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1 Introduction

In this paper, we shall detail the properties of the Veneziano [1], Virasoro [2], and Coon [3]
amplitudes with zero Regge intercept.1 These amplitudes describe the tree-level scattering
of four massless particles and may be written as infinite products with an infinite sequence of

1For simplicity we only consider the scattering of four massless bosonic states. In this case, the tree-level
open and closed superstring amplitudes respectively reduce to the Veneziano and Virasoro amplitudes with
zero intercept.
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simple poles. For each amplitude, we shall discuss its unitarity, high-energy behavior, low-
energy expansion, and number theoretic properties. We shall synthesize these properties
in a unified manner to facilitate comparison between the amplitudes.

Two of these amplitudes are well-known. The Veneziano amplitude describes the scat-
tering of four open strings. The Virasoro amplitude describes the scattering of four closed
strings. The lesser-known Coon amplitude is a one-parameter deformation of the Veneziano
amplitude with a real deformation parameter q ≥ 0. At q = 0, the Coon amplitude reduces
to a field theory amplitude. At q = 1, the Coon amplitude is equal to the Veneziano
amplitude.

Our approach for the Coon amplitude uses the mathematical theory of q-deformations,
or q-analysis. Using a well-established q-deformation of the gamma function, we write a
new single formula (4.7) for the Coon amplitude valid for all q ≥ 0. Previously, the
Coon amplitude with q < 1 and the Coon amplitude with q > 1 were considered as
distinct [4]. Our calculations confirm and extend the recent analysis of the Coon amplitude
with q < 1 [5] to all q ≥ 0. Moreover, we compute a compact formula (4.19) for the low-
energy expansion of the Coon amplitude and discover a novel transcendental structure
analogous to the number theoretic structure of the low-energy expansions of the Veneziano
and Virasoro amplitudes.

As a function of q, the Coon amplitude demonstrates a subtle interplay between the
properties of unitarity and meromorphicity (in the Mandelstam variables). For 0 < q < 1,
the Coon amplitude is unitary and non-meromorphic with an accumulation point spec-
trum.2 For q > 1, the Coon amplitude is non-unitary and meromorphic with no accumu-
lation point. Only the Veneziano amplitude at q = 1 is unitary and meromorphic with no
accumulation point.

In any case, the Coon amplitude is a fruitful example for the study of general scat-
tering amplitudes [5–9]. While there is yet no definitive field theory or string worldsheet
realization of the Coon amplitude, accumulation point spectra like those exhibited by the
Coon amplitude with q < 1 have been recently found in a stringy setup involving open
strings ending on a D-brane [10]. Similar accumulation point spectra have also appeared
in recent amplitude studies [6, 7, 9–12]. Famously, the hydrogen atom has energy levels
En = −13.6 eV/n2 with an accumulation at E∞ = 0.

In both this paper and in a companion paper [13], we show that there is no naive
q-deformation of the Virasoro amplitude or Virasoro-Coon amplitude analogous to our
interpretation of the Coon amplitude as a q-deformed Veneziano amplitude. In this paper,
we attempt and fail to construct a q-deformed Virasoro amplitude using functions from
q-analysis. Our assumptions include crossing symmetry and polynomial residues on the
same sequence of poles as the Coon amplitude.

In [13], we revisit this question by analyzing so-called generalized Veneziano and gen-
eralized Virasoro amplitudes, which are defined by generalizing the infinite product rep-
resentations of the Veneziano and Virasoro amplitudes, respectively. Our procedure is an

2A theory has an accumulation point spectrum if for some finite M2 > 0, the number of particles with
mass m2 < M2 is infinite.
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extension and clarification of Coon’s original argument [3] and related work [14] in which
we search for tree-level amplitudes with an infinite product form. We again assume cross-
ing symmetry, but we now demand physical residues on an a priori unspecified sequence
of poles λn. In other words, we do not assume the mass spectrum (while we do assume
the mass spectrum in our search for a q-deformed Virasoro amplitude here). Under these
assumptions, we find that the poles λn must satisfy an over-determined set of non-linear re-
cursion relations. The recursion relations for the generalized Veneziano amplitudes can be
solved analytically. In the generalized Virasoro case, we numerically demonstrate that the
only consistent solution to these recursion relations is the string spectrum. The Veneziano,
Virasoro, and Coon amplitudes detailed here are in fact the healthiest amplitudes we find
in [13]. This conclusion strengthens our present findings.

There may also be a simple physical argument for the non-existence of a Virasoro ana-
log of the Coon amplitude. We recall that accumulation point spectra were recently found
in a stringy setup involving open strings ending on a D-brane [10]. If accumulation point
spectra in string theory generically require open strings, then there may be no consistent
q-deformed Virasoro amplitude with an accumulation point for q < 1 since the Virasoro
amplitude at q = 1 describes the scattering of closed strings. These ideas are speculative
and worthy of future research.

Our approach is part of the modern S-matrix bootstrap program, which attempts to
construct general amplitudes which satisfy various physical properties such as unitarity,
crossing, and analyticity without relying on an underlying dynamical theory [15]. The
modern S-matrix bootstrap is a revival of an old approach [16] which predates modern
quantum field theory (QFT) and attempts to constrain the space of physical theories,
including those which may not be describable by QFT.

1.1 Conventions

We only consider tree-level scattering amplitudes for four massless particles in d ≥ 3
spacetime dimensions. Such amplitudes have simple poles only. In a unitary theory, the
residues of these poles equal finite sums of Gegenbauer polynomials,

C
( d−3

2 )
j (cos θ) (1.1)

with positive coefficients. The positivity of these coefficients encodes the unitarity of the
theory. The Mandelstam variables for this process are,

s = −(p1 + p2)2 = 4E2 ≥ 0
t = −(p1 + p4)2 = −2E2(1− cos θ) ≤ 0
u = −(p1 + p3)2 = −2E2(1 + cos θ) ≤ 0 (1.2)

and satisfy the mass-shell relation s+t+u = 0. Here E and θ are the center-of-mass energy
and scattering angle, respectively, and the inequalities refer to the physical scattering
regime. Since s-channel and t-channel Feynman diagrams correspond to the same cyclic
ordering, color-ordered amplitudes (e.g. gluon amplitudes) will have only s-channel and t-
channel poles and shall be denoted by A(s, t). Amplitudes with poles in all three channels
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(e.g. graviton amplitudes) shall be denoted by A(s, t, u). We use units in which the lowest
massive state of any particular theory has mass m2 = 1. In open (closed) string theory,
this choice corresponds to α′ = 1 (α′ = 4).

