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1 Introduction

In the last few years, there has been intense activity on the study of lattice gauge theories

in the limit of large number of colours. Some authors address this study by extrapolating

the results obtained from small (less than 10) values of N [1–23]. Our approach, instead,

makes use of reduced models [24–35], in which the values of N are much larger (over a

100) but the lattice volume is very small and mostly reduces to a single point [36–57].

Both methods are indeed complementary. Actually, the finite N corrections of the reduced

model approach are of a different nature and one needs to combine with the finite N results

of the standard method to extract the genuine 1/N corrections to physical observables. In

addition, there are observables which are easier to compute in one of the two approaches.

For those in which both approaches are available like the string tension or the fundamental

meson spectrum of pure Yang-Mills theory, consistent results have been obtained within

the quoted precision. This paper can be exactly placed within this context, as it concerns

the study of a new observable using the reduced model which has also been extensively

studied for SU(3) using more traditional methods: the chiral condensate.

The large-N limit exhibits several properties that make it simpler to analyze this

quantity compared to finite-N gauge theories. For example, since fermion loops with a finite

number of flavours are subleading, the quenched approximation becomes exact at N = ∞.

In relation to this, also chiral logs are suppressed, and the chiral behaviour of observables

– 1 –



J
H
E
P
1
2
(
2
0
2
3
)
0
3
4

is simplified. Moreover, meson resonances become stable and the study of the spectrum is

simplified. The reduced model approach encompasses all these properties and, given the

large values of N used, corrections to these phenomena are completely negligible. On the

negative side, the finite N values largely arise as finite volume effects. For a single-site

model, the effective lattice volume equals N2. This forces N to be large enough as the bare

coupling b = 1/(g2N) grows, so as to keep the physical volume N2a(b)4 large enough. This,

together with computational limitations, has dictated our choices for the number of colours.

In this work we use a subset of configurations that were employed for the study of the

fundamental meson spectrum at large N [56]. This corresponds to a single site reduced

model with twisted boundary conditions: the Twisted Eguchi-Kawai (TEK) model [27, 28,

34]. The values of N = 289 and N = 361 used in this paper correspond effectively to

hypercubic lattices of size 174 and 194 respectively. We have employed the standard over-

relaxation algorithm [52] to generate configurations, having relatively small auto-correlation

times. We used a standard Wilson action with bare coupling 1/b in a range that shows

a good scaling behaviour of physical quantities [56, 58, 59]. For additional details of the

simulations, we refer to refs. [52, 56].

As mentioned earlier, the present paper focuses on the determination of the fundamen-

tal quark condensate for the large-N gauge theory. Several methods have been employed

in the literature to obtain the quark condensate for various gauge theories. Most of the

determinations available in the literature deal with the case of QCD with N = 3 colours

and various fermion contents [60–71]. On the other hand, the large-N limit has been much

less investigated in the literature. In two cases, predictions for the large-N gauge theory

have been given in the literature too, although limited to just one lattice spacing [14, 39].

A first exploratory study with continuum-extrapolated results from N ≤ 5 determinations

can instead be found in ref. [23]. In this paper, we will provide a novel, solid large-N

calculation of the chiral condensate from the TEK model. To ensure the robustness of

our determination, we employ 4 different values of the lattice spacing, several values of

the valence quark mass, and two rather complementary methods to obtain the condensate,

allowing us to perform reliable chiral and continuum extrapolations. Some of the results

discussed in this manuscript were also presented at the 2023 Lattice conference [72].

This paper is organized as follows. In section 2, after a brief reminder of the TEK model

and the parameters entering into its formulation, we describe the two strategies we pursued

to compute the condensate. Then, section 3 contains the results obtained both at finite lat-

tice spacing and in the continuum limit. Some technical aspects are moved to appendices A

and B to facilitate reading. Finally, in the last section 4 we will present our conclusions.

2 Numerical setup

In this section we will briefly summarize our lattice setup and, most importantly, we will

describe the numerical strategies adopted to compute the chiral condensate.

2.1 Lattice discretization

All our results have been obtained from the TEK model, i.e., a model involving just d = 4

SU(N) matrices with no space-time index. Such a model can be thought of as the reduction
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on a single-site lattice of an ordinary d-dimensional pure Yang-Mills SU(N) gauge theory

defined on a lattice with twisted boundary conditions. Despite its apparent simplicity,

there is now plenty of theoretical and numerical evidence that this matrix model is able

to correctly reproduce the infinite-volume and infinite-N physics of ordinary Yang-Mills

theories [28, 34, 36–38, 46, 49, 50, 53–56]. We briefly review the most important details of

our model below.

Since in this study we are interested in the large-N limit of QCD with a fixed number of

fundamental fermions (’t Hooft limit), i.e., with Nf /N → 0, we only consider a pure-gauge

theory in our sea sector, as the contribution of fermions is suppressed as 1/N compared

to that of the gluons, thus vanishing at N = ∞. Therefore, the partition function of the

TEK model is just given by:

ZTEK ≡
d−1
∏

µ=0

∫

[dUµ]e−STEK[U ], (2.1)

where [dUµ] is the invariant SU(N) Haar measure and

STEK[U ] = −Nb
∑

ν 6=µ

zνµTr
{

UµUνU †
µU †

ν

}

(2.2)

is the TEK Wilson lattice action. Here b ≡ (g2N)−1 denotes the lattice inverse bare ’t

Hooft coupling, while zνµ = z∗
µν = exp {2πinνµ/N} is the twist factor, which is chosen to

be an N th root of 1.

