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ABSTRACT: Using a recently developed formulation of double field theory in superspace,
the graviton, B-field, gravitini, dilatini, and Ramond-Ramond bispinor are encoded in a
single generalized supervielbein. Duality transformations are encoded as orthosymplectic
transformations, extending the bosonic O(D, D) duality group, and these act on all con-
stituents of the supervielbein in an easily computable way. We first review conventional
non-abelian T-duality in the Green-Schwarz superstring and describe the dual geometries
in the language of double superspace. Since dualities are related to super-Killing vectors,
this includes as special cases both abelian and non-abelian fermionic T-duality.

We then extend this approach to include Poisson-Lie T-duality and its generalizations,
including the generalized coset construction recently discussed in [arXiv:1912.11036].
As an application, we construct the supergeometries associated with the integrable A and
n deformations of the AdSs x S° superstring. The deformation parameters A and 7 are
identified with the possible one-parameter embeddings of the supergravity frame within
the doubled supergeometry. In this framework, the Ramond-Ramond bispinors are directly
computable purely from the algebraic data of the supergroup.
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1 Introduction

Abelian T-duality is an exact symmetry of perturbative string theory. Its initial formulation
on an S! with associated isometries of metric and B-field can be straightforwardly extended
to a d-dimensional torus, where the T-duality group expands to O(d,d;Z). Its modern
description was given by Buscher [1, 2], who couched it in the language of the effective
worldsheet o-models with commuting isometries; here one can derive the transformation
rules of the metric and B-field by integrating out the worldsheet one-forms that gauge
the isometries. Later work extended this approach to include the fermionic fields and the
Ramond-Ramond sector from the target space perspective [3-5] and from the worldsheet
using both the Green-Schwarz superstring [6, 7] and the pure spinor superstring [8].

When these isometries no longer commute, it is no longer clear that the corresponding
classical o-model duality, known as non-abelian T-duality (NATD), is a full-fledged sym-
metry of string theory [9-12]. A symptom of this is that the dual space typically lacks local
isometries that would permit one to invert the duality and recover the original space —
the duality appears to be effectively one-way. Nevertheless, this procedure can still provide
a means to systematically generate new supergravity solutions from existing ones.

Kliméik and Severa showed that one can generalize the notion of duality, so that
two or more g-models related by NATD are indeed properly dual, in the sense that they
can be derived from the same universal £-model [13-15]. In this framework, NATD is
just the simplest example of Poisson-Lie T-duality (PLTD) [16, 17], which can be further
generalized to include a Wess-Zumino-Witten term [18] and a so-called dressing action [19],
where one factors out local symmetries in very close analogy to the construction of o-models
on coset spaces. In this paper, we will be concerned with an even more general framework,
known as a generalized coset [20, 21]. The relations between these various concepts can be
summarized as follows:

abelian C non-abelian C Poisson-Lie <  WZW-Poisson

N N
dressing coset C generalized coset .

One specifies a Lie group ID with a split signature Killing metric n and a maximally isotropic
subgroup H of half the dimension. In the absence of a dressing action, the physical space
lies on the coset H\D, and in this context D is usually called a double Lie group. For the
case of a generalized coset, there is an additional “dressing action” by another isotropic



subgroup F', and the physical space is the double coset H\ID/F. Different o-models arise
when there exist different choices for H, and these are related by this more general notion
of duality.

In recent years, a modern perspective on these developments has been provided in the
language of double field theory (DFT) [22-27].! This is a generalization of supergravity
incorporating T-duality manifestly in the target space geometry and low energy action of
string theory. The coordinates 2™ of spacetime are “doubled” to include dual coordinates
Zm corresponding to winding modes of the string. The metric and B-field are combined
into a generalized metric H. We decompose the coordinates and generalized metric as

9mn — bmkgklbln bmkgkn 1.1
b g™ ) -y

In order to ensure that at most half the coordinates are physical, a section condition is

xr = (xma jm) ’ Hmﬁ =

imposed

WO @ O = 0, g — ( 0 5m”> , (1.2)

om™ 0

where the derivatives act either on the same field or two different fields. The constant
metric 7 is the natural split-signature O(D, D) invariant, and we have decomposed indices
with respect to the GL(D) C O(D, D) subgroup. Typically the section condition is solved
by dispensing with all dependence on the winding coordinates ™ = 0. Different T-
dual geometries are related by choosing different solutions of the section condition; these
solutions are related by global O(D, D) rotations, which act on the generalized metric H in
the same manner as the Buscher rules [1, 2]. In this sense, double field theory geometrizes
T-duality.

This bears a striking similarity to PLTD and indeed the two are intimately related [28],
with PLTD and its generalizations corresponding to double field theory on group mani-
folds [29] or coset spaces [20]. This has been an active area of research in recent years
(see e.g. [28-34] and references therein). As formulated in [24-27], DFT encompassed only
the NS-NS sector (graviton, B-field, and dilaton). It has since been extended [35-38] to
include the NS-R fermions (gravitini and dilatini) and the R-R sector (the even/odd p-form
complexes) of type II string theory, but this extension did not fully unify the fields. The
three sectors, NS-NS, NS-R, and R-R are encoded separately in the low energy type II
action, and this complicates the construction of the dual supergravity backgrounds since
one cannot address all sectors simultaneously using the same methods. Typically, one uses
geometric or o-model methods to fix some of the fields and then exploits the structure
of k-symmetry and supersymmetry to uncover the rest. The Ramond-Ramond sector is
particularly onerous, since unlike the other bosonic fields, it does not appear explicitly as
a separate term in the Green-Schwarz o-model action.?

!The early work of Siegel [22, 23] is essentially equivalent to the frame formulation of DFT. This already
included a superspace formulation [23], although limited to the type I and heterotic cases.

2 After fixing a certain supersymmetric gauge (i.e. normal coordinates) in the Green-Schwarz action, one
can perform an order-by-order 6 expansion of the superfields Ej® and Byny and uncover the Ramond-



Naturally, one could consider broader U-duality covariant formulations, which are
based on exceptional groups. These include double field theory as subcases: for exam-
ple, the maximal case of E;(11), when decomposed under its O(10, 10) subgroup, possesses
at leading order in the level decomposition the NS-NS and R-R sectors of DFT [40-42].
However, the situation with exceptional groups and generalized dualities is not nearly as
well developed as their DFT analogues. We will return to this point in the discussion
section.

The goal of this paper is to address some of the topics discussed above from the
perspective of a manifestly supersymmetric and duality covariant formulation.? Such a
formulation has recently been constructed by one of us in the language of double super-
space [45], building off earlier work on the subject [23, 46-49]. Double superspace can
be understood in a nutshell as simultaneously geometrizing supersymmetry and T-duality.
In conventional superspace, the graviton (vielbein) and gravitino are unified into a single
supervielbein, which in a certain gauge reads

ema(‘r) wma (IL‘)

12

) +O) . (1.3)

Diffeomorphisms and supersymmetry are unified into superdiffeomorphisms. In double
superspace one is led to consider a generalized (double) supervielbein, which can be written
in a certain gauge and duality frame as a product of three factors,

~ S Byn(—)" En®B 0 st 0
A ~ _ M MN N B
Vi (z,0,z,0) = < 0 M ) X ( 0 EpN(—)ren x| gpa 55 4 (1.4)

The field Ej* is the supervielbein, Bysn is the super two-form (which appears in the
Green-Schwarz action), and SBA includes “matter” fields, the dilatini and Ramond-Ramond
bispinor. The duality group O(D, D), which governs the geometric structure of double
field theory, is replaced by its natural supergroup analogue, the orthosymplectic group
OSp(D, D|2s) with D bosonic coordinates, s fermionic coordinates, and their duals.* Dif-
feomorphisms, B-field gauge transformations, and supersymmetry are all encoded in a
single generalized superdiffeomorphism. Because all of the fields of supersymmetric double
field theory are described in a single geometric object, one can apply the same techniques
to derive how all of them transform under dualities, including abelian, non-abelian, and
their generalized cousins.

Ramond fields, see for example [39]. In contrast, the pure spinor action contains the Ramond-Ramond
sector explicitly witout any gauge fixing, which has been used to cleanly derive its transformation rules
under NATD [8].

3We are not the first to discuss Poisson-Lie T-duality on supermanifolds. To our knowledge, this was
first addressed in the work of Eghbali and Rezaei-Aghdam (see [43, 44] and subsequent works by these
authors addressing specific examples). A small but important difference in our scheme is that we do not
require an invertible supermetric, which is important for applications to the Green-Schwarz superstring.

“The role of the orthosymplectic group has been explored for dualities of general sigma models with
both bosonic and fermionic degrees of freedom in [50]. It has been discussed in the sigma model context
e.g. in [51] and in the double field theory context in [23, 46, 48].



A crucial point about conventional superspace is that it is not simply described by a
super-Riemannian geometry with an unconstrained supermetric. Rather, one must employ
the supervielbein and impose constraints on its torsion tensor in order to recover the
physical field content of supergravity. These constraints involve 6-derivatives, but typically
constrain the xz-dependence as well, placing the geometry on-shell. In the Green-Schwarz
superstring, these constraints arise from requiring k-symmetry. Analogous statements hold
for double superspace — we need to impose constraints on the generalized flux tensor F g5¢
in order for a supergravity interpretation to be possible, and these will coincide with the
K-symmetry constraints.

We begin in section 2 with a discussion of superspace double field theory, highlighting
how the duality group OSp(D, D|2s) acts on the various constituents of V. These trans-
formations provide the generic scaffolding in which all T-dualities must act. In section 3,
as the simplest non-trivial example of such a transformation, we review the case of super
non-abelian T-duality (NATD) in the Green-Schwarz superstring, where a supergroup G
of isometries is dualized [52] (see [6, 7, 53] for earlier work on abelian T-duality of a single
bosonic isometry, [54] for the non-abelian T-dual of supercoset o-models, and [55] for a dis-
cussion of the self-duality of the Green-Schwarz o-model on AdSy x S? backgrounds). By
comparing the dual Green-Schwarz models, one can deduce the form of the orthosymplec-
tic transformation, which immediately yields the transformation rules of the supergravity
fields, including the transformations of the Ramond-Ramond fields [56, 57].

As a side benefit of this analysis, we are able to specialize to a fermionic isometry and
recover results for fermionic T-dualities, both in the abelian [58-63] and non-abelian [64, 65]
cases. The case of non-abelian fermionic T-duality has been of particular interest recently,
and we highlight the origin of the conditions given in [64, 65] for the Killing spinor from
the o-model.’

Non-abelian T-duality of the GS superstring provides a concrete example, exhibiting
a number of important features that continue to hold for more general cases. In section 4,
we introduce, following [20, 29, 70], the notion of a generalized parallelizable superspace,
which is the natural analogue of a group manifold in the doubled setting, requiring only a
double Lie group D and its maximally isotropic subgroup H. In section 5, we extend this
framework to generalized supercosets, where an additional isotropic subgroup F' is factored
out, in direct analogy to the bosonic case [20]. In both of these discussions, we address
two particular examples, D = G x G and D = G®, where G is a real super Lie group
admitting an invertible Killing form. Both examples admit maximally isotropic subgroups
H, the diagonal subgroup Ggiag for G x G and the real subgroup G for GC. The two
groups G x G and GC can be analytically continued into each other, and the same holds
true for their respective generalized geometries. For GC, another isotropic subgroup H is
sometimes possible: it requires an R-matrix satisfying the modified classical Yang-Baxter
equation. The two solutions for G© lead to backgrounds related by Poisson-Lie T-duality.

5Fermionic T-duality has also been discussed in the context of a doubled o-model with T-dual fermionic
coordinates [66]. We will not address doubled o-models here, but it is likely super DFT can be formulated
there, in analogy to the work of [67-69].



The discussion of generalized parallelizable superspaces and generalized supercosets in
sections 4 and 5 is not really any different from their bosonic analogues: in effect, we simply
insert a grading. In order to apply these results to supergravity, we must further impose
additional k-symmetry constraints on the generalized flux tensors. We review these in
section 6 and discuss how they can be imposed in two specific cases: these are the so-called
A and 7 deformations of the AdSs x S° superstring. The A deformation [71] (building off
earlier work [72, 73]) arises from a deformation of the non-abelian T-dual of the AdSs x S°
superstring. The n deformation [74, 75] is a type of Yang-Baxter o-model [76, 77] (see
also [78]). Remarkably, these two different deformations preserve the integrable structure
of the superstring, and this property has driven interest in them. From our perspective,
these models are interesting because they can be very simply understood in the context
of Poisson-Lie T-duality for the double Lie groups G x G and G, respectively, where G
is the superisometry group PSU(2,2[4) of the AdSs x S® superstring.® This interpretation
was given in the language of £-models for the bosonic sector in [15]. Our main task in
section 6 is to extend this to the fully supersymmetric case.

In addressing the A and 1 models, we proceed ahistorically, and in fact, anti-chronologi-
cally. Beginning with the underlying double Lie structure of G x G and GC, we will seek
to build a generalized supervielbein VA whose flux tensor F45c obeys the k-symmetry
constraints (6.1) and (6.2). For each case, there turns out to be a single one-parameter
family, and this leads inexorably to the A and 1 models upon identifying the underlying
constituents of the Green-Schwarz action. All supergravity fields, including the Ramond-
Ramond field strengths, are read directly off from the supervielbein and match the results
derived by analyzing the respective Green-Schwarz o-models [80].

In line with our ahistorical approach, we will not directly address issues of integrability
or the connection between generalized duality and integrability. For a discussion of inte-
grability, the reader is referred to the recent work [81], which explored some of these very
issues for supersymmetric o-models; specifically, it was shown that the Lax connection is
preserved (a sufficient condition for integrability) after performing non-abelian T-duality in
superspace analogues of the principal chiral, symmetric space, and semi-symmetric space
o-models. On the connection between £-models and integrability, the reader is referred
to [82, 83].

We include several appendices. Our conventions for supergroups, including the or-
thosymplectic group, can be found in appendix A. We sketch some relevant results for type
II supergravity in superspace in appendix B. A concise discussion of gauged superspace
o-models (whose results we employ in section 3) is given in appendix C. Finally in ap-
pendix D we give the generalized flux tensors for the 7 and A models that are compatible
with k-symmetry.

This particular duality between g-models on G x G and G® has been known for some time [79]. We
thank Evgeny Ivanov for pointing out this reference.



2 Supersymmetric double field theory and the framework of T-duality

We will be employing the supersymmetric formulation of type II double field theory in
superspace recently discussed in [45] (see also [46, 47] and [48] for related earlier discus-
sions). In this section, we will review some basic elements of this approach and explain how
T-duality is manifested on the generalized supervielbein. As a first step, we will review
some key features of bosonic double field theory, before showing how these generalize to
the supersymmetric setting.

2.1 Bosonic double field theory and O(D, D) T-duality

Double field theory [23, 24, 27] is formulated on a space with local coordinates 2" where
fields are subject to a modified notion of generalized diffeomorphism governed by a Lie
derivative IL which preserves an O(D, D) structure. For vector fields V',

LeV™ = M0, V™ — V(0,6™ — 0™¢5) (2.1)

where indices are raised and lowered with the constant O(D, D) metric 1;5,. The space
comes equipped with a generalized metric H,;5, which is an element of O(D, D) so that
its inverse is (H~1)™" = H™"  Closure of generalized diffeomorphisms is guaranteed if we
universally impose a section condition on all fields and parameters, 7"0;, ® 05 = 0, where
the derivatives may act either on the same or different fields. The metric and coordinates
can be decomposed in terms of the GL(D) C O(D, D) subgroup as

The section condition can then be solved by choosing ™ = 0 universally. Then, the
generalized metric H is described in terms of a metric g, and a Kalb-Ramond two-form

bmn as

mn_bm klbn bm kn
L (9 kg0l k9 ) 7 (2.3)

P g™, g

and the generalized Lie derivative decomposes into the conventional GL(D) Lie derivative
and B-field transformations.

The description in terms of a generalized metric turns out to not be particularly useful
when passing to superspace. Just as supergravity requires that we exchange a metric g,
for a vielbein e,,*, supersymmetric double field theory requires we replace the generalized
metric s, with a generalized vielbein Vi;%. These are related by

Hoinn = Vm&VﬁbHdi) (2.4)

where H_; is a constant matrix invariant only under the double Lorentz subgroup O(D —
1,1) x O(1,D — 1) of O(D, D). These objects are naturally written in the chiral basis of



O(D, D), where a flat vector V& = (V2 V?) is decomposed into a left-handed vector V? of
O(D — 1,1) and a right-handed vector V® of O(1, D — 1). In this chiral basis,

Tlab 0 Tlab 0
Mabp = ; Heop = ; T = —Tab - (2.5)
ab < 0 %> ab ( 0 _%> a a

The generalized vielbein can be decomposed as [22, 84]

1 1 1
Vo™ = ﬁeam7 Vam = ﬁ(ema - eanbnm) - ﬁean(gnm - bnm) ) (2'63‘)
1 1 1
Vﬁm = 7§m7 V§m = —(ema — 7§nbnm = _77§n nm T bnm ’ 2.6b
75 \/E(e é ) 7 (9 ) (2.6Db)

which is the generic form if one supposes V,™ and V5™ to both be invertible matrices. This
can be expressed as a product of two O(D, D) factors:

VAm _ L €a" nabenE % 0™ —bpm (2 7)
Cve\E" ngen” 0 & ) '
The two vielbeins e,,* and e,,* describe the same metric, gmn = €m®enap = —émgéngng

implying that they are connected by a Lorentz transformation

A =e."e," (2.8)

The double Lorentz symmetry can be fixed to a single Lorentz group by adopting the gauge
A = 1. However, in supergravity this is more subtle because chiral fermions are present,
breaking each Lorentz group to its connected (proper orthochronous) component. This
means that A falls into one of four classes, depending on whether it preserves or reverses the
temporal and spatial orientations: this distinguishes the type ITA/IIB/ITA*/IIB* duality
frames [37, 38, 85].

Double field theory conveniently packages the O(D, D) structure of T-duality transfor-
mations. To see how, we define Epp := grm —brm and Epp = gnm +0nm = (ET )nm = Epn.
An O(D, D) transformation U,™ acting on the right of V3™ can be written

5 hrr T N U, U,
Vd/m = V&nUfLmv Umn - (UTﬂn UZ:> (2'9)
Defining

X" = U + EppUP™ . X" = Up" — By UP™ (2.10)
Ymn = Umn + ]EmpUpn Ymn = Umn — ]EmpUpn y (211)

one can show that
e = ea" X" e =" X", (2.12a)
E;’nn = (X_l)mp}/;)nv I_E;nn = (X_l)mp)_/pn . (212b)



This recovers the Buscher rules for the metric and B-field and has the form of a fractional
linear transformation on E,,,. The fact that E,,, = E/ . follows from the O(D, D) struc-
ture. Also encoded above is how the Lorentz transformation AQE that defines the type II
duality frame is related to the original Aag. This can be written alternatively as a left or
right Lorentz transformation A(U),

AP = e, (X XY en® xALP = Ap® x & (XX V) m"en? (2.13)

A AW)

Again, the fact that this is a Lorentz transformation follows from the O(D, D) structure.
In addition to the generalized vielbein, double field theory also involves a generalized
dilaton e~2¢. This is a density under O(D, D) transformations, transforming as

Lee 2 = €M0p,e 72 + 0,8Me ™20 = 9, (£Me™2) . (2.14)

Upon solving the section condition, the physical dilaton ¢ is identified by removing a density

2d

factor from the generalized dilaton, e=?¢ = e=2% x dete,,*. A generic transformation of

the generalized dilaton is simply a scalar factor
N (2.15)

which is a priori independent of Uz". Together Uz" and Ux encode an O(D, D) x Ry
transformation. It follows that the physical dilaton transforms as

e 2 =% x det X,," x Un . (2.16)
Note that det X,,,"* = det X,,,” since X and X are related by a Lorentz transformation.

2.2 Supersymmetric type II double field theory

We turn now to supersymmetric type II double field theory [38]. At the component level,
supersymmetric double field theory consists of the following fields:

« the generalized vielbein Vj;,® and the generalized dilaton e~2¢;

e the gravitini \IIaB and Wz®, which are vectors and Weyl spinors under alternating
Lorentz groups, and the dilatini p, and pg, which are Weyl spinors of opposite
chirality to the gravitini;

o and the Ramond/Ramond field strengths, which can be described equivalently as an
O(D, D) spinor |F) [35, 36] or a Weyl bispinor F** of O(D—1,1)x0(1, D—1) [37, 38].

In order to make contact with conventional superspace (and the Green-Schwarz su-
perstring), a parametrization is needed that naturally leads to a supervielbein F ™ and a
Kalb-Ramond super-two-form Bjysx where 2 = (2™, §#) are the D bosonic and s fermionic
coordinates of superspace. This can simply be done by mimicking the structure of bosonic
double field theory, but replacing O(D, D) with its natural graded extension OSp(D, D|2s),
the orthosymplectic supergroup involving 2D bosonic and 2s fermionic directions [48]. For



type II superspace, we will need D = 10 and s = 32. For the details about this supergroup,
we refer to appendix A.2.

One begins by formulating supersymmetric double field theory on a superspace with
local coordinates 2™, with M a curved vector index of OSp(D, D|2s). Generalized diffeo-
morphisms act on a vector VM as

LV M = N oy VM — VA (apeM — oMen(—)™) . (2.17)

Here and in the rest of the paper, we use the notation that (—)™" is —1 if both M and
N are fermionic and 41 otherwise. Similarly, we use (—)™ for —1 if M is fermionic and +1
otherwise. This notation follows the classic text [86] and is a shorthand for the mathemat-
ically cleaner but bulkier notations (—1)¢M<WV) and (—1)<M) respectively, where €(M) is
0 for bosonic M and 1 for fermionic M, see for example [48].