1.2 Outline

In sections 2, 3 and 4 we discuss the properties of the Veneziano, Virasoro, and Coon am-
plitudes, respectively. In section 5, we attempt and fail to construct a Virasoro-Coon am-
plitude by q-deforming the Virasoro amplitude. The appendices contain various technical
details. In appendix A, we review some properties of the gamma function. In appendix B,
we review some properties of the Gegenbauer polynomials. In appendix C, we derive the
low-energy expansion of the Coon amplitude.

2 The Veneziano amplitude

The Veneziano amplitude was discovered in 1968 [1] and describes the scattering of four
open strings. More recently, the Veneziano amplitude has been revisited in the context of
the modern S-matrix bootstrap program [6–8, 17–19].

In d ≤ 10 dimensions, the Veneziano amplitude is a physically-admissible UV-
completion of the tree-level four-point amplitude of maximally supersymmetric Yang-Mills
field theory. The color-stripped tree-level field theory amplitude which describes the scat-
tering of any four massless particles in the Yang-Mills supermultiplet is given by,

ASYM = P4
1
st

(2.1)

where P4 is a kinematic prefactor which is determined by maximal supersymmetry and
which contains the information about the particular states being scattered. For the four-
gluon amplitude, schematically P4 = F 4 where F is the linearized field strength. The
second factor 1

st is symmetric in (s, t) and is a meromorphic function with simple poles
from massless particle exchange in the s-channel and t-channel. In the high-energy Regge
limit s → ∞ with fixed polarizations and fixed t < 0, the prefactor P4 ∝ s2, and the
amplitude diverges as ASYM ∝ s.

In tree-level open superstring theory, the color-stripped amplitude which describes the
scattering process (2.1) is given by,

Aopen = P4AVen(s, t) (2.2)

where AVen is the Veneziano amplitude,

AVen(s, t) = Γ(−s)Γ(−t)
Γ(1− s− t) (2.3)

Like the corresponding field theory factor, the Veneziano amplitude is symmetric in (s, t)
and is a meromorphic function with simple poles only. We may explicitly exhibit these
poles using the infinite product representation (A.4) of the gamma function to write,

AVen(s, t) = 1
st

∏
n≥1

n2 − n(s+ t)
(s− n)(t− n) (2.4)

The infinite sequence of massive poles at s = 1, 2, . . . correspond to excited stringy states.
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2.1 Unitarity

The kinematic prefactor P4 which appears in both the field theory amplitude (2.1) and the
open superstring amplitude (2.2) has a positive expansion on the Gegenbauer polynomials
in d ≤ 10 dimensions [9, 19]. It remains then to check the unitarity of the Veneziano
amplitude itself. On the massless s-channel pole, P4 ∝ t2, and the residue of the Veneziano
amplitude agrees with field theory,

Ress=0AVen(s, t) = Ress=0
1
st

= 1
t

=⇒ Ress=0Aopen ∝ t (2.5)

indicating the exchange of a massless spin-1 state, the gluon. The residue of each massive
pole at s = N ≥ 1 is a degree-(N − 1) polynomial in t,

Ress=N AVen(s, t) = 1
N ! (t+ 1)(t+ 2) · · · (t+N − 1) (2.6)

indicating the exchange of states with mass m2 = N and spins j ≤ N + 1. These residues
may be expanded in terms of Gegenbauer polynomials using the identities in appendix B,

Ress=N AVen(s, t) =
N−1∑
j=0

cN,j C
( d−3

2 )
j

(
1 + 2t

N

)
(2.7)

with the first few coefficients given by,

c1,0 = 1 c2,0 = 0 c3,0 = 10− d
24(d− 1)

c2,1 = 1
2(d− 3) c3,1 = 0

c3,2 = 3
4(d− 1)(d− 3) (2.8)

The coefficient c3,0 is negative for d > 10, indicating the non-unitarity of the superstring
above its critical dimension d = 10. These coefficients were recently studied in d = 4 [8] and
were recently shown to be positive for all d ≤ 6 [19]. The unitarity of superstring theory in
d ≤ 10 (and thus the positivity of the cN,j) is known from the no-ghost theorem [20–22],
but there is yet no direct proof that cN,j > 0 for all d ≤ 10.

2.2 High-energy

The high-energy behavior of the Veneziano amplitude may be calculated using Stirling’s
formula (A.6). In the Regge limit of large |s| � 1 with phase 0 < arg(s) < 2π (to avoid
the poles of the gamma function) and fixed t < 0, we find,

AVen(s, t) |s|→∞∼ (−s)t−1 Γ(−t)
(
1 +O(s−1)

)
(2.9)

Compared to field theory, the extra exponent t softens the UV behavior. For any scattered
states with fixed polarizations, there is a range of fixed t < 0 such that lim|s|→∞Aopen = 0
while this limit diverges in the corresponding field theory amplitude.
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2.3 Low-energy

At leading order in the low-energy expansion |s|, |t| � 1, the Veneziano amplitude repro-
duces field theory. At higher order, stringy corrections to field theory are given in terms of
Riemann zeta-values. Using the Taylor expansion for the gamma function (A.5), we find,

AVen(s, t) = 1
st

exp
∑
k≥2

ζ(k)
k

[
sk + tk − (s+ t)k

]
= 1
st
− ζ(2)− ζ(3) (s+ t)− ζ(4)

(
s2 + 1

4st+ t2
)

+ · · · (2.10)

The Veneziano amplitude exhibits a remarkable property called uniform transcendentality,
meaning each term in its low-energy expansion may be assigned the same transcenden-
tal weight. If we assign weight k to the zeta-value ζ(k) (the standard number theoretic
assignment) and weight −1 to the Mandelstam variables, then each term in (2.10) has tran-
scendental weight two. Uniform transcendentality is in fact a general property of tree-level
superstring amplitudes [23], and the transcendental structure of one-loop superstring am-
plitudes is under active study [24, 25]. In comparison, non-trivial transcendental structure
in field theory only arises from loop integrals [26–29].

