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1 Introduction

The thermofield double |TFD⟩ is a fascinating state in holographic theories. For some ap-
propriate range of parameters, |TFD⟩ is dual to a wormhole [2], or Einstein-Rosen bridge,
that connects two copies of the holographic system, geometrizing their shared entangle-
ment [3, 4]. An interesting question is: what happens in the zero temperature limit β → ∞
when the theory has supersymmetric (extremal) black holes? It was argued in [5, 6] that
in certain contexts |TFD⟩ is still described by wormhole of finite length, which can host
a variety of states that describe matter propagating inside the wormhole that joins two
asymptotic extremal black holes. This suggests an avenue for bringing the technical tools
of supersymmetry to bear on the conceptual questions surrounding ER = EPR [3, 4].

In this work, we explore these supersymmetric wormholes in the concrete setting of the
N = 2 double-scaled Sachdev-Ye-Kitaev (DSSYK) model [1, 7]. This model was analyzed
using chord methods by Berkooz, Brukner, Narovlansky, and Raz [1] which we refer to
as BBNR.1 Furthermore, the model has an exponentially large number of ground states
with exactly zero energy [7].2 This model is also described by the N = 2 super-Schwarzian
theory [5, 6, 16–19], after taking a further limit3 known as the “triple scaling limit.” The
N = 2 Schwarzian theory also describes universal aspects of extremal and near-extremal
black holes with a nearly AdS2 throat [20] and an SU(1, 1|1) isometry group.4

An advantage of DSSYK over other holographic quantum systems is that a bulk Hilbert
space of sorts (sometimes referred to as the “chord Hilbert space”) can be derived explicitly
from the boundary theory. This Hilbert space describes the states of various Einstein-
Rosen wormholes of various lengths and with different matter excitations localized along
the wormhole. In the context of N = 2 DSSYK, this gives us a new handle to describe
supersymmetric wormholes. By studying this chord Hilbert space, we will see concretely
how SUSY wormholes encode certain properties of the extremal black hole microstates. As
an appetizer, we will find a new connection between the classic problem of counting exact
zero energy microstates and the geometric properties of the SUSY wormhole:

probability(length of SUSY wormhole = 0) = dimHextremal, jR
dimHjR

. (1.1)

1See also related work on N = 0 double scaled SYK [8–15].
2These states are sometimes referred to as BPS states, even though in the JT/SYK context they are

annihilated by all the supercharges. In other holographic systems, extremal black holes are BPS states that
may only preserve a fraction of the SUSYs.

3This limit is the low temperature limit β → ∞, taking λ ≪ 1; see (1.6) for the definition of λ. In our
context we can simply take β → ∞ first; more generally, one can take β → ∞, λ → 0 holding fixed λβ.

4This includes certain extremal and near-extremal black holes in AdS5×S5 [21–27], see also the discussion
on the closely related N = 4 Schwarzian theory [28].
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This formula relates a quantity on the l.h.s. that involves the chord Hilbert space to a
quantity on the r.h.s. that involves the microscopic Hilbert space of the boundary theory
(the SYK model). In particular, the finite-dimensional Hilbert space Hextremal, jR in the
numerator of (1.1) is the zero energy subspace of the N = 2 SYK model with a fixed U(1)R
charge. In the denominator, the Hilbert space HjR contains states of all energies with fixed
charge. (As we will see later, the l.h.s. also implicitly depends on jR; there will be one
SUSY wormhole for each possible value of jR.) We derive this formula around (3.16).
Although we mainly study (1.1) in double scaled SYK, we believe that a similar formula
should apply more generally to supersymmetric black holes with a nearly AdS2×X throat,
modulo holographic renormalization subtleties; see section 6.3.

Note that in the JT gravity regime, the typical length of a SUSY wormhole is large [5,
6], so the quantity on the l.h.s. of (1.1) is a highly “off-shell” property of the wormhole.
Indeed, in the gravity regime the fraction on the r.h.s. is quite small5 so one must be
able to compute probabilities to high precision to get a match. We will demonstrate that
chord techniques are powerful enough to obtain this probability to high precision, includ-
ing an infinite series of non-perturbative corrections. These non-perturbative corrections
to the “short wormhole” probability go beyond the super-Schwarzian/JT gravity approx-
imation [16]; however, they are needed to reproduce the microstate count that can be
independently inferred from a refined index argument in the microscopic SYK descrip-
tion [7], as reviewed in appendix A. Thus the N = 2 SYK model is an example of a
quantum system where “simple gravity” (e.g. the super-Schwarzian) does not reproduce
the precise microstate count; one must know some aspects of its UV completion (the super
chord theory) in order to obtain certain non-perturbative corrections.

As reviewed in appendix A, this gives a leading term for the r.h.s. of (1.1) that
agrees with the super-Schwarzian prediction [16]. However, there is an infinite series of
non-perturbative corrections to the leading answer that are not reproduced by the super-
Schwarzian. We will see in section 3.2 that these are successfully reproduced by the super
chord theory.

The formula (1.1) is a prototype for many of our results. More generally we will
find relations where the l.h.s. is a quantity that can be computed using the bulk Hilbert
space, e.g., the chord Hilbert space that describes various excitations of the wormhole. On
the r.h.s. is a quantity that has a microscopic interpretation, e.g., zero-temperature n-pt
functions of the SYK model, or equivalently some averaged properties of the one-sided
black hole microstates.

Along the way, we improve various technical aspects of the chord construction of
BBNR [1]. First, we clarify the construction of the bulk Hilbert space. The Hilbert space
of empty wormholes in N = 2 super JT gravity [5, 6, 29] is L2(R)⊗L2(U(1))⊗C4. The first
tensor factor is spanned by wavefunctions ψ(ℓ̃), where ℓ̃ is the renormalized length of the
two-sided wormhole. The second factor is associated to the U(1) Wilson line that stretches
between the two sides of the wormhole. Lastly, we have 2 Dirac fermions (equivalently, two
qubits) that are the superpartners of the bosonic degrees of freedom. The Hilbert space

5For finite p, N = 2 SYK, it is exponentially small in N .
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of the double-scaled theory will have a similar structure, except that L2(R) → L2(Z≥0),
where L2(Z≥0) denotes the Hilbert space of square integrable functions on the non-negative
integers. The integer is the chord number, which is interpreted as the discrete bulk length
of the wormhole [14].

While the microscopic Hamiltonian has N = 2 SUSY, a new result is that the chord
Hamiltonian (or “transfer matrix”) has enhanced N = 4 SUSY when we restrict to acting
on states with no matter chords. We will explicitly construct the 4 supercharges. (In
the earlier work of BBNR [1] the transfer matrix was identified but the enhancement to
N = 4 SUSY was not observed. BBNR also found the positive energy eigenfunctions of
the transfer matrix, which are scattering states, but the zero energy bound states were not
identified.) We then use these supercharges to find the chord wavefunction corresponding
to the supersymmetric wormhole (the β = ∞ thermofield double).

This paper is organized as follows: in section 2, we discuss the super chord Hilbert
space formalism and the action of the SUSY algebra on this Hilbert space. In section 3,
we solve for the chord wavefunctions that are annihilated by all the supercharges (the
supersymmetric Hartle-Hawking states of the wormhole). We use this wavefunction to
compute (1.1). In section 4, as another application of the Hartle-Hawking wavefunction,
we compute the zero temperature 2-pt functions of matter operators. In section 5, we
discuss wormholes with matter propagating in the interior. On a technical level, this is
relevant for computing more general correlators, such as out-of-time order 4-pt functions,
using a higher-pt generalization of (1.1). On a conceptual level, an interesting feature
of supersymmetric wormholes is that despite having zero boundary energy, they can host
matter with non-zero “bulk energy” in the interior. We derive how the SUSY algebra
acts on such wormholes in section 5; furthermore, we show that the SUSY algebra is part
of a bigger “superchord algebra.” This is a supersymmetric version of the bosonic algebra
described in [15]. The superchord algebra should govern the structure of higher-pt functions
in the model. We discuss the bulk-to-boundary map in the super SYK model and some
conceptual issues about supersymmetric wormholes in section 6. Some technical details are
presented in the appendices; for the sake of completeness, we also discuss some aspects of
the N = 1 SYK model in appendix F. In particular, we found that working out the N = 1
superchord algebra was a useful guide to the N = 2 case.

1.1 Review of the model and the chord rules

The N = 2 supersymmetric SYK model [7] consists of N complex fermions

{ψi, ψ̄j} = δij , {ψi, ψj} = 0, (1.2)

with interactions governed by the supercharges

H = {Q, Q̄}, Q =
∑
I

CIΨI , Q̄ =
∑
I

C̄IΨ̄I . (1.3)

Here ΨI is a product of p fermions, ΨI = ψi1 · · ·ψip , and CI are Gaussian complex couplings
with mean zero and variance

⟨CIC∗
I′⟩ = 2p

(
N

p

)−1

J 2δI,I′ . (1.4)
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The model enjoys a U(1)R symmetry, generated by

J = 1
2p

N∑
i=1

[ψi, ψ̄i], [J,Q] = Q. (1.5)

We have chosen to normalize6 J so that Q has unit charge. We study the model in the
double scaling limit, which is given by

N → ∞, p→ ∞, λ
.= 2p2/N = fixed, q

.= e−λ. (1.6)

Because in this limit the model becomes exactly solvable, it has been studied extensively
in the literature in the context of both nonsupersymmetric [9, 10] and supersymmetric
SYK [1].

In the double scaling limit, correlation functions of Q, Q̄ and matter operators can
be computed using chord techniques [1]. The chord method allows one to compute traces
of a products of big fermions Ψ, by summing over all possible “chord diagrams”7 that
contribute to the particular trace. Chord diagrams are essentially just a graphical way of
representing different Wick contractions, which arise from doing the disorder average over
the random couplings. Each diagram then contributes a factor that can be read of from
the diagram. An example of a single contribution is

tr
(
QQ̄

)3
VQ̄QV̄ ⊃

Q

Q̄

Q

Q̄

Q

Q̄
Q

Q̄

V̄

V

= −q2+∆O . (1.7)

Unlike in the bosonic case, the chords now come with arrows, where the arrows emanate
from Q and allow us to keep track of the U(1)R charge. Note that without the red chord,
the above diagram would vanish since Q2 = Q̄2 = 0. The red chord represents the insertion
of some “matter” operators V. Here V is a product of p′ fermions, V = KIΨI , V̄ = K̄IΨ̄I .
Note that V is a chiral or BPS operator since [Q,V] = 0 if V is bosonic and {Q,V} = 0 if
V is fermionic. It will be convenient to introduce ∆O = p′/p.

More generally, if W ∼ ψi1 · · ·ψipO
ψ̄j1 · · · ψ̄jpX

is a product of pO fermions and pX anti-
fermions, we define ∆X = pX/p and ∆O = pO/p. The U(1)R charge of such an operator is
∆O −∆X; later, we will see that the conformal dimension8 is

conformal dimension = ∆ = 1
2(∆X +∆O) (1.8)

6This differs from BBNR [1] conventions by an overall minus sign.
7In the supersymmetric context, a better terminology would be Qords versus Hamiltonian cHords.
8In general we expect the correlators to look conformally invariant at low temperature and λ → 0. For

more general temperatures, the correlators should look conformal on a suitably defined fake circle, see [15].
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Before introducing the general rule for assigning weights to different chord diagrams,
let us consider a few simple cases. Consider the correlator

tr
(
ΨIΨJΨ̄IΨ̄J

)
= (−1)e−λ/2. (1.9)

The only non-zero contributions to this trace occur when I and J do not share any indices
in common. If I, J shared any indices, we could use the relation ψ2

i = 0 and the trace
would vanish. We refer to such index pairs as enemies. The probability P (s) that some
number of indices s are shared between I and J is a Poisson distribution

P (s) = (λ/2)s

s! e−λ/2. (1.10)

For enemy configurations, we need s = 0, which explains the last factor in the r.h.s. (1.9).
Furthermore, in (1.9) we need to anti-commute the Ψ̄I through the ΨJ before applying the
commutation relations. This explains the (−1).

Let’s consider another example where the indices are now in a “friendly” configuration:

tr
(
ΨIΨ̄IΨJΨ̄J

)
= eλ/2. (1.11)

Unlike the enemy configuration (1.9), here I, J can share indices. The number of indices
in common determines the value of the correlator. For example,

trψ1ψ̄1ψ1ψ̄1 = 2 trψ1ψ̄1ψ2ψ̄2. (1.12)

We can compare a correlator where s indices are shared |I ∩ J | = s to a correlator where
|I ∩ J | = 0. The former will be bigger than the latter by a multiplicative factor of 2s.
Summing over s weighted by (1.10) gives the factor in (1.11).

In total, when considering a general Wick contraction contributing to a given moment,
there are 4 different possible friend configurations, and 8 enemy configurations. All possible
friends and enemies pairs are summarized below:

friends: q−1/2 Q ··· Q̄ ···Q ··· Q̄, Q ··· Q̄ ···Q ··· Q̄, (1.13a)

q−1/2 Q̄ ···Q ··· Q̄ ···Q, Q̄ ···Q ··· Q̄ ···Q, (1.13b)

enemies: q+1/2 Q ··· Q̄ ··· Q̄ ···Q, Q ···Q ··· Q̄ ··· Q̄, (1.14a)

q+1/2 Q̄ ···Q ···Q ··· Q̄, Q̄ ··· Q̄ ···Q ···Q, (1.14b)

− q+1/2 Q ··· Q̄ ··· Q̄ ···Q, Q ···Q ··· Q̄ ··· Q̄, (1.14c)

− q+1/2 Q̄ ···Q ···Q ··· Q̄, Q̄ ··· Q̄ ···Q ···Q. (1.14d)

– 5 –
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Every pair of chords of the form (1.13a) gets a factor q−1/2, whereas (1.14a) gives q+1/2

and (1.14b) gives −q+1/2. The basic rule of calculating the moments9 is

(−1)#intersectionsq(#enemies−#friends)/2. (1.15)

To generalize to the case with chiral matter insertions V, one should weight all pairs of
red/black chords by a similar factor but with q → q∆. Red/red pairs of chords would get
a factor q → q∆

2 .

