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ABSTRACT: We propose a method to explore the flavor structure of quarks and leptons
with reinforcement learning. As a concrete model, we utilize a basic value-based algorithm
for models with U(1) flavor symmetry. By training neural networks on the U(1) charges of
quarks and leptons, the agent finds 21 models to be consistent with experimentally measured
masses and mixing angles of quarks and leptons. In particular, an intrinsic value of normal
ordering tends to be larger than that of inverted ordering, and the normal ordering is well
fitted with the current experimental data in contrast to the inverted ordering. A specific
value of effective mass for the neutrinoless double beta decay and a sizable leptonic CP
violation induced by an angular component of flavon field are predicted by autonomous
behavior of the agent. Our finding results indicate that the reinforcement learning can be a
new method for understanding the flavor structure.
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1 Introduction

The origin of flavor structure of quarks and leptons is one of the unsolved problems in
particle physics. To understand the peculiar pattern of fermion masses and mixings, the
flavor symmetries have been utilized to explain these flavor puzzle.! An attractive feature
of the flavor symmetry is that it may connect the bottom-up approach of flavor model
building with the top-down approach based on an ultra-violet completion of the Standard
Model such as the string theory. In this paper, we adopt a bottom-up approach to explore
the flavor structure of quarks and leptons.

In most traditional approaches to address the flavor structure of quarks and leptons, one
assumes a certain representation of quarks and leptons under the flavor symmetry among
all possible configurations. Indeed, it will be difficult to exhaust all possible realistic flavor
patterns from a broad theoretical landscape. For instance, in a global U(1) flavor symmetric
model using the Froggatt-Nielsen (FN) mechanism [11], we have a degree of freedom of

!See, e.g., refs. [1-10] for a review.



U(1) charge assignment of each quark and lepton. When we consider the flavor dependent
U(1) charges of the quarks ¢; within the range —9 < ¢; < 9, it results in O(10'*) patterns
of U(1) charges even for the quark sector. When we combine with the lepton sector, we are
faced with the problem of doing a brute-force search over a higher-dimensional parameter
space. This is a simple flavor model using the continuous flavor symmetry, but in general,
it is difficult to find a realistic flavor pattern from a huge amount of possibilities in flavor
models with discrete symmetries. Thus, it motivates us to apply recent machine learning
techniques for an exhaustive search of flavor models.

In order to explore such a huge landscape of flavor models, in this paper, we will deal
with a reinforcement learning (RL), which is known as one of machine learning techniques.?
In the framework of RL, an agent autonomously discovers desirable behavior to solve given
problems, where a systematic search is impossible. So far, such a technique was utilized to
find the parameter space of FN models with an emphasis on the quark sector [12], where
only the experimental values of quark masses and mixing angles are efficiently reproduced.
However, it is quite important to see whether one can reproduce the flavor structure of all
the fermion masses and mixings. Throughout this paper, we assume the Type-I see-saw
mechanism to realize active neutrino masses and large mixing angles in the lepton sector.
We will utilize a basic value-based algorithm, where the neural network is trained by data
given by an environment. To find the flavor structure of quarks and leptons efficiently, we
set the environment where the inputs consist of U(1) charges of quarks and leptons under
the U(1) flavor symmetry and the coefficients appearing in Yukawa couplings are randomly
fixed as O(1) real values. The outputs of the neural network are probabilities for the action
determined by a policy. Here, the action of agent is given by increasing or decreasing one
of the U(1) charges by one, and the agent receives the reward (punishment) for this action
when the fermion masses and mixings determined by the U(1) charges approach (deviate
from) the experimental values. Specifically, the reward function is defined by the intrinsic
value consisting of fermion masses and elements of CKM and PMNS matrices whose values
are minimized under a vacuum expectation value (VEV) of complex flavon field.

In addition to reproducing the experimental values, parameter search with RL will
provide new insights on the neutrino mass ordering and CP phase in the lepton sector. Note
that a source of CP violation is assumed to be originating from the phase of complex flavon
field. By training neural networks without specifying the neutrino mass orderings, RL can
help to find whether the neutrinos are in the normal ordering or in the inverted ordering.
From the results of trained network, we find that the normal ordering is statistically favored
by the agent. Furthermore, the sizable Majorana CP phases and effective mass for the
neutrinoless double beta decay are predicted around specific values.

This paper is organized as follows. After briefly reviewing RL with an emphasis on Deep
Q-network in section 2, we establish the FN model with RL in section 3. We begin with

2In addition to RL, supervised learning and unsupervised learning are known as machine learning methods.
The supervised learning can estimate the correspondence between reference data and teaching signals, while
the unsupervised learning can find the similarity among reference data. While these methods require a
large amount of data, RL can find best solutions from a small amount of data by repeatedly trying to solve
the problem. This feature makes RL useful not only in the search for flavor models but also in the field of
particle theory.



the model building with RL by focusing on the quark sector in section 4, and the training
of the lepton sector is performed in section 5. In particular, we analyze two scenarios
for the neutrino sector. In section 5.1, we implement the FN model with fixed neutrino
mass ordering to the neural network, but the neutrino mass ordering is not specified in the
analysis of section 5.2. Section 6 is devoted to the conclusion and discussion. In appendix C,
we list our finding U(1) charge assignment of quarks and leptons.

2 Reinforcement learning with deep Q-network

In this section, we briefly review RL with the Deep Q-Network (DQN) used in the analysis
of this paper. For more details, see, e.g., ref. [13]. The RL is constructed by an agent and
an environment. At a certain time, the agent observes the environment and takes some
action. Depending on the change of the environment caused by the action, the agent will
receive rewards or penalties. By repeating those processes and searching for actions that
maximize the total rewards, the agent is designed to exhibit autonomous behavior in the
environment.

To determine the action, we utilize the neural network model. In the multi-layer percep-

trons, a n-th layer with NNV,,_;-dimensional vector Zp,—1 = (Zp—1,1,Tn-1,2," " ,Tn—1,N,_,) il

multi-layer perceptrons transforms into a N,,-dimensional vector Z,, = (zp1,Tn2, - - Tn, N, )
n mn

Tni = hn(wijxn—l,j + bl )7 (21)

with h,w,b being the activation function, the weight and the bias, respectively. In the
analysis of this paper, we employ a fully-connected layer. Then, the DQN known as one of
the RL methods is characterized by Q network, target network, and experience replay. In
this paper, we consider the neural networks whose output can be constructed by a softmax
layer. Note that Q network and target network have same structures, but weights and
biases in those are generically different from each other.

RL using the DQN proceeds through the following 5 steps:

1. An agent observes the environment state s which is given as an input in the target
neural network, as shown in figure 1. The target network (TN) gives the probabilities
p as an output. Since we adopt the softmax layer defined by

f:R" —10,1]", (2.2)
with f(x); = e® /> ; e™, the output will also be regarded as probabilities.

2. In a second step, the agent determine the action a, taking into account the probabilities
p given by the first step. At the initial stage, the neural network cannot judge whether
the action is an appropriate one. Let us denote the action with the highest probability
b. To acquire the ability of autonomous behavior for the agent, we adopt the e-greedy
method, where the greedy action b is selected with probability 1 — ¢ and a random
action ¢ is selected with probability € (see figure 2), that is,
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Figure 1. As a first step, the state s observed by the agent is given as input in the target network.
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Figure 2. In the second step, the agent selects the action a through the e-greedy policy.

By repeating this process, a sequence of the states is defined as follows:
Sla—1>82a—2>83u—3>"', (2.4)

and this chain is called an episode. The initial environment state s; is chosen randomly.
The number of actions is specified by Nyiep for one episode and the agent repeats this
step Nep times as shown in table 1. Note that the greedy action is determined by
taking into account the probabilities p in the first step. The value of € is chosen to
ensure that the agent gradually takes the greedy action, whose explicit form will be
given by

€ = max (eork_l, emin) , (2.5)

with £ =1,2,..., Nep. In the following analysis, we adopt €9 = 1, r = 0.99999 and
€min = 0.01. This definition means that the agent gains various experiences for the
large €, using which the agent gradually takes a plausible action.

3. The state s is updated to s’ through the action a. Depending on the states s’, the agent
receives a reward R. In a third step, the transition e = (s, a, s, R) corresponding to
trajectories of experience is stored in the replay buffer as seen in figure 3.



Step 1 | Step 2 | --- | Step Nstep
Episode 1 s% 8% Sjlvstep
Episode 2 s% s% T S?VStep
EpiSOde Nep SJIVQP SéVeP T ]]g:)ep

Table 1. The environment states s are changed by the actions. The agent performs at most Ngtep
step for one episode.
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Replay Buffer

Figure 3. In the third step, the transition e = (s, a,s’, R) is stored in the replay buffer.

4. A fourth step consists of “experience replay” and “stochastic gradient method”. The
experience replay is to extract a mini-batch of transitions randomly sampled from
the replay buffer, where the Q network is optimized by using at most a batch of
transitions times epoch number. The advantage of this experience replay is twofold.
First, the transitions in a batch are uncorrelated due to the random selection of past
experiences. Second, one can reuse each transition in the training because all the
experience is stored in the replay buffer.

In the framework of DQN, there are two neural networks: @Q network and target
network. The Q network is updated by the stochastic gradient method where the
mini-batch of transitions is used in the training data. When we denote outputs of the
Q network and the target network by y(s) and y/(s’), respectively, the weights and
the biases are updated by minimizing a loss function L(y,y’). In this paper, we adopt
the Huber function:

l( / a0 )\2 : ! o
YRy yz) if ’y i yz‘ <9
LHuber(ya y/) = { 237(R) )

. , (2.6)
d- |y27€)i - yi’ - %52 if ’yER)i —yil > 6

with yER) =R+vy, v=0.99 and 6 = 1, which combines a mean squared error and
a mean absolute error.? Note that the training of Q network is carried out at the end
of one episode, including at most the Ngiep step as shown in table 1.

