé/\cd({Du’Dv}X)achd‘f‘ B/W (D2Y“y)achd

12 ablcd

1
Bab|cha€Xechd + Bab|cd(XaeYZgV + YapéVXeb)Xcd

Bﬁ;CdYaléaY cd T Bab|chaVanuaX ﬂ abde“”Y’uVX
1 1 .
i Bab|cd(D X)ac(D X)bd + 18Bab|cd(DaYa )ac(DﬁYﬂ )bd + GBab|cd(DuX)ac(DﬁYﬁV)bd

The graphs factor into two one-loop integrals, so the counterterms can be determined by
using eq (3.10) for each loop, and including combinatorial factors for grouping four 7 fields
into two groups of two fields each.

4.2 Cubic A terms

The two-loop graphs from the sunset topology in figure 2(a) plus the associated subdivergence
graphs give local counterterms. The symmetry relation eq. (2.13) is used to simplify the final
results, and put the counterterm operators in a standard form. The possible counterterms
are shown in table 2. To avoid integration by parts ambiguities, we choose to eliminate
all derivatives on X and Y}, so the derivatives act only on the A vertices. Many flavor
contractions can be eliminated by systematically applying eq. (2.13). We give one example,
and leave the analysis of the other cases to the reader. The identity eq. (2.13) is represented
graphically in figure 4. Consider a two-loop graph with two A* vertices, where X is inserted
on one 7 line, and Y}, on a different 7 line. The allowed contractions are shown in figure 5.
In each figure, the left n® vertex is A* and the right vertex is A”, and the lines show the
flavor index contractions, which generate operators of the form A*#A”XY,,. The possible
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Y Y Y
Y

X X X

Y Y Y

Figure 5. Allowed flavor contractions for A* A XY with X and Y on different lines.

contractions shown in the figure can be denoted as a matrix

C11 C12 C13
Co1 €22 Co3| - (4.2)

€31 €32 €33

We can switch the two 73 vertices in each figure. This swaps the Lorentz indices u, v, and
swaps the flavor indices in X and Y),,. Both X and Y),, are symmetric under the combined
swap of Lorentz and flavor indices. Thus the matrix is symmetric, ¢y = cpq, because
transposing the graph transposes the location of the open circle. The symmetry relation
eq. (2.13) implies that each row and each column of the matrix add to zero, as can be seen
from figure 4. The elements of a 3 x 3 symmetric matrix with each row and column adding
to zero can all be determined from the three diagonal elements c¢;;, so we write the 9 possible
contractions in terms of the three independent ones. One can similarly analyze the other
cases. Two structures in table 2 are not allowed. AAY),,, vanishes because the only Lorentz
index contraction is AAY,,. A*AD? vanishes because the only flavor index contraction is

AabCAZ lbe which vanishes using the symmetry relation eq. (2.13).°

5Covariant derivatives maintain the symmetry properties of a tensor.
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The independent counterterms are

1
E((:I?:’Z) = (167['2)2 al,lDuAabcDuAabc+a2,lAachchabd

+a3 1D A AdpaXea+as ALY, DyAawaXea+as, 1Dy AY Y ApaYh +aa A", Dy, AaaYl)

albe albe albe albe

—|—a5,1D2A'u DZAM +a5,2DaD,uAu DQDVAZUJC

albe albe albe

+ag 1 D* AL, AML Xeatas DAY AL L XeatassDa AL, Do Al Xea+aaDa Al Dol Xea

albe” “albd clab® “d|ab albe clab

+a675DuAZ‘bCDUAZ|bdXCd+a676DMAZ|abDVAZ\abXCd+a6,7DVAZ‘bCDuAZ\bchd
+as,s DAY DAY e Xea+as0Dy DAY AL g Xea+as,10D0 Dy AR A gy Xed

clab albe clab

tar1Da A}, DaAgpaYy +a72Da Al DaAgianYly +a73DuAg Dy AGjpaYly’

albe

o a nv a v po a v po
+a7,4Du A e Do Agias Yy +07,5DuAg e Do AgipaYly +07,6 DuAciap Dv Agian Yy

a v po a v po o v Qo
+a’777DVAa|bCDMAcL|deCd +a778DVAc\abDMAd\abch +a7,9Aa\bcDMDVAa\decd

+a7,10A¢)00 DDy Agjap Yy +a7,11 DDy AGpc A jpaYiy™ +a7,12Du Dy Ay ap Agjan Y™
t+as 1AL Ay XeeXeatas 2 AL, AL Xee Xeat+as 3 AL, ALy Xae Xea +as a AL, AL o XbaXee

clab® "d|ab albc” “albd albe albe
m v nz pv I v nz nz
+a9,1A Ad|ab(XC5Y5d +}/ce Xed)+a9,214 a\bd(XCEYed +Yce Xed)

clab albe

v LV 17 v 1% 1%
+ag 3 AY Ae\baneYCld +ag s AY Aa|deXceYlf; +ag s A* Ae|bchdYapé

albe albe albe

+aion AL AL WYY Faio g AL Al YEPY S dans AL, AG YA

clab albe

v «@ ro v ra « v ro «
+ar0,a AL, AapaYle Yea +aros AL, AdianYee Vg +ar0,6AL, AapaYee Yy

albe clab albe

+a10,74%, AL VPVl daios A, AL LY YR +at0,0 A AL a (YES YA + YISV )

e|bd albc® "alde albe

(VY + Y YIS ) +ar0,11 AY A ea (YESYEE = YooY EN) | (4.3)

albe

+ai0,104%, Al

albc?talde
There are two additional A*A”Y D? operators

ag13D? AL, AUy Y+ aru D2 AL ALY (4.4)

albe clab

These can be written in terms of the other a7 operators and ajo,11 using the Bianchi identity
l)aY:g,y + Dﬁnya =+ D,},Ya/g =0. (4.5)

The coefficients of the two-loop counterterms are determined from the sunset graphs in
figure 2(a), and are listed in table 5.

