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1 Introduction and summary

Background: global symmetry has always been a pivotal concept in the analysis of
quantum field theories (QFTs). One of the most prominent and successful applications of
global symmetries is the 't Hooft anomaly matching [1], which aids in our comprehension
of the strongly coupled systems. Toward giving further insights into the non-perturbative
dynamics of QFTs, the notion of global symmetry has been generalized in [2]. There, it has
been revealed that a global symmetry is associated with the existence of the topological
defect, and the symmetry transformation can be realized as a boundary condition on the
topological defect. Although various types of generalized global symmetries have been
concerned so far, the non-invertible symmetry has gained significant attention above all.!
Unlike the ordinary symmetries, the non-invertible symmetry has no inverse operation,
hence the resulting fusion algebra forms the fusion category rather than a group [29-33].
In recent years, numerous non-invertible symmetries have been discovered, offering new
predictions into the dynamics of QFTs, e.g., constraints on renormalization group flows
and realistic QFTs, across diverse dimensions [34-94]. (See [95, 96] for the comprehensive
review on the non-invertible symmetry.)

Half-space gauging: in these developments, the half-space gauging plays a crucial role in
systematically constructing the non-invertible duality defects [45, 46]. To consider half-space
gauging, we first split the spacetime manifold X into the left and right regions separated by
the co-dimension one interface as depicted in figure 1. We perform gauging a non-anomalous

Historically, non-invertible symmetries have been considered in the context of rational conformal field
theories [3-28].
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Figure 1. Pictorical representation of the half-space gauging.

discrete global symmetry H of a theory 7 only in half of the spacetime and impose the
Dirichlet boundary condition on the H gauge field at the interface. Then, for some special
cases, the theory becomes invariant under gauging H: 7 /H = T, and the interface becomes
(topological) non-invertible defect . Here, let us briefly summarize the non-invertible
symmetries constructed from the half-space gauging in ¢ = 1 compact boson model [45,
section 4.1];

R2

Ty, 49 1 *do (1.1)

where X5 is a two-dimensional orientable manifold, and ¢ is the compact boson with the
periodicity 27. In this case, we gauge the discrete shift symmetry Zy CU(1)*" only in the
right region. By using T-duality, we can achieve 7 /Zx = T only if we tune the compact
radius such that R = v/N, which describes the rational conformal field theory (RCFT).
Notably, the non-invertible duality defect N can be expressed by the following action;

N
N : 1% /QD:0¢Ld¢R’ (12)

where ¢r, and ¢r are the compact boson fields that live in the left and right regions,
respectively. The fusion algebra concerning the non-invertible duality defect N" and the Zy
shift symmetry generator 7 are given by the following Tambara-Yamagami category [97];

N xN=C,
NxN=Nxn=N, (1.3)
N =1,

where C =147+ 71>+ ---nNV~1 is the projection operator of the Zy shift symmetry up to
normalization. In summary, in ¢ = 1 compact boson CFT, the non-invertible symmetry
obtained by the half-space gauging becomes emergent at R = v/N, namely RCFT point,
and the fusion algebra is given by the Tambara-Yamagami category (1.3).

Motivations: the most natural and simplest generalization of the above ¢ = 1 compact
boson CFT is the ¢ = 2 bosonic torus CFT;?
1

— | Grrde' Axdep? | I,J=1,2, (1.4)
i Jx,

2For simplicity, we do not include the topological term in the action (1.4) in this paper.



where ¢! is the compact boson with periodicity 27. Then, inspired by the above example
of the ¢ = 1 compact boson theory, the following two questions naturally arise;

e Where do the non-invertible symmetries obtained from the half-space gauging become
emergent on the conformal manifold? In particular, are these non-invertible symmetries
found at rational or irrational CFT points?

e What is the fusion algebra associated with the non-invertible symmetry defect?

The main aim of this paper is to address these questions. As we will see later, the landscape
of non-invertible symmetries from the half-space gauging in the ¢ = 2 bosonic torus CFT is
richer than the ¢ = 1 case. We also apply the half-space gauging to the pure U(1)xU(1)
gauge theory in four dimensions;

1

— GrydA' AxdA”7 | I,J=1,2, (1.5)
4 Sy

and investigate the non-invertible structures of this theory. In the remainder of the

Introduction, we present a concise summary of our work.

Summary: the ¢ = 2 bosonic torus CFT has the zero-form shift-symmetry U(1)5hft x
U(1)3hif. Tts charged operator is the vertex operator 7 which is characterized by two
integers: 7 € Z x Z. Under U(1)$"# xU(1)$"i* the vertex operator is transformed in the
following way;

U 5 U ¢ 0y (07 6 gl 92 [0, 27) . (1.6)

As a discrete subgroup of the shift symmetry to be gauged, we choose the diagonal subgroup

(Z[Q()]]\,,)diag, whose generator is specified by (el%, el N7 ). As a result of the gauging (Z[Q()]]\,,)diag,

the charge lattice of the original theory Z x Z is reduced to its sublattice Agn defined by;
Ny ={R€ZxZ|ny +n3=0 mod 2N’}

Lo (1.7)
= Span(¢y,43),

where the charge lattice Asns is spanned by the two orthogonal vectors , and 0y (see the
upper right lattice in figure 2.);

- (ji) - (‘11) | (1)

For later convenience, we put these two basis vectors 571 and Zg into the matrix K defined by;>
- N —1
K= l1,03) = 1.9
( 17 2) <N/ 1 ) Y ( )

which clearly carries an information of the charge lattice Agn/. In order for the theory to be
invariant under the diagonal gauging (Z[z%,)diag, we must perform the rotation and rescaling
on the charge lattice Ao/ and bring it back to the original one Z x Z. The charge lattice

3Throughout this paper, we choose the charge matrix K such that det K = +2N’.
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Figure 2. The transition of the charged lattice corresponding to the gauging (ZLO])diag. The
horizontal /vertical axis denotes the U(1)hift / U(1)5hif charge of the vertex operator 7%, respectively.
The red points in each diagram mean the properly quantized charges and the green realm shows the
unit cell. In order to bring the charge lattice after gauging (ZLO])diag back to the original one Z X Z,
we need to perform rotation and rescaling as depicted in the figure.

transition under these operations is depicted in figure 2. Note that the rotation is a peculiar
operation to the ¢ = 2 bosonic torus CFT. Moreover, by using the T-duality, we can
perfectly restore the original theory 7/ (Z[Q%,)diag =~ T, if the kinetic matrix G is tuned
to satisfy the following self-duality condition;

G=K'G'K. (1.10)

The solution G7; to the self-duality condition (1.10) is given by

N [ +2K;; Ko+ Koy 9
G =-= . D= (Kpy+ Ko)? — 4K Ko, 111
o) <K12—|—K21 2 Ky (K12 21) 11 K22 (1.11)

and we can show that the solution G7; corresponds to the complex multiplication (CM)
point? [98], which is a wider class of the ¢ = 2 bosonic torus RCFTs. We also prove that the

“Here, we call the CM point when either the complex structure modulus 7 or the complexified Kahler
modulus p (see (3.18) and (3.21) for their definitions) belongs to an imaginary quadratic field. If these two
moduli are elements of the same imaginary quadratic field, the CM point is enhanced to the RCFT one.