3The inputs of y and g are the state s and s’ from the transition e, respectively. This construction of
the loss function is grounded in the Bellman equation, which is the formulation of RL. The relation between
the formulation of RL and DQN is described in appendix B.
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Figure 4. In the fourth step, we randomly pick up the transitions with batch size from the replay
buffer, and the weights and the biases of the Q network are updated by the stochastic gradient
method in terms of these transitions.

Pl

‘ Environment

Q Network Target Network

Figure 5. In the last step, the weights and the biases of the target network are updated, following
the soft update with the learning rate «.

5. The Q network and the target network have different parameters © = {w, b} and
© = {w',b'}, respectively. Lastly, the parameters © in the Q network are slightly
reflected in ©’ in the target network (see figure 4). Specifically, in the case of a soft
update, this reflection proceeds as follows:

O+ (1-a)® +a0, (2.7)

where « is called the “learning rate”. This procedure can suppress rapid parameter
changes and update the target network while maintaining learning stability. When
« is large, the stability of the learning will be lost, but the small o will lead to a
slow learning. In this paper, we adopt a = 2.5 x 10~%. Since the stochastic gradient
method is not used in updating the parameters of the target network as described
above, no loss function is defined for this network.

3 Froggatt-Nielsen model with reinforcement learning

3.1 The environment

In FN models, the hierarchical structure of fermion masses and the flavor structure are
addressed by the global U(1) symmetry. For simplicity, we introduce only one complex



scalar field (so-called flavon field), charged under U(1). The relevant Yukawa terms of
quarks and leptons are given by

(b n. ¢ nd. (b nt.
%/ — 1] = ©J
L= yg‘j (M) QiHCUj + yfj (M) Qinj + yll-j (M) LiHlj

. N nN

oyl (E) Y LHON; + %ﬂ (E) " MN{N; +he., (3.1)

where {Q;,u;,d;, L;,l;, N;, H} denote the left-handed quarks, the right-handed up-type

quarks, the right-handed down-type quarks, the left-handed leptons, the right-handed

charged leptons, the right-handed neutrinos, and the SM Higgs doublet with H¢ = igo H*,

respectively. Here, we assume three right-handed neutrinos and tiny neutrino masses are

generated by Type-I seesaw mechanism where the parameter M is chosen as M = 10'° GeV

throughout the analysis of this paper, and the Yukawa couplings {y;;, yfw yf;j, Yiis yg } are

O(1) real coefficients. Since the SM fields and the flavon field are also charged under U(1),
let us denote their U(1) charges by

{Q(Qi)a Q(ui)a Q(di)v Q(Li)a Q(li)v Q(Ni)7 Q(H)v Q(¢)} (32)
To be invariant under the U(1) symmetry, the integers n;; satisfy the following relations:
o Qi) —q(Qi) — a(H) + ()
T 49) (%) | 53
ad — 4Qifldy) - —q(Qi) +q(H) +q(d))
Y (o) q(¢) ’
o aLiHL)  —q(Li) +q(H) + q()
Y q(o) q(o) ’
v _ LHNy) _ —q(Li) — q(H) + q(N)
K —r «(9) ’ 34
N A(NENG) (i) + q(NV;)
Y q(¢) a(¢)

where n;; are considered positive integers throughout this paper.? Furthermore, we require
the presence of Yukawa term Q3Hus, irrelevant to q(¢):

q(QsH us) = 0 <+ q(H) = q(u3) — q(Qs3); (3.5)

otherwise one cannot realize the value of top quark mass. Once ¢ and H develop VEVs,
(¢) = vy and (H) = vgw = 174 GeV, the Dirac mass matrices of quarks and leptons as well
as the Majorana mass matrix are given by

u d
mi; = yij€ T UEW, ml; = yhehivew,

1 l N

I n.. v v _nY. N N n;: (3'6)
ij = yme YUVEW, mDZJ = y”€ YUVEW, m” = MyUE VN

m

1See, e.g., ref. [14], for the possibility of negative integers by introducing vector-like fermions.



The light neutrino mass matrix is obtained by integrating out heavy right-handed neutrinos:

mly = — (m* - (m™)~1 <m”>T)ij' (3.7)
The quark and lepton mass matrices are diagonalized as
m* = Utdiag(m®)(V*)T, md = Uddiag(m?)(VHT, (3.8)
m! = Uldiag(m") (V) m? = U"diag(m”)(U")7, '

and the flavor mixings are given by the difference between mass eigenstates and flavor
eigenstates:

Vemns = (UHTVY

€12€13 S12€13 size”iocr 10 0
B s 5 o1
= | —S12C23 — €12523513€"°°Y  C12C23 — $12523513€"°°T  Sa3Ci3 0 e 0 ;

idcp idcp 0 0 ei%

5§12823 — C12€23513€ —C12523 — 512€23513€ C23C13

(3.9)

with ¢;; = cos8;; and s;; = sin 6,5, which also holds for the CKM matrix Voxwm = (umtud
in the quark sector except the Majorana phases {aw1, @31 }. Since the quarks and the leptons
are charged under U(1), the flavon VEV (¢) = v, will lead to the flavor structure due to
the smallness of |e|:
Vs
= . 3.10
€= - (3.10)

Recalling that the U(1) charge of Higgs doublet is determined by eq. (3.5), the flavor
structure of quarks and leptons is specified by the following charge vector:

Qa = {Q(Ql)v Q(Ui), Q(di)v Q(Li)v q(li)7 Q(Ni)a Q(Qb)}a (311)

consisting of 19 elements. This is the input for target network and Q network as the
state s. In the following analysis using RL, we restrict ourselves to the following range of
U(1) charge:

—9<Q,<9, (3.12)

corresponding to total 199 ~ 102 possibilities for the charge assignment.” It will be a
challenging issue to find a realistic flavor pattern by the brute force approach. Furthermore,
it is generally difficult to use the gradient descent method, because the U(1) charges are
discrete and even a small difference in the charges will result in exponential differences in
calculated values such as masses. Against those backgrounds, the necessity of applying
reinforcement learning arises. Note that a generic U(1) charge of flavon will lead to
the non-integer n;j; thereby we focus on ¢(¢) = 1 or —1 with 50% probability in the
following analysis.

5In this counting, a permutation symmetry among the charge assignment is not taken into account, and
we will not incorporate this effect for RL analysis.



layer Input | Hidden 1 | Hidden 2 | Hidden 3 | Output

Dimension | ZA4 R64 R64 R64 R24

Table 2. In the neural network, the input is the charge assignment Q, with dimension A, and
the activation functions are the SELU function for hidden layers 1,2,3. Since we use the softmax
function (2.2) for the output layer, the output with dimension 24 is interpreted as probabilities. The
dimension of the output layer is twice that of the input layer due to the action of the agent (3.13).

3.2 Neural Network

A state s given by the charge assignment Q will be updated to s’ through the action
a. To determine the action, we utilize the neural network as shown in table 2. The
activation function h (in eq. (2.1)) is chosen as a SELU function for hidden layers 1,2,3
and the softmax function (2.2) for the output layer. We employ the ADAM optimizer in
TensorFlow [15],° where the weights and biases are chosen to minimize the loss function
given by the Huber function (2.6).

In the FN model, the flavor structure of quarks and leptons is determined by the charge

024 possibilities for the charge assignment as pointed out before.

vector Q,, including total 1
When we focus on only the quark sector, the parameter spaces of U(1) charges reduce to
190 ~ 10'? possibilities. To achieve a highly efficient learning in a short time, it is better
to perform a separate training for the U(1) charge assignment of quarks and leptons. Note
that only the flavon U(1) charge connects the quark sector with the lepton sector since
the U(1) charge of the Higgs is determined by the charge of third generation quarks (3.5).
As mentioned before, we focus on ¢(¢) = 1 or —1 with 50% probability in the following
analysis. Thus, we first analyze the parameter space of quark U(1) charges by RL as will
be discussed in detail in section 4, and move to the lepton sector with fixed U(1) charge of
Higgs fields as will be discussed in detail in section 5.

The hyperparameters are set as Nep, = 10° and Nep =6 % 10* for the episode number in
the quark and lepton sector respectively, Ngep = 32 for the step number, batch sizes of 32,
epoch number of 32, and the learning rate o = 2.5 x 10™%, respectively. The hyperparameters
in e-greedy method are described in the previous section. About the step number Ngep = 32,
the same value was used in the previous research that focuses on only the quark sector [12].
In ref. [12], it was shown that terminal states can be reached after a sufficient amount of
learning. Therefore, it is expected that Ngiep = 32 is enough to achieve terminal states in
the current situation where the quark sector and the lepton sector are searched separately.

3.3 Agent

To implement the FN model in the context of RL with DQN, we specify the following action
a of the agent at each step:

a: Qy—Q,+1 (a€ A, (3.13)

5We use the “gym” proposed by the OpenAl
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Figure 6. Distribution of O(1) coefficients in Yukawa terms (3.1).

where A corresponds to {Q;, u;,d;, ¢} in the analysis of section 4 and {L;,l;, N;, ¢} in the
analysis of section 5. These two candidates of the action make the dimension of the output
layer 2A in table 2. At the initial stage, the O(1) coefficients in Yukawa terms (3.1) are
picked up from the two Gaussian distribution with an average £+1 and standard deviation
0.25 (see figure 6) and after the training by neural network introduced in the previous
section, they are optimized to proper values by the Monte-Carlo simulation.