3 The Virasoro amplitude

The Virasoro amplitude was discovered in 1969 [2] and describes the scattering of four
closed strings. Like the Veneziano amplitude, the Virasoro amplitude has also been recently
revisited in the context of the modern S-matrix bootstrap program [17–19].

In d ≤ 10 dimensions, the Virasoro amplitude is a physically-admissible UV-completion
of the tree-level four-point amplitude of maximal supergravity. The tree-level field theory
amplitude which describes the scattering of any four massless particles in the supergravity
multiplet is given by,

ASG = P8

(
− 1
stu

)
(3.1)

where P8 is a kinematic prefactor which is determined by maximal supersymmetry and
which contains the information about the particular states being scattered. For the four-
graviton amplitude, schematically P8 = R4 where R is the linearized Riemann curvature.
The second factor − 1

stu is symmetric in (s, t, u) and contains poles from massless particle
exchange in the s-channel, t-channel, and u-channel. In the high-energy Regge limit s→∞
with fixed polarizations and fixed t < 0, the prefactor P8 ∝ s4, and the amplitude diverges
as ASG ∝ s2.

In tree-level closed superstring theory, the amplitude which describes the scattering
process (3.1) is given by,

Aclosed = P8AVir(s, t, u) (3.2)

– 6 –
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where AVir is the Virasoro amplitude,

AVir(s, t, u) = Γ(−s)Γ(−t)Γ(−u)
Γ(1 + s)Γ(1 + t)Γ(1 + u) (3.3)

Like the corresponding field theory factor, the Virasoro amplitude is symmetric in (s, t, u)
and is a meromorphic function with simple poles only. We may explicitly exhibit these
poles using the infinite product representation (A.4) of the gamma function to write,

AVir(s, t, u) = − 1
stu

∏
n≥1

−n3 − n(st+ tu+ us)− stu
(s− n)(t− n)(u− n) (3.4)

The infinite sequence of massive poles at s = 1, 2, . . . correspond to excited stringy states.

3.1 Unitarity

The kinematic prefactor P8 which appears in both the field theory amplitude (3.1) and the
closed superstring amplitude (3.2) has a positive expansion on the Gegenbauer polynomials
in d ≤ 10 dimensions [9, 19]. It remains then to check the unitarity of the Virasoro
amplitude itself. On the massless s-channel pole, P8 ∝ t4, and the residue of the Virasoro
amplitude agrees with field theory,

Ress=0AVir(s, t,−s− t) = Ress=0
1

st(s+ t) = 1
t2

=⇒ Ress=0Aclosed ∝ t2 (3.5)

indicating the exchange of a massless spin-2 state, the graviton. The residue of each massive
pole at s = N ≥ 1 is a degree-(2N − 2) polynomial in t, indicating the exchange of states
with mass m2 = N and spins j ≤ 2N + 2. In fact, the residues of the Virasoro amplitude
equal the residues of the Veneziano amplitude (2.6) squared,

Ress=N AVir(s, t,−s− t) =
{ 1
N ! (t+ 1)(t+ 2) · · · (t+N − 1)

}2

=
{

Ress=N AVen(s, t)
}2

(3.6)

These residues may be expanded in terms of Gegenbauer polynomials using the identities
in appendix B,

Ress=N AVir(s, t,−s− t) =
2N−2∑
j=0

cN,j C
( d−3

2 )
j

(
1 + 2t

N

)
(3.7)
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with the first few coefficients given by,

c1,0 = 1 c2,0 = 1
4(d− 1) c3,0 = 224− 18d+ d2

576(d+ 1)(d− 1)

c2,1 = 0 c3,1 = 0

c2,2 = 1
2(d− 1)(d− 3) c3,2 = 24− d

16(d+ 3)(d− 1)(d− 3)

c3,3 = 0

c3,4 = 27
8(d+ 3)(d+ 1)(d− 1)(d− 3) (3.8)

The positivity of these coefficients below the critical dimension follows indirectly from the
no-ghost theorem [20–22], but there is yet no direct proof that cN,j > 0 for all d ≤ 10.

3.2 High-energy

The high-energy behavior of the Virasoro amplitude may be calculated using Stirling’s
formula (A.6). In the Regge limit of large |s| � 1 with phase 0 < arg(s) < π (to avoid the
poles of the gamma function) and fixed t < 0, we find,

AVir(s, t,−s− t)
|s|→∞∼ (−s)t−1 st−1 Γ(−t)

Γ(1 + t)
(
1 +O(s−1)

)
(3.9)

Compared to field theory, the extra exponent 2t softens the UV behavior. For any scattered
states with fixed polarizations, there is a range of fixed t < 0 such that lim|s|→∞Aclosed = 0
while this limit diverges in the corresponding field theory amplitude.

3.3 Low-energy

At leading order in the low-energy expansion |s|, |t|, |u| � 1, the Virasoro amplitude repro-
duces field theory. At higher order, the stringy corrections to field theory are given in terms
of Riemann zeta-values. Using the Taylor expansion for the gamma function (A.5), we find,

AVir(s, t, u) = − 1
stu

exp
∑
k≥1

2 ζ(2k + 1)
2k + 1 (s2k+1 + t2k+1 + u2k+1)

= − 1
stu
− 2 ζ(3)− ζ(5) (s2 + t2 + u2) + · · · (3.10)

Like the Veneziano amplitude (2.10), the low-energy expansion of the Virasoro amplitude
exhibits uniform transcendentality. If we assign weight k to ζ(k) and weight −1 to the
Mandelstam variables, then each term in (3.10) has transcendental weight three.

