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1 Introduction

The computation of multiloop scattering amplitudes in Quantum Chromodynamics (QCD)
plays a fundamental role for the Standard Model (SM) precision program carried out at
particle colliders such as the Large Hadron Collider (LHC) at CERN. Suitably combined
with real-radiation contributions, they provide a powerful tool to generate predictions for a
variety of collider observables, allowing for precise comparisons with experimental data [1].
In fact, matching the shrinking experimental errors with correspondingly precise theory
predictions allows one to discover even subtle signals from possible physics scenarios beyond
the SM.

In addition to their phenomenological significance, analytic computations of scattering
amplitudes enable investigations of general properties of perturbative Quantum Field Theo-
ries (QFT), including comparative studies of QCD amplitudes with their supersymmetric
counterparts. The more loops, external legs, or particle masses one is considering for
a scattering amplitude, the more challenging its computation becomes. In recent years,
significant progress has been achieved for the reduction of loop integrals to master inte-
grals and their analytical evaluation, resulting in the calculation of previously inaccessible
multiloop amplitudes. At two loops, various QCD amplitudes became available for 2 → 3
scattering processes involving mostly massless particles [2–27], paving the way for the first
Next-to-Next-to-Leading-Order (NNLO) studies at LHC [28–30]. At three loops, first QCD
amplitudes were computed for 2 → 2 scattering processes [31–34]. At four loops, 2 → 1
form factors were obtained in full-color QCD [35–37].
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Analytical results for multiloop scattering amplitudes can also provide non-trivial
information about all-order results in QCD. An interesting case is the so-called Regge
limit [38] of large collision energy, where universal factorization properties can be ob-
served in QCD amplitudes. The BFKL formalism [39, 40] allows one to describe all-order
structures in QCD through the exchange of so-called “Reggeized gluons”, which resum
leading contributions of the quark and gluon interactions at high energies. With the recent
determination of the three-loop Regge trajectory [33, 41], the last missing ingredient for
next-to-next-to-leading-logarithmic analysis became available.

This paper concludes our analytical calculation of all four-parton scattering amplitudes
in three-loop QCD. Previously, we presented the helicity amplitudes for the process
qq̄ → q′q̄′ and crossed channels [32] and for the process gg → gg [33]. In this work, we
provide the helicity amplitudes for qq̄ → gg scattering and crossed channels in full-color,
massless QCD. Our calculation checks the predicted quadrupole contribution to the infrared
poles for a process with external legs in different color representation [42, 43]. By analyzing
the high-energy limit of the qg → qg amplitude, we check the universality of the predicted
factorization and the three-loop expression for the Regge trajectory [33, 41].

The rest of this paper is organized as follows. In section 2, we set up our notation and
describe the color and Lorentz decomposition of the scattering amplitude. In section 3 we
discuss our computation of the bare helicity amplitudes employing the tensor decomposition
provided in the previous section and analytical solutions for the master integrals [34, 44].
In section 4, we describe the UV renormalization and give details for the subtraction of
IR poles up to three loops. In section 5 we present our final results and enumerate the
checks we have performed to verify their correctness. Finally, in section 6 we discuss
the high energy (Regge) limit of the qg → qg amplitudes. We draw our conclusions in
section 7. We reserve the appendices for lengthy formulas with explicit results for all the
relevant anomalous dimensions (appendix A) and for the impact factors and the gluon
Regge trajectory (appendix B).

2 Color and Lorentz decomposition

We consider the quark-gluon scattering process

q(p1) + q̄(p2) + g(p3) + g(p4) −→ 0, (2.1)

in massless QCD, where the momenta satisfy

p2
1 = p2

2 = p2
3 = p2

4 = 0, pµ1 + pµ2 + pµ3 + pµ4 = 0. (2.2)

The kinematics of the process eq. (2.1) can be parametrized in terms of the usual Mandelstam
invariants

s = (p1 + p2)2, t = (p1 + p3)2, u = (p2 + p3)2, (2.3)

with u = −t− s. We find it convenient to introduce the dimensionless variable

x = −t/s (2.4)

to parametrize our results.
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The primary physical scattering process considered in this paper is

q(p1) + q̄(p2) −→ g(p3) + g(p4) , (2.5)

which can be obtained from the process (2.1) by a crossing of external legs with p3,4 → −p3,4.
For this process, the physical region of the phase space is given by

s > 0, t, u < 0 ⇒ 0 < x < 1 . (2.6)

