PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: September 26, 2023
ACCEPTED: December 5, 2023
PUBLISHED: December 22, 2023

Systematic classification of aGUT models in five
dimensions: the SU(IV) kinship

Giacomo Cacciapaglia
Institut de Physique des 2 Infinis de Lyon (IP2I), UMR5822, CNRS/IN2P3,
F-69622 Villeurbanne Cedex, France

University of Lyon, Université Claude Bernard Lyon 1,
F-69001 Lyon, France

E-mail: g.cacciapaglia@ip2i.in2p3.fr

ABSTRACT: Asymptotic Grand Unification theories (aGUTSs) in five dimensions provide a
valid alternative to standard quantitative unification. We define the pathway towards viable
models starting from a general unified bulk gauge symmetry. Imposing the presence of
ultra-violet fixed points for both gauge and Yukawa couplings strongly limits the possibilities.
Within the SU(N) kinship, we identify and characterise only two realistic minimal models,
both based on a bulk SU(6) symmetry. Both models feature the generation of either up or
down-type Yukawas via gauge scalars, two Higgs doublets with build-in minimal flavour
violation at low energies, and conservation of baryon number. We also propose interesting
avenues beyond the minimality criterion.

KEYWORDS: Extra Dimensions, Grand Unification

ARX1v EPRINT: 2309.10098

OPEN AccCESS, © The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP12(2023)162


mailto:g.cacciapaglia@ip2i.in2p3.fr
https://arxiv.org/abs/2309.10098
https://doi.org/10.1007/JHEP12(2023)162

Contents
1 Introduction

2 The minimal pathway
2.1  Symmetry breaking by orbifold projection
2.2 Preserving the gauge UV fixed point

3 Finding the SU(N) aGUTs
3.1 SU(5) (rank 4)
3.1.1 Case P, x P|
3.1.2 Case Py x P,
3.2 SU(6) (rank 5)
3.2.1 Case P, x Py
3.2.2 Case P, x P
3.2.3 Case P, x P3
3.3 Larger groups
3.3.1 Q4D = QSM X SU(N—5) X U(l)X
3.3.2  Gap = Gsm x SU(N-5-m) x SU(m) x U(1) x, x U(1) y,
3.4 Summary

4 The final test: Yukawa sector in the UV
4.1 Model 5A on Py x P,
4.2 Model 6A on P} x P
4.3 Model 6A flip on P; x Py
4.4 Model 6A’ on P, x P3

5 Conclusion and perspectives
A Comment on modified boundary conditions

B Evolution of the Yukawa couplings

B.1 Gauge contribution
B.1.1 Template Vp¥ ®r
B.1.2 Template VAU p®p
B.1.3 Template @A3\I/F<I>A
B.1.4 Special SU(5) template ¥ ;¥ 4P p
B.1.5 Special SU(6) template W ;¥ 4P 4
B.1.6 Special SU(6) template W0 4, 4

B.2 Yukawa contributions

SNV

o 3 3 ot O

10
11
11
12
12
13
13

14
15
16
18
18

19

20

21
22
23
23
24
24
24
25
25




1 Introduction

In spite of the precision tests of the Standard Model (SM) of particle physics and the recent
discovery of its last accounted particle, the Higgs boson [1, 2], the theory falls short of
the status of ultimate fundamental theory in three directions. Firstly, some experimental
data cannot be explained, in primis the presence of dark matter [3] (and dark energy)
in today’s Universe. Secondly, the SM lacks an explanation of the dynamical origin of
the Higgs mechanism, gravitational interactions and a dynamical connection between the
electroweak and gravitational scales. Thirdly, while based on simple principles, the final
construction lacks elegance in both the gauge sector and the three-family structure of
the fermions. In fact, the three gauge factors of the SM have very different dynamical
properties: while SU(3), is asymptotically free [4, 5] and dynamically confines at energies
below the GeV, the SU(2); is broken by the vacuum [6, 7], while the U(1), runs into a
Landau pole in the Ultra-Violet (UV). A simple and elegant solution would be to assume
that the SM gauge structure is replaced by a single simple gauge group at higher energy,
which encompasses the whole SM gauge structure and leads to Grand Unification of gauge
forces [8]. The traditional approach to building Grand Unified Theories (GUTs) originates
from the observation that the gauge couplings tend to similar values at high energies under
the renormalisation group evolution. Hence, quantitative unification is expected at a given
scale AguT, above which an extended gauge symmetry is recovered, for instance SU(5) [8]
or SO(10) [9]. At the scale Agyr, the grand unified gauge symmetry needs to be broken
via an analogue of the Higgs mechanism in the SM, often requiring many scalar fields in
large representations [10].

In this work, we follow an alternative approach inspired by the recent developments in
asymptotic safety in quantum field theory [11, 12]: instead of meeting at a fixed scale, the
running gauge couplings tend to the same fixed point in the UV [13].! This new approach
leads to asymptotic Grand Unification Theories (aGUTs) [17]. A simple way to realise
aGUTs consists on building theories in five dimensions (5D). The common lore is that 5D
theories have a natural cut-off due to the linear running of the gauge couplings [18], which
renders them intrinsically non-renormalisable. However, under certain conditions, the gauge
running in the UV is tamed by the presence of a fixed point, which renders the theory
renormalisable [19, 20] and, therefore, valid up to arbitrary scales. For this, it suffices that
the one-loop beta function is negative, i.e. it would lead to an asymptotically-free theory
in 4 dimensions (4D). Contrary to the traditional unification, in aGUTs an exact unified
gauge invariance is absent at all scales, but it is approached with increasing precision at
high energies, asymptotically. What the model provides is a scale, AyqguT = mkk, where
the running of the gauge couplings is modified and which coincides with the mass of the
first Kaluza-Klein (KK) resonance [17]. As the fixed point dynamics occurs at scales much
higher that the KK scale, its presence does not depend on the detailed spectrum of the low
lying states, hence it occurs both in flat and warped 5D models [21].

While a UV fixed point is relatively easy to obtain in the gauge sector, Yukawa couplings
are more problematic as their running can easily incur into a Landau pole right above the

Models with both supersymmetry [13, 14] and without [15, 16] have been constructed.



KK scale. The first aGUT models have been constructed based on a bulk SU(5) [17, 22]
and SO(10) [23] symmetry. For the former, the dynamics of the Yukawa couplings poses
strong limitations in the model building, pointing towards non-minimal configurations,
while the SO(10) case has been proven to be non-viable. In this perspective, gauge-Higgs
unification mechanism [24, 25| comes in handy, as it allows to link a Yukawa coupling to the
bulk gauge couplings [26, 27]. This stems from the identification of the Higgs boson with a
scalar component of the 5D gauge field (gauge-scalar). Hence, the Yukawa coupling will
inherit the same attractive fixed point as the gauge ones, being identical at short distances.
Supersymmetry can also link Yukawa couplings to the bulk gauge coupling if some of
the SM fermions emerge from the bulk gauginos, as shown in the case of Eg aGUT [28].
All-in-all, aGUT model building offers several avenues, however the strong constraints from
the UV behaviour of the theory tightly limits the number of possibilities.

In this work we aim at defining the pathway towards a systematic classification of aGUT
models. As we will show, the tight requirements aGUTs need to satisfy lead to a handful
of viable models, in particular limiting the rank of the bulk gauge symmetry. Hence, it is
possible to compile a complete and exhaustive catalogue of aGUTs, whose dynamics and
low-energy predictions can be studied systematically. We will apply the pathway to models
with an SU(N) symmetry in the bulk, showing that only two viable models are possible. As
we will see, the UV behaviour of the bulk Yukawa couplings and the introduction of three
generations play a crucial role in shaping the aGUT models.

After introducing the rules of the game in section 2, we show how to search for aGUTs
within the SU(N) kinship, ruled by the classic SU(5), in section 3. Finally, section 4 is
dedicated to a detailed study of the Yukawa sector in the viable models, ruling out all
but two. Finally, in section 5 we offer our conclusions and discuss the perspectives for the
completion of the aGUT catalogue.