The choice of the integer-valued anti-symmetric twist tensor nνµ appearing in the

twist factor is a crucial aspect in several respects. It should allow for zero-action solutions

(orthogonal twist) and avoid zero-modes (irreducible twist). One possible choice is the

so-called symmetric twist which demands that we choose N = L2 to be a perfect square,

setting nνµ = −nµν = k(L)L (ν > µ), where k(L) is an integer number co-prime with

L. To avoid center-symmetry breaking [73–76] one should scale k(L) with L as explained

in refs. [34, 77, 78]. Furthermore, finite N corrections arising from non-planar graphs are

reduced with appropriate choices of k(L) [54, 79].

Although the fermions in our sea theory are quenched, in this work we will consider

a single valence quark to compute the chiral condensate. We discretize the Dirac operator

using standard Wilson fermions. After some algebra, the Dirac-Wilson operator in our

setup reads [53]:

D
(TEK)
W =

1

2κ
− 1

2

d−1
∑

µ=0

[

(I + γµ) ⊗ Wµ + (I − γµ) ⊗ W†
µ

]

, (2.3)

where 1/(2κ) − 4 is the unsubstracted bare quark mass, and where Wµ is an N2 × N2

matrix defined as

Wµ = Uµ ⊗ Γ∗
µ. (2.4)

The Γµ are the so-called twist eaters, which are SU(N) matrices satisfying the equation

ΓµΓν = z∗
νµΓνΓµ, (2.5)
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with zνµ the same twist factor introduced in the TEK action. It can be shown [80] that

the choice of a symmetric twist makes the solution of eq. (2.5) unique up to a similarity

transformation (which is irrelevant when considering observables expressed as traces of link

matrices) and multiplication by a center element (which is irrelevant since our action is

center symmetric). Thus, we are free to choose any solution of eq. (2.5) and keep it fixed

to avoid any possible ambiguity.

Finally, we recall that in this work we employed a subset of the gauge configurations

generated for the study reported in ref. [56]. For more details on the ensemble generation,

we refer the reader to the original reference.

2.2 The chiral condensate from the pion mass

The chiral condensate can be computed from the quark mass dependence of the pion mass

by exploiting the so-called Gell-Man-Oakes-Renner (GMOR) relation. At Leading Order

(LO) of Chiral Perturbation Theory (ChPT), and assuming the presence of a degenerate

quark doublet with mass m, it reads:

m2
π =

2Σm

F 2
π

≡ 2Bm. (2.6)

In eq. (2.6) two different Low-Energy Constants (LECs) appear. The first one is the

chiral condensate Σ,

Σ ≡ − lim
m→0

lim
V →∞

〈ψψ〉 , (2.7)

where ψ refers to a single quark flavour. The second one is the pion decay constant Fπ,

which is defined from the following pion matrix element:

√
2Fπ ≡ lim

m→0
lim

V →∞

2m

m2
π

〈0| ψγ5ψ |π(~p = ~0)〉 . (2.8)

Note that some authors adopt the different definition fπ =
√

2Fπ for the pion decay

constant, which only differs from our definition for an overall numerical factor.

On the lattice, the bare quark mass appearing in the GMOR relation can be defined in

several ways, all related to the same renormalized mass by different renormalization factors.

Here we consider two possible definitions. One, which renormalizes both multiplicatively

and additively, relies on the use of the bare κ parameter appearing in the lattice Wilson-

Dirac operator:
1

2κ
− 1

2κc
= ZSmR, (2.9)

where κc parameterizes the additive renormalization to the bare mass. Another possibility

is to use a Ward Identity, the so-called Partially-Conserved Axial Current (PCAC) relation,

to define a bare quark mass which only renormalizes multiplicatively:

mPCAC =
ZP

ZA
mR. (2.10)

The pion mass and the pion decay constant, the PCAC mass mPCAC, the critical κc,

the axial renormalization constant ZA and the ratio ZP/(ZSZA) were computed within
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the TEK model in ref. [56] from appropriate correlators of the lattice quark propagator

D
(TEK)
W

−1
. We refer the reader to that work for more technical details on meson masses

computation within the TEK model on the lattice. In the following, we will exploit the

results published in that paper to compute the chiral condensate from the GMOR relation.

2.3 The chiral condensate from the mode number

The Banks-Casher equation relates the chiral condensate Σ to the value of the spectral

density at the origin after the chiral limit is taken:

Σ

π
= lim

λ→0
lim

m→0
lim

V →∞
ρ(λ, m), (2.11)

where iλ + m stands for a generic eigenvalue of the massive Dirac operator /D + m.

In [60], it has been shown by Giusti and Lüscher that such relation can be exploited

on the lattice to numerically compute the chiral condensate by making use of the mode

number of the lattice Dirac operator.