Results for other physical scattering processes will subsequently be derived from the result
for process (2.5) by considering further crossings. The bare amplitude for process (2.5) can
be decomposed in three different color structures Ci,

Ai1,i2,a3,a4 = 4παs,b
3∑
i=1
A[i]Ci . (2.7)

Here, i1 and i2 are the fundamental color indices of the external quarks with momenta p1
and p2, and a3 and a4 are the adjoint color indices of the external gluons with momenta
p3 and p4, respectively. Further, αs,b is the bare strong coupling. In eq. (2.7) we also
introduced the notation [i] to indicate a color component index of the amplitude. The three
color structures are

C1 = (T a3T a4)i2i1 , C2 = (T a4T a3)i2i1 , C3 = δa3a4 δi2i1 , (2.8)

where we work in QCD with color group SU(Nc) and nf massless quark flavors. The
matrices (T a)i2i1 are the generators of SU(Nc) in the fundamental representation. We use
Tr[T aT b] = 1

2δab and denote the quadratic Casimir operators in the fundamental and adjoint
representation by CF and CA, respectively.

The amplitude coefficients A[i] can be decomposed further into Lorentz-covariant
structures Ti,

A[i] =
4∑
j=1
F [i]
j Ti , (2.9)

where the F [i]
j are scalar form factors. To regulate ultraviolet and infrared divergences,

we employ dimensional regularization and use d = 4 − 2ε for the number of space-time
dimensions. We denote the external gluon polarization vectors as ε(pi) = εi with the
transversality condition for the external gluon momenta ε(pi) · pi = 0 (i = 3, 4). To
simplify the Lorentz decomposition, we also fix the gauge of the external gluons such that
ε3 · p2 = ε4 · p1 = 0, which leads to the following gluon polarization sums

∑
pol

εµ3 ε
ν
3 = −gµν + pµ3p

ν
2 + pν3p

µ
2

p2 · p3
,

∑
pol

εµ4 ε
ν
4 = −gµν + pµ4p

ν
1 + pν4p

µ
1

p1 · p4
. (2.10)
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Since we are ultimately interested in computing the helicity amplitudes for this process in
the ’t Hooft-Veltman scheme (tHV) scheme, we use the Lorentz structures [31, 45, 46]

T1 = ū(p2)�ε3u(p1) ε4 · p2 , T2 = ū(p2)�ε4u(p1) ε3 · p1 ,

T3 = ū(p2)�p3u(p1) ε3 · p1 ε4 · p2 , T4 = ū(p2)�p3u(p1) ε3 · ε4 , (2.11)

and introduce projection operators Pi which extract the form factors from the amplitude,

Pj · A[i] =
∑
pol
PjA[i] = F [i]

j , j = 1, . . . , 4 . (2.12)

In eq. (2.12), we introduced the short-hand notation Pi · A which implies a sum over the
polarizations of the external particles. By introducing the matrix

Mij = T †i · Tj ,

the projectors can be compactly defined as

Pi =
4∑
j=1

(M−1)ijT +
j =⇒ Pi · Tj = δij , (2.13)

where

M−1 = 1
2(d− 3)s2t3u


t2u2 0 −tu2 0

0 t2u2 tu2 0
−tu2 tu2 (du2 − 4st) (s− t)st

0 0 (s− t)st s2t2

 . (2.14)

We stress that in conventional dimensional regularization there is a fifth Lorentz structure
which would need to be taken into account in eq. (2.9). In the tHV scheme we take
internal momenta in d = 4− 2ε dimensions and keep external momenta and polarizations
in four dimensions. As explained in refs. [45, 46], this allows us to essentially ignore
this fifth evanescent structure completely and work with just the four structures (2.11),
which are linearly independent in four space-time dimensions. We also point out that the
decompositions of eqs. (2.7) and (2.9), as well as the explicit form of the projectors (2.13),
hold to any orders in perturbation theory.