2 The super chord Hilbert space

2.1 The two-sided Hilbert space

In this section, we construct the N = 2 chord Hilbert space. While much of this material
is a review of BBNR [1], we will clarify and improve certain aspects of the construction by
emphasizing the two-sided nature of the Hilbert space (along the lines of [5]) and dealing
with the U(1)R sector more systematically. In particular we will find that the chord transfer
matrix of [1], which may be viewed as the bulk Hamiltonian, enjoys N = 4 supersymmetry
(and not just N = 2 discussed in [1] ). This parallels the super JT discussion of [6].

The Hilbert space with no matter insertions is generated by acting on the maximally
entangled state |Ω⟩ with the operators {QL, Q̄L, QR, Q̄R} as well as the charge generators
JL and JR. The starting point of the Hilbert space construction is to view the partition
function as an overlap between maximally entangled 2-sided states |Ω⟩:

Z(µ, β) = tr
(
e−βH−µJ

)
= ⟨Ω| e−βHR−µJR |Ω⟩

⟨Ω|Ω⟩
(2.1)

where the Type II1 normalized trace tr 1 = 1. Equivalently, we could consider integrating
over µ, which would project into a fixed U(1)R charge sector:

Z(jR, β)
Z(jR, 0)

=
tr
(
ΠjRe−βH

)
trΠjR

=
trjR

(
e−βH

)
trjR(1)

= ⟨Ω, jR| e−βHR |Ω, jR⟩
⟨Ω, jR|Ω, jR⟩

. (2.2)

In the microcanonical ensemble Z(jR, β) we only sum over SYK states with charge J =
jR. On the r.h.s. , we have converted to the 2-sided notation. Here |Ω⟩ =

∑
j |Ω, j⟩ is

the maximally entangled state in the full Hilbert space, whereas |Ω, j⟩ is the maximally
entangled state in a given charge sector j.

Now the l.h.s. of (2.1) can be computed by summing over chord diagrams, which
determines all correlators of the supercharges, etc., acting on |Ω⟩. Taking inspiration from
the Gelfand-Naimark-Segal (GNS) construction, this should fully determine the Hilbert
space. The idea then is to slice open the chord diagrams and define 2-sided states by
considering the data that is needed to compute all correlators acting on these states. As
a first pass, we can keep track of the chords that cross the slice; the chord Hilbert space

9There is a factor of 2−k that we have omitted in [1] by a different choice of normalization.
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consists of two types of chords: those created by Q (denoted by O or an ↑) and chords
created by Q̄ (denoted by X or a ↓).

⇒ |↑↓↑⟩ = |OXO⟩ (2.3)

In principle, we need to consider a bulk Hilbert space consisting of arbitrary O,X strings.
However, [1] showed that it is sufficient to restrict to states where we never have two
consecutive X’s or two consecutive O’s. This is closely related to the fact that Q2 = Q̄2 = 0.
Thus there are four kinds of states:

|n,XO⟩ = |
n pairs of XO︷ ︸︸ ︷

XOXO · · ·XO ⟩, |n,OX⟩ = |
n pairs of OX︷ ︸︸ ︷

OXOX · · ·OX ⟩, (2.4)

|n,XX⟩ = |
n pairs of XO︷ ︸︸ ︷

XOXO · · ·XOX⟩, |n,OO⟩ = |
n pairs of OX︷ ︸︸ ︷

OXOX · · ·OXO⟩. (2.5)

Here n is a non-negative integer. The fermion number F is defined as the total number
of chords in the above state (mod 2):

(−1)F = (−1)ntot . (2.6)

If there are matter chords, one also multiplies (−1)ntot by (−1) for each fermionic matter
chord. Hence (−1)F |n,XO⟩ = |n,XO⟩ whereas (−1)F |n,XX⟩ = − |n,XX⟩. A bosonic
state in this theory has an even number of chords, whereas a fermionic state has an odd
number of chords.

The notation |n, ab⟩ emphasizes that there are 4 possible states (2 qubits) for each value
of n. This explains the emergence of the bulk fermions in the N = 2 super-Schwarzian
theory. The bosonic length mode of the wormhole in the super Schwarzian (together
with the U(1)R gauge field) comes with fermionic superpartners, consisting of 2 complex
fermions, or equivalently 2 qubits, see also appendix D.

2.2 Remembering forgotten friends and enemies

The above discussion omits an important subtlety, which we now explain. In the N = 0
and N = 1 chord Hilbert space, ket vectors are labeled by a string that describes the open
chords on the appropriate slice. The chords which close to the Euclidean “past” of this
slice are “forgotten.” In contrast, the chord rules in the N = 2 case imply that the action of
some operator on a ket vector depends on the number of such closed chords (for examples
the first diagram in (1.13a) and (1.14a)). The chord Hilbert space is not just labeled by a
string of O’s and X’s; we need more information to account for closed chords. We do so by

– 7 –
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including an additional factor of m in the label. For example,

⇒ |OXO,m = −1−∆O⟩ . (2.7)

Here we have defined

m = (# left-moving closed chords)− (# right-moving closed chords). (2.8)

Here we are counting the number of right-moving and left-moving chords that are to the
Euclidean past of the gray cut (e.g. part of the ket vector.) In the absence of matter
operators, m will be an integer, but m can be shifted by a fractional amount m → m ±
∆O −∆X by the action of a matter chord.

To understand how this extra label helps, consider cutting open a chord diagram (say
along the gray slice) and then inserting an extra chord:

⇒ ⇒
Q

Q̄ (2.9)

According to the chord rules (1.15), this new chord gets a factor of q(1+∆O)/2 = q−m/2 from
the two closed chords. (If instead we had added a chord with the opposite orientation,
friends and enemies would be reversed and we would have q+m/2.) Furthermore, once we
insert this new chord, the resulting state is now |OXO,m = −∆O⟩. So in general, the action
of a chord insertion can be written as βq−m/2 or β†q+m/2 depending on the orientation of
the chord, where β |m⟩ = |m− 1⟩ and β† |m⟩ = |m+ 1⟩.

2.3 Action of the supercharges

Now we would like to determine the action of QR, Q̄R, QL, Q̄L on our 2-sided Hilbert space.
Let’s consider QR first. Such an operator can add a new chord, or delete an existing one.
If QR deletes an existing chord, it must delete either the left-most or the right-most chord;
otherwise, we would have two consecutive X’s or O’s.

Together with the results of the previous subsection, this implies that QR has the form

QR = (del XL Ã+ del XR B̃)β + qm/2add OR (2.10)

= (A del XL +B del XR)β + qm/2add OR (2.11)

The factors of β and qm/2 perform the forgotten frenemy accounting. As explained af-
ter (2.9): every time we delete a chord, we increment/decrement |m⟩ → |m± 1⟩, since

– 8 –
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closing a chord implies that there is a new “forgotten friend” or “forgotten enemy” added
to the list. On the other hand, when we add a new O chord, we multiply by a factor of
qm/2 which accounts for all closed chords to its past.10

Now we determine A,B. Since QR acts on the right, if we delete the right-most chord,
we will have no intersections. The relevant diagrams are:

friends: q−1/2 Q̄ ···Q ··· Q̄Q, enemies: q+1/2 Q ··· Q̄ ··· Q̄Q. (2.12)

On the left, we are acting with QR on a state of the form |· · ·O · · ·X⟩. On the right, we
are act on a state of the form |· · ·X · · ·X⟩. In both cases, the rightmost Q represents the
operator acting on the state. We have shaded in gray some supercharge which is not part
of the ket vector, but represents a supercharge in any bra vector that can be contracted
with the chord state of interest.11 We get a friendly factor of q−1/2 for each O chord and
an enemy factor of q1/2 for each X chord (except for the X chord we are closing). So this
gives B̃ ∝ q(nX−1−nO)/2.

For the Ã term, we need to consider the diagrams:

enemies: − q+1/2 Q ··· Q̄ ··· Q̄ ···Q, Q̄ ··· Q̄ ···Q ···Q (2.13)

This gives an intersection and enemy term (−1)nX+nO−1q(nX+nO−1)/2=−(−1)Fq(nX+nO−1)/2.
Putting things together, we get

A = (−1)F qntot/2, B = q(nX−nO)/2 (2.14)

The conclusion is that we can write 4 supercharges

QR =
[
(−1)F qntot/2 del XL + q(nX−nO)/2 del XR

]
β† + q+m/2 add OR (2.15a)

Q̄R =
[
(−1)F qntot/2 del OL + q(nO−nX)/2 del OR

]
β + q−m/2 add XR (2.15b)

(−1)FQL =
[
(−1)F qntot/2 del XR + q(nX−nO)/2 del XL

]
β + q−m/2 add OL (2.15c)

Q̄L(−1)F =
[
(−1)F qntot/2 del OR + q(nO−nX)/2 del OL

]
β† + q+m/2 add XL (2.15d)

To explain the additional factors of (−1)F in the left supercharges, let us consider the action
of QL on a general 2-sided state. Without loss of generality, we can write such a state as
|ψ⟩ = (Oψ)R |Ω⟩. Now the point is that QL(Oψ)R |Ω⟩ = ±(Oψ)RQL |Ω⟩ = ±(Oψ)RQR |Ω⟩,
where the ± sign depends on whether Oψ is a bosonic or fermionic operator, or equivalently
whether |ψ⟩ is a bosonic or fermionic state.

10We have split the factor βq−m/2 such that β only goes with the “delete” operator and qm/2 goes with
the “add” operator. This is convenient since one does not know whether an open chord will be right-moving
or left-moving. An open O chord becomes a right-mover if it is contracted with Q̄R. If it is contracted with
Q̄L, it will be a left-mover. Thus we only act with β or β† when a chord is deleted. This argument also
explains why β appears in Q̄R whereas β† appears in Q̄L, see equations (2.15b) and (2.15d).

11E.g., any bra vector that has a non-zero overlap with the specified ket vector must contain at least one
such Q̄ or Q.
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With these expressions (2.15) in hand, one can explicitly check that these supercharges
satisfy the N = 4 SUSY algebra:

{Qi, Qj} = {Q̄i, Q̄j} = 0, (2.16)
{Qi, Q̄j} = δijH, (2.17)
[Ji, Qj ] = +δijQj , (2.18)
[Ji, Q̄j ] = −δijQ̄j (2.19)

As checking these relations by hand is rather tedious, we have included a Mathematica
notebook in the published Supplementary Materials. Here i, j run over L,R. This is the
same algebra that is satisfied by the N = 2 super-Schwarzian theory in the super-Liouville
formalism [14]. To verify the last lines, we must find the chord Hilbert space action of the
U(1)R charges, the subject we will now turn to.

2.4 Action of the U(1)R charges

In addition to the action of the supercharges on this Hilbert space, we need to work out
the action of the U(1)R charges. The basic idea is to first rewrite (1.5) as

J = lim
p′→1

1
δλ

[
O, Ō

]
, O = KIΨI , δ = p′/p (2.20)

Here ψI is a product of p′ fermions. This might seem like a somewhat cumbersome ex-
pression, but the point is that ŌO just adds and then immediately deletes a “matter”
chord. This “matter” chord obeys similar rules except that q → qδ. The p′ → 1 limit can
then be accomplished via a δ → 0 limit at the end of the derivation.12 The composite
operator opens and then immediately closes a matter chord. Graphically, we can cut open
the diagrams on some slice and the insert (OŌ)R:

Q

Q̄

Q

Q̄

Q

Q̄

Q

Q̄

⇒

Q

Q̄

Q

Q̄

Q

Q̄

Q

Q̄
O
Ō (2.21)

Similar reasoning13 to (2.15) gives the operator expressions

(ΨIΨ̄I)R = 1
2β

−δe−
1
2λδ(nX−nO−m), (Ψ̄IΨI)R = 1

2β
δe−

1
2λδ(nO−nX+m), (2.22)

(ΨIΨ̄I)L = 1
2β

δe−
1
2λδ(nX−nO+m), (Ψ̄IΨI)L = 1

2β
−δe−

1
2λδ(nO−nX−m) (2.23)

12See [14] for a similar derivation of the size operator. The heuristic small ∆ limit was justified explicitly.
13For example, to derive the action of ΨI,RΨ̄I,R we consider the action of the “add” term in (2.15b)

followed by the “del” term in (2.15a) and take q → qδ.
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In the above expressions, we are imagining acting with O, Ō on a state with no other
insertions of O, Ō. We have included a factor of 1

2 to match the normalization of the Dirac
fermions (1.2). Then performing the disorder average contracts the factors of K to give
the l.h.s. of equations (2.22) and (2.23). Then taking the limit δ → 0, we can extract

[Ψ̄I ,ΨI ]R ∼ δ

[
λ

2 (nX − nO −m) + ∂m

]
(2.24)

[Ψ̄I ,ΨI ]L ∼ δ

[
λ

2 (nX − nO +m)− ∂m

]
(2.25)

Here we view βδ as acting on wavefunctions via eδ∂mψ(m) = ψ(m+ δ). The conclusion is
that the U(1)R charges are

JR = 1
2(nO − nX +m)− 1

λ
∂m, (2.26)

JL = 1
2(nO − nX −m) + 1

λ
∂m. (2.27)

One can then check that the supercharges have the appropriate U(1)R charges, (2.18)
and (2.19).