Furthermore, we note that only odd zeta-values occur in (3.10) while both even and
odd zeta-values occurred in the low-energy expansion of the Veneziano amplitude (2.10).
This discrepancy between the Veneziano and Virasoro amplitudes may be described by the

– 8 –
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so-called single-valued map, which maps the (motivic) zeta-values ζ(k) to the single-valued
zeta-values ζsv(k), defined by,

ζsv(2k) = 0 ζsv(2k + 1) = 2 ζ(2k + 1) (3.11)

The single-valued zeta-values are so-called because they descend from single-valued versions
of the multi-valued polylogarithm functions Lik(z), which evaluate to the Riemann zeta
function at z = 1,

Lik(z) =
∑
n≥1

zn

nk
−−−→
z→1

ζ(k) =
∑
n≥1

1
nk

(3.12)

Comparing (2.10) and (3.10), we see that the Veneziano amplitude becomes the Virasoro
amplitude under the single-valued map acting term-by-term on the low-energy expansion,

(st)AVen −→sv (−stu)AVir (3.13)

General tree-level open and closed superstring amplitudes are in fact related by the single-
valued map [23, 30–36], encoding a deep number theoretical relationship between the open
and closed superstrings, and thus between gauge theories and theories of gravity.

Both the single-valued map (3.13) and the residue relation (3.6) are manifestations
of another relationship between open and closed superstring amplitudes. The Kawai-
Lewellen-Tye (KLT) relations [37] express tree-level closed superstring amplitudes as bilin-
ears of tree-level open superstring amplitudes. Informally, the closed superstring is equal
to the open superstring squared. The four-point KLT relation is,

AVir(s, t, u) = AVen(s, t)SKLTAVen(s, t) (3.14)

where SKLT is the KLT kernel,

SKLT = sin(πs) sin(πt)
π sin

(
π(s+ t)

) (3.15)

This expression for SKLT follows from the definition of the Veneziano amplitude (2.3),
the definition of the Virasoro amplitude (3.3), and the reflection formula for the gamma
function (A.3). In the field theory (low-energy) limit, the KLT relations are known as the
double copy between gauge theory and gravity [38, 39].

4 The Coon amplitude

The Coon amplitude was discovered in 1969 as a generalization of the Veneziano amplitude
with non-linear Regge trajectories [3]. The subsequent studies of the Coon amplitude were
phenomenologically motivated. A concise survey of this early literature is given in a (quite
difficult to find) 1989 review [40] (which cites an expanded but unpublished pre-print [41]
which we could not locate). Around this time, the Coon amplitude was revisited in the
broader context of string theory [14, 40]. Most recently, the Coon amplitude has reappeared
in the modern S-matrix bootstrap program [5–11].

– 9 –
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The Coon amplitude Aq is a one-parameter deformation of the Veneziano amplitude
with a real deformation parameter q ≥ 0. To construct a full four-point scattering am-
plitude, we replace AVen in the open superstring amplitude (2.2) with Aq to describe the
scattering of four massless states in a putative q-deformed string theory,

Aq-strings = P4Aq(s, t) (4.1)

This deformation may be understood using the mathematical theory of q-deformations or
q-analogs, also known as q-analysis.

4.1 q-analysis

In mathematics, a q-analog of a theorem, function, identity, or expression is a generalization
involving a deformation parameter q that returns the original mathematical object in the
limit q → 1. Many special functions and differential equations have well-studied q-analogs
dating back to the nineteenth century [42]. For our purposes, we shall only need a few
q-ingredients. We first define the q-integers [n]q by,

[n]q = 1− qn
1− q = 1 + q + q2 + · · ·+ qn−1 −−−→

q→1
n (4.2)

where the second equality holds for n ≥ 1.
In passing from the Veneziano amplitude (2.3) to the Coon amplitude, we shall replace

the linear Regge trajectory α(s) = s that appears in the arguments of the gamma functions
with a non-linear deformation αq(s) that satisfies αq([n]q) = n. The q-deformed Regge
trajectory is thus,

αq(s) =
ln
(
1 + (q − 1)s

)
ln q (4.3)

This Regge trajectory becomes linear as limq→1 αq(s) = s.
The gamma functions in the Veneziano amplitude (2.3) are themselves replaced by the

so-called q-gamma function, which is defined for complex q by [42],

Γq(z) =


(1− q)1−z

∏
n≥0

1− q+n+1

1− q+n+z |q| < 1

q
z(z−1)

2 (q − 1)1−z
∏
n≥0

1− q−n−1

1− q−n−z |q| > 1
(4.4)

The q-gamma function obeys a functional equation analogous to Γ(z + 1) = z Γ(z),

Γq(z + 1) = 1− qz
1− q Γq(z) (4.5)

and becomes the ordinary gamma function as limq→1± Γq(z) = Γ(z). Many properties of
the gamma function have precise q-analogs. For instance, the asymptotic behavior of the
q-gamma function is given by a q-analog of Stirling’s formula [43],

ln Γq(z) |q
z |→0∼

(
z − 1

2

)
ln 1− qz

1− q + Li2(1− qz)
ln q + 1

2 ln(2π) + Cq +O
(
qz
)

(4.6)

which is valid for small |qz| � 1. Here Li2(z) is the dilogarithm and Cq is a known
q-dependent constant.

– 10 –
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4.2 q-deformed Veneziano

In terms of these q-ingredients, the Coon amplitude for all q ≥ 0 is given by,

Aq(s, t) = qαq(s)αq(t)−αq(s)−αq(t)
Γq
(
−αq(s)

)
Γq
(
−αq(t)

)
Γq
(
1− αq(s)− αq(t)

) (4.7)

Our conventions for the Coon amplitude differ from the older literature by an overall
normalization but are chosen so that its leading low-energy behavior is 1

st(1 + O(s, t))
to facilitate comparison to the Veneziano amplitude. Clearly, limq→1Aq = AVen. More-
over, our single formula contains both the Coon amplitude with q < 1 and the Coon
amplitude with q > 1, which were previously considered as distinct [4]. However, many
properties of the Coon amplitude, including its meromorphicity as a function of the Man-
delstam variables, are obscured in the form (4.7). The prefactor qαq(s)αq(t) is explicitly
non-meromorphic, but we shall soon see that it is perfectly natural.