Indices are raised and lowered with the graded symmetric orthosymplectic invari-
ant nan subject to NW-SE rules, Vyy = VNUNM, yM = nMNVN, and nMPypy =
Sy M(=)™". Closure of the gauge algebra is guaranteed by imposing the section condition
"N oy ® Oy = 0, exactly as in bosonic double field theory.

To recover conventional superspace, we decompose all objects carrying curved indices
M under the GL(D|s) C OSp(D, D|2s) subgroup. The OSp(D, D|2s) metric in this basis is

MN 0 N 0 on™
U <5MN(—)m" 0 > ;M <5MN(—)m” 0 (2.18)

The coordinates and their derivatives decompose as

8./\/( = <8M,5M) s ZM = (ZM,ZM), 8MZN = 5MN —

8MZN = 5MN, 5M§N = 5NM(_)nm (2.19)

where 2™ is the physical coordinate and % is the winding coordinate. We normally solve
the section condition by discarding any dependence on the winding coordinate.

As in bosonic double field theory, we introduce a generalized supervielbein VA with
which to flatten generalized vectors. We choose it to be an OSp(D, D|2s) element, so that
it is related to its inverse (V=) M = VM by VM = MNVNBsa (—)®™. For type II
superspace, the flat index A decomposes in the chiral basis into two vector indices, one for
each factor of the double Lorentz group, and four Weyl spinor indices, one of each chirality
for each factor. We denote this for a vector V4 as

VA:(V;Va ve | ve vy V@).
1 1 1 1

relative dimension —5 5 0 -3 3

(2.20)

We have included above the relative dimension of these various components. These dimen-
sions can be understood as arising from the R factor in the decomposition OSp(10, 10/64) —
0(9,1)r, x O(1,9)r x R4. This dimension is one reason why we should not combine the
two 16-component Weyl spinors V,, and V< into a single 32-component Dirac spinor.



We have normalized the relative dimension so that it leads to the correct notion of
engineering dimension for the flat derivatives D4 = VM0,

DA:<DaDaD°“D5D@D@).
1 3 1 3

engineering dimension 1 5 3 I 5 3

(2.21)

At the component level in double field theory, D, and Dz correspond to the two flat
derivatives (built respectively with e,™ and e,™), while D, and Dg correspond to the
two supersymmetries. (The higher dimension D® and D% are discarded upon passing to
component double field theory where one solves the section condition on the fermionic
coordinates.)

Flat generalized vector indices are raised and lowered with

ab

Nab 0 0|0 O 0 n 0 010 O 0
0 0 &% 0 0 0 0 0 00 0 0
s — | 5% 00 0 0 A5 _ 0 —6” 00 0 0
0 0 Ofng 0 0 |7 0 0 o™ 0 0
0 0 0|0 0 & 0 0 0|0 0 4%
0 0 0/]0 0% 0 0 0 00 —d&" 0

(2.22)

These matrices (and their chiral subblocks) are invariant under the double Lorentz group.
As in the bosonic case, there are unphysical ingredients present in the supervielbein,
which are associated with local symmetry transformations

VM = A 4PVsM, A = —Apa(—)". (2.23)

In the bosonic case, the local symmetry group is the double Lorentz group O(D —1,1)1 X
O(1, D—1)g with commuting left and right factors. In the supersymmetric case, this group
is larger, although it still factors into two commuting chiral pieces. We denote it Hy, x Hpg.
The generators A gp of Hy are constrained as in table 1. Unlike the bosonic case, there
is no simple prescription whereby some invariant H 45 determines A; instead, one needs
to take into account the constraint structure on the supersymmetric worldsheet [23]. For
further details of this symmetry group, we refer to [45, 49].

There are competing ways of parametrizing a generic supervielbein, depending on
whether one wishes to make contact with component double field theory or with type II
superspace. In this paper, we will only be concerned with the latter. Then as shown in [45],
a generic supervielbein can be decomposed as a product of three simple factors:

Vit = V)Y x (Vea)n® x (V)™ (2.24)

The first is built out of the Kalb-Ramond super two-form,

i = (M PO, (2.25)
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dimension ABA constraint
+1 Ao -
+% Ap® (')’b)ﬁa}\ba =0
0 Abas Ag% | A% = T Aba(7P*) 5
—% Aba vanishing
-1 ABa vanishing

Table 1. Constraints on Hy parameters. Hr parameters are analogous.

just as in the bosonic case. The second factor Vg, is written, in a chiral decomposition of
the A index, as

1 13 5
—=FEpy?*  Ey® 0 —=FEn? Ey© 0

(Vea)s = \f M M \f aM M (2.26)
1B 0 —EoM(—)m| LB 0 —EM(—)m

The two superfields Ey® and Ejp® (along with their inverses) are related by a Lorentz
transformation,

Ev® = EyPALE, EM = APEM (2.27)

We may think of Vg, as being composed of a square invertible matrix Ep;? = (Er®, En®,
EM&) and an additional Lorentz transformation A with which we can define Fz™ and Ej/®
by the relations (2.27). The Vg factor is given, also in a chiral decomposition, as

5a? V28,7 0 0 0 0
0 5" 0 0 0 0
(Vs)a® = TVas S - SRS 5 0, 57 - " (2.28)
0 0 0 ox” V2558 0
0 0 0 0 557 0
0 S0 0 |—v2sPe  §oF — geags 5%,

It consists of fermionic superfields S,? and ngé as well as the symmetric bosonic superfields
SaB 8B and S*P. All these constituents transform as their indices imply under double
Lorentz transformations, while only Vg transforms under the higher dimension Hy x Hp

transformations:
1 _ 1
05.% = ——=X%, 055" = ——=\5%, 2.29
V2 V2 (2:20)
58P = — 2P 4 25N ) 598 = _\oF 4 /25N (2.29b)
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The last condition implies that S and S8 are pure gauge, while the spin-1/2 parts of
S, and Sz® are invariant and constitute the dilatini

Xo = =i (a)gas  Xa = =i (ya)55 - (2:30)

The invariant components S B contain the Ramond-Ramond bispinor field strength (B.13).

The precise dictionary between these constituents and those of type II supergravity are
reviewed in appendix B. It is instructive to compare the numbers of independent bosonic
and fermionic components of these constituents with those of a generic OSp(D, D|2s) ele-

ment.” Taking into account the range of the indices a = 0,...,D —land a =1,...,5/2,
we count
object bosonic fermionic
Vi)Y ID(D—1)+1s(s+1) | Ds
(Vea)n® ID(3D —1) + 2 2Ds (2.31)
(Vs)s™t ts(s+1) Ds
OSp(D, D|2s) | D(2D — 1) +s(2s+1) | 4Ds

In the same vein, we find that Hy x Hi gauge fixing gives rise to the physically relevant
fields F 4 (_modulo Lorentz transformations )\ab), By, Xa, Xa and the Ramond-Ramond
bispinor S*#:

object bosonic fermionic

Bun iD(D—1)+1is(s+1) | Ds

By ) Ab D*—1ID(D—-1)+s*> | 2Ds

Xoy Xa 0 s (2.32)
geB %32 0

OSp(D, D|2s) /HL x Hp | D* 4+ 152 + 15 (3D +1)s

Hr x Hg DD —1)+ 3s(3s+1) | (D—1)s

2.3 The structure of OSp(D, D|2s) transformations

From their embedding in double field theory, we will be able to derive the generic transfor-
mations of the supervielbein, dilatini, Ramond-Ramond sector, and dilaton under
OSp(D, D|2s) transformations. For now, we will not concern ourselves with the precise
form of these transformations. As we will discuss in the next sections, these encompass
both bosonic T-duality [6-8, 53] and fermionic T-duality [58, 59] (see also [60-63]), as well
as more general non-abelian dualities involving a supergroup G [52].

"This is a count of superfields rather than component fields. The number of bosonic and fermionic
superfields need not match.
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The key first step in uncovering the OSp structure is to introduce square matrices €4
and E4M defined by®

1 1 -
VaM = 75aM7 VEM = 75§M7
V2 V2
VM=gM=M  ypM=gM=¢EM. (2.33)

These quantities are presumed invertible and related to E4™ by

EM =EM EM =EM, (2.34a)
EM = EM EM = E;M (2.34b)
&M =EM - 25,9B,M &M = BM 25 B (2.34c)

For reference, the inverse relations are

Ev® = Ep?, Eu® = Byt (2.353)
Eu® = Ey® + QEMbSba R gMa = Ey®, (2.35b)
EM& = EMa R EM& = Ejj\/[c_Y + QEMBSB(S . (2.35C)

Note that while £y* = EyPAL?, this does not hold for their inverses. A useful result is
|sdet Epr| = | sdet £y = | sdet Er?| (2.36)

since the matrices themselves differ only by Lorentz transformations on some of the ele-
ments.
In analogy to the bosonic case, we introduce
Gun = E*EN"Mba = —EnEn ",
Eyn :=GuNn — Bun, Eymn == Gun + Bun (2.37)

in terms of which we find

1 1 - o
Vam = —=¢€ NIE - m, Vam = _7€7NE - m’
M= 5t Nv(—) M Noh Ny (=)
VoM = 5aNENM(_)m VoM = _EaNI_ENM(_)m7
Vam = EVEnnr(—)™ Var = —EaVEnp (=)™ . (2.38)

A generic orthosymplectic transformation can be written as V;lM = VN UNM where

N _\n
U = (gﬁN g%z (())n> . (2.39)

8These definitions serve as the starting point of the generalized supervielbein analysis, see appendix B
of [45]. Choosing these quantities to furnish two invertible supervielbeins leads to the solution discussed
here. This is closely analogous to the bosonic analysis where one poses V,” and V5™ to be invertible. These
two vielbeins £4™ and £4™ will end up being proportional to the operators O+ discussed in the context
of the n and A deformations [80].
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Defining
XN = Uy + By pUN ()P, XN = Uy —EppUrN(—)P,
Yun = Unn +EnpU" N (=)P Yy = Unn — EnpUPN(-)P, (2.40)
one can show that
e = eaN XM, WM = EAN XM,
Eyy = (X" Yen, Eyn = (X Y Yoy . (2.41)

From these equations one can read off the transformations of By;ny and Gpn.
Similarly, from &;,4 = (X1)yNEnA and &4 = (X NEnA, we deduce the

transformations for the graviton one-form
Byt =(X"HuVEN*, B} =X HuVEN?, (2.42)
and these are related by the Lorentz transformation

AP =B MXX Y NEN® xAp? = A% x BeM (XX 1) NEND (2.43)

AU)a A(U)5P
Some useful identifies are
UMP(Xfl)PN — _UNP(Xfl)PM(_)mn 7
(XX YN = 60N +2Gup UPL(X NN ()P,
AU)." = 8> +2UMP (XY pNEN By, - (2.44)

The gravitini are identified in Dirac spinor language using (B.2). Applying this result
gives the transformations

B — (XN ENE B2 = (X_l)MNEN2’B(A(U)_1)Bd (2.45)

where A(U) is the spinorial version of A(U).
The transformations for the dilatini (2.30) are a bit more involved. From Sp* =
—%EbME_Ma, we can show

S/ba — Sba . ENbUNM(X_l)MPEPa(*)n _—
Xoo = Xa — 1 UMM (XN " Ep® (1) ap EN" (2.46)

where we have used the first identity in (2.44) to replace X with X. A similar expression

holds for y5. Converting to Dirac notation gives®

Xia = x1a — 1 UMM (X" EpP (1 C 1) 44BN
Xoa = K(U)s” (Xg/; +1i B UNM(X_l)MPEPb(’YbC_l)B@ENM) (2.47)

The By factor is +1 for IIB/ITA* and —1 for 1TA/IIB*.

9Several sign factors appear in the second term of x5, relative to x}4. A relative minus sign comes
about essentially from converting J; to —v.7y, after conjugating by all the A factors. A factor of aa comes
from converting C~! to C~'. Finally, a factor of aa 84 appears after eliminating the ..
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The Ramond-Ramond bispinor in Weyl notation is geB = _yaM EMB . This trans-
forms as

S/aﬁ_ _ _(VaNXNM + (VaN - VQPEPN) UNM(_)TL) (Xfl)MPEPB . (248)

One can show that V*y — V*PEpy = Ex® and translating this to Dirac form gives

§16% = (5192 = Byt UNM (X P ER ) (K(U) )57 (2.49)

In the democratic formulation of type II supergravity, we define

B I
> peven piFar-—a, (CPRY™ %)% TIA/TIA*
From (B.13), we deduce the transformation
e F110% = (2 F1O2 — 30i By UNM (X" ER? ) (A(U) )57 (2.51)

The above requires the transformation of the dilaton, which is our last field to discuss.
Its behavior in super-DFT mirrors its bosonic cousin. It is a superfield ® that transforms

as a scalar density under generalized Lie derivatives
Le® = M@ + OmMP = O (EMD) . (2.52)

The generalized superdilaton ® is related to the supergravity dilaton ¢ by ® = e=2%
sdet E3;4.10 Presuming the superdilaton to transform by a scalar factor ® = ®Ua, it
follows that

/

e 2 = e 2 x sdet Xp/N x Un . (2.53)

The factor Un is a priori independent of UpnV .

3 Super non-abelian T-duality

The simplest and most direct situation where we can explicitly see how the OSp transforma-
tions of double field theory come about is in the context of T-duality for a supersymmetric
o-model, namely the Green-Schwarz superstring with a non-abelian (or abelian) isometry
supergroup G. This situation was fully analyzed by Borsato and Wulff a few years ago [52].
We first summarize their construction and then reinterpret their results in the language of
double field theory.

ONote that ® is not simply related to the component dilaton e~2?. They differ by a factor of
sdet EMA/ det e, ?.
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3.1 Worldsheet formulation of non-abelian T-duality
Following [52], the starting point is a worldsheet Lagrangian

1 g 1 ..
L= —oV=hh 8,2M 0,2 Cas — 59 0.2 9; 2N By (3.1)

The supercoordinates Z™ = (X™, ©*) parametrize a target superspace. The worldsheet
metric h;j is presumed to have Lorentzian signature (—,+) and the worldsheet antisym-
metric tensor density ¥ obeys €% = +1. The target space tensors Gy n(Z) and By n(2)
are graded symmetric and antisymmetric respectively.!!

Let the o-model admit a supergroup G of isometries described by supervectors kg
obeying [kg, ks] = frsTkr. This is a graded commutator, and the isometry label r should
be understood to decompose into bosonic and fermionic isometries, r = (r, ). We presume
that we can adopt a coordinate system where the coordinates ZM factorize into coordinates
Y'M on which the isometries act and spectator coordinates ZM, so that kg = k‘RM 0,7~ The
superfields G and B decompose as

G=e*®eSGsr(Z) +2e* @dZNGNr(2) + dZM 0 AZ8G N (Z), (3.2a)

1 1
B= ieR A €8Bsg(Z) + e® NAZEByg(Z) + §dZM ANAZEByy (Z) (3.2b)

All the dependence on the coordinates YM s sequestered in the left-invariant vector fields
e? in the usual manner, eRtg = g~1dg for g(Y) € G. We review in appendix C how the

above conditions come about. The generators tg obey the algebra

[tr,ts] = —frs "t - (3.3)

Our supergroup conventions are given in appendix A.

When the isometries act freely (that is, without isotropy), the above has a clear ge-
ometric interpretation: the coordinates yM parametrize the orbits of G on the manifold.
When the isometries act with an isotropy group H, then we can (at least locally) take the
coordinates Y™ to parametrize the orbits of G/H.'? The isotropy condition amounts to
invariance under g — gh for h € H, meaning that Gj;n (and similarly for Bysn) must be
invariant under the adjoint action of H,

(Adh)r® Grig (AdR)sS (=) = Grs,  (AdR)r® Gy =Gay .  (34)
It must also project out the Lie algebra b,

("Grs = ("Gry =0, CeED. (3.5)

"10One may refer to Gy as the supermetric but this is something of a misnomer as it need not be
invertible and the usual considerations of Riemannian geometry do not apply. For the Green-Schwarz
superstring, G is built from a rectangular piece Ea® of the supervielbein En® as Gun = Er®En®nas.

12The strategy reviewed here follows [52] and is equivalent to extending the coordinates Z by additional
H coordinates so that the full group G acts freely. The conditions (3.4) and (3.5) guarantee that the
additional degrees of freedom drop out.
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Non-abelian T-duality is effected by replacing GiYM eyt with a g-valued worldsheet
one-form A;®, and adding a term eV F(A);;Rvg where F(A);;® is the worldsheet G-
curvature built from A. Treating vy as a Lagrange multiplier, one recovers the original
action where A = g~ 1dg is pure gauge. The T-dual model arises if we instead integrate out
the one-form A. Working in lightcone coordinates for simplicity, the Lagrangian becomes

L=0,ZMEpn 0 ZN ()" + A% Epg A5 (—)°

where we have introduced

Eyy = Gun — Bun (3.7a)
]ERM:GRM_BRM7 ]EMR»:GMR_BMR7 (37b)
Ers = Grs — Brs — fRsTVT . (3-7(3)

The addition of the Lagrange multiplier to Ers is the major difference with respect to
abelian T-duality. Integrating out the worldsheet one-forms gives the dual model

L=0,72ME\ N0 2N (-)" (3.8)
where the new coordinates are Z'M = (ZM Y®) with
YR = g 5% (—)* = vr(—)" . (3.9)
The choice of grading here may seem awkward, but it makes subsequent formulae simpler:
]E,RS = ]ERS ) %M = ERSESMa IMR = —EMSIAESR(—)S7
uy = Evn — ExnE*Esn () (3.10)

where we define ERS as the graded inverse, IAERTIAETS =" ().

Comparing the expressions for E’,, with the formal result (2.41) for a generic
OSp(D, D|2s) transformation, we find U can be written as a sequence of three orthosym-
plectic transformations, U = Ug\U1 U2y, where

sy 0| 0 0 s> 0| 0 0

U _ 0 €MS 0 0 U _ 0 5RS 0 _fRsTVT(_)S

© 0 0 [6My 0 RS 0 0 [6My 0 ’
0 0| 0 egM(—)msts 0 0] 0 6Py
¥ 0] o 0
0 0| 0 Jrs(—)®

Uy = | =55 TS (3.11)
0 ™% 0 0

The factor U() flattens G and B in the isometric directions with the left-invariant vielbein:
this occurred in (3.2). The factor U,y gives the non-abelian factor that replaces Ers with
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I@Rs in (3.7¢). Finally, U(z) induces the familiar T-duality transformation a la Buscher.
Now one can use the results in section 2.3 to compute the new gravitini, dilatini, and
Ramond-Ramond bispinors. (We will return to the question of the dilaton in due course.)
The additional ingredients we will need are

Y Ems(—)* SN Ry BRS o N ()7
XV = [ Eas) Loy N (T =y (3.12)
0 eMR ERS(_)S 0 ERS eSN

Now we can directly compute the new supervielbein

E'® = dZM(Ey® — By () E*Es") + dva(-) E"°Es", (3.13)
pa _ dZM(EMld _ I_EMR<_)T‘IERSE81&) _ dVR(_)rIERSEsld : (3.14)
B2 = [aZ2(Ey® — Bare (- EREP) + du(-VESES(A7),4 . (3.15)

The Lorentz transformation A and its inverse are
AL =6, —2B"EEry, (A1) =6, — 2ERSEs B, . (3.16)

It is difficult to characterize fully this Lorentz transformation, although one can show that
det A = (—1)3mBC where by dimp we mean the bosonic dimension. This was proven
in [52] for a bosonic group. Adapting their proof for a supergroup is straightforward. In
their eq. (3.10), promote traces and determinants to supertraces and superdeterminants,

~

leading to det A = sdet(—1) x Sdet%. Because E is the supertranspose of IE, their su-
sdet Ers

perdeterminants are related as sdet Ers = sdet IERS X (—l)dimF G where dimp denotes the
fermionic dimension. The result follows since sdet(—1) = (—1)3m ¢,

The super two-form, covariant field strengths, and dilatini transform as

1 1 _
B' = dzM ndZ¥Byy — JEFS (dvs + dZMEys ) A (dve — dZMEarg ), (317

(3.17)

egp’ﬁ-/ldQB _ (630]’:\'1072’?/ 39 ERM‘ I’ERSESQ'”y)(A—l)}yB 7 (3.18)
Xia = X14 — iIAERSEstRIB(%C_l)g&, (3.19)

Yo = Ko (X2B 4By IERSESbER}AY(r)/bC_l)’AYB) : (3.20)

These results match those found by Borsato and Wulff [52] subject to the identifications

~

vi=—vr, frX=—fas®, N{/=(-)E, N=_(-)E"s. (3.21)
This argument is perhaps a bit too slick as it appears to ignore a key point: the
transformation of E;n does not completely determine U. Put simply, there are as many
degrees of freedom in U as there are in V™M itself, but only some of these appear in Ey/y.
The choice (3.11) was merely the simplest choice that reproduces E},;, but this is hardly
conclusive. What actually singles it out (we will show) is that it leaves the generalized
fluxes of double field theory invariant — this has the crucial effect that it guarantees the
dual theory will possess the proper supergravity constraints.
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3.2 Double field theory interpretation

In defining the dual coordinate Y® in (3.9), we have (as usual in bosonic T-duality) identi-
fied it with the Lagrange multiplier vg directly, swapping the index location by hand. This
may not actually be the most natural choice; instead, what we can do is to think of vy as
a function of the new coordinates, which we denote ?M.lg These can be interpreted as the
natural DFT coordinates dual to Y™. Then in the o-model action, we denote

dvg = &MaYy,,  ex™ = 0Mup(—)™ = Vg (—)™" (3.22)

with éRM is interpreted as the dual analogue of e,;®. The crucial feature is that while
ey is the left-invariant vector field of the group G and therefore carries a flux, the dual

vielbein éxM is purely flat. This slightly modifies Uy to

™ 0] 0 0
0 éRN O 7fRSTVT éS \ (7)5—'—”
U(l) = 0 0 62y, 0 N (3.23)
0 0] 0 &R i (—)"

For U, we simply replace r with M everywhere. Now it will be convenient to denote the
indices of these matrices as

(U(O))MN , (U(l))/\“/{N . (U(z))MN (3.24)

where M is flattened in the isometry direction, i.e. it involves 2L, M and ®, . From the
perspective of double field theory, we can dispense with U(y): this merely has the effect of
swapping which coordinates we view as physical and which as winding, so we can think of
it as a purely passive transformation. What interpretation do we give to U(g) and U(1)?