3 Helicity amplitudes

From the form factors Fj one can construct amplitudes for definite helicities of the external
particles. We denote the helicity of the incoming quark as λq; the helicity of the incoming
anti-quark λq̄ is then automatically fixed due to helicity conservation along the massless
quark line. We refer to the quark line helicity with the symbol λqq̄ = {λqλq̄} which can
take two possible values: λqq̄ = L,R = {−+}, {+−}. Further, we denote the helicities
of the outgoing gluons as λ3 and λ4. After exploiting parity, charge-conjugation and
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Bose symmetry relations [31], one is left with only two independent helicity configurations.
However, we choose to compute the overcomplete set of four helicity configurations

{λqq̄λ3λ4} = {L−−}, {L−+}, {L+−}, {L+ +} (3.1)

which allow us to perform a consistency check on our calculation. Results for right-handed
quarks can subsequently be obtained by a parity transformation. We write for the left-
handed spinors uL(p2) = 〈2|, uL(p1) = |1], and for the polarization vector of the gluons

εµ3,−(p3) = 〈2|γ
µ|3]√

2〈23〉
, εµ3,+(p3) = 〈3|γ

µ|2]√
2[32]

, (3.2)

εµ4,−(p4) = 〈1|γ
µ|4]√

2〈14〉
, εµ4,+(p4) = 〈4|γ

µ|1]√
2[41]

. (3.3)

Inserting these equations into the Lorentz structures Tj (2.11) gives the helicity amplitudes

AL−− = sL−−

3∑
i=1
H[i]

1 Ci , AL−+ = sL−+

3∑
i=1
H[i]

2 Ci ,

AL+− = sL+−

3∑
i=1
H[i]

3 Ci , AL++ = sL++

3∑
i=1
H[i]

4 Ci , (3.4)

where the little group scaling is captured by the overall spinor factors

sL−− = 2[34]2

〈13〉[23] , sL−+ = 2〈24〉[13]
〈23〉[24] , sL+− = 2〈23〉[41]

〈24〉[32] , sL++ = 2〈34〉2

〈31〉[23] , (3.5)

and we have defined the scalar helicity amplitudes

H[i]
1 = t

2

(
F [i]

2 −
t

2F
[i]
3 + F [i]

4

)
, H[i]

2 = t

2

(
s

2F
[i]
3 + F [i]

4

)
,

H[i]
3 = st

2u

(
F [i]

2 −F
[i]
1 −

t

2F
[i]
3 −

t

s
F [i]

4

)
, H[i]

4 = t

2

(
F [i]

1 + t

2F
[i]
3 −F

[i]
4

)
. (3.6)

The amplitudes for right-handed quarks are related to those for left-handed quarks by

AR,λ3,λ4 = (AL,−λ3,−λ4)|〈ij〉↔[ji] . (3.7)

By exchanging the two outgoing gluons, we find that Bose symmetry implies the relations

H[1]
2 (x) = +H[2]

3 (1− x), H[2]
2 (x) = +H[1]

3 (1− x), H[3]
2 (x) = +H[3]

3 (1− x),

H[1]
1,4(x) = −H[2]

1,4(1− x), H[2]
1,4(x) = −H[1]

1,4(1− x), H[3]
1,4(x) = −H[3]

1,4(1− x). (3.8)

We also note that
H[i]

1 (x) = −H[i]
4 (x) . (3.9)

These identities will serve as an important check of our calculations.
We expand the helicity amplitudes in ᾱs,b ≡ αs,b/(4π),

H[i]
λ =

3∑
`=0
H[i],(`)
λ (ᾱs,bSε)` +O

(
ᾱ4
s,b

)
(3.10)
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Figure 1. Sample three loop diagrams contributing to the process qq̄ → gg.

for λ = 1, . . . , 4, where Sε = (4π)εe−εγE . The normalization factor Sε absorbs constants in
the bare amplitude and matches the usual MS conventions in the renormalization of the
strong coupling performed below. In the expansion of the amplitude, H[i],(3)

λ is the three
loop contribution, which we compute here for the first time. We have also recomputed the
tree-level, one-loop and two-loop contributions using the form factor decomposition defined
in eq. (2.11).