Using the definition of q-gamma function, we may write the Coon amplitude in terms
of one convergent infinite product for q < 1 and another for q > 1,

Aq(s, t) = qαq(s)αq(t) Θ(1− q) 1
st

∏
n≥1

(1− q−αq(s)−αq(t)+n)(1− q+n)
(1− q−αq(s)+n)(1− q−αq(t)+n)

+ Θ(q − 1) 1
st

∏
n≥1

(1− q+αq(s)+αq(t)−n)(1− q−n)
(1− q+αq(s)−n)(1− q+αq(t)−n)

(4.8)

where the step function is defined by Θ(x ≥ 0) = 1 and Θ(x < 0) = 0. This form is nice
because the infinite product of each of the four factors in either infinite product separately
converges. Moreover, for q > 1, the non-meromorphic prefactor qαq(s)αq(t) has canceled
against similar non-meromorphic factors in the q-gamma functions.

We may further massage (4.8) into a form with just one infinite product for all q ≥ 0
times a piecewise q-dependent prefactor,

Aq(s, t) =
{
q

ln(1+(q−1)s)
ln q

ln(1+(q−1)t)
ln q Θ(1− q) + Θ(q − 1)

}

× 1
st

∏
n≥1

(1−qn
1−q

)2 − (1−qn
1−q

)
(s+ t) + (1− qn)st(

s− 1−qn
1−q

)(
t− 1−qn

1−q
) (4.9)

We must take care with this expression because the infinite products of the numerator and
denominator do not separately converge. In this form, we see that the Coon amplitude
with q > 0 has an infinite sequence of simple poles in both the s-channel and t-channel.
These poles occur at the q-integers,

[n]q = 1− qn
1− q (4.10)

for integer n ≥ 0. For q = 0, the infinite product is just ∏n≥1 1 = 1. For 0 < q < 1, the
poles tend to an accumulation point at 1

1−q . For q ≥ 1, the poles tend to infinity, and q = 1
reproduces the string spectrum.
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Like the Veneziano amplitude, the Coon amplitude is symmetric in (s, t) and has
simple poles only. For q ≥ 1, the Coon amplitude is meromorphic, but for q < 1, the
Coon amplitude as written in (4.9) has an explicit non-meromorphic factor qαq(s)αq(t) with
branch cuts in the complex s-plane and t-plane starting at the accumulation point 1

q−1 . In
the limits q → 0 and q → 1−, this non-meromorphic prefactor becomes qαq(s)αq(t) → 1, and
the Coon amplitude reproduces the field theory and Veneziano amplitudes, respectively,

Aq(s, t) −−−→
q→0

1
st

Aq(s, t) −−−→
q→1

AVen(s, t) (4.11)

4.3 Unitarity

To compute the residues of the Coon amplitude, we shall manipulate the form (4.8) with
manifestly convergent infinite products. The algebra is tedious but straightforward. The
residue of the massless pole agrees with field theory for all q ≥ 0,

Ress=0Aq(s, t) = Ress=0
1
st

= 1
t

(4.12)

For q > 0, the residue of the massive pole at s = [N ]q with N ≥ 1 is a degree-(N − 1)
polynomial in t, indicating the exchange of states with mass m2 = [N ]q and spins j ≤ N+1,

Ress=[N ]q Aq(s, t) = qN
N∏
n=1

1(1−qn
1−q

) N−1∏
n=1

(
qn t+ 1− qn

1− q

)
(4.13)

On the poles, the non-meromorphic factor qαq([N ]q)αq(t) = (1 + (q − 1)t)N ensures that the
residues are polynomials in t for q < 1. In any case, these residues may be expanded in
terms of Gegenbauer polynomials using the identities in appendix B,

Ress=[N ]q Aq(s, t) =
N−1∑
j=0

cN,j C
( d−3

2 )
j

(
1 + 2t

[N ]q

)
(4.14)

with the first few coefficients given by,

c1,0 = q

c2,0 = q2(1− q)(2 + q)
2(1 + q)

c2,1 = q3

2(d− 3)

c3,0 = q3[4(d− 1) + 2q(d− 1)− 6q2(d− 1)− q3(5d− 6)− 2q4(d− 2) + 3dq5 + 2dq6 + dq7]
4(d− 1)(1 + q)(1 + q + q2)

c3,1 = q4(1− q)(1 + 3q + 2q2 + q3)
2(d− 3)(1 + q)

c3,2 = q6(1 + q + q2)
2(d− 1)(d− 3)(1 + q) (4.15)
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For q > 1, the coefficient c2,0 is negative in any number of dimensions, indicating non-
unitarity. The non-unitarity of the Coon amplitude with q > 1 has been known since the
early 1970s [44]. The unitarity of the Coon amplitude with q < 1 is more subtle. This
case was studied in the 1990s [14] and again more recently [5]. The most recent numerical
studies indicate that the Coon amplitude with q < 1 is unitary below some q-dependent
critical dimension [5]. This critical dimension is d = 10 in the limit q → 1 and d = ∞ in
the limit q → 0 .

Although the Coon amplitude with q < 1 may be unitary, it is non-meromorphic
due to the factor qαq(s)αq(t). As we discussed above, this explicit non-meromorphic factor
is necessary for the Coon amplitude to have polynomial residues. The Coon amplitude
with q < 1 also has an accumulation point of poles at 1

1−q . By definition, meromorphic
functions can only have isolated poles. Thus, the infinite product itself is non-meromorphic
even without the explicit non-meromorphic factor.

For q > 1 the situation is reversed. There the Coon amplitude is meromorphic with
no accumulation point, but it is non-unitary. Only the Veneziano amplitude at q = 1 is
both meromorphic and unitary.