2 The minimal pathway

The aGUT models are based on a 5D background, where one extra spatial dimension is
compactified on an orbifold. Here, by orbifold we mean a compact space obtained by the
action of a discrete symmetry group, hence for a single spatial dimension the maximal
group consists in two parities, Zg x Z,. The bulk gauge group is then broken by an inner
automorphism [29], i.e. the action of the discrete symmetry group combined with the action
of the bulk gauge group on itself. This is the only way to preserve the bulk gauge symmetry
at high scales, see appendix A for a more detailed discussion. Hence, the model is defined in
terms of the bulk gauge group SU(N) and two parities, together with the parity assignments
for all bulk fields. As already mentioned, the curvature of the bulk is not relevant for the
UV behaviour, hence the aGUT model building can proceed equally in flat or warped space.
To classify all possible aGUTs, we establish the following procedure:

A) Define a bulk gauge symmetry G O Gam = SU(3), x SU(2), x U(1)y..

B) Identify the parities P;, i = 0,...n, that allow to break G — H; D Ggm. Note that Py
labels the identity, which does not break the bulk gauge group (Ho = G).



C) Define viable pairs of parities, P; X P;, such that the remnant 4D gauge symmetry
Q4D EHzﬂH] :gsM XX, (21)

where X indicates an extra gauge group, which needs to be broken by a Higgs
mechanism in the bulk or on the boundaries. The minimal requirement is X = U(1)¥,
while non-abelian gauge groups may be harder to efficiently break to nil.

D) Find minimal sets of bulk fermions in irreducible representations (irreps) of G that
preserve the UV fixed point. Upon the application of the orbifold parities, the zero
modes should consist of complete generations of SM fermions. Additional zero mode
fermions are allowed if vector-like with respect to the SM gauge symmetry, provided
they can acquire mass via interactions localised on the boundaries.

E) Write down all allowed Yukawa couplings with a bulk scalar containing the Higgs
doublet as zero mode. Additional Yukawas may emerge from gauge-scalars, depending
on the parities.

F) Check the UV running of the Yukawa couplings: all of them must run to a UV
fixed point.

G) Complement the model with supersymmetry if some fermions can stem from the
adjoint irrep. Check again for the presence of the gauge UV fixed point.

As we will discuss in section 4, the UV fate of Yukawa couplings is crucial for the
success of the model, and it also determines how the three generations can be introduced.

The minimalist nature of this pathway relies on two points: the remnant 4D gauge
symmetry H; N H; consists of the SM gauge symmetry; the bulk fermions only contain
anomaly-free sets of SM fermions (i.e. complete families), so that no chiral states need to be
added on the boundaries. The latter provides a huge simplification for the model building,
as it is hard to provide mass for all unwanted bulk chiral fermions while respecting the
gauge symmetry in the bulk and boundaries. The former, instead, could be extended by
allowing some king of intermediate step between the SM gauge symmetry and the unified
invariance, like for instance Pati-Salam [30]. We will discuss some possible extension in the
concluding section.

Before plunging in the hunt of SU(N) aGUTs, we discuss in some more details the
action of the orbifold and how to ensure the presence of a gauge UV fixed point. We will
only provide the basic information needed for the follow-up exploration.

2.1 Symmetry breaking by orbifold projection

For each parity P;, the action on the fields can be characterised in terms of a matrix, which
is a specific transformation under the bulk gauge group G. We indicate this matrix as P;,
with the property that P; - P; = Py.

For the gauge fields, divided in the 4D polarisations A, and the fifth component As,
the action of the parity reads:

Auﬁpi'Au',Pia As — —=P; - As - P;. (2.2)



Hence the parity of the gauge-scalar components are opposite to those of the corresponding
vector components. This is purely due to the 5-vector nature of the gauge field. Equa-
tion (2.2) provides a parity assignment, +, for each component of the fields under the
4D remnant G4p. In the following, we will explicitly report the parities of the 4-vector
components, so that (+,+) yields a 4D vector zero mode, while (—, —) components feature
a gauge-scalar zero mode.

For other bulk fields, the parity matrix P; acts on the fundamental and anti-fundamental
indices of the G irrep, providing an intrinsic parity assigned to each of the components
under G4p. One can also define an overall field-specific parity n = +1. For a generic scalar
bulk field, the action of each parity reads:

(I)—>’I7¢(731731)(I)(731731), (2.3)

where the P; matrices on the left act on the n fundamental indices while those on the right
on the m anti-fundamental indices of the irrep. Note that the parities provided by the
matrices P; are the same for all fields in the same irrep, while the overall sign 7y = +1 is
field specific. Note also that the gauge indices in the above equation are left understood
and scalar zero modes are only present for components with (4, +) parities.

Fermion field in 5D are intrinsically Dirac, i.e. 4-component spinors, hence they con-
tain both left-handed (lh) and right-handed (rh) 4D polarisations. As the action of the
parity distinguishes the 4D chirality, it is convenient to split the 5D spinor in its 4D
chiral components:

U=y + Uy, (24)

where ¥y, = %\P and ¥, = %lf The action of the parity P; reads:

\Iflh — N ('PZ .. 'Pl) . \Iflh . ('PZ 'PZ) R (2.5)

Uep = —nw (Pi . Pi) V- (Pi ... Pi), (2.6)
where we define an overall field-specific sign ngy = 41, and the parities of the two chiralities
are opposite. In the following, we will always indicate the parities for the left-handed
components. Hence, (4, +) yields a left-handed zero mode, while (—,—) yields a right-
handed zero mode, while components with (+, —) and (—, +) parities have no zero modes.
2.2 Preserving the gauge UV fixed point

The existence of a UV fixed point depends on the power-law running of the 5D gauge
coupling [31, 32]. As it carries dimensions in mass, we define an effective 't Hooft coupling,

which contains linearly the renormalisation scale p:
&= apR, (2.7)

where R = mf{% is the radius of the extra dimension and «; is the 4D effective coupling,
a = g*/4n. The 5D beta function at one-loop reads [17]:

2

dln,ud = 2m@ — by G2 (2.8)



For a non-supersymmetric bulk theory, we find
1 1 4 1
by = ( - > C(G)— Y T(Ry) — = Y T(R,), (2.9)
3 6 3 7 3 <

where f and s indicate the fermion and (complex) scalar bulk fields, irrespective of their
boundary conditions (parity assignments). This effect is dominated by the contribution
of the high-mass KK modes, which tend to reconstruct complete irreps of the bulk gauge
symmetry [33]. Hence, to compute eq. (2.9) is if enough to consider the bulk group G and
the complete bulk irreps.

The UV fixed point exists as long as b5 > 0 and it is given by:

27

As the computation is perturbative, is it necessary that Ggjy also remains perturbative [17].

Supersymmetric models in 5D effectively consist of N' = 2 SUSY. Hence, the beta
function can be computed by adding the necessary SUSY partners to eq. (2.9). The one-loop
beta function has also been computed directly in 5D leading to [34]:

pSUSY — g (C’(G) - ZT(Rm)> , (2.11)

where m labels the matter super-multiplets. Note that the result in eq. (2.11) differs
from eq. (2.9) only by the pre-factor [28], hence the conditions on the bulk irreps remain
independent on how the beta function is computed.

3 Finding the SU(N) aGUTs

As described in section 2.2, the irreps one can use to build aGUT models are limited
by the presence of the UV fixed point for the gauge coupling. In table 1, we list all the
irreps valid for SU(N) models. Except for the two-index irreps, higher dimensionality
ones are only allowed for a limited number of colours N, as indicated in the last two
columns. Note also that, following eq. (2.11), SUSY models are much more restrictive,
allowing only fundamentals, and two-index symmetric and anti-symmetric irreps, with a
limited multiplicity.

The most general parity matrix P; can be written as a diagonal with +1 entries, hence
breaking SU(N) — SU(m) x SU(N-m) x U(1), with m = 1,...[N/2], where [z] indicates
the integer part of x. We can now investigate individual SU(N) group, starting from the
smallest rank SU(5).