The calculation of eq. (4.3) involves the evaluation of at most four-point Feynman
integrals. These are sufficient to compute the two-loop running of EFT operators with an
arbitrary number of external legs. The usual diagrammatic computation requires computing
higher point graphs, which is more difficult.

,13,



_ 3 _ 9 9
a1l = —Ze» 42,1 = 52 — ¢
_ 3 15 _ 9 9 _ 3 7 _ 3 5
az,1 = 53 — o> 32 = 53 ~ ¢ a4,1 = —5z + 10 42 = —53 ~ I
1 1
as,1 = g4e» 45,2 = —4g¢»
_ 1 25 _ 13 107 _ 5 37 _ 2 2
a6,1 = 3522 + 316 6,2 = 732 ~ 432¢ 6,3 = —352 T 376er | 464 = gz — F7es
_ 1 _ 5 _ 5 _ 65 _ 1 _ 5 _ 13 11
(6,5 = 362 — 216¢” 6,6 = —732 T 1320 | 46,7 = 362 T TMger (6,8 = 722 ~ 132¢7
_ 1 5 _ 1 59
a6,9 = g5 t 510 46,10 = 362 ~ 216
_ 1 _ 13 _ 1 1 _ 14
a7,1 = ~18¢» ar,2 = ~96¢> ar3 = gz t 13300 74 = —72 T 864’
_ 1 13 _ 5 191 _ 1 13 _ 13 _ 61
a75 = —352 T 132¢r | 07,6 = 722 ~ B6der a7,7 = 362 132¢0 7.8 = 722~ B64der
P SR | a1 — B _ 149 G — L 19 a1y — 13 _ 139
79 T T 362 T 432’ 7,10 = 73e2 T B6de’ 7,11 = 362 T 132¢° 7,12 = 752 T Rede>
_ 5 19 _ 1 11 R 5 1 1
a81 = ~T6 T 96e» | 982 = 52 ~ e ag3 = —zz2 t 5o aga = —32 t 5o
_ 13 11 _ 1 _ 5 _ 19 5 1 17
9,1 = 792 ~ 1320 49,2 = 362 ~ 216e> 9.3 = —352 T 276¢0 | 94 = 362 T 31605
do s — 1 _ 145
9,5 = 362 T 216e’
35 5 _ 1 25 13 251 1 11
4101 = Tip2c — 96e2» | @102 = 8 ~ Breer | 103 = Tz42 1 Trame | 4104 = 2 g6
a 13 217 e — L 2 G — L 67 i — L 25
10,5 = T44e2 — 1728¢” 10,6 = 722 7 B6de> 10,7 = 722 T B6de 10,8 = 362 — 1728¢”
_ 29 _ 19 _
6LlO,9 — T 144e> alO,lO — 28R¢? CLlO,ll — 7 8e

Table 5. Table of coefficients for the two-loop counterterms.

5 Factorizable topologies

A factorizable graph G is a graph which is the union of two subgraphs, G = G1 U G2, where

the intersection of the two subgraphs G1 N G4 is a single vertex, and each subgraph contains

at least one loop. The two subgraphs in a factorizable graph do not have any propagators

in common. The Feynman integral for such graphs can be written as the product of the

Feynman integrals for each subgraph. The two-loop B-graphs are factorizable graphs, give

purely 1/e? counterterms in the MS scheme, and do not contribute to the two-loop anomalous

dimension. This is a general feature of factorizable diagrams in the MS scheme; they can

be omitted if one is only interested in computing the RGE of the theory. Consider the

general graph figure 2(b) with arbitrary insertions of the external field vertices, which can

insert momentum. Let k£ and [ be the loop momenta, pq, ...
vertices on the k loop, and ¢y, ..

The two-loop integral has the product form

— 14 —

I =1k (p)) B0 {q))

, Pr the incoming momenta from
.,qs the incoming momenta from vertices on the [ loop.
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where momentum conservation implies > p, + >~ ¢s = 0. The superscript {a} denotes possible
indices contractions between the two loops. I; only depends on the momenta in I through the
momentum conservation relation, and does not depend on the momenta of the individual lines
in Is. Each graph integral can be evaluated separately, and has a divergent piece, denoted as
I /€, and a (possibly non-local) finite piece, denoted as Iy. The full integral I reads

r=[2H20n + 15 o] [ ttan + 15 ()] 52)

The two-loop graph integral has two possible one-loop subdivergences. Because of the product
form eq. (5.1), the subdivergence in each loop is exactly equal to I,. The subdivergence
subtraction is

Ly == |22 @b [FEL Wah) + 17 dah)| - |12 o + 17 con) | |22 dap)]

(5.3)
and the subdivergence subtracted two-loop graph integral is
1 [e% « « «
Lot =1+ Ly = =5 I (P B2 ({a) + 17 (D) 1 ({a)) - (5.4)

Notice that the 1/e pieces exactly cancel. Therefore, the two-loop counterterm is purely 1/¢2,

lea. = 1 () 12 Gab), (55

and equals the product of the individual counterterms —I, /e of each subgraph. The finite
part is given by the product of the finite parts of the individual subgraphs,

Iy = 19 (o)) I e - (5.6)

The argument is generalizable to factorizable graphs with arbitrary loops. Consider first a
fully factorizable L graph, i.e. one which factors into L one-loop subgraphs. The divergence
of the subtracted L loop graph is (—1)%~! times the individual divergences, and is purely
1/€*. The finite part is the product of the finite parts of the individual subgraphs, and
there are no 1/€* pieces for k > 1,k # L,

1 « (6% o 0%
Lot = (*1)L‘1671i{oo} 0 S S s L

1 (0% o
It = (—1)L6—Lffoo} Tl (5.7)

The argument also applies to partially factorizable graphs, which factor into n,s non-
factorizable subgraphs, which can each have more than one loop. The proof is the same as
for fully factorizable graphs where one or more of the simple one-loop parts are replaced by
subdivergence subtracted (non-factorizable) higher-loop graphs. In this case, for a subtracted
L loop graph, the lowest pole is not 1/e”, but instead 1/€™ where nys is the number of
non-factorizable parts (ny,s = 1 for a non-factorizable graph). Thus factorizable topologies do
not contribute to the anomalous dimensions, which depend only on the 1/e pole.