Thus, once the charges are fixed, one can compare the masses and mixings of quarks
or leptons given by the action a with the experimental values. Specifically, we define the

intrinsic value:

_ —min,, [Mquark + C| (used in section 4) 314
V(Q) { — [Miepton + Mueutrino + P]  (used in section 5) ’ (3.14)

whose components will be defined below. Note that the flavon VEV is chosen to maximize
the intrinsic value relevant for the quark sector in section 4; thereby there is no flavon

dependence in the intrinsic value of the lepton sector.

1. Quark and lepton masses:

M guark (Miepton) consists of the ratio of the predicted quark (lepton) masses by the

agent to the experimental values:

Mquark = Z Eq, Mlepton = Z Eq, (3'15)
a=l

a=u,d

with
= |log,, <ma|> ‘ (3.16)

The experimental values are listed in tables 3 and 4 for quarks and leptons, respectively.

2. Neutrino masses:

Since the ordering of neutrino masses has not been confirmed yet, we search the
neutrino structure in two cases: RL with fixed neutrino mass ordering in section 5.1

~10 -



my /MeV mg/MeV mg/MeV m./GeV my/GeV my/GeV
2.16755 467701 93.4754 1.27+£0.02 | 418700 | 172.69+0.30

S12 513 523 dcp
0.22500 + 0.00067 | 0.00369 +0.00011 | 0.04182700065; | 1.144 & 0.027

Table 3. Masses, mixing angles, and CP phase in the quark sector [16], where we show the top-quark
mass from direct measurements.

and RL without specifying the neutrino mass ordering in section 5.2. In each case,
the intrinsic value relevant to the neutrino masses is defined as:

> a—vs vy o (normalordering in section 5.1)
Mueutrino = § Ya—vn, s Pa  (inverted ordering in section 5.1) , (3.17)
(unspecified mass ordering in section 5.2)

!Am |
1OglO ’A ’
mg ,exp

where the experimental values are listed in table 4.

with

EY =

(3.18)

3. Mixing angles:

In addition, the intrinsic value includes the information of quark mixings and lepton
mixings in C and P:

c=>"E!, P= Ej, (3.19)
1] 1]
with

Ej = : (3.20)

Ve Vedos|
10%10 UCKM ’ EZJ lo 010 Z‘jPMNS
‘VCKM exp‘ ’VPMNS, exp ‘

where Eéj and E;g represent the ratio of the predicted quark and lepton mixings by
the agent to the experimental values, respectively. From tables 3 and 4, the CKM
and PMNS matrices are of the form:

0.97435 £ 0.00016  0.22500 + 0.00067  0.00369 + 0.00011
[VerM, exp| = | 0.22486 £ 0.00067  0.97349 & 0.00016  0.04182F5:005%5 :
0.008570- 00022 0.041079-99033 0.99911870 50005
0.803 — 0.845 0.514 — 0.578 0.143 — 0.155
[VPMNS, expl3e = | 0.244 — 0.498  0.502 — 0.693  0.632 — 0.768
0.272 — 0.517  0.473 — 0.672 0.623 — 0.761

(3.21)

- 11 -



Ob bl Normal Ordering (NO) Inverted Ordering (10)
servabples
lo range 3o range lo range 3o range
sin? 6, 0.30310017 0.270 — 0.341 0.30310017 0.270 — 0.341
sin? 63 0.022250-00030 | 0.02052 — 0.02398 || 0.0222315-050%8 | 0.02048 — 0.02416
sin? fas 0.45170012 0.408 — 0.603 0.56970 035 0.412 — 0.613
Scp/m 1.29710-29 0.80 — 1.94 1.531012 1.08 — 1.91
2
_ama 7417021 6.82 — 8.03 7.427021 6.82 — 8.04
10-5aV2 4l 0220 04 = S 22020 04 = 6.
Am2 -
10‘7?3\1/2 2.507+0-026 2.427 — 2.590 —2.48670925 | _2570 — —2.406
—ve
me/MeV 0.510999
my/MeV 105.658
m,/MeV 1776.86

Table 4. Experimental values for the lepton sector obtained from global analysis of the data, where
Am2, = Am3; = m3 —mi > 0 for NO and Am3, = Am3, = m3 — m3 < 0 for 10. Here, we use
the data from ref. [16] for charged lepton masses and NuFIT v5.2 results with Super-Kamiokande
atmospheric data for the lepton mixing angles and CP phase [17].

The flavon VEV is defined to maximize the intrinsic value, and we search for the
VEV within

0.01 < |vg| < 0.3, —m < arg(vy) <, (3.22)

where the angular component of the flavon VEV determines the CP phase. The large intrinsic
value indicates that the obtained charge assignment well reproduces the experimental values.
Such a charge assignment is called terminal state. Specifically, the terminal state is defined
to satisfy the following requirement:

Efp<Vy (forVi,j). (3.23)

’V(Q)‘ < va EaaEZ < Vi (fOI‘VO&)7

In this paper, we adopt Vy = 10.0, V; = 1.0 and Vo = 0.2. Here, V; = 1.0 (Vo = 0.2) means
that the ratio of the predicted fermion masses (mixings) to the observed masses (mixings)
is considered within 0.1 < rpass < 10 (0.63 < rmixings < 1.58).

Let us denote the charge assignment Q observed by the agent and Q' after the action a.
For the action of the agent (Q, a), we will give the reward R in the following prescription:

1. Give the basic point Rpase, depending on the value of intrinsic value:

R {wg) ~V(Q)  ifV(Q)-V(Q) >0
base —

ifV(Q)-V(Q) <0’ (3.24)

Roffset
where Rofset, corresponds to a penalty, chosen as Rogset = —10.

2. When the Q' lies outside —9 < Q' <9 or the flavon charge satisfies
q(¢) = 0, we give the penalty Rofset and the environment comes back

to the original charge assignment Q.

- 12 —



3. When the Q' is turned out to be a terminal state, we give the bonus
point Rierm, chosen as Rierm = 100.

4. Summing up the above points, we define the reward R(Q,a).

The structure of the neural network and the design of the reward largely deter-
mine the behavior of RL. Therefore, to facilitate comparison with ref. [12], we use the

same architecture.”

4 Learning the quark sector

In this section, we analyze the charge assignment of the quark sector, following the RL with
DQN introduced in the previous section. Even for the quark sector within the range of U(1)
charges —9 < ¢ < 9, there exists 19! ~ 6.1 x 102 possible states in the environment. By
training the neural network about 15 hours on a single CPU,? it turned out that terminal
states are found after (20, 000) episodes as shown in figure 7. The loss function tends to
be minimized as in figure 7, where the small positive loss corresponds to the existence of
various paths to terminal states as commented in ref. [12]. We also check that the reward
increases when the loss function decreases. The network leads to terminal states in >6% of
all cases for total episode Nep, = 10°. Then, after removing the negative integers of n;; in
eq. (3.3), it results in 21 independent terminal states. When we focus on only the quark
masses in the training of neural network, we will obtain terminal states in 90%. It implies
that the implementation of masses and mixings will be a more difficult task for the agent
to find a realistic flavor pattern.

By performing the Monte-Carlo search with the Gaussian distribution shown in figure 6,
the O(1) coefficients y;; are optimized to more realistic ones, according to which the intrinsic
value is also optimized. We show the benchmark point of charge assignment with the highest
intrinsic value in table 5, where the masses and mixing angles are well fitted with observed
values up to 0(0.1)%. This will be improved by a further brute-force search over the
parameter space of O(1) coefficients. Furthermore, from eq. (3.14), the averaged intrinsic
value of the terminal states in [12] is calculated as V ~ —0.646. Thus, we argue that the
reinforcement learning constructed in this work is able to search for U(1) charges with the
equivalent accuracy as previous research, even when v, is extended to be a complex number.
Note that there is no CP phase in the quark sector. Even when the angular component of
flavon is non-zero, the CP phase is chosen to 0 due to the phase rotation of quark fields.
Nonvanishing CP phase in the quark sector will be realized by introducing multiple flavon
fields [18], but it will be left for future work.

The above fact that the realistic model is a very rarefied distribution means that learning
results can change with changes in the random number seed. The RL algorithm developed

"Indeed, the method of giving a large positive reward when the desired behavior (terminal states) is
achieved is an empirically technique for successful RL. On the other hand, another technique called as
reward clipping is known to improve learning efficiency by clipping rewards in the range of —1 to +1. In
order to apply the large rewards for reaching the terminal states, this technique was not used in this study.

8 Computation time can be reduced by using GPUs. On the other hand, as described in section 5.1, an
excessive number of episodes may cause overtraining. Thus, it cannot be said that GPUs will generally lead
to improved results.
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in this work involves a large random numbers (such as the initial Yukawa couplings, the
initial U(1) charges, the choice of greedy actions, and the behavior in random actions).
While the agent aims to maximize the reward, it does not always reach the terminal states
due to the weak distribution of such states. Therefore, if the random seed is changed, there
is no guarantee that the same terminal states described in this paper will be discovered.
Nevertheless, even in that case, the discovery of different terminal states would be expected.’