2.5 Diagonalizing the U(1)R charges

Since JL, JR commute with the Hamiltonian, we may simultaneously diagonalize JL ± JR
and the Hamiltonian H. The combination JL+JR is trivial to diagonalize: one can consider
eigenstates with fixed nX − nO. Diagonalizing JL − JR is slightly less trivial, since

JL − JR = −m+ 2λ−1∂m (2.28)

involves both m and its conjugate momentum. Nevertheless, diagonalizing such an operator
is familiar from the usual discussion of coherent states; we get:

|j⟩ =
∞∑

m=−∞
q−

1
4m

2−1
2 jm |m⟩ , (JL − JR) |j⟩ = j |j⟩ . (2.29)

So working in this new eigenbasis, we have

∞∑
m=−∞

qm/2ψj(m) |m⟩ = |j − 1⟩ , β† |j⟩ = qj/2−1/4 |j − 1⟩ , (2.30)

∞∑
m=−∞

q−m/2ψj(m) |m⟩ = |j + 1⟩ , β |j⟩ = q−(j+1)/2+1/4 |j + 1⟩ . (2.31)
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We may write this as β† = β̃qj/2−1/4 and β = β̃†q−j/2−1/4 where β̃† |j⟩ = |j + 1⟩ , β̃ |j⟩ =
|j − 1⟩. So we may also rewrite the supercharges as

QR = β̃
[
(−1)F qntot/2qj/2−1/4 del XL + q(nX−nO)/2qj/2−1/4 del XR + add OR

]
,

(2.32a)

Q̄R = β̃†
[
(−1)F qntot/2q−j/2−1/4 del OL + q(nO−nX)/2q−j/2−1/4 del OR + add XR

]
,

(2.32b)

(−1)FQL = β̃†
[
(−1)F qntot/2q−j/2−1/4 del XR + q(nX−nO)/2q−j/2−1/4 del XL + add OL

]
,

(2.32c)

Q̄L(−1)F = β̃
[
(−1)F qntot/2qj/2−1/4 del OR + q(nO−nX)/2qj/2−1/4 del OL + add XL

]
.

(2.32d)

And the left and right U(1)R charges:

JL = 1
2(nO − nX − j), JR = 1

2(nO − nX + j). (2.33)

Here β̃† |j⟩ = |j + 1⟩. Let us write a general state

|ψ⟩ =
∞∑
n=0

∞∑
j=−∞

ψOO,j(n) |n,OO, j⟩+ ψOX,j(n) |n,OX, j⟩

+ ψXO,j(n) |n,XO, j⟩+ ψXX,j(n) |n,XX, j⟩
(2.34)

or equivalently as a 4-component wavefunction:

|ψ⟩ =


ψOO,j (n)
ψOX,j (n)
ψXO,j (n)
ψXX,j (n)

 . (2.35)

In this basis, QR acts as

QR |ψ, j⟩ =


q
j
2−

1
4
(
ψOX,j+1(n+ 1)− qn+1ψXO,j+1(n+ 1)

)
+ ψOX,j+1(n)

q
j
2+n+

1
4ψXX,j+1(n)

q
j
2+

1
4ψXX,j+1(n) + ψXX,j+1(n− 1)

0

 (2.36a)

Q̄R |ψ, j⟩ =


0

q
1
4−

j
2ψOO,j−1(n) + ψOO,j−1(n− 1)

q−
j
2+n+

1
4ψOO,j−1(n)

q−
j
2−

1
4
(
ψXO,j−1(n+ 1)− qn+1ψOX,j−1(n+ 1)

)
+ ψXO,j−1(n)

 (2.36b)

Let us make a few comments about the thermofield double. Note that the symmetric
combination JL + JR = nX − nO. For the thermofield double/Hartle-Hawking states,
JL = −JR so this combination should annihilate the state. For general empty wormhole
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states (wormholes with no operator insertions besides Q, Q̄), we see that JL + JR has
eigenvalues {−1, 0, 0,+1}. The 0 is listed twice because the states |n,XO⟩ and |n,OX⟩ are
both eigenstates with 0 total charge. The fact that there are 4 states is related to the
statement that for a boundary system with N = 2 SUSY, the thermofield double comes in
a multiplet with 4 states [6].

So if we set JL+JR = 0, we set nX = nO which implies ψXX = ψOO = 0. Furthermore,
the one-sided charge on the right jR = −j/2. To compare with BBNR [1], one should take
s = jR = −1

2j and to compare with LMRS [6], one should take j = 2jLMRS.

3 Constructing the supersymmetric wormhole

In this section we use the bulk supercharges constructed above to find the 0-energy ground
state of the chord Hamiltonian. This is the analog of the Hartle-Hawking wavefunction in
N = 2 JT gravity, which is a bound state eigenfunction of the super-Liouville quantum
mechanics [5, 6].

3.1 Finding the Hartle-Hawking ground state

It will be convenient to work with rescaled wavefunctions ψXO,j(n) = q−n/4αn and ψOX =
q−n/4βn. (See (B.19) and (B.20) in appendix B for an explanation of the q−n/4 factor,
which we introduced purely for the reader’s convenience, e.g., to enable easy comparison
with BBNR [1].) We consider the following ansatz for the wavefunction for the BPS
wormhole:

|Ψ, j⟩ =
∞∑
n=0

q−n/4 (αn |n,XO, j⟩+ βn |n,OX, j⟩) . (3.1)

Setting QR |ψ, j⟩ = Q̄R |ψ, j⟩ = 0 and using (2.36a) and (2.36b) gives

−qn−1αn + q−1βn + qjRβn−1 = 0, (3.2)
q−1αn + q−jRαn−1 − qn−1βn = 0. (3.3)

We can decouple the two wavefunctions:

(q−3 − q2n−1)αn+1 + (q−2−jR + qjR−1)αn + αn−1 = 0, (3.4)
(q−3 − q2n−1)βn+1 + (q−2+jR + q−jR−1)βn + βn−1 = 0. (3.5)

With the initial condition14 α0 = β0 = 1, these recursion relations can then be solved using
q-Hermite polynomials:

αn = q
3n
2

(q2; q2)n
Hn

[
− cosh

(
λ(jR + 1

2)
) ∣∣q2] , (3.6)

βn = q
3n
2

(q2; q2)n
Hn

[
− cosh

(
λ(jR − 1

2)
) ∣∣q2] . (3.7)

14Any choice of non-zero α0 and β0 will lead to the same physical predictions. A different choice of initial
condition only rescales the wavefunction, which will be taken care of later by normalizing the wavefunction
using the inner product.
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Figure 1. Wavefunction of the j = 0 ground state. We plot the probability that the wormhole
has some fixed chord number. As λ decreases, the wavefunction recedes to larger values of n. The
probability that the wormhole has zero length |Ψ(0)|2 gives the fraction of states in the Hilbert space
that are supersymmetric. In the small λ regime this agrees with the super-Schwarzian prediction.

Notice that the equations are invariant under α↔ β and jR ↔ −jR.
We have computed the wavefunctions of the ground state, but to complete the discus-

sion, we should compute the probability distribution for the length of the wormhole. To
do so, we need the inner products between various states, which we derive in appendix B,
and display here:

⟨n,OX, j|n,OX, j⟩ = ⟨n,XO, j|n,XO, j⟩ = qn/2
(
q2; q2

)
n−1

(3.8)

⟨n,OX, j|n,XO, j⟩ = −q3n/2
(
q2; q2

)
n−1

(3.9)

Using this, we can compute the norm of the ground state is given by

⟨Ψ, j|Ψ, j⟩ =
∑
n

(q2; q2)n−1
[
q−n (αnαn + βnβn)− 2αnβn

]
(3.10)

= 1
(q1±2jR ; q2)∞(q2; q2)∞

. (3.11)

The last line is a q-identity that we prove in appendix C.1. If the ± sign only appears on one
side of an equation, we are instructed to take a product, e.g. f(x± y) = f(x+ y)f(x− y).
Furthermore, the term that appears in the sum (3.10) divided by the norm (3.11) can
be interpreted the probability Pn that the wormhole has chord number n. We plot this
probability in figure 1 for various values of λ. At small λ, the probability distribution is
peaked at large chord number, which means that the BPS wormhole is typically quite long.

In appendix D, we consider the λ→ 0 (“triple scaling”) limit of these expressions and
compare them with the N = 2 super-Schwarzian wavefunctions computed in [6]. We find
precise agreement.
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3.2 A bulk computation of the ground state degeneracy

As a first application of this wavefunction, we will compute the fraction D of microstates
that are zero energy15 (extremal black hole states):

D(jR)
.= dimHextremal, jR

dimHjR

= Z(jR,∞)
Z(jR, 0)

. (3.12)

To do so, we will use (1.1) as advertised in the introduction. The derivation of (1.1)
is extremely simple using the ingredients we have already encountered. Taking β → ∞
of (2.2), we find the chord Hilbert space expression

Z(jR,∞) = | ⟨Ω, j|Ψ, j⟩ |2

⟨Ψ, j|Ψ, j⟩ . (3.13)

On the other hand, taking β → 0 of (2.2),

Z(jR, 0) = ⟨Ω, j|Ω, j⟩ . (3.14)

Thus the fraction is given by

D(jR) =
| ⟨Ω, j|Ψ, j⟩ |2

⟨Ω, j|Ω, j⟩ ⟨Ψ, j|Ψ, j⟩ . (3.15)

As promised in (1.1), the r.h.s. is precisely the probability that the wormhole has zero
length, since Ω is the state with the smallest number of chords n = 0.

The simplicity of the derivation also belies its generality, as it made very little reference
to the details of the chord theory. Just to emphasize this point, let us present essentially the
same derivation again using pictures and words associated to Euclidean quantum gravity:

| ⟨susy wormhole |ℓ = 0⟩ |2 = lim
β→∞

⟨ℓ = 0| e−βH |ℓ = 0⟩ =

ℓ → 0

ℓ → 0 ∞

(3.16)

Start with the middle expression. To understand the equality with the r.h.s. of (3.16), note
that the middle expression can be viewed as an amplitude from a short “ℓ = 0” wormhole

15Do not confuse the various notions of ground states. The ground state of the “bulk” or “chord”
Hamiltonian is a 2-sided concept. It is the bound state wavefunction we are discussing in (3) that represents
the length of the wormhole. There is a unique ground state for each value of |jR| < 1/2. On the other
hand, there are exponentially many zero-energy ground states of a single copy of the microscopic theory.
The bulk description of such microstates, if it exists, would be one-sided geometries, not the wormhole that
we have been discussing. These 1-sided microstates are what is being counted by the fraction D(jR).
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in the distant Euclidean past to the same short wormhole in the Euclidean future. This
is just a way of slicing up the disk partition function, which as β → ∞ gives the zero
temperature partition function Zβ=∞ = dimHextremal. On the other hand, if we evolve for
very large β, we should project to the zero energy state of the bulk Hamiltonian. This is the
Hartle-Hawking wavefunction of a supersymmetric wormhole (e.g. a wormhole joining two
extremal black holes), which in the JT gravity approximation is described by a bound state
wavefunction in the length mode [5, 6]. This gives the l.h.s. of (3.16). Now dividing both
sides by ⟨ℓ = 0|ℓ = 0⟩ and interpreting ⟨ℓ = 0|ℓ = 0⟩ as the infinite temperature partition
function Z = dimH gives (1.1).

The only subtle difference between the “gravity” derivation presented above and the
superchord derivation is that the ℓ = 0 state has a precise meaning in the superchord
theory, whereas in a theory like JT gravity the ℓ = 0 does not have a sharp meaning. To
be more precise, in JT gravity, we should always work with the renoramlized length; the
statement that ℓ → 0 is really the statement ℓ̃ → −∞. In this limit, we are sensitive to
what the precise UV completion of JT gravity is; see [14] for more discussion.16

Now let’s return to explicitly evaluating D(jR) using (3.15). Using (3.10) and the
expressions for the inner products (3.8)–(3.9) where the Ω state corresponds to n = 0, we
arrive at

D(jR) = (q2jR+1; q2)∞(q−2jR+1; q2)∞(q2; q2)∞ (3.17)
= ϑ4(iλjR, q) (3.18)

=
√
π

λ
q−j

2
Rϑ2(πjR, e−

π2
λ ). (3.19)

We would like to compare this to the microscopic expectations, coming from the index. To
this end, let us define another fraction, where we normalize by the total number of states
in the entire SYK Hilbert space:

D̂(jR) =
dimHextremal, jR

dimH
. (3.20)

As reviewed in appendix A, the finite N microscopic refined index computations give

pD̂(jR) = 2 cos (πjR)
[
cos π2p

]N
+ 2 cos(3πjR)

[
cos 3π2p

]N
+ 2 cos(5πjR)

[
cos 5π2p

]N
+ · · ·

(3.21)
To convert D̂ → D, we note that dimH = 2N , while the total number of states of charge
jR is

dimHjR

dimH
= 2−N

(
N

N/2 + jRp

)
≈ 1
p

√
λ

π
e−λj

2
R . (3.22)

In the last step, we took the double scaling limit by approximating the binomial distribution
with a Gaussian. Taking the double scaling limit of (3.21) and then multiplying by (3.22)

16This is closely related to the fact that the algebra of one-sided observables in JT gravity is Type
II∞ [30, 31] whereas in DSSYK it is Type II1. Hence the maximally entangled state (the state of maximum
entropy) is a well-defined concept in DSSYK but it is not well-defined in JT.
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Figure 2. Fraction of ground states as a function of charge jR for different values of λ. For small
λ, the number of ground states is a tiny fraction of the total number of states of charge jR.

gives

D(jR)=
√
π

λ
q−j

2
R

[
2cos(πjR)e−π

2/(4λ)+2cos(3πjR)e−9π2/(4λ)+2cos(5πjR)e−25π2/(4λ)+· · ·
]
.

(3.23)
This agrees precisely with the expression we derived from the bulk in (3.19). We plot this
fraction in figure 2 for various values of λ and various charges jR.

Note that the leading jR-dependence given by cosπjR is predicted by the super-
Schwarzian [16]. To get the other terms, we needed to go beyond the Schwarzian theory
and use a better bulk description. Here the better description was the super chord theory.