We employ Qgraf [47] to produce Feynman diagrams and find 3 diagrams at tree level,
30 diagrams at one loop, 595 diagrams at two loops and 14971 at three loops. We give a few
representative samples of the three-loop diagrams contributing to the process in figure 1.

We use Form [48] to apply the Lorentz projectors of eq. (2.11) to the diagrams and
to perform the Dirac and color algebra. In this way, we obtain the form factors as linear
combinations of a large number (∼ 107) of scalar Feynman integrals with rational coefficients.
We parametrize the corresponding `-loop Feynman integrals according to

Itopn1,n2,...,nN
= µ2`ε

0 e`εγE

∫ ∏̀
j=1

(
ddkj
iπ

d
2

)
1

Dn1
1 Dn2

2 . . . DnN
N

, (3.11)

where γE ≈ 0.5772 is Euler’s constant, µ0 is the scale of dimensional regularization, and
the denominators Dj are inverse propagators for the respective integral family “top”. More
details on the integral families can be found in ref. [32]. Using Reduze 2 [49, 50] and
Finred, an in-house implementation of the Laporta algorithm [51] based on finite field
arithmetic [52–55] and syzygy algorithms [56–61], we reduced these integrals to a linear
combination of 486 master integrals. Upon insertion of the recently computed solutions for
the master integrals [34, 44] we arrive at an analytical result for the helicity amplitudes in
terms of harmonic polylogarithms.

4 UV and IR subtractions

The bare helicity amplitudes (3.10) contain UV and IR divergences, which appear as poles
in the Laurent expansion in ε. The MS renormalized strong αs(µ) is defined through

ᾱs,b µ
2ε
0 Sε = ᾱs µ

2εZ[ᾱs] , (4.1)

– 6 –
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where ᾱs = αs(µ)/(4π), µ is the renormalization scale and

Z[ᾱs] = 1− ᾱs
β0
ε

+ ᾱ2
s

(
β2

0
ε2
− β1

2ε

)
− ᾱ3

s

(
β3

0
ε3
− 7

6
β0β1
ε2

+ β2
3ε

)
+O(ᾱ4

s). (4.2)

The β-function coefficients are defined in the standard way through

dᾱs
d logµ = β(ᾱs)− 2εᾱs , β(ᾱs) = −2ᾱs

∑
`≥0

β`ᾱ
`+1
s . (4.3)

We also recall the values of the standard quadratic Casimir constants for a SU(Nc)
gauge group:

CA = Nc, CF = N2
c − 1
2Nc

. (4.4)

With this, up to third order of the perturbative expansion, we have

β0 = 11
3 CA −

2
3 nf ,

β1 =
(34

3 C
2
A −

10
3 CA nf

)
− 2 CF nf ,

β2 = −1415
54 C2

A nf + 2857
54 C3

A −
205
18 CA CF nf + 79

54CA n
2
f + C2

F nf + 11
9 CF n

2
f . (4.5)

In the following, we use boldface symbols to denote vectors in colour space, that is, we
define

H =
(
H[1],H[2],H[3])T (4.6)

for the decomposition of the amplitude with respect to the basis Ci. Using the expansion
of (3.10), we collect the ᾱs coefficients of the UV finite, but IR divergent, amplitudes as

H(0)
λ,ren = H(0)

λ ,

H(1)
λ, ren = H(1)

λ −
β0
ε
H(0)
λ ,

H(2)
λ, ren = H(2)

λ −
2β0
ε

H(1)
λ +

(
2β2

0 − β1ε
)

2ε2 H(0)
λ ,

H(3)
λ, ren = H(3)

λ −
3β0
ε

H(2)
λ +

(
3β2

0 − β1ε
)

ε2
H(1)
λ +

(
7β1β0ε− 6β3

0 − 2β2ε
2)

6ε3 H(0)
λ , (4.7)

so that the renormalized helicity amplitudes can be written as

Hλ,ren =
∑
`≥0

ᾱ`sH
(`)
λ,ren .