5 Learning the neutrino structure

In this section, we move to the numerical analysis of the lepton sector, following the RL
with DQN introduced in the sections 2 and 3. Based on the analysis in section 4, we fix
the Higgs U(1) charges and the VEV v4 to realize the 21 realistic FN models in the quark
sector. However, there still exists 19? ~ 3.2 x 10! possible states within the range of U(1)
charges —9 < ¢ < 9 in the environment. We first analyze the lepton sector with fixed
neutrino mass ordering; normal ordering or inverted ordering in section 5.1. In the next
analysis of section 5.2, the neutrino mass ordering has not been fixed yet. Thus, one can
find plausible FN models whether the neutrino masses are in the normal ordering or in the

inverted ordering.

5.1 Fixed ordering of neutrino masses

By training the neural network about 8 hours on a single CPU, it turned out that terminal
states are found after O(5,000) episodes as shown in figure 8 with the normal ordering. The
loss function tends to be minimized as in figure 8 until O(50,000) episodes.'” It is notable
that the reward increases when the loss function decreases. After these critical numbers of
episodes, the loss function increases, indicating a sign of overtraining. This is because the
lepton sector rapidly leads to the terminal states compared with the quark sector. Indeed,
the network leads to terminal states in >0.06% of all cases for total episode Ngp, = 6 x 104
Therefore, for the lepton sector, we provided an upper bound for the computational cost,
which is that O(50,000) episodes are sufficient for the agent to acquire the optimal behavior.
After removing the negative integers of n;; in eq. (3.4) and picking up flavon U(1) charge
to be consistent with quark sector, we arrive at 63 and 121 terminal states with normal
ordering and inverted ordering, respectively. By performing the Monte-Carlo search over
the O(1) coefficients y;; with the Gaussian distribution shown in figure 6, the lepton masses
and mixings are further optimized to more realistic ones, according to which the intrinsic
value is also optimized. Specifically, we performed the Monte-Carlo search 10 times to
search the realistic values within 30. In the first 10,000 trials, the O(1) coefficients y;;
are optimized by using the Gaussian distribution shown in figure 6. Then, for the O(1)
coefficients with highest intrinsic value among them, we performed the second 10,000 trials
with the Gaussian distribution where an average is the coefficients obtained by the first
Monte-Carlo search and the standard deviation is 0.25.

9Indeed, other sets of charges that reproduce the experimental results can be obtained in retrainings.
10WWe obtain similar results in the case of inverted ordering.
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After carrying out the same procedure 10 times in total, we find that the results of 6
models with normal ordering are in agreement with experimental values within 30. We show
the benchmark point with the highest intrinsic value in table 6 for the normal ordering. Here,
we list the effective Majorana neutrino mass mgg for the neutrinoless double beta decay:

mgg = |mi1 c0s? 015 cos? B3 4+ ma sin? 012 cos? f15¢'*?1 + mg sin® 91361(0‘31_2501’) , (5.1)

which would be measured by the KamLAND-Zen experiment [19]. In this analysis, we assume
the parameter M = 10'® GeV to realize the tiny neutrino masses with O(1) coefficients of
Yukawa couplings, but we leave the detailed study with different values of M for future work.
Note that the angular component of flavon leads to the nonvanishing Majorana CP phases
in contrast to the quark sector.!'’ Thus, one can analyze the correlation between mixing
angles and CP phase as shown in figures 9 and 10 for the normal ordering, in which all the
terminal states within 30 are shown. The CP phase ao; is predicted at 0. Note that the
information of the CP phase has not been implemented in the learning of neural network.

Remarkably, one cannot find the neutrino mass of inverted ordering to be consistent
with the experimental values within 3o, although we perform the Monte-Carlo search 10
times over the O(1) coefficients y;; of 121 terminal states. It indicates that normal ordering
will be favored by the autonomous behavior of the agent. Indeed, the intrinsic value of
normal ordering after the Monte-Carlo search tends to be larger than that of inverted
ordering as shown in figure 11.

5.2 Unfixed ordering of neutrino masses

In this subsection, we train the neural network without specifying the neutrino mass
ordering. For each of the 21 realistic FN models in the quark sector, we performed the
training twice to obtain a sufficient number of realistic models. Similar to the previous
analyses, the neural network is trained about 12 hours on a single CPU. It turned out that
terminal states are found after O(2,000) episodes as shown in figure 12, where the loss
function tends to decrease until O(8,000) episodes. It is notable that the reward increases
when the loss function decreases, and the lepton sector rapidly leads to the terminal states
compared with the quark sector. The network leads to terminal states in about >60% of
all cases for total episode Ngp = 6 X 10%. In contrast to the previous analysis, the trained
network efficiently leads to terminal states.!? After removing the negative integers of n;;
in eq. (3.4), we arrive at 13,733 (13,432) and 22,430 (20,357) terminal states with normal
ordering and inverted ordering in the first (second) learning, respectively.'® By performing
the Monte-Carlo search over the O(1) coefficients y;; with the Gaussian distribution shown

1The Dirac CP phase is chosen to 0 due to the same reason as in the quark sector.

12Note that the specifying the neutrino mass ordering in RL well reproduce the experimental values with
high performance.

13The number of overlapping models in the first and second training was 14 for the normal ordering and
16 for the inverted ordering. In other words, there were 27,151 and 42,771 independent states obtained in
the two training runs. While there are approximately 3.2 x 10'! possible combinations of U(1) charges for
the lepton sector, the number of episodes in this work is only Nep = 6 x 10*. Therefore, the trend of little
overlap in the trainings holds true even after third and fourth runs.
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in figure 6, the lepton masses and mixings are optimized to more realistic ones, according
to which the intrinsic value is also optimized. Specifically, we performed the Monte-Carlo
search two times to search the realistic values within 3c. In the first Monte-Carlo search,
we ran 10,000 trials with the Gaussian distribution shown in figure 6. Then, for the O(1)
coefficients with highest intrinsic value among them, we performed the second 10,000 trials
with the Gaussian distribution where an average is the coefficients obtained by the first
Monte-Carlo search and the standard deviation is 0.25.

After carrying out the Monte-Carlo analysis, we find that the results of 15 models
with normal ordering are in agreement with experimental values within 3o0. Two best
fit points with the highest intrinsic value are shown in tables 7 and 8 for the normal
ordering. As presented in the previous section, one can analyze the correlation between
mixing angles and the other observed values as shown in figures 13 and 14 for the normal
ordering, in which all the terminal states within 30 are shown. It turned out that the
Majorana CP phases are typically nonzero, and the summation of neutrino masses and the
effective mass are not widely distributed but tend to be localized at }_; m,, ~ 60 meV and
2meV < mgg < 6 meV, respectively.

Remarkably, one cannot obtain the experimental values of neutrino masses and mixings
within 3o for the inverted ordering, although we perform the Monte-Carlo searches over
the O(1) coefficients y;; of all the terminal states. Thus, the normal ordering of neutrino
masses is also favored by the trained neural network, although the neural network itself
was trained without any knowledge of neutrino mass ordering. Indeed, the intrinsic value
of normal ordering after the Monte-Carlo search tends to be larger than that of inverted
ordering as shown in figure 15. This conspicuous feature can also be seen by looking at the
intrinsic value including both the quark and lepton sectors.

6 Conclusion

The flavor symmetries are one of attractive tools to understand the flavor structure of
quarks and leptons. To address the flavor puzzle in the Standard Model, we have applied
the reinforcement learning technique to flavor models with U(1) horizontal symmetry. RL
will shed new light on the phenomenological approach to scan over the parameter space of
flavor models in contrast to the brute-force approach.

In this paper, we have extended the analysis of ref. [12] to explore the flavor structure
of quarks and leptons by employing the RL with DQN. Based on the neural network
architectures in the framework of U(1) flavor model with RL established in sections 2 and 3,
the agent is designed to exhibit autonomous behavior in the environment (parameter space
of U(1) charges). Since the parameter space of U(1) charges is huge, we have performed
a separate search for the U(1) charge assignment of quarks and leptons. Trained neural
network leads to phenomenologically promising terminal states in >6% for the quark sector
and >60% for the lepton sector in the case of unfixed ordering of neutrino masses. In the
analysis of section 5.2, we have not specified the neutrino mass ordering in the evaluation
of intrinsic value, meaning that the agent does not have any knowledge of neutrino mass
ordering. However, the autonomous behavior of the agent suggests us that the intrinsic
value of normal ordering tends to be larger than that of inverted ordering as shown in
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figure 15, and the normal ordering is well fitted with the current experimental data in
contrast to the inverted ordering. Remarkably, the effective mass for the neutrinoless double
beta decay is predicted around specific values, and the Majorana CP phases are nonzero
in general.

Before closing our paper, it is worthwhile mentioning a possible application of
our analysis:

e We have focused on the flavor structure of Yukawa couplings, but it is easily applicable
to reveal the flavor structure of higher-dimensional operators (see for the Standard
Model effective field theory (SMEFT) with U(1) flavor symmetry [21] and discrete
symmetry [22].). Since the trained neural network predicts the plausible charge
assignment of quarks and leptons, one can also determine the flavor structure of
higher-dimensional operators. It would be interesting to clarify whether RL technique
we proposed can explore the flavor structure of the SMEFT.

o On top of that, the CP-odd fluctuation of complex flavon field (flaxion) would be
regarded as QCD axion as discussed in refs. [23-26], where the cosmological problems
(such as the origin of dark matter, baryon asymmetry of the Universe, and the
inflation) are simultaneously solved by the dynamics of flavon field. Since the flavon
field has flavor changing neutral current (FCNC) interactions with quarks and leptons
controlled by the U(1) flavor symmetry, charge assignment of quarks and leptons
plays an important role of determining the FCNC processes. It is fascinating to apply
our finding charge assignment to such an axion physics, which left for future work.

o We have focused on the U(1) horizontal symmetry, but it is easily applicable to
other flavor symmetries such as discrete flavor symmetries. We hope to elucidate a
comprehensive study about the global structure of flavor models in an upcoming paper.

e By analyzing the underlying factors that characterize reasonable flavor models from
neural networks, we will figure out general patterns behind the flavor models. The
search for the flavor structure by RL is expected not only to explore new physics
beyond the Standard Model by validating flavor models, but also to unravel the black
box of machine learning itself.
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A Figures and tables
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Figure 7. Learning results for the quark sector. The results are the output of neural network
leading to the best-fit model shown in table 5. From left to right, three panels show (a) the loss
function vs episode number (b) the fraction of terminal episodes vs episode number (c) the number
of terminal states vs episode number, respectively.