We can also understand the fraction of ground states in the extreme double scaling
limit λ≫ 1. Recall that in an N = 2 theory

# ground states = kerQ/ imQ. (3.24)

According to (3.22), the dimension of the Hilbert space is proportional to e−λj
2
R . This

Gaussian has a width of ∼ 1/
√
λ which is very narrow in the large λ limit. Acting on a

microstate, Q increments jR → jR + 1. Suppose we consider a state with |jR| < 1/2. For
jR > −1/2, the number of states with charge jR+1 is much less than the number of states
with charge jR in the λ≫ 1 limit. Hence Q must have a large kernel. On the other hand,
consider states of charge jR that can be written as |χ, jR⟩ = Q |χ′, jR − 1⟩. For jR < 1/2,
the number of states with charge jR − 1 is quite small compared to the total number of
states with charge jR. Hence we may neglect the number of states that are Q-exact. Thus
we conclude that

for |jR| < 1/2, nearly all states are BPS in the λ≫ 1 limit, (3.25)

which is indeed what we see in figure 2. This argument also predicts that the convergence
to 0 in figure 2 should be slower near17 the extreme points jR → ±1/2, which is indeed
what we observe.

17The number of states of charge j = −1/2 + ϵ is close to j = 1/2 + ϵ unless ϵλ ≫ 1.
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4 Zero temperature 2-pt function and the length of the wormhole

In this section, we consider the zero temperature 2-pt function. More precisely, we consider
correlators such as tr

(
Π0,j′RV̄Π0,jRV

)
or tr (Π0,jRWΠ0,jRW) where Π0,jR is the projector

onto the ground state sector of charge jR. Such correlators also govern the statistics of the
1-pt function in a zero energy microstate [5, 6]. One can use the 2-sided Hilbert space to
compute such correlators. In particular, we can view a correlator like tr (Π0,jRWΠ0,jRW) =
⟨Ψ, j|WLWR |Ψ, j⟩ and then view this as the action of a “horizontal” matter chord on the
Hartle-Hawking wavefunction that we have already computed.

4.1 Horizontal matter chords

Now we derive the action of a “horizontal” matter chord. We consider the matrix elements
of V̄LVR between arbitrary 2-sided states |Ψ, j⟩ and ⟨Φ, j′|. This will be given by a sum
over chord diagrams:

〈
Φ, j′

∣∣ V̄LVR |Ψ, j⟩ ⊃ . (4.1)

We can leverage our experience from working with the supercharges to quickly derive the
action of V̄LVR in the basis specified in section 2.5. We consider (Q̄L)del(QR)add and then
replace q → q∆O . Here we only consider the term in (2.32d) that contains (del OR), since
we want the term that deletes the chord that (QR)add created. This gives

V̄LVR ∝ −β̃2∆Oq
1
2∆O(j+nO+nX), (4.2)

VLV̄R ∝ (β̃†)2∆Oq
1
2∆O(−j+nO+nX). (4.3)

These expressions hold on the subspace of states which are empty wormholes. We have
assumed that V is a fermionic operator. (If V is bosonic, we would not have the minus sign
in (4.2).)

We can also consider a more general operator W that is not BPS. We will focus on
the case where W is neutral; it is easy to extend our results to the general charge with
these two cases in hand. Heuristically, a neutral operator is the product of a chiral and
anti-chiral operator W ∼ V̄1V2 where V̄1 and V2 are independent BPS operators. Then we
can write the 2-pt function as (V̄LVR)(VLV̄R). Then using (4.2) and (4.3) yields

WLWR ∝ q∆(nO+nX). (4.4)

One can also justify this expression directly from the chord rules, without appealing to the
heuristic W ∼ V̄1V2. Note that there is a proportionality constant that is depends on our
microscopic choice of normalization for V and W. We choose a convention where we set
the proportionality constant to unity.
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4.2 2-pt functions and the length of the wormhole

2-pt function of neutral operators. Following the above discussion, to evaluate a
thermal correlation function with two neutral matter operator insertions O∆ in the U(1)R
charge sector jR, the chord rules instruct us to insert an additional factor of q2∆n in the
equation (3.10). We are therefore interested in evaluating the expression of the form

⟨Ψ, j|WLWR|Ψ, j⟩ = ⟨Ψ, j| q∆(nX+nO) |Ψ, j⟩ , (4.5)

which after plugging in the ground state wavefunction and using the inner product (3.8)
takes the form

⟨Ψ, j| q2∆n |Ψ, j⟩ =
∞∑
n=0

q2∆n(q2; q2)n−1(q−n(α2
n + β2n)− 2αnβn). (4.6)

The above expression is similar to the expressions for the two-point functions in JT gravity
using the Liouville formalism [29, 32], by gluing together two Hartle-Hawking wavefunctions
along a common geodesic ℓ, with an additional insertion of a factor e−∆ℓ [33]. The above
expression is precisely a generalization of that computation away from the JT gravity limit,
with the bulk ground state |Ψ, j⟩ being the generalized ground sector Hartle-Hawking state,
and the chord number n being related to geodesic length ℓ via ℓ = 2λn.

The evaluation of the two-point function follows similar steps to that of the norm
computation. Leaving the details to appendix C.2, we find that

⟨Ψ, j| q2∆n̂ |Ψ, j⟩ = (q2+4∆; q2)∞
(q2+2∆; q2)2∞(q1±2jR+2∆; q2)∞

. (4.7)

Normalizing the ground states and rewriting the result in terms of q-Gamma function
Γq2(x) = (1− q2)1−x (q2;q2)∞

(q2x;q2)∞ , we obtain

⟨Ψ, j| q2∆n |Ψ, j⟩
⟨Ψ, j|Ψ, j⟩ = (1− q2)2∆

Γq2(12 ± jR)
Γq2(∆ + 1)2Γq2(12 ± jR +∆)

Γq2(2∆ + 1) . (4.8)

This form of the result can be immediately compared to the result obtained in N = 2 super
Schwarzian theory. Taking the triple scaling limit q → 1 we find

⟨Ψ, j| q2∆n |Ψ, j⟩
⟨Ψ, j|Ψ, j⟩ ≈ (2λ)2∆ cos(πjR)

2π
∆Γ(∆)2Γ

(
∆+ 1

2 ± jR
)

Γ(2∆) . (4.9)

Up to a renormalization, this is precisely what was obtained previously using N = 2 JT
gravity techniques, see equation (85) of [6].18 See figure 3 for a detailed comparison. The
answer for the two point function therefore takes a very simple form as a q-deformation
of the super Schwarzian result. The above form also allows us to correctly identify the
Schwarzian coupling C = αSN = (4λ)−1, which indeed was predicted in appendix H of [5]
by using the large-p G,Σ action.

18In equation (85) of [6], there is an additional factor of cos πj/L̂ since they are normalizing the 2-pt
function by the total number of BPS states, whereas we normalize by the number of ground states with
charge jR. See also equation (59) of [6].
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Figure 3. Zero temperature 2-pt function in double scaled SYK as a function of ∆. We are
considering the fixed charge jR = 0 ensemble. As λ = 2p2/N tends to zero, we recover the N = 2
super-Schwarzian predictions.

Length of the wormhole. As an application of these results, we can now compute the
typical chord number in the ground state sector. This can be viewed as a discrete analogue
of expectation value of the length of spatial wormhole in the bulk. By simply taking the
derivative with respect to the scaling dimension ∆ we find

⟨ℓ⟩ = 2λ⟨n⟩jR = −2∂∆ log[⟨Ψ, j| q∆n |Ψ, j⟩]|∆=0 (4.10)

= −
[
2 log

(
1− q2

)
+ ψq2

(
1
2 − jR

)
+ ψq2

(
1
2 + jR

)]
. (4.11)

where ψq(z) ≡ ∂zΓq(z)
Γq(z) is the q-Digamma function.

Note that this length is finite away from the JT limit (see figure 4). For q → 1, we
obtain that the expectation value for the renormalized length ℓ̃ = ℓ+ 2 log(2λ) gives

⟨ℓ̃⟩ = −ψ(12 − jR)− ψ(12 + jR), (4.12)

which is finite and matches the super Schwarzian prediction of [6]. (Note that in the
Schwarzian limit, the renormalized length of the wormhole is finite, but at finite λ the
“bare” length ℓ is finite.) To go beyond the Schwarzian, we can consider the small λ
expansion. Taking jR = 0 for simplicity,

log
(
1− q2

)
+ ψq2

(
1
2

)
= − 1

2λ

∞∑
n=0

q2n+1

1− q2n+1 = log(λ/2)− γE + 2
∞∑

g odd

2g − 1
g! λg+1ζ2(−g),

(4.13)

Here ζ is the Riemann Zeta function and the sum is over positive odd integers g =
1, 3, 5, · · · . The non-perturbative corrections that are present in the q-Pochammer symbols
cancel, so naively the renormalized length does not have non-perturbative corrections in
λ. This seems surprising since the length wavefunction has non-perturbative corrections;
however, one should be cautious in interpreting this statement since the sum is only asymp-
totic. It would be interesting to study the perturbative (and potentially non-perturbative)
corrections to the length using the G − Σ formalism, where ⟨ℓ⟩ should be related to the
2-sided Liouville variable gLR, see appendix F.2.
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Figure 4. Length as computed by the chords and the Schwarzian prediction. As q → 1 we recover
the N = 2 super-Schwarzian predictions.

2-point function of charged BPS operators. Lastly, we can compute a two point
function of a charged BPS operators with the U(1)R charge 2∆, using (4.3).
(β̃†)2∆Oq

1
2∆O(nO+nX−j) ≡ (β̃†)4∆q2∆nq−∆j . Such correlation functions can be computed

by inserting a factor of (4.3) into (3.10). Denoting j′ = −2j′R and j = −2jR, the normal-
ized two-point function (for details see appendix C.3) is

q−∆j ⟨Ψ, j′|q2∆n(β̃†)4∆ |Ψ, j⟩
⟨Ψ, j′|Ψ, j′⟩1/2 ⟨Ψ, j|Ψ, j⟩1/2

= q2∆jRδj′R,jR−2∆

√√√√(q1−2jR ;q2)∞
(q1+2jR ;q2)∞

(q1+2j′R ;q2)∞
(q1−2j′R ;q2)∞

(4.14)

= q2∆jRδj′R,jR−2∆ (1−q2)jR−j′R

√√√√Γq2(12+jR)
Γq2(12−jR)

Γq2(12−j
′
R)

Γq2(12+j
′
R)
.

(4.15)

Setting j′R = jR − 2∆ and taking the triple scaling limit, this reduces to

⟨Ψ, j′|VLV̄R |Ψ, j⟩
⟨Ψ, j′|Ψ, j′⟩1/2 ⟨Ψ, j|Ψ, j⟩1/2

≈ q2∆jR (2λ)2∆
√

cos(πjR) cos(πj′R)
π2

Γ(12 + jR)Γ(12 − j′R),

(4.16)
which is again consistent with the super-Schwarzian results [6].

5 Wormholes with matter chords

In this section, we go beyond the empty wormhole and consider states with matter chords.
Of course, if we are interested in the 2-pt function of matter operators, or more generally,
any uncrossed n-pt function, we can use the Hilbert space of the empty wormhole to do the
computation, as in the previous section. However, to consider crossed (out-of-time-order)
correlators, one must go beyond the empty wormholes. One can also say that we are now
considering “vertical” matter chords instead of just the “horizontal” chords in the previous
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section:

⇒ ⇒ (5.1)

In the above expression (5.1), we start with a diagram which when cut gives a state with
a blue W chord in the middle of the wormhole. If we consider acting on this state with a
“horizontal” chord such as VLV̄R, we get a crossed or out-of-time-ordered correlator. More
conceptually, 2-sided wormholes with matter are an interesting class of states that can
still preserve supersymmetry; understanding such SUSY wormholes in the chord formalism
seems like an interesting direction.

5.1 Supercharges for wormholes with matter

First let us consider a non-BPS operator W. A general 1-particle state can be made by
concatenating two 0-particle states, while putting the operator W in between (see the
coproduct discussion in [15]). Such states are labeled by nL, nR and 4 qubits, e.g.:

|nL, nR,XO,XO⟩W = |
nL pairs of XO︷ ︸︸ ︷
XOXO · · ·XOW

nR pairs of XO︷ ︸︸ ︷
XOXO · · ·XO ⟩, (5.2)

|nL, nR,OO,XX⟩W = |
nL pairs of OX︷ ︸︸ ︷
OXOX · · ·OXOW

nR pairs of XO︷ ︸︸ ︷
XOXO · · ·XOX⟩, (5.3)

The first string (“XO” in the first example and “OO” in the second example) labels the
first and last character of the string that appears before the W, whereas the second string
(“XO” in the first example, “XX” in the second) labels the first and last characters of the
string that immediately follows the W.

We may think of a state such as (5.2) as Einstein-Rosen bridges with some matter
particle W somewhere along the throat. Acting on this Hilbert space are some operators
that can add or delete X’s. We define del XLL to delete an X from the beginning (the
leftmost entry) of the string (or return 0 if the first entry is an O). Similarly, we can define
del Xij , which act as

del XLL|XO · · ·XWXO · · ·X ⟩ = |O · · · OXWXO · · ·OX ⟩, (5.4)
del XLR|XO · · ·XWXO · · ·X ⟩ = |XO · · · OWXO · · ·OX ⟩, (5.5)
del XRL|XO · · ·XWXO · · ·X ⟩ = |XO · · ·OXWO · · · OX ⟩, (5.6)
del XRR|XO · · ·XWXO · · ·X ⟩ = |XO · · ·OXWXO · · · O ⟩. (5.7)

If there is no X in the location to be deleted, the operator returns zero. We can simi-
larly define del Oij . For the operators that add, we will only need the operators which
add an X or O in the left-most or right-most entry add Oii, add Xii. These operators
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also annihilate any state that already has an X (O) in the corresponding location, e.g.
add XRR |OX · · ·OWOX · · ·X⟩ = 0.