Suppose we have a generalized vielbein depending on two sets of doubled coordinates,
YM and ffM as well as ZM and Z M, in such a way that it decomposes into a product of
two factors:

Vit = V(Y V) x VA2, 7). (3.25)

The first factor involves only the Y coordinates and the second only the spectators. (We
don’t actually need the dual Z M coordinates, but we keep them for generality.) In the
bosonic limit s = 0 (3.25) reduced to the generalized Scherk-Schwarz ansatz [87-89] in DFT.

Here, we study its natural supersymmetrization. The tilde index M = (M, ;) decomposes
as M = (M,R). We presume V is chosen so that

o M _ s M D — 5~

Vi =05, Vi u 6NM’ (3.26)

That is, V is the identity in the non-isometric directions; this is the situation in the case
at hand. The original model and its dual differ only in the choice of V which in the two

130ne could presumably also let vg depend on the spectator coordinates, but this muddies the water.

~19 —



cases is

su™ 0] 0 0
o R 0 eS| 0 0 v
o N _ M _ N
original model V™" = 00 [y 0 = Upy)Mm™ (3.27)
0 0] 0 eMg(—)®
™ 0] 0 0
Y 0 éy°l 0 éyfos"va(=)° —1y N
N _ M M JRS ¥T _ 1 N
dual model V" = 00 ol 0 —(Z/I(l))M (3.28)
0 0] 0 eMg(—)®

Here one should think of v (Y) as the potential for éx™ as in (3.22).

The first generalized vielbein depends on Y but not Y, and vice-versa for the second.
Both of these, viewed as generalized vielbeins, involve the same flux tensor. Recall that
in double field theory, one can build a generalized flux tensor F gp¢ from the generalized
vielbein,

Ly, VsM = ~FasVeM,  Fase = —3ViMomVsN Ve (3.29)

with the sign here chosen so that the definition of the flux tensor matches that of the
torsion tensor in conventional (undoubled) superspace. Using the decomposition (3.25),
one finds

Fase = Fase + VaMVNVPF i (gradings suppressed) (3.30)

where Fepa is built purely from V (which is unchanged under duality) and

f ey M S
]:MN P 3V[M‘ 8MVW | VN 0 otherwise

- {fRST H/\A/"ﬁ:RST (3 31)
IP] '
for both the original and dual models.

This suggests an alternative way of seeing that the class of Green-Schwarz superstrings
obeying the k-symmetry constraints (6.1) and (6.2) is closed under super non-abelian T-
duality, a result established explicitly in [52]. Let’s begin with two observations:

e The Green-Schwarz action on its own does not contain all of the physical data —
it contains only Gyn = Ey®Eng and Bysn. However, if it obeys the x-symmetry
constraints, then one can uniquely identify the gravitini Ey;/'%* and E/2%, as well as
the dilatini and Ramond-Ramond bispinor by imposing various purely conventional
constraints on top of k-symmetry [90]. From these data, one can identify the gen-
eralized supervielbein up to its local tangent space symmetries (which include the
double Lorentz group).

o The duality transformations from the GS action determine ), from Eysn, but this
does not allow one to completely determine the orthosymplectic element U. There is

—90 —



residual ambiguity corresponding precisely to the elements not appearing explicitly
in Eprn (and thus the GS action) — the gravitini, dilatini, Ramond-Ramond bispinor
(plus the extra local gauge symmetries). We merely guessed the simplest form of U.

But these issues are related! The simple choice of U turns out to leave the generalized flux
unchanged. Since the k-symmetry constraints are already encoded in the fluxes, these are
maintained as well. Hence, k-symmetry is preserved under non-abelian T-duality.'*

3.3 The role of the dilaton and modified / generalized double field theory

We have not addressed how the dilaton changes under the duality.'® We will do this mo-
mentarily, but first, let us make a brief digression on the subject of what we call generalized
double field theory. Recall that the DFT dilaton ® (here a scalar density of weight 1) can
be used to construct a flux

Fa=VMorlog® + MV . (3.32)

Upon solving the section condition, the generalized dilaton is related to a conventional
dilaton e~2¥ via the superspace measure, ® = e~ 2¢ sdet Ejy?. Just as generalized super-
gravity [90, 91] relaxes the assumption that a dilaton exists, one can define generalized
double field theory by relaxing the assumption that a generalized dilaton exists. Then one
replaces the flux (3.32) with

FA=ViMX +0MVria . (3.33)

This is written in terms of a vector field X'y which a priori obeys no particular constraints.
In order for F 4 to be a scalar under generalized diffeomorphisms, X4 should transform as

e = Le X + OV (3.34)

What distinguishes the choice of Xy, is that one requires F 4 to obey the same properties
as it did when the dilaton existed. That is, we impose the same constraints and the same
Bianchi identities. Viewed in this way, Xaq is defined in terms of F 4.

What exactly does this mean? The flux tensors Fpc and F4 obey the Bianchi iden-

tities
Zapep =4 DaFpep) + 3F a5 Feien) =0, (3.35a)
ZaB = 2D 4 Fp + FapCFe + D Foun =0, (3.35Db)
1 1
Z:=DAF 1+ 5.7-'“43’:,4 + EFABCFCBA =0. (3.35¢)

1To put it another way, the simple choice of I turns out to be the one that leads to the same choices of
gravitini, dilatini, and Ramond-Ramond bispinor made in [90].

5From the perspective of the o-model, the dilaton is an additional field added in order to restore Weyl
invariance at the one-loop level. From the perspective of supergravity, the dilaton is a scalar field whose
supersymmetry variation gives the dilatini. The perspective here is analogous to the supergravity point of
view.
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The expression for Z45 (3.35b) can be rewritten in two equivalent ways
Zun =20\ + XT0pVM M Vay = LaVu® =VuP 24, (3.36)

while Z in (3.35¢) can be rewritten as
1
Z=0Mxy + ixMxM —  LpaM=0Mz. (3.37)

When Z 45 and Z vanish, X has an obvious interpretation as a generalized Killing vector.

Generalized double field theory is nearly (perhaps completely) equivalent to modified
double field theory (mDFT) [92]. The distinction is that mDFT imposes the section con-
dition on the index of XM, so that XMX) = 0 and XM ® 9y = 0. Upon doing so, Z
vanishes and Zxqn vanishes only if X'y is the gradient of some other field. It is unclear
to us whether the reverse is true, whether imposing Z = Z s = 0 necessarily implies the
section condition on X). If it is, then mDFT and generalized DFT should be identical.'6

Both generalized DFT and mDFT lead to generalized supergravity upon solving the
section condition, where we define

Xy = —2(Xy — KN Byy) + Onlogsdet Ey4, M = oM | (3.38)

The measure factor in the first equation accounts for the inhomogeneous term in (3.34) so
that both Xj3; and K™ are a conventional one-form and vector respectively. The explicit
factor of the B-field ensures that Xj; is inert under the B-field gauge transformations.
The factors of —2 are chosen so that Xy = Oarp when a dilaton exists. Now one can show
that if the modified flux tensor F 4 obeys the same Bianchi identities and same constraints
as before, then the vector K™ turns out to be a Killing vector in conventional superspace
and X, is a one-form whose spinorial components are the dilatini. The other relations
discussed in generalized supergravity [90, 91] can be derived in like manner from generalized
/ modified DFT. We hope to elaborate on this in superspace in the future; the bosonic
proof of this was given in [92].

Returning to the original question: how does the dilaton or, more generally, X and K
change under duality? Factorizing the supervielbein as in (3.25), the dilaton flux becomes

Fa=vaM (VN + 0V ) +0MV (3.39)

We posit that the dilaton flux should remain unchanged. If so, then the element in parenthe-
ses must be fixed. In the spectator directions, we have simply X /M = Xy and XM = xM,
In the isometry directions, we find more intricate relations

X'® = ¥R 4 DRgdetés, XL = Xn + Drsdetes” + 2frs®(—)° — XS fsnTvn (3.40)

1610 mDFT, one has both a vector Xy and the dilaton gradient dr(®, but in principle one could just
absorb the latter into the former to arrive at the formulation discussed here. It was argued in [93] that
mDFT can always be interpreted as conventional DFT where the dilaton carries a linear dependence on
some of the winding coordinates, while still satisfying the section condition. This forces the generalized
vielbein to be independent of those winding coordinates.
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where for convenience we have defined

D = ey, . Xe = exM Xy, Xl =Ml

D=0 xey,®,  AR=xMe, R AR =aMe (3.41)
The next step is to strip out the density behavior of Xy and X}, by subtracting factors of
I log Epy® and Opqlogsdet B, 4. We explicitly prime the index M of the dual model to
emphasize that it involves a different coordinate set (Z,Y) from the original model (Z,Y").
Here we will need the explicit transformation of the supervielbein in terms of X,,". This
leads to

sdet E)\M'(Z,Y) = sdet EAM(Z,Y) x sdet Ers(Z,Y) x sdet e, ®(Y) x sdet &y, %(Y)
(3.42)

where we have exhibited the dependence on the coordinates Y, Y, and the spectator
coordinates Z. From these relations, we find

(X’M — O log E’) = (XM — Oy log E) + Ay log sdet Egs (3.43a)
(™~ D™log E') = &A™ + D™ log sdet Egr , (3.43b)
XM xM (3.43¢)
X = (X = Drlog E) + 2fnsS(—)* = X fsnva (3.43d)
Now we may identify the X and K fields. In the original model, we take
Xy — Oy log E = —2X), XM= _9ogM (3.44)
Xp — Drlog E = —2Xg AR = —2K® (3.45)

where we denote X v = Xy — KN By for convenience. The indices r are flattened with
eyt In the dual model, we have the somewhat more complicated expressions

Xy —OumlogE = —2Xy,, xM=_og'M (3.46)
X'®R _D'Rlog B = —2X'® XL = —2K} . (3.47)

Here we must remember that the duality involves a passive coordinate transformation so
_ M M _ M
Xip = (X XM KM = (KR ()™ (3.48)

Rather then perform index gymnastics with the isometry coordinates, we will simply ex-
press relations in terms of the flattened isometry index, even though it is in the “wrong”

position:
)A(’M =Xy — %6M log sdet Egr , (3.49a)
X®=K®— %DR log sdet Egr (3.49D)
KM — M (3.49¢)
Ky = Xg — fas®(—)* = K® fsn"vr . (3.494)
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A rather strict check of these relations is this: K X should vanish in the dual model
when it vanishes in the original model. This is a consequence of T-duality preserving
k-symmetric Green-Schwarz actions. We find

K. X' -K.X = —%KMﬁﬂlog sdet Egr — K™ frs®(—)°
+ %DR log sdet Egr x (fRUU(—)“ + KV furVy — )A(R) (3.50)
The second line can be rewritten as
SETS (= For™ o ()" — fer K fun i+ for™ K (351)

The first term drops out immediately using the Jacobi identity. To evaluate the remaining
terms requires a few features of K and X that arise in generalized supergravity. First,
Gy and By, once flattened as in (3.2), are independent of YM_ The same should be
true of K and X in generalized supergravity, because their various components appear in
the torsion and curvatures.!” This means that the isometry condition on G/ implies in
particular that

0 = KM0yGrs + 2K f " Guys) - (3.52)

For the B-field, the relevant relation we need is dX = —K_H. From this, one can show
that

—frs™ Xz = KMy Brs + 2K fr(n” Bys) - (3.53)

Taking the difference between these two relations lets one rewrite the right-hand side in
terms of E = G — B. Introducing the Lagrange multiplier field converts Egg to Egg. Using
the Jacobi identity simplifies the result to

fRST (XT - KUfUTVVv) = KM&MERS + K™ (fTRU]EUS + fTSUERU) (3'54)

where we have suppressed gradings in the final term for readability. The term on the
left-hand side is exactly what remains in (3.51). Substituting this expression, we find the
complete cancellation of the remainder of the right-hand side of (3.50).

A specific case of interest is when we start with a model with a dilaton, a case analyzed
in [52]. Then K =0 and X = X = dy. The equations (3.49) can be rewritten

. 1 .
X'M:8M(<p—§logsdetEST), K'M _ ),

. 1 .

X' = D™ (i - 5 logsdet Br), Kl = Dry — fas®(—)*, (3.55)

where we have used D®¢ = 0. Now the dual theory satisfies the conventional supergravity
constraints when K’ = 0, so Drp = frs®(—)%. This imposes a requirement for how the

1"We are speaking here of the flattened versions K% and Xg.
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dilaton should depend on the coordinates we are dualizing. To solve this, we could extract
from the dilaton a purely Y-dependent piece that generates this term, i.e.

0(Z2,Y) = po(Z) + A(Y), DrA = fRsS(_)s . (3.56)

In general there is no local obstruction to the existence of A, since it obeys the consistency
condition [Dg, Ds]A = — frs™ DA by virtue of the Jacobi identity. Now the dual dilaton
can be identified as

1 . .
ONZ,Y) = po(Z) — 5 logsdet Esr(Z,Y) (3.57)
so that X' = X' = dy/.

3.4 Component description

The previous discussion has been at the level of superspace. In order to make contact
with the literature on fermionic and bosonic T-dualities of bosonic backgrounds, we should
rewrite our expressions at the component level. Here we must already make a distinction
between bosonic and fermionic isometries that arise from the algebra of supervectors

[kr, ks] = frsTkr : (3.58)

e Bosonic isometries are treated as conventional vectors ky = k"0, acting on bosonic
coordinates. These arise by taking the 6§ = 0 parts of the bosonic supervectors
ky = kMO Since ket is fermionic, it must be at least linear in 6, and so can be
discarded.

« Fermionic isometries are described by commuting spinors €,'® with i = 1,2. These
arise by flattening the fermionic isometries k, with the gravitino one-forms and setting
0=0:

e, = k,M Eni"o—o = k," B, g0 - (3.59)

Since k,™ is fermionic (being linear in ), it can be discarded.

As is well known, bosonic isometries can arise as bilinears of fermionic ones. To describe
this, we first rewrite (3.58) with flat indices. Under a covariant Lie derivative generated
by kg, the supervielbein is merely rotated,

LEEy? = kg VDN Ey? 4 Ok N EnY = —EnP(Or) 7 (3.60)

where A\g is a Lorentz transformation. This follows from the Green-Schwarz action, since
invariance of Gjsn implies the result for Ejy%; for Ep®, one must employ the torsion
constraints (which arise from k-symmetry). This expression may equivalently be written

Dpka (=) + kn“Tep™ = —(Aa)B” . (3.61)
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The algebra of Killing supervectors can then be rewritten (with gradings suppressed)

These expressions lead immediately to several useful results. First, taking (3.62) with
A = a and rs = o, we find how a bosonic Killing vector is generated from two Killing
spinors:

. L Y glytel 4+ e24%e2  IIB/IIA*
ifpo kt" =€V, + BrE e, = (3.63)
Elytel —&2y%e2  IIA/IIB*
where k¢® = ky™en®. The chirality of ! is fixed while that of €2 depends on whether one
lies in a IIB/IIB* or ITA/ITA* duality frame. A crucial point is that the fermionic indices
appear symmetrically in (3.63) and the two commuting spinors may be taken to be the
same:

ifopthe” = Eiy "€l + BpEiy el . (3.64)

Taking A to be spinorial in (3.62), we find the other useful relations

1 s

fe,0el = _gkrbecd vl + %e‘pkrbC Y ne2 — Kol (3.65)
1 1 e

frp"ez = —i—gkrbecd'yCdez — Ee“" k.LC 1]1'T'ybsfl, — )(rz-:i (3.66)

with }' given by (2.50).
The vielbein and B-field expressions match what the computations purely from the
bosonic dualities would give,

't = dxm<ema — Emrf@rses“> + dv ErSes?, (3.67)
/ 1 m n 1 s nG m
B' = Jd™ A da"Byy, — B (dvs + da2Be ) A (dvy — d2™ By ), (3.68)

indicating that the fermionic T-dualities have no effect on them [58]. Where the fermionic

T-dualities matter is for the Ramond-Ramond background and for the dilaton, where we
find

0 =g — %log det Eps + %log detE,, (3.69)
e FI10% = (e F19% —_ 30i B, B B,V ) (K1) . (3.70)

The additional Lorentz transformation above is given in vectorial form as
ALt = 6,0 — 2Eebers (3.71)

and depends purely on the bosonic isometries.
The expression for the Ramond-Ramond bispinor involves Epld =e,F 1& Hut it would
be more useful to rewrite this in terms of k, E'® = 5},5‘. To do that, we need to apply the
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adjoint action of g to the isometry indices. Recall we have IERS = ER“Esbnab—BRs— frsTvr
where we have expanded the supervielbein in the original model as £* = dZME MO+eREge.
In choosing the original coordinate system (3.2), we expanded in terms of the left-invariant
vector fields. The right-invariant vector fields are dgg~' = Ay Mg 17 tr and these are
related to e,;™ by

kpaeS = (Adg RS where g&Rtr g7 ! = E®*(Ad g)r5ts . (3.72)
Applying the adjoint action to IERS gives
Ors = (Ad 9)r™ (Ad 9)s% Errer = knks"nap + kroksaB — frsT(Adg™)r %y (3.73)

where we suppressed gradings in the first equality. Since we only care about purely bosonic
expressions, we have simply

Ors = krmksn(gmn - an) - frst(Ad g_l)tuVu ) (374)
Qo = — Mo — foot(Ad g™ vy (3.75)
where A, = —k, k,.B = kpMBMNk,N. The dilaton can be written
1 ~ 1
o' =0 — 3 logdet Eps + 3 log det Q,,, + log det(Ad g),” (3.76)

The Ramond-Ramond bispinor becomes

ew/ﬁ/l&gé _ (G@ﬁldQﬁ/ + 32 8‘1,6[ (Q—l)po-éj’?) (A_l)ﬁ/ﬁ . (377)

o

An extra sign has appeared because we use the inverse (Q~!)?? rather than the graded
inverse.

What can we say about Q,,7 While it is fully characterized in superspace, on the
bosonic background it can really only be described by its derivative. From the definition
of A,, in superspace, one can show that

dA,, = —k, ke H — f,, kB . (3.78)

This follows because the B-field in (3.2) (like the metric) obeys Liy B = 0. The more
general case is discussed in appendix C. This leads to

Q0 = kypakigoH + foot (keaB — (Ad g ™) vy — k" fur® (Ad g™ )p"va) . (3.79)

The quantity Q,, should depend on the spectator coordinates, the dual § coordinate (via
vu), and on the coordinates y only via the adjoint action (since E,, was y-independent).
This means

kr—‘dea = _frpTQ‘ra - fI'o'TQp‘r . (380)

The terms involving v already have this form, since ky_dr, = 0 and the Jacobi identity
allows one to rewrite the pair of structure constants appropriately. For the terms involving
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H and B, it helps to observe that kg 1H = —d(kgJB) from which the desired property can
be deduced. A key step is to exploit

ke aks sk s H — 3 figsUku okjr) 0B = 0 (3.81)

which follows from the explicit form of H in terms of the B given in (3.2). The expres-
sion (3.79) can be interpreted purely as a bosonic equation once we address the first term

involving H. It is given by

e ymeL — E2yme2  1IB/IIA*
kpoky oH = idz™ (é,hmg}, - ﬁAa—i%g?,) = ida™ x .
Elymel + E2yme?  1IA/1IB*

(3.82)

Note the crucial relative sign difference with (3.63). The importance of this sign difference
was already noted in the context of non-abelian fermionic T-duality in [64].

Abelian fermionic T-duality. The fermionic T-duality discussed by Berkovits and
Maldacena [58] corresponds to a single abelian fermionic isometry, for which the left-hand
side of (3.63) vanishes. No bosonic isometries are involved and so the vielbein and B-field
are unchanged. However, the dilaton and Ramond-Ramond complex change as

1
¢ = o+ 5 logdet Q,,, (3.83)
! 11623 14 24 16 ( —1\pp 29
e FIOW = e F1O% 4 3210 (Q71)relt (3.84)

Note that there is no Lorentz factor since A,? = §,°. The function Q obeys

E ymer — E2yme?  1IB/IIA*
—10mQ,, = (3.85)
Ellfyma}, + E?;ymag ITA /1IB*
Since there is no duality in a bosonic direction, there are no dual bosonic coordinates for

Q to depend on.