4.4 High-energy

The high-energy behavior of the Coon amplitude may be calculated using the q-analog of
Stirling’s formula (4.6). In the Regge limit with fixed t < 0 and large |s| � 1 with phase
0 < arg(s) < 2π (to avoid the poles of the q-gamma function as well as the branch cut
for 0 < q < 1), we find,

Aq(s, t)
|s|→∞∼ (−s)αq(t)−1 Γq

(
−αq(t)

)
(q − 1)t+ 1

[
1 +O

(
(q − 1)−1s−1)] (4.16)

which agrees with the Regge limit (2.9) of the Veneziano amplitude as q → 1 (ignoring the
subtlety that the small parameter blows up at q = 1). For both 0 < q < 1 and q > 1,
the exponent αq(t) = ln(1 + (q − 1)t)/ ln q can be made arbitrarily large and negative as a
function of t < 0. For any scattered states with fixed polarizations, there is thus a range of
fixed t < 0 such that lim|s|→∞Aq-strings = 0 while this limit diverges in the corresponding
field theory amplitude.

4.5 Low-energy

The low-energy expansion of the Coon amplitude with q < 1 was recently studied [5]. Here
we extend that result to all q ≥ 0. The details of our calculation are given in appendix C.

Like the Veneziano amplitude, the Coon amplitude reproduces field theory at leading
order. At higher order and for all q > 0, corrections to field theory are given in terms of
the q-deformation Lik(z; q) of the polylogarithm Lik(z), which evaluates to the Riemann
zeta function ζ(k) at q = z = 1 [45],

Lik(z; q) =
∑
n≥1

zn(1−qn
1−q

)k −−−→
q→1

Lik(z) =
∑
n≥1

zn

nk
−−−→
z→1

ζ(k) =
∑
n≥1

1
nk

(4.17)
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The low-energy expansion includes in particular the q-deformed polylogarithms Lik(qj ; q)
with integers k > j ≥ 1. For all q ≥ 0, the defining sums for these special functions are
absolutely convergent and finite,

Lik(qj ; q) =
∑
n≥1

qnj(1−qn
1−q

)k ≤


qj

1− qj q < 1

ζ(k) q = 1
qj

1− qj−k q > 1

(4.18)

For q < 1, there is also a contribution from the non-meromorphic factor qαq(s)αq(t) which
appears in (4.8) and (4.9). In total we find,

Aq(s, t) = 1
st

exp
∑

`1,`2≥1

{
Θ(1−q)(1−q)`1+`2

`1`2 lnq −
`min∑
j=1

dj;`1,`2 Li`1+`2(qj ;q)
}
s`1t`2 (4.19)

= 1
st
−
[

Li2(q;q)−Θ(1−q)(1−q)2

lnq

]
−
[

Li3(q;q)−Θ(1−q)(1−q)3

2lnq

]
(s+ t)+ · · ·

where `min = min(`1, `2) and dj;`1,`2 is the following rational number,

dj;`1,`2 =
`min∑
i=j

(`1 + `2 − i− 1)!
(`1 − i)!(`2 − i)!(i− j)!j!

(−)i−j (4.20)

The limit q → 1 reproduces the low-energy expansion of the Veneziano amplitude (2.10)
since Li`1+`2(1; 1) = ζ(`1 + `2) and,

`min∑
j=1

dj;`1,`2 = 1
`1 + `2

(
`1 + `2
`1

)
(4.21)

for positive integers `1, `2.
The q-deformed polylogarithms, like the usual polylogarithms and the Riemann zeta-

values, may be assigned a transcendental weight. If we assign weight k to Lik(qj ; q), then
we must assign weight one to the factor (1− q) since,

(1− q) Lik(qj ; q) = Lik+1(qj ; q)− Lik+1(qj+1; q) (4.22)

Under these assignments, each side of this equation has weight k+1. If we assign weight −1
to the Mandelstam variables as we did in the low-energy expansions of the Veneziano and
Virasoro amplitudes, then each term in the low-energy expansion of the Coon amplitude
with q ≥ 1 has uniform transcendental weight two, just like the Veneziano amplitude (2.10).

For q < 1, the transcendental structure is not as clear. In this case, the argument of
the exponential (which should have transcendental weight zero) includes the terms,

1
`1`2 ln q (1− q)`1+`2 s`1t`2 (4.23)
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The factor (1 − q)`1+`2 s`1t`2 has weight zero under our previous assignments, but it is
customary to assign weight one to logarithms. After all, the logarithm is just the weight-
one polylogarithm,

Li1(z) = − ln(1− z) (4.24)

so that (4.23) naively has transcendental weight −1 rather than weight zero.
We are not, however, out of luck. We may write the reciprocal 1/`1`2 in terms of finite

harmonic sums,

H1(k) =
k−1∑
n=1

1
n

=⇒ 1
`1`2

= H1(`1`2 + 1)−H1(`1`2) (4.25)

We then assign transcendental weight one to the finite harmonic sums so that (4.23) has
weight zero. This assignment is delicate. One should think of H1(k) not as its value for
a single k (which is a rational number whose natural transcendental weight assignment
is zero) but instead as a function of k to be inserted into an infinite series in k. For
instance, H1(k) occurs in this manner in the double zeta-value ζ(`, 1),

ζ(`, 1) =
∑

n1>n2≥1

1
n`1n2

=
∑
n≥2

H1(n)
n`

(4.26)

The standard weight assignments of ζ(`) and ζ(`, 1) are ` and ` + 1, respectively, which
justifies assigning weight one to the function H1(k). This assignment of non-zero transcen-
dental weight to finite harmonic sums is familiar to the low-energy expansion of one-loop
superstring amplitudes [24, 25] and to loop amplitudes in N = 4 supersymmetric quantum
field theory [26, 27].

Under these assignments, each term in the low-energy expansion of the Coon amplitude
for all q ≥ 0 has uniform transcendental weight two, in perfect analogy with the low-energy
expansion of the Veneziano amplitude (2.10). For q ≥ 1, the subtleties involving ln q and
finite harmonic sums can be ignored.