To write the supercharges with a matter chord, recall the expressions for the super-
charges with 0 matter particles (2.15). Focusing on the “delete” terms, we had QR ⊃
(A del XL + B del XR)β and (−1)FQL ⊃ (A del XL + B del XR)β† where A and B are
given in (2.14). Let’s first assume that the matter chord is close to the identity (e.g.
(−1)Fm = 1 and ∆O,∆X ≪ 1.) We expect that QR should take the form

QR ∼ AR(AL del XLL +BL del XLR) +BL(AR del XRL +BR del XRR)β + qm̃/2 add ORR.

(5.8)

Here AL/R = (−1)FL/Rq(ntot)L/R/2 and BL/R = q(nX−nO)L/R/2. Now it is easy to write down
the more general case:

QR =(−1)FR+Fmq
1
2 (∆X+∆O+(nX+nO)R)(ALdel XLL +BLdel XLR)β (5.9)

+ q
1
2 (∆X−∆O+(nX−nO)L)(ARdel XRL +BRdel XRR)β + qm̃/2 add ORR

Q̄R =(−1)FR+Fmq
1
2 (∆X+∆O+(nX+nO)R)(ĀLdel OLL + B̄Ldel OLR)β† (5.10)

+ q
1
2 (∆O−∆X+(nO−nX)L)(ĀRdel ORL + B̄Rdel ORR)β† + q−m̃/2 add XRR

(−1)FtotQL =(−1)FL+Fmq
1
2 (∆X+∆O+(nX+nO)L)(ARdel XRR +BRdel XRL)β† (5.11)

+ q
1
2 (∆X−∆O+(nX−nO)R)(ĀLdel XLR + B̄Ldel XLL)β† + qm̃/2 add OLL

Q̄L(−1)Ftot =(−1)FL+Fmq
1
2 (∆X+∆O+(nX+nO)L)(ĀRdel ORR + B̄Rdel ORL)β (5.12)

+ q
1
2 (∆O−∆X+(nO−nX)R)(ĀLdel OLR + B̄Ldel OLL)β + q−m̃/2 add XLL

A more elegant presentation of these supercharges will be discussed shortly; we wrote
these expressions for concreteness. Here (−1)Ftot = (−1)FL+Fm+FR . We can also define
(nO − nX)tot = (nO − nX)L + (nO − nX)R + ∆O −∆X. We also have the expressions for
the charges:

JR = 1
2 [(nO − nX)tot +m]− 1

λ
∂m (5.13)

JL = 1
2 [(nO − nX)tot −m] + 1

λ
∂m (5.14)

Using these expressions, we explicitly verified the SUSY algebra (5.15)–(5.17) by writing
the explicit action of the supercharges on 16-component wavefunctions in Mathematica
(see the notebook in the Supplementary Materials). Whereas for empty wormholes, we
had {QL, Q̄L} = {QR, Q̄R}; now the supercharges define different Hamiltonians HL and
HR that mutually commute:

{Qi, Qj} = {Q̄i, Q̄j} = 0, (5.15)
{Qi, Q̄j} = δijHi, (5.16)
[Hi, Hj ] = 0, (5.17)
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Here i, j run over L and R. We also continue to have the same U(1)R relations (2.18)
and (2.19).

Note that using these expressions, one can in principle compute the OTOC 4-pt func-
tion. In particular, one can derive the action of a horizontal chord, etc., using similar
considerations to the derivation for the empty wormhole. For example, the neutral opera-
tor gives

WLWR ∼ q∆(nO,tot+nX,tot). (5.18)

Evaluating this operator on the state obtained by solving the equations QR |Ψ, j⟩ =
Q̄R |Ψ, j⟩ = QL |Ψ, j⟩ = Q̄L |Ψ, j⟩ = 0 would give the zero temperature OTOC. It would
also be interesting to analyze the triple scaling limit of (5.9). For fixed boundary U(1)
charges, we expect at most one zero energy bound state for each chord primary if the
R-charge of the primary [JR,W] = jWW is such that |jW | < 1 and the charge of the state
is in the appropriate range.

Equipped with the Hilbert space of wormholes with matter, one can write down various
generalizations of (1.1). For example,

probability(length of SUSY wormhole = 0,W) = Tr(Π0,jRWΠ0,jRW)
dimHjR

. (5.19)

To compute the l.h.s. , we use the Born rule applied to the superchord Hilbert space, e.g.,
we compute the overlap between a SUSY wormhole with one matter particle of type W, and
the wormhole state with minimal length, e.g., a state with no O’s or X’s. (Both wormhole
states have JL + JR = 0 and JR = jR; the SUSY wormhole wavefunction would again
be determined by finding the state annihilated by all four supercharges in (5.9).) On the
r.h.s. , Π0,jR = e−∞HΠjR is a projector onto the zero energy subsector with the appropriate
U(1)R charge.

If we replaced the l.h.s. of (5.19) with some matrix elements of chord operators that
involved nO and nX, we would obtain a computation that involved both a horizontal chord
associated with the chord operator and a vertical chord associated with the matter that
lives in the particular state. Thus this would modify the r.h.s. of (5.19) to the 4-pt OTOC,
as depicted schematically in (5.1).

5.2 Superchord algebra

The superchord algebra is generated by the supercharges QL, QR, Q̄L, Q̄R as well as two
other operators nO and nX. Microscopically, nO and nX these are related to “operator
size”, see [14, 34, 35]. For Dirac fermions, the size operator is defined as

size = 1
2

N∑
α=1

1 + iψLα ψ̄Rα + iψ̄LαψRα (5.20)

In a theory with a U(1) symmetry, we can then define two kinds of sizes:

sizeO = size − JL + JR (5.21)
sizeX = size + JL − JR (5.22)
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Here sizeO counts the number of ψ fermions in a given operator, whereas sizeX counts the
number of anti-fermions ψ̄. Then,

sizeO
p

= nO,
sizeX
p

= nX. (5.23)

To write the algebra, we split the supercharges into creation and annihilation terms:

QR = XRβ† + qm/2O†R (5.24)

Q̄R = ORβ + q−m/2X†R (5.25)

QL = XLβ + q−m/2O†L (5.26)

Q̄L = OLβ† + qm/2X†L (5.27)

These operators satisfy an algebra which we call the “superchord algebra”:

[nX, XL/R] = −XL/R, [nX, X†L/R] = X†L/R (5.28)

[nO, OL/R] = −OL/R, [nO, O†L/R] = O†L/R (5.29)

{XL/R, X
†
L/R}√q = q

1
2 (nX−nO) (5.30)

{OL/R, O
†
L/R}√q = q

1
2 (nO−nX) (5.31)

{XL/R, X
†
R/L}√q = −{OL/R, O

†
R/L}√q = q

1
2ntot (5.32)

The rest of the anti-commutators are zero:

{XL, XR} = {OL, OR} = {X†L, X
†
R} = {O†L, O

†
R} = 0 (5.33)

{XL, OR} = {OL, XR} = {X†L, O
†
R} = {O†L, X

†
R} = 0 (5.34)

In addition, (−1)F anticommutes with all of the X and O operators and commutes with
the n operators. Using the explicit expressions for the supercharges, we checked using
Mathematica that the above algebra is satisfied. In the case of the 1-particle expressions,
we used nX = (nX,L+nX,R+∆X) and nO = nO,L+nO,R+∆O). We also have the relations
for the U(1) rotor:

[β, qm/2]√q = [β†, q−m/2]√q = 0, ββ† = 1 (5.35)

These relations undoubtedly have many applications, see [15]. As a simple one, we can use
them to prove that (5.15)–(5.17) is satisfied.

An interesting subalgebra is generated by the 8 elements

χij = X†iXj , ϕij = O†iOj , (5.36)
[nX, χij ] = [nX, ϕij ] = [nO, χij ] = [nO, ϕij ] = 0 (5.37)

The subalgebra satisfies a somewhat complicated set of relations, see appendix E.
It would be interesting to study this subalgebra further, in particular in the triple

scaling limit where we expect it to be related to the bulk supersymmetries osp(2|2) or
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su(1, 1|1) [36]. Furthermore, the full superchord algebra should contract to the JT super-
algebra; so far only the bosonic JT algebra has been discussed in the literature [14, 37].

We expect that this subalgebra has a Casimir that can be promoted to a full Casimir
of the superchord algebra. Such a Casimir would commute QL, Q̄L, QR, Q̄R, and thus it
could be used to distinguish different supersymmetric wormholes. In particular, such an
operator would be closely related to the bulk “matter energy” which can be non-zero even
though the ADM mass of such wormholes is exactly zero (by supersymmetry). It therefore
seems related to the emergence of bulk time, even though there is no boundary time [6].

This superchord algebra is likely to provide strong constraints on any proposed gauge-
theoretic description of the chord theory, see [38] and [39] for some recent discussions in
the non-supersymmetric case.

5.3 Superchord coproduct

The above algebra (5.28)–(5.34) is actually a bi-algebra with a coproduct D, which has
three parameters ∆X,∆O and the sign (−1)Fm . The coproduct D is a coassociative algebra
homomorphism from A → A ⊗ A. It is a technical tool that allows one to build multi-
particle representations of the chord algebra [15], starting from 1-particle representations.

D((−1)F ) = (−1)Fm(−1)F ⊗ (−1)F (5.38)
D(nX) = nX ⊗ 1 + 1⊗ nX +∆X(1⊗ 1) (5.39)
D(nO) = nO ⊗ 1 + 1⊗ nO +∆O(1⊗ 1) (5.40)

D(X†R) = 1⊗ X†R (5.41)

D(O†R) = 1⊗ O†R (5.42)

D(X†L) = (−1)FmX†L ⊗ (−1)F (5.43)

D(O†L) = (−1)FmO†L ⊗ (−1)F (5.44)

D(XR) = XR ⊗ (−1)Fm+F q(∆X+∆O+nX+nO)/2 + q(∆X−∆O+nX−nO)/2 ⊗ XR (5.45)

D(OR) = OR ⊗ (−1)Fm+F q(∆X+∆O+nX+nO)/2 + q(∆O−∆X+nO−nX)/2 ⊗ XR (5.46)

D(XL) = q(∆X+∆O+nX+nO)/2 ⊗ XL + XL ⊗ (−1)Fm+F q(∆X−∆O+nX−nO)/2 (5.47)

D(OL) = q(∆X+∆O+nX+nO)/2 ⊗ OL + OL ⊗ (−1)Fm+F q(∆O−∆X+nO−nX)/2 (5.48)

One can check that the coproduct D preserves the chord superalgebra. As a sample com-
putation:

{D(XR), D(X†R)}√q = D(XR)D(X†R) +
√
qD(X†R)D(XR) (5.49)

= XR ⊗ {(−1)Fm+F q(∆X+∆O+nX+nO)/2, X†R}√q + q(∆X−∆O+nX−nO)/2 ⊗ {XR, X
†
R}√q (5.50)

= D
(
q
1
2 (nX−nO)) (5.51)

In writing the last line, we used that {(−1)F qnX/2, X†}√q = (−1)F [qnX/2, X†]√q = 0 accord-
ing to (5.28).

In analogy with the N = 0 case [15], we expect that the empty wormhole gives a
“short” irrep of the superchord algebra and that the 1-particle expressions 5.9 define a
generic irrep of the superchord algebra. It would be interesting to analyze this further.
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As a simple application of the coproduct, we can apply the coproduct on the ex-
pressions (5.24)–(5.27) to recursively obtain expressions for the supercharges acting on
multi-particle states. In other words, the coproduct saves us the hassle of working out the
chord combinatorics for wormholes with multiple matter chords; if we know the form of
the supercharges acting on wormholes with m matter chords, the coproduct immediately
returns the supercharges for m+ 1 matter chords.

For a chiral/BPS operator, recall that [Q,V] = 0 so a chord state like QVQ |Ω⟩ =
Q2V |Ω⟩ = 0 and similarly Q̄V̄Q̄ |Ω⟩ = 0. This implies that we only need to consider chord
states where V is sandwiched between at least one X, e.g., XVX,XVO,OVX. Hence the
BPS operators generate a shorter representation of the superchord algebra than a generic
operator.

6 Discussion

6.1 Bulk-to-boundary map

In [14] an algorithm for constructing arbitrary states in the chord basis in terms of the
microscopic states was given. This can be viewed as providing a bulk-to-boundary map
that is exact at the level of the disk (e.g. in the triple scaling limit it accounts for the
Schwarzian fluctuations). Without matter particles, the algorithm was particularly simple
and involved a Gram-Schmidt orthogonalization of the states |Ω⟩ , H |Ω⟩ , H2 |Ω⟩ , · · · . In
this context, the chord number can then be identified with the Krylov complexity of the
2-sided state [14]. For some recent discussions of Krylov complexity, see [40, 41].

In the N = 2 context, a similar algorithm exists. Let us explain the case without
matter.

1. Write down the states |n, ab, j⟩ where a, b ∈ {O,X} using the string notation (2.4),

e.g., |n,XO, j⟩ = |
n pairs of XO︷ ︸︸ ︷

XOXO · · ·XO, j⟩.

2. Consider the closely related states obtained by replacing O with Q and X with Q̄

acting on the maximally entangled states, e.g.,

|n,XO, j⟩ →

n pairs of Q̄Q︷ ︸︸ ︷
Q̄RQRQ̄RQR · · · Q̄RQR |Ω, j⟩ .

(6.1)

For the states with an odd number of supercharges, one also needs to adjust the value
of j, e.g.,

|n,XX, j⟩ →

n pairs of Q̄Q︷ ︸︸ ︷
Q̄RQRQ̄RQR · · · Q̄RQR |Ω, j + 1⟩ .

(6.2)

The shift in the charge ensures that after the action of the supercharges, the resulting
state has charge j. The states on the r.h.s. can be viewed as states that live in the
microscopic Hilbert space of 2 SYK models. Our goal is to obtain the states on the
l.h.s. .
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3. For each value of j, list the states in order of increasing n and then perform a
Gram-Schmidt orthogonalization. Only orthogonalize states with respect to other
states of smaller total nX + nO.19 Equivalently, one can use the explicit form of the
supercharges (2.32a)–(2.32d) to determine what states to subtract off (the “delete”
terms) in the supercharges.