Q1 Q2 Q3|u1 up ug|dy do d3| H ¢
Charges Q=
9 8 6|1 3 4|6 5 5|-21
0.430 0.806 —1.220 —0.996 —0.747 —1.068
O (1) coeff. y'~ | —0.962 —0.598 —0.747 | , ¥~ | 0958 1.441 1.033
—1.328 —1.172 1.018 0.765 —0.500 —1.029
VEV vy =~ 0.181 - ¢~ 0-8631
Intrinsic value Vopt =~ —0.701
Masses My Me My 0.002 1.468 180.945
~ GeV
(output) mg Mg My 0.003 0.102 4.501
Ratios E, E. E; 0.008 0.063 0.020
(masses) Eys E, B, \0.149 0.037 0.032
0.973 0.229 0.004
CKM matrix
[Vexm| ~ | 0.229 0.972 0.057
(output)
0.009 0.057 0.998
0.000 0.005 0.047
Ratios
Ec ~ | 0.004 0.001 0.149
(mixings)
0.033 0.152 0.000

Table 5. Benchmark point for the quark sector.
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Figure 8. Learning results for the lepton sector with fixed NO of neutrino masses. The results are
the output of neural network leading to the best-fit model (the square in figures 9 and 10). From
left to right, three panels show (a) the loss function vs episode number (b) the fraction of terminal
episodes vs episode number (¢) the number of terminal states vs episode number, respectively.

0 <L1L2L3N1 Ny N3|ly Iy I3 H¢)

Charges
2 1 2|-8-1-9/-7-3-3/-11
—0.889  2.056 —0.299 1.135 —1.331  0.128
O (1) coeff. yl~ | —1.584 —2.697 1.542 |, ¥~ | 1.207 —1.203 —0.051
—0.797 0918 1.501 —0.671 —2.639  0.074
1.125 —0.388  0.950
yM ~ | —0.388 1.066 —0.349
0.950 —0.349 —0.656
VEV vy =~ 0.268 - ¢~ 0-1667
Intrinsic value Vopt =~ —0.853
Masses (me my my ) = (4576 x 1071, 1.231 x 102, 7.571 x 102 ) MeV
(output) (1m0, mu, my, ) = (0.107, 8.500, 49.39 ) meV
Ratios E. E, BE;\ _(00480.066 0371
(masses) (E,m E,,, ) a (o.on 0.012 )

0.819 0.553 0.154

PMNS matrix
[Vemns| =~ | 0.346 0.689 0.637

(output)
0.458 0.468 0.756

0.003 0.006 0.013

Ratios
Ep ~10.030 0.062 0.041

(mixings)

0.064 0.088 0.038
Majorana phases a9 ~ 0.0, az; ~ —0.1067
Effective mass mgg =~ 3.793 meV

Table 6. Benchmark point for the lepton sector with NO, where the neutrino mass ordering is
specified in the learning of the network.
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Figure 9. Neutrino masses vs mixing angle o3, where the dotted line represents the global best fit
value in NuFIT v5.2 results with Super-Kamiokande atmospheric data [17], and the inside region of

, respectively. The sum of neutrino

dotdashed line < 30 CL

each line represents dashed line < 1o,

masses is constrained by 0.15eV (95% CL) corresponding to the black solid line in the case of

ACDM model [20]. We denote a best-fit point within 30 by a square, and the intrinsic value (3.14)

is written in the legend. Note that the neutrino mass ordering is fixed as NO in the training of the

neural network.
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Figure 10. Majorana phases as1, @31 and effective Majorana neutrino mass mgg vs mixing angle

023, where the dotted line represents the global best fit value in NuFIT v5.2 results with Super-
Kamiokande atmospheric data [17], and the inside region of each line represents dashed line < 1o,
dotdashed line < 30 CL, respectively. The effective Majorana neutrino mass is upper bounded by

0.036 eV (90% CL) corresponding to the black solid line [19]. We denote a best-fit point within 3o
by a square, and the intrinsic value (3.14) is written in the legend. Note that the neutrino mass
ordering is fixed as NO in the training of the neural network.
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Figure 11. Boxplots of intrinsic values for the lepton sector, where the neutrino mass ordering is
fixed in the learning of neural network. In the left panel, we show intrinsic values obtained in the
RL with the lepton sector, but in the right panel, we incorporate the values of the quark sector
analyzed in section 4.
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Figure 12. Learning results for the lepton sector by RL without specifying the neutrino mass
ordering. The results are the output of neural network leading to the best-fit model (the diamond
in figures 13 and 14). We observe a similar behavior for other outputs. From left to right, three
panels show (a) the loss function vs episode number (b) the fraction of terminal episodes vs episode
number (c¢) the number of terminal states vs episode number, respectively.
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Ly Ly Ls|Ny Ny Ns| by Iy Is| H ¢)

Charges Q=
33 2|-30 0(-300|-21

1.728 —1.717  1.790 —1.737 —1.060 2.712
O (1) coeff. Y~ | 1.225 0456 —1.589 | , ¥~ | 3.083 —1.698 —0.342
—2.243 —2.316 —2.664 —0.396 0.9445 —0.287

—1.031 2.275 1.453
yN ~ | 29275 —0.457 0.333
1.453  0.333 1.559

VEV Vg 2 0.181 - e 0-803

Intrinsic value Vopt =~ —0.859

Masses (me my my ) = (4.960 x 1071, 8.575 x 101, 6.553 x 102 ) MeV
(output) (1m0, Moy mu, ) = (0.210, 8.869, 50.18 ) meV

Ratios E. E, E.\ _ (001300010433

(masses) (El,m E,, ) a (0.026 0.002 )

0.823 0.548 0.149
|[Vemns| =~ | 0.332 0.677 0.656

PMNS matrix

output
( ) 0.460 0.491 0.740

0.000 0.001 0.001
Ratios

Ep >~ 0.048 0.054 0.028

(mixings)

0.066 0.067 0.029
Majorana phases ag ~ 0.0, az; ~ 0.5497
Effective mass mgg =~ 2.850 meV

Table 7. Benchmark point for the lepton sector with NO (corresponding to the diamond in figures 13
and 14), where the neutrino mass ordering is not specified in the learning of the network.
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Ly Ly L3|N1 Ny N3 i Iy l3 H¢
2 3 1|-7-8-1|-2-5-1|-11

Charges Q= (

—0.424 —0.567 0.897 ~1.243 1.096 0.396
O (1) coeff. y'~ | —0.482 —0.787 0.827 | , ¥” ~ | —0.898 —1.501 —3.224
0.141 —0.704 0.565 2.361 2.246 —1.668

2311 0.877 —1.491
YN~ | 0.877 —1.746 0.186
~1.491 0.186 —0.283

VEV vy =~ 0.268 - ¢~ 01667

Intrinsic value Vopt = —0.720

Masses (me my my ) 2 (4.067 x 1071, 1.483 x 102, 2.066 x 10° ) MeV
(output) (1m0, 10y muy, ) = ((2:251, 9.006, 50.04 ) meV

Ratios E. E, E;\ _ (00990147 0.066

(masses) (E,m E,., ) a (0.011 0.000 )

0.817 0.556 0.151

PMNS matrix
[Vemns] =~ | 0.499 0.552 0.668

(output)
0.288 0.621 0.729
0.004 0.008 0.005
Ratios
Ep ~ | 0.129 0.035 0.020
(mixings)
0.137 0.035 0.023
Majorana phases a9 ~ 0.1067, asg; ~ —0.2117
Effective mass mgg ~ 5.040 meV

Table 8. Benchmark point for the lepton sector with NO (corresponding to the square in figures 13
and 14), where the neutrino mass ordering is not specified in the learning of the network.
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Figure 13. Neutrino masses vs mixing angle 3, where the dotted line represents the global best
fit value in NuFIT v5.2 results with Super-Kamiokande atmospheric data [17], and the inside region

, respectively. The sum of neutrino

masses is constrained by 0.15eV (95% CL) corresponding to the black solid line in the case of ACDM

model [20]. We denote two best-fit points within 30 by a diamond and a square, and the intrinsic

dotdashed line < 30 CL

of each line represents dashed line < 1o,

value (3.14) is written in the legend. Since the neutrino mass ordering is unfixed in the training of

the neural network, we show only NO results from the terminal states.
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Figure 14. Majorana phases as1, @31 and effective Majorana neutrino mass mgg vs mixing angle
023, where the dotted line represents the global best fit value in NuFIT v5.2 results with Super-
Kamiokande atmospheric data [17], and the inside region of each line represents dashed line < 1o,
dotdashed line < 30 CL, respectively. The effective Majorana neutrino mass is upper bounded by
0.036 eV (90% CL) corresponding to the black solid line [19]. We denote two best-fit points within
30 by a diamond and a square, and the intrinsic value (3.14) is written in the legend.