As a matter of fact, this quantity has a very simple relation with the spectral density,

being just its integral:

〈ν(M)〉 ≡ 〈# |iλ + m| ≤ M〉 = V

∫ Λ

−Λ
ρ(λ, m)dλ, Λ2 ≡ M2 − m2. (2.12)

Therefore, it contains the same information about the chiral condensate as the spectral den-

sity. In particular, defining an “effective” (i.e., quark-mass dependent) chiral condensate as

Σ ≡ π

2

ν(M)

V Λ
, (2.13)

it is easy to show that, in the thermodynamic and chiral limit, eq. (2.13) just reduces to

eq. (2.11) integrated from −Λ to Λ. Following the lines of [60], and starting from eq. (2.13),

it is more convenient to express the effective condensate (2.13) in terms of renormalized

quantities as:

ΣR =
π

2V

√

1 −
(

mR

MR

)2

sR, (2.14)

where we used that 〈ν〉 = 〈νR〉 [60], and where sR ≡ ∂ 〈νR(MR)〉
∂MR

∣

∣

∣

∣

MR=MR

is the slope

of the mode number as a function of the renormalized spectral cut-off MR = M/ZP [60]

computed in the point MR = MR.

As a matter of fact, looking at the mode number sufficiently close to the origin, and

working with a sufficiently large lattice volume and a sufficiently light quark mass, from

the Banks-Casher relation one expects the lattice spectral density to develop a plateau,

which will translate into a linear rise of 〈νR〉 as a function of MR. Therefore, the method

proposed in [60] consists in estimating sR from a linear fit of the mode number in a region

close to MR ≃ mR, and then use eq. (2.14) to estimate the effective condensate from the

lattice. Within such an approach, the value of MR is just the middle point of the fit range.
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On the lattice, there are a few ways of computing the mode number, one popular

example being noisy estimators [60, 81]. In this work, we instead directly computed the first

few hundred eigenvalues of the Hermitian lattice Dirac-Wilson operator Q
(TEK)
W = Q

(TEK)
W

†
,

Q
(TEK)
W ≡ γ5D

(TEK)
W , Q

(TEK)
W uλ = λuλ, λ ∈ R, (2.15)

using the ARPACK library, and obtained 〈νR〉 directly from the counting of the modes lying

below a varying threshold. Since we need to count modes below the renormalized cut-off

MR = M/ZP, we exploited the knowledge, on the same gauge ensemble used to obtain the

Dirac spectra, of the PCAC mass mPCAC and of the renormalization constant of the axial

current ZA. Indeed, since ZAmPCAC = ZPmR, and since a bare eigenvalue renormalizes as

M , i.e., λR = λ/ZP, one can simply consider the renormalized ratio

λ

ZAmPCAC
=

λR

mR
, (2.16)

and just count the modes with λR/mR below MR/mR.

3 Results

In the next subsections we will present our results for the chiral limit of the chiral conden-

sate, obtained for 4 values of the bare coupling b and using both the mode number and the

quark mass dependence of the pion mass. Finally, we will perform a continuum extrapola-

tion of our results. Since we expect the following large-N scaling for the condensate:

Σ(N) = NΣ, (3.1)

plus higher-order corrections in 1/N , in what follows we will always report results for the

quantity Σ/N , which is expected to have a finite large-N limit.

3.1 Results from the mode number

Let us start by discussing our results for the chiral condensate obtained from the low-lying

spectrum of the Hermitian Dirac-Wilson operator Q
(TEK)
W . In what follows, we will always

be referring to results obtained for N = 289, unless differently stated. We calculated the

lowest 300 eigenvalues of Q
(TEK)
W considering, for each value of b, 100 well-decorrelated

configurations, separated by 8000 over-relaxation steps. The chosen value of the twist

tensor introduced in section 2.1 was nνµ = k × L = k ×
√

N = 5 × 17 (ν > µ).

In order to extrapolate our results for the effective condensate at finite valence quark

mass towards the chiral limit, for all values of b we considered 3 different values of the

Wilson hopping parameter κ. Such values were chosen so as to correspond, for all lattice

spacings, roughly to the same pion masses. The values of mπ and of mPCAC employed

in the following are all obtained from the chiral fits reported in ref. [56], while the scale

setting was done according to the determinations of the string tension reported in the same

paper. Obtained results for the effective chiral condensate (2.14) from the mode number

fits are summarized in table 1.
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b κ amPCAC mπ/
√

σ a
√

σ [ΣR/(NZP)]1/3 [MeV]

0.355

0.1600 0.04695(42) 1.536(6)

0.2410(31)

255(4)

0.1610 0.03074(32) 1.250(4) 252(4)

0.1615 0.02231(37) 1.050(5) 248(4)

0.360

0.1580 0.03698(44) 1.536(6)

0.2058(25)

261(5)

0.1588 0.02350(61) 1.250(4) 253(5)

0.1592 0.01646(72) 1.050(5) 248(7)

0.365

0.1565 0.02580(45) 1.536(6)

0.1784(17)

254(4)

0.1573 0.01319(60) 1.250(4) 245(5)

0.1576 0.00724(69) 1.050(5) 240(9)

0.370

0.1550 0.02322(49) 1.536(6)

0.1573(18)

250(5)

0.1556 0.01235(62) 1.250(4) 245(7)

0.1559 0.00667(70) 1.050(5) 243(10)

Table 1. Determinations of the effective chiral condensate at finite quark mass as a function of the

bare coupling b from the mode number of the Hermitian Dirac-Wilson operator Q
(TEK)
W = γ5D

(TEK)
W

for N = 289 colours. The obtained values of [ΣR/(NZP)]1/3, expressed in units of
√

σ, were

converted to MeV units using
√

σ = 440 MeV. The values of a
√

σ, mπ/
√

σ and of amPCAC are

taken from ref. [56].