3.1 SU(5) (rank 4)

SU(5) is the smallest rank SU(N) group that can accommodate the SM gauge symmetry,
having rank 4 [8]. There is only one non-trivial parity that allows H; D Ggu:

Pi: SU(5) — SU(3) x SU(2) x U(1) = Gsu - (3.1)



irrep dimension T(R) 5D SUSY
Nmax | mult. | Npax | mult.
Adj N2 -1 N none 2 - -
F N 1/2 none | Y | none | 2N
A N(N —1)/2 (N —-2)/2 none % none | 2
S N(N+1)/2 (N +2)/2 none % none ]\%—JJ\FIQ
As N(N —1)(N —2)/6 (N —2)(N —3)/4 15 4(3\,171}2) - -
Ay | NIN-1)(N-2)(N-3)/24 | (N-2)(N-3)(N—-4)/12| 8,9 | 2,1 - -
40 N(N?—-1)/3 (N2 —-3)/2 5 1 — —
45 N(N +1)(N —2)/2 (N —2)(3N +1)/4 5 1 - -

Table 1. Trreps of SU(N) allowed by the UV fixed point in 5D and in the SUSY version. In the last
two columns, Ny .x indicates the largest number of colours for which this irrep is allowed, while the
maximal multiplicity is indicated in the next column. Besides the adjoint (Adj), F indicates the
fundamental, A the 2-index anti-symmetric, S the two index symmetric, Az and A4 the three and
four index anti-symmetric. The last two rows contain irreps that are only allowed for SU(5).

It is defined in terms of the matrix:
P, = diag(+, +, +, —, —), Hi1i=Gsm.- (3.2)

The generator of the U(1), identified with hypercharge, is normalised as follows:

. 1 1 1 1 1
Y:dlag(_gv _57 _57 57 5) (33)

The SU(5) irreps from table 1 decompose under P as:

Adj=24 (8,1)0®(1,3)0®(1,1)0(3,2) _s,60(3,2)s6, (3.4)

F=5-(3,1)_1/3®(1,2)1)2, (3.5)

A=10—(3,2);/48(3,1)_9/3®(1,1)1, (3.6)

S=15-(3,2), 5@ (6,1)_5/3®(1,3)1, (3.7)

40— (8,1) 18(3,2)_1/6D(6,2)_1/6®(3,3)2/3B(3,1)2/3D(1,2)3/5, (3.8)
45— (3,1)_4/30(1,2) 1 2®(8,2) 1 oD(6,1)1,3D(3,3)1/3D(3,2)7/6®(1,3)2,

(3.9)

where the components are labelled in terms of their SM quantum numbers, (SU(3), SU(2))y,
and we indicate the intrinsic P; parity by colour: blue for even components and red for odd
ones. We recall that an overall sign n can be defined for bulk matter fields (but not for
gauge ones). It is already clear that the best candidates to contain the SM fermions are
the 5 and 10, as they are the irreps that only contain components with SM-like quantum
numbers. The main reason is that for SU(5), only one parity can be defined, hence it is not
possible to separate states with the same parity within the same multiplets. For instance,
a zero mode in the (3,2)_; /6 in the 40 will necessarily be accompanied by zero modes



(8, 2)_1/2 and (3, 2)7/6. The only exception is the symmetric S, which may contain the
quark doublet g1, = (3,2)/6-

Having at our disposal only P; and the identity Py, the SM as 4D remnant can be
obtained via the following two choices:

Pl X P{ P() X Pl . (310)

3.1.1 Case P; X P|

As the two P; parities need to be aligned to preserve the SM remnant, this case would be
equivalent to an orbifold with a single parity, S'/Zs. As a consequence, for bulk fermions,
all components will feature a zero mode, either left-handed or right-handed. This is a source
of many unwanted states. For instance, a bulk 5 with parities (n1,7}]) = (—, —) will have a
right-handed zero mode (3,1)_; /3 = dr but also a left-handed (1,2), /o, which has conjugate
quantum numbers to the lepton doublets I1,. Hence, this possibility is not viable.?

3.1.2 Case Py X P,

In this case, the parity Py allows to remove the zero modes for some of the multiplet
components. The minimal choice for the SM fermion embedding relies on 5 and 10, as
follows:

\I’S’)_7_) D dRa \Ilé—h_) ) lLa \11537_) odqL, ql§57_) 2 UR T €R, (311)

where the superscript indicates the parities (g, 1) for the fields. This set corresponds to
= YH
containing only a SM-like Brout-Englert-Higgs doublet (Higgs doublet for short) as zero

the model in ref. [17]. Yukawa couplings can be added in the bulk via a scalar @g_’_

mode. The Yukawas can be written as [17, 22]:
Lyvax = =Yy @1‘0\111()@5 —-Yy @10\1/5(135 -Y; @5\111‘0‘1’5 + h.c. (312)

For this model, we obtain the following 5D beta function for n, copies of the bulk fields

4
bs = 5 (13 — 4ny). (3.13)

hence allowing for a fixed point for up to three bulk generations, n, < 3.

The quark doublet g7, can also stem from the symmetric, hence replacing Wiy with
\I/g’_) D qr, in the previous set. As a consequence, it is not possible to write the up-type
Yukawa with the Higgs within the 5. However, a second Higgs doublet can be introduced
via a 45: (IJ%’_) D ¢y +(8,2)1/2 + (3,2)_7/6. The Yukawas now read:

ﬁyuk = —Y;g 61‘0\1115@4‘5 — Yd 615\115(135 — 1@@5‘1’1‘0@)5 — Y}l @5\1/1‘0@25 + h.c. (314)

The 4D model, therefore, consists of a two-Higgs-doublet model (2HDM) [35], with additional
coloured scalars. Depending on the lepton Yukawas, we can have a type-II 2HDM for

2We refer the reader to appendix A for a possible way to salvage this case, leading however to non-
minimal models.



Y/ = 0 or a flipped (Y) 2HDM for ¥; = 0. For this model, the 5D beta function for n,
copies of the bulk fermions reads

bs = 5 — 8ng. (3.15)

hence allowing strictly one bulk generation, ng, = 1.
Finally note that GHU cannot be achieved, as the adjoint lacks a Higgs doublet, and
SUSY is not necessary as well.

3.2 SU(6) (rank 5)
For SU(6), the only remnant 4D gauge group that contain the SM is

Gap = Gsm x U(1) 4. (3.16)

We can define three non-trivial parities such that H; D Gsm:

Pi = diag(+, +, +, +, +, —) Hi1=SUB) x U(1)z, (3.17)
Py = dlag(+7 + = +) Ha = SU(4) X SU(2) X U(l)Z27 (318)
Py = diag(+, +, +, — —, —) Hs = SU(3) x SU(3) x U(1)z3. (3.19)

The parity matrices P; are aligned in such a way that all intersections of the three parities
lead to the remnant in eq. (3.16), henceforth we will consider models based on P, x Ps,
P; x P3 and P, x Ps.

Under Py, the relevant SU(6) irreps decompose as

Adj=35=(24)0® (1)o@ (5)3® (5) 3, (3.20)
F=6=(5)12®(1)_5 (3.21)
=15=(10)1 ® (5)_2, (3.22)
S=21=(15)1®(1)-5®(5)_2, (3.23)
A3 =20= (10 )3/2 ® (10)_3/2, (3.24)

where the component quantum numbers are indicated as (SU(5))qg,, with
Qz = %diag(l, 1,1, 1, 1, =5), (3.25)

and the colours label their intrinsic parities. As SU(5) D Ggum, the decomposition above
already gives meaningful insights on the model building in the fermionic sector. Interestingly,
a set of bulk 15 + 15 contains all the fields in the SU(5) model of ref. [17]. The presence of
an extra U(1) could allow to realise a flipped SU(5) embedding, where one generation of
SM fermions is contained in (10); + (5)_3 + (1)5. From the charge assignments, this would
require to add in the bulk 35 4 15 + 15 + 21: the main price to pay would be the presence
of many unwanted chiral zero modes, hence we will not consider this possibility further.
Henceforth, we can define the remnant U(1) charges as:

1 1 1 1 1
Y=diag (7. —5, —5: 5+ 5 Qz=Qzn. 2
dlag( 37 37 37 9 9 0)7 Z Z1 (3 6)



Under P,, the decomposition in (SU(4),SU(2))q,, reads:

35=(15,1)0® (1,3)0 ® (1)o@ (4,2)3 ® (4,2)_3, (3.27)
6=(4,1)1 8 (1,2)_ (3.28)
15=(6,1)2® (1,1)_4® (4,2) 1, (3.29)
21 =(10,1)2® (1,3)_4 ® (4,2) 4 (3.30)
20 = (4,1)3® (6,2)0 @ (4,1)_3 (3.31)
where
Qzo = diag(1, 1, 1, =2, =2, 1), (3.32)

and the colours indicate the intrinsic parity. In this case, SU(2) is the weak group, while

SU(4) 5 SU(3) x U(1),, with

Qs = diag(1, 1, 1, 0, 0, —3). (3.33)

Matching to the definitions of the remnand U(1)’s in eq. (3.26), we see that
Oy — 3@4-@22’ y - Qit3Qz (3.34)

4 12
Under P3, the decomposition in (SU(3),SU(3))g,, components reads:
35=(8,1)0 D (1,8)0® (1)o@ (3.3)2® (3,3)_2, (3.35)
= (3,119 (1,3)_, (3.36)
15 = (3, 1)2 ® (1, ..3)) 2 @D (3/ 3)0 , (337)
21=(6,1)2(1,6)_2& (3,3)0, (3.38)
20=(1,1)3®(3,3);1 ®(3,3)_1® (1,1)_3, (3.39)
where

Qz3 = diag(1, 1, 1, -1, -1, —1), (3.40)

and the colours label the parities. Now, it is the first SU(3) that reproduces the SM one,
while the second SU(3) D SU(2) x U(1),, with

Qs = diag(0, 0, 0, 1, 1, —2). (3.41)
Matching with eq. (3.26) gives:
2 -2
Q1 = Q3 -QF Qz3 ’ v — Q3 . Qz3 _ (3.42)

Before proceeding with a systematic analysis of the fermion embedding, it is useful to
compare the symmetry breaking patterns to the SU(5) case studied above. For the cases
Py x Py and Py x P3, the SU(5) subgroup is broken in a similar way as in the models with

U(5)/Py x P: what distinguishes the two SU(6) models is how various sub-components
of the SU(6) irreps receive their intrinsic parity. In the case P, x Ps, the SU(5) subgroup is
broken in the same way by the two parities, hence being equivalent to the SU(5)/P; x P|
model. Following the same arguments we used in SU(5), this case can be ruled out.

For our choice of alignment, all combinations of parities lead to the same embedding of
the SM within SU(6), hence the intrinsic parities under P; 3 can be listed on the same
components as shown in table 2 for the relevant irreps.



[Adjoint 35) | P [ B | B || F®) [P | PR | P || Aas) [P [P | P|

(8, 1)o,0 even | even | even | | (3,1)_y/31/9 | even | even | even 3,2)1/61 | even | odd | odd
(1,3)0,0 even | even | even (1,2)12,1/2 | even | odd | odd (3,1)_931 | even | even | even
(1,1)o,0 even | even | even (1,1) 5 s2 | odd | even | odd (1,1)11 even | even | even
(3_7 2)_5/30 | even | odd | odd (3,1)_1/3,—2 | odd | even | odd
(3,2)5/30 | even | odd | odd ‘ S (21) ‘ Py ‘ P ‘ Ps ‘ (1,2)1/2—2 | odd | odd | even

(1,1)o0 even | even | even (3, 2)1/6,1 even | odd | odd

(3,1)_1/33 | odd | even | odd (6,1)_9/31 | even | even | even ‘ As (20) ‘ P, ‘ Py ‘ P ‘

(_ 12)1/2,3 odd | odd | even (1,3)1,1 even | even | even (3,2)-1/6,3/2 | even | odd | odd

(3, )1/3—s | odd | even | odd (1,1)o,—5 | even | even | even (3,1)2/33/2 | even | even | even

(1,2) 12,3 | odd | odd | even (3,1)_1/3_2 | odd | even | odd (1,1)_13/2 | even | even | even

(1,2)1/2,—2 | odd | odd | even (3:2)1/6,-3/2 | odd | odd | even

(3,1)_g/3,—3/2 | odd | even | odd

(1,1)1 _3/2 odd | even | odd

Table 2. Intrinsic parities of the SM components of the adjoint (35), relevant for the gauge field,
the fundamental F (6), the anti-symmetric A (15), the symmetric S (21), and the three-index
anti-symmetric Ag (20). The U(1) charges refer to Y and @z. The horizontal lines separate
multiplets of the subgroup SU(5) that contains the SM gauge symmetry.

3.2.1 Case P; X P,

This is the most interesting symmetry breaking pattern as the gauge sector contains a Higgs
doublet at the zero mode level, as shown in table 2 for the adjoint. Hence, at least some of
the Yukawa couplings can emerge via the GHU mechanism and inherit the UV fixed point
from the gauge running.

To construct a viable fermion embedding, we first list all possible bulk fermions with
parity assignments leading to only SM-like zero modes:

6 odr, 84 Dl4vr, 155 0gi+dr, 1577 Dlptugter,
21(+H7) Dqr+dg, 20(—) Dqr+UuUR+eR. (3.43)

Viable models can be found by combining the irreps above to form a complete SM generation.
Hence, a first viable model is characterised by

Wi 5 g+ da, ‘l’g’f) Dl +ur+er, ol o ¢y (3.44)

While down and lepton Yukawas are generated by GHU, the top Yukawa is due to the
bulk scalar:
Lyvuk = =Yy, @1‘5\1115‘1315 + h.c. (345)

so that the remnant 4D theory consists of a type-II 2HDM. The beta function reads

1-1
by = 63& (3.46)

hence supporting up to 3 generations in the bulk.
Another possibility is to obtain the quark doublet from the Aj irrep, leading to:

(+77)

6 Dl +vr @ﬁg’*) D .

(3.47)

‘l’ga’f)DQL+UR+€R, Ut o dg, v
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While up Yukawa stems from GHU (together with a neutrino Yukawa), the other two can
be written as:
Lyvuk = =Yg Uoo¥sPi5 — V] \116\1120(1315 + h.c. (348)

so that the remnant 4D theory consists of a type-II 2HDM with right-handed neutrinos.
The beta function read 61— 16
— 16n
bs = fg , (3.49)

hence also supporting up to three bulk generations.

In principle, a variant of the first model can be constructed by replacing the 15 with
a symmetric 21, \Ifg{’f) D qr, + dr. However, the up quark Yukawa would need a Higgs
embedded in a 105 of SU(6), hence generating many non-SM zero mode scalars. The beta
function of this model reads

bs = 5 — 8y, (3.50)

hence allowing only one bulk generation.

3.2.2 Case P; X P53

For this symmetry breaking pattern, the gauge scalars contain a zero mode with quantum
numbers (3,1)_; /3 that should not be allowed to develop a vacuum expectation value. This
poses a first challenge for model building in this case.

The bulk irreps containing SM-like zero modes are now:

_7_)DUR+GR+d%, 21(+’_)DqL+lz.

(3.51)
Hence, the only viable combination stems from the anti-symmetric irreps. However, as
the chirality of the down quark does not match that of the quark doublets (they are both
left-handed) as well as for charge leptons (they are both right-handed), it will not be possible

6(_’_) DdR‘i‘V%? 6(+7_) Dl[m 15(+7_) DqL+lz’ 1_5(

to write bulk Yukawas for them. In fact, due to the vector-like nature of the 5D spinors,
bulk masses and Yukawas can only couple field with opposite 4D chirality. The only viable
model, therefore, reads

m&;&” DqL+1g, \IJ&T’_) Dur+er+dy, <I>§g’+) D¢y (3.52)

The only bulk Yukawa gives mass to the up quarks:
Lyux = =Yy Uz P15P15 + hoc. (3.53)

while the other fermions remain massless. The origin for their Yukawa couplings may be in
localised interactions, and we will investigate their feasibility in the next section. As before,
the 15 can be replaced by the symmetric 21 at the price of introducing the Higgs via a
105. The beta functions are the same as in the P; x P, cases.