— 96 —



2t 2t
4 4
2 2
§ -6 § -6
.2 -2
£ 8 £ 8
£ 2
-0 -0
12 -12
14 ) ‘ . . 14 ) ‘ . s
NO 10 NO 10
(a) Only the lepton sector. (b) Both the lepton and quark sectors.

Figure 15. Boxplots of intrinsic values for the lepton sector from the result of second learning,
where the neutrino mass ordering is unspecified in the learning of neural network. In the left panel,
we show intrinsic values obtained in the RL with the lepton sector, but in the right panel, we
incorporate the values of the quark sector analyzed in section 4. We obtain similar results in the
first learning.

B Formulation of reinforcement learning

This appendix provides a brief review about the formulation of RL. Note that the notation
used here is independent of that in the main text. In the following, we denote the state
space S and the action space A, respectively.

The most fundamental assumption in RL is to utilize the Markov Decision Processes
(MDPs) for solving the problem. MDPs are state transitions in which the state s; and
reward r; at time ¢ are completely determined by the state s;_; and action a;—; at the
previous time ¢ — 1.

Considering a specific policy 7 (a]s) under the MDPs, the total reward Ry, the state-
value function V (s) and the action-value function @ (s, a) are defined as follows:

o
Ri=> 7'ryw, (B.1)
=0

V7 (s) = B[Ry = o], B2)
Q" (s;a) =E[Ry; s = 5,0, = a], (B.3)

—

where E means an expected value. Note that the discount rate v is a real number satisfying
0 < v < 1, and it weights the rewards at each time to prevent divergence of the values.
These equations define the value functions as the expected value of the total reward that
could be obtained at times after t. The relation between V (s) and @ (s, a) is as follows:

V™ (s) = Z 7 (a]s) QT (s,a). (B.4)

acA

The goal of RL is to determine an optimal policy 7* that maximizes the expected value
of R;. This is equivalent to deriving 7* such that V (s) and @ (s,a) are maximized. To
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solve this optimization problem, we first rewrite eq. (B.2) (the definition of V (s)) into a
recursive expression as follows:

VT(s)=E |ri+~v Z Vs =5 (B.5)
t'=1
= > 7 (als) Y p(s'ls,a) [re + V™ ()] (B.6)
acA s'eS

Here, p(s'|s,a) is the probability distribution for “choosing the action a; in state s,
and transition to state sy;+1”, which completely characterizes the time evolution of the
environment under MDPs. The similar deformation for eq. (B.3) (the definition of @ (s, a))
leads to the following equation:

Q”(s,a)zz (s']s,a) rt+'yz (a'|s) Q™ (s',a") | . (B.7)

s'eS a’eA

These equations represent the expected reward obtained under a specific policy 7. On the
other hand, the probability of choosing an action is deterministic if the agent has acquired
the optimal policy 7*. That is, the probability of taking a particular action is 1, and 0
otherwise. This makes the optimal solutions {V*, Q*} satisfy the following equations:

=max » p(s]s,a) [re+V*(5)], (B.8)
acA

s'eS
=> p(sls,a [rt +ymax Q" (s',d')] . (B.9)
s'eS a'eA

These recursive equations are called as Bellman equations. When the state transition
probability p(s'|s,a) is known, the equations can be solved by the sequential assignment
method. In reality, however, complete information on p (s'|s, a) is rarely known. Furthermore,
even if the state-value V is calculated without such information, the expected value of
rewards from a particular action cannot be calculated, so an appropriate action cannot be
determined. Therefore, in many realistic problems, the action-value @) is approximated by
some mathematical models such as a neural network, and parameters are determined so
that @ is maximized. This method is called as the value-based approach.!*

Rewriting eq. (B.9) based on the sequential assignment method, we obtain the following
expression where « is the learning rate:

Q(s,a) «+ Q(s,a0)+« r(s7a)+vs/ze;sp(s/]5,a) glgﬁ@(s’,a’) —Q(s,a)] . (B.10)

The expected reward r (s, a) is defined as:

r(s,a)= Z p(s']s,a) 7. (B.11)

s'eS

14The method of approximating the policy = itself with a mathematical model is called as the policy-based
approach, which directly seeks parameters that maximize the expected value of the total reward R:.

~ 98 —



When the concrete expression of p (s|s, a) is not known, first, the action a is selected based
on the currently expected action-value. Next, the maximized action-value is achieved by
minimizing the difference from the actually obtained action-value. In this process, @ (s¢, a;)
is updated as follows, and this method of learning is called as Q learning;:
Q (st,a:) < Q (s, ) + v |1 + ’}/Igleain (st41,0) — Q (St,0¢) | - (B.12)
In DQN, the term maxge4 @ (S¢+1,a) is approximated by the neural network. The action-
value is normalized by using a softmax function in the final layer of the neural network.
Then, the output value can also be interpreted as probabilities. This allows the output
of the neural network to be interpreted as a probability indicating which action is most
plausible. In addition, DQN uses Q network (with parameters ©) and target network (with
parameters ©') to update the action-value as follows to improve the stability of learning:

Qo (st,a¢) « Qo (s, a) + |1y + y max Qo (5t41,a) — Qo (5, 04) | - (B.13)

C FN charges

We list our finding charge assignment of quarks in appendix C.1. For the lepton sector, we
present the results of RL by picking the models up only when theoretical values of neutrinos
with the normal ordering are within 3¢ considering (Am3,, Am3;, sin? 012, sin? 013, sin fa3).
These are summarized in appendices C.2 and C.3, where the neutrino mass ordering is
specified and unspecified in the learning of neural networks, respectively.