In all cases, it is possible to find a region, close to the threshold MR/mR ≃ 1, where

the mode number 〈νR〉 /N linearly grows as a function of the cut-off mass. From a linear fit

of 〈νR〉 /N as a function of MR/mR it is possible to extract the slope sRmR/N (defined in

the previous section), from which we can compute the RG-invariant quantity ΣRmR/(Nσ2)

using eq. (2.14), provided that we use V σ2 = a4σ2N2 for the volume, i.e., that we consider

our results obtained on a lattice with an effective size ℓ
√

σ = a
√

σ
√

N .

In order to get rid of the quark mass, we use the determinations from ref. [56] of ZA

and mPCAC to compute ZPmR/
√

σ = ZAmPCAC/
√

σ, so that we are able to express the

renormalized condensate in terms of the unknown renormalization constant ZP. For the

moment, we will not take care of this, as we will do the chiral limit at fixed b, so this

constant will be the same for all pion masses used for the chiral extrapolation. We will

however come back to this point when we will discuss the continuum limit extrapolation of

the condensate later on. Finally, we express the third root of ΣR/(NZPσ3/2) in MeV units

by using the conventional value
√

σ = 440 MeV.

In the left panel of figure 1 we show examples of the linear fit to 〈νR(MR)〉 /N for 4

different values of the parameters b and κ. The values of the hopping parameters were

chosen so as to correspond, for all lattice spacings, to approximately the same value of the

pion mass. In all cases, we observe that a linear function in MR/mR describes well the

behaviour of the mode number close to MR ≃ mR, as expected. Further plots of the mode

number are shown in appendix B.

In order to verify that our calculations are not affected by significant finite-size effects,

for a particular value of b and κ we also repeated the calculation of the mode number
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0 1 2 3 4 5 6
MR/mR

0

1

2

3

4

5

6
〈ν

R
(M

R
)〉/

N
N = 289, mπ/

√
σ ≃ 1.25

b = 0.355

b = 0.360

b = 0.365

b = 0.370

0.0 0.5 1.0 1.5 2.0
MR/mR

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

〈ν
R
(M

R
)〉/

(N
V
σ
2
)

×10−2 b = 0.355, mπ/
√
σ ≃ 1.25

N = 289, mπℓ ≃ 5.12

N = 361, mπℓ ≃ 5.72

Figure 1. Left: behavior of the mode number 〈νR〉 /N , computed for N = 289, as a function

of MR/mR for four values of the bare coupling b and four different values of κ, approximately

corresponding to mπ/
√

σ ≃ 1.25. Full points correspond to those included in the linear best fit

to determine the slope. Right: behavior of the mode number 〈νR〉 /N as a function of MR/mR

obtained using N = 289 and N = 361 for the same value of b = 0.355 and κ = 0.1610. For each

value of N we reported the corresponding effective lattice size ℓ = a
√

N in units of the pion mass.

In both cases the mode numbers were normalized to the effective volume expressed in units of the

string tension: V σ2 = a2Nσ.

using spectra obtained for a larger value of N , namely N = 361. In this case, the mode

number was obtained computing the first 300 lowest eigenvalues of Q
(TEK)
W for an ensemble

of 100 well-decorrelated gauge configurations, separated by 12000 over-relaxation steps,

and generated choosing nνµ = k ×
√

N = 7 × 19 (ν > µ) as the twist tensor. Since we

found perfectly agreeing results for the mode number, we conclude that finite-size effects

are negligible within our level of precision, cf. the right panel of figure 1.

Being the determinations of the effective chiral condensate shown so far obtained at

finite valence quark mass, it is necessary to extrapolate them towards the chiral limit. As

worked out in ref. [60] using ChPT, the effective chiral condensate is expected to receive

linear corrections in the valence quark mass at the lowest order. Chiral logs appear at

higher order in the quark mass, but they are expected to drop out in the large-N limit.

On the basis of such considerations, and using the GMOR relation, we thus expect the

effective chiral condensate to depend linearly on m2
π. As a matter of fact, for all explored

values of b, we find that our data are perfectly described by a law of the type:

ΣR(b, m2
π)

NZP(b)
=

ΣR(b)

NZP(b)
+ c(b)

m2
π

σ
, (3.2)

where c(b) appears to be very mildly dependent on b. Chiral extrapolations of the effective

condensate are reported in table 2 and shown in figure 2.

As a final remark, we would like to stress that we relied on the string tension σ for the

scale setting, rather than on other observables such as t0, because the error on the scale was

sub-dominant in our calculations. In particular, our dominant source of statistical error

comes from the PCAC mass and from the slope of the mode number. As an example, for

– 8 –
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200

250

300

b = 0.355

0 0.5 1 1.5 2 2.5 3
200

250

300

b = 0.360

0 0.5 1 1.5 2 2.5 3
200

250

300

b = 0.365

0 0.5 1 1.5 2 2.5 3

m2
π/σ

200

250

300

b = 0.370

[Σ
R
/(
Z
P
N
)]
1
/
3
[M

eV
]

Figure 2. Chiral extrapolation at fixed lattice spacing of the effective chiral condensate for N = 289

for all values of the bare coupling b explored in this work.

b = 0.370 and κ = 0.1559, we are able to determine the slope sRmR with a ∼ 6% precision

and mPCAC with a ∼ 10% accuracy, while the lattice spacing in units of the string tension

is known with a ∼ 1% precision.