The IR singularity structure of QCD amplitudes has been studied at two loops in ref. [62] and
was extended up to three loops in refs. [42, 63–70]. The IR divergences can be subtracted
from our renormalized amplitudes multiplicatively:

Hλ, ren = Z Hλ, fin. (4.8)
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Here Z is a color matrix acting on the space spanned by the Ci basis vectors (2.8) and
Hλ, fin are finite remainders, also called hard scattering functions. The matrix Z can be
written as

Z = P exp
[∫ ∞
µ

dµ′

µ′
Γ({p}, µ′)

]
, (4.9)

where P denotes the path-ordering of color operators [67] in increasing values of µ′ from
left to right. It can be omitted up to three loops, since to this order [Γ(µ),Γ(µ′)] = 0. The
color-space correlation structure at three-loops allows one to decompose the soft anomalous
dimension operator Γ into so-called dipole (Γdipole) and quadrupole (∆4) contributions
according to

Γ = Γdipole + ∆4 . (4.10)
The dipole term Γdipole can be written as

Γdipole({p}, µ) =
∑

1≤i<j≤4
Ta
i Ta

j γ
K(ᾱs) log

(
µ2

−sij − iδ

)
+

4∑
i=1

γi(ᾱs) , (4.11)

where γK(ᾱs) is the cusp anomalous dimension [71–76] and γi the quark (gluon) collinear
anomalous dimension [77–80] of the i-th external particle, which are given in our notation in
appendix A. Further, Ta

i represents the color generator of the i-th parton in the scattering
amplitude,

(Ta
i )αβ = taαβ for a final(initial)-state quark (anti-quark),

(Ta
i )αβ = −taβα for a final(initial)-state anti-quark (quark),

(Ta
i )bc = −ifabc for a gluon. (4.12)

The quadrupole term ∆4 contributes for the first time at three loops. It can be written in
the kinematical region (2.6) as [32, 33, 42, 43]

∆(3)
4 = 128fabefcde

[
Ta

1Tc
2Tb

3Td
4 D1(x)−Ta

4Tb
1Tc

2Td
3 D2(x)

]
− 16fabefcdeC

4∑
i=1

∑
1≤j<k≤4
j,k 6=i

{
Ta
i ,Td

i

}
Tb
jTc

k, (4.13)

where C = ζ5 + 2ζ2ζ3 and D1(x), D2(x) are linear combinations of harmonic polylogarithms
as [32, 33, 42, 44]. They read

D1 =−2G1,4−G2,3−G3,2 +2G1,1,3 +2G1,2,2−2G1,3,0−G2,2,0−G3,1,0 +2G1,1,2,0

−2G1,2,0,0 +2G1,2,1,0 +4G1,0,0,0,0−2G1,1,0,0,0 + ζ5
2 −5ζ2ζ3 +ζ2[5G3 +5G2,0 +2G1,0,0

−6(G1,2 +G1,1,0)]+ζ3(G2 +2G1,0−2G1,1)− iπ[−ζ3G0 +G2,2 +G3,0 +G3,1 +G2,0,0

+2(G1,3−G1,1,2−G1,2,1−G1,0,0,0)]+ iπζ2(−G2 +2(G1,1 +G1,0))−11iπζ4 , (4.14)

D2 = 2G2,3 +2G3,2−G1,1,3−G1,2,2−2G2,1,2 +2G2,2,0−2G2,2,1 +2G3,1,0−2G3,1,1−G1,1,2,0

−G1,2,1,0−2G2,1,1,0 +4G2,1,1,1−ζ5 +4ζ2ζ3 +ζ3G1,1 +ζ2[−6G3−6G2,0 +2G2,1

+5(G1,2 +G1,1,0)]+ iπ(ζ3G1 +2G3,0−G1,1,2−G1,2,0−G1,2,1 +2G2,0,0−2G2,1,0

+2G2,1,1−G1,1,0,0)+ iπζ2(4G2−G1,1) . (4.15)
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(a) (b)

Figure 2. Sample diagrams with quadrupole soft divergences, reinterpreted as tree-level diagrams
(black lines) plus virtual gluons (red lines). Diagrams (a) and (b) involve colour correlations between
four and three external partons and contribute to the first and second line of eq. (4.13), respectively.

Here the argument x has been suppressed, and for the HPLs we used a compact notation
similar to [81, 82]:

Ga1,...,an,0, . . . , 0︸ ︷︷ ︸
n0

= G(0, . . . , 0︸ ︷︷ ︸
|a1|−1

, sgn(a1), . . . , 0, . . . , 0︸ ︷︷ ︸
|an|−1

, sgn(an), 0, . . . , 0︸ ︷︷ ︸
n0

;x).