Just to illustrate the procedure, let us work out the first few states. First the state with no
chords is the maximally entangled state |Ω, j⟩. Then the state with a single O or X chord
is QR |Ω, j + 1⟩ = |O, j⟩, Q̄R |Ω, j − 1⟩ = |X, j⟩. The first non-trivial states are then

|XO, j⟩ = Q̄RQR |Ω, j⟩ − q−
j
2+

1
4 |Ω, j⟩ , (6.3)

|OX, j⟩ = QRQ̄R |Ω, j⟩ − q+
j
2+

1
4 |Ω, j⟩ , (6.4)

|XOX, j⟩ = Q̄R |XO, j − 1⟩ − q−
j
2+

1
4 Q̄R |Ω, j − 1⟩ , (6.5)

|OXO, j⟩ = QR |OX, j + 1⟩ − q+
j
2+

1
4QR |Ω, j + 1⟩ . (6.6)

As in the N = 0 case, this Krylov/Gram-Schmidt procedure can be generalized to
cases with arbitrary numbers of matter chords, although suitable caution must be taken to
only orthogonalize states that should actually be orthogonal. Since the supercharges can
only create or delete one chord, if we list states in order of increasing chord number, the
supercharges are in tri-diagonal form. (For the case with matter particles, the coproduct
construction implies that the supercharges will always have this form.) This tri-diagonal
form is the basic reason why an orthogonalization procedure works in all cases.

At finite λ, we have seen that the bound state wavefunction corresponding to the
supersymmetric wormhole has finite chord number. Furthermore, the wavefunction decays
rapidly at large chord number, so that it is well approximated by truncating to states with
some maximal number of chords. This implies that the empty supersymmetric wormhole
is in some sense “simple”, e.g., its Krylov complexity is bounded. Note that at λ ≫ 1,
the state is approximated by just a wormhole with a small number of chords, and hence
its Krylov complexity is small. As an aside, note that if one wanted to describe a 1-sided
extremal microstate in the SYK theory at finite N , one can in principle describe it as
a complicated superposition of “simple” states; however, if the dimension of the ground
state sector is almost as large as the dimH, then there will exist ground states where the
superposition is much simpler.

6.2 Comments on the boundary length/sign problem

In [6], a simple puzzle was posed about the geometry of the disk in the N = 2 super JT
theory in the zero temperature limit. The puzzle is that according to the super-Schwarzian
theory, the renormalized boundary length of the disk β/ϵ diverges as the temperature goes
to zero, whereas the typical length between points on the boundary stays finite. It seems
hard to find any non-backtracking20 curves on the Poincare disk that have arbitrary long
length with this property.

19E.g., do not orthogonalize a state QRQ̄RQR |Ω, j + 1⟩ with respect to Q̄RQRQ̄R |Ω, j − 1⟩.
20E.g. curves such that the angular coordinate is a monotonic function of the proper length.
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Since the chord geometry gives a picture of sorts of the bulk, we may ask whether this
geometry can be used to clarify the puzzle. It will be useful to compare with the bosonic
N = 0 theory. The idea is to view the partition function at some inverse β as a sum over
chord diagrams, and ask about some properties of a “typical” diagram that appears in the
sum. Since

Z(β) =
∑
k

(−β)k

k! trHk, (6.7)

we must sum over chord diagrams with k boundary points. Note that there is a dra-
matic difference in the sum (6.7) between the bosonic case and the supersymmetric case.
In the N = 0 model, all odd moments vanished and we can interpret the quantity
β2k tr

(
H2k

)
/(2k)! as a measure for the boundary length. At large β, this essentially gives

a Poisson distribution

probability(chord diagram has boundary length k) ∝ (βE0)2k/(2k)! (6.8)

Hence the typical length in the N = 0 theory at low temperature is

boundary length ≡ kλ ≈ 1
2λβ|E0| ≈ βJ (6.9)

Here we have defined the boundary length with a factor of λ since bulk lengths are defined
with the same factor ℓ = λn. Note that with this normalization, the fluctuations in the
boundary length are suppressed as λ → 0 in the low temperature limit, as expected from
the Schwarzian theory (where the boundary length is fixed to be β/ϵ with no fluctuations
tolerated.) This means that if we wish to study the “typical” bulk geometry of the low tem-
perature N = 0 theory, we may simply consider the set of chord diagrams that contribute
to trH2k where k ∼ βE0/2.

On the other hand, no such simple procedure is known to us in the N = 2 theory. The
sum over chord diagrams is not positive, in part21 because the odd moments do not vanish
and thus we cannot neglect the (−1)k. To illustrate the severity of the sign problem,
imagine ignoring the (−1)k. Then, like in the N = 0 case, we would get a boundary
length that is peaked around a value that grows linearly with β at large β, in line with
Schwarzian expectations. However, one can argue that moments of the bulk length ℓ of the
2-sided state Hk |Ω⟩ diverge as k → ∞, despite the fact that the bulk lengths stay finite as
β → ∞. Thus from this perspective, the fact that the bulk length stays finite comes from
the detailed cancellations (−1)k between chord diagrams with similar boundary lengths.

6.3 Comments on more general extremal black holes

Let’s now comment on microstate counting for more general extremal black holes, such as
those that can be embedded in a higher dimensional AdS setup with a more traditional
CFT dual. Morally speaking, we still expect an equation like (1.1), except now there are

21Even if we consider the computation of tr Hk for fixed k, the chord rules (1.14c), (1.14d) imply that
certain diagrams get a negative weight.
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2 imprecisions. First, instead of ℓ → 0, we should really discuss the renormalized length
ℓ̃→ −∞. Second, the fraction of states is really infinitesimal.22

Actually, there is a simple modification of this equation that resolves these issues,
which also follows from (2.2). One replaces the maximally entangled state |Ω⟩ with the
thermofield double at some high temperature 1/β:

| ⟨BPS, j|TFD, β, j⟩ |2 = ZBPS,jR
ZjR(β)

(6.10)

We can interpret the l.h.s. of this equation as the probability that the BPS wormhole
has the same geometry as a high-temperature wormhole. Such a wormhole will have a
short throat compared to that of an extremal black hole, which has a long nearly-AdS2
throat. In N = 2 super JT gravity, the bound state wavefunction goes to zero at ℓ̃→ −∞
like |ψ(ℓ̃)|2 ∼ exp

(
−4e−ℓ̃/2

)
. This decay of the wavefunction can be easily understood

in the Liouville picture, since we are evaluating the E = 0 wavefunction in the forbidden
region with a Liouville potential ∝ e−ℓ̃. On the other hand, at high temperatures, the
Schwarzian mode is semi-classical and the boundary is a circle of radius ℓ∗/2. On the
Poincare disk, its renormalized circumference is therefore β ∝ eℓ̃/2. This reproduces the
correct high temperature behavior of the ratio (6.10), which for jR = 0 goes like e−π2/β .
Of course, equation (6.10) is actually precise for any value of β in the N = 2 Schwarzian
theory, but the point is that regulating ℓ̃→ −∞ is closely related to regulating the infinite
temperature partition function by introducing a small β, see also [30, 31]. These comments
also generalize to relations with higher-pt functions, such as (5.19).

In some other supergravity theories, there are contributions to the BPS partition func-
tion from other supersymmetric geometries, such as ones with conical defects [18, 19, 27, 42].
We can view such conical defects23 as modifying the probability that the supersymmetric
wormhole is “very short.”

Finally, let us give a cautionary remark: it is sometimes said that low-energy super-
gravity is smart enough to reproduce the exact microstate count for certain extremal black
holes. While it is certainly remarkable that this is true in some examples, this seems to
fail in the context of super SYK, since the super-Schwarzian theory alone does not seem to
reproduce the exact degeneracy. In the case of double scaled SYK, one had to use the “UV
completion” of the gravity theory in order to reproduce the non-perturbative corrections
to the degeneracy. Indeed, the fact that the length is discrete in the chord theory and not
continuous like in gravity seems to be closely related to the existence of these corrections.
It would be interesting to find other examples of this phenomena in higher dimensions.

22The fact that these issues didn’t arise in double-scaled SYK, e.g., the fraction is finite and the bare
length = 0 (maximally entangled) state is part of the Hilbert space, is related to the statement that the
algebra of one-sided observables in double scaled SYK is Type II1 algebra.

23It would be interesting to understand if the non-perturbative corrections to the degeneracy can be
viewed as a sum over saddles in the G, Σ formulation. In the double scaled theory, the G, Σ integral is an
unconventional 2D super-Liouville theory. As a side remark, we do not believe that such saddles (if they
exist) would correspond to conical defects as the jR dependence of such contributions does not match.
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A Review of microscopic ground state count

In the main text, we calculated the fraction of ground state D̂j from the bulk perspective. In
this appendix, we look at our calculation of the fraction of ground state from the boundary
perspective: the Fourier transform of the refined index. We find agreement between our
calculation and existing results of [7].

In this section, we review the refined index computation of [7] with our conventions.
For simplicity, we focus on the case where N is even. The supercharges commute with
a discrete subgroup of U(1)R symmetry given by e2πirJ , where r ∈ (0, 1, · · · p − 1). This
allows one to define a refined index, and evaluate it in the free theory

Wr = tr
[
(−1)F e2πirJ

]
= 2−N

[
e
πir
p − e

−πir
p

]N
= (−1)N/2 sinN (πr/p) (A.1)

Here we use a convention where a single Dirac fermion has 2 states: a bosonic state with
J = +1/p and a fermionic state with J = −1/p. Note that with this convention a jR = 0
state in the Hilbert space is bosonic (fermionic) if N/2 is even (odd). By assuming that
the index is saturated, one can write

Wr =
∑
jR

D̂(jR) e2πirjR(−1)jRp+N/2 (A.2)

=
∑
jR

D̂(jR) e2πirjRe−πijRp+N/2 (A.3)

Then performing an inverse discrete Fourier transform and relabeling the index gives

D̂(jR) =
eπijRp

p

p−1∑
n=0

[
sin
(
πn

p

)]N
e−2πijRn (A.4)

= eπijRp

p

2p−2∑
m even, m=2

[
sin
(
πm

2p

)]N
e−πijRm (A.5)

= 1
p

p−2∑
m odd, m=2−p

[
cos
(
πm

2p

)]N
e−πijRm (A.6)
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Hence we arrive at the result (see appendix G of [6]):

D̂(jR) =
1
p

(p−3)/2∑
l=0

2 cos (πjR(2l + 1))
[
cos π2p(2l + 1)

]N
(A.7)

Written this way, D̂ is manifestly positive; one can check that D̂2N is an integer. Note
that for p = 3 the ground state count exactly matches the Schwarzian prediction. However
for p > 3 there are corrections that are suppressed by e−#N . At large p, there are a large
number of non-perturbative corrections.

In the doubling scaling limit (A.7) becomes

D̂(jR) =
2
p

∞∑
l=0

cos (πjR(2l + 1)) e−
(2l+1)2π2

4λ (A.8)

which we reproduce from a bulk computation in the main text.

B Inner product

In this appendix, we derive the inner products between {|n,OX, j⟩ , |n,OO, j⟩ , |n,XO, j⟩ ,
|n,XX, j⟩}. This procedure is similar to appendix C of [1]. First we should note that states
with different number of chords or different charges are orthogonal to each other, so we
only need to find the inner product within each sector. The idea is to express the inner
product of two states with 2n (or 2n + 1) chords in terms of inner products of two states
with 2n−1 (or 2n) chords by deleting the right-most chord from the configuration.24 Then
since we have the explicit formulas (2.32a) and (2.32b), we can simplify the expressions
and get recursion relations as follows.

⟨n,OX, j|n,OX, j⟩ = ⟨n− 1,OO, j − 1|Qdel
R Q̄add

R |n− 1,OO, j − 1⟩ (B.1)

= qj/2−3/4 ⟨n− 1,OO, j − 1|n− 1,OO, j − 1⟩ (B.2)
⟨n,OO, j|n,OO, j⟩ = ⟨n,OX, j + 1|Q̄del

R Qadd
R |n,OX, j + 1⟩

+ ⟨n,XO, j + 1|Q̄del
R Qadd

R |n,OX, j + 1⟩ (B.3)

= q−j/2−1/4 ⟨n,OX, j + 1|n,OX, j + 1⟩

+ qn−j/2−1/4 ⟨n,XO, j + 1|n,OX, j + 1⟩ (B.4)
⟨n,XO, j|n,OX, j⟩ = ⟨n− 1,OO, j − 1|Qdel

R Q̄add
R |n− 1,OO, j − 1⟩ (B.5)

= −q(n−
1
2 )+j/2−1/4 ⟨n− 1,OO, j − 1|n− 1,OO, j − 1⟩ (B.6)

We have used a slightly schematic notation in the above; only one “del” term in Qdel
R is used

depending on the particular overlap in question. For example, in the last line (B.5), the
relevant delete term in QR was del XL. This is because all chord diagrams that contribute
to the overlap (B.5) have a right-most chord which crosses over from right to left. Defining

An,j = ⟨n,OX, j|n,OX, j⟩ (B.7)
Cn,j = ⟨n,XO, j|n,OX, j⟩ (B.8)
an,j = ⟨n,OO, j|n,OO, j⟩ (B.9)

24See [14] for analogous delete-a-chord relations in the N = 0 case.
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the recursion relations become

An+1,j = qj/2−3/4an,j−1 (B.10)

an,j−1 = q−j/2+1/4An,j + qn−j/2+1/4Cn,j (B.11)

Cn+1,j = −qn+j/2+1/4an,j−1 (B.12)

Shifting the indices and eliminating the other variables gives a simple recursion relation
for An,j :

An+1,j = q−1/2(1− q2n)An,j (B.13)

The solution to the recursion relation (with the arbitrary initial condition A0,j = q−1/2) is

An,j = q−n/2(q2; q2)n−1. (B.14)

We summarize the solutions below:

⟨n,OX, j|n,OX, j⟩ = q−n/2(q2; q2)n−1 (B.15)

⟨n,XO|n,OX⟩ = −qn/2(q2; q2)n−1 (B.16)

⟨n− 1,OO, j − 1|n− 1,OO, j − 1⟩ = q−j/2+3/4−n/2(q2; q2)n−1 (B.17)

⟨n,OO, j|n,OO, j⟩ = q−j/2−1/4−n/2(q2; q2)n (B.18)

We may compare this to BBNR, their equation (4.37). We find that |n,OX, j⟩here =
qn/4 |n,O⟩BBNR. Hence we define

αn,j = qn/4ψXO,j(n) (B.19)

βn,j = qn/4ψOX,j(n) (B.20)

This is defined so that ψn |n⟩here = αn |n⟩BBNR. Thus if we view (α, β) as the wavefunctions,
the inner product agrees with the one found in BBNR.