Non-abelian fermionic T-duality. Slightly more generally, one can consider a single
non-abelian fermionic isometry [64], which generates a single bosonic isometry:

{km kp} = —iky, [krv kp] =0, fppr =—i. (3'86)

Because we must dualize the full set of closed Killing supervectors, this is actually two
dualities: a fermionic one k, and a bosonic one k. In our conventions,

, glytel + 22492 TIB/IIA*
a —

ky = 5}7’}/&6}, + Bag e, = (3.87)
Eltel — E2y%2  IIA/IIB*
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Now the expression (3.79) becomes
dQ,, =k, .k, H — ike 1B +idvy . (3.88)
This can perhaps more transparently be written in the following way:
OmQpp = i(Vi — k" Bum),  0MQ,, =i 0™y = i&"™ (3.89)
where

L N e ymel — E2yme2  1IB/IIA*
Vin = €,7me, — BAE;YmE, = (3.90)
Elymer + E2yme2  1IA/IIB*

where €, is the dual vielbein. Note that k._V = 0. This is apparent both from the
explicit expressions in terms of the Killing spinors but also from (3.81) which collapses
to keok,ok, H = 0. The expression for 0,,Q,, in (3.89) matches the result in [64] (with
Q,, — C and B — —B) but the expression for 9™ Q,,, is different, with k,™ there in place
of our &.™. (In our approach, 0™Q,, vanishes since there are no dual coordinates Z,, in the
o-model.) This is actually a possibility, because in the case of a single bosonic isometry,
one can choose coordinates in the original geometry so that k"™ is a constant. Then one
simply takes vy = k™).
Next we address the vielbein and B-field. They are

¢ = da™(em” — EpeG™ ") + dip G (3.91)
B = %dxm A da™ (Bum + Bne G™ Bye ) + dve A dz’™ G G (3.92)
where we have exploited that (Ad ¢)," = 1. Finally, the Ramond-Ramond complex is
e FI10% = (e F10% 4 39 (Q71)e2V ) (K1) . (3.93)
Recalling that Gyy = kZkyq, the Lorentz transformation governing the T-duality frame is

kra krb

AL =62

(3.94)

Since this is a single bosonic T-duality, it exchanges the type of supergravity, from type
IIB/IIB* to ITA/ITA*. One finds det A = —1 using the general argument reviewed in
section 3.1. Whether this exchanges the star type (e.g. from IIB to ITA*) depends on
whether Ag° is positive or negative, that is whether the T-duality is spacelike or timelike.
We find

Rk kOO

Ao = 3.95
0 T o (3.95)

which is indeed positive for spacelike &k, and negative for timelike k.
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4 Generalized dualities and generalized parallelizable spaces

4.1 Construction of V4™ for constant fluxes

In the preceding section, we focused on o-models depending on two sets of fields: spectator
fields ZM and fields Y™ that were freely acted upon by some set of isometries. After
performing non-abelian T-duality, we arrived at a model with dual fields ffM. A key point
we emphasized was that the dualized sector admitted a double field theory interpretation,
with two different generalized vielbeins V, (3.27) and (3.28), depending respectively on Y
and Y, so that the generalized fluxes F (3.31) were identical and constant.

Let us focus on this last point first, and for simplicity, we dispense with spectator
fields. In analogy with the bosonic analogue [20, 29, 70], we define a generalized paral-
lelizable superspace as a (D + s)-dimensional super manifold upon which we can introduce
a set of OSp(D, D|2s)-valued generalized frame fields V4™ whose generalized flux tensor
Fape (3.29) is a constant, F4pc. The Bianchi identity for the fluxes reduces to the Jacobi
identity

Flus® Feep) =0 (4.1)

for some double Lie group ID. In light of the discussion on non-abelian T-duality, there are
two natural questions to pose. First, what conditions on DD are needed in order to ensure
that such a V4™ exists? Second, does this have any relation to an underlying o-model in
which different realizations of V4™ are dual in some sense?

We will not discuss the second question here, but such a model does exist: it is known as
the £-model [13] and corresponds essentially to the Tseytlin duality symmetric string [94,
95] with the generalized metric V4™ given below. We refer the reader to the original
literature as well as the recent discussion in [34].

To construct the requisite V4™, it turns out that just three conditions are sufficient:

1. A double Lie supergroup D, generated by T4 = (T4, TA) with an algebra

(T4, Tp) = —Fas“Te.

2. A non-degenerate, ad-invariant pairing ((T'4,75)) = nap. Conventionally, we choose

_ 0 548
nNAB = 5AB(_)b 0 .

3. A maximally isotropic subgroup H, generated by T4.

Different choices of H turn out to correspond to different dual geometries and the super-
vielbein describes a coset H\D.

For the case of non-abelian T-duality discussed in the previous section, we would have
Ty = (tg,t?), with commutation relations

[tRatS] = _fRSTtTa [thfs] = _tNTfTRS7 [ERaL:S] =0. (4'2)
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The tg generate the isometry group G and #® generate an abelian dual group G. The
original o-model geometry is produced by choosing H = G and the dual geometry is
produced by H = (. This case is known as a Drinfeld double, since the quotient of ID by
either maximally isotropic subgroup G or G generates the other group, i.e. G = @\lD and
G = G\D. The duality exchanges the roles of G and G. Tt is also possible for both groups
G and G in a Drinfeld double to be non-abelian. This leads to Poisson-Lie T-duality [17],
and this was historically the first step in generalizing non-abelian T-duality.

The construction of V4™ proceeds as follows. A general group element of ID is denoted
g, and its left coset M = H\D corresponds to a decomposition g = h(g) x m(y). The
generalized frame field is built from m. First, we decompose the Maurer-Cartan form as

dmm™! = VAT, + AT (—)® (4.3)

where V4 and A4 are valued respectively on the coset and the subgroup. Next, we build
the two-form Bwyzw by integrating

1
dBWZW = HWZW = —1—2<<dfmm_1, [dmm_l, dmm_1]>> . (4.4)
This is usually only locally defined. Then the generalized frame field is given by

VM —VENBa (=)™
V M _ M B , 4.5
M4P = (Adm) 4" = ((mTam ™", T7)), (4.6)

1

B= §VA NAa+Bwzw, (4.7)

We have denoted the two-form by B rather than B since contributions from M 48 typically
deform the matrix structure and contribute to the physical B-field.
For the case of non-abelian T-duality, choosing H = G leads to

v,W:(eRM 0 > (4.8)

0 eRp(—)™

where eg™ are the left-invariant vector fields on G, see (3.27). Alternatively, one can

choose H = G. To arrange indices as in (3.28), we take T4 = tgx(—)", T4 = &, and
m = exp(vet®(—)") = exp(vAT4) with v4 = vg(—)". The result is

5 M
VM = (—VCfZAABéBM éAM(()—)m> , ent =0yt Ay =ent(—)m . (4.9)
Swapping indices around, one can show this is just V4M = u(g)u(l)u@)l where Uy) and
U1y are the subblocks of (3.24) in the isometry directions.

More interesting examples are possible for any real Lie supergroup G, provided it
admits a non-degenerate Killing form. These can be extended in two distinct ways to a
double Lie group D, either by taking the product group G x G or its complexification GT.
Both of these cases will be extremely important for the remainder of the paper, and we
will describe them in some detail.

~ 31—



4.2 Example: D =G X G

We denote a group element of D = G x G with the tuple (g1, g2) € D with g1,92 € G. We
use the same convention for the Lie algebra d to define the pairing

(B0 = L) — (6.8 (10)

for 2 = (£1,&2) € d. In terms of the generators t4 of G, we choose the basis of generators
on the product group as

Ty = (tA, —tA) , TA = (tA,tA) . (4.11)

In the second set, we have raised the indices using the graded inverse k47 (with NW-SE
conventions) of the non-degenerate Killing form k4p = (ta,tp). This choice guarantees
that ((T'4,Tg)) = nap and that T4 generates the maximally isotropic subgroup H = Giag-
This is in fact the only viable choice without imposing additional structure on G. The
resulting coset M = H\D is isomorphic to G. The structure constants F 43¢, defined by

[Ta, Ts) = —Fas’Te = —Fapen” Tp(—)° (4.12)
are given by
FABo = fAB¢ and Fape = fapc - (4.13)
A convenient coset representative is
M>m=(g,e), geGqG, (4.14)

where e is the identity element in G. With this convention, it is straightforward to compute
all the ingredients for (4.5), namely

_ 1 (DB 4648 (Dap — kaB)(—)°
MAB = ({mT LBy — = 4.15
A <<m AT, >> 2 (DAB _,{AB DAB(_)b_i_(SAB ’ ( )
D4B = (gtag™,tP), (4.16)
1 1
VA= (T4 dmm™") = S04, dgg™") = Su, (4.17)
1 _ B B 1
dB =~ (dgg ™", [dgg ™", dgg™ ")) = — 5 v AP A0 fepa (4.18)

Above we employ the right-invariant vector field v4 on G. To write down the resulting
generalised frame field in a simple form, we also introduce the left-invariant vector fields
on G,

et = (t4, g7 dg) = DAgvB (=) = vB(DHpA (4.19)

M

and the respective inverses v4™ and e4™ with the defining properties

vaw® =eq0e® =648, es=D4sPvg, (4.20)
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to eventually obtain

M= ea +vaN
A= AN _ AN

(ean —UAN)(_)n> % <5NM _BNM(_)m> (4.21)

(eAN + UAN)(—)n 0 5NM

WS =

where we use the shorthand e4y; = epd (=)™ and vy = varA(—)™?, with A indices
raised and lowered as needed with the Cartan metric.
We can perform the same calculation for a different coset representative,

m'=(4d.g7"), ¢€G (4.22)

which is related to (4.14) by an H transformation, m = hm’ = (g,e) = (hg',hg'"") for
g = ¢’*. Explicitly, we find
/ /—1\ B / —1 b
1 ((D'+D")a” (D'=D"")an(-) DB = (gtag "\ B),  (4.23)
(D' = D-H)AB (D' + DN ) o
1
S+ e, (4.24)

1 - - 1 1 o
dB' = —=(dg'y’ Ldg'g~tdg'g ") + na 'dg’,dg'dg'™") +7(dd'd’ L dg'~'dg)

1
VA — §<dg/g/—1 +g/_1dg/,tA> —

1
= —ﬁ(q/ + AW + B + ) fepa (4.25)

and the generalised frame field arises by plugging these quantities into (4.5). The resulting
frame is related by a diffeomorphism (and B-field gauge transformation) induced by g = g2
to the frame in (4.21), using

v = (v +¢)BDRA, et = (W +e)B(D'HpA, (4.26)
This can equivalently be written

UAtA — d(g/Z)g/—2 _ g/(dg/g/_l + g/—ldg/)g/—l 7
6AtA _ g/—2d<g/2) _ g/—l(dg/g/—l + g/—ldg/)g/ ) (427)

Explicitly, we find the expression

v M eAN-i-vAN
A= AN _ AN

(ean —UAN)(—)”> y <5NM _BINM(_)m> (4.28)

(e N+ viN)(=)" 0 SN s

[N LR N

where now we interpret vy and ep” as the one-forms that solve (4.26). Naturally this
is the same expression as (4.21), merely interpreted differently, in a different coordinate
system. Note that we still have

1 1
dB’ = —ﬂvAvacfch = —ﬂeAeBechBA (4.29)

Though rewriting it in this way may seem to needlessly complicate matters, it will
actually make it easy to see how the generalised frame on G, which we construct next,
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can be related to G x G by analytic continuation. The key feature of the coset represen-
tative (4.22) is that it remains in the same class under the involution o that exchanges
the left and right factors: that is, m’ just goes to its inverse. This same involution flips
the sign of T4, which negates the first row of V4. This can be achieved equivalently
by exchanging ¢’ with its inverse. This trades v'4 & —e4 and v4 & —e?, and flips the
sign of B’. On the actual matrix elements (keeping in mind that dz’ flips sign), we find

v S ey, This involution effectively takes

VM@)o — = VM@)o, VM) om — VM) O (4.30)

consistent with the relations between T4 in the two cases, provided we transform dq —
(— Onr, OM). That is, we flip the sign of 2’ but not of the dual coordinate. This is sensible,
since the dual coordinate parametrizes the diagonal subgroup, which is quotiented out by
the coset and undergoes no change.

4.3 Example: D = G©

Another possibility is to identify 1D with the complexification G€. While the pairing for
G x G is very simple to define, here we have to work a bit harder. First, let us introduce
an involution ¢, which is an isomorphism of the complexified Lie algebra Lie(G®). It has
the properties

o’=1, (0X,0Y)=(X,Y)", and o[X,Y]=[0X,0Y] (4.31)
with X, Y € g©. In this case a natural choice for the pairing is

(X,Y)) = =5 (X,Y) = (0X,0Y)),  ((X,Y))" = ((X,Y)) (4.32)

i

2
where X and Y are elements of the complexified Lie algebra gC. Here, we in particular
make use of the Cartan involution ¢ with the properties

0?=1 and o[X,Y]=[0X,0Y]. (4.33)

It specifies how the real Lie algebra g is embedded into g€ by identifying the former’s
generators t4 with the +1 eigenspace of o, i.e. gty = t4. We further assume that o
is given by 0 X = —S~'X'S where S denotes an optional similarity transformation (for
compact G, we can set S = 1). This implies that the structure coefficients are (graded) real,
meaning (f45°)* = fABC(—)“b. The same holds for the Killing metric (kap)* = kap(—).

For the generators of D, we are going to explore two distinct cases. The first is obvious:
Ta=ity, T4 =4, (4.34)
with non-vanishing components of the generalised flux F45¢ given by

FABo = 4B Fapc = —faBc - (4.35)
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For the coset representative, we take a Hermitian element of GC, so that om = m™'.

Effectively, we can think of m = exp(z'a:AtA). The building blocks of the generalized
vielbein are then

1\ B . 1 b
=3 (B0 SR pat = )
VA= %(dmmfl +m~tdm, t1) (4.37)
dB = f%(dmm_l, dmm~tdmm™t) + %(m_ldm, dmdm™1) + 4ii<dn~m~r1, dm~tdm) .
(4.38)
We introduce the one-form /4 and its complex conjugate €4,
m~tdm =iy, dmm™' =iélt, . (4.39)

The primes are for later convenience as these will be related to €’ and v’ in the previous

section. For these we recover

1 1
vAd=o(et+et),  dB= (e + &) + &) (e +&) fopa (4.40)

Now the full generalized vielbein can be written

. eAN + éAN A(eAN - éAN)(_>n y 5NM _BNM(—)m
VAM = <_i(eAN — éAN) (eAN + éAN)(_)n> < > (4.41)

FNTERNS

where we use

e = (B +eP)Dp?, et = (P + @By (DpA, (4.42)

or equivalently,
ietty =dm*m=2 = m(dmm ™t + m~tdm)m™!, (4.43)
i&ty = m~2dm? = m Y (dmm ™! + m~tdm)m . (4.44)

This case and the one for G x G with coset representative (4.22) are related by an
analytic continuation. There are several ways of seeing it. From the level of the building
blocks (4.36) — (4.38) and the algebra, we can see it by continuing 74 — iT4. To maintain
nAB, we must substitute ((-,-)) — —i((-,-)), too. Consequentially, we obtain

MaB = MsB, Mip — iMag, MAP - —iM*B, M5 — Mg, (4.45)
while for the two remaining constituents of the generalised frame field we find
VA5 —iv4 and B — —iB. (4.46)

This is somewhat formal, and we can make it more concrete by observing that both
coset representatives m are inverted by their respective involutions, and we use this in-
volution to track how factors of i are inserted. Here, m = exp(iz?t4) and for (4.22) we

— 35 —



have ¢’ = exp(z'4t4). We want to analytically continue by taking 2’ = iz. By comparing
explicit formulae, we see that D'(z') = D(z) and so ey (2’) and vpr4(z') become, respec-
tively, epr4(2) and epr4(z).'® The B fields are related as B,y (2') = —iByn(2). Putting
this together we see that the two generalized vielbeins V4™ turn out to be related by

VAM (2") Oy = —i VAM(;U) OM » YrAM (') = PAM () Om (4.47)

consistent with the relations between T4 in the two cases, provided we identify ), =
(—iOar,0M). That is, on the doubled space, we transform 2’ = iz but leave the dual
coordinate unchanged. This makes sense on the coset since the dual coordinate describes
a copy of G itself in both cases (being the same isotropic subgroup H ), and undergoes no
analytic continuation.

There is another possibility that will be of interest to us,'’

Ta=ts, T4=(RP +ixPp (4.48)

RAB obeying certain properties. Requiring ((T'a,Tg)) = nap implies that

for a matrix
RAPB is graded real and antisymmetric. Requiring that T4 generate a maximally isotropic

subgroup implies
[RX,RY] - R(|[RX,Y]+ [X,RY]) = [X,Y] VX,Y € Lie(G), (4.49)

where we employ operator notation for R, i.e. R-¢ = EAR4Ptp. From this equation, we
learn that R must solve the modified classical Yang-Baxter equation (mCYBE). For the
coset representative m = ¢, which is now fixed by the involution o, we again compute all
ingredients required for the generalised frame field,

D4B 0 _
M5 = . DB = {(gtag7 ', tB),  (4.50
A (RACDCB _ DACRCB(_)C DAB(_)b> A (gtag ) ( )
VA = (dgg™t 1) = v?, B=0. (4.51)

We can streamline the result further by defining
e = (g7 'dg,t") =P (D7), (4.52)

and the corresponding dual vector fields v4™ and e4™ (see (4.20)). With them, we even-
tually find
M 0

€A
VM = ABL M A (_ym |+ Where 4% = RAB — (R,)AP (4.53)
eg™  en(-)

where

(Ro)"? = (gt"g™" R(gtPg™")) = DACREP DY (=)= . (4.54)

18The forms pick up factors of i because dz’ = idz.

9The decomposition (4.48) is actually a Drinfeld double, and one could exchange the roles of T and
T#. The result is essentially equivalent to taking (4.34), up to a similarity transformation and coordinate
transformation.

— 36 —



It is interesting to note that ITMY MT[ABepN(—)@m+a defines a Poisson bracket

{f, g} = DMN9y fOrrg which turns G into a Poisson-Lie group. Moreover, we can easily

extract the generalised fluxes
Fup® = fap®, and FAPo=2RAPf Pl (4.55)

consistent with the structure constants of the generators (4.48).
It is useful to make a similarity transformation on the generalized vielbein and the
generators in this case to give

Ty=tq, TA=it" (4.56)
and u
P M= (—(Rg)effBeBM eAM(()—)m> (4.57)
with generalized fluxes
FABC — fABC’7 FABC — _fABC ) (458)

Up to the interchange of Ty & T, the generalized vielbein (4.57) and the one constructed
from (4.36)—(4.38) are Poisson-Lie T-dual to each other.

4.4 The role of the dilaton

We have not yet discussed the role of the dilaton on a generalized parallelizable space. Let
us address this briefly now. In terms of the generalized dilaton ®, the dilaton flux is given
by (3.32), which for the supervielbein (4.5) becomes

Fa=MaPV5M (0arlog @ — Ourlogdet V + Ay FOP p(=)°) = MapFPPp(-)". (4.59)

In the case of generalized double field theory, we replace Opaqlog® — Xy and relax the
section condition on the free index of X . Solving for X = (Xar, &M), we find

XM — (M—I)AB]_‘BVAM + FABBVAM7
Xy — Bun XN = Vit (MY 4B Fp + 0y logdet V — Apo FEP p(—)e . (4.60)

The dilaton is not completely arbitrary since we still require F 4 to obey the usual Bianchi
identities. In the context of a generalized parallelizable space, when the fluxes Fpc are
taken to be constants F4pc, the most natural choice is to take the dilatonic fluxes to be
constants as well, F4 = F4. The Bianchi identities then imply F4g°Fe = 0, and the
conditions (4.60) simplify to

XM = (FA+ FAP gy,
Xy — Bun XY = Vi Fy + 0y logdet V — Ay FEP p(—)° . (4.61)

These can be interpreted as solutions for the vector Xxq. In order to admit a dilaton
solution consistent with the section condition, one must restrict F4 = —FAB 5.

— 37 —



As a special case, we can consider both G x G and G®. For G x G using the coset
representative (4.14), we find

1
xM—opiy, M Xy —BynXN = 5UMAFA + Oy log det v (4.62)

with F4 and F4 obeying
fapCFo=Ffca? =0. (4.63)

A dilaton solution requires F4 = 0.
For GC using the coset representative g in the basis (4.48), we find

XM = (FA 4+ RBCFopMoa™, Xy —BunXYN = vy Fa+ 0y logdetv  (4.64)
with F4 and F4 obeying
fap®Fo = (FC = RYPFp)fea? =0. (4.65)

If we make the similarity transformation to the simpler basis (4.56) with T4 = i k4Btp

instead, one replaces F4 with F’4 + RABFg in the above formulae. To admit a dilaton
solution, we must have the following condition

FA ="+ RAPFp = —RPCFopt . (4.66)

5 Generalized supercosets

5.1 Review of conventional supercosets

To motivate the construction of generalized supercosets, we first recall how conventional
supercosets are constructed. Let G be a group and F' be a subgroup. Denote the generators
of G by t, the generators of F' by t4, and the remaining generators by ¢4. The structure

constants are normalized so that [tg, t§] = — Aﬁcta. We decompose a generic group
element g as g = m(z)f(y) with coset representative m. The local coordinates are chosen
as 2M = (z2M,y"). The Maurer-Cartan form dzMEMAtZ = g~ 'dg decomposes as
=~ 4 (o™ 0\ [ExP QnE A

A= Y N (Ad A (5.1)

M 0 o~ 0 ons B
with

dyorts = dhh L. (5.2)

This decomposition shows how the full group can be reconstructed from the coset. In
particular, it has three important properties:

1. All quantities relevant for the coset are contained in the middle matrix in (5.1). These
depend only on the physical coordinates on the coset.