In terms of the color vector space introduced in (2.8) and of the quantities we have just
defined we find the explicit form

∆(3)
4 = 8


−2Nc(2D1 +D2 + 4C) 2Nc(2D1 + 3D2 + 2C) 2N2

c (2D2 − C)

2Nc(3D1 + 2D2 + 2C) −2Nc(D1 + 2D2 − 4C) 2N2
c (2D1 − C)

D1 + 2N+
c D2 −N−

c C 2N+
c D1 +D2 −N−

c C 6Nc(D1 +D2 − C)

 , (4.16)

where N±c = (N2
c ± 1)/2 and C = ζ5 + 2ζ2ζ3. Unlike Γdipole, ∆(3)

4 does not depend
explicitly on the factorization scale µ2. We highlight the contributions to the quadrupole
soft divergences, and in particular to the colour correlation pattern in the first and second
line of eq. (4.13), by drawing a couple of representative diagrams in figure 2. The coefficients
of the perturbative expansion for the finite remainders

Hλ,fin =
∑
`≥0

ᾱ`sH
(`)
λ,fin (4.17)

can be obtained according to

H(0)
λ, fin = H(0)

λ ,

H(1)
λ, fin = H(1)

λ, ren − I1H(0)
λ, ren ,

H(2)
λ, fin = H(2)

λ, ren − I2H(0)
λ, ren − I1H(1)

λ, ren ,

H(3)
λ, fin = H(3)

λ, ren − I3H(0)
λ, ren − I2H(1)

λ, ren − I1H(2)
λ, ren , (4.18)

with
I1 = Z1, I2 = Z2 −Z2

1 , I3 = Z3 − 2Z1Z2 + Z3
1 + ∆(3)

4 , (4.19)
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where the Zn are the coefficients of the expansion of Z in ᾱs and explicitly read [32, 67]:

Z0 = 1 ,

Z1 = Γ′0
4ε2 + Γ0

2ε ,

Z2 = Γ′0
2

32ε4 + Γ′0
8ε3

(
Γ0 −

3
2β0

)
+ Γ0

8ε2 (Γ0 − 2β0) + Γ′1
16ε2 + Γ1

4ε ,

Z3 = Γ′0
3

384ε6 + Γ′0
2

64ε5 (Γ0−3β0) + Γ′0
32ε4

(
Γ0−

4
3β0

)(
Γ0−

11
3 β0

)
+ Γ′0Γ′1

64ε4

+ Γ0
48ε3 (Γ0 −2β0)(Γ0 − 4β0)+ Γ′0

16ε3
(

Γ1−
16
9 β1

)
+ Γ′1

32ε3
(

Γ0−
20
9 β0

)
+ Γ0Γ1

8ε2

−β0Γ1 + β1Γ0
6ε2 + Γ′2

36ε2 + Γ2 + ∆(3)
4

6ε . (4.20)

Above we have used

Γ′(ᾱs) = ∂Γ({p}, ᾱs, µ)
∂ logµ = −γK

∑
i

Ci =
∑
`≥0

ᾱ`+1
s Γ′`, (4.21)

with the last equal sign giving the definition of the perturbative coefficients Γ′`.
The explicit expression for the perturbative expansions of the cusp anomalous dimension

and of the quark (gluon) collinear anomalous dimensions are given in the appendix.

5 Checks and exact results

First, we have checked that our results for the lower loop amplitudes are consistent with
the literature. In particular, we have compared our tree-level, one-loop and two-loop results
for the bare helicity amplitudes for qq̄ → gg in the helicity configurations (3.1) against the
results provided in the ancillary files of ref. [83] and find analytical agreement through to
weight six. We have also checked that our one-loop expressions for qq̄ → gg and qg → qg

match results obtained with the automated one-loop generator OpenLoops [84, 85]. At the
three-loop level, we have verified that the IR singularities of our results for the renormalized
helicity amplitudes in eq. (4.7) match the pattern predicted by eqs. (4.8)–(4.19), which
provides a highly non-trivial check. From the high energy limit of our amplitudes we
extract the quark and gluon impact factors and find that they are consistent with previous
results, which tests lower loop contributions to the renormalized amplitude up to weight six.
Moreover, we extract the gluon Regge trajectory and find agreement with previous results,
which provides a stringent check of the finite contributions to the three-loop amplitudes
presented in this paper. The high energy limit will be described in more detail in the
next section.