3.2 Results from the pion mass and comparison with the spectral method

We now move to the determination of the chiral condensate from the GMOR relation. To

this end, we can rely on the several determinations of the pion mass as a function of the

Wilson hopping parameter κ reported in [56].

More precisely, using the GMOR relation in eq. (2.6) and the definition of the sub-

tracted quark mass in eq. (2.9), it is easy to recognize that the results for the slopes of the

squared pion mass m2
π/σ as a function of 1/(2κ) reported in table 2 of ref. [56] in units of√

σ are just 2ΣR/(ZS
√

σF 2
π ).
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b a
√

σ
[ΣR/(NZP)]1/3 [MeV]

(from 〈νR〉)
[ΣR/(NZP)]1/3 [MeV]

(from mπ)

0.355 0.2410(31) 243(8) 220(14)

0.360 0.2058(25) 237(10) 220(15)

0.365 0.1784(17) 228(13) 213(14)

0.370 0.1573(18) 237(16) 215(15)

Table 2. Determinations of the effective chiral condensate extrapolated at zero quark mass as a

function of the bare coupling b from the mode number of the Hermitian Dirac-Wilson operator

Q
(TEK)
W = γ5D

(TEK)
W and from the quark mass dependence of the pion mass. In both cases, results

obtained in units of
√

σ where converted to MeV units using the conventional value
√

σ = 440 MeV.

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
a2σ

160

180

200
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240

260

280

300

[Σ
R
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Z
P
N
)]
1
/
3
[M

eV
]

From mπ

From 〈νR〉

Figure 3. Comparison of different determinations of the chiral limit of the effective chiral conden-

sate at four different values of the lattice spacing. Results obtained from the pion mass are plotted

slightly shifted to improve the readability of the figure.

Using the determinations for ZA, ZP/(ZSZA) and Fπ reported in that very same work,

it is easy to extract ΣR/(NZPσ3/2) from these data, which are then converted in MeV

units using
√

σ = 440 MeV after taking the third root. These results can then be directly

compared, lattice spacing by lattice spacing, with the determinations obtained from the

mode number in the previous subsection.

Note that, while for ZA and ZP/(ZSZA) we simply employed the determinations avail-

able for the 4 values of b considered in this work for N = 289, for the pion decay constant
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Fπ we directly used the value:

lim
N→∞

Fπ√
σ

√

3

N
= 0.215(21). (3.3)

This value, reported in table 10 in ref. [56], is a determination obtained in the large-N

and chiral limit from the fit of various determinations of the pion decay constant, obtained

for several values of b and κ, and for two values of N , namely N = 289 and 361.1 On

passing, we note that, by using again
√

σ = 440 MeV, eq. (3.3) yields Fπ/
√

N ≃ 55(5) MeV,

which is in excellent agreement with the large-N determination Fπ/
√

N ≃ 56(5) MeV of

ref. [10], obtained with standard methods for a single lattice spacing and extrapolating

results obtained for N ≤ 17 towards the large-N limit.

The determinations obtained from the pion mass are reported in table 2, along with

the chiral limit extrapolations of the mode number ones of the previous subsection. For

the sake of comparison, we also plot them together in figure 3. As it can be appreciated,

we find a perfect agreement for all explored lattice spacings, confirming the consistency of

the two methods.

3.3 Continuum limit

In order to extrapolate our determinations of [ΣR/(NZP)]1/3 towards the continuum limit,

it is necessary to get rid of the renormalization constant ZP. We do not have a determina-

tion on our gauge ensemble of such quantity, therefore, we tried to estimate it in two ways.

Since ZP is scheme and scale-dependent, we need to fix a renormalization scheme and a

renormalization point to compute it. In the following discussion, our renormalized results

will always refer to the MS scheme at a renormalization scale of µ = 2 GeV.

One way of estimating ZP consists in using the non-perturbative determinations of ZS

as a function of the lattice spacing obtained in ref. [82] for N ≤ 7 using the well-established

Rome-Southampton method [83]. Such determinations can be extrapolated towards the

large-N limit and then interpolated as a function of a
√

σ to provide results for ZS at

the lattice spacings employed in this work. Finally, we can convert ZS to ZP using the

non-perturbative determinations obtained from the TEK model of ZP/(ZSZA) and ZA of

ref. [56].

Another way of estimating ZP is instead to use the 1-loop perturbative results obtained

at large-N for Wilson fermions in [84, 85] and reported in the appendix of ref. [10] (see

also the appendix of [82], where the procedure to run ZP from the lattice scale µ = 1/a

to the conventional scale µ = 2 GeV is explained in detail). However, it is well known

numerically that perturbation theory overestimates renormalization constants with respect

to the lattice non-perturbative determinations (see, e.g., ref. [56], where perturbative and

non-perturbative determinations for the constant ZA are compared).

Also in our calculations, perturbative determinations of ZP turn out to be larger than

the non-perturbative ones by about a factor of ∼ 1.6. We also tried to use several improved

bare couplings, instead of just 1/b, to improve our perturbative estimates of ZP. Although

such determinations all move closer to the non-perturbative ones, as expected, we observe

that they still overshoot the non-perturbative results by factors of ∼ 1.3 – 1.5.