3.2.3 Case P; X P53

In this case, the gauge scalars contain a zero mode (3,2)_5 /3. However, a quick inspection
of the intrinsic parity assignments in table 2 reveals that for all irreps, when selecting a
component with SM-like zero mode, it is accompanied by a zero mode with conjugate
quantum numbers. This is due to the fact that states within the same SU(5) multiplet have
opposite parities, as for the case of SU(5)/P; x P|. Hence, this case is ruled out.
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3.3 Larger groups

For a generic SU(N) bulk group, the parities P; can break it as SU(N) — SU(m) x SU(N-m) x
U(1). The intersection of the two diagonal parities preserves at most 4 SU gauge factors
and a suitable number of U(1)’s. Hence, the SM gauge symmetry as a remnant can be
obtained in two distinct ways:

Gap = SU(3) x SU(2) x U(1)y x SUK) x U(1) y, (3.54)
Gap = SU(3) x SU(2) x U(1)y x SU(K-m) x SU(m) x U(1) y; x U(1) xo, (3.55)

where K = N — 5 and m is any integer 2 < m < K — 2. From the SU(6) analysis we also
learned that the SM zero modes can always be considered as stemming from an SU(5)
subgroup, and this fact remains true for larger groups.

3.3.1 G4p = Gsm X SU(N-5) x U(1) x

This case can be achieved by the intersection of two parities out of the three listed below:

Py = dlag(+7 +, o A _) Hy = SU(5) X SU(N_5) X U(l)Zl ) (356)
Py = diag(+, +, +, — — 4, -4)  Ha=SU2) x SUN-2) x U(1) 5o, (3.57)
Py = diag(+, +, +, — —, —, -+—)  Hz3=SU(3) x SUN-3) x U(1),5. (3.58)

This is a straightforward generalisation of the SU(6) cases, where the SM zero modes are
organised in terms of the SU(5) subgroup spanning the first 5 components of the gauge
indices. As such, it is instructive to first look at the decompositions of the relevant irreps
in terms of Hi:

= (24,1)0 & (1,1)0 & (1, Adj)o & (5, F)w & (5,F) . (3.59)
F=(5,1)N5®(1,F) ;5 (3.60)
A=(10,1)an-10 D (5, F)n_10 D (1,A) 10, (3.61)
S=(15,1)2n-10® (5. F)n-10 9 (1,S)-10, (3.62)

= (10,1)3n_15 ® (10, F)aon_15 @ (5, A)n_15 @ (1,A3) 15, (3.63)
= (5,1)an—20 P (10, F)3n_20 ® (10, A)an_20 & (5, A3)v_20 B (1,A4) 20, (3.64)
where

Qs = diag(K, K, K, K, K, =5, ---—5), with K =N —5. (3.65)

The breaking of SU(5) implies that components inside the same irrep of SU(5) will have
different overall parity assignments. Hence, it is inevitable to have zero modes belonging to
states that are also multiplets of SU(N-5): this gives them a multiplicity that is contrary
to our assumption of minimality. In other words, it is impossible to obtain the SM zero
modes from singlets of SU(N-5) without also having zero modes belonging to multiplets of
SU(N-5). Hence, no minimal aGUT model can be constructed along this path.
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‘ Name ‘ Gbulk ‘ Fermions Scalars Yukawas ‘ ng bulk ‘ Higgs sector | Minimal?

Gip = Gsm
Vs Ddgr, Y:Dlp,
5A | SU(5) oot Ts 2 B5 > op Allbulk | <3 SM-like Yes
Ui9Dqr, ¥ijp Durter
Us S dp, U:olp, @55 9HDM
55 | su(s) o T 20 o All bulk 1 No
Ui Dqr, YjpDurter| @Dy +... Type-II or flip
Gip = Gsm x U(1) 4
U155 qr +dn, Adj > d,e GHU 9HDM
6A | SU(6) 1o 2 AL AR )= <3 Yes
VUi Dl +ugp+er D15 D ¢y u bulk Type-II
Voo D qr, + ur + er, Adj D u GHU 2HDM
6A flip | SU(6) 20 2L T URTCR 12w ¢ <3 Yes
Vs Ddr, YDl +vr D15 D ¢y d, e bulk Type-II
Wor O qr + dg, Adj > d,e GHU 9HDM
6S SU(6) 21 2 4L R ) O YH 1 No
\IJ1’5 Dl +ur+er D95 D (p}_l-i-... u bulk Type-11
U5 D qr + 1§,
6A° | SU(6) 1 2L ®15 0 on ubulk | <3 SM-like No
Vi Dug+er+dg
Wo D g+ 15,
65" | SU(6) 22 AL T G105 D o +... | ubulk 1 SM-like No
Vi Dug+er+dg

Table 3. Summary of the viable models in the SU(N) kinship. The second and third column
indicate the embedding of the SM fermions and scalars, where Adj indicates the gauge multiplet
(gauge-scalars). The origin of the Yukawa couplings is indicated in the fifth column, while the
sixth indicate the maximum number of bulk SM generations admitted by the gauge UV fixed point.
Finally, the last two columns qualify the SM Higgs sector. We consider as minimal sectors containing
a single or two Higgs doublets, while “No” indicates the presence of additional (coloured) scalar
zero modes.

3.3.2 Gup = Gsm X SU(N-5-m) x SU(m) x U(1)x, X U(1) xs

This case is closely related to the previous one, as it can be obtained by the same parities

“_»

P, and P3 where some of the in the last N — 5 indices are turned into “+”. Hence,
in the above decomposition, the multiplets of SU(N-5) are split. Nevertheless, it remain
the problem than unwanted zero modes always appear, which carry SM quantum numbers.

Hence, no minimal aGUT can be constructed.

The combined analysis of these two symmetry breaking patterns shows that no minimal
aGUT models can stem from models based on SU(N) with N > 7.

3.4 Summary

In summary, our exploration of the SU(N) kinship yielded 7 viable models at this stage, 2
stemming from SU(5) and 5 from SU(6). The main ingredients are listed in table 3. Only
3 models, however, feature a minimal Higgs sector, containing either one or two Higgs
doublets. The other models always feature coloured scalar zero modes, which must not
develop any vacuum expectation value, hence imposing further challenges at low energies.

It is also noteworthy that only 6A flip contains right-handed neutrinos, with Yukawas
generated via GHU. In all other models, except 6S and 63’, right-handed neutrinos can be
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added as singlets of the bulk gauge symmetry and Yukawa with the bulk scalar. Finally,
the models with the symmetric irrep, 5S, 6S and 6S’, do not allow for 3 bulk generations.

The next step in the feasibility analysis consists in checking the UV fate of the Yukawa
couplings. We recall that couplings generated by GHU inherit the gauge fixed point,
hence they naturally unify with the bulk gauge couplings. Nevertheless, all models have
bulk Yukawa couplings that could run into Landau poles in 5D. Furthermore, additional
generations and/or Yukawa couplings may be generated on the boundary, if compatible
with the boundary gauge symmetry. We will process this last and final validation of the
models in the next section.

4 The final test: Yukawa sector in the UV

The Yukawa sector poses serious challenges to the aGUT paradigm, as their running may
not feature a fixed point but run into a Landau pole right above the compactification scale.
This would induce a low cut-off for the 5D theory. Furthermore, even if the fixed point
existed, it may not be attractive, hence limiting the values of the Yukawa couplings at low
energies to values that are not compatible with the SM. An analysis for the 5A model has
been presented in ref. [17], and we will simply recap the main results below, together with
the analogous analysis for the other models. Note that here we focus on finding models
with fixed points for all Yukawa couplings, leaving a numerical analysis of the low energy
behaviour and predictions to further investigation.

In general, for a single Yukawa coupling, one can write an analogue to the running
equation (2.8) in terms of the 't Hooft coupling &, defined as in eq. (2.7), as

2wmay = 2mdy, + cyy — dyfidyy (4.1)

where & is the bulk gauge coupling and, typically, ¢, and d, are positive numbers. This
equation shows two points:

i) The UV fixed point is repulsive as long as ¢, > 0.
ii) A fixed point exists iff d,&* > 2, as
dya* — 2w

*
y* 9
Cy

a (4.2)
is the zero of the renormalisation equation in the UV, where the gauge coupling has
reached its own fixed point value &*.

Because of the former, the flow to the fixed point is not guaranteed for all values of the low
energy Yukawa, and the model has some predictive power. The limitation stands in the fact
that non-gauge couplings among KK modes enter in the running near the KK mass, and
their values are not properly calculable. Hence, any low energy prediction will be marred
by this uncertainty [17].