CM point can be promoted to the RCFT if and only if the charge matrix K is symmetric;
K : symmetric <= RCFT. (1.12)

Hence, from the explicit formula (1.9), we conclude that the non-invertible symmetry
constructed from the half-space gauging associated with the diagonal gauging becomes
emergent on the irrational CFT.

Furthermore, we also show that the non-invertible symmetry defect D associated with
the gauging (Z[Q()]]\,,)diag can be put into the following Lagrangian form;

i
D : 27/ Kryof, dgi , (1.13)
T Jz—o

and derive the fusion algebra. We find that the resulting fusion algebra is infinitely generated
and non-commutative. We also discover the closed fusion subalgebra. To see this, we must
put the various global symmetry generators on the duality defect D, and define the dressed
duality defect 7551,52 (s1,82=0,1,---2N" —1). (See section 3.3 for the definition.) Thereby,
the projection operator should also be replaced by the dressed one CASMSQ. As a result of this
dressing, the fusion algebra concerning 1381,32 , CASI’SQ , and the (Z[Q()]]\[/)diag shift symmetry
generator 7; can be summarized as follows;

Non-commutative fusion subalgebra at the irrational CFT point:

ﬁsl,sz X ﬁ83,54 = CA<92+83,81+84 s

,Z/jsl,sg XNy =Ny X ﬁ81782 = ﬁsl,sg 5

ﬁsmz X 553,34 = 2N’ ﬁsl+33,32+34 ) (1.14)
551,52 X ﬁ53784 =2N' 2582-&-83,81—1-84 ) .

)

~

s1,82 X 683,84 = 2N’ CSl+83,82+84 )
2N’

We also consider the half-space gauging with respect to the product group Zy, x Zy;,,
instead of the diagonal one. In this case, the non-invertible symmetry arises on the RCEFT
point, and the fusion algebra is given by the standard Tambara-Yamagami category (1.3)
since ¢ = 2 bosonic torus CFT is reduced to the two sets of the ¢ = 1 compact boson CFTs.
We emphasize that this is perfectly consistent with the promoting condition (1.12) since the
charge matrix K is diagonal. Our main results described above are summarized in table 1.

Finally, we apply the half-space gauging and explore the non-invertible symmetries in
the pure U(1)xU(1) gauge theory in four dimensions. This theory has the U(1)§'¢xU(1)$'
electric one-form symmetry, whose charged object is the Wilson loop. In a similar manner
to the two dimensions, we construct the non-invertible symmetries from gauging the
diagonal subgroup (Zg\l,])diag C U(1)§*xU(1)$®. By utilizing the electric-magnetic duality
transformation, we find out the special gauge couplings where the non-invertible symmetries
appear. As in the two dimensions, we construct the duality defect associated with the
diagonal gauging and calculate the fusion rules concerning the duality defect. The resulting
fusion algebra is again infinitely generated and non-commutative. We also find out the



Gauging group Charge matrix K Emergent point Fusion algebra

Di 1 Non-
A T KT+ K Irrational CFT on
(Zyni)diag commutative (1.14)
Product group Tambara-
KT=K FT
ZE(\],]l X ZE(\],]Q RC Yamagami (1.3)

Table 1. Summary of the main results in ¢ = 2 bosonic torus CFT.

closed fusion subalgebra which is mostly similar to (1.14). It remains an open question
how we interpret the obtained non-commutative fusion algebra in the framework of the
higher category [33].

The rest of the paper is organized as follows. In section 2, we describe our method
to construct non-invertible symmetries from the half-space gauging in arbitrary even
dimensions. In particular, we give a detailed explanation of each step from the diagonal
gauging to the rotation and the rescaling of the charge lattice, to the duality. In section 3,
we discuss the non-invertible symmetries in ¢ = 2 bosonic torus CFT. In section 3.1, we
derive the self-duality condition (1.10), and show that the solution corresponds to the CM
point. Also, we derive the condition (1.12) for promoting the CM point to the RCFT. In
section 3.2, we construct the duality defect action (1.13), and describe various aspects of
the duality defect e.g., the boundary condition on the defect, topological property, and the
orientation reversion. In section 3.3, we elucidate the precise definition of the dressed duality
defect 7551732 and discuss the fusion algebra. In section 4, we consider the pure U(1)xU(1)
gauge theory in four dimensions and explain that the non-invertible symmetries from the
half-space gauging from the diagonal gauging can be constructed in a very similar manner
to the two-dimensions. Furthermore, we show that the resulting fusion algebra is also
non-commutative, and end with giving an open question on our fusion algebra. In section 5,
we briefly summarize this paper and discuss the future directions. In appendix (A), we
derive some selected fusion rules, skipped in the main text.

2 Non-invertible symmetry from half-space gauging (Z[zq]]v,)diag

In this section, we describe the general method to construct the non-invertible symmetry of

the theory 7, whose collective couplings are symbolically denoted by g. We assume that the

la]
2

global symmetry contains a non-anomalous ¢ = % form symmetry U(l)[f] x U(1)5" whose

[a]

q dimensional charged object is denoted by V>*. The charged operator Vj transforms as;

U(l)[f} % U(l)[Qq] : VrEQ] il Vﬁ[q], (2.1)

where 0 = (6',6?) are rotational angles. Importantly, in order for the 27 rotation to be
trivial, the U(l)[lq] ><U(1)[2‘;d charge 7 must be quantized to be integers;

RELXTL. (2.2)
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Charged ops.

Theory Ul xu)y i Duality
i
=2 c=2 bosoni.c torus U(1)hit U (1)ghit eiﬁ"g T-duality
(g=0) CFT (section 3)
=4 U(l) XU(I) .gauge U(l)(fleXU(l)Sle eiﬁ.f“f A Electric—Magnetic
(g=1) theory (section 4) duality

Table 2. Examples treated in this paper and the corresponding notations with section 2. Detailed
explanations for the two-dimensional and four-dimensional examples are deferred to section 3
and (4), respectively.

We refer to the set of properly quantized charges of V?Eq] as the charge lattice. In this sense,

the original theory 7, has the charge lattice Z x Z. (See table 2 for referring examples
treated in this paper.)