C.1 Quark sector

Charges 0- (Ql Q2 Q3|uy up uz|dy da d3| H ¢ )
0 231 7 1(8 9 7|-2-1
0.856 1.537 0.895 —0.915 1.347 —0.746
O (1) coeff. Yy~ | —1.071 0.833 —1.377 | , y* ~ [ —0.559 1.108 0.884
1.181 —1.507 0.805 0.898 1.056 1.111
VEV, Value vy ~ 0.294 - e~ 0.930¢ Vopt =~ —1.834
Charges 0- (Ql Q2 Q3|ur ug uz|dy do d3|H ¢ )
-7 -9 —4|-6 -5 —-7|3 4 2|-3 -1
—1.001 —0.857 0.989 —0.995 0.870 —0.985
O(1) coeff. | y*~| 0791 0.868 0.889 |, y¢~ [ 1.199 —1.127 —1.412
—0.889 —0.885 —0.940 —1.325 —0.882 —1.020
VEV, Value vy~ 0.283 - e 08600 1y~ —1.416
Charges o- (Ql Q2 Q3|uy ug ug|dy do d3|H ¢
—6 -5 -3|5 4 2|-5-7-5/5 —1
—1.451 1.161 —0.722 1.229 —0.976 0.756
O (1) coeff. | y*~ [ —1.4750.953 —1.262 | , y% ~ | —1.280 —0.985 —1.159
0.798 0.865 1.182 1.235 0.355 0.825
VEV, Value vy ~ 0.171 - 649 " Yy ~ —2.066
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Ch _<Q1Q2Q3U1u2u3d1 d2 d3H¢>
arges 0=
—-6-8-313 7 1|-5-3-5{4 -1
1.498 1.767 —1.223 0.778 1.466 0.921
O (1) coeff. | y* ~ 1.090 —1.531 —1.080 | , y¢ ~ (0.945 —0.858 —1.249
—1.035 —1.383 —0.864 —1.077 0.555 —1.006
VEV, Value vy ~ 0.300 - 09120 Vopt =~ —1.881
Charges 0- (Ql Q2 Q3|ur uz uz|dy dp d3|H ¢ )
-3-201(|6 3 2|1 —-10(2 —1
—0.791 1.769 1.053 1.112 —0.976 0.964
O(1) coeff. | y*~| 1.1771.045 0.807 |, y%~ | —1.332 —0.817 1.121
1.280 0.924 —0.984 1.327 —0.774 0.910
VEV, Value vy =~ 0.166 - e~ 2199 Y~ —1.584
Charges 0-— (Ql Q2 Q3|uy ug uz|dy do d3|H ¢ )
-5 —-4-2/3 2 0|-1-2-1|2 -1
—0.812 —1.382 1.015 —1.129 —0.680 —0.789
O(1) coeff. |y~ | 0949 0924 —1.598 | , ¢~ | 0.505 —0.857 —0.994
—1.319 —1.511 —0.935 —1.033 —1.134 1.287
VEV, Value vy ~ 0.172 - 1985 Y~ —1.240
Charges o- (Ql Q2 Q3|ur uz ug|dy dy d3z|H ¢>
3 5 01 -31|-4-5-3/11
1.030 —0.155 1.152 0.323 —1.270 1.333
O (1) coeft. y* ~ | —0.934 1.382 —0.996 | , yd ~ | —0.945 1.084 0.987
—1.349 1.185 —1.036 0.925 —1.042 0.852
VEV, Value vg ~ 0.289 - 6_1'223i, Vopt =~ —1.405
Charges 0- <Q1 Q2 Q3|ur up ugz|dy dp d3|H ¢>
1 0 —2]1 -2 2|-8 -8 —-8|4 1
0.999 0.909 —1.021 —1.019 —0.966 —1.312
O (1) coeft. y* ~ | —0.385 1.263 0.820 | , yd ~ 1.064 0.979 0.800
—1.117 0.825 —0.940 1.052 0.824 1.242
VEV, Value vy ~0.173 - el:9160 Vopt =~ —1.158
Charges o-— (Ql Q2 Q3|uy ug uz|dy do d3|H ¢ )
-4 —-6-1/5 9 3|-2-1-3|4 -1
1.222 —1.247 1.028 —1.021 0.900 0.793
O (1) coeft. y* ~ | —1.169 —1.066 —1.216 | , y? ~ 0.804 1.260 0.375
1.172  0.916 —1.204 —1.029 0.973 0.401
VEV, Value vy = 0.294 - e 2990 Y~ —1.676
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Charges o-— <Q1 Q2 Q3|ur uz ug|dy dp d3| H ¢ )
-3-20|1 0 —-2/3 6 6|—2-1
—1.127 —0.701  0.878 —1.081 —0.886 —1.166
O (1) coeff. | y*~ [ —1.028 —1.237 —1.274 | , y¢~ | 0.536 1.347 —1.446
0.841 0.807 —0.576 0.610 —1.644 —0.976
VEV, Value Vp = 0.184 - 10970 Yy~ —2.452
Charges 0-— (Ql Q2 Q3|ur ug uz|dy do d3|H ¢ )
—7 -7 -4/6 9 4|-9 —9 —8|8 —1
1.117  1.057 —0.942 —1.027 —0.966 —1.200
O(1) coeff. | y*~ | —1.244 —0.815 1.181 | , y®~ | 1.054 0.364 0.947
—1.097  0.892 —0.963 0.949 —1.305 1.355
VEV, Value vy =~ 0.268 - 18000 Vo ~ —1.056
Charges 0-— (Ql Q2 Q3|u1 ug uz|dy do d3| H ¢>
9 8 6|1 3 4|6 5 5|—21
0.430 0.806 —1.220 —0.996 —0.747 —1.068
O (1) coeff. | y* ~ [ —0.962 —0.598 —0.747 | , y¢~ | 0.958 1.441 1.033
—1.328 —1.172 1.018 0.765 —0.500 —1.029
VEV, Value vy ~ 0.181 - e~ 08630 1y~ —0.701
Charges 0-— (Ql Q2 Q3|ur ug uz|dy doy d3|H ¢ >
-8 —7 —5[0 —2 —3|—5 -3 —4|2 -1
1.040 1.098 —1.452 —1.403 1.057 —0.865
O (1) coeff. | y*~ | —1.006 —0.864 —0.603 | , y? ~ 1.033 1.000 0.913
—1.176 —0.977 1.008 0.824 0.971 —1.104
VEV, Value vy ~ 0.185 - ¢~ 02361 1y ~ —1.060
Charges o- (Ql Q2 Q3|uy ug uz|dy do d3|H ¢ )
-9 —7-5[5 1 0|-7-5—-7[5 —1
—1.186 —1.082 1.178 —1.125 1.069 0.827
O (1) coeff. | y*~ [ —1.059 0.830 —0.657 | , y¢~ | 0.881 —1.207 0.748
—0.826 —1.086 1.490 —1.128 0.701 —0.512
VEV, Value vy ~ 0.288 - e~ 18811 Vopt =~ —1.294
Charges 0-— <Q1 Q2 Q3|u1 up ug|dy do d3|H ¢ )
-1-3219 9 7(1 3 0|5 —1
—0.908 0.457 —0.657 0.588 0.583 1.024
O (1) coeff. | y* ~ 1.220 —0.777 —0.895 | , y¢~ [ —1.275 —0.942 1.162
1.553 —1.077 —1.022 —1.376  1.200 —0.808
VEV, Value vy~ 0.298 - e 12170 Y~ —1.400
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Charges o-— (Ql Q2 Q3|uy ug uz|dy do d3|H ¢ )
—4 —-6-1/5 9 3|-3-1-3|4 -1
—1.315 —1.071 —0.778 —1.095 0.651 —1.004
O (1) coeff. | y*~ | —0.857 0.827 —0.989 | , yd ~ 0.974 —0.805 1.206
1.047 0.655 —1.147 1.404 0.828 1.007
VEV, Value vy =~ 0.300 - e~ 19981 Vopt =~ —1.938
Charges 0-— (Ql Q2 Q3|uy ug ug|dy dy d3|H ¢>>
4 4 1|0 —40|-2-2-3-11
0.656 —0.920 1.291 —0.998 —0.948 —1.265
O(1) coeff. | gy~ |[1.032 -1.1231.159 | , y*~ | 0.546 —0.845 0.978
0.917 —1.091 0.737 1.421 —1.241 0.857
VEV, Value vy =~ 0.268 - 701660y~ —2.002
Charges _ <Q1 Q2 Q3|ur uz uz|dy dy d3|H ¢ )
—6 -5 —-3|-5 -6 -85 3 5|-5—1
0.977 —0.755 0.909 1.290 —0.798 —0.694
O (1) coeff. | y*~ | —1.460 —1.720 —1.092 | , y% ~ | —0.461 1.375 —1.045
0.731 —0.836 1.109 —0.560 —0.628 0.843
VEV, Value vy = 0.171 - e7 25250 Y ~ —2.236
Charges o- (Ql Q2 Q3|uy ug uz|dy do d3|H ¢ )
-5 —-7-2/6 4 3|-3 -3 —-4|5 —1
—1.137 —1.003 —1.111 —0.758 —0.830 —1.025
O(1) coeff. | y*~ | 1483 1.324 1.763 | , y%~ | 1.349 —1.234 —0.979
—1.162 1.346 —1.035 1.101 —1.417 1.060
VEV, Value vy ~ 0.290 - 726800 1y~ —1.077
Charges 0- <Q1 Q2 Q3|u1 ug uz|dy dy d3|H ¢ )
—4—-6-1/2 4 —-1{3 5 3|0 —1
—0.672 —0.788 1.315 —0.796 —1.026 —1.109
O (1) coeff. | y*~ | 1.186 —0.6420.970 | , y¥~ | 1.127 1.424 —1.072
1.060 0.924 0.604 —1.364 1.139 —1.078
VEV, Value vy = 0.300 - €323 Vo ~ —2.409
Charges o-— <Q1 Q2 Q3|u1 ug uz |dy dy d3|H ¢ )
-4 —-6-1/2 5 —-1{2 5 2|0 —1
—1.334 1.343 —0.781 1.598 —1.740 1.046
O (1) coeft. y* ~ | —1.592 —1.149 —1.334 | , yd ~ | —1.041 —1.034 0.984
—1.565 —0.969 1.063 0.727 0.933 1.393
VEV, Value vy =~ 0.300 - 24981 Y ~ —2.267
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C.2 Lepton sector (RL with NO designated)

<L1 Lo L3| N1 No Ns|ly Io I3|H ¢>>
Charges Q=
-1-10|2 4 11]564[0 -1
—0.705 —0.713  0.799 0.659 —0.836 —1.219
O (1) coeff. |yt ~ | —1.439 —1.472 1.516 | , v’ ~ [ —1.264 —2.891 0.651
—0.157 0.186 —2.133 —0.465 —1.062 1.138
2.553  1.290 1.402
yN ~ | 1.290 1.224 —0.902
1.402 —0.902  0.105
VEV, Value vy ~ 0.300 - e2 7231 Vopt =~ —0.915
Charges 0 (Ll Lo Ls|Ny Ny N3l 1y 1y Is|H qS)
2 1 2|-2-7-5|-7-3-3/-11
3.386 —0.205 —2.696 —0.774 —2.694 1.101
O (1) coeff. | o' ~ | —0.523 —1.396 3.760 | , ” ~ [ —0.949 —0.905 —0.432
1.375 —0.561 —2.044 —2.286 —0.314 1.325
1.246  0.199 1.121
yN ~ | 0.199 1.280 —0.879
1.121 —0.879 —0.214
VEV, Value vy ~ 0.268 - e~ 01660 Y~ —0.611
Charges 0. <L1 Lo Ls|Ny Ny N3l 1y Iy I5|H ¢>
2 1 2|-8—-1-9/—-7-3-3/-11
—0.889 2.056 —0.299 1.135 —1.331  0.128
O (1) coeff. | ot ~ | —1.584 —2.697 1.542 | , y¥ ~ | 1.207 —1.203 —0.051
—0.797 0.918 1.501 —0.671 —2.639 0.074
1.125 —0.388  0.950
yV ~ | —0.388 1.066 —0.349
0.950 —0.349 —0.656
VEV, Value vy ~ 0.268 - e 01661 Vopt =~ —0.853
Charges 0 <L1 Lo L3|Ny No Nlly Iy I3| H ¢>
3 3 2|/-3-4-7/1-20(-21
—1.003 0.149 —1.704 —0.905 —1.445 1.882
O (1) coeff. | ¢t ~ | 0.287 —0.165 2.051 | , ¥ ~ | —1.829 1.376 —1.951
2.022 1.639 —1.034 0.481 —0.595 —1.632
1.122 —1.332 —1.843
yN ~ | —1.332 —2.152 —1.901
—1.843 —1.901 —2.376
VEV, Value vy ~ 0.181 - e~ 0-8630 Vopt ~ —0.565
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L1L2L3N1N2N3 ll lQ l3 H gﬁ
Charges 0=
2 1 2|-1-2-8-6-2-2-11
—0.509 0.762 0.382 —0.693 1.295 —1.990
O(1) coeff. | y'~| 1.310-1.751 —0.428 | , ¥ ~ | 1.5731.228 1.282
—0.301 1.804 0.823 —1.986 1.580 0.391
1.377 1.972 —1.113
gV~ | 1.9721.472  0.982
—1.113 0.982 —1.331
VEV, Value vy =~ 0.268 - 701660y~ —0.457
Charges g <L1 Ly L3|Ny Ny Nslly 1o i3] H ¢>
33 2/-9-60|1-30-21
—3.207 0.771 —1.370 2.273  0.779 —0.955
O(1) coeff. | yl~ | —1.542 —0.925 1.347 | , ¥ ~ | 0.936 1.809 2.821
1.859 —1.534 —1.198 0.714 —0.719 —1.239
—1.312 0.729 0.441
yN ~ 0.729 0.913 1.028
0.441 1.028 0.524
VEV, Value vy ~ 0.181 - e~ 0-8630 Vopt =~ —0.529