In models where several Yukawas appear in the bulk, a set of coupled running equations
need to be solved, in the general form:

d

27Tm0~[y = (27{' + %: nylééy/ — dyONé) &y, (43)
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where y, 4 run over the allowed Yukawas (for instance, y,y’ = u,d, e,v). In this case, the
zeros are given by

ay = c b (dya* —2m), (4.4)

where c;yl, is the inverse of the matrix cy,/. Details about the computation of the coefficients
are given in appendix B, with master formulae extracted and adapted from ref. [36].

4.1 Model 5A on Py X P;

This model has been described in details in ref. [17], hence we will here recap the main
results. Firstly, the minimal field content in table 3 does not allow for neutrino masses.
The model can be easily extended by two gauge singlets

v o g, el (4.5)

where the second has no zero modes and was introduced to generate an asymmetric Dark
Matter candidate [17]. Hence, the complete set of bulk Yukawas reads:

E%k = Y, UU10®P5 — Yy U19UsP5 — V) U W @5 — Y, U1 W05 Y, UsUy d5+hc.
(4.6)

While the first four generate the related Yukawas in the SM (including a Dirac Yukawa
for the neutrinos), the latter is a Yukawa coupling for the Dark Matter candidate. It has
been shown in ref. [17] that the bulk Yukawa above conserve baryon number, hence no
proton decay is induced. The KK states from fields with parities (4, —) and (—, +) feature
baryon number 1/6 or 1/2, hence they cannot decay into SM final states and were dubbed
“Indalo-particles”: the additional singlet is required for obtaining a realistic Dark Matter
candidate (being mainly gauge singlet).

Labelling the index y = u, d, [, v, X, the coeflicients of the running equations are
given by the following matrices:

60 2 122 e
785 423 8
=178 4332, dy=|% (4.7)
48 4 9 52 6
489 425 6

Note that the normalisations for the couplings differ from the ones adopted in ref. [17],
but this does not affect the fixed point analysis. From eq. (4.4), we see that the zeros for
the first three Yukawas are always positive, but the ones for the neutrino and DM ones
are always negative, henceforth signalling the absence of a UV fixed point for the system.
Hence the model with the most general Yukawas in the bulk is not viable.

However, as the Yukawas for neutrino and Dark Matter can be phenomenologically very
small at low energies, one could explore the possibility that only the first three Yukawas
run to a fixed point. This case can be obtained by neglecting the contribution of v and x
to the running, and find the zeros for the other three couplings, leading to

7 10ng —19 3 20n, + 73

e R = URELNY 48
“ T 1110 13— 4n, 185 13 —dn, (4.8)

a a5 =a =
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Hence, a set of UV fixed points is allowed for n, = 2 and 3. For instance, for n, = 3, the
complete fixed point of the model reads:
s 3T 7T 399 7

C T T MTNT gy

(4.9)

As we can see, the fixed point value for the up-type Yukawa is always very small, hence it
seems hard for this model to numerically support the large values of the top Yukawa at low
energies. Henceforth, this case is not realistic, while being viable from the point of view of
the existence of fixed points.

Finally, motivated by the largeness of the top Yukawa, one could consider that only &,
runs to a fixed point. Neglecting the contribution of the other Yukawas, assumed to be
always small and subdominant, we find

» 40ng + 41
= —’]’(7
U 300(13 — 4ny)

a (4.10)
which is always positive. However, once the gauge and top Yukawas reach the fixed points,
the other couplings will start running as a positive power of the energy, hence growing
too fast.

The above analysis, partly contained in ref. [17], shows that only a configuration with
three bulk Yukawas can feature UV fixed points for all bulk couplings. However, numerical
values seem to be incompatible with the large top Yukawa coupling. Hence, the 5A model
is not viable due to the Yukawa sector.

Phenomenologically, there are two ways to salvage the model:

- The Yukawa couplings are small enough to always run to zero in the UV. This
possibility needs to be studied numerically and, as shown in ref. [17], it implies a
lower limit on mgxk.

- Some of the Yukawas are localised on the boundaries of the compact space.

In this model, Yukawas and full generations can be localised on either boundary. On
the Py boundary, as SU(5) is preserved, the SM fermions must appear in complete SU(5)
multiplets. If they stem from bulk fields, the multiplet is completed by states without a
zero mode, hence the localised Yukawas have the same structure of the bulk ones and do
preserve baryon number. Instead, if a generation is localised here, the localised couplings
would violate the bulk baryon number, hence the strong bounds on mgg would stem from
proton decay searches. On the P, boundary, the localised couplings only respect the SM
gauge symmetries, hence baryon number can be preserved. Some possibilities for localised
Yukawas have been analysed in ref. [17].

4.2 Model 6A on P; X P;

In this model, the down quark and charged lepton Yukawas are generated by the GHU
mechanism, hence they inherit the attractive fixed point of the gauge coupling. Such
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Yukawas need not be added to the bulk. Neutrinos and a Dark Matter candidate can be
included via singlets, like in the model 5A:

v 5, wloh (4.11)
The bulk Yukawas now read:
Lyuk = =Yy UVigWi5®15 — Y, U005 — Y, U501 dq5 + hec. (4.12)

As the field content matches the one of the model 5A, once we decompose the bulk field in
SU(5) components, this set of bulk Yukawas also conserved baryon number. Hence, the
singlet Wy, is essential to generate an Indalo Dark Matter candidate, as in ref. [17].

Labelling y = u, v, X, the coeflicients of the running equations are given by:

144 1 3 28
cyy=[24102 ], dy=[2]. (4.13)
24 2 10 %

3

Note that the contribution of down and lepton Yukawas is included in the gauge contribution
by construction. The zeros now correspond to

151 + 88n, 2(80n, — 179)

= — 19 Feat =0 4.14
YT 49661 — 16n) 0 T X T T1(61 — 16n,) (4.14)
Hence, positive solutions only exist for ny = 3, for which we find
s Om . 4157 x .x 1227
- - - = = ) 4.15
C T3 M T EEss s T T o (4.15)

This implies that an aGUT model, including Yukawas, can only exist for 3 fermion genera-
tions in the bulk.
It should be also noted that, removing the bulk singlets, the up Yukawa alone also has

a fixed point, given by:
23 + 16ny

= ———— T, 4.16
“u = 72061 — 16n,) (4.16)
which therefore exists for any number of generations n, < 3. For ny, = 3 we find
71
= —— . 4.17
“u = 993 (4.17)

While this model 6A is viable in terms of the existence of fixed points, it remains to be
studied if their numerical value is compatible with the values of the SM Yukawa couplings,
especially for the top Yukawa.

Note that localised Yukawas and generations are also possible in this model, similarly
to 5A and with the same features. Furthermore, the U(1), symmetry needs to be broken by
adding a charged singlet, where the simplest possibility is to include it on the P; boundary.
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4.3 Model 6A flip on P; X P>

In this model, SU(5) singlets emerge from the fundamentals in the bulk. Furthermore, up
and neutrino Yukawas are generated via GHU, hence inheriting the attractive gauge fixed
point. In the bulk, we only need two Yukawa couplings:

,Cyuk == —Yd @20\116*1)15 — }/l @6\1120‘1)15 + h.c. (4.18)

This model also conserves baryon number via bulk interaction and features Indalo-particles,
where the singlet is part of the bulk 6.
Labelling y = d, [, the coefficients of the running equations are given by:

29 287
Gy = (g‘ 14724> L dy= (21827> , (4.19)
6 12

For this set-up, the zeros read:

43 + 64n 43 + 64n &
~ % g ~ % g d
_ _ bdng % 4.20
YT 1261 — 16n,) "7 M T 432(61 — 16n,) " 36° (4.20)
which are always positive for ny < 3. For ny = 3, we obtain

67 235 235

=l = 3 = . 421
137 7 156 © T 5616 (421)

Regarding localised fields and Yukawas, the same considerations as in 6A apply.