C Derivation details

In this appendix we prove a key identity that allows us to extract the number of ground
states of the boundary SYK using purely bulk methods.

C.1 Computing the norm

In this section we will show that

⟨Ψ, j|Ψ, j⟩ =
∞∑
n=0

1
(q2; q2)n

q3n

1− q2n
(q−n(a2n + b2n)− 2anbn)

= 1
(q2jR+1; q2)∞(q−2jR+1; q2)∞(q2; q2)∞

.

(C.1)
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Here jR = −j/2, and the coefficients an, bn are given by the q-Hermite polynomials

an = Hn

(
− cosh

(
λ(jR + 1

2)
)
|q2
)
= Hn(cosϕa|q2) ϕa = π − iλ

(
jR + 1

2

)
(C.2)

bn = Hn

(
− cosh

(
λ(jR − 1

2)
)
|q2
)
= Hn(cosϕb|q2) ϕb = π − iλ

(
jR − 1

2

)
. (C.3)

For q < 1, this sum converges for |jR| < 1/2, which is the expected range in which we find a
normalizable (bound state) wavefunction. These are related to the original wavefunctions
αn, βn via

αn ≡ q
3n
2

(q2; q2)n
an, βn ≡ q

3n
2

(q2; q2)n
bn. (C.4)

As will be shown below, there are many cancelations in the above sum and the final result
is in fact controlled by a single term as

⟨Ψ|Ψ⟩ = lim
n→∞

qn

(q2; q2)n
anbn. (C.5)

Let’s start with some definitions. The q-Hermite polynomials can be defined in terms
of q-Pochhammer symbols as

Hn(cosϕ|q2) =
n∑
k=0

(q2; q2)n
(q2; q2)n−k(q2; q2)k

ei(n−2k)ϕ. (C.6)

To get the final result the following formula will also be useful

1
(x; q2)∞

=
∞∑
n=0

xn

(q2; q2)n
. (C.7)

We denote ϕ̃a = −iλ(jR + 1
2), ϕ̃b = −iλ(jR − 1

2), in terms of which

an = Hn(cosϕa|q2) = (−1)nHn(cos ϕ̃a|q2) (C.8)
bn = Hn(cosϕb|q2) = (−1)nHn(cos ϕ̃b|q2). (C.9)

To compute the norm it will be useful to find the relation between an and bn. Using the
relation ϕ̃a = ϕ̃b − iλ we have

an=(−1)n
n∑
k=0

(q2;q2)n
(q2;q2)n−k(q2;q2)k

ei(n−2k)ϕ̃a =(−1)n
n∑
k=0

(q2;q2)n
(q2;q2)n−k(q2;q2)k

ei(n−2k)ϕ̃bq2k−n,

(C.10)
from which we can compute

q−nan − bn = (−1)n
n∑
k=0

(q2; q2)n
(q2; q2)n−k(q2; q2)k

ei(n−2k)ϕ̃b 1− q2(n−k)

q2(n−k)
(C.11)

= (−1)n
n−1∑
k=0

(q2; q2)n−1(1− q2n)
(q2; q2)n−1−k(q2; q2)k

ei(n−2k)ϕ̃b 1
q2(n−k)

(C.12)

= (−1)n
n−1∑
k=0

(q2; q2)n−1
(q2; q2)n−1−k(q2; q2)k

ei(n−2k)ϕ̃a 1− q2n

qn
(C.13)

= −1− q2n

qn
eiϕ̃aan−1. (C.14)
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Therefore we find that
bn = q−n(an + eiϕ̃a(1− q2n)an−1). (C.15)

Inserting this relation into the expression for the norm we get

⟨Ψ|Ψ⟩ =
∞∑
n=0

1
(q2; q2)n

(
a2n + (1− q2n)(2anan−1e

iϕ̃a + a2n−1e
2iϕ̃a)

)
. (C.16)

Now, using the recursion relation for an’s will result in many cancelations in the above
sum. To analyze this carefully we rewrite the sum as25

⟨Ψ|Ψ⟩ = lim
nmax→∞

nmax∑
n=0

1
(q2; q2)n

(
a2n + (1− q2n)(2anan−1e

iϕ̃a + a2n−1e
2iϕ̃a)

)
. (C.17)

With this we now have

nmax∑
n=0

1
(q2; q2)n

(
a2n + (1− q2n)(2anan−1e

iϕ̃a + a2n−1e
2iϕ̃a)

)
(C.18)

=
nmax∑
n=0

a2n
(q2; q2)n

+
nmax∑
n=0

(1− q2n)
(q2; q2)n

(2anan−1e
iϕ̃a + a2n−1e

2iϕ̃a) (C.19)

=
a2nmax

(q2; q2)nmax
+
nmax∑
n=1

a2n−1
(q2; q2)n−1

+
nmax∑
n=1

1
(q2; q2)n−1

(2anan−1e
iϕ̃a + a2n−1e

2iϕ̃a) (C.20)

=
a2nmax

(q2; q2)nmax
+
nmax−1∑
n=0

eiϕ̃aan
(q2; q2)n

((e−iϕ̃a + eiϕ̃a)an + 2an+1). (C.21)

Finally, applying the recursion relation

2 cosϕaan − an+1 = −2 cos ϕ̃aan − an+1 = (1− q2n)an−1, (C.22)

to the last term gives

a2nmax

(q2; q2)nmax
+
nmax−1∑
n=0

eiϕ̃aan
(q2; q2)n

(an+1 − (1− q2n)an−1) (C.23)

= anmax

(q2; q2)nmax
(anmax + eiϕ̃a(1− q2nmax)anmax−1) =

qnmax

(q2; q2)nmax
anmaxbnmax . (C.24)

We have therefore shown that the final answer for the norm can be written in a simple
form as

⟨Ψ|Ψ⟩ = lim
n→∞

qn

(q2; q2)n
anbn. (C.25)

The problem of finding the norm therefore reduced to finding the limit of the above product
of q-Hermite polynomials. To take the limit we use the definitions and rewrite the resulting

25We thank Sonja Klisch for suggesting this.
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sums as

qn

(q2; q2)n
anbn = qn

(q2; q2)n

n∑
k=0

(q2; q2)n
(q2; q2)n−k(q2; q2)k

ei(n−2k)ϕ̃a
n∑
l=0

(q2; q2)n
(q2; q2)n−l(q2; q2)l

ei(n−2l)ϕ̃b

(C.26)

= 1
(q2; q2)n

n∑
k=0

(q2; q2)n
(q2; q2)n−k(q2; q2)k

qk(1+2jR)
n∑
l′=0

(q2; q2)n
(q2; q2)n−l′(q2; q2)l′

ql
′(1−2jR)

(C.27)

n→∞−−−→ 1
(q2; q2)∞

∞∑
k=0

qk(1+2jR)

(q2; q2)k

∞∑
l′=0

ql
′(1−2jR)

(q2; q2)l′
(C.28)

= 1
(q2jR+1; q2)∞(q−2jR+1; q2)∞(q2; q2)∞

, (C.29)

where in taking the limit we used Tannery’s theorem to take the limit under the sum.

C.2 Computing the two point function

Using the techniques of the previous section we can also compute the two point function
(j = −2jR):

⟨Ψ, j| q2∆n |Ψ, j⟩ =
∞∑
n=0

q2∆n

(q2; q2)n
q3n

1− q2n
(q−n(a2n + b2n)− 2anbn). (C.30)

Here an, bn are defined in (2.14). Below we’ll show that

⟨Ψ, j| q2∆n |Ψ, j⟩ = (q2+4∆; q2)∞
(q2+2∆; q2)2∞(q1±2jR+2∆; q2)∞

. (C.31)

The steps will closely follow the norm computation. We start with rewriting the infinite
sum as

⟨Ψ, jR| q2∆n |Ψ, jR⟩ = lim
nm→∞

nm∑
n=0

q2∆n

(q2; q2)n

(
a2n + (1− q2n)(2anan−1e

iϕ̃a + a2n−1e
2iϕ̃a)

)
.

(C.32)
Splitting the sum as before and applying the recursion relation, the expression under the
limit becomes

=q
(2∆+1)nmanmbnm

(q2; q2)nm
+ (1− q2∆)

nm−1∑
n=0

q2∆n

(q2; q2)n
a2n + (1− q2∆)

nm−2∑
n=0

q(2∆+1)n

(q2; q2)n
eiϕ̃aan+1an

(C.33)

=(1− q2∆)
[
nm−1∑
n=0

q2∆n

(q2; q2)n
a2n +

nm−2∑
n=0

q(2∆+1)n

(q2; q2)n
eiϕ̃aan+1an

]
(C.34)

Using now the relation in the last term

eiϕ̃aan+1 = −qnbn − e2iϕ̃aan, (C.35)
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and taking the limit nm → ∞ the first term goes to zero (for ∆ > 0), and we are left with
three convergent infinite sums over a product of q-Hermite polynomials which combine into

⟨Ψ, j| q2∆n |Ψ, j⟩ = (1− q2∆)
∞∑
n=0

q2∆n

(q2; q2)n

(
(1− e2iϕ̃a)q2∆a2n − qnq2∆anbn

)
. (C.36)

To both sums above we can now apply the relation

∞∑
n=0

tnHn(cosϕ|q2)Hn(cosϕ′|q2)
(q2; q2)n

= (t2, q2)∞
(tei(±ϕ±ϕ′); q2)∞

, (C.37)

which after rewriting leads us to the final answer.

C.3 BPS two point function

Similarly we can compute a two point function of a charged BPS operator with the U(1)R
charge JR = −JL = 2∆. Here we will show that (j = −2jR, j′ = −2j′R)

〈
Ψ, j′

∣∣ q2∆n(β̃†)4∆q−∆j |Ψ, j⟩ = δj′R,jR−2∆ q
2∆jR 1

(q2; q2)∞(q1+2jR ; q2)∞(q1−2j′R ; q2)∞
.

(C.38)
To derive this, it is convenient to make use of the orthonormal basis

|n±, j⟩ =
qn/4√

2(q2, q2)n−1(1∓ qn)
(|n,OX, j⟩ ± |n,XO, j⟩). (C.39)

We have then

〈
Ψ, j′

∣∣ q2∆n(β̃†)4∆ |Ψ, j⟩ =
∑
n

〈
Ψ, j′

∣∣n±, j + 4∆
〉
q2∆n ⟨n±, j|Ψ, j⟩ (C.40)

= δj′,j+4∆
∑
n

〈
Ψ, j′

∣∣n±, j′〉 q2∆n ⟨n±, j|Ψ, j⟩ . (C.41)

The rest of the computation follows closely the computation of the uncharged case. We
need to evaluate the sum

∑
n

〈
Ψ, j′

∣∣n±, j′〉 q2∆n ⟨n±, j|Ψ, j⟩ =∑
n

q2∆n+2n(q2, q2)n−1
(q2, q2)2n

(bn(b′n− qna′n)+ an(a′n− b′nq
n)),

(C.42)
with a′n, b′n, defined as in (C.3) but with jR → j′R. Below, analogously to ϕ̃a/b we’ll denote
ϕ̃A/B ≡ −iλ(j′R ± 1

2). Expressing now the above sum fully in terms of ajn, aj
′
n with the

relation (C.15) cancels the factor (1− q2n). Collecting the resulting terms one can rewrite
the right hand side of (C.42) as

∑
n

q2∆n

(q2, q2)n

(
(1− q2∆ei(ϕ̃a+ϕ̃A))ajnaj

′
n − q2∆qn(ei(ϕ̃a−ϕ̃A)ajnbj

′
n + ei(ϕ̃A−ϕ̃a)aj

′
n b

j
n)
)
. (C.43)

Applying now the (C.37) to each of the terms above yields (C.38).
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D Matching with the Schwarzian description

Let’s see how we can reproduce the super Schwarzian ground state wavefunction using αn
and βn. We will use the notation of [6]. We can take the ansatz for the ground state |Zj⟩
in the form

|Zj⟩ =
(
eia(jR+

1
2 )hr(ℓ)ψ̄r + eia(jR−

1
2 )hl(ℓ)ψ̄l

) ∣∣∣∣12 , 12
〉
, (D.1)

Imposing that the ground state is annihilated by the supercharges

Q̄r = ψ̄r(i∂ℓ −
1
2∂a) + e−

ℓ
2−iaψ̄l, Q̄l = ψ̄l(i∂ℓ +

1
2∂a)− e−

ℓ
2+iaψ̄r, (D.2)

leads to equations for hl(ℓ), hr(ℓ):

ih′r(ℓ) +
i

2

(
jR + 1

2

)
hr(ℓ) + e−

ℓ
2hl(ℓ) = 0, (D.3)

ih′l(ℓ)−
i

2

(
jR − 1

2

)
hl(ℓ)− e−

ℓ
2hr(ℓ) = 0. (D.4)

From these equations we find the unique wavefunctions (up to an overall multiplicative
constant)

hl(ℓ) = ie−
ℓ
2K 1

2+jR
(2e−

ℓ
2 ) (D.5)

hr(ℓ) = −e−
ℓ
2K 1

2−jR
(2e−

ℓ
2 ). (D.6)

We will now analyze the λ → 0 limit of the differential equation that defines αn and βn
and see how they reproduce the above super-Schwarzian wavefunctions.