For example, the anomalous dimension for the scalar quartic coupling in a general
renormalizable theory was computed in ref. [35]. There are two topologies of scalar loops for
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QO >

(a) (b)

Figure 6. Two-loop graphs renormalizing the ¢* interaction. Graph (a) does not contribute to the
anomalous dimension of .

the quartic term, shown in figure 6. Graph (a) has a factorizable topology, and should not
contribute to the anomalous dimension according to the argument above, while graph (b)
should contribute. To see this explicitly, let us compare the flavor contractions appearing
in each graph. For a ¢* coupling defined as

L=~ e 606", (53)

the type of flavor contractions from graph (a) is AgbefAefghAghed, and from graph (b) is
AabefAceghAdfgh- The first type is absent from the RGE for Agpeq given in ref. [35, (4.3)],
showing indeed that graph (a) does not contribute to the RGE of the quartic coupling.
Usually, Feynman graphs are grouped by powers of coupling constant, and both graphs in
figure 6 are O(A3). The method of this paper groups the graphs by topology rather than
coupling constant, which makes the absence of some type of flavor contractions manifest.

There is one subtlety in the above argument — evanescent operators [36-38]. Consider
the two-loop case where I; 5 each have two Lorentz indices. If I7"** and I5"** have terms
proportional to 7)4,q,, then their product gives terms of the form 7., = d = 4 — 2¢. The
order ¢ piece in the Lorentz contraction multiplied by the 1/¢? divergence from the integral
leads to a 1/e piece. In our calculation, the only terms where this happens are B** terms
when B is proportional to n*¥. Here the 7., contraction arises from one of the loops in
figure 2(b), when both internal 7 lines are the Dy fields in eq. (2.11), (D,nD,n) = 1. In
this case, the one-loop subgraph has the form

Naa %Im({p}) +Ilf({p})} = Ehm({p}) +dIi;({p}) — 2hao({p})] - (5.9)

The usual minimal subtraction procedure subtracts the 41, ({p})/e term. The two-loop
graph has the form

I = toa | T 1ol (1) + 1 ()] | P2 (la}) + Earl{a})] (5.10)
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Subtracting the subdivergences gives

Fiot = oa | Taoe((6)) + oy ()] | £ Fae () + B (1))
~ [Eristoh] [ Balah) + 1os )]

—d {11100({1)}) + Ilf({p})] Efzoo({qﬂ]

= T ({(PD) B (p}) + 411 (P)) s (10) — 2Taoe((pD) s (fp}) + 09, (5.11)

which has no 1/e term. Thus the B-terms in eq. (4.1) do not contribute to the anomalous
dimensions, and 7., pieces in B,, are taken to be 4.

A more interesting case is when factors of € are generated only after combining the loops.
For example, if each loop produces a 7,,, then the factor of d is produced only when the
loops are combined, not in an individual loop. In this case, the factorizable topologies can
produce 1/e terms. However, it is possible to remove them by an additional finite subtraction,
analogous to that used for evanescent operators [37]. This was noted in some examples in
refs. [39, 40], and the argument is completely general. Consider what happens when we
apply the two-loop counterterm formula to a Lagrangian where we split the interaction part®

into a four-dimensional and an evanescent part
Lint = Lint + Lint , (5.12)

where in Liy all Lorentz indices take values in 0, . .., 3 and Zint contains evanescent operators.
Insertions of Liy into factorizable graphs will only generate 7*# = 4. Equivalently, in eq. (4.1),
Lint will contribute to B* only terms which are proportional to 7#¥. Therefore Lint does not
give rise to 1/e poles via factorizable graphs. Such factors of € are now generated by insertions
of evanescent operators through 7#*# = —2e. But in a renormalization scheme where countert-
erms of physical operators are adjusted to compensate finite effects of evanescent insertions
in addition to divergent parts, the evanescent operators do not contribute to the anomalous
dimensions [37]. The key observation in ref. [37] which makes this possible is that these addi-
tional pieces, analogous to the —2I1({p}) in eq. (5.9), are local, since they are proportional
to divergent parts. As a result, in such a scheme factorizable graphs never contribute to the
anomalous dimensions. They also do not contribute in the evanescence-free scheme where the
couplings of the evanescent operators are set to zero [41]. Finally we note that even though
the argument is most evident when one uses Lip, it also holds in a scheme where operators are
defined in d dimensions, since that would only shift the coefficients of the evanescent operators.

An explicit example calculation is the double-penguin graph in ref. [40], shown in figure 7,
where the € pieces arise from the trace of Dirac matrices in the two-loop diagram. Ref. [40]
showed that this graph does not contribute to the anomalous dimension using an additional
finite subtraction beyond MS.

The graph factorization argument extends to arbitrary loop order. The skeleton three-
loop graphs are shown in figure 8. The graphs (e,f,g,h) in figure 8 do not contribute to the

5The kinetic term must be kept in d dimensions to regulate the loop integrals. All other terms can be
included in Lint. B*Y only receives contributions from nonrenormalizable interactions and is part of Lint.
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Figure 7. The double penguin graph due to the insertion of (¢y4)(¥y,1).

(a) (b) (¢) (d)
(e) (f) (&) ()

Figure 8. Skeleton graphs for three-loop corrections to the action. There can be an arbitrary number
of nm vertex insertions, as in figure 1.