4.4 Model 6A’ on P; X P3

This model has the same field content as model 6A, except that the different boundary
conditions allow only for a up-type Yukawa coupling in the bulk:

Ly = =Yy, Uz ¥15P15 + hec. (4.22)

The running is the same as for the model 6A, leading to a fixed point

N 23 + 16ny
= —F7
v 72(61 — 16n,)

a (4.23)
which therefore exists for any number of generations n, < 3.

Besides the presence of a coloured gauge-scalar zero mode, which makes this model
non-minimal, the Yukawas for down quarks and leptons can only be added on the boundaries.
As an illustration, if we were to add such Yukawas on the P; boundary, we would be allowed
to use SU(5) components of the bulk fields whtih have + boundary condition on that
boundary (hence, not valishing). Namely:

V15 — Yoy, D 9L, Y3, O lr; (4.24)
Vis — Phigy, D Uk + ¢k, U5, O di; (4.25)
P15 = G5, D PH; (4.26)
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where we have used 4D charge conjugation to write all the spinors as left-handed Weyl.
The down and lepton Yukawas can be written as

—LS5 = Ya V{10, 01, Bls)_y T+ U1 U0y 5)n Pl + DC- (4.27)

Clearly, these couplings violate U(1),, having an overall charge of Qz = +5, hence they
are only allowed via the breaking of this symmetry. As a consequence they can only be
introduced as higher dimensional operators (dim 5, if we add a localised scalar with charge
qz = +£5), or via some heavy mediators. Alternatively, one could add a second Higgs boson,
embedded in a localised ¢(s),, hence leading to a type-II 2HDM at low energies, with an
additional colour-triplet scalar. In all cases, the introduction of localised Yukawas for down
quarks and leptons points toward non-minimal constructions.

5 Conclusion and perspectives

Asymptotic Grand Unification offers a novel and intriguing framework for model building,
alternative and complementary to traditional quantitative unification. The couplings tend
to the same UV fixed point instead of meeting at a fixed energy scale. The presence of UV
fixed points for both gauge and Yukawa couplings, combined with the minimality of the low
energy model, strongly limits the viable models and allow for a complete and systematic
classification of aGUTs.

In this work, we have established a procedure to classify 5D aGUTs, and applied it to
models based on a bulk SU(N) gauge symmetry. As a result, we identified two viable and
minimal models, whose model building features are summarised in table 4. Both are based
on a bulk SU(6), with the same orbifold breaking that allows for a Higgs doublet emerging
from the gauge multiplet (GHU). As a consequence, either the down-type Yukawas (d
quarks and charged leptons in 6A) or the up-type Yukawas (u quark and neutrinos in
6A flip) are generated by gauge interactions in the bulk. As such, they run to the same
attractive fixed point as the gauge couplings and they are flavour diagonal. Henceforth,
flavour mixing can only emerge from the bulk Yukawas with a second Higgs, leading to
Minimal Flavour Violation, i.e. one flavour violating matrix in the quark sector and one
in the lepton sector, as in the SM. Furthermore, baryon number conservation allows a
low compactification scale and the emergence of an asymmetric Dark Matter candidate
in the form of the lightest Indalo-particle [17]. A more complete study of the low energy
properties of both models is beyond the scope of this work, and it is left for further studies.

The same procedure can be applied straightforwardly to other classes of bulk gauge
symmetries, like SO(N), Sp(N) and exceptional groups. However, viable models can also be
obtained by releasing some of the minimality requirements. In primis, the requirement that
the 4D remnant should correspond to the SM gauge symmetry could be lifted in favour of
other realistic and motivated cases. The only requirement is that unification does not occur,
in the sense that one can always match the SM gauge couplings to those of the intermediate
step. Pati-Salam [30], based on SU(4) x SU(2);, x SU(2)g, is an attractive case as it
requires a minimal fermion content matching that of the SM. An aGUT with intermediate
Pati-Salam was proposed in ref. [28]. Another possibility consists of Left-Right symmetric
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‘ Name ‘ Ghulk ‘ Fermions Scalars ‘ Yukawas ‘ng bulk‘ Higgs ‘ UV fixed points (ng = 3)

Gip = Gsm x U(1),
: | k_sk 6
6a | sue W15 D qr+dr, V1 D g, | AdjD ¢y | d,e GHU 5 2HDM Ci* ag=a =" o
Ui Dl +ur+er, ¥y | P15 D ¢y | u,v bulk Type-Il | & = Fiag, &) = & = 555"
Wao D qr + , Adj D ,v GHU 2HDM A =af=ar =81
6A flip | SU(6) 20 O gL + UR + €eR, ] D ¢YH | U,V <3 = ay, Ot,,“r13
U Ddr, VgDl +vr | 15D ¢y | d,ebulk Type-II &y =36 & = %

Table 4. Summary of the viable models in the SU(N) kinship with complete UV fixed point for
both gauge and Yukawa couplings. Both models enjoy minimal flavour violation, with the mixing
matrices stemming from the bulk Yukawas.

models [37-39], based on SU(3),x SU(2);, x SU(2)g x U(1)g_y,, originally proposed to restore
parity in the SM and to generate neutrino masses effectively [40, 41]. Other possibilities
include 331 models [42, 43], based on SU(3), x SU(3);, x U(1), and trinification [44, 45],
based on SU(3),. x SU(3);, x SU(3)y, which could explain the presence of three generations
via gauge anomaly cancellation. Another intriguing possibility would be the inclusion of
gauged flavour symmetries, which have been recently reconsidered as a consistent scenario
of new physics [46-48]. The presence of extended gauge symmetries in 4D, however, poses
the additional challenge of breaking them down to the SM, hence requiring additional fields
to be added in the bulk or on the boundary.

This first systematic analysis of SU(N) aGUTs in 5D illustrates the great potential of
this class of models. An attractive feature is due to the strong requirements from the UV
fixed points, which greatly limits the model building possibilities, while still allowing for
interesting phenomenological consequences and predictions.
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A Comment on modified boundary conditions

The parities under the two Zs symmetries defining the orbifold can be translated into
boundary conditions at the edges of the interval defining the extra dimensions. As we
will see, when such conditions stem from an orbifold, all bulk couplings generated by the
bulk gauge symmetry are consistently preserved. It has been proposed that more general
boundary conditions could be applied, however, which can further reduce the 4D remnant
gauge invariance or change the zero mode patterns [49, 50]. This technique has been used
to define models in 5D, see for instance ref. [51]. We will see with a simple example that
the latter is not compatible with the full 5D gauge invariance, as some couplings in the
bulk are forced to vanish, while they are required by the bulk gauge group.

As a concrete example, let’s consider an SU(5) model based on the parities P; x PJ.
As discussed in section 3.1, this orbifold always leads to unwanted chiral zero modes. For
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instance, a 5 in the bulk contains the following SM components:
5= (3,113 (1,2)12- (A1)

Assigning parities (—, —), the bulk field will contain a right-handed zero mode in the first,
matching a right-handed down singlet, but also a left-handed zero mode in the second. The
latter has conjugate quantum numbers with respect to the SM lepton doublet. The bulk
gauge interactions of the 5 fermion read, in SM components:

@5’}%ng15 = @d'Y,LLDM\I/d + EZC'YMD“\I/F — 105 (ﬁd’yﬂAé,Z)_w(;‘Ich + hC) , (A2)

where the covariant derivative on the right-hand-side contains the SM gauge bosons. The

parities of the components are consistent with the presence of all such terms, including the

“w
(372)7—5/6 )
To remove the zero mode in the ¥;c component, one can add a localised right-handed

couplings of the gauge field A

spinor with the same quantum numbers, 1, c, and couple the two via a mass term
ﬁmass = Mloc 5(1'5) @lcwrh,lc + h.c. (AB)

In the limit of large Mj,. — o0, the mass term effectively forces the left-handed component
of W, to vanish, hence flipping the boundary condition on the field from (—, —) — (+, —).
Now we can see that the couplings of Aé‘3’2)_5/6 become odd under the orbifold, hence all
the KK couplings stemming from such term vanish. This effect, therefore, violates explicitly
the bulk SU(5) symmetry. While such coupling does not appear at one loop in the running
of the gauge couplings, it will affect the one loop running of the Yukawa couplings and
also the running at higher orders. Hence, the SU(5)-invariant behaviour at high energies,
including the fixed point, will be destabilised.