C.3 Lepton sector (RL without specifying the neutrino mass ordering)

<L1 Ly L3|Ny No N3l ly Iy Is|H ¢>
Charges 0=
—6 -5 7|5 4 2|—4—6-8/5 —1
—0.688 —1.090 —1.149 —1.270 —1.387 3.625
O(1) coeff. | y' ~ | 0459 —1.353 —0.229 | , y¥ ~ | —0.230 1.512 0.826
1.044 —0.597 —3.286 —1.327 0.590 —1.473
—1.328 —1.209 —0.765
yN ~ | —1.209 0.714 0.571
—0.765 0.571 2.154
VEV, Value vy ~ 0.171 - 2649 " Y ~ —0.559
Charges 0 <L1 Ly L3|Ny Ny N3l 1y I3|H ¢ )
—5-5-4/0 9 7[2 -5-1[4 -1
—1.146 0.729 —0.022 —1.236  0.755 0.613
O@1) coeff. | y'~ [ 09541.968 —1.317 | , ¥ ~ | 1.308 0.545 —1.086
—1.070 0.476 —1.263 0.567 —1.310 —1.059
0.741 1.092 0.703
yN ~ | 1.092 —0.498 —0.999
0.703 —0.999 —0.438
VEV, Value vy ~ 0.300 - e~ 19981 Vopt =~ —1.349
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L1 L2 L3 N1N2N3 ll lg l3 H gf)
Charges 0=
—5-6-49 6 0]-30—-2/4 —1
—2.733 —0.172 2.087 0.027 —0.994 1.790
O (1) coeff. yt~ | —0.443 —0.578 0.215 | , v* ~ | 1.267 1.215 1.901
1.717 —0.553 0.961 —1.875 —1.609 1.474
1.318 —1.208 1.567
yV ~ | —1.208 0.724 0.904
1.567 0.904 —1.328
VEV, Value vy = 0.294 - 72990 1y~ —0.829
Charges - <L1 Lo L3|Ny Ny Nilly Is Is|H ¢ )
21 0|1 4 5(85 4|0 —1
—0.355 1.038 1.347 —0.745 —1.062 —1.450
O (1) coeff. | ot ~ | —0.897 —0.474 —1.544 | , y¥ ~ [ —0.600 0.622 0.681
~1.169 1.683 1.084 0.783 0.617 —1.079
1.647 0.446 —0.805
yN ~ 0.446 0.671 —1.362
—0.805 —1.362 —0.538
VEV, Value vy ~ 0.300 - e2 7231 Vopt =~ —1.833
Charges o <L1 Lo L3|Ny Ny Nslly ls Is|H ¢ >
-1-20[2 6 5|528/0 —1
1.624 —0.465 —0.270 2.013 —0.359 1.176
O (1) coeff. | y'~]0.966 —0.539 1.162 | , v* ~ | —0.662 0.541 0.742
1.110 —0.184 —1.372 0.343 —0.624 —0.954
—1.164 0.857 —1.060
yV ~ | 0.857 1.496 —0.562
—1.060 —0.562 1.259
VEV, Value vy =~ 0.300 - €723 Vo ~ —1.100
Ly Ly L3|Ni Ny N3| 1y Iy I3|H ¢
Charges Q_<—3—3—2 7 8 4|-2-12 2-1)
1.383 —1.292 0.824 —0.566 1.811 —1.107
O (1) coeff. yt~10.843 1.1801.222 | , v* ~ | 1.388 —2.973 —0.638
1.289 —1.438 1.018 —1.065 —0.216 —0.756
1.406 —1.156 1.351
yN ~ | —1.156 —1.314 —1.341
1.351 —1.341 1.503
VEV, Value vg ~ 0.185 - e 02361 Vopt =~ —1.675
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Charges o <L1 Lo Ls|Ny No N3l 1y 1o 13| H ¢>
33 2/-30 0[-300/|-21
1.728 —1.717  1.790 —1.737 —1.060 2.712
O (1) coeff. | ¢t ~ | 1.225 —0.456 —1.589 | , v* ~ | 3.083 —1.698 —0.342
—2.243 —2.316 —2.664 —0.396  0.945 —0.287
—1.031 2.275 1.453
yN ~ | 2275 —0.457 0.333
1.453  0.333 1.559
VEV, Value vy~ 0.181 - e7 08630 1y~ —0.859
Charges o-— <L1 Lo L3|Ny Ny N3|ly I I3|H ¢ >
—2-20[0 7 5(236/0 —1
0.600 0.635 1.101 2.163 0.502 1.764
O (1) coeff. y'~ 0662 1.0391.355 |, v~ | 1.899 0.519 —1.095
0.607 —0.658 0.463 —0.358 —0.097  0.560
0.811 —1.049 0.843
yN ~ | —1.049 1.112 —0.813
0.843 —0.813 1.163
VEV, Value vy ~ 0.300 - e2 7231 Vopt =~ —2.523
Charges 0-— (Ll Ly L3|Ny No N3|ly 12 I3|H ¢ )
—5—4-4/3 7 0[0-32/4 —1
1.894 0.508 1.913 1.475 0.386 0.832
O (1) coeff. | ¢! ~ | —1.790 —1.682 0.160 | , v* ~ | —0.092 0.107 1.297
2.956 —4.174 —0.467 1.944 —0.483 —1.370
—0.678 0.961 —3.538
yN ~ | 09612518 1.031
—3.538 1.031  0.980
VEV, Value vy~ 0.294 - e 2990 Y~ —1.045
Charges g <L1 Ly Ls|Ny No N3l Iy 1o I3 |H ¢ )
-5-5-5/4 9 1|-7-3-1|5 —1
1.023 —1.307 —1.767 —0.821 —0.611 —1.179
O(1) coeff. | 3t~ | 0477 1.943 1.116 | , ¥ ~ | —0.908 0.623 0.373
0.684 —0.425 —0.585 0.548 —0.481 —0.604
—0.494 —1.719 1.384
yV ~ | —=1.719 —0.665 —1.049
1.384 —1.049 —0.629
VEV, Value vy ~ 0.288 - e~ 18811 Vopt =~ —1.138
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<L1 Ly L3|Ny Ny Nslly 1o I3|H ¢>
Charges 0=
—2-3-2[3 1 5[130[2 -1
—92.724 1.474  0.620 —0.646 —0.613 1.543
O (1) coeff. gyt~ | 1587 0.908 —2.094 | , v* ~ | 2.919 0.630 0.799
—0.151 0.751 3.821 1.475 —0.413 1.272
2.432 2.685 0.485
yV ~ | 2.685 —1.013 1.135
0.485 1.135 —2.252
VEV, Value vy ~ 0.185 - e7 02360 1y~ —0.734
Charges g <L1 Ly L3|Ny No N3lly ls I3 |H ¢ )
—3-2-2l2 4 6[21-1]2 -1
—0.389 1.140 1.134 1.377 0.500 0.271
O(1) coeff. | 3~ | —1.416 2.166 0.899 | , v* ~ | —0.940 0.977 —1.874
—0.599 —1.828 1.735 —0.621 —0.057 1.075
—~1.131 0.135 0.917
yN ~ 0.135 —0.788 1.361
0.917 1.361 0.830
VEV, Value vy ~0.172 - 9850 Vopt =~ —0.592
Charges a— <L1 Ly L3|Ny No N3 iy 1o 15| H ¢>
2 3 1[-7-8-1/-2-5-1/-11
—0.424 —0.567 0.897 —1.243  1.096 0.396
O (1) coeff. | 3y~ [ —0.482 —0.787 0.827 | , y* ~ | —0.898 —1.501 —3.224
0.141 —0.704 0.565 2.361 2.246 —1.668
2.311 0.877 —1.491
yV ~ | 0877 —1.746 0.186
—1.491 0.186 —0.283
VEV, Value vy =~ 0.268 - e~ 01660 1y~ —0.720
Charges g <L1 Ly L3Ny No N3lly 1o Is|H ¢ )
—3-2-2/4 5 2[1-10[2 -1
—1.042 1.484 1.100 —0.563 —1.584 —0.739
O (1) coeff. | yf ~ | —0.867 —0.756 1.175 | , y¥ ~ [ —1.078 —0.343 —0.655
1.026 —0.978 —1.210 0.798  0.888 —0.997
1.764 —1.266 —1.134
yV ~ | —1.266 0.375 —1.738
—1.134 —1.738 —0.823
VEV, Value vg ~ 0.185 - e 02361 Vopt =~ —0.972
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L1 L2 L3N1N2N3l1l2 l3 H (25
Charges 0=
-2-2-2/8 1 742 -112 -1
—1.475 0.798 2.082 1.104 1.783 1.208
O (1) coeft. yl~ | —0.475 0.975 —1.885 | , v’ =~ | 0.906 0.454 —0.456
—1.395 —1.548 —0.236 1.244 —0.511 0.218

1.836 1.151 —1.546
yV ~ 1.151 2.194 0.400
—1.546 0.400 —0.853

VEV, Value vy ~ 0.185 - e 02360 1y ~ —1.596
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