1Note that the definition of Fπ used in this work differs from the one adopted in ref. [56] by a factor of
√

3/N , cf. eq. (2.8) in this work and eq. (4.2) in ref. [56].
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b a
√

σ
ZP

(Non-perturbative)

(ΣR/N)1/3 [MeV]

(From 〈νR〉)
(ΣR/N)1/3 [MeV]

(From mπ)

0.355 0.2410(31) 0.5212(60) 196(6) 177(11)

0.360 0.2058(25) 0.536(12) 192(8) 178(12)

0.365 0.1784(17) 0.555(12) 187(10) 175(12)

0.370 0.1573(18) 0.583(20) 198(13) 180(12)

Table 3. Summary of the renormalized determinations of the chiral condensate employed in our

continuum extrapolations. We also report the values of ZP used to renormalize our bare results

(see the text and appendix A for a detailed discussion on their determination).

In conclusion, to extrapolate our results towards the continuum limit, we rely on the

non-perturbative determinations of ZP of [82] to renormalize the chiral condensate. In any

case, we report and compare all our calculations of ZP in appendix A. The values of the

renormalized condensate are reported in table 3, along with the employed values of ZP.

As it can be appreciated from figure 4, our data can be perfectly fitted to a behaviour

of the type:
(

ΣR

N

)1/3

(a
√

σ) =

(

ΣR

N

)1/3

+ k a2σ, (3.4)

and lattice artefacts turn out to be very small with respect to the typical size of our error

bars. The best fit of the mode number data yields a continuum limit of

(

ΣR

N

)1/3

= 189(17) MeV, (from 〈νR〉 data), (3.5)

while the best fit of the pion data yields a perfectly compatible result

(

ΣR

N

)1/3

= 178(20) MeV (from mπ data). (3.6)

Given the perfect agreement between these two determinations, we also did a combined fit

of the two sets of data, obtaining:

(

ΣR

N

)1/3

= 184(13) MeV (combined fit), (3.7)

which we quote as our final result for the large-N limit of (ΣR/N)1/3 in the MS scheme at

µ = 2 GeV.

It is now interesting to compare our result with other determinations in the literature.

First of all, we compare with the value obtained for SU(3) in the 2-flavor theory. The latest

FLAG review [86] reports the world average Σ
1/3
R = 266(10) MeV for Nf = 2, which would

lead to (ΣR/N)1/3 ≃ 184(7) MeV, which is in remarkable agreement with our final large-N

result in eq. (3.7). This extremely interesting finding points out that higher-order correc-

tions in 1/N are pretty small, and cannot be observed at the 4–7% level of precision of these

determinations. This conclusion fits very well with the fast convergence of the large-N limit
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Figure 4. Continuum extrapolation of our finite-lattice-spacing determinations of ΣR/N obtained

from the fit of the mode number 〈νR〉 and from the fit of the pion mass mπ.

observed also for other quantities, such as the coefficients parametrizing the θ-dependence of

the vacuum energy [18], glueball masses [20] or the critical deconfinement temperature [87].

Concerning instead other large-N determinations, two results can be found in refs. [14,

39]. These calculations rely on 1 lattice spacing, and hence no continuum limit can be

extracted. Another recent large-N determination can be found in ref. [23]. There, the au-

thors perform a continuum limit using 4 rather coarse lattice spacings, and perform an ex-

ploratory study of the large-N limit from results obtained for N ≤ 5. Despite these caveats,

we believe that it is still interesting to compare these determinations with our numbers.

In ref. [39], the authors consider an extended hypercubic L4 lattice with L = 6, 8 and

periodic boundary conditions and use just one value of b = 0.350, and a few values of N

of the order of a few tens. Their preliminary estimate for the condensate, extracted from

the probability distribution of the smallest eigenvalue of the massless overlap operator, and

renormalized using a perturbative estimate for ZS, is ΣR/N ≈ (174 MeV)3, which is very

close and compatible with our more reliable computation.

In ref. [14], instead, the authors consider a full QCD computation with Nf = 4 degen-

erate flavours of Wilson quarks and N varying from 3 to 6. They use a single value of the

lattice spacing, a ≃ 0.075 fm, and several values of the quark mass. Their estimation of the

large-N limit of the bare chiral condensate is aBR/ZP = 1.72(7). Using the value t0/a2 =

3.69(13) reported in the paper we get
√

t0BR/ZP =
√

t0ΣR/(F 2
π ZP) ≃ 3.30(15). Such num-

ber, however, cannot be directly compared with our determination in table 2 for b = 0.370

(which corresponds to a similar value of a), due to the different regularization employed

(the authors of [14] adopted the Iwasaki gauge action and improved Wilson fermions).

Nonetheless, using our chiral limit result for [ΣR/(NZP)]1/3 = 237(16) MeV in table 1

for b = 0.370, the result for Fπ in eq. (3.3), and the conversion factor
√

8t0σ = 1.078(9)

computed at large-N in [56], we obtain the compatible value
√

t0BR/ZP = 3.87(77).

Finally, in ref. [23], the authors perform simulations with Nf = 2 degenerate flavors

of clover-Wilson fermions and Wilson gauge action, considering several values of the quark
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masses and N = 3, 4, 5. The authors also consider 4 values of the bare coupling, and

thus are able to provide continuum-extrapolated results. Although the authors of [23]

acknowledge that the rather small range of N -values employed makes it difficult to provide

a definitive large-N extrapolated value, using our result for ΣR/N in eq. (3.7), the result

for Fπ in eq. (3.3), and the large-N conversion factor
√

8t0σ = 1.078(9) [56], we obtain√
t0B =

√
t0ΣR/F 2

π = 1.81(36), which is compatible with the large-N extrapolated result

quoted in the conclusions of [23],
√

t0B = 1.72(22).