2. This matrix is in upper triangular form.
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3. It is dressed by an adjoint f € F' action on the right and right-invariant Maurer-
Cartan form of the subgroup F' on the left. These depend only on the subgroup
coordinates.

With the dual vector fields corresponding to (5.1),

o~ ~(E N —E PQ C 5 M 0
E"M:(Adf)AB B B CP N I (53)
A A 0 o= 0 v
one can compute the anholonomy coeflicients
5 C._ 5 Mo p Np C

With the y coordinate dependence isolated in the first and third factors, one can show that
the anholonomy coefficients with a lower index valued in F' are completely fixed in terms

of the structure constants. Up to an adjoint action of f, which we discard in the definition
of FZAC, we find

B
Fap% = fap%, Fap® =0,
Fap© = fap<, Fuap® = fas®, (5.5)

while the remaining two correspond to the covariant torsion and curvature tensors

Tag® = Fap® = Fap® — 2042 fp15°. (5.6a)
Rap® = Fap© = 2DaQp % + Fap©QeC + Qu2QpB fpaS(—)" — 2042 fpp € (5.6b)

where Fap® = —2 E[AMGMEB]NENC. The results (5.5) and the covariance of (5.6) follow
from the general fiber bundle structure of (5.1) with local symmetry group F acting on the
frame bundle. When Ej;4 and Q)4 are determined from a larger group G, the covariant
torsion and curvature tensors are fixed as

Tag® = fan®, Rap< = fap©. (5.7)

5.2 Generalized supercoset construction

Let’s apply similar considerations to the case of a double Lie group ID. As before, we
presume a maximally isotropic subgroup H, consistent with the assumptions made in
section 4.1. We denote the generators of D as T’z = (T3 T4) with T the generators of H.
In addition, we presume that ID possesses another isotropic subgroup F', with generators
Ty, with respect to which we will construct a generalized coset H\DD/F.

There is a subtlety here, which we should address at this point. We make no assump-
tions about how F' and H are related. This means we will need two distinct bases for the
generators of ID: the original basis T = (TZ’ TA) where T are the generators of H, and
a new basis,

To = (Ta,Ta, T4, T4) (5.8)
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where T4 are the generators of F. For this new basis, we take the Killing metric to be

0 0 548
g = 0 nas 0 (5.9)
A=) 0 0

with 745 an OSp metric on the coset. The change of basis matrix between T;, and T 3 may
in principle be quite complicated. To avoid a proliferation of indices, we won’t explicitly
exhibit the prime on ,Z, but it should be understood to be in the appropriate basis.

On the generalized frame field in (4.5), we aim to impose a similar decomposition
inspired by (5.3). The role of the group G and subgroup H will be played by the left coset
H\D and the subgroup F' respectively:

N R 6% 0 0 et 0 0
= (Adf) 58 —Q5¢ VeV 0 0 oM 0 | . (510
pBi _ %QEPQPQ OBN 5§Q 0 0 EQI(—)l

By preserving the OSp pairing on the generalised tangent space and splitting it into coset
and subgroup contributions, we obtain

0 0 o7
NN = 0 nwmn 0 . (5.11)

sty(=yY 0 0
With the tangent space metric (5.9), this ensures 172/\7 is an OSp element. In fact, it
decomposes into a product of three OSp matrices. The first and the last are naturally
comparable to the factors in (5.3). For the matrix in the middle, we have imposed a
lower triangular form with the diagonal inspired by the geometric coset. Taking VeV to
itself be an OSp element, the remaining free parameters are Q4, with Qpd = VgV Q4

QBN = QNB(_)" and the graded antisymmetric matrix pAZ. The former plays

and
obviously a similar role as the connection €34 in the geometric coset, while the latter
is a new ingredient required only in generalised geometry. Remarkably, pAZ also appears
in the work by Polacek and Siegel to construct a natural curvature with manifest T-
duality [96]. There, the subgroup F is the double Lorentz group and the contracted version
pQFE AaBFrcp = rapep is used. Hence, we call pAL the Polacek-Siegel (PS) field. For
a deeper discussion on the Poldcek-Siegel formalism in the related context of consistent

truncations, we refer the reader to [21].

From now on, we will refer to % EM as the megavielbein and the enlarged superspace
on which it acts the megaspace, when we need to distinguish it from the coset supervielbein
VM. Similarly, we use

D~-=V-Mo—~,  Dsu=VMou (5.12)
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to denote their respective flat derivatives. From (5.10) and recalling that 9/ vanishes, the
flat derivative on the megaspace becomes
5518[
D.Z\\ = (Ad f)A\B Dp — Qggﬁgla] . (5.13)
(pBE = 3987 Q)i o + QBAD 4
Just as in the conventional supercoset, the middle matrix in (5.10) depends only on the
coset coordinates. With the y coordinate dependence isolated in the first and third factors,

one can show that up to an overall adjoint action of f, which we discard, the generalized
fluxes with a lower index valued in F' are completely fixed as

Fapc =0, ﬁ@czoa ﬁAjQ:FAjQ,
Fase =Fape  FapS=Fap®  FaBC=F,5¢ . (5.14)

The remaining fluxes correspond to generalized curvature tensors. The torsion tensor is
Tase = Fase = =3V MOV Vve) — 3 Qa2 Fpise) = Fase — 3 2Fpjse)  (5.15)
where F is the generalized flux of the coset supervielbein. The generalized €2 curvature is

Res = Fes™ = 2 DieQp? + Fes"p? + Qe QP Fpe?(—)™
—2QPFpg® — Fesp (/ﬂé + %QQJTQ;A)(—)”’ : (5.16)

Finally, there are two additional curvatures that are not present in the standard supercoset.
These are the covariantized gradient of the Poldcek-Siegel field

Rc@ = ]?chA = —Dcp@ 4 (5.17)
and an additional curvature
RCBA _ 7CBA _ 3p[QIQFQILA] —3 Q[Q\CDCp\LA] N (5.18)

where we have shown only the leading terms. The precise forms of these curvatures will
not be relevant for us. The curious reader can find them in [45, 49].

These generalized torsion and curvature tensors hold for generic V, €2, and p. When
they are determined from a larger doubled Lie group, they are constrained as

Tase = Fanc, Res? = Fep?, RcBA = F B4 REBA = pCBA  (5.19)

Now let us compute the quantities (4.5)—(4.7) required to construct the generalised
frame field for the coset representative m = nf, where f is an element of an isotropic
subgroup F' generated by T'4. We find the adjoint action

~

M= (Adm) B =MEMF,  MP=(Adf)®, MP=(Adn) B, (5.20)
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the Maurer-Cartan form components

-~

VA= ((dnnt + ndff_ln_l,T%)

5.21)
Az = ({dnnt +ndff_1n_1,T2>), 5.22)
and the B-field
1/ 4 o _
B = (VAAAz— (afftn dn))) + Buaw .
— 1
dBwzw = —ﬁ«dnn_l, [dnn~t, dnn=1))) . (5.23)

Above we have split the original Bwzw from (4.7) into an exact term and a term Bywzw
defined purely on the coset.

A straightforward calculation gives rise to
UaB = (nTan ' VPTL) =M V(=)' G4 V5 B=-M (5.24)

where 14 = 77A181 denotes the vector field dual to the one-form dyIT;IATA =dff!. From
this equation, we immediately obtain

o (—VEJB T5(-)" + VBT§> =nTan ",

(5.25)
which proves that
R 0
G =M 0 (5.26)
B (=)’

holds. This verifies the form of the last column in the middle matrix of (5.10). But because
ﬁXM is an OSp element, the first row also has the desired form. We can finally read off

A “7.C0a A
Qp==—Mgp Sa*,

(5.27)
pAB = 31 1B, (5.28)
(VM VNByyy — SRCNT s VD ()t
VM =D1,8 B B B = S Mep V(=) , (5.29)
0 VB (—)m
m(=)

where we introduced for convenience the quantity

B. 1, 1~B 57F Bo . C _ s C
SZ*.— VZ vr—, MA Sg*—d

A< (5.30)

It is a somewhat involved calculation to show that both S Aé and VZM are y-independent,
while By, and Vi are y-independent by construction.
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5.3 The dilaton on the generalized supercoset

Now we will equip the Polacek-Siegel megaspace with a dilaton d. Its generalized flux
tensor is

— DV Molog® + MV (5.31)
In analogy to the decomposition of the megavielbein (5.10), we expand

log® = log ® + log é (5.32)
where ééTA = f~ldf is the left-invariant vector field on F' and ® is chosen to be inde-

pendent of y. The extracted term is responsible for generating the density behavior of d
under y diffeomorphisms. One can now show that

0
=AdNL| T |+ F@B(—)b (5.33)
RE
where
Ta = VAMaM log¢+6MVMA —QBQFQBA, (5.34)
RA = 0AMGlog @ + IMOME — QPCFopt + pBPCFp2 (5.35)

are the dilatonic torsion and curvature respectively.
In the case of generalized DFT, one should replace 8A710g</f> — )?//Vl\ in (5.31). A
natural replacement of the constraint (5.32) is

0
MR- ogloze) = (Ad ) 48 O (5.36)
D. XM‘FX*

where Xy and X4 transform under coset diffeomorphisms and F-gauge transformations as

52X = N oy X + 0N e, 5xA = Ny ad — xMoyrd — NEXCFoph |

(5.37)

Now the dilatonic torsion and curvature are
Ta= VaM X+ 0MVpga — QPCFcpa, (5.38)
RA = x4 4+ QMMxy + oMouE — OPCFp + pBCFep? . (5.39)

The dilaton solution corresponds to Xy = I log ® and X4 = 0 where ® is gauge invariant
under F'.
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5.4 Example: D =G X G

The examples we will consider are based on the ones presented in the previous section,
namely G x G and G€. We employ the same real semisimple Lie group G as before, but
additionally, we presume the existence of a subgroup F' C G. The most relevant cases are
when the coset G/F is a symmetric space, but we will remain rather general here.

When embedded into the double Lie group D = G x G, the subgroup F must be
isotropic. The pairing (4.10) makes this constraint very restrictive and only allows for
diagonal subgroups. We denote the generators Ty = (t4,t4) for the generators of F. In
other words, F' here is a subgroup of H itself. The remaining generators are assigned by
requiring that the pairing 73,z has to be of the form given in (5.9) and we get
Ta=(tata), Ta=(tata), T4=(@4—tY), T4=_4 4. (5.40)

There is a subtle point here: in defining the left coset, H\D, we arranged the generators as
T3 = (t; —t3) and T4 = (t’z7 t‘z), with the latter defining H. In defining the right coset
now, we have swapped the roles of lower and upper indices.?’

Now we can build the components of the generalized vielbein. As the coset represen-

tative, we take
m = (nf, f)=(n,e) x(f,f) (5.41)

with f € F and n in the dressing coset Ggiag\(G X G)/F'. Because F' C H, some care must
be taken in the choice of n, because this coset representative may be rewritten as

m=(f,f)x(f"'nfe). (5.42)

The factor on the left is an element of H, so its only effect is to add an exact term to
the B-field. For this to be a good coset representative, we must be careful to choose n so
that f~'nf is a sufficiently generic element of G — namely, that it generates invertible
left-invariant and right-invariant vielbeins. This is not always possible — e.g. if F' contains
an abelian factor that commutes with all elements of G.?!

In fact, the coset representative (5.42) is nothing but the coset representative used
in (4.14) for the case g = f~'nf. This means that the generalized vielbein we will construct
must actually be equivalent to the generalized vielbein there (4.21), up to an exact shift
in the B-field, and an overall OSp transformation acting on the left to swap the roles and
index positions of T'; and TA.

~

We can begin to see this already when we compute VMA:

-~

VAt; = o (dnn ndff i dp ) = S fdgg (5.43)

2OWe additionally could swap the roles of T4 and T* (raising/lowering the indices respectively) to restore
the original positioning of the coset indices, but this only works if K4p vanishes, since we need ((T'a,TB)) =
0.

211t is even problematic for symmetric spaces if we choose n = exp(z“ta), since then the effect of f is
merely to rotate the coordinates . Then the left and right-invariant vielbeins vanish on the subgroup F
since there is no dy component.
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It is nothing but the adjoint action of f on the right invariant vector field of g. More

)Y VA Vnd
VoA = 5.44
i ( 0 @IB> g <§DBA LD —1)p4 (549

explicitly, we take

where we use D§At2 = ntETf1 and ¥ = dff~!. Its inverse we denote

~ N ¢ B M
VM = (VA Sa ) X <5N 0 I) (5.45)

VAN SAE 0 oup

where S Zxﬁ was defined in (5.30). Importantly, we will need the two conditions

1 ~
§(D — 1)ABS§Q = 5AQ, (5.46)
1 ~
5 (D - APV =0 = DAV M =vM (5.47)

We need to compute M X’B . Here one needs to keep in mind that the A’ index is in
the F-adapted basis, whereas the B index is in the H -adapted basis. This leads to

— B 1 ~ — 1

B _ B _ b
MAP = (D ~1)a M, 5= 5(Dr+5) 5(=)",
— 5 1 ) — 1

B _ B = ~(—)b
MaP = 5(D~1)a M ,5=5(Ds+r),5(=)",

1 ~ _
MAP = (kD + 1) M4

s 1 — 1
MAB = (KD + r)AE - MAL = 5 (kD = DA(—)b . (5.48)

The vector pieces of the generalized vielbein are

— 5 1 =

VAM = M4PVM = 5D - 1) APV, (5.49)

pAM _ ARy }(FLD 4 Rr)ABYM (5.50)
o B 9 B :

Because 3(D — 1)ABV§M = 0 we can rewrite the first term as

1 ~
KABYpM — 5 (kD = k)P VM (5.51)

A

At this point, we denote the coset part of the inverse Killing metric k42, which we

presume to be invertible with graded inverse nap,
HABUBC = 50A(_)a (5.52)

Note that nap does not equal kap unless k4p vanishes. Now on the coset, we introduce
the vector fields

1 5 1 45
ABepM = 5 (/iD)ABVEM, kABypM = 3 RABV];M . (5.53)
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We presume these are invertible. Then we find

VM = e My M PAM

= kB (eg™ +vp™M) . (5.54)

At this point, we can exploit a fact more familiar from O(D, D) elements that can be

AB

extended to OSp elements when we have a metric k*° with inverse nap. In general, we

may write

N N 1 B B n+b M & m
M ea” —wva inaB(e® N +v°N)(—) N —Bnwm(—)
Vi = (RAB(BBN + UBN) i(eNA _ UNA)(—)n X 0 5NM (5‘55)

for some graded antisymmetric B. We have already identified e4™ and vsa™. In our case,
the two vielbeins are the pure coset parts of the left and right invariant G x G vielbeins

eXM and ’U;‘\M for g = f~'nf, but dressed with an additional adjoint action of f. Using

the explicit form of the generalized vielbein, one can confirm it falls into the above form for

1 1 _
B=g ((KS)ACDCB—Q(KS)AC("LS)BD(DR) c(—)Cb> vPnps AvEnca+Bwzw,  (5.56)

or equivalently,

~ 1 1
B = g <(/§DS)AC(D—1)CB - Q(RDS)AC(HDS)BD(D_IK)DC()Cb) 6D77DB A eCnCA

+ Bwazw , (5.57)

In these expressions, the suppressed indices between x and other objects run over both the
coset and subgroup indices, i.e. (k5)4¢ = k483 EQ‘ The pure WZW term on the coset is

— 1
dBwzw = —ﬁ(dnn_l, [dnn~t, dnn™1]) . (5.58)

For reference we give the translation between dnn~! and n~'dn and the 1-forms e? and
v introduced on the coset:

_ 1 D
dnn=! = o4 (tB - i(lﬁS)BQ(D - 1)0Dtﬁ) NBA
_ 1 5
n~ldn = et (tB - i(nDS)BQ(l - D 1)0Dtﬁ> NBA - (5.59)
The two vielbeins are related by a graded version of a Lorentz transformation,
AAB — eAM’UMB, nACACDnDB — AAB — (Afl)BA(_)ba (560)

where explicitly

A = (kD) — (kD)o (D — k)1 )2(DR)pp - (5.61)
The remainder of the megavielbein is characterized by € and p:
1 G 1 o
B __ Cqg B AB _ _ © AC g B
QA*——i(D—l)A SC’ , Q = Q(KZD—!-H) SC , (5.62)
1 -~
pAL — 5 (5D + k) AICSIBL (5.63)
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It will actually be useful for us to consider a slightly different coset representative,
which will be relevant for analytic continuation:

m = (n',n'""1) x (f, f) (5.64)

The coset element (n’,n'~!) goes to its inverse under the involution o that exchanges
left and right group factors. Thankfully, we do not however need to perform any new
computation. Similar to the generalized group manifold case, this coset representative is
related to the previous one merely by an H-action on the left (which is just an exact shift in
the B-field) and a coordinate transformation, taking n = n%, exploiting the identification

(', YY) < (f, f)= @10 x (n?,e) x (f, f) . (5.65)

Of course, it is related to the two G x G generalized group manifold cases as well.

With these facts in mind, and using what we have learned in the previous cases, we can
simply describe the result here in a manner that will be useful for analytic continuation.
Let g = f~'nf be a generic element of G, and similarly for ¢’ = f~!n/f with n = n? (so
g = g¢'%) . Define on the full group the modified left and right invariant forms

6]2 = fdgg ' f t=dnn "t +ndfftnTt —dfft, (5.66)
M= fg g =t dn+ dff = tdff (5.67)
In terms of n’/, these can be written
ot =n (an'n'= 0t ndf i g ) (5.68)
é\AtX =n/71 (dn’n’*1 +n/7rdn’ +n'df i - n"ldfffln’> n' (5.69)

Then define two vielbeins on the coset by
kABepM = /iAEéAM, kABypM = KABG M (5.70)
and additional fields
548 = D055 58 = (D' e o, 2 | (5.71)

These equations imply that

~

1
dn'?n/72 = o4 (tB — i(ﬁD”lS)BQ(D’Q - 1)CDt]3> nBA (5.72)

1 ~
n'~2dn? = ¢4 (tB — 5(mDﬁs*)BQ@ —~ D't ) nBa - (5.73)

N———

Then the generalized supervielbein on the large space is given by (5.10). The connection
) and Poléacek-Siegel field are

1 ~
Q.8 = —§(D’ —D'"14°85E, (5.74)
1 ~
QAL — —i(nD’ + kD HACSE, (5.75)
1 ~
PAB _ (D' + kD'~HAICS BT (5.76)
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and B is given by

B— ¢ ((RD'S/12D)cP - (kDS LRD'SYPR(D ) o)) i A e
+ Bwzw (5.77)

with
— 1
dBwzw = —ﬂ<dn’2n'*2, [dn/*n~2 dn/?n'7?)) . (5.78)

5.5 Example: D = G©

Next, we take the complexified group D = GC discussed in section 4.3. The subgroup
F C @ is again an isotropic subgroup using the pairing (4.32). The basis (4.48) already
introduced for the GC case is perfectly suitable here: we merely split the generators up
so that

Ta=ta, Ta=ta, T*=R¥P+ix'P)s, T4=(RAP +irdP)t5. (5.79)

Again, we do not need to impose that x4p vanishes, although this will certainly be the
case most of interest. A natural coset representative lies in G itself,

m=nf=g€G. (5.80)

Introducing the usual left invariant vector fields suitable for G/F,

nldn = ety + whty (5.81)
we easily find
~ B B ~ . . M . Bs I
UAA = eM W~MB DAA, ’U’\M = (D_l)’\B 5 w:4 IUB ) (582)
M 0 vr= B A A 0 UB

whe1zs DZBtg = ntan~'. Tt follows that Sgﬁ = (DH-L — (DY ~PwpB. Computing

A
M EB , one finds

5 DB 0

M-B = A L . (5.83)
(RD — DR)AP DA5(—)P
This leads to a generalized vielbein on the coset of
M
ea 0

M= (_ : 5.84
= (i o) (550

The connection ) and Polacek-Siegel field are

Q8 =wsB, QB T T %, BT Tl (5.85)
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A~

The matrices m? appearing above are given by

I"" = RAP — DACRP(D1) 5P . (5.86)

Note that TT'*? resembles the matriXAH‘Xﬁ given in (4.53), except we have restricted the
group element used to construct DZB from g to n. Of course, this is no accident: the
megavielbein on the generalized coset is nothing but the generalized vielbein on the full
space (up to a B-field gauge transformation). It is an instructive exercise to check these
formulae emerge directly by comparing with the expression (4.53) and extracting (Ad f) XB .