To normalize these wavefunctions, we will need the inner product. This takes the form:

⟨Zj |Zj⟩ =
∫
dℓ(h∗rhr + h∗l hl) =

∫
dℓ e−ℓ

(
K 1

2−jR
(2e−

ℓ
2 )2 +K 1

2+jR
(2e−

ℓ
2 )2
)
= π

4 cos(πjR)
.

(D.7)
Recall that the solutions to αn and βn oscillates

αn = (−1)n q
3n
2

(q2; q2)n
Hn

[
cosh

(
λ(jR + 1

2)
) ∣∣∣∣∣q2

]
(D.8)

βn = (−1)n q
3n
2

(q2; q2)n
Hn

[
cosh

(
λ(−jR + 1

2)
) ∣∣∣∣∣q2

]
(D.9)

In order to take αn and βn to the continuous limit, we need to separate out a rapidly
oscillation component, i.e.

αn = (−1)nα̃n βn = (−1)nβ̃n (D.10)

Then the recursion relations become

−qnα̃n + β̃n − qjR+1β̃n−1 = 0, α̃n − qnβ̃n − q1−jRα̃n−1 = 0. (D.11)
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To find the leading terms in λ→ 0 limit we redefine n = ℓ/2λ and take

α̃n±1 = α̃(ℓ)± 2λα̃′(ℓ) +O(λ2), (D.12)

and similarly for β̃n. From this we obtain two first order differential equations

−e−
ℓ
2 α̃(ℓ)+λ(jR+1)β̃(ℓ)+2λβ̃′(ℓ) = 0, −e−

ℓ
2 β̃(ℓ)+λ(1−jR)α̃(ℓ)+2λα̃′(ℓ) = 0. (D.13)

or introducing the renormalized length ℓ̃ ≡ ℓ+ 2 log(2λ),

−e−
ℓ̃
2 α̃(ℓ̃)− 1

2(1 + jR)β̃(ℓ̃)− β̃′(ℓ̃) = 0, (D.14)

e−
ℓ̃
2 β̃(ℓ̃)− 1

2(1− jR)α̃(ℓ̃)− α̃′(ℓ̃) = 0. (D.15)

These equations are now solved by

α̃(ℓ) =
√
N e−

3
4 ℓ̃K 1

2+jR

(
e−ℓ̃/2

)
, (D.16)

β̃(ℓ) =
√
N e−

3
4 ℓ̃K 1

2−jR

(
e−ℓ̃/2

)
. (D.17)

Rescaling

β̃(ℓ̃) ≡ e−
ℓ̃
4hr(ℓ̃), α̃(ℓ̃) ≡ ie−

ℓ̃
4hl(ℓ̃), (D.18)

the above equations (D.14), (D.15) reduce to

ih′r(ℓ̃) +
i

2

(
jR + 1

2

)
hr(ℓ̃) + e−

ℓ̃
2hl(ℓ̃) = 0, (D.19)

ih′l(ℓ̃)−
i

2

(
jR − 1

2

)
hl(ℓ̃)− e−

ℓ̃
2hr(ℓ̃) = 0, (D.20)

which are exactly the equations we obtained from super-Schwarzian theory above.
To evaluate the leading part of the norm we want to rewrite the expression in terms

of ℓ̃n = 2λn+ 2 log(2λ)

⟨Ψ, j|Ψ, j⟩=
∑
n

(q2;q2)n−1
[
q−n

(
α2
n+β2n

)
−2αnβn

]
(D.21)

≃N
∑
n

(q2;q2)n−1
2λ e−ℓ̃n

[
K 1

2+jR
(2e−

ℓ̃n
2 )2+K 1

2−jR
(2e−

ℓ̃n
2 )2−4λe−

ℓ̃n
2 K 1

2+jR
K 1

2−jR

]

≃N
∑
n

(q2;q2)n−1
2λ e−ℓ̃n

[
K 1

2+jR
(2e−

ℓ̃n
2 )2+K 1

2−jR
(2e−

ℓ̃n
2 )2

]

≃N
∑
n

(q2;q2)∞
2λ e−ℓ̃n

[
K 1

2+jR
(2e−

ℓ̃n
2 )2+K 1

2−jR
(2e−

ℓ̃n
2 )2

]

≃N (q2;q2)∞
(2λ)2

∫
dℓ̃e−ℓ̃n

[
K 1

2+jR
(2e−

ℓ̃n
2 )2+K 1

2−jR
(2e−

ℓ̃n
2 )2

]
≃N (q2;q2)∞

(2λ)2
π

4cos(πjR)
, (D.22)
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where we should now fix the normalization N to match the original answer at small λ.
This will fix the normalization of the solutions to the differential equation. This means we
have

N (q2; q2)∞
(2λ)2

π

4 cos(πjR)
= 1

(q1±2jR ; q2)∞(q2; q2)∞
. (D.23)

Because
1

(q1±2jR ; q2)∞(q2; q2)∞
=

Γq2(12 + jR)Γq2(12 − jR)
(q2; q2)3∞(1− q2) , (D.24)

at small λ we can drop the jR-dependence in the ratio appearing above Γq2(12 ± jR) ≃
π

cos(πjR)
8λ cos(πjR)

(q1±2jR ; q2)∞(q2; q2)∞π
≃ 8λ

(q2; q2)3∞(1− q2) . (D.25)

We therefore find that the normalization is given by

N = 16λ2

(q2; q2)4∞(1− q2) = 8λ
(q2; q2)4∞

. (D.26)

We also checked numerically that with this normalization factor the approximated wave-
functions α̃, β̃ matched the original wavefunctions αn, βn at small λ.

E Subalgebra of the superchord algebra

The χij and ϕij generators satisfy the following relations, which we now list.

[χLL, χRR] = q
1
2 (ntot−1)(χLR − χRL) (E.1)

[χRL, χLR] = q
1
2 (nX−nO−1)(χRR − χLL) (E.2)

χLLχLR = χLRχRR = q
1
2 (nX−nO−1)χLR (E.3)

χRRχRL = χRLχLL = q
1
2 (nX−nO−1)χRL (E.4)

χLLχRL = χLRχLL = q
1
2 (ntot−1)χLL (E.5)

χRRχRL = χRLχRR = q
1
2 (ntot−1)χRR (E.6)

Next we consider relations amongst the ϕij :

[ϕLL, ϕRR] = q
1
2 (ntot−1)(ϕRL − ϕLR) (E.7)

[ϕRL, ϕLR] = q
1
2 (nO−nX−1)(ϕRR − ϕLL) (E.8)

ϕLLϕLR = ϕLRϕRR = q
1
2 (nO−nX−1)ϕLR (E.9)

ϕRRϕRL = ϕRLϕLL = q
1
2 (nO−nX−1)ϕRL (E.10)

ϕLRϕLL = ϕLLϕRL = −q
1
2 (ntot−1)ϕLL (E.11)

ϕRRϕLR = ϕRLϕRR = −q
1
2 (ntot−1)ϕRR (E.12)
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Finally, we consider relations that involve both ϕ and χ:

[ϕRR, χLL] = [ϕLL, χRR] = [ϕLR, χRL] = [ϕRL, χLR] = 0 (E.13)

We found a special 1-parameter family of operators

Cχ =
{
χLL − aχq

1
2 (nX−nO−1), χRR − aχq

1
2 (nX−nO−1)

}
+ (2aχ − 1)q

1
2 (ntot−1)(χLR + χRL)

Cϕ =
{
ϕLL − aϕq

1
2 (nO−nX−1), ϕRR − aϕq

1
2 (nO−nX−1)

}
− (2aϕ − 1)q

1
2 (ntot−1)(ϕLR + ϕRL)

(E.14)

Here Cχ is the Casimir of the sub-algebra generated by χ and similarly Cϕ is the Casimir
of the sub-algebra generated by ϕ. Presumably by combining these operators one can build
a Casimir for the algebra generated by both χij and ϕij , which could then be promoted to
the Casimir of the full superchord algebra.

F The N = 1 SYK model

In this section, we study the double-scaled N = 1 SUSY SYK [7] in the chord formalism.
This model is somewhat simpler than the N = 2 model since it has no additional global
symmetries. However, it does not have exact BPS ground states.

The basic idea is to study moments of the supercharge Q instead of moments of H.
Each Q has a similar form to the Hamiltonian in the N = 0 model, except with q → −q.
We take r → ±r depending on whether the matter operator is fermion even (+) or odd
(−). We will focus on the case where r is even.

F.1 The N = 1 chord algebra

This gives

QL = α†
L + αL[nL]−q + αR r(−q)nL [nR]−q,

QR = (−1)F
(
α†
R + αR[nR]−q + αLr(−q)nR [nL]−q

)
,

(F.1)

Following the notation of [15], we have

QL = bL + b†L, (F.2)

QR = bR + b†R (F.3)

Then we have

{bL, bR} = {b†L, b
†
R} = 0 (F.4)

[n̄, b†L/R] = b†L/R, [n̄, bL/R] = −bL/R (F.5)

{bR, b†L} = −{bL, b†R} = qn̄ (F.6)

{bL, b†L}q = −{bR, b†R}q = 1 (F.7)

{(−1)F , bL/R} = {(−1)F , b†L/R} = [(−1)F , n̄] = 0 (F.8)
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This algebra comes with a coproduct D which is a co-associative, bilinear map A → A⊗A:

D(b†L) = b†L ⊗ 1, D(b†R) = (−1)F ⊗ b†R, (F.9)
D (bL) = bL ⊗ 1 + q∆qn̄(−1)F ⊗ bL, (F.10)
D (bR) = (−1)F ⊗ bR + q∆bR ⊗ qn̄, (F.11)
D(n̄) = n̄⊗ 1 + 1⊗ n̄+∆(1⊗ 1) (F.12)

D((−1)F ) = (−1)F ⊗ (−1)F (F.13)

One can verify that the coproduct is an algebra homomorphism. A sample calculation is:

D({bL, b†L}q) = {D(bL), D(b†L)}q (F.14)
= 1 + q∆{qn̄(−1)F , b†}q ⊗ bL (F.15)
= 1 (F.16)

The last line relies on qn̄(−1)Fb†L = −b†Lq
n̄+1(−1)F . Another sample calculation is

D({b†L, b
†
R}) = {b†L, (−1)F } ⊗ b†R = 0. (F.17)

Note that since Q always changes the total number of chords by 1, the operator Q2

always changes the total number by 0 or 2. Therefore, T = Q2 decomposes into an even
and odd chord number sector. This becomes the fermionic and bosonic states in the 2-sided
Hilbert space.

We may also write the algebra in terms of just the b† and Q:

{QL, QR} = 0

[QL/R, n̄] = QL/R − 2b†L/R
{b†L, b

†
R} = 0

[n̄, b†L/R] = b†L/R

{QL, b†L}q = 1 + (1 + q)(b†L)
2

{QR, b†R}q = −1 + (1 + q)(b†R)
2

{QL, b†R} = −qn̄

{QR, b†L} = qn̄

{QL/R, (−1)F } = [n̄, (−1)F ] = 0

(F.18)

This is formally related to the N = 0 bosonic algebra [15] by taking

hL → QL, hR → (−1)nQR
a†L → b†L, a†R → (−1)nb†R
q → −q

(F.19)

An interesting subalgebra is generated by

fij = b†ibj , [fij , n̄] = 0 (F.20)
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These elements satisfy

[fRR, fLL] = qn̄−1(fLR + fRL)
[fRL, fLR] = fLL + fRR

{fLL, fLR}q = fLR + qn̄fLL

−{fRR, fRL}q = fRL + qn̄fRR

{fRL, fLL}q = fRL − qn̄fLL

−{fLR, fRR}q = fLR − qn̄fRR.

(F.21)

It would be interesting to characterize the symmetries in the triple scaling limit. One
would like to make contact with the superalgebra osp(1|2), which is the symmetry algebra
of the bulk N = 1 JT theory.

Using some inspiration from the N = 0 case, we were able to guess the form of a
Casimir:

C = (−1)F
(
qn−1{1− (1 + q)fLL, 1 + (1 + q)fRR}+ (1− q2)fLR − (1− q2)fRL − 2qn

)
(F.22)

This Casimir commutes with n and also both supercharges, so it commutes with the entire
algebra. On 1-particle states it gives

C |1 particle⟩ = 2
(
q

r
− r

)
(F.23)

F.2 Fake superspace?

The finite p equations of motion for the N = 1 model is [7]

Dθ1G (τ1, θ1; τ3, θ3) + J

∫
dτ2dθ2G (τ1, θ1; τ2, θ2)

(
G (τ2, θ2; τ3, θ3)p−1

)
= (θ1 − θ3) δ (τ1 − τ3)

(F.24)
Now to take the large p limit, we assume that the superfield exponentiates:

G(τ1, θ1; τ2, θ2) = G0e
g/p,

G0(τ1, θ1; τ2θ2) = 1
2 sgn(τ1 − τ2 − θ1θ2)

(F.25)

Notice that G0 solves the free equations of motion:

Dθ1G0 = (θ1 − θ2)δ(τ12) (F.26)

Then we can get the large p equations of motion by differentiating and plugging in the
ansatz

Dθ2Dθ1g− J eg = 0 (F.27)

This is solved at zero temperature by

eg = 1
J (τ1 − τ2 − θ1θ2) + 1 (F.28)
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If we expand g = gψψ + θ1θ2gbb, we may check that the component equations of mo-
tion (F.27) are satisfied:

0 = gbb − J egψψ

0 = θ1θ2 [∂1∂2gψψ − J egψψgbb]
(F.29)

The resulting expression looks like a conformally invariant function in superspace, with a
fake region given by −J −1 < τ1 − τ2 < 0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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