5 The Virasoro-Coon amplitude?

In this section, we shall attempt to construct a q-deformed Virasoro or Virasoro-Coon am-
plitude in analogy with our interpretation of the Coon amplitude as a q-deformed Veneziano
amplitude. Specifically, we shall try to construct an amplitude Aq-Vir(s, t, u) with the fol-
lowing properties:

• (s, t, u) crossing symmetry

• simple poles in each channel only at the q-integers [n]q with n ≥ 0

• polynomial residues on the massive poles
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• the field theory amplitude at q = 0 and the Virasoro amplitude at q = 1,

Aq-Vir(s, t, u) −−−→
q→0

− 1
stu

Aq-Vir(s, t, u) −−−→
q→1

AVir(s, t, u) (5.1)

• the low-energy expansion − 1
stu

(
1 +O(s, t, u)

)
We shall first consider the location of the poles. For q 6= 1, a convergent infinite

product which contains our desired sequence of poles in each channel is,∏
n≥0

1(
1− q̂ n−αq(s)

)(
1− q̂ n−αq(t)

)(
1− q̂ n−αq(u)) (5.2)

where q̂ = min(q, q−1). This infinite product, and thus Aq-Vir, is proportional to the
following product of three q-gamma functions,

Γq
(
−αq(s)

)
Γq
(
−αq(t)

)
Γq
(
−αq(u)

)
(5.3)

If we are to have a polynomial residue on each massive s-channel pole, then the infinite
product of t-channel poles from Γq

(
−αq(t)

)
must be canceled by an infinite product of

zeroes. This cancellation can only be achieved by a function proportional to the ratio,

Γq
(
−αq(t)

)
Γq
(
1− αq(s)− αq(t)

) (5.4)

The Coon amplitude achieves polynomial residues through the same cancellation. The
further requirement that Aq-Vir = − 1

stu at low-energy implies that all but t−1 should be
canceled from Γq

(
−αq(t)

)
on the massless pole at s = 0 for all q ≥ 0. We may satisfy

this condition by multiplying (5.4) by q−αq(t). Demanding (s, t, u) symmetry, we find that
Aq-Vir must be proportional to,

q−δq(s,t,u) Γq
(
−αq(s)

)
Γq
(
−αq(t)

)
Γq
(
−αq(u)

)
Γq
(
1− αq(t)− αq(u)

)
Γq
(
1− αq(u)− αq(s)

)
Γq
(
1− αq(s)− αq(t)

) (5.5)

where δq(s, t, u) = αq(s) +αq(t) +αq(u). At q = 1, this expression reproduces the Virasoro
amplitude as desired.

Now on each massive s-channel pole, the factor 1/Γq
(
1−αq(t)−αq(u)

)
contributes an

infinite product of zeroes in t, spoiling the polynomial residue. These zeroes do not appear
if q = 0 or q = 1 because αq(s) + αq(t) + αq(u) = 0 when q = 0 or q = 1. For general q,
the infinite product of zeroes must be canceled by an infinite product of poles, and this
cancellation can only be achieved by a function proportional to the ratio,

Γq
(
`− δq(s, t, u)

)
Γq
(
1− αq(t)− αq(u)

) (5.6)

for some integer ` ≥ 1. While the factor Γq
(
` − δq(s, t, u)

)
cancels the infinite product of

zeroes, it also introduces an infinite number of new poles, spoiling our initial assumption.
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Despite this complication of additional poles, we shall proceed with ` = 1. We now
have the following ansatz for Aq-Vir,

q−δq(s,t,u) Γq
(
−αq(s)

)
Γq
(
−αq(t)

)
Γq
(
−αq(u)

)
Γq
(
1− δq(s, t, u)

)
Γq
(
1− αq(t)− αq(u)

)
Γq
(
1− αq(u)− αq(s)

)
Γq
(
1− αq(s)− αq(t)

) (5.7)

which has the following convergent infinite product form for all q ≥ 0,

− 1
stu

∏
n≥1

(
1− q̂ n−αq(t)−αq(u))(1− q̂ n−αq(u)−αq(s))(1− q̂ n−αq(s)−αq(t))(1− q̂ n)(

1− q̂ n−αq(s)
)(

1− q̂ n−αq(t)
)(

1− q̂ n−αq(u))(1− q̂ n−δq(s,t,u)) (5.8)

where again q̂ = min(q, q−1). This ansatz reproduces the field theory amplitude at q = 0
and the Virasoro amplitude at q = 1. The residues of this ansatz, however, are not
polynomials. Near the massive pole at s = [N ]q, (5.8) becomes,

− 1
[N ]q

1
tu

1(
1− q̂N−αq(s)

) N−1∏
n=1

1(
1− q̂ n−N

) N∏
n=1

(
1− q̂ n−N−αq(t)

)(
1− q̂ n−N−αq(u))(

1− q̂ n−N−αq(t)−αq(u)) (5.9)

After some straightforward algebra, we see that the residue at s = [N ]q is a non-polynomial
rational function of t unless q = 0 or q = 1.

We have thus failed to construct a q-deformed Virasoro amplitude under our stated
assumptions. Therefore, we conclude that there is no amplitude with (s, t, u) symmetry,
simple poles at the q-integers, and polynomial residues. Only the field theory amplitude
at q = 0 (with no massive poles) and the Virasoro amplitude at q = 1 (with poles at the
integers) satisfy our constraints. It seems then that there is no q-deformed Virasoro or
Virasoro-Coon amplitude.

In our companion work [13], we revisit this question by analyzing so-called generalized
Virasoro amplitudes, defined by a generalization of the infinite product representation of
the Virasoro amplitude (3.4). In this analysis, we assume (s, t, u) symmetry and demand
physical residues on an a priori unspecified sequence of poles λn. In other words, we do
not assume a given mass spectrum as we have done in our search for a q-deformed Virasoro
amplitude here. We find that the poles λn must satisfy an over-determined set of non-linear
recursion relations. We then numerically demonstrate that the only consistent solution to
these recursion relations is the string spectrum with λn = n.
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A Gamma function

In this appendix, we shall collect some well-known properties of the gamma function Γ(z).
The gamma function is a meromorphic function with poles at the non-positive integers,
defined by the following integral,

Γ(z) =
∫ ∞

0
dxxz−1e−x (A.1)

The gamma function obeys the functional equation,

Γ(z + 1) = z Γ(z) (A.2)

and the reflection formula,

Γ(z) Γ(1− z) = π

sin(πz) (A.3)

A useful infinite product representation of the gamma function is,

Γ(z) = 1
z

∞∏
n=1

(
1 + 1

n

)z
1 + z

n

(A.4)

A Taylor expansion for Γ(1 + z) with |z| < 1 is given by,

ln Γ(1 + z) = −γE z +
∞∑
k=2

ζ(k)
k

(−z)k (A.5)

where γE is the Euler-Mascheroni constant and ζ(k) = ∑∞
n=1 n

−k are Riemann zeta-values.
The asymptotic behavior of the gamma function is given by Stirling’s formula,

ln Γ(z) |z|→∞∼
(
z − 1

2

)
ln z − z + 1

2 ln(2π) +O
(
z−1) (A.6)

which is valid for large |z| � 1 with phase | arg(z)| < π.