Just as on the generalized parallelizable space, we can make a similarity transformation
to the basis

Ta=ta, Ta=ta, TA=ir"Bt T4 =i xAPt . (5.87)

B
This remains in Polacek-Siegel form, except now the various constituents of the megaviel-
bein are given by

M N PN N
M _ €A 0 B._n Cp Dip-1\_B
QB =wsf, B = —(R)" B, p2B = —(R)AB + (R P . (5.88)

This case can also be easily compared with the corresponding megavielbein in (4.57) after
extracting a factor of (Ad f) XB :
Another interesting case is to choose

Ta=ta, Ta=ta, TA=ith, TA=4itd (5.89)

We use the same decomposition for m as given in (5.80) with n being hermitian and f

unitary. For the elements of M X’B we find

4P = %(D—D*1)4§ M 5= (D + D7) 5(-)

A8 = 211,(1)—1)—1”1§ M= %(Dmp—lm)@(_)b,

TAB _ %(;—@D + kD-1)AB WA = —Q%(KD — DA ()P,

I7AB — é(w +kDAB FA _%(,@D — kDDA (5.90)

The computation is very nearly identical to the G x G coset. We find for V4 and A4

VA = Z(dmfl +n~tdn) + Z@Q(D - D Nptts, (5.91)
~ 1 -~ -~ 1 B B ~
AN = 5 (dnn ' n=tdn) + §UB(D +D Nptts . (5.92)
The vector pieces of the generalized vielbein are
— 7 _ B . _
KABYRM = KABMABVEM = —5(/<;D — kD 1)ABVEM = —i s BepM —epM), (5.93)
~+AB 1 _1\AB _
e e (KD + kD DABVM = k4B (ep™ +ep™)  (5.94)
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where we again exploit the vanishing of (D — D71)45 VgM in the first line. These ex-
pressions define the doublet of coset supervielbeins e and e. These alternatively can be

understood as k4P €§M where €2M is the inverse of
iéAtZ =n! (dnn_l +n tdn+ndffInt — n_ldff_ln)n (5.95)

and similarly for its complex conjugate,
iggtg = n(dnn‘1 +n tdn+ndffIn"t — n_ldff_1n>n_1 (5.96)
Inspired by G x G case, these can also be written
et = fmldmft, iet

The generalized supervielbein on the coset is

DM ( —i(ea™ —ea™) nap(ePy +€BN)(—)I’+"> . <5NM —IE%NM(—)m> (5.98)
KB (epN + ) ety — ety) () 0 N
where
B =~ (i(sDS)A(D )P — L(kDS)*C(kDS)PR(D*k) po ()" )ePnps A e“noa
+ Bwzw , (5.99)
with
dBwzw = —i(ann*Z, [dn?n~2, dn*n"?)) . (5.100)

The € connection and Polacek-Siegel field are

) _

048 = —5; (D= D H,95:E, (5.101)
N _

048 — —5 (kD + kD )ACSE (5.102)
. _

pAB — S (AD + kD™ HAICG 1B (5.103)

6 Generalized supercosets for supergravity backgrounds

6.1 Supergravity backgrounds in double field theory

In order for the generalized supervielbein to describe a valid background of supersymmetric
DFT, the generalized flux tensor must obey a certain set of constraints [45] (for earlier work,
see [46, 47] and [48]). At dimension -1/2, all flux tensors vanish

Fapy = Fapy = }—an—/ = F&Bﬁ =0 (6.1)
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while at dimension 0,

Fupe = —iV2(Ve)as Fage = —iv2 (5¢) - apr Fape = Fape=Fapc=Fz5.=0. (6.2)

[0}

We refer to these as k-symmetric constraints, in analogy to their supergravity analogues [90].
In addition, one imposes conventional constraints at dimension 1/2

]:0(5 7‘7_.,3130( )0457 ‘F&BB = ‘F,Bbc( )&B’ ]:abf(’yb)aﬂ = F@EC('Yb)&B =0, (63)

which amount only to redefinitions of the physical dilatini and gravitini. A final conven-
tional constraint at dimension 1 redefines the Ramond-Ramond bispinor,

(Y9 Fog® = —(v°) P Feg™ . (6.4)

As argued in [45] (and in analogy with [90]), these constraints alone lead to a gener-
alized double field theory (which is related to modified DFT [92]), the DFT analogue of
generalized type II supergravity, where one does not presume a dilaton to exist, see sec-
tion 3.3. We will return to the question of conventional supergravity (i.e. where a dilaton
exists) in section 6.5.

Now we can pose the question whether the generalized vielbeins we have constructed
in previous sections, namely for the double Lie groups G® and G x G, satisfy these con-
straints so that they describe supergravity backgrounds. If we presume that the group
G should have 32 supercharges (to accommodate the full range of o and & indices we
seek), ten corresponding translation generators P,, and a subgroup F corresponding to
any Lorentz and/or R-symmetry groups, we are essentially restricting our attention to
maximally supersymmetric type II backgrounds. These were analyzed long ago [97], with
only the AdSs x S° background of IIB and its Penrose limit (an Hpp wave) [98] relevant to
us here.??

The supergroup G of isometries for AdSs x S° is PSU(2,2[4) (see e.g. [101]). Only
some of the details of this algebra are important to us, so we will treat it in rather general
language. It consists of generators t 2 = {tq,%a,%a, tr}. The generators ¢, span a (bosonic)
subgroup F' = S0O(4,1) x SO(5). The generators t4 = {tq,%4,ta} comprise spatial transla-
tions and supersymmetries, and the supercoset G/F is a superspace whose bosonic body
is AdS5 x S®. The superalgebra admits a Z, grading under which t., to, t., and t5 carry
charge 0, 1, 2, and 3. The non-vanishing (anti)commutators are

[tmtﬁ] = _frﬁryt% [tratB] = _frB;Yt’ ) [te,to) = —frpte,  [te ts] = _frsta
{ta,tg} = —fapte, {tatpl=—fagte, {tartpt=—fop'te,
[ta7tﬁ] = _faﬁﬁt’iya [taatB] = _faB v [ttl?tb] = _fab tr . (65)

We normalize the generators so that the SUSY algebra is conventional with

fa,BC =—i ('70)&[37 f@BC =—1 (76)&5 : (6'6)

*2There is also the ITB* background dSs x H® [99] and its Penrose limit [100], but we won’t consider
these.
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Then the structure constants fABC may be interpreted as the torsion tensor Tup® of
the undeformed AdSs x S° background. The algebra admits a non-degenerate Cartan
metric £ 35 Wi_th noNZero pieces Kb = Mab, Koj = —Kja, and kys. The (graded) inverse
component £*? is proportional to the Ramond-Ramond bispinor of the undeformed AdS; x

S® background, i.e. k% o ﬁa1a2a3a4a5 ('yala?a?’a‘laf’)aﬂ_ , since it appears in the constant torsion
Taﬁ'y = faﬁ’y =—1 "{W(’Va)'yﬂ7 TQE’Y = ag_’y =—1 HV’Y(’Y@)»}B . (67)

A crucial feature of £ is that due to the 10D gamma matrix identity YaVorbabsbabs V" = 0,
one finds Taﬁﬁ(’ya):yg = Tag'v(’ya)vﬁ =0.

6.2 The n-deformation

In the context of supercoset sigma models, the n deformation is a specific deformation that
preserves the classical integrability of the original model. It depends on the existence of
an R-matrix obeying the modified classical Yang-Baxter equation (4.49); such models are
known as (inhomogeneous) Yang-Baxter o-models [76, 77]. For the case of the AdSs x S°
superstring, the Lagrangian is given by [74, 75]

1— 2 .. ..
L= _(41;7)(\/jhh23 — &%) STr (g_laing:l g_lajg)

1—n? | -
— _(777)(\/_7”1” _ 61]) €iA€jB((’)_1)

Cq. D
ds"kKa~. 6.8
ym K (6.8)

)
Q
-}
b

The group element g is an element of PSU(2,2|4). The factor 1/t can be interpreted as the
string tension T'. The Lie algebra operator d is defined in terms of Z, graded projectors as
d=prW 4+ #P(z) — P®). As a diagonal matrix, ng and its transverse are given by??

d.’ = (@’ =67, da’ =@ = -5,

2
dab = (dT)ab = 1— 7]2 5ab d,® = (dT)rS =0. (69)

The operator O_ and a related operator Oy are given in matrix form by

(00);7 =657 —nd;“(Ry)5", (01);7 =67 +n(d") ;9 (Ry) 5" - (6.10)
The Lagrangian (6.8) can be rewritten in Green-Schwarz form as
__T ij @ 4@y L i 5
L= —SV=hhSTr(AZ)A) + SV STH(A_BA) (6.11)
where A_ = O~1(g~'dg) and
L Bl pm _pe) gt
T=., B=— (P~ PO 4 nd"Ryd) . (6.12)

2 : - S A, A B,
Ref. [80] relates operators to matrices as O - £ iy = I3 tBO > while we use O - £ ey = & OA b

This amounts to replacing OBX — OXB(—)HI’“.
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It is straightforward to show that if one decomposes g = nf for f € SO(1,4) x SO(5), the
f factor drops out, so this is indeed describing the supercoset.

In the seminal work [80], Borsato and Wulff analyzed the supergeometry of the n-
model, establishing that its xk-symmetry was of the GS form and deriving a condition on
the R-matrix (dubbed a unimodularity condition) for the background to be a supergravity
solution. Our goal in this section is to analyze the n-deformed model purely on group
theoretic grounds and show how the relevant structures of the o-model emerge purely from
the doubled supergeometry.

The starting point is the complexification G of the group G' = PSU(2,2|4). As we have
already discussed in section 4.3, the complexified group involves the addition of generators

t3 =1ty obeying

tatgl=—fi5T6, linigl=+f3 s (6.13)
with Killing form built from imaginary part of the Killing form on G, so that
((totg) = (Epts) =0,  ((tpig) =rip - (6.14)

We want to find a new basis for this supergroup, for which the structure constants
can be interpreted as generalized flux tensors for a supergravity background. Denote the
generators of this new basis T'7 = (T, T4, T") with pairing

0 0 &
(T3 Tg) =mnzg=1| 0 nas 0 | . (6.15)
s 0 0

The generators Tg = (Ty, Ta, Tw, Tx, T, T®) will parametrize the generalized supercoset
with pairing n4p given by (2.22). A few basic assumptions will help us choose these
generators:

e The only group invariant is presumed to be the Killing superform. This suggests
that the new basis of generators TAA should be very simply written in terms of the
old basis,

A_ ., AB, _ ABj
a= otz tbhats T =CH) K tBer(A)Ii tas (6.16)
where a, b, ¢, and d correspond to numerical constants and no summation on the
parenthetical indices is assumed. This implies that the flux tensors will all be pro-
portional to the original structure constants, F iBE & fﬁﬁﬁ'
e T, = ty, in order to preserve the coset interpretation, with the Lorentz generator
acting on all other generators in the expected way.

e The structure constants must obey the supergravity constraints. This means that all
the dimension -1/2 components vanish, Fogy = Fapy = faﬁ“’r = ]:@B"Y = 0. This is
automatic because there is no corresponding structure constant in the original algebra
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(since the structure constants are bosonic quantities). The dimension 0 components
should also be constrained to obey

Fape =V2fape:  Fage=—V2fager  Fage=Fage=0. (6.17)

Additional constraints apply at dimension 1/2; however, these are fermionic and must
vanish since the fluxes correspond to structure constants of a supergroup (just as for
dimension -1/2). Finally, at dimension 1, we will also require (6.4).

The most general possibility for T, and Tj is
To=ai(ta+nla),  Ta=as(ta—nia) . (6.18a)

We choose an arbitrary parameter n and normalization a; to define T,,. The fact that —n
appears in T5 is a direct consequence of ((Ta,Tj3)) = 0. From the basic dimension zero flux
constraint (6.17), we can deduce T, from {74, 73} and similarly for T5:

(a1)? (a2)?

T.="75 ((1 — %)te + 21 Ea) L = ((1 — %)ty — 2n fa) . (6.18b)

The dimension zero flux also fixes T% using [T,,T}] (and similarly for T%) as

(a1)? 5 (az)?

T = S5 (=3 + B —n?)i) T = 5 (= (L= 3% + (3 — )i
(6.18¢)
The Lorentz generator and its dual can only be
T = tp, " =1t" (6.18d)

in order to satisfy ((Ty,7%)) = 6;° and ((T™,T%)) = 0. From ((T4,Th)) = Nab = Nap and
((Ts, Ty;)) = 15 = —Mab, We find the normalizations

4 4 1
(a1) (az2) =) (6.19)
This fixes the range of n as 0 < n < 1 or n < —1. We fix the phases of a; and as
by choosing them to be positive real numbers. We summarize the full set of structure
constants in appendix D.

There are two equivalent paths to the supervielbein, depending on whether we want
to view it as the supervielbein for the generalized parallelizable space (section 4.3) or
for the generalized coset (section 5.5). While the most direct path is the latter, it will
be more instructive to use the former construction to generate the megavielbein directly,
since this is closer in spirit to the results of [80]. Recall that for AGC, we gave a simple
form for the generalized supervielbein in the basis ¢+ and t4 = it in (4.57) (promoting
unhatted indices to hatted ones). The construction involved the left-invariant vector fields

o~

éAtg = ¢g~'dg and the R-matrix R4Z obeying the mCYBE (4.49). Then one simply can

apply the dictionary derived above for relating ¢ 3 and 4 to the generators Tﬁ we actually
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want. This gives a simple similarity transformation which can be applied to give the
generalized supervielbein.

Actually, in order to match normalizations, we need to rescale the generalized super-
vielbein with a dimensionful parameter (this is related to rescaling the worldsheet tension):

5 M _ AEAA.//\\/’ A/\//T
VX = WA Vi L{N . (6.20)
The W factor rescales the flat indices, with nonzero entries
WI‘S - 51‘5 ) Wocﬁ - U1/250¢6 ) W&B - U1/256¢B ) Wab = 5ab ) WEB = 553)
W =v¥25% W5 =0325%  Wry =026, (6.21)

The parameter v carries mass dimension, and the choices above reflect the engineering
dimensions of D n The U factor rescales the dual derivative OM,

UM = 55" 0 (6.22)
N 0 v—26NM ' '

The choice of v~2 here is needed to ensure that V' remains an OSp element with unchanged

4B
unchanged except for an overall rescaling by v consistent with their engineering dimension.

~~ and UIvIve We drop the prime from now on. After this redefinition, the fluxes are

To match conventions in [80], we will choose

| 2n
V=G 7 (6.23)

The generalized supervielbein can be read off the covariant derivatives. Using the matrices

(O4) XB introduced earlier they are

Dy =eM0 , (6.24a)

_ 1 50 1 ST

Da = - ((0s)a"e5 V05 + 51 = ) w5, 0™) (6.24D)

_ 1 5 0 1 R 7

Ds = = (( LalepMog — 5(1 ) 1\“4’8“6& 8M> ; (6.24c)

~ 1 B N V7

D, = 7((0—)aB §M8A + eAbnba<_)maM) ) (6'24d)

~ 1 B N v

Dz = (075" 0 — 2" ma(-)"0M) (6.24¢)

o= L (+aniesfog - 2T 0, 0B o 4 L ipyegeal), (6.24)
212 B0 T TR T T )

. 1 55~ T 3= . \aBa il 1 3 o

D = ( — 4k M~ 1 ; T (04)7Pes Mo + 53 nQ)AM‘“aM) , (6.24g)

—_— 77 -
Ar 20 N o x(_ymgil
D" = -1 (Be)"eM 05 + 257 (-)"0 (6-24h)
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It is worth emphasizing here that (O+)a§ = ((’),)a’§ and similarly for &; this is apparent
from the operators themselves, but it is a requirement from the underlying structure of
supersymmetric DFT, see the second line of (2.33).

The supervielbein implicit in (6.24) is not immediately written in Polacek-Siegel form.
In particular, it has dependence on the subgroup coordinates y. However, it is easy enough
to put it into that form. Decomposing the group element as g = n x f, the G vielbeins

eM

4 employed above can be rewritten as

~

—~ ~ —~ M _ r~ I
e-M — (Ad f)ZB EgM, EZM = (eA W:élI'Ur ) (6.25)

with e and w defined as in (5.81). Conjugation by Ad f leaves the diagonal matrices d and
d” invariant and replaces R, with R,. This leaves an overall Ad f on the very outside
of the megavielbein as in (5.10). The fields on the coset simply correspond to replacing g
with n in the operators O+ and dropping the Ad f factor in (6.25). We denote O+ as the
operators (6.10) with g replaced by n. The result coincides with applying the similarity
transformation for T4 to the coset supervielbein (5.88) directly.

As discussed in section 2.3, one can read off from these the components of the physical
supervielbein. First, one identifies?*

1 . - 1 —
EM = — L (@) Bep™,  EM = L (0,)Bes™, (6.26a)
1—n? 1—n?
1 . - 1 —
EM =L (@), &M=L (0,)s e, (6.26D)
1—n? 1—n?
gaM = (67)aB€BMa EEM = (@+)aB€BM . (6.26¢)

The fact that it is eg™ rather than EEM appearing here is a consequence of the triangular

form of (6.25). Their inverses are

e = 1= en®@ )5 Et = \1-ea”©@Ns", (627
e = 1= en®@ )5 &= 1-ren®©@)5", (627
—1 S T —A~—1\ a

Ev® =en”(0_)5", En® =en”(0) )5

It is crucial that (6;1)5’4 = 0 for the inverses to have such a simple structure.

The OSp structure requires that £3/* and €32 be related by a Lorentz transformation,

AP = (@), C@ A (6.28)

y =)

24The fact that the index sum is over B and not B comes from the upper triangular structure of eq

in (6.25). One could equivalently write £, = ﬁ(Ad ffl)aB(O,)gceaM with the full O_ and eXA/

Y

depending on y.
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That this matrix is a Lorentz transformation was observed in [80]. There the operator
M = O~'O, was introduced; its matrix form is

(A1)t M, M, M,®

5 0 52 0 0
M5B = @ _ ) 6.29
A 0 0 &° 0 (6.29)
0 0 0 65

It is not hard to show that det A=! = sdet M = sdet O, /sdet O_ = 1, with the last
equality following from sdet 51 = sdet O_. This guarantees that we are dealing with an
SO(1,9) transformation, so the duality frame must be IIB or IIB*. Actually, it is clear that
AP € SO™(1,9) for n sufficiently small, since it is continuously deformable to the identity;
this property should hold so long as we restrict to the 1 locus where Oy is invertible. Then

the vielbein and gravitino one-forms can be read off from (2.35)
Ey® =en®(0 5", (6.30a)
Ex' = /1 -2 en (075", (6.30b)
Ex® = 1= 2 er (0257 (A1) . (6.30¢)

Since AaLB € SO™(1,9), the second gravitino is of the same chirality as the first, so we have
written the above in terms of 16-component Weyl spinors.

These superficially differ from the corresponding formulae in [80] in a few ways. The
first is that the expressions in [80] are defined on the full group manifold rather than the
physical coset. This means the expressions above have the indices M and B replaced
with M and B and the operator O replaced with O4. As we have discussed, an overall
Ad f action (a Lorentz transformation) accounts for the change in the operators, and
(@;I)SA = 0 allows for the restriction of the indices to the coset. The second issue also
involves a Lorentz transformation: the A factor is moved off the second gravitino and onto
the first gravitino and vielbein (modifying 0~ to @11 for the latter).

We similarly can read off the dilatini directly using (2.30):

i = a i 7 Al a

Xla = §5aM5MB(’Y )Ba = V1= ? (0-07)a”(1")pa (6.31)
1 3& N/ @a { m N Y (A0 3

X2a = §Aa55§M5M7(7 Jsg = gV1- (040 (y Jaghal” (6.32)

These agree with [80] although the intermediate expressions differ. The Ramond-Ramond
bispinor can be read off from either D® or D¥ using

_ 1 3_,'72 _ 3
aff _ aM 6 _ = afl _ af
_ 1 3_,'72 _ 1.7
_ BM a - Ba _ Ba
VIMEy® = -2 (1 Tt =403 ) (6.33)

and applying (B.13).
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To recover the original o-model is straightforward. It should be of Green-Schwarz
form (6.11), since we have imposed the Green-Schwarz constraints. The symmetric term
matches the vielbein (6.30a). The antisymmetric term is recovered by working out the
B-field by comparing (6.24) with (2.38). The result is

B=—-eP(@ "pB AC (O ") Bag,
N 1— 2 _
BAB = 7277 (50[5 - 6@5 + 77 (dTRnd)AB> ) (634)
in agreement with (6.11). Note that the supergeometry does not determine the overall
normalization T' of the Lagrangian.

6.3 The A-deformation

The M-deformation [72, 73] (see also [102]) was extended to AdSs x S° in [71]. Strictly
speaking, this is not a deformation of the AdS5 x S® superstring but rather a deformation

of its non-abelian T-dual. The Lagrangian can be written?®

k L .
L= (V=R —£9) STy (g_laig (1+B-207) g_lajg> . (6.35)
T
As with the n-deformation, the group element g lies in PSU(2,2]4). The constant k is the
level of the WZW model, and the antisymmetric operator B generates the WZW term.

The Lie algebra operators O are given by
O_=1-Adg'Q, Q=PO 4 \"1pM) 4 X\=2p?) 4 \ pB)
O, =Adg ' -, QT =pO L xpW) 4 \2p@) L \71pB) (6.36)

Just as for the n deformation, the Lagrangian (6.35) can be put into GS form (6.11) with
k

T ar
The string tension is positive for £ > 0 and |A] < 1 or £ < 0 and |A\| > 1. These two

parameter regions are related by taking g — ¢~ .