0)

(a) (b)

Figure 9. (a) L loop non-factorizable graph with an L + 1 field vertex. (b) L loop factorizable graph
with a 2L-field vertex.

three-loop anomalous dimensions. The three-loop graphs in figure 8 have vertices with up to
6 fields. If one is only interested in the RGEs, which depend on the non-factorizable graphs,
then only vertices with up to 4 fields are needed. This makes the RGE computation much
simpler than that of the full counterterm Lagrangian, which requires an expansion up to 6
fields. At four loops, the RGE requires vertices up to 5 fields, whereas the full counterterm
calclulation requires an expansion up to 8 fields. In general at L loops, one needs vertices
with up to L + 1 fields for the RGE from graphs such as figure 9(a), and vertices up to 2L
fields for the full L loop correction from graphs such as figure 9(b).

6 Anomalous dimensions and consistency conditions

In this section, we generalize 't Hooft’s computation of anomalous dimensions and consistency
conditions [30] to an EFT, where the renormalization structure is non-linear. Consider a
general EFT Lagrangian in d = 4 — 2¢ dimensions. Scalar and gauge fields have dimension
1 — €, and fermion fields have dimension 3/2 — €. An operator O; with a total number of
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fields F; has fractional dimension — f;e, where f; = F; — 2. The Lagrangian is

L= Zc“’ Zufﬁco +et., (6.1)

where C’i(b) are the bare couplings, o

; ~ are the bare operators, C; are the renormalized

couplings, and pfi€ are included to get the correct dimensions for £ in d dimensions. The
coefficients C; include couplings in the dimension-four part of the Lagrangian, as well as
higher dimension coefficients in the EFT. In scalar theory, for example, the interaction term
is —p2“\¢*/4!. Similarly, gauge and Yukawa couplings, which are cubic interactions, come
with a factor u¢. The factor f; counts the factors of 47 associated with an operator in
naive dimensional analysis [31-33]. If an L loop graph with insertions of O; produces an
operator O;, then there is a topological identity [32, (12)] which implies the naive dimensional
analysis counting given in eq. (2.1),

fi+2L=>"f;, (6.2)
J

where f; + 2 are the number of external fields in O;.
In the MS scheme, counterterms are poles in €. Since the EFT is non-linear the general
renormalization structure is

a®
Cz'(b) 'u—fw = C; + Z {C }) (6.3)

where a ({C }) is a product of coefficients Cj, ...C},, and a given C; can appear multiple
times. The usual gauge, Yukawa, and scalar self-couplings are included in the {C;}. The

(k)

counterterms satisfy EFT power counting. The counterterms a; "’ have a loop expansion,

) =3 a0 (6.4)
L
We define the loop operator L by
L agk) = Z Lagk’L) . (6.5)
L

Each vertex C; comes with a factor pi€. The identity eq. (6.2) shows that the product of

the ufi€ factors at the individual vertices gives the ufi¢ factor needed for the operator O,

2Le

as well as an additional pu““¢ factor. Each loop integral has fractional dimension —2e, so

the L-loop integral gives (p2)_LE, where p is a generic mass or external momentum. The

Le which gives logarithms

two contributions combine into the dimensionless ratio (u?/p?)
of u?/p? when expanded in e.

Differentiating eq. (6.3) w.r.t. logp gives

—fie | C; +Z {C ) CﬁZiﬁk aéj C; (6.6)
J
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where C'j = pdCj/dp. The order e terms match on the two sides if
CZ' = —ef;C; + i, (67)
where ~; is independent of €. Matching the order 1 term gives

8a(

0=ri+ fiagl) - f] jo (6'8>

and matching the order 1/¢® term gives

(s+1) (s)
@+1 aa da;
Z £iCi+ ; 50 s>1 (6.9)
The identity eq. (6.2) implies a; satisfies
k : : k
oV (AiCs}) = M (g (6.10)

where A = p€ is a scale factor. Differentiating eq. (6.10) w.r.t. A and setting A = 1 gives
Euler’s theorem on homogeneous functions

a®)
ij j ao = (fi +20)aM. (6.11)

Substituting this relation for £ = 1 into eq. (6.8) gives
7 = 2LalM . (6.12)

Substitution into eq. (6.9) gives

)
k+1) _dow
E:j — = gl (6.13)

which is a consistency relation for the higher order poles. The 1/€? pole is given in terms
of the 1/e poles by

2Lal”) = ZV‘aagl) =2)" (La(1)> 8%(1) (6.14)
R S T '

Including a superscript L for the loop order as in eq. (6.5), one obtains the two-loop order
results for eq. (6.12) and eq. (6.14)
L=1 1,L=1 L=2 1,L=2
%( ):2%( )’ %( ) _ 4( )
(1,L=1)

(2,L=1) _ 2 L=2) (1,L= 1)8@
a; =0, Z 9C,;

since the 1/€2 poles begin at two-loop order.
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Equation (6.12) gives the anomalous dimension in terms of the 1/e pole, and eq. (6.13) is
the generalization of 't Hooft’s consistency condition for higher order poles. The anomalous
dimension v; ({C;}) can be non-linear — in SMEFT, the dimension-eight evolution has
terms proportional to the product of dimension-six coefficients, etc. The usual anomalous
dimension v(g) in QCD also can be viewed as non-linear in g. The usual forms of 't Hooft’s
anomalous dimension and consistency equations in QCD involve terms such as g da(*) /0g
which is simply 2La®) since the L loop contribution is order ¢gL. Writing the results as
eq. (6.12) and eq. (6.13) gives a simple form which generalizes to an arbitrary EFT with
non-linear counterterms and RGE.

Consistency relations for the field anomalous dimension can be derived similarly. In
paper II, we will see an example of an EFT with an infinite field anomalous dimension.” To
allow for this possibility, we take 7, to have an expansion in powers of 1/e,

0
()+Z ,ﬂ¢ : (6.16)
and Zy to have the expansion

Zy=1+ Z {C }) (6.17)

Solving the equation Z¢ = 27474 gives

— Lzél) = 'yéo)
(k)

0z
(k+1) ¢ .. 0) (k) _

R 4 Z 7¢T)z¢ } k>1  (6.18)

The first equation in eq. (6.18) determines the finite part of the field anomalous dimension
fyéo). Requiring the 1.h.s. of the second equation to vanish is the consistency condition for
the field anomalous dimension. The failure of the consistency relations is given by the r.h.s.
and comes from the divergent contributions to vs.