Our construction of the non-invertible symmetry in the theory 7, can be schematically
summarized as the following diagram;

Gauging (Z[qu]v/)diag R_p and M Duality — (2 3)

7.-9 — 7;/(Z[qu]vl)diag 7;]/, 7'/2]\/ o~ 7'9 .

In particular, the transition of the charge lattice at each step is shown below;

Gauging (Z[Zq]]\,/)diag R_p and M Duality —
7xY7 ———— Ny ————— MR gMN 2L XL —— LXLZ2LXTL.

(2.4)
In the rest of this section, we provide a detailed explanation of each step in (2.3) and (2.4).
2.1 Gauging (Z[zq]]v,)diag
The story begins with gauging the diagonal discrete subgroup (Z[qu]\/')diag C U(l)[lq] X U(l)[QQ}.
Here, the diagonal group (Z[Qq]}v,)diag is generated by (eiﬁ, e ). From (2.1), the charged

operator vl

=1 is transformed under (Z[Qq]]\,,)diag as follows;

T oo =

(Z9 g+ VI o PRV po ()T (2.5)

Therefore, as a consequence of the diagonal gauging, the charge lattice of the original theory
7 x 7. is projected out to its sublattice Ayns defined by;

Aoy ={€ZXZ|ni+ny=0 mod2N'}, (2.6)

which is depicted in figure 3. The new charge lattice Aon- is spanned by the two orthogonal

=) 5()

vectors £1 and fo;



Ol m

Figure 3. Picture of the charge lattice Asys. The elements of the charge lattice Aoy are depicted
by red points, with the orlgm denoted by O. The unit cell is shown by the green realm, and its
orthogonal vectors El and 62 are represented by two blue arrows. Also, for later convenience, we
introduce the angle 6 between the first axis and the vector 7.

and we define the charge matrix K as follows;

K = (0,5) = (ﬁ ‘f) - (2.8

2.2 Rotation and rescaling

As a result of the diagonal gauging, the charge lattice Agns is clearly different from the
original one Z x Z . Therefore, in order to construct a symmetry, the charge lattice Agn:
must be restored to the original one Z x Z. To achieve this, two operations are needed.
Firstly, the charge lattice Ayxns must be rotated by an angle of — = —x /4. Secondly, the
rotated charge lattice should be rescaled to accomplish a grid scale of one. We denote these
operations as R_y and M, respectively. Under these operations, indeed, the basis vectors
¢, and £ are transformed to (1,0)T and (0,1)T, respectively;

R_¢ M -

MR_g : I —— R_gb; = (1,007 —— (M™'R_) 01 = (1,0)", 29)
R M R )
MR+ By — Rogly=(0,6)" ——— (M~'R_g) % = (0,1)7,
where ¢4 = |01], 03 = |f5], and the matrices R_g and M are defined as follows;
cosf sinf /1 0
R_y= M = . 2.10
0 (—Sinﬁ cos@) ’ (O Eg) ( )



Therefore, we have succeeded in bringing the charge lattice Aoy to the original one Z x Z;
MR,QAQN/ =7ZX7. (2.11)

We refer the reader to consult the figure 2, where the above operations from gauging to
rotation to rescaling are illustrated in the case of ¢ = 2 bosonic torus CFT. Finally, we
notice that the charge matrix K defined by (2.8) can be written in terms of the rotation
and rescaling matrices;

K=RygM. (2.12)

2.3 Duality

While the charge lattice indeed comes back to the original one with the above steps, the
theory has not yet been restored to the original one 7,. This is because the coupling
constants ¢’ of the theory ’Tg’, typically differ from the original ones g. We, however, can
make use of the duality transformation, which maps the theory 7'9’, to the dual one ’?’E, =Ty,
and connects the value of couplings ¢’ to the dual one g’. Hence, by tuning the original
couplings g such that they satisfy the following self-duality condition;

i'=g, (2.13)

then the dual theory ’7'\’3, becomes equivalent to the original one 7'9.5 Dualities, of course,
depend on theories, e.g., T-duality for the ¢ = 2 bosonic torus CFT and electric-magnetic
duality for the pure U(1)xU(1) gauge theory. Hence, we relegate the details of self-duality
conditions to the subsequent sections.

Following the all above steps, we can conclude that the theory 7, is invariant un-
der the diagonal gauging: 7,/ (Z[Qq]}v,)diag = 7T,. Then, we anticipate some (generalized)
symmetry associated with the diagonal gauging, which will later be identified with the
non-invertible one.

3 Example in two dimensions: ¢ = 2 bosonic torus CFT

In this section, we explore the non-invertible symmetries in the ¢ = 2 bosonic torus
CFT following the method described in section 2. This theory can be described by the
following action;

1
S[¢1,¢2]:E/X Grydd' Axdd? | 1,J=1,2, (3.1)
2

where X5 is the orientable two-dimensional manifold,® and ¢’ is the compact boson with
the periodicity 27;

¢ ~ ¢! +2r. (3.2)

5Here, we assume that the charge lattice 7 x Z of the dual theory 7—\’;
7Z x 7. Indeed, all examples treated in this paper satisfy this property.

, is equivalent to the original one

SThroughout this paper, we only concern the Euclidean spacetime.



Also, Gy is the real kinetic matrix, which must satisfy the following stability condition;
Gi11 >0, Ggop>0, detG>0. (3.3)

In this paper, we consider a particular element of the T-duality group O(2,2,Z), which
maps the kinetic matrix to its inverse;

T-duality : G+ G™'. (3.4)

The global symmetry of the ¢ = 2 bosonic torus CFT contains the shift symmetry U(1)5hf x

]

U(1)sh which acts on the vertex operator Vﬁ[o = % as follows;

U < )it v e Tyl (3.5)

As a first step toward realizing our program (2.3), we perform gauging the diagonal subgroup
(Z[onl,,)diag C U(1)5Mf % U(1)$hi. Then, the original charge lattice Z x Z is reduced to the
sublattice defined by (2.6);

7 X 7 — AQN’ . (36)

As explained in section 2, we can bring the charge lattice Aons to the original one by
performing the rotation and rescaling successively. All we need is to perform the duality
transformation, hence we proceed to give details on it below.