B Gegenbauer polynomials

In this appendix, we shall review some properties of the Gegenbauer polynomials [46, 47].
The Gegenbauer polynomials may be defined by a generating function,

1
(1− 2xt+ t2)λ =

∞∑
j=0

C
(λ)
j (x) tj (B.1)

or in terms of the hypergeometric function,

C
(λ)
j (x) =

Γ(j + 2λ)
Γ(j + 1)Γ(2λ) 2F1

(
−j, j + 2λ; λ+ 1

2; 1
2(1− x)

)
(B.2)
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The first few Gegenbauer polynomials are,

C
(λ)
0 (x) = 1

C
(λ)
1 (x) = 2λx

C
(λ)
2 (x) = −λ+ 2λ(1 + λ)x2

C
(λ)
3 (x) = −2λ(1 + λ)x+ 4

3λ(1 + λ)(2 + λ)x3 (B.3)

In d ≥ 3 spacetime dimensions, the polynomials C( d−3
2 )

j (cos θ) diagonalize the Lorentz
group Casimir operator. In d = 3 we must omit the normalization factor Γ(j+2λ)

Γ(j+1)Γ(2λ) which
vanishes. The case d = 4 reduces to the familiar Legendre polynomials. The Gegenbauer
polynomials obey an orthogonality relationship,

∫ 1

−1
dx (1− x2)λ−

1
2 C

(λ)
j (x)C(λ)

` (x) =


π

22λ−1(j+λ)
Γ(j+2λ)

Γ(j+1)Γ(λ)2 j = `

0 j 6= `
(B.4)

and the following integration identity,

∫ 1

−1
dx (1− x2)λ−

1
2 C

(λ)
j (x)x` =


Γ(λ+ 1

2 )Γ(j+2λ)Γ(`+1)Γ( `−j+1
2 )

2j Γ(2λ)Γ(j+1)Γ(`−j+1)Γ( `+j2 +λ+1)
j + ` even

0 j + ` odd
(B.5)

for integers j, ` ≥ 0. These two integrals may be used to write the residues of any tree-level
four-point amplitude in terms of Gegenbauer polynomials. The product of two Gegenbauer
polynomials may be expanded as,

C
(λ)
j1

(x)C(λ)
j2

(x) =
j1+j2∑

`=|j1−j2|
c

(λ)
j1,j2;`C

(λ)
` (x) (B.6)

for integers j1, j2 ≥ 0, where,

c
(λ)
j1,j2;` =


(`+λ) Γ(`+1)Γ(g+2λ)

Γ(λ)2Γ(`+2λ)Γ(g+λ+1)
Γ(g−`+λ)
Γ(g−`+1)

Γ(g−j1+λ)
Γ(g−j1+1)

Γ(g−j2+λ)
Γ(g−j2+1) j1 + j2 + ` even

0 j1 + j2 + ` odd
(B.7)

with g = 1
2(j1 + j2 + `). For d ≥ 4, the coefficients c( d−3

2 )
j1,j2;` ≥ 0 are non-negative.

C Deriving the Coon amplitude low-energy expansion

In this appendix, we shall derive the low-energy expansion (4.19) of the Coon amplitude
for all q ≥ 0. Our starting point is (4.9). The low-energy expansion of the factor qαq(s)αq(t)
may be computed using the Taylor expansion for ln(1− z),

q
ln(1+(q−1)s)

ln q
ln(1+(q−1)t)

ln q = exp
∑

`1,`2≥1

(1− q)`1+`2

`1`2 ln q s`1t`2 (C.1)
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The low-energy expansion of the infinite product is similarly given by,

∏
n≥1

(1−qn
1−q

)2 − (1−qn
1−q

)
(s+ t) + (1− qn)st(

s− 1−qn
1−q

)(
t− 1−qn

1−q
)

= exp
∑
n≥1

∑
k≥1

1
k
(1−qn

1−q
)k [sk + tk −

(
s+ t+ (q − 1)st

)k] (C.2)

At this point we cannot interchange the sums over n and k and perform the sum over n
because the resultant q-deformed polylogarithms Lik(1; q) diverge for q < 1. Instead, we
expand the summand using the multinomial theorem and collect powers of s and t to find,

exp
∑
n≥1

∑
`1,`2≥1

`min∑
i=0

(`1 + `2 − i− 1)!
(`1 − i)!(`2 − i)!i!

(−)(qn − 1)i(1−qn
1−q

)`1+`2 s`1t`2 (C.3)

where `min = min(`1, `2). We now expand the factor (qn − 1)i and find,

exp
∑
n≥1

∑
`1,`2≥1

`min∑
j=1

dj;`1,`2
(−) qnj(1−qn

1−q
)`1+`2 s

`1t`2 (C.4)

with the rational numbers dj;`1,`2 defined in (4.20). The j = 0 terms vanish because,

d0;`1,`2 =
`min∑
i=0

(`1 + `2 − i− 1)!
(`1 − i)!(`2 − i)!i!

(−)i = 0 (C.5)

We may now interchange the order of the infinite sums and perform the sum over n because
the resultant q-deformed polylogarithms Lik(qj ; q) are absolutely convergent for all q ≥ 0.
Combining our results, we arrive at (4.19).
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