In the presence of evanescent operators, it is convenient to pick the subtraction scheme
of ref. [37], where insertions of evanescent operators do not contribute to S-matrix elements.
This scheme involves subtracting additional finite contributions in eq. (6.3). This changes
the formulee for the renormalization group equations and consistency conditions [37]. The

generalization of these formulee to a general EFT are presented in section A.

7 The O(n) model

A detailed discussion of the application of our results to EFTs will be given in paper II,
where we show how the geometric method greatly simplifies the computation. Here we give

"Some recent examples (which include the SM) are discussed in refs. [42-44]. In the examples in paper II,
the coupling constant anomalous dimensions are all finite.
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a simple application of our results to the (renormalizable) O(n) model, which illustrates
the use of the formulse. The Lagrangian is

£= 5(000) (0"6) = A — 50?6 6) — TN 0, (7.1)

where (¢ - ¢) = (¢%¢?), a =1,...,n. The two-loop anomalous dimensions for this theory can
be obtained from the general two-loop anomalous dimensions computed in refs. [35, 45, 46],
which provides a check on our method. The shift ¢ — ¢ + n leads to Lagrangian terms
quadratic, cubic, and quartic in 7, respectively, given by

Ly = 5@ - @) — s’y = S [6-O)w-m + 2007 . (72)
Lo=-Nomen),  Lp=— A0 (73)

Comparing with eq. (2.7) and eq. (2.11) gives the quadratic coefficients
N" =0, Xab = =230t — A[8an(¢ - ¢) + 20a] , (7.4)

the cubic coeflicients

1
Agpe = _g)\ [5ab¢c + 5bc¢a + 6ca¢b] ) Ag‘bc =0, (75)
and the quartic coefficients
1 v

Baped = _E)\ [5ab55d + 6ac5bd + 5ad5bc] s Bg|bcd =0, ng|cd =0. (76)

Y, = 0 since N, = 0. The one-loop counterterm from eq. (2.9) is

y_ 1 (L a1 206 4) — * 2.2]

L8 = fom |[-rmt = 500+ DAR6-0) - S+ 8@ 0R] . (D)

and the two-loop counterterm from eq. (4.1) and eq. (4.3) is

r@ _ 12)2{_n(n+2)Am4 (n+2))\ (n+5) 3] (n + 2)\*m?

4e2 B 4e (0¢-0¢) - [ 2 ¢ 2

(n+8)*  2(5n+22)

(¢-¢)

€

1
No-or). (73)

From these counterterms, we get the renormalization group equations and anomalous di-
mensions up to two-loop order

d d
— A= —log Z, =2
g A= i, 108 Zs = 2%,

d , d
—_— pr 7)\ = 7.9
,ud'um Ym2 ’ud,u X (7.9)
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with

= Llnm4
AT J6p2 "M
2
=N (n42
Yo (167T2)2(n+ )a
= iz(n +2)m? — A7210(7@ + 2)m?
T (1672)2 ’
2 )\3
= 2 o 48)— —2_12(3n + 14). 7.10
M= 1z nt8) (1672)2 (3n+14) (7.10)

The anomalous dimensions given above only depend on the 1/e counterterms. The 1/e? two-
loop counterterms are related to the 1/e one-loop counterterms by consistency conditions [30],
which are satisfied. The anomalous dimensions agree with known results [35, 45, 46], which

can be conveniently cross-checked with RGBeta [47].

8 Conclusions

We have presented the two-loop counterterms for scalar loops in a general EFT with in-
teractions up to two derivatives in eq. (4.1) and eq. (4.3). These counterterms formulae
give the two-loop renormalization group equations. We found that factorizable graphs do
not contribute to the RGE (with a possible finite subtraction in some cases). This is a
general observation which extends to arbitrary loop order. The results were applied to
the renormalizable O(n) model to obtain the two-loop RGE and to check the consistency
conditions. We find agreement with the well-known results in the literature.

The power of the formulae derived here is their application to effective field theories,
which include higher dimension operators. We present a geometric formalism in paper II,
which allows for an efficient use of our results. We apply them to compute the two-loop
renormalization for the O(n) EFT, the scalar sector of SMEFT to dimension six, and chiral
perturbation theory to order p°.

The results presented here are for scalar loops. 't Hooft showed in ref. [1] that the scalar
results could be used to also obtain the results for fermions and gauge bosons. The geometric
method has been extended to fermion and gauge loops at one-loop order [9-13]. The same
procedure can be used at two-loops, but the algebra is more involved.
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A Extraction of UV divergences

We describe how we obtain the UV divergences of nonfactorizing graphs, which, after
subtraction of subdivergences, leads to the results in table 5. The method, introduced in [48],
rewrites the propagator using the identity

1 1 M? — p? — 2pk — m? 1

= Al
(k+p)2 — M? S k2 — m2 (k+p)2 — M? (A1)

where M is a mass in the theory, k£ a linear combination of loop momenta and p a linear
combination of external momenta. m is an auxiliary mass introduced in intermediary steps
of the calculation. Eq. (A.1) is useful because the first term on the right-hand side is simpler
and the second term has reduced degree of divergence. The decomposition eq. (A.1) allows
one to express a two-loop integral in terms of simpler integrals which isolate the divergent
parts, and more complicated expressions which are UV finite.

We will refer to denominators of the form k? —m?, which contain the auxiliary mass m
and no external momenta as tadpole denominators. Eq. (A.1) converts denominators into
tadpole denominators plus terms which fall off faster for large k.

At two loops, Feynman integrals can generally have double poles which are local (i.e.
polynomial in the external scales), and single poles which can contain non-local functions of the
external scales, such as log(p?/p?). In [48] and [49, 50], where a review of the method is given,
the UV divergent parts are expressed purely in terms of tadpole integrals with universal mass

1
bk (B — m2)m (8 — m2)2 ((ky + k)2 — m2)rs

T(ni,n2,n3) = ,u4€ (A.2)

which generate non-local terms of the form log(m?/u?). In contrast to [48] and [49], we
use a modified version of the method, which evaluates additionally terms non-local in the
external scales (such as log(p?/u?)) explicitly, and checks the cancellation of these terms
against one-loop diagrams with counterterm insertions.