3.1 Self-duality condition

In this subsection, we first derive the kinetic matrix after a series of operations (diagonal
gauging, rotation, and rescaling), which typically differs from the original one. Next, we
show that the T-duality manifestly makes the diagonal gauging (Z[QOJ]V/)diag a symmetry when
the kinetic matrix Gy satisfies the self-duality condition;

G=K'G'K. (3.7)

First of all, under the diagonal gauging and the rotation R_gy, the compact boson 5 is
transformed as follows;

6 ¢ =R 49, (3.8)
where R_g is defined by (2.10), and the periodicity condition for gi_;’ reads;

9 9
- @2~ 4 2T (3.9)

/1 /1
¢ ¢+&, '

We should note that the periodicity of q_S" is not 27, and this corresponds to the fact that
the grid scale of the charged lattice Aoy is not one. (See also the flow from the upper left
lattice to the upper right one to the bottom middle one in figure 2.) Therefore, to restore
the original theory, we must make the periodicity of the compact boson 27. This can be
done by the following rescaling transformation;

¢ ¢ =MJ, (3.10)

~10 -



where the matrix M is the rescaling matrix defined in (2.10). We should notice that the
periodicity of (E” is 27, and this restoration can be seen in the flow from the bottom middle
lattice to the upper left one in figure 2. In summary, the diagonal gauging (Z[QU]]V,)diag,
rotation and rescaling transform the compact boson field qg as follows;

g _‘//:MR, g
o ¢ :KT(E(W (3.11)

where we used (2.12). Since the periodicities of both compact bosons d_; and gz?” are 27, the
above map (3.11) can be rephrased by the transformation law for the kinetic matrix Gy;

G— K1a(KhH)™1. (3.12)

As stressed in earlier times, the kinetic matrix after the series of operations, takes the
different values from the original one. However, by making full use of the T-duality, we can
put the theory back to the original one. The T-duality transformation (3.4), indeed, maps
the deformed kinetic matrix K 1G(KT)™! to its inverse;

T-duality: K 'G(KT) ™' — KTG'K . (3.13)

Therefore, if we choose the kinetic matrix Gy; such that it satisfies the following self-
duality condition;

G=K'G'K, (3.14)

the diagonal gauging (Z[;]]V,)diag becomes a true symmetry. In the following, we denote the
solution to (3.14) by G*. By noticing det G = 2N’, we easily obtain the solution to the
self-duality condition;

2N’ 2K K K
G — ] — 11 12 + K21 ’ (3.15)
D \Kip+ Ky 2Ka
where D is defined by
D= (Ko + Ko1)? — 4K Ky . (3.16)

We should note that the kinetic matrix Gy must be real in physical theory, hence D takes
the negative value;

D<0. (3.17)

Interestingly, the self-dual solution (3.15) is the same one known as complex multiplication
(CM) point which is a more generic point than a RCFT in the ¢ = 2 bosonic torus CFT7 [98)].
To see this, we put the kinetic matrix into the complex structure modulus 7 defined by;

B G1a VdetG
T = —/]— + 1 s
G2 G2

"We thank Justin Kaidi for plentiful discussions on this point.

(3.18)

- 11 -



then the complex structure modulus at the self-dual point 7* satisfies the following
quadratic equation;

Ko (77)? = (K1g + Ko )7* + K11 = 0. (3.19)

Importantly, the discriminat of the above quadratic equation (3.19) is precisely same as D
defined in (3.16), and its negative property D < 0 ensures that 7% belongs to the imaginary
quadratic number field Q(v/D) [98];

™ € QD). (3.20)

Since it is known that the elliptic curves with the modular parameter 7% satisfying (3.20)
have complex multiplication properties, such modulus is called the CM point.

Then, the following natural question arises; when can the CM point be lifted up to the
RCFT? We can show that only if the charge matrix K is symmetric, namely KT = K,
this promoting occurs. The proof is as follows. In order for this lifting to be achieved, it is
sufficient to show that the complexified Kdhler modulus p also needs to belong to the same
imaginary quadratic number field Q(v/D) [98]. Now, the complexified Kihler modulus p is
given by the pure imaginary number due to the absence of the B-field;

p=iVdet G, (3.21)

and at the self-duality point, the modulus p becomes p* = iv/2N’. Hence, when there exist
the integers «, 5 and ~ such that;

a(p) +Bp"+v=0 and  B—day=D, (3.22)

the CM points can get promoted to RCFT ones. We first notice that = 0 due to the pure
imaginary property of p*, then resulting in v = 2N’«. Next, we can rewrite the discriminant
D given in (3.16) as follows;

D = (K — K21)? — 8N’ (3.23)

where the formula det K = 2N" is used. Therefore, to realize p* € Q(v/D), there must exist
some integer a such that

(K12 — Ko1)?

2
=1
@ SN’

(3.24)

2 must take its value in positive integers, K12 must be equal to K1, which completes

Since «
the proof. Note that we cannot find the symmetric charge matrix K in the case of the

diagonal gauging,® as clearly seen from (2.8). Hence, we arrive at the following conclusion;

A (generalized) symmetry associated with the diagonal gauging (Z[Q()J]\f/)diag be-
comes emergent at the irrational CFT point.

80ne may notice we can make the charge matrix K be symmetric if we exchange the two basis vectors 0
and /. In that case, however, we can never obtain the integer o because of det K = —2N’.

- 12 —



Emergent Z, symmetry at the self-dual point. Finally, we close this subsection by
mentioning the non-trivial emergent Zo symmetry at the irrational CFT point. We should
note that the self-duality condition (3.14) is invariant under the replacement of the charge
matrix K with its transposed one K7;

K'G'K =@ — KG'KT=qG. (3.25)

This implies some emergent Zo symmetry at the self-dual point, and we find out that the
mapping K — KT can be realized by the transformation of the compact boson field;

o' ¢ =S,07,  S= (1 _1N, _01> . (3.26)

Indeed, the matrix S satisfies the following properties;
S =1yye, STG*S =G*, STKS=KT, (3.27)

and we can easily check that the theory at the self-dual point is invariant under the Zo
transformation (3.26). This emergent Zs symmetry plays a crucial role in discussing the
fusion algebra, and we denote the topological defect associated with this emergent Zo
symmetry by S.

3.2 Duality defect

In this subsection, following the spirit of [45, 46], we derive the duality defect associated
with the diagonal gauging (Z[z%,)diag. First of all, we divide the ambient spacetime into the
left and right regions separated by the co-dimension one defect residing at x = 0. Then, we
propose that the duality defect D can be expressed by the following Lagrangian;
Do [ Kieldo, (3:28)
T Jz=0

where ¢, and ¢ are the compact boson fields which are located in the bulks x < 0 and
x > 0, respectively. We should note that the duality defect (3.28) is gauge-invariant since
the charge matrix K is an integer matrix. In the following, we explicitly show that only
when the bulk kinetic matrix is tuned to be self-dual one G*, the duality defect D correctly
reflects the sequence of operations in (2.3) by seeing the boundary conditions of the left
and right fields. Finally, we give some comments on the topological property of the duality
defect and its orientation-reversion.