(-1, B=('-1)7(0TBO. +0TAdg - AdgT'Q) . (6.37)

Just as for the n-deformation, we want to recover the supergeometry of this Green-
Schwarz o-model purely from the algebra. The underlying group structure of the A defor-
mation is D = G x GG with generators

L R
t%) = (t3,0), t%) = (0,t7) - (6.38)

In terms of these, we can build T N that satisfy the supergravity constraints, under the
same simplifying assumptions as for the n-deformation:

To = by (0 + A1), Ta = by (A1) +49), (6.392)
) ) 2B N () SN SR
Ta - \/Q (ta + A ta ) ) Ta - W(A ta + ta ) ’ (639b)
o (01 W50 | \3,(R) a_ (02 apry 3wy, (B
T = =5k (t+220), T =k (A2 + 457 (6.39¢)
T =t 44 70 = w5t — 4P (6.39d)

#5The normalization in [80] differs from [71] by a factor of 1/4. We follow the normalization of [71].
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The choices for T, and Tj; are the most general expressions subject to the condition
(T, T B>> = 0. The expressions for T,, Ty, T, and T¢ follow from requiring the canonical
choice of the dimension zero flux tensor. The choice of T} is obvious, and T™ is dictated by
orthonormality. Requiring ((T4,7})) = — ({15, 15;)) = N fixes the normalizations by and
by as

(b1)! = (b2) = S (6.40)

1—X1

We find here |A\| > 1. This comes about for several related reasons — the choice of A1
rather than A\ in (6.39), the sign choice of Killing metric for the left and right sectors, etc.
The reason we keep this choice is that it better matches the explicit expressions in [80]
provided we keep our coset representative (4.14) for G x G. Replacing g with g=! (or
equivalently taking m = (e, g)) and flipping A™! to A would give the same expressions
as [80], but now with |A| < 1, as in the o-model.

Now we apply the generalized parallelizable space construction for G x G in section 4.2,
using the coset representative (4.14). As with the n-deformation, one can introduce a
dimensionful parameter v when defining the generalized supervielbein. We employ the
same redefinitions (6.20) as for the n-deformation, but now subject to the normalization

1
v = (b))t = (b))t = 1(1 - . (6.41)
For convenience, we isolate the phases of b; by b; = b; /|bil, so that b; = v 1/2p,.

The expressions for D Farea bit more cumbersome than for the n-deformation:

~ = = 1 = o

Dy =(1—-Adg "),"e;" Dy + Zv_ZéAB(l +Adg)5 oM (—)™ (6.42a)

~ R o 1 = B

D, = b {(o_)aBABMDﬁ + Z’U_QAAB(l + A‘lAdg)EaaM] , (6.42b)

~ . s &= 1 = -

Da = by [—(O+)QBA§MDM + Zv*QaAB(xl +Adyg) gaaM} : (6.42¢)

B, = O [0y Bedip_ L2 By y2adg). o (Lym 6.42d
"=/ (O-)a"eg" Dy + v ey (1 + 95,0 (=)™, (6.42d)

5 (by)? Ba il 1 5 By i ym

Dz = 7 —(04)a"e5" Dy + 1V Em (A" +Adg)g,0" (=)™, (6.42¢)
« 1 - aAA i L _ ~ B — « i

D = E(bl)?’ [(1 — A0 )P MDD + G "1+ A %Adg) 5 aM] ., (6.42f)

~ - B S 1 o 5. =

D = Z(by)? {(A — AP+ 0D - G (A + Ad g)gaaM] . (6.42g)

~ = 5 1 = =

Dr =? [(1 +Adg ) PesM Do + Zv_QéAB(l — Adg)gToM (—)m} (6.42h)

~

The construction involves the left-invariant vector fields AAt; = g~ 'dg and the intrinsic

WZW B-field (see (4.18)) appearing in D = 05 — Bﬁﬁﬁﬁ(—)". Again, we emphasize
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~ —~

that (O1)” and (O_),” are related, consistent with the underlying structure of super-
symmetric DFT (2.33), although here the relation is slightly more complicated:

(04)a” = =2(0-)a",  (04)a” = -A"1(0-)a" . (6.43)
As with the n deformation, we have first identified the supervielbein on the full gen-
eralized parallelizable space. Following the discussion in section 5.4, we can pass to the
generalized coset by taking ¢ = f~'nf. However, we cannot directly apply many of the
formulae from that section because of the non-trivial similarity transformation applied to
the generators T'; (6.39). This is in contrast to the n-deformation construction, where the
triangular structure of the coset supervielbein (5.88) simplified matters. In this instance,
it will be easier to proceed from scratch.
The intrinsic WZW B-field becomes, for g = f~Inf,

1 —
B = Z<dnn_1 + n_ldn + ndff_ln_l, dff_1> + EWZW s

— 1
dBwzw = —ﬂ<dnn*1, [dnn~t, dnn™1]) . (6.44)

The WZW part lives purely on the coset, while the other term has at least one leg in the
subgroup F. The upshot, while far from obvious from this perspective, is that we recover
the Polacek-Siegel form with

Dy = (Ad £):55s'0; . (6.45)

We will not show this explicitly for the other terms, although it is a worthwhile exercise.
From the explicit form of the covariant derivatives, we can read off

EM =b1 (0-)a 5", EM = b AT (04)a 5", (6.46a)

EM =ba AT (0)5%e5M, &M = —by (04)a"e5M, (6.46D)

&M = (b)? (0-). ez &M = —(b)? (04). 5™ . (6.46¢)
v

The bars on Oy again signify the restriction to the coset, and by €, we mean extracting

the Ad f action from 62M , L.e. QZM = (Ad f) XBiﬁM . This quantity is not so simple as in

the previous section: its inverse can be written

_A ~1 -1 11 _ A em em”
e't~=n""dn+d —n d n, e~ = - 6.47
; e U SR BT
The inverses of (6.46) are
1 B = - A B e
= BngB(o_l) 5 E® = —E—EMB(O_:) 5, (6.48a)
1 1
a_A_ Bl a 5 @& L _ Bl a
En® = —en"(0°)5", En® = ——en"(0])5%, (6.48D)
bg b2
Evt = ——eP 0, Ef=——— P05 (6.48¢)
(b1)? (b2)?
Here we have exploited (6+)r§ = _(@_)rﬁ and the structure of the EM’Z.
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The Lorentz transformation that connects Ey? to Ep® is

I
—

b)?

s % @O0 = @@ ! (6.49)

A =~

—~

5 0 —2d,° 0 0
M-B = « . 6.50
A 0 0 =215 0 (6.50)
0 0 0 —5,8

Again, it is not hard to show det A=! = sdet M = sdet O /sdet O_ = 1, which follows
from sdet(Ad g) = 1. This guarantees a IIB or IIB* duality frame.
The supervielbein is

Ey® = éMg(@:1)§a7 (6.51a)
P
Byl = _§5M3(0+1)§“, (6.51b)
1
A B, 7A— 3 — o
En = E—EM%J) 5 (AT, (6.51c)
2

where we are free to use 16-component spinors because the duality frame is IIB/IIB*.
Following similar steps as before, we find the dilatini

i M5 B/ a A\ OA-l a
Xia = 56 €07 (1) g0 = —5h1 A (0-).5(0}) " (7)sa (6.52a)

/3 3 — _ — A~ . ~ _
Yoo = A0 &M E7(77),5 = —5ba A (01).50- 77 (150" . (6.52b)

and two equivalent expressions for the Ramond-Ramond bispinor

1 (by)? 4\

——— A1 =X

e (A )0
1(ba)® /15 —4y (5~ 1\ Ba B\ (A-1) .58

SlaZB — _VaMgMﬁ(Afl)Bﬁ —

Again, we can directly recover the Green-Schwarz o-model (6.11). The vielbein E¢
matches the desired expression and the B-field is given by

— 7’\ — 1 fay 7/\ — 1 T~
B =Bywzw —e”(0_ )53 nef (O )5A Bag,
~ 1
BaP =
AT TN

(Adn'Q - QT Adn)4” . (6.54)

An overall factor involving the tension must be separately specified. Here it is T' = %(1 —
A1) with the understanding that k should be taken to be negative and |\| > 1.

To recover the results of [80], we should choose by = —1 and by = —i. The latter choice
is not technically allowed since b; should be real to ensure the Majorana condition holds.
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However, one can interpret this as arising from writing IIB* results in IIB conventions: this
introduces factors of i for objects carrying & indices (see e.g. footnoteAQO of [80] or section 5
of [45]). Now the sign in (6.49) is eliminated, so that A," = —1—(@_)@0(@;1)61’. Presuming
this to lie in SO™(1,9), we recover the results of [80] up to an overall Lorentz transforma-
tion. However, it is by no means obvious that this is fixed in SO*(1,9) (or SO (1,9)).
Actually, one can show by randomly samplingAelements of SU(2,2) x SU(4) that AP can
lie in either connected part. Moreover, (@Jr)ac(@:l) ab turns out to be independent of A
and determined entirely by the group element g; it in fact matches the Lorentz transfor-
mation on the coset G/F determined using Adg as in (5.60), in remarkable contrast to
the n-deformation. This surprising condition follows because the element defined in (5.60)
appears always to be idempotent.?S This seems to imply that the \ deformation is not
purely fixed in either a IIB or IIB* duality frame, but that this depends on the specific
group element g.

This is unexpected because one might very naturally expect a IIB* duality frame
since the A-model can be understood as a deformation of the non-abelian T-dual of the
AdS5 x S® superstring, as argued in [80]. Certainly it is possible to find IIB backgrounds
for very specific cases involving AdS,, x S™ factors (see e.g. [103—105]). It would be good to
understand this point better, and whether some other factor forbids these choices of group

element or invalidates the naive duality argument.?”

6.4 Analytic continuation and PL T-duality

Let us briefly comment about how the n and A models are related [15, 104, 106]. As dis-
cussed in section 4.3, there exist coset representatives for G x G and G that are straight-
forwardly connected by analytic continuation, and so the same holds for their generalized
supervielbeins. For G, this corresponds to a different choice of isotropic subgroup (4.56)
than the one (4.48) relevant for the n deformation; in other words, the  deformation should
be the Poisson-Lie dual of the analytic continuation of the A deformation.

Of course, the generalized supervielbeins built in sections 4.2 and 4.3 carry no refer-
ence to A or n. These parameters arose from a similarity transformation to recover the
physical supervielbeins with the correct supergravity flux constraints. To understand the
connection, we need only compare (6.18a) to (6.39a). Since the generators on G® map to

generators on G X G as t 2 — (t3,t7) and tNX —i(tg,—t3), it must be that
1—A 1+A
i o 2y 6.55
n— T+’ a; ox i ( )

This is consistent with the normalizations (6.19) and (6.40) up to a factor of 4, coming
from the analytic continuation of the Killing form on D.

Finally, it is worth mentioning that the n and A o-models (6.8) and (6.35) each involve
one additional parameter corresponding with an overall normalization: these are 1/t and

26We could find no proof of this last point, but it seems to hold for all random matrices we sampled.
2"We thank Riccardo Borsato and Linus Wulff for discussions about this point and for pointing out
references [103-105] to us.
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% These parameters are related to the deformation parameter of the quantum group
Uq(psu(2,2|4)) governing the deformed models as

6.56
eim/k ( )

e~ p-deformation
q =
A-deformation

for s = E—ZQ The analytic continuation from ¢ to k/m can be checked at the classical level

i
by comparing the respective Hamiltonians. For these models, we find H = %Hanabﬂb +
%Hgngbﬂg, where TI4 = VM (pM,Taaa;M ). Undoing the rescaling the supervielbein

replaces T by T'/v%. This leads to canonical Poisson brackets
{TT4(0),TI5(c")} = Tv 2 nas 050(c — ') + Fu5CTlc 6(c — o) . (6.57)

The normalization of the Schwinger term is

1
—  n-deformation
Tv 2= (6.58)
k
u A-deformation
™

and captures how the parameters must change, with a factor of ¢ coming from analytically
continuing the Killing form.

6.5 Results for the dilaton

We have not yet addressed the question of whether these supergravity backgrounds admit
a dilaton. It was shown in [80] that the A-deformation always admits a dilaton while the
n-deformation admits a dilaton only when a certain unimodularity condition on the R-
matrix is satisfied. We can now see how these conditions arise naturally within double field
theory.

As discussed in section 3.2, one can replace daqlog @ in the dilatonic flux tensor by
a vector Xy (3.33) and impose the same constraints on this flux as in super DFT [45].
This implies no additional constraints on the supergeometry: the vector X'y is the DFT
analogue of Xj; and KM in generalized supergravity. The constraints in question amount
to fixing

Fa=— aﬁﬂy -/r&:_falég- (659)

From these expressions, one can compute X,. The question is whether that can be written
as D, of some superfield.

Rather than compute this directly for the models in question, we will follow a less
direct but more rewarding route, and address the full set of dilatonic fluxes in one fell
swoop. The crucial point is that the covariant dilatonic torsions

Ta= VAMXM + 8MVAM + QBBA . (6.60)

all vanish when the constraint (6.59) and the Bianchi identities are imposed [45]. These
differ from the fluxes F4 by the € connection of type II DFT, which is composed of not

— 63 —



only the double Lorentz connection but also connections associated with the additional
parameters given in table 1.

What exactly are these 27 Recall that the Polacek-Siegel framework furnished us a
Lorentz spin connection

QMab = QMEb = _QMrFrab (661)

where Q" was a piece of the megavielbein. Is this the right one? That question is easy
enough to answer. At dimension 1/2; choosing the DFT torsion tensors Tape and Tape to
vanish fixed the o component of Q. Indeed, we can check that (similarly for the barred
versions)

~ ~

nbc = fabc = 0, Ebc = fdbc =0 (662)

where ﬁabc is the flux for the megavielbein (which vanishes for both cases of interest). The
other dimension 1/2 torsion tensors 7,57, Tog’s 7@7, and their barred versions similarly
match the corresponding generalized flux tensors (all also vanishing). At dimension 1, we
find

~ ~ ~

Tabe = Fabe = 0, Tabe = Fave = 0, EE:ﬁaE:07 TKZI

abc

=0 (6.63)

implying that Q1) and Qgpc and their barred versions are chosen properly. At dimension
1 we also have

Tan? = Fan” + Qap” Tan? = Fa” + Qap” (6.64)
Both of these should vanish. Since Fap? o K77 ()54 is y-traceless, using the properties
of K*, there is no obstruction to choosing Q41,7 = —Fap” so that first torsion vanishes.
The second vanishes since F,,” = 0 and so we can choose ,,” = 0. At dimension 3/2,
we have
Tan” = Fap” + Q0ap + 2 Qa,n)” s Tan" = ﬁagw + Qa7 Ts' = -7?%7 + 05,
T = BT 1.5, TP = F.P7 T =F . (6.65)

All the generalized flux tensors vanish on the right, and so we are free to choose all the
corresponding ©’s to vanish.?®

What does this mean for 747 From the conditions derived on the non-Lorentz €2, we
find

%:fa_Qﬁo/B; E:Fa_Qbab"i‘Qﬁaﬂy Ta:fa+QB5a' (6'66)

Each of these can be interpreted as pieces of the dilaton flux tensor on the Polacek-Siegel
megaspace (5.38). We know for a supergravity solution, all of these must vanish. More-
over, from the dilatonic Bianchi identity, we also know that the dilatonic SO(4,1) x SO(5)

ZStrictly speaking, we can only fix Q up to the residual shift symmetries discussed in [45].
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curvature Rg, = —R" frqp vanishes. The upshot is from (5.33) we can impose the strictest
possible condition on the Polac¢ek-Siegel dilatonic flux,

Fi=Fir=0 (6.67)

with the vanishing of the second term following from the properties of PSU(2,2|4).

This means that for both the n and A deformations, the generalized dilatonic torsion in
the Polacek-Siegel framework must be taken to vanish, F 1=0. The results in section 4.4
apply for F'p = FA = 0. For G x G, we have from (4.62)

~ ~

M _ _ ~ B
X7 =0, Xy = Oy logsdet 0 (6.68)

where ¥ NB is the right-invariant vielbein for the group G. This solution admits a dilaton
solution with

log ® = log sdet @MA + constant . (6.69)

To derive the supergravity dilaton requires two steps. First, we pass from the Polacek-Siegel
framework to DFT on the coset. This involves defining log & = log o — log sdet €;. Then
we translate from the DFT dilaton to the supergravity dilaton, using ® = e~2% x sdet Ep4.
From (2.36), we can replace sdet Ey? with sdet Ey4 or sdet £y, discarding any overall
sign difference as an irrelevant constant factor. Combining these factors gives

e 2% = sdet @MA x sdet &1 x sdet E4M x constant . (6.70)

For the A deformation, this amounts to

e 2% = sdet O x constant . (6.71)
To see this, one first exploits
o0n® 0 0 0
7 o~ ~ 1
8 b1c(5)a5 - 01(5@5 8 < (O 0z = (v. . £M> (6.72)
0 0 0 (b)20,°
where the e denotes an irrelevant quantity. From this, we can immediately see
sdet O_ = sdet #,! x sdet E4™M x S.detEM‘Z X constant . (6.73)

~

But 7,/ and Eﬁg differ from &,/ and @M’Z only by factors of (Ad f),® and (Ad f‘ln)XB,
respectively, and the superdeterminants of these are just +1. A similar line of argument
establishes that sdet O_ is proportional to sdet O, and these are also proportional to the
full operators O4. This recovers the result of [80].

For G®, we first observe from (4.64) that
M _ pBCy Ax M
X =R fap" 057 . (6.74)
Therefore, the existence of a dilaton solution requires the unimodularity condition for the
R-matrix, RBC fagA = (0. Provided this holds, we recover the same conditions, and an

identical line of reasoning leads to (6.71) for the corresponding operators O4. This again
is in full agreement with [80].
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7 Discussion

In this paper we have discussed how to employ superspace double field theory, involving
a generalized supervielbein, an element of OSp(D, D|2s), to describe generalized dualities.
We confirmed our initial expectation that all algebraic structures relevant for dualities of
the bosonic string carry over to generalized supergeometry naturally. When the general-
ized flux tensor is constant, the space is generalized parallelizable (or a generalized coset
thereof), and one can construct the generalized supervielbein explicitly in terms of the
group theoretic data.

A considerable advantage is that the generalized supervielbein unifies all fields of type
II supergravity, except for the dilaton, in one object. To appreciate this fact, recall the
salient features of established generalized geometries for type II strings:

o In O(D, D) generalized geometry, the metric and B-field are unified by the generalized
frame, while the Ramond-Ramond sector can be captured either with an O(D, D)
Majorana-Weyl spinor [35, 36] or an O(D—1,1)xO(1, D—1) bispinor [37, 38] (see [85]
for the relation between them). The Ramond-Ramond sector and the generalized
frame are a priori independent objects, related only by the field equations.

o Exceptional generalized geometry improves the situation by incorporating the
Ramond-Ramond sector into the generalized frame. However, this requires the tran-
sition from a T-duality covariant description to a U-duality covariant one. Con-
sequentially, strings are no longer the fundamental objects. They are replaced by
membranes, which come with their own challenges. When the full ten-dimensional
spacetime needs a unified treatment, like for the 7 and A-deformations of the AdSs x S°
superstring, one has to deal with the infinite dimensional duality group Ey;(11) [40-42]
which is not completely understood yet (see [107-109] for recent progress).

Additionally, neither approach directly incorporates fermionic dualities. All these prob-
lems are resolved by generalized supergeometry making it the ideal framework to analyze
integrable deformations of superstrings. Therefore, one main focus of our efforts was to ex-
plain the n and A\ deformations within superspace double field theory. While their o-model
actions are fairly complicated, their explanation within super-DFT is rather straightfor-
ward, in terms of the double Lie groups G x G and G®, with a single parameter (n and A,
respectively) describing how the supergravity frame is embedded in the doubled space.

A major novelty compared to the purely bosonic approach is the necessity of additional
torsion constraints, which restrict the generalized fluxes beyond their Bianchi identities.
They fix the form of their dimension —% and dimension 0 components as in table 2: these
imply similar constraints in generalized type II supergravity [90]. From the worldsheet
perspective, these are required for the underlying Green-Schwarz superstring to possess
r-symmetry. Consequentially, the target space supergeometry satisfies the field equations
of generalized supergravity [90, 91]. Moreover, they put the theory on-shell; otherwise,
supersymmetry transformations would not close into an algebra.

As one can see from table 2, these flux constraints are not covariant under OSp(D, D|2s)
transformations. Rather, they break the duality group to the local symmetry group Hy X
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dim. | constraint

_% }—aﬁ“y:faﬁ“?:faﬁfy:fa,é&:o
0| Fape = —ivV2(Y)aps Fape = —1V2(Fe)ags Faje = Fajc = Fasc = Faje =0
3 | Fap” = 31 Fmc(7")a”, Fap’ = 1F5c(7)a” . Fac(h") = Fp () =0

1| () Fes® = — (%) 3P Fep®

Table 2. Flux constraints in supersymmetric DFT. The ones at dimension < 0 are necessary for
k-symmetry. The higher dimension constraints are conventional, amounting to redefinitions of the
dilatini and Ramond-Ramond bispinor to absorb unphysical fields.

Hpg, which plays the same role as the double Lorentz group in bosonic DFT. In the latter,
the generalized metric is responsible for the breaking. Due to the absence of a generalized
supermetric in the supersymmetric extension, the flux constraints take over this function,
too. This is analogous to the situation in conventional supergravity: there the torsion
constraints are essential and there is no Riemannian supermetric.

There are several additional avenues one could explore at this point. One issue we
avoided discussing was the o-model interpretation of generalized dualities. These are de-
scribed in terms of the £-model [13-15] and its dressing coset extension [19, 110]. These
models can be straightforwardly built for supergroups, but a subtlety involves finding the
right constraints to ensure that the o-model is of Green-Schwarz form. This would un-
doubtedly be related to a duality-symmetric formulation of the GS superstring using the
language of super-DFT [45].