After discussing some fundamentals in section A.1, we apply our method to an explicit
example in section A.2 before describing the general algorithm in section A.3.

A.1 Fundamentals

Let k1 and ko be loop momenta and p; and My be external momenta and internal particle
masses. The auxiliary mass introduced by the algorithm is m. A generic two-loop tensor
integral from figure 2(a) has the form

Hry q v Vr
[ e TR ey LI e

=

k1 k 1 bo b3
o { I1 ((k'l +p1,i)? —Mﬁi” [ I1 ((k2 +p2,i)? —Mzz,i” { I1 ((/4?3 +p3,)? —Mii)}

i=1 i=1 i=1
(A.3)
with ks = k1 4+ k2. There can be multiple propagators because the internal lines in figure 2(a)
can have arbitrary insertions of quadratic vertices which can insert momentum. Let C; for
i € {1,2,3} denote the chain of propagators which only depends on the loop momentum k;
corresponding to the three internal lines in figure 2(a). I is UV finite if all subgraphs have
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negative superficial degree of divergence.® Let D; be the degree of divergence for k; — 0o
with ko fixed, Dy for ko — oo with ki fixed, D3 for k1 — oo with k1 + ko fixed, and D¢
for all k; — oo simultaneously. D1, Do, D3 are the degrees of divergence associated with
the three subgraphs, and D¢ is the overall degree of divergence. One therefore finds the
following criterion for UV finiteness: I is UV finite if D, Dy, D3 and D¢ are all negative.

The values of D; are’

D1 =4+r1 —2b; — 2b3

Dy =4+ 1ry — 2by — 2b3

D3 =44 1r1 419 — 2b7 — 2b9y

Dg =8+1r1+1ry—2by —2by — 2b3.

(A4)

Following [49] we can think of eq. (A.1) as the action of an identity tadpole expansion operator
1, =5;,+F; (A5)

acting on a propagator of chain C; with S; and F; producing the first and second terms
on the Lh.s. of eq. (A.1) respectively.

When acting recursively with tadpole expansion operators, it is possible that the recursion
does not converge to just tadpole integrals and UV finite parts. We discuss an example
in section A.2. We show in section A.2 that this can be traced to stagnation in one of
the degrees of divergence during repeated application of F;. At this point we apply the
disentangle identities

1 - 1 +M2—q§—2k1q2—m2 1 (A.6)
(k1 +q2)? = M? ki —m? ki —m? (k1 + g2)2 — M2 '
1 1 M? — ¢} = 2q1ky — m? 1
- AT
q1+k22_M2 k27m2+ k2 — m?2 q1+k22—M2 ( )
2 2

where ¢ is k1 plus a linear combination of external momenta, and similarly for gs. These
identities reduce the number of ki + ko propagators in the UV divergent part.

Under application of these decompositions, the degrees of divergence (A.4) generally
change. For example, applying eq. (A.1) with ¢ = k1, the first term on the r.h.s. has unchanged
degree of divergences compared to the L.h.s., but in the second term D; decreases by 1, Do
remains unchanged, D3 decreases by 1 and D¢ decreases by one. We write this behaviour
as 102039GY 4+ 1-203-G~. In table 6, we summarize the behaviour of the decompositions
eq. (A.1), eq. (A.6), eq. (A.7) used in the reduction algorithm. Note that in eq. (A.6) and
eq. (A.7), the first term on the r.h.s. has no propagator which depends on k; + k2. Therefore
these terms lead towards factorized integrals. Note also that eq. (A.6) and eq. (A.7) increase
some degrees of divergence. An important trick in the construction of the algorithm is to
apply eq. (A.6) and eq. (A.7) only in situations where the mazximum degree of divergence

8The graph itself is also treated as a subgraph.

9The r; terms arise from the degree of divergence of the numerator of eq. (A.3). If the numerator is more
complicated, one has to determine its behaviour in the various scaling limits. For example a numerator ki + k2
contributes 1 to D1, D2, and D¢, but 0 to Ds.
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decomposition behaviour

eq. (A.1) with k = k; 102039G0 4 17293-G~

eq. (A.1) with k = ko 102030GY + 192-3-G~

eq. (A.1) with k = ky + ko | 192039G? +172-3°G~
. (A.6) 102++3--G0 + 172++39GY°
(A7) 1+7+203--GY + 17+273°G°

€q
€q

Table 6. Behavior of degrees of divergence D; under application of the decomposition formulee in the
worst case scenario.

does not change under eq. (A.6) and eq. (A.7). In other words, before applying eq. (A.6)
and eq. (A.7) we make sure that the D; which increases is sufficiently low so the maximum
degree of divergence does not change. The algorithm discussed in section A.3 is constructed
in a way such that this is always the case.

A.2 An example

Before giving the general recipe we provide an example. Consider the integrand

1

Iy = . A8
B T [ Vo) STy (A
We would like to extract the UV divergent part of the integral I. The result is
dPky dPk M3Z + M3 + M3
_ e 2ve 1 2, i 2 3

1| 3 M? M3 M2
+ - [—2(M12+M§+M§) + Mflogﬂ—;JnglogM—ngMglogu—g +O().

In our algorithm, the non-local terms log M?/u? come from factorized integrals generated by
the algorithm. They cannot come from the tadpole integrals, since tadpole integrals never
produce logs of external scales, only logarithms of the auxiliary mass.