The combined system of the bulk theory and the duality defect can be described in the
following action (see figure 4.);

1 . 1 . i
= |Gt nedol+ - [ Giydok nxdod+ o [ Kijoldok, (329

then the variations of the left and right compact boson fields give rise to the following
boundary conditions at x = 0;

=0 : 1G5, xd¢i = Krydo?,, (3.30)

~13 -



DL T 3T
D: ﬁ '[.r:() Ky ()L(I’()H

& Ju Gy dof, A xdei = o Giydok Axdof

=0

Figure 4. Pictorical representation of the duality defect D.

=0 : 1G5, xdod = Ky dgi . (3.31)

We can readily check the equivalence of these two conditions by using the self-duality
condition (3.14). Concretely speaking, we can obtain the latter boundary condition (3.31)
from the former one (3.30) by acting the Hodge dual operation x on both hand sides
in (3.30), and using the self-duality condition (3.14), and vice versa. Furthermore, we
should note that by rewriting the matrix K in terms of the rotation matrix and the rescaling
one, the boundary condition becomes;

r=0: iGi deh =+ ((MR_g)1sdef) . (3.32)

This can be interpreted as first performing a (Z[Q%/)diag gauging to rotate the compact boson
by angle —@ to rescale by the matrix M, and finally performing the T-duality transformation.
This observation corroborates that our construction (2.3) can be realized by insertion of
the duality defect D defined by (3.28) into the spacetime.

In addition, we insist that the duality defect D becomes topological when G = G*.
Although this is clear from the viewpoint of the half-space gauging [45, 46], we provide
another proof in the spirit of [53, 99]. To show this topological property, it is enough to
show that the energy-momentum tensors must satisfy the following matching condition;

=0 : n, (T} —TF)=0. (3.33)

Here, T}" and Tf{“j are the energy-momentum tensors in the left and right regions, and
given by

1 1
TI = —Gry 0adlOpdi | 56270 — 546" ) |
i 2 (3.34)

v 1 1 « v w4
Ty = EGU Do ORI (25 Berv — grag ﬁ) ,
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respectively, and n* is the normal vector to the duality defect D. We can easily prove that
the matching condition (3.33) can be achieved by using (3.14) and (3.30). As a result of
this reasoning, we can conclude that the duality defect D is topological.

Finally, we comment on the orientation-reversing of the duality defect D. Its orientation
reversal D(M) is defined by [47, 52];

D(M) = D(M), (3.35)

where M is the support manifold of the duality defect, namely x = 0, and M denotes the
orientation reversal of M. The defect action of D can be obtained by swapping ¢7, with ¢r,
and flipping the overall sign stemming from the orientation-reversion of M;

D) ¢ o [ Kool dok. (3.36)

Note that we can also obtain D only by replacing the charge matrix K with its transposed
one in the duality defect D. We can realize this replacement by utilizing the emergent Zo
symmetry discussed in section 3.1, and write the orientation-reversed duality defect D in
terms of D and S;

D=8SxDxS. (3.37)

We should notice that the orientation-reversed duality defect D can be interpreted as the

duality defect obtained by gauging Z[Q%, symmetry generated by 7s;

nsﬁ:SX’l’]ﬁXS. (3.38)

[0]
2

This is because, after gauging this Z,,, symmetry, the charge matrix is given by the

transposed matrix K.

3.3 Non-commutative fusion algebra

In this subsection, we describe various fusion rules involving the duality defect D introduced
in section 3.2. Since the derivations of the fusion algebra require somewhat technical
calculations, we just digest our results here. If the readers have some interest in the
detailed calculations, we refer to reading appendix (A), where some skipped derivations
are demonstrated.

First of all, we consider the fusion rules between the duality defect D and the (Z[z%,)diag
shift symmetry generator 7 (X) defined by;

_ p’ J S T
g (X) = exp [—QN,/ZGU*dczﬁ ] , =117, (3.39)

where ¥ is the parallel line to the duality defect D. Interestingly, unlike the ordinary fusion
rules of the duality defect, nz x D and D X n; do not give rise to the same results in general.
If we bring the (Z[Q()]]\,,)diag shift symmetry generator 7y closer to the duality defect D from
the left side, the fusion rule 7y x D reads;

. . I
i ip" Kry J
XD 1 — Kol dot — / Ao, . 3.40
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Here, we should recall p! K77 =0 mod 2N’, hence the last term in (3.40) becomes trivial
and can be dropped. This implies that the symmetry generator 7; is absorbed into the
duality defect D, and the fusion rule 77 x D becomes as follows;

nyxD=D. (3.41)

From this, it turns out that the duality defect D is non-invertible.” On the other hand, if
we put the (Z[2 J]\/')dlag shift symmetry generator n; to the duality defect D from the right,

the non-trivial Z[Q Z]V, winding symmetry generator becomes emergent on the left side of the
duality defect;

i ip’ Krj
D xny - %/z:o Kry ol dodh — G /x:o dot (3.42)

since p’ K77 # 0 mod 2N’ in general. We denote this emergent Zg}]\,, winding symmetry

generator by 7k, then the fusion rule D x 1z becomes as follows;

By comparing the above results (3.41) and (3.43), we can conclude that the obtained fusion

rules are non-commutative, namely 1z x D # D x n;. What happens if we close the Zg}]\,,

winding symmetry generator 7y to the right side of the duality defect D? The fusion rule
D x 1k can be calculated as follows;

(HTKTK

. i
D x ks %/_0 Ky ol doi + P / Gy *dol . (3.44)

From (3.39), the last term in (3.44) is none other than the shift symmetry generator nasx;

—'TKTMT B
vy (X) = exp [ (/ Gry *d¢‘]] M= (K", (3.45)
and the fusion rule D x 7k becomes as follows;

D x ﬁKﬁ =NMKp X D. (346)

We should notice that ny/xp is the symmetry generator associated with ZE%]N,)Q shift
symmetry. If we moreover put this the shift symmetry generator ny/x5 to D from the right,

ZEZ]N,)Z winding symmetry generator 7k sk appears in the left side;

DXT]MKﬁ: ﬁKMKﬁXD- (347)

We can straightforwardly keep going the above discussions, and eventually obtain the
following fusion rules:

D X nmryipg = NrkmK)ys X P, DX nNgmryisg=Nmkyi+1 3 XD, i=0,1,2,---,
(3.48)

9This can be readily checked as follows. Suppose that the duality defect D is invertible, i.e., D x D~! =1,
this contradicts with the fusion rule derived in (3.41);

DxD '=nsxDxD ' =nz#1.
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where 1y )i 5 and 1 (ar gy p are ZE(;]N,)Z- shift and winding symmetry generators, respectively.
This implies that the fusion algebra concerning the non-invertible duality defect constructed
from the diagonal gauging is infinitely generated. Notably, this is consistent with the general
property of the irrational CF'T where the number of topological defect lines is expected to
be infinite.