Another avenue to explore is the potential connection with integrability. The n and A
deformations were initially constructed as integrable deformations of the AdSs x S® super-
string, and a key role is played by the Z, grading in the supergroup. It is already known
that there are connections between the structure of £-models and integrability [82, 83]. It
would be interesting to explore the connection for the case of super £-models.

Generalized dualities have proven to be useful solution generating techniques. Exam-
ples include non-abelian T-duals of backgrounds like AdS5 x S% and AdS3 x S? x T* [56] which
are relevant for the AdS/CFT correspondence. In this context, an important question is
how much supersymmetry of the original background is preserved by T-duality. In our
framework the amount of supersymmetry is fixed by the number of fermionic generalized
Killing vectors. Therefore, one should study how they transform under duality transforma-
tions. Perhaps one could construct a systematic treatment within super-DFT. One could
then revisit known examples and try to exhaust all possible dualities to find new solutions.

Finally, we should add that very significant work on U-duality extensions of Poisson-Lie
T-duality and its generalizations has appeared recently [111-117]. These would undoubt-
edly have natural descriptions in supersymmetric extensions of U-dual formulations, of the
type explored e.g. in [108, 118, 119].
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A Supergroup conventions

A.1 Lie superalgebras and supergroups

We summarize here our conventions for supergroups and superalgebras. A Lie superalgebra
g is spanned by elements ¢ = £4t4 obeying

(61, &) = £PE5 fop™ta = —[&.41] - (A.1)

The elements &4 = (£2,£) are graded, with & bosonic (commuting) and & fermionic
(anticommuting), so that the structure constants are graded antisymmetric,

fa® = —fpa%(—)* (A.2)

and are themselves commuting quantities, so that precisely zero or two of A,B, and C may
be fermionic.

Above we use the notation (—)? as shorthand for the mathematically cleaner but
bulkier (—1)¢(<(B) where €(A) is 0 for bosonic A and 1 for fermionic A. Essentially, this
gives —1 if both A and B are fermonic and +1 otherwise. This shorthand follows the classic
text [86].

When g admits a Killing supermetric k4p, we introduce the pairing

(€1,8) = (&,6) = 'F rpa, kap = tpa(—)" (A.3)

and use k to raise and lower indices using NW-SE conventions, so that

€ =EPkpa, ¢4 = kB¢, K Prpe = dcA (=) . (A.4)

The structure constants with three lowered indices, fapc = fap”kpc, are totally (graded)
antisymmetric.

Both the algebra and the pairing can expressed purely in terms of the generators t 4, but
it depends on whether the generators ¢4 are treated as commuting quantities, %ty = to&“
or as formal graded objects themselves, £%t, = —t,£“. The first situation applies when the
superalgebra g is embedded in a supermatrix algebra gl(m|n); in this case, the generators
themselves are matrices of (commuting) complex numbers, and (A.1) and (A.3) imply

[ta,tg] == tatp — tpta(—)® = —fapCtc (=), (tatp) = kap(—)™ . (A.5)
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The second situation, where the ¢4 are themselves graded, leads to the more conventional
expressions

[ta,tB] == tatp — tpta(—)" = —faptc, (ta,tB) = kaB (A.6)

where gradings arise primarily because of index ordering and the direction of contraction.
We will employ the latter conventions when explicit indices are exhibited. The sign conven-
tion for fag¢ is a bit unconventional; this is to ensure the torsion tensors for supergroup
manifolds have a plus sign, i.e. Tag® = +fa5°.

A.2 The orthosymplectic group OSp(D, D|2s)

An element of OSp(D, D|2s) is described by a graded supermatrix UpnY € GL(2D|2s)
satisfying the condition

U N =N PUp o (—)m" (A7)

for a graded symmetric matrix nan with graded inverse nMN ,

nMPnpa = =M (=)™ (A.8)

It can be naturally described in terms of its GL(D|s) subgroup where a generalized vector
Vi decomposes as a one-form and vector Vi = (Var, VM). In this basis, 7 is given by

M Sary
N = <5MN?—)””‘" ON>, VI <5MN?—)””L " ) . (A.9)

Because of the grading present in 7, it matters whether an index is raised or lowered. We
conventionally identify elements of a matrix Un¢" as if they were elements of Upnqy, i.e.

UMN UMN N UMN UMN(_)n
u = = U = . A.10
MN (UMN UMN) M MN UMN(_)n ( )

This ensures that multiple contractions (U) N (Uz)nF follow the usual GL(D|s) grading

M M

conventions, i.e. NW-SE contractions ** j; are natural while SW-NE contractions ;" are

accompanied by a grading (—)™. It also gives a natural expression for the inverse,

(A.11)

U = () (UNM UNM<‘>”> |

UNM UNM(_)TL
B Democratic Type II supergravity conventions

We summarize here our conventions for democratic type II supergravity and how they arise
from DFT. Conventions for 10D gamma matrices and spinors can be found in [45]. The
inspiration for such a “democratic” approach to type II was inspired by Wulff, see the
appendices of [39].

The supervielbein emerging from DFT consists of two copies of the vielbein super
one-form Ej/* and Ej?, as well as two gravitino super one-forms, Fp;® and Ep®. The
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Type AaE

B ol
[IA* O
A O)
B* o)

Table 3. Classification of type II duality frame.

two vielbeins are related by a Lorentz transformation that determines the duality frame
relative to IIB. That is, A," is an element of O(®f)(1,9), where ap = —1 or § = —1 if A
involves a temporal or spatial orientation reversal, and +1 otherwise, see table 3.

We may think of AaB as a similarity transformation to convert barred vector indices
to unbarred ones. In order to convert barred spinors to unbarred ones, we introduce the

spinorial matrix A = (A4”), which obeys
KA =P AT, AT = anBare,  ACTIKT = a0t (B.1)

The last condition implies that Afl = ozAC_’_lATC’ )

The left Lorentz group is conventionally chosen to be the supergravity Lorentz group.
This identifies the supergravity vielbein as Fj;®. The barred gravitino and dilatino must
be converted to the left Lorentz group with A. To do this, we rewrite gravitini one-forms
as 32-component Majorana spinors, with raised indices, Ep/*® for i = 1,2. The dilatini
have lower indices, x;a:

Byt = (EMa o) L By = (EMB 0) P
X2a = A g

/(3

The supercharges @;4 obey analogous formulae as the dilatini and satisfy the SUSY algebra

(A7)0 (B.2)

(B.3)

. _ { ~ _
{Qua, Q3 =1 (PLY*C7 1) pPay  {Q24,Qyp) = 5 aa(Pry*C P (B.4)
where we use the chiral projector Pr, = %(1 + 74). The second SUSY involves a projector

P, = (1 + apBavs), which is P, for IIB/IIB* and Pg for ITA/ITA*.
For type IIB/IIB* duality frames, ay = 5, and

s (AP0 e [(ATHze 0 A% 0
Adﬂ _ a A& — B _ — B _
( 0 A“/a) R ( 0 ) Mo af)
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For type ITA/ITA* duality frames, oy = —f,, and

=
[}
|
-
Qo O
=
o Q>
@
N———
—
-
L
™
Q
Il
—
=
Lo
™I
Q
-
o L
™
Q
N——
Il

Y AoB
A AQB 0 )
(B.7)

5 = —aa ("), Aashg5 (1) = an (V*)apAn™ -
(B.8)

Democratic type II superspace is described by a supervielbein Ey 4 = (Ep®, Ep'®), a
Kalb-Ramond super two-form Bjy, a scalar dilaton e~2%, and a set of Ramond-Ramond
super (p—1)-forms CA]\/h...]\/[pf1 with p even for ITA /ITA* and p odd for IIB/IIB*. The super-
vielbein is subject to local SO"(9,1) Lorentz transformations, gauged by a spin connection
Qna® € 50(9,1). The Kalb-Ramond two-form and Ramond-Ramond p-forms transform as

SB=df, 0Cp1=dN\y 2+ aAH . (B.9)

The torsion tensors T and field strengths H and ]-A"p are given by

1
T4 =dEA + EB AQpt = 5EBECTCBA , (B.10)
1
H=dB = 5EAEBECHCBA , (B.11)
N ~ - 14 IS
Fp=dCp1 +Cp3NH = HE ) p]:Ap---Al . (B.12)

The complex of p-form field strengths is encoded in the supercovariant Ramond-Ramond
bispinor

_ 1T ai-ap\ap *
T
0 0

Sy & Faray (CPRy™ )30 IIA/IIA* (p even)
(B.13)

This S differs from [39, 90] by a factor of —16i. An extra factor of two comes from employing
the democratic formulation with both field strengths and their duals.

Employing 32-component Majorana spinors can be inconvenient when exhibiting the
various torsion tensors. This was addressed in [45] by introducing tilde spinors for the
second copy of the gravitini and dilatini

. Ey® .
EMza = ( ](\)4 ) ) X26 = <>§)C¥> ’ (B14)

so that 16-component Majorana-Weyl notation can be used throughout. Effectively, tilde
spinors are just barred spinors of DFT, reinterpreted as either same chirality or opposite
chirality as unbarred spinors, depending on the duality frame, i.e. Ey® is Ep2%6,% or
E12,6%%. We do not employ tilde spinors in the main body of this paper, but they are
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convenient for describing the superspace curvatures without sprinkling chiral projectors
everywhere. First, we introduce tilde ~ matrices as

(Y)ap 1IB (v9)*8  1IB
—(Y)as 1IB* . —(y©)*?  1IB*
(Vag = ; (792 = . (B.15)
—(y4)*?  TIA —(Y)ap LA
(v9)*#  TIA* (Y)ap IA*

In terms of these, the non-vanishing torsion tensors are given through dimension 1 by

Taﬁc = _i<76)aﬁ ) T@Bc - _i(pyc)dﬁ ) <B16a)
Tys® = 2X(,09)" — (Y)s(Y" 0 Top® = 2x05 " — (W)55(1* )%, (B.16b)
1 -~ 1 ~
T = _gHbcd (v~ Ty = gHbcd (v*h)5%, (B.16c¢)
T5p™ = —2i 8% ()5 , T = 2i 5% (1) 4 - (B.16d)
The dilatini y, and x4 are given by the spinor derivatives of the dilaton
Dap=Xa,  Dap=xa - (B.17)
The non-vanishing components of the Kalb-Ramond field strength are
H’Yﬁa = _i(70)7r37 H’yBa = +i('Ya):y57 Hape - (B~18)
The supercovariant Ramond-Ramond bispinor can be written as
e (S A Furay (70 ) 657 TIB/IIB* (p odd)
5P = — x (B.19)
324 1

Zp ;T!ﬁar--ap (yorar)eg PRt ITA /TIA* (p even)

C Gauged superspace o-models

In this appendix, we provide a concise extension of the work of Hull and Spence [120, 121]
to superspace (see also [122] and [123]). In large part, this is merely a relabeling of indices
and the addition of a grading, but we include it here for the reader’s convenience.

C.1 Target space supergeometry

A superspace o-model comes equipped with a graded symmetric rank-two tensor Gy and
a super two-form Bj;ny. We presume there exist certain superisometries kg = ke M o,
which leave G sy and H = dB invariant. The latter condition means that
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for some one-form vg = dZMuvyr. We use the convenient shorthand Lg = Lig. The
Killing supervectors kg obey the algebra [kg, ks] = frsTkr. The following conditions hold:

kR_lkS_IH - kR_ldUs k:R_ld’US - _ks_ld’UR (_1)1”8 5 (CQa)

—
»CR]{;S_IH - fRSTkT_IH — ERdUS - fRsTd'UT 5 (C2b)

d(kRJkSJH) = frsTdur — kenokssH = —dArs + frsTor, (C.2¢)
d(kRJksJkTJH) = 3fimsPdAujy = knoksokzoH = —crsr — 3firs" Auj

(C.2d)

where we introduce a locally defined, (graded) antisymmetric scalar function Arg and the
(graded) antisymmetric constant cgsr. As a consequence of the above equations, one can
show

Lrvs — fRsTUT = d(kRJ'Us - ARS) (C-?’)

The closed one-form w introduced in [120] corresponds to d(kg_vs — Agrs) here.
There is some gauge redundancy in these quantities:

dvg = dpr , 0Ars = frs"pr + crs dcrsT = _3f[Rs|UCU|T] ) (C.4)

where cgg is an antisymmetric constant and pg(Z) is a scalar function of the target space
coordinates, with a residual “gauge-for-gauge symmetry” of dpg = cg and dcrs = — frs™cr.

One can also define the isometry on the B field directly, Lg B = d(vR + k:R_nB) =
—dwg. Then in the context of generalized geometry, one can speak of the generalized
vector g = kg + wr with Dorfman bracket [Eg,&s]p = frs™ér + d(Ars — krvs) obeying
a generalization of the non-abelian algebra of the kg. The additional one-form term above
is a trivial transformation from the perspective of double field theory.

C.2 Gauged o-model

The ungauged o-model is given as the sum of a kinetic and Wess-Zumino term,
1 1
L= —QdZM AxdZNG o — 5dZM ANAZYN By (C.5)

It possesses a global symmetry 6ZM = ARkx™. To gauge it, we introduce a worldsheet
one-form AR that transforms as

S AR = —dAR — ASAT £ R (C.6)

so that DZM := dZM 4+ ARkxM transforms as 6DZM = ARDZN kg™ . The kinetic term
is then invariant by simply replacing dZ™ — DZM.
The Wess-Zumino term is more involved. Let us simply give the answer:

1
Lwz = —B — A% Nvg — S A" N A%Asp + Flixw - (C7)

- 73 —



Pullbacks to the worldsheet are implicitly assumed in the above equations. In the final
term, we have used the field strength

FR = dA® — %AS ANATfrs®,  OF® = —FSATfr® (C.8)

and included a Lagrange multiplier yg whose equation of motion enforces that A® is pure
gauge. Strictly speaking the gauged o-model lacks the Lagrange multiplier term, but we
will include it since we are interested in performing a duality transformation.

In order for the Wess-Zumino term to be invariant, we must impose two conditions.
First, the Lagrange multiplier field yg must transform as

6XR, = )\SfSRTXT + )\S(ASR —_ ksJUR) (Cg)

With this condition, the Wess-Zumino term varies (up to a total derivative) into
1
6£WZ - _iAR AN AS )\TCTSR (ClO)

and so invariance actually requires this constant to vanish, crgg = 0 . This is a crucial
consistency condition for the ability to gauge the action.

The Lagrange multiplier field must transform under the residual symmetry (C.4) as
dxr = —pr(Z). The residual constant cgs shift is no longer a symmetry of the action:
it instead leads to different gauged actions whose Ags factors differ by such a constant.
Because crsr vanishes, such shifts must obey the cocycle condition firs”cy|r] = 0.

In a standard gauging, the Lagrange multiplier is absent and so one must be able to
consistently fix xyg = 0, leading to

ks_l’UR == ASR — k(S—,’UR) == 0 . (Cll)

This is a key condition discussed in [120]. It turns out that a consequence of (C.11) is
that crgr vanishes, so we can consider the former condition as fundamental. Once the
condition (C.11) is imposed, the residual symmetry parameter pg in (C.4) is restricted to
obey ﬁRps = fRSTpT-

In principle, the duality can proceed directly by integrating out the gauge fields A®.
The resulting action admits the local AR gauge symmetry, implying that dim G coordinates
are unphysical and can be eliminated by a gauge-fixing. A simpler procedure is to go to
adapted coordinates.

C.3 Adapted coordinates

If the isometries act freely, one can select out dim G coordinates so that kr = k‘RM Oy In
these adapted coordinates ZM = (ZM, yM ) where ZM are spectator coordinates. We do
not address the non-free case, but one can follow a very similar line of reasoning.

Let g(Y') be a group element for the group G we are gauging. The left and right-
invariant one-forms are e®ty = ¢~ 'dg and kRtx = dgg~! with the generators obeying (3.3).

The Killing vectors kg obey kg kS = 6g° and kg e = (Adg~!)rS. We define

AR = DZMe ® = dZMe, ® + A%ksMe, ® = (S + A%)(Adg )™ . (C.12)
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This is a gauge-invariant one-form, 6y A® = 0. The kinetic term can be written

Liin = — (A2 A %dZX Gag + 247 A +dZ2 G + A™ A 545 G ) (C.13)

where we have flattened the M indices on the metric with eRM . Every piece above is sep-
arately gauge invariant. For the metric, the invariance condition reduces to independence
of YM.

The Wess-Zumino term is more involved. First, trade AR for A®. The result is
structurally identical and reads

- _ 1 . . N
Lwz = =B — A" N — S A" AN A Asp + F™Xn (C.14)

where the tilded quantities are defined as

_ 1
B = B _— kR /\ UR + ikR /\ kSASR, i}R = (Ad g)RS (Us - kTATs> ,

Asr = (Ad 9)s® (Ad g)r™ Agrms (—)¥ ) Xr = (Adg)rSXs ,
- ~ 1 - _

FR = dA® - 5AS ANATfrs® = FS(Adg 1R . (C.15)

The tilded quantities g and ASR obey the useful relations:

1
dig = egaH + €5 A (egaepaH) — 568 NeT (ersesier iH), (C.16)
dASR — fSRT@T = —ES_IeR_IH + eT (eT_IES_IeR_IH) . (017)

The right-hand sides of both these expressions are annihilated by eg, so they are inde-
pendent of dY™. The field strength F® can be expanded out to rewrite the Wess-Zumino
term as

. 1. .
Lwz =—B— A% A (7711 + d)NCR) - §AR A A® <ASR + fSRTXT) (C.18)
In this form, it’s very easy to show gauge invariance of the second and third terms using

5)\)2R - _Asks_l’Z}R, 5)\61:{ - d()\sks_ﬂjR) 5 (5)\./N\SR - fSRUATkTJ'ﬁU . (Clg)

To understand the meaning of B, it helps to rewrite it as

1 -
B=B—e®* AR — §eR AeSAgr . (C.20)

In this form, we can show that

1 1
H=H-e*Neg_H — ieR Ae® A (esaegiH) + geR NeS A e (epsesier i H)
1

= S'dZM/\dZﬂ/\dZBHpNM (C.21)
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This means that H is independent of both YM and dYM. Up to a B-field transformation,
the same condition can be imposed on B, at least locally. This means that we can expand

1 1
B = 5dZMAdZMBMHRAdZMBMR+ € N e Bsr, (C.22)

If we want the A gauge symmetry to be completely eliminated at this stage, so that
e.g. Xr Is invariant, we should choose ¥sg = 0, which is the consistency condition (C.11)
discussed earlier. A consequence of this condition is that

This means that the Wess-Zumino term can finally be written as

1 .

Lwz = —§DZM ADZNBny + FRyg
1 P 1. ~ .
= _§dZM ANAZE By — AR AdZM Byg — AT NAS Bop + Fi%n (C.26)

in terms of the original B-field. The components of B in the second line above, are each
independent of the coordinate Y. Relabeling Yr as Vg, we recover the recipe for gauging
reviewed in section (3.1).

D Flux tensors for n and A deformations

We summarize the structure constants Fy- relevant for the n and A deformations below

by their dimension. Both cases can be given in terms of coefficients ¢; and ¢y (which are
proportional to a; or b;) as well as a function I'.

Dimension 0 Fope = \@faﬁc Fage = *ﬂfaﬁc
Fro” = fro Fa” = frd®
Frab = frab Fi5=—frab
Frs' = fus'

Dimension 1 F 7= L(;102 fap) Fap) = i0102 fav?

V2

F.g"=cacfz

V2
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1
Dimension 2 ' = (01)4Ffabr FiF = 5(02)4 T fop"

FP" = Z(c))*T £, Fsfr = —%(CQ)‘*r a7
A T
FA7 = _\}5(02)4Ffa5’7 FA = _2\1/5(0162) £,57
Dimension 3 Fobr — —i(clcg)?’ fO‘B’r
Dimension 4 Frst — —3(0102)4 (1 —T2) frst

The coefficients ¢; appear in the fluxes only quadratically. In terms of the generators
T4 given in sections 6.2 and 6.3, the coefficients become

cicj = ajaj (1+n%) = bibj A\~! (D.1)
Specifying the coefficients quadratically circumvents introducing a square root. One can
check that the two expressions for c;c; go into each other under the analytic continua-
tion (6.55). The function I' is given in the two cases by
Lo 1—6n%+n* 14X
(142 2a2
For the 1 deformation, || < 1 for all values of 1 and vanishes at |n| = v/2 + 1. For the
A deformation, I' > 1 and saturates the lower bound at A = 1. The highest dimension

(D.2)

structure constant F*St involves

an (1 —n2)\’ 1-2%)?
1_FQZ<M> :_<W> | (0.3)

For reference, we also give some of the relations above in terms of » = %:
1— A2 1— 52 43¢
= = 1-I2= = D.4
TN L+ (1+ 22)? (D-4)

Upon truncation to the bosonic sector, it is s and A? that play the role of the parameters
for the conventional n and A\ deformations for a group G.
After the redefinitions to go the supergravity frame, the derivatives D 7 in (6.24)

and (6.42) have flux tensors with F -~~~ formally given by the F -+ above, but with the

ABC ABC
replacements
1 2
a;a; x % n-deformation
CiCj = L (1 -7 ) 3 (D'5)
bibj x A1 A-deformation

where a; and IA)Z denote the phases of those quantities. In section 6.2, we chose a1 = a9 = 1.
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