I has D1 =0, Dy =0, D3 =0 and Dg = 2. We now apply the tadpole decomposition
eq. (A.1) to each chain, one by one,

Iy = 1115131 = (51 +F1)(52+F2)(53+F3)IO (AlO)

producing among other summands a term

ME —m?
(ki — m?] [k} — M7][k3 — m2][(k1 + k2)? — m?]
which has D1 = =2, Dy = 0, D3 = —2, Dg = 0. Observe how D> did not change under
application of Fj. Indeed, continued application of (S; + F}) yields a simple tadpole integral

F1 89531 =

(A.11)

from S; but from Fj a term
(M} —m?)?
2
[k —m2]" [k — MP][k3 — m?][(k1 + k2)? — m?]

F1F15253[0 = (A.12)
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which has D1 = —4, Dy =0, D3 = —4 and Dg = —2. While Dy, D3 and Dg decrease under
the action of Fy, Ds remains zero. Continued application of (S1+ F7) does not help, and neither
does (S2 + Fy) or (S3+ F3). The reason is that the ko and k1 + k2 denominators are already
in tadpole form, so the identity eq. (A.5) acts trivially, and leaves the integrand unchanged.

However, because D; is low enough, we can now afford to apply the disentangle identity
eq. (A.7) even though it increases Dy by two units. After application of eq. (A.7) on eq. (A.12),
D is still negative. The second term is UV finite, and the first term is

(M — m?)? (A.13)
(k2 —m?)” [k} — M) [k} — m?]”
which is a product of two one-loop integrals. It evaluates to
1 M2 2
= |m?* 4+ M? —l—l-log—Ql—logm—2 + O(eY), (A.14)
€ M M

where the log involving M; matches the one in eq. (A.9). The other non-local My and M;
pieces are similarly generated by disentangle identities in terms where D; or D3 stagnates.
This is a general feature of our method: non-local terms in external scales are generated
by general (i.e. non-tadpole type) factorized integrals. In the end, the true divergence is
recovered and all dependencies on the auxiliary mass cancel.

A.3 The recursion step

Our algorithm consists of recursive application of a reduction step, which we define in
the following. Each reduction step takes as input a two-loop integral I and outputs a
sum of integrals J; resulting from the application of a certain decomposition on I. The
recursion proceeds until we end up with tadpole integrals, factorized integrals and UV finite
remainders. The goal is to pick the decomposition so that each resulting J; satisfies at
least one of the criteria:

(i) J; is more tadpole-like than I (it has less denominators containing external scales)
(ii) J; is more disentangled than I (it has less k; + k2 denominators)
(iii) J; is more finite than I (it has reduced maximum degree of divergence)

whilst not becoming worse than I in any of the other criteria. This can be achieved by
the following recipe:

Case 1 If max {Dl,DQ,Dg,Dg} = Dll

Case 1.1 If there is a non-tadpole ki or a non-tadpole ki + ko
denominator, apply eq. (A.1) to it.

Case 1.2 Else if Dy < Dy — 2 apply eq. (A.6) on ((ky + k2)? —m?)~!
Case 1.3 Else apply eq. (A.1) on a non-tadpole k2 denominator.
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Case 2 If max {D;, Ds, D3, Dg} = Da:

Case 2.1 If there is a non-tadpole ks or a non-tadpole k3 denominator,
apply eq. (A.1) to it.

Case 2.2 Else if D; < Dy — 2 apply eq (A.7) on ((k1 + ko)? —m?)~L.
Case 2.3 Else apply eq. (A.1) on a non-tadpole k; denominator.

Case 3 If max{D1, Dy, D3, D} = Ds:

Case 3.1 If there is a non-tadpole k1 or a non-tadpole ko denominator,
apply eq. (A.1) to it.

Case 3.2 If ry < ry shift k; - —k; — ko and go to Case 2,

Case 3.3 else shift ko =& —ky — k1 and go to Case 1

Case 4 If max {D;, Dy, D3, D¢} = Dg:
Apply eq. (A.1) on any non-tadpole ki, k2 or k3 denominator.
A few remarks:

1. We assumed that all b; > 0 because if any of the b; is non-positive we have a factorized
integral.

2. In Case 1.2, we assumed the existence of a ki + ko tadpole denominator. If this is not
the case (and the conditions for 1.1 are not satisfied), there is no k1 + ko denominator
at all (neither tadpole type nor non-tadpole type), so we have a factorized integral, so
nothing remains to be done. We have also assumed the presence of a non-tadpole ko
denominator in Case 1.3 if there is neither a non-tadpole k1 nor a non-tadpole ki + ko
denominator. If this is not the case, we have a tadpole integral. The same reasoning
applies to the assumptions made in Case 2.2 and Case 2.3.

3. In Case 4 we assumed the existence of at least one non-tadpole k1, ko or ki + ko
denominator. If neither of these is present, the integral in question is a tadpole integral.

4. In Case 1.3 applying eq. (A.1) on a non-tadpole ko denominator results in a reduction
of Dy while the maximum degree of divergence is Dq. Therefore the terms generated
in this case are not better than the original integral in terms of the conditions (i) —
(iii). However, since application of eq. (A.1) on a non-tadpole k2 denominator does not
introduce any new k; + ko denominators, they are also not worse in (i) — (iii). Any
term fulfilling the criteria for Case 1.3 will continue to do so until the action of Case
1.3 has lowered D> enough, so that Case 1.2 applies. Now Case 1.2 makes each term
more disentangled, meaning reducing the amount k; + k2 denominators. Thus, in this
case, it takes a finite number of steps to improve in (i) — (iii). The same reasoning
applies to Case 2.3.

In summary, through application of the reduction step we have rewritten a general
two-loop integral as a series of terms. Each such term is no worse in criteria (i) — (iii) than the
original integral. Each term is also better in at least one of those aspects, with the exception
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of the case discussed in remark 4 above, where improvement in at least one aspect takes not
one, but a finite number of steps. After a finite number of recursive steps, we will thus end
up with tadpoles, factorized integrals and UV finite remainders which can be discarded. By
construction of the reduction step, the convergence is guaranteed.