Interestingly, we find out the closed fusion subalgbera of the infinitely generated fusion
algebra described above. To see this, we first redefine the duality defect D by dressing the
Z[QOJ]V, winding symmetry generator;

i isp’ K

which is labelled by the Zon+ element s = 0,1,---2N’ — 1. The fusion rules between the
dressed duality defect Dy and the (Z[Q(}]V,)diag shift symmetry generator n; becomes;
ny X Dg = Dy, (3.50)

Dy X 1y = Dyy1 - (3.51)

However, as it is, the fusion algebra is not closed, which can be seen from the direct
calculation of Dg, X Ds,;

i

Dsl X D32 : %

fanmd
/I:O(Kuéf)ﬂ — K19R)désy — % /I:O iy - (3.52)
To our best effort, we cannot write the above result in a closed form by using the known
topological defects. Hence, further modification for the duality defect is needed to close
the fusion algebra. After some trial and error, we find out that the following combination
works well for the closure of the fusion algebra;!”

~

D31752 E(T]Sﬁ)sl XD52 XS, 8178220,--' 72]\/vl—1, (353)
and we arrive at the following conclusion;

Non-commutative fusion subalgebra at the irrational CFT point. Non-invertible

symmetry constructed from the half-space gauging of (Z[Q%,)diag becomes emergent at the

irrational CFT point. The fusion algebra is non-commutative and infinitely generated. We

find out the closed fusion subalgebra;

~ ~ ~

,D81752 X DS3,S4 - CSz+53181+S4 >

DShSz X Ny =My X DS1,52 = DS1,82 )
~ ~

N5 X Cs1,s0 = Csy,55 X Mg = Csy.5

~

19%e note that orientation-reversed dressed duality defect 551,52 (M) = Ds, 5, (M) can be expressed in
terms of the dressed duality defect D, s, as follows;

Dsy s =Ny X SX D X gy
52 51
=ngy” X DX S Xngs

~
=D_sy,—s1 -
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w

~ ~
_ !
1,52 X CSg,S4 =2N D81+83752+S4 )

o~

xQ

— '
$1,82 X D83,84 =2N D82+S3,S1+S4 )

s1,80 X 553,84 = 2N/ é\Sl+53,82+84 )
2N =1, (3.54)

x

where 581752 is the projection operator associated with (Z[gv,)dmg shift symmetry, dressed

with the Z[QOJ]V, winding symmetry generator;

: J
~ isip’ K1y
631,32 (E) =exp l_ AN/ /2)d¢£]

i 27s
«Jpoon]-g (o -oh- s on) ]

(3.55)

We can easily check that the above fusion algebra satisfies the associativity condition. For
instance, the fusion rule (Ds, 5, X Ds,5,) X Dy 55 becomes as follows;

<D51,82 X D83,84) X D85,86 - CS2+53181+84 X D55,56 (3 56)

PN
= 2N'Ds; 454455,52+s3+56 -

On the other hand, the fusion rule 2551782 X (533,54 X 1555786) can be evaluated as follows;

~ ~

Dy, sy X (Dss,s4 X Dsy,s6) = Dsy sy X Csytss,satse

P (3.57)
= 2N'Ds; 4 s4+55,52+s3+56 -
From 3.56 and 3.57, the associativity condition does hold;
(ﬁ31732 X 2383784) X ﬁ85,86 = ﬁ81782 X (ﬁ83,84 X ﬁ35756)‘ (3-58)

For other defects, we can show the associativity in a similar manner to the above.

Here, it is instructive to compare the above fusion algebra 3.54 with the one obtained
by gauging the product subgroup Zy, x Zy, CU(1)1xU(1)2. In this case, the charge matrix
is given by the following diagonal form;

N, 0
K= ( 01 N2> : (3.59)

then the self-dual kinetic matrix is also diagonal;

N 0
G= (o N2> . (3.60)

The above result 3.60 shows that we can split the ¢ = 2 bosonic torus CFT into the double
¢ = 1 compact boson CFTs, whose radiuses are given by /N7 and \/N3. By recalling
the facts about non-invertible symmetries in ¢ = 1 compact boson CFT [45, 46|, we can
convince that the non-invertible symmetry from the gauging Zy, x Zy, becomes emergent
at a RCFT point, and the resulting fusion algebra is given by the Tambara-Yamagami
category (1.3). This observation is consistent with the fact that we can undress totally of
various global symmetry generators from the dressed duality defect 2351752, and the resulting
fusion algebra 3.54 is reduced to the Tambara-Yamagami category.
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4 Example in four dimensions: pure U(1)xU(1) gauge theory

In this section, we provide a four-dimensional example that has a non-invertible symmetry
obtained from the diagonal gauging. In particular, we consider the pure U(1)xU(1)
gauge theory;
SAL A = L [ g dAl nxdd? . Lo=1,2, (4.1)
47 Sy

where A! and A2 are U(1) gauge fields. Note that this model is the higher-dimensional
analog of the ¢ = 2 bosonic torus CFT, and has the same symmetry structures with that.
(See table 2.) Therefore, we can parallelly discuss the non-invertible symmetry in this model
based on the method accomplished in section 3.

This theory has the electric one-form symmetry U(1)§¢xU(1)$ [2] and the electric-
magnetic duality: G — G~!. First, we gauge the diagonal subgroup (Z[;]]V,)diag c U(1)$ke x
U(1)8'® , generated by;

I
7717(22) = exp [ 2]])\[/ /22 9rJ *dAJ‘| , D= (1’ 1) ) (42)

where Y9 is a two-dimensional closed manifold. When the kinetic matrix Gy satisfies the
self-duality condition KTG~'K = G, namely its solution is given by

G =

2N ( 2Ky K2+ Ko

, D= (Kig+ Ko)* — 4K11 Koo, 4.3
D \ Kot Ko 2K ) (K12 + Koa1) 11 K22 (4.3)

the diagonal gauging (Z[Qlj]v/)diag becomes a non-invertible symmetry. Furthermore, the
(topological) duality defect D and its orientation reversal D is obtained by the same
procedure as discussed in section 2, and its defect action can be written as the following;

D i/ Ky Al dAf,, (4.4)
21 S

D —i/ Ky Al dAy, (4.5)
21 S

where Mj is a three dimensional manifold, and A;, and Agr are gauge fields living in left
and right regions, respectively. As with the two dimensions (3.37), we can rewrite D in a
following way;

D=8SxDx8xU, (4.6)
where S and U are Zy symmetry defects which act on the gauge field A’ as follows;
S:Alws;AT, U Al —AL (4.7)

Here, the matrix S is defined in (3.26). The resulting fusion algebra is again infinitely
generated and non-commutative, and in a similar manner to the two dimensions, we can
find the closed subalgebra by defining the dressed duality defect Dy, 4, as follows;