4 Conclusions

In this work, we have presented a numerical determination of the large-N limit of the QCD

chiral condensate from TEK models on the lattice.

Such determination was obtained in the quenched theory with N = 289 number of col-

ors (although we also checked that results obtained for N = 361 were fully compatible), and

was achieved following two different and complementary strategies, both based on ChPT

predictions. One consisted of fitting the quark mass dependence of the pion mass with a

linear function, whose slope is related to the ratio of LECs Σ/F 2
π from the GMOR relation.

The other one consisted of using the Giusti-Lüscher method to extract the chiral condensate

from a linear fit of the behaviour of the mode number as a function of the spectral cut-off

M , whose slope can be related to the chiral condensate from the Banks-Casher relation.

We have shown that, after checking finite volume effects, and after performing con-

trolled chiral and continuum extrapolations using 4 values of the lattice spacing a and sev-

eral values of the valence quark mass for each a, both strategies give perfectly consistent re-

sults, leading in particular to our final combined result (obtained assuming
√

σ = 440 MeV):

lim
N→∞

ΣR(N)

N
= [184(13) MeV]3 , (MS scheme, µ = 2 GeV). (4.1)

This result is in remarkable agreement with the FLAG world-average for (ΣR/N)1/3 for

N = 3 in the 2-flavor theory, 184(7) MeV. We also find agreement with the few previous

large-N predictions that could be retrieved in the literature.

In the future, we would like to extend our calculation to other interesting physical

cases, such as the SUSY case with 1 adjoint Majorana fermion, where the computation of

the gluino condensate is of great theoretical interest.
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A Determinations of the renormalization constant ZP

In this appendix, we present our calculations to estimate the renormalization constant ZP,

necessary to renormalize the bare chiral condensate. We stress again that we chose the MS

renormalization scheme and fixed the renormalization scale to be µ = 2 GeV.

First of all, let us present the non-perturbative estimation that we actually used in

our work to extrapolate the chiral condensate towards the continuum limit. In ref. [82]

several non-perturbative determinations of renormalization constants, obtained using the

Rome-Southampton method [83], are presented. Their numerical setup consists of standard

lattice quenched simulations with Wilson valence quarks. In particular, they report results

for the renormalization constant ZS for 4 values of the lattice spacing a
√

σ, and for a few

values of the number of colors N , ranging from 3 to 7.

We extrapolated, using determinations for N ≤ 7, ZS towards the large-N limit as-

suming 1/N2 corrections for the 3 lattice spacings relevant for the range explored in this

work. For the finest one, since we could not obtain a reliable best fit, we opted for a very

conservative estimation of the large-N limit and just took a confidence band including all

available determinations in [82]. All large-N extrapolations are shown in figure 5 on the left.

Then, we interpolated the obtained large-N estimates of ZS as a function of a
√

σ using

a cubic spline to obtain them for the lattice spacings considered in this work. Finally,

we obtained ZP by multiplying such quantities for our non-perturbative determinations

of ZP/ZS obtained from the TEK model [56]. Our final results for ZP, as well as the

interpolation of ZS, are shown in figure 5 on the right.

Now we move to our calculations of ZP from perturbation theory. Let us stress that

we did not use any of such values anywhere in this paper, and we just show them here for

the sake of completeness, and to allow a comparison with the non-perturbative estimations

earlier discussed.

Perturbation theory predicts, for unimproved Wilson valence fermions in a quenched

sea, and for the MS scheme at a scale µ = 1/a, the following perturbative expansion for

ZP at large-N [84, 85] (cf. also the appendix of [10]):

Z
(MS)
P (µ = 1/a) = 1 − 0.580734161(4)

λ

4π
− 0.8420(2)

(

λ

4π

)2

+ O(λ3), (A.1)

where λ = 1/b is the lattice bare ’t Hooft coupling.

– 15 –



J
H
E
P
1
2
(
2
0
2
3
)
0
3
4

0 1/72 1/52 1/42
0.6

0.75

0.9
a
√
σ ≃ 0.2512

0 1/72 1/62 1/52 1/42
0.6

0.75

0.9

Z
(M

S
)

S
(µ

=
2
G
eV

)

a
√
σ ≃ 0.2093

0 1/72 1/52 1/42

1/N 2

0.6

0.75

0.9
a
√
σ ≃ 0.1500

0.14 0.16 0.18 0.20 0.22 0.24 0.26
a
√
σ

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85
ZS [Castagnini large-N extrapolation]

ZS [this work’s a
√
σ]

ZP [this work’s a
√
σ]

Figure 5. Left: large-N extrapolation of the non-perturbative determinations of ZS reported in

ref. [82] using N ≤ 7 data. Right: interpolation of large-N determinations of ZS as a function of

a
√

σ at the values of the lattice spacing employed in this work, and related results for ZP obtained

from the large-N non-perturbative determinations of ZP/ZS of ref. [55] within the TEK model.