In our calculation, we use qgraf [51] to generate diagrams and Mathematica to manipulate
expressions. The library Package-X [52, 53] is employed for evaluation of general one-loop
integrals; for the two-loop tadpole integrals we implement our own Mathematica routines
following [48]. In the evaluation of the Green functions A¥A”XY and A#A"YY, we use
FORM [54, 55] to deal with the large number of terms generated before the cancellation of
subdivergences.

B Evanescent operators

In this appendix, we extend the results of section 6 to include evanescent operators. We
will use the scheme of ref. [37], in which evanescent operator insertions do not contribute
to physical S-matrix elements. The scheme requires making additional finite subtractions
beyond the usual subtraction of 1/e poles, which changes the anomalous dimensions and
consistency conditions.

Divide the operators O; in the Lagrangian into physical operators P, and evanescent
operators FE,,

L=cPp,+cPE,. (B.1)

The physical operators are linearly independent in d = 4 dimensions, and the evanescent
operators vanish in d = 4. At tree-level, the S-matrix is given by computing graphs with
insertions of P, and F,. Any graph with one or more F, insertions vanishes in d = 4, so the

(P) o)

S-matrix only depends on CaP , and we can drop Cy ’. The amplitude from n-loop graphs

(including the counterterm insertions) is schematically

1 1 » 1 1 » .
(P+ E) €n+...+6+fh'[q§ ) 4 (P + E) €n+...+€+fh'[q§ VI ¢ . (B.2)

a>1

where a > 1 means the term has at least one evanescent coefficient. The first term is the
contribution of graphs with only physical operator insertions to a scattering amplitude. It
can have singular terms in € up to order 1/€", and a finite piece denoted as f. The graphs can
generate physical amplitudes which are non-zero in d = 4 as well as evanescent amplitudes.
The second term is the contribution of graphs with at least one evanescent operator insertion
to scattering amplitudes, which can again contribute to physical or evanescent amplitudes.
The 1/€* terms are local, but the finite part f can be non-local. The key observation is
that if an insertion of E generates P, it must vanish in d = 4 and so is proportional to
€, as shown explicitly in the second term. Multiple insertions of evanescent operators do
not necessarily have higher powers of €. For example, if [i is a fractional dimension index,
9up = —2€ and gupgpp = —2€ is still order e.

In the scheme of ref. [37], the counterterm is given by subtracting all the 1/e poles (which
are local), including the eP piece in the second term, which gives a finite subtraction when
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multiplied by the 1/e divergence. The finite amplitude after adding the counterterm is
(P+E) f[[C) +(eP+E) FI[CDO T P (B.3)

j=1

In d = 4, the second term vanishes, so the S-matrix is again given only by Cép), and we can
drop C&E). This is the main advantage of the scheme of ref. [37] — evanescent coefficients
do not contribute to physical scattering amplitudes in d = 4.

(E)

The extra finite subtraction in terms involving C'y~’ changes the formulz for the anoma-

lous dimensions and consistency conditions given in section 6. Eq. (6.3) is replaced by

oo (k)
C® e — ¢, 1 a® ({C,}) +Za {C })
k=1

oP ytoe = 1 3 O, (B.4)
k=1

where aéo) is the addltlonal finite subtraction which is only non-zero for physical operators.
The coefficients a(f ({C }) must contain at least one evanescent coefficient. Taking the
derivative M@ of eq. (6.3) yields

(k)| 9 1 9a® -
—fae [Cata® + 2| =, +Z a” c +Y % k;
k=1 € 7 k>1
(k)| k)
ag 1 Ba ¢
— fue |Co +Z =Cat+ . >, Fac; (B.5)
k>1 | j k>1
where the sum on j is over physical and evanescent indices, j = {b, }. Let C; = — f;C; +
oi€ + v; where o; and ~; do not depend on e. Let
k k k
(k) _ aaz( : k) _ Méf)’ Mé}%
M~ = M™ = (k) (k) (B.6)
oC; Mpp  Mpg

where the block diagonal form is in the space of physical and evanescent indices. For k = 0,

M=1+ MO, (B.7)

0 0
2O — [Méz): Méé]

0 0
(0)

since a; ~ is only non-zero if ¢ is a physical index. The matrix .# is useful in deriving the

renormalization group equations. Its inverse is

0)\_ 0)\_— 0
P <11+A§}a}3> ! —<1+Mizl> IMJE;] 3)

with vanishing EP block. Using the loop identity eq. (2.1), the order € pieces of eq. (B.5) give

(0)
-4
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the order one pieces give

2Lal . a
| = | M (B.10)
2Las Ya Oa
and the 1/€* pieces give
2LaF v, o
¢ = M® | DT (B.11)
LL@&kH) Yo Oa
The solution of eq. (B.9) is
(0) (0)\— (0)
al _ - 2Lag _ (L+Mpp)~t(2Lag”’) ' (B.12)
Oq 0 0
The evanescent coefficients have C&E) = — fanE) with order e contribution — f,, but the

order € term in the physical coefficient is modified, C'((lp) = (- faCC(LP) + 04)e with o, given
by eq. (B.12).

The anomalous dimensions are obtained from eq. (B.10),

. 2LaV 2Lal
{’Y } - [ La(l)] MO g { ¢ (B.13)
Yo 2Laa 0

using eq. (B.12), and the consistency conditions from eq. (B.11) are

2Lagk+1) w0 [
2La(()k:+1) =M

Ve

+ M kD) (B.14)

0

(1 + M9))-1 (2La§°>)]
<wal4waw%{Fﬂ_V%wawwﬁ}
(1

Using eq. (B.8), the anomalous dimensions eq. (B.13) become
0 1 olal’ | | ML+ M) 2Lal)

%] )
Yo
(B.15)

which is far more complicated than eq. (6.12). The two-loop version of eq. (B.15) was

derived in ref. [56]. Eq. (B.15) reproduces the two-loop anomalous dimensions for the weak
interactions given in ref. [37]. In deriving the RGE for this case, note that the physical
couplings involve not only the weak interaction coefficients but also the QCD gauge coupling g.
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