Dy 1,(Ms) = nsp(t) X Dy (Ms) x S, (4.8)
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Figure 5. The result of the fusion rule D x ny. Here, we imagine that the duality defect D (orange
plane) is sitting on this paper. In the left (right) diagram, the electric (magnetic) symmetry defect
ng (Mkz = exp( ‘p K” [ dAT)) is living in the front (back) side of the duality defect. Both symmetry
defects serve like the 1-morphisms, mapping from the below duality defect D to the above one D.

where ¢ and ¢ denote the homology cycles belonging to Ha(Ms,Zon'), and

nNss t1) = exp | — L g * dAJ 4.9
p( 1) 2N/ t 1J ) ( ° )
t2 3 21 J s I 2N s '

We also have the orientation-reversed duality defect Etm (M) = @t17t2 (M) as follows;
ﬁtl,t2 = ﬁ—tg,tl XU=U X ﬁtz,—tl . (411)

Accordingly, we must also dress the condensation defect [32, 47, 100-104] as follows;

ANy, 2N

/Daexp [—/ Kr(AL — AL)da” } .

Then, we can obtain a non-commutative fusion subalgebra concerning Dy, ¢,, Ct, ¢, and the
11

~ —in K Kg
Ctl,tQ(Mg) = exp [plj dA£ — p JK /t gJM * dAﬁw
? (4.12)

(Z[;}v,)diag symmetry generator 7y as follows;

Non-commutative fusion subalgebra in pure U(1)xU(1) gauge theory.

ﬁthtz X 5t3,t4 = CA*t2+t4,t1*t3 )
ahtg X ﬁtg,m = 5—t1+t3,—t2+t4 )
Ethtz = ﬁ—tg,tl XU =U X ﬁtz,—tl s
ﬁt1,t2 XN = Mg X ﬁt17t2 = ﬁtlth s
ﬁtl,t2 X CAt3,t4 = Zﬁt1+t37t2+t4 )

Ctyty X Dty ity = Z Dttty —ty+t4 5

1We have checked that the obtained fusion subalgebra satisfies the associativity condition.
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Ct17t2 X Ct37t4 = th1+t37t2+t4 )

g =1, (4.13)
where Z is the decoupled topological field theory defined by;
Z(Ms) = / DaDbexp [—1 Kryal de] . (4.14)
21 Sy

Here, a and b are dynamical U(1) gauge fields living in Ms, decoupled from the bulk theory.

Finally, we give some comments on the fusion rule between the duality defect D and

the (Z[;]]V,)diag symmetry generator ;. The fusion rule D X 7z can be evaluated as follows;

I .
p J ! I gaJ
D(Mg) X T]ﬁ(zg) = exp <_2N/ ‘/22 QU*dAR — o A/[3 K]JAL dAR>

«J .
= —— dA;, — — Ky A dAg | -
exp ( oN' Jy, T og fyy, A R)

(4.15)

From the right-hand side, the electric and magnetic one-form symmetry defects look like
the 1-morphisms which map the duality defect D to the same one in the context of the
higher category [33, section 2]. Our “l-morphism” is, however, different from the standard
1-morphism in the higher category. This is because the different 1-morphisms, namely
electric and magnetic one-form symmetry defects, appear on the left and right sides of
the duality defect D. It may be an interesting open question to explore the mathematical

structures of our “l-morphism”.

5 Conclusion and outlook

In this paper, we explored the non-invertible symmetries by using the half-space gauging
associated with the diagonal sub-group (Z[Qq]]v,)diag. In the ¢ = 2 bosonic torus CFT, we
showed that the diagonal gauging produces the non-invertible symmetry on the irrational
CFT point, and derived the fusion algebra. In order for the algebra to close, we need to
dress the duality defect with various global symmetry generators, and the resulting fusion
algebra is non-commutative. Also, we apply the half-space gauging to the pure U(1)xU(1)
gauge theory in four dimensions and discuss the fusion algebra in a very similar manner
to the ¢ = 2 bosonic torus CFT. The consequent fusion algebra in four dimensions is also
non-commutative.
We conclude this paper by mentioning some future directions;

e In this paper, we mainly focused on the diagonal gauging, yet we can consider other
gaugings. For instance, we can consider the gauging condition p'n; + p?ng = 0
mod N, which is more general compared with the diagonal gauging. Also, shift
and winding symmetries in two dimensions (correspondingly, electric and magnetic
one-form symmetries in four dimensions) have a mixed 't Hooft anomaly. Hence, they
cannot be gauged simultaneously and we cannot naively implement the half-space
gauging associated to them. Even in that case, however, if we choose the nice discrete

- 21 —



subgroup, we are free from any 't Hooft anomalies and can proceed with the half-space
gauging!'? [87]. The half-space gauging via these other gaugings may result in new
non-invertible symmetries which are not captured in this paper.

e In more general, we can add the topological terms by turning on the B-field and
theta angle in two and four dimensions, respectively. In this paper, we only consider
the case where the charge lattice after gauging is a rectangular type. However, if
we include such topological terms in the actions, the charge lattice is not limited to
the rectangular one. This is because the B-field or theta angle makes the axis of the
charge lattice tilted. It is interesting to investigate this generalization.

Addressing these future directions would help with completing the landscape of non-invertible
symmetries in the ¢ = 2 bosonic torus CFT and the pure U(1)xU(1) gauge theory, and we
leave them to intriguing avenues for future works.
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A Derivations of the selected fusion algebras in section 3.3

In this appendix, we provide concrete calculations, mainly focusing on the fusion algebras,
which are omitted in section 3.3. Our methodology to derive the fusion rules closely follows
the work [52, section 6].

e Ny x D =D (3.41)

In order to derive the fusion rule n; x D, it is sufficient to consider the left bulk and
the defect actions, which are given by

1 i pI
— G*dedJ—/K L do, /G*d‘]. Al
47r/x<0 17 dP1, Ax ¢>L+27r - 1J PL, ¢R+2N, o 1%doT, (A1)
By changing the path integral variable ¢7;
2mp”
J 1J
_ _ _ A2
¢L ¢L 2N/ 9( x)? ( )

where 6(x) is a step function defined as #(x) =0 in z <0 and 6(z) =1 in & > 0, the
above combined action A.1 becomes;

1 i ip! K1,
— G dd Axddy —/ K¢t dod — / do, . A3
gy /KO 1.7 Ao1, Nxdoy, +27T - 1J 91, dog SN g PR (A.3)

12We thank Kantaro Ohmori for pointing out this possibility.
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Note that p! K77 = 0 mod 2N’, therefore the last term can be dropped from the
action. Then, we get the following fusion rule;

ny X D=D. (A.4)
« D xny(3.42)

As stressed in the main text, the fusing the (Z[onl,,)diag shift symmetry defect 1 to the
duality defect D from the right shows a different behavior from the case of 1y x D.
To see this, we only have to consider the right bulk and the defect actions;

1 ] i
4r /0@ G1s d¢IRA*d¢‘é+g /  Kpyéi, g+ NG / Gryxdo,. (A.5)
We perform the following field redefinition:
2mp’
J _ 1J
¢R - ¢R + ON 9(1‘) . (A.ﬁ)

Then, the composite action A.5 can be calculated as follows;

i
ip” Kig
= | Gsdsnedsiic o [ Kol asd =0 [ ol (a)

which shows that the non-trivial Z,ns winding symmetry generator appears on the

left side of the duality defect D due to p’ K77 # 0 mod 2N'.