In order to run this quantity from the lattice scale µ0 = 1/a to the conventional scale

µ = 2 GeV, we use the following relation [88]:

Z
(MS)
P (µ) = R(µ, µ0) Z

(MS)
P (µ0), (A.2)

where

R(µ, µ0) =
exp

{

F
(

λR(µ)
16π2

)}

exp
{

F
(

λR(µ0)
16π2

)} . (A.3)

The function F (x) and the renormalized running ’t Hooft coupling λR(µ) at 3-loop read [88]:

F (x) =
γ0

2β0
log(x) +

β0γ2 − β2γ0

4β0β2
log(β0 + β1x + β2x2)

+
2β0β2γ1 − β1β2γ0 − β0β1γ2

2β0β2

√

4β0β2 − β2
1

arctan





β1 + 2β2x
√

4β0β2 − β2
1



 ; (A.4)

λR(µ)

16π2
=

1

2β0 log(µ/ΛMS)
− β1

β3
0

log(2 log(µ/ΛMS))

4 log2(µ/ΛMS)

+
β2

1 log2(2 log(µ/ΛMS)) − β2
1 log(2 log(µ/ΛMS)) + β2β0 − β2

1

8β5
0 log3(µ/ΛMS)

; (A.5)

where

β0 =
11

3
, β1 =

34

3
, β2 =

2857

54
,

γ0 = −3

4
, γ1 = −203

12
, γ2 = −11413

108
.

(A.6)

For the large-N limit of the dynamically-generated scale ΛMS, we used the determination

of ref. [46] from the TEK model (cf. also the compatible determination of [7] obtained
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extrapolating from N ≤ 10):
ΛMS√

σ
= 0.513(6). (A.7)

On the lattice, apart from the simple bare ’t Hooft coupling λ = 1/b appearing in the

TEK Wilson action, one can define improved couplings which are expected to accelerate

the convergence of the perturbative series. In this work, we compute the renormalization

constant ZP both using the simple inverse coupling b appearing in the TEK lattice action,

as well as these 3 different definitions of the improved inverse coupling:

λI = λ/P, (A.8)

λE = 8(1 − P ), (A.9)

λE′ = −8 log P, (A.10)

where the mean plaquette P is

P ≡ 1

6N

∑

µ>ν

zνµ

〈

Tr
{

UµUνU †
µU †

ν

}〉

. (A.11)

The improved couplings in eq. (A.8) are all equal to λ at leading order in perturbation

theory, as it can be easily verified using the following perturbative expansion for the mean

plaquette [10, 54, 89]:

P = 1 − c1λ − c2λ2 + O(λ3), (A.12)

c1 =
1

8
, (A.13)

c2 = 0.0051069297. (A.14)

Since ZP is known to two-loop order, in order to compute it using improved couplings we

also need the following two-loop relations:

λ = λI − c1λ2
I + · · · , (A.15)

λ = λE − c2

c1
λ2

E + · · · , (A.16)

λ = λE′ − c1

(

1

2
+

c2

c2
1

)

λ2
E′ + · · · . (A.17)

Now we are able to use eq. (A.1) to obtain ZP from improved couplings. In particular,

to do so we just need to replace λ by the corresponding expansion, retaining terms up to

second order in the improved coupling in the resulting expansion for ZP . In table 4 we

report our determinations for the improved inverse couplings for N = 289, while in table 5

we summarize all determinations of ZP discussed so far. We also compare them in figure 6.

As it can be appreciated, the naive perturbative calculation largely overestimates the non-

perturbative one. Using improved couplings lowers the perturbative estimate, making it

closer to the non-perturbative one, and thus going in the expected direction; nonetheless,

we still observe a significant overshooting, which is, at best, of about a factor of ∼ 1.3.
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b P 1/λI 1/λE 1/λE′

0.355 0.54538(6) 0.1936 0.2750 0.2062

0.360 0.55800(5) 0.2009 0.2828 0.2143

0.365 0.56910(5) 0.2077 0.2901 0.2217

0.370 0.57896(5) 0.2142 0.2969 0.2287

Table 4. Summary of the definitions of the inverse bare ’t Hooft coupling employed to compute

ZP in the large-N limit from perturbation theory.

b
ZP

[Pert., b]

ZP

[Pert., bP ]

ZP

[Pert., 1
8(1−P )−1]

ZP

[Pert., (−8logP )−1]

ZP

[Non-pert.]

0.355 0.83423(98) 0.77944(92) 0.79278(98) 0.76896(90) 0.5212(60)

0.360 0.82588(81) 0.77656(76) 0.78911(82) 0.76792(76) 0.536(12)

0.365 0.81952(59) 0.77475(58) 0.78648(56) 0.76734(55) 0.555(12)

0.370 0.81487(67) 0.77376(63) 0.78476(64) 0.76732(64) 0.583(20)

Table 5. Determinations of the renormalization constant ZP in the large-N limit for the MS

scheme at a renormalization point µ = 2 GeV using perturbation theory with various definitions of

the inverse bare ’t Hooft coupling, and using the non-perturbative determinations of ZS of [82] plus

our non-perturbative determinations for ZP/ZS [55].
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Figure 6. Comparison of perturbative large-N calculations of ZP using several definitions of the

bare ’t Hooft coupling, compared to the non-perturbative determinations obtained from results of

ref. [82].
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Figure 7. Behavior of the mode number 〈νR〉 /N , computed for N = 289, as a function of MR/mR

for four values of the bare coupling b and four different values of κ, approximately corresponding

to mπ/
√

σ ≃ 1.56 (top) and mπ/
√

σ ≃ 1.05 (bottom). Full points correspond to those included in

the linear best fit to determine the slope.

B Additional plots of the mode number

In figure 7 we show two additional plots about the linear best fit of the mode number for

mπ/
√

σ ≃ 1.536 and 1.050, not shown in the main text.
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