For the reasons illustrated above, we cannot consider such scenario in the aGUT model
building. One possible variant consists in keeping the localised mass term finite. In this
way, at high scales pu > M., a consistent orbifold is recovered. Henceforth, one could
also consider models that do not lead to a consistent low energy theory matching the SM
and only modify the low energy spectrum below Mj,.. The price to pay, however, is a
non-minimal set up for the model, hence we will not consider this option in this work.

B Evolution of the Yukawa couplings

The results shown here are mainly adapted from ref. [36]. We provide details on how the
coefficient ¢,/ and d, are extracted.
In general, a Yukawa coupling will have the following structure:

Lyvuc DYy @B\I/ACI)C + h.c. (B.1)

where A, B, C' label irreps of SU(N). Hence, it is convenient to write the Yukawa coupling
as a matrix carrying the gauge indices of such irreps, «, 3,7:

Yy =y YOO (B.2)
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In the following, we will threat the Y’s as matrices in the gauge space. As a general
notation, greek letters indicate, generically, indices of different irreps, while roman letters
will indicate the gauge indices of the fundamental irrep. Furthermore, roman superscripts
indicate indices of the fundamental irrep, and subscripts of the anti-fundamental.

In the models of concern, there are several templates, with the following structures:

VpUodp (ToUpdp) — YOI =Yl =60 (B.3)
VWP 4 (ToW P 4) = VI = Va0, = % (dbratz — abaolz) (B.4)
TaU e (Fpl g ) Y07 = ¥ 0,° = (5,05, — 05,05,) (B.5)

T4, Upd g (@F\IJI%Q)A) s yeBy — Y %y, "2 = % (6?15521(55; — perm.(by, ba, b3)> .
(B.6)

There are also three special cases, which only apply to SU(5) or SU(6) models:

SUB) : U400 — yaby — yara,bibze _ 61511(12b1b207 (B.7)
SU6) : WU P4 — yaby — yaraz,bibzcica 6g1a2b1b20102 7 (B.8)
SU(6) : WpWy,®y — YOI = yabibabscicz  abibabscica (B.9)

B.1 Gauge contribution

In the 5D model, both the 4D vector and scalar components contribute. The contributions
are computed in a general R gauge, where {-dependent terms should cancel out to obtain
the well-known one-loop gauge-independent results.

From the results in ref. [36], we extracted the following master formula:

dea,B:’Y — (8 + 25) Ci!,Tg/YO/,B’,’Y _ (25) C?/T”yylyal,ﬁ,’w + (25) C%T"yylya’,ﬁﬂl+

1
- (€ + 2) (Co(Ra) + Ca(Rp)) YO — (€ = 3)Co(Re) Y¥P7 . (B.10)
In the formula above, Co(Rx) is the Casimir of the representation X, and T indicate the
gauge generators in the irrep carrying the proper index (a sum is left intended for repeated
generators). Note that T'— —T for the conjugate irreps.

We express all generators in terms of fundamental indices:

Tp =1T;, (B.11)

Ta =Tj) = T, (576 — o7 ) . (B.12)
. 1 .

Tay = Tilh, = Ty (875108, — perm.(l.k,m)) . (B.13)

We will also use the relation:

) 1 .. 1 .
DT Ti = 50105 — 537950k » (B.14)
T
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which leads to
_N +1

S TiTy (o] ) —oks] ) = —=— (dio - aidf) .
T
and the identities:

N+1

T = Ca(A) — 205(F) = 5(Cal ) — CalA) - Cu(F)),

and

Ca(As) = 3(Ca(A) — Co(F)).

B.1.1 Template Trp¥o PR

In this case:

TLT Y50 = Cy(R) Y5

Hence, from eq. (B.10), we obtain:

dy = 702(R)7

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

where the {-dependent terms cancel out. The same result is obtained for the companion

template ¥q Vepdp.

For the models of concern, we have:

Model 5A, R=F — d, =6,

Model 6A, R:A%dy:?;)é.

B.1.2 Template U,V r®p

In this case:

1 ar 1
TS/TﬁB/Ya By — 5 CQ(A) }/'047/87’)/7

I N+11
oY yao,By _ _ B,y
STy = LSl Y

TE/T;Y/YO“B,W, — 02(A) YOéﬁa"/ .

N | —

From eq. (B.10), we obtain
_ 7C5(A) + 5Cy(F)

dy 5

For the models of concern, we have:

Model 5A — d, = %

~ 93 -

(B.20)

(B.21)

(B.22)
(B.23)

(B.24)

(B.25)

(B.26)



B.1.3 Template @Ag Wirdy

In this case:

TOTL Y = 5 Ca(43) yoB (B.27)
! / 2
STy = 5 Ca(4y) yosy (B.28)
srryady — N+1oag
TETY o = - = Y, (B.29)

From eq. (B.10), we obtain
19C5(A) — 14Cy(F)

dy = 5 (B.30)
For the models of concern, we have:
287
B.1.4 Special SU(5) template ¥ ;¥ 2 ®p
In this case (we include explicitly the minus signs from the A, hence TBB, — —Tg,):
/ N+1
~TYTEY T =2 ; yobor (B.32)
/ / N + 1
amyya By _ a,B, v,
TSTY ——Y (B.33)
’At N + 1
~TLTY R = YR, (B.34)
From eq. (B.10), we obtain
dy = —17C(A) + 35C2(F) — £ (10C2(A) — 15Cs(F)) . (B.35)

The &-dependent term only cancels for N = 5, and for the models of concern, we have:

Model 5A — d, = %4 . (B.36)

B.1.5 Special SU(6) template ¥ ;P 4P 4

In this case (we include explicitly the minus signs from the A, hence Tg, — =T g,)

N A1
—TS T YA XLy, (B.37)
/ ! N 1

TSTIY P = —2TjL yoh (B.38)

1A N + 1
_Tg/ TJ/ y By yoBa (B.39)

From eq. (B.10), we obtain

dy = —14Co(A) + 32C5(F) — € (15Co(A) — 24Cs(F)) . (B.40)

The &-dependent term only cancels for NV = 5, and for the models of concern, we have:

Model 6A — d,, = 28. (B.41)
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B.1.6 Special SU(6) template ¥z 4,P 4

In this case (we include explicitly the minus signs from the A, hence Tg, — =T 5,)

~TTHYe = DR Y, (BA2)
STy = gt ; L yes v, (B.43)
~To T Y = N ; L yasa (B.44)
From eq. (B.10), we obtain
d, = —%CQ(A) + 250, (F) — £ (15C5(A) — 24Cs(F)) | (B.45)
The &-dependent term only cancels for N = 5, and for the models of concern, we have:
Model 6A — d, = % . (B.46)

B.2 Yukawa contributions

These effects can be divided into two types: loops on the external legs, and triangle loops.
For the former, all Yukawas that contain the given field contribute. For a Yukawa of
the form U, Uz®c, the effect can be expressed as:

1 1
=G — 5% T2y (BA7)

where C;,( is the correction of the Yukawa 1’ on the field line X. We can compute the
coefficients ¢ for all Yukawa templates:

UrWobp — " =d(R), ¢F=1; (B.48)
VAU pdr — (= %(d(F)—l), ¢A=1; (B.49)
T pa - ¢F = S(d(A) —d(F) +1), (M= (d(F)-2), ¢M=1;  (B50)
Ui00p — (A =12, ¢F'=24; (B.51)
V30,43, — ¢ =48; (B.52)
UaWa,®a — ¢ =36, ¢4 =48, ¢F=120, (B.53)

where d(F) = N and d(A) = (N? — N)/2 are the dimensions of the irreps, and the same
coefficient applies to the conjugate irreps.

The second contribution stems from triangle loops. In general, the effect stems from
two possible topologies, leading to the master formula:

Cz(z)/YO‘WBfY =(- ) {(Y/)a . (Y/)a/,&"/ya’,ﬁ,'yl or YoB' (Y/)B/,é,'y(yl);ﬁ/ﬁ/} , (B.54)

where sums over the repeated indices indicate a trace over the indices of the corresponding
irrep. In the models of interest, the traces usually involve two different Yukawas, and must
be evaluated case by case.
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