The following fusion rules are related to our main result 3.54.

~

~ ~
° DS1,82 X DS3,S4 = CSQ+33751+54

By using the associative property of symmetry generators, the fusion rule 73517 59 X 73537 4
can be reduced to as follows;

ss.s = (115p)” X (Dsy X 8) X (155)* x (D x 8) x (155)™*
= (15p)”" X Dsyesy X (§ X D x 8) x (155)™ (A.8)

1 D82+83 x D x (77517)84

~

D x D

51,52

= (1sp)

In the first line, we used the definition of the dressed duality defect 1551,32 and (3.38).
We also made use of (3.38) and (3.37) in the second and final lines, respectively. As
easily can be checked, the fused defect action reads

— So+83)p TK
DosroxD s LR [ ol L [ kol —ofae’. (49

The first term is nothing but the Zons winding symmetry generator, which originates
from the dressed duality defects ZA)SQ and 1353. The second term is the projection
operator associated with the Zspy shift symmetry. To see this, we decompose the
charge matrix K into the Smith normal form:;

N’ —1 1-1\ /2N 0\ [ 1 0
<N’ 1 ) - (0 1 ) ( 0 1) (—N’ 1)' (A.10)
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This shows that the second term can be split into the Zoys BF theory and the trivial
one, and we can write it as a sum of Zoy/ generators (See [53, appendix E| for the
derivation). Also, as we attached the Zyn element to the duality defect, we define
the dressed projection operator 551732 (s1,82=0,1,---2N’ — 1) as follows;

. J
~ B isip’ Krj
Coyosa(Z) = exp l—QN, /E d¢>£]

. ) (A11)
1 s
8 /W P [_27r /2 K1 (¢£ — 9k~ 57 SIKPK) d(pj] '

By using this dressed projection operator, the fusion rule Ds, s, X D can be written as

~

Dsyts3 X D= Csp5.0- (A.12)

Then, we can evaluate the fusion rule Dy, 5, X Ds, 5, as follows;

~ -~

Dy, 55 X 2353,34 = (nsp)°" X 582-5-83,0 X (M55)** = Coptss,s1+s4 - (A.13)

In the last equality, we used the following fusion rule:

~ -~

081,52 X (77517)53 - (77517)83 X 081782 - 051,82+83 ) (A'14)

which can be understood as follows. After redefining the integral variables as follows:

2

2N/SJKpK0(.T}), (A.15)

O = O +

it turns out that the fusing (nsz)** to CASLS2 from the right bulk results in the

shift of qbfi on X by 2;;5? S/Epg. This is equivalent to the replacement the label
s2 in the dressed projection operator Cs, s, as s2 — s2 + s3, hence the fusion rule
Csy,s0 X (Nsp)® = Csy 59455 can be deduced. In a very similar manner, we can also
derive the fusion rule (nsz)% X Cs, s, = Csy sptsg- >

~ ~

* Ny X DS1,S2 = 7-)31,82 and DSLSQ X Ny = Dsl,sz

Here, we derive the fusion rules 75 x 2331,32 and 1351, so X M by using the associativity.
The fusion 75 X Dy, s, can be easily evaluated as follows;

N X 7581,82 =Ny X (77513')51 X Dsz xS

= )1 X Nz X Ds, X S
(77517) Ui 2 (A.16)

—~

175]5')51 X D32 X S

~

= Ds1,32 5

13Here, we should note that shift and winding symmetry generators commute with each other.

— 24 —



where in the third line, we used the fusion rule 3.50. Likewise, we can derive the

fusion rule Dy, 5, X 17 as follows;

~

DS1782 XNy =

In the fourth line, we used the following formula;

which can be derived by a similar way to (3.40) and (3.42).

~

~
DslysQ X 683,84

We can rewrite Ds, 5, X Cs, 5, as follows;

Dy, 55 X 683784 = (775

In the last line, we used the following relation;

(ns5)*

775;?) ><D><7] X 8 X ng

(775 S XDan‘ ><775;5><5

(T]S )s X D x 7755 X 7’];2 xS (Al?)

S

= (nsp)” XD X xS

= Ds, s

Dxnsﬁ:D, (A.18)

)X D xS X (75p)*2 X Csy0 (A.19)

= (sp)*t X S x D x Csy0 X (55)°2+54. (A.20)

X (/3\53,54 = 533,52—',—54 = 55370 X (775]5'>S2+S4 . (A'Ql)

Therefore, in order to calculate the fusion rule 15517 5o X 533,54, we firstly need to derive

the fusion rule D x CAS&O. The defect action is given by

: J
’DXCS370: ON / 0
xr=

By changing the path integral variables as follows:

:¢1{/{_

and the defect action becomes;

i
K ofide’” +

is;;p‘]
271 Je=0 2N’

.

Krydhh+

¢{{7 SOII:@[_¢£7

i
5 /x Ky pldof+—-r

i i
Kisdolyto= [ Kis@hi—obde’+5- [ Kurofasd;

(A.22)

(A.23)
15329 I
b / _ Kisdoh,

(A.24)

The first two terms represent the decoupled TQFT Z, and this can be written as the
sum of Zons symmetry generators. Hence, we have Z = 2N’. Also, the last two terms

are the defect actions of 77;3 x D since the winding symmetry generator is changed to
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the shift one across the duality defect. Combining the above results, the fusion rule

~

Dy, s, X Csy.54 can be derived as follows;

Dsl,Sz S 653,54 = 2N,(T]Sﬁ)81 X 8 X 77;3‘3 x D x (7751?)82+S4
= 2N/(175ﬁ)51+s3 x D x 8 X (nsﬁ)52+s4
=2N'(nsp)* % x D x 7);2+84 xS

N
= 2N'"Ds, 4s3,50+54 -

(A.25)

We can also calculate the fusion rule Cy, 5, X Dy, s, in a similar manner to the
above derivation.
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