Our analytic results for the three-loop finite remainders Hλ, fin are expressed in terms
of harmonic polylogarithms with transcendental weight up to six. Alternatively, these
can be converted to a functional basis of logarithms, classical polylogarithms and a few
multiple polylogarithms with at most three-fold nested sums [31]. We provide a general
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αs
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(d)

Figure 3. Perturbative amplitudes up to three loops interfered with the tree-level amplitude for
qq̄ → gg (panel a) and qg → qg (panel b) in dependence of x = −t/s. The two-loop contribution to
qq̄ → gg diverges to +∞ near x = 0+, 1− (panel c shows details near x = 0+), while the three-loop
contribution to qg → qg diverges to −∞ near x = 0+ (panel d).

conversion table for harmonic polylogarithms up to weight six in the supplementary material
of this article.

From our results for the process qq̄ → gg we also derive explicit expressions for
the helicity amplitudes for qg → qg scattering, which requires a non-trivial analytical
continuation. Details for this procedure are given in ref. [32]. The remaining partonic
channels gg → qq̄ and gq̄ → gq̄ are not provided explicitly, since they can be obtained by a
simple crossing of external legs without any non-trivial analytic continuation. While our
results are relatively compact, of the order of 1 megabyte per partonic channel, they are
too lengthy to be presented here. We include them in computer-readable format in the
supplementary material.

In figure 3 we show the finite remainder of the amplitude at different loop orders
interfered with the tree-level amplitude for the processes qq̄ → gg and qg → qg. The
interferences are averaged (summed) over polarizations and color in the initial (final) state.
Additionally, since with the results of this paper all 2 → 2 partonic channels are now
available in three-loop massless QCD, we find it useful to compare virtual corrections for the
processes qq̄ → gg, qg → qg, gg → gg and qq̄ → Q̄Q. In figure 4, we show the contributions
to the squared amplitude at different orders in ᾱs, normalized by the respective tree-level
squared amplitude. Again, we average (sum) over polarization and color in the initial (final)
states. Below we define more in detail the quantities we present in the plots.
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Figure 4. Perturbative expansion of the amplitude squared for the processes qq̄ → gg, qg →
qg, gg → gg and qq̄ → Q̄Q as functions of x = −t/s. Values are normalized by the tree-level
amplitude squared.

We rewrite the finite amplitude as a vector in color and helicity space

|A〉 = 4παs
∑
`≥0

ᾱ`s |A(`)〉 (5.1)

and define the contraction between different elements in this vector space as

〈A(`)|A(`′)〉 ≡ N
∑
i,j,λ

C†i Cj |sλ|2H
[i],(`)∗
λ,fin H

[j],(`′)
λ,fin , (5.2)

where the factor 4παs in eq. (5.1) replicates the overall normalization of eq. (2.7). N is
the initial-state color and polarization averaging factor, which depends on the process and
takes the following values:

N =



1
4N2

c
for qq̄ → gg,

1
4Nc(N2

c−1) for qg → qg,

1
4(N2

c−1)2 for gg → gg,

1
4N2

c
for qq̄ → Q̄Q.

(5.3)

The initial and final state polarization sum runs over all helicity configurations. The color
factors Ci and the spinor factors sλ are different for the various processes: for qq̄ → gg

they are given in eqs. (2.8) and (3.5), while for qg → qg they are obtained by applying
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the transformation p2 ↔ p3 to those of qq̄ → gg. For the other two channels gg → gg and
qq̄ → Q̄Q, they can be found in refs. [33] and [32] respectively.

We expand the squared amplitude normalized by the tree-level contribution in ᾱs
according to

〈A|A〉
〈A(0)|A(0)〉

= V(0) + ᾱsV(1) + ᾱ2
sV(2) + ᾱ3

sV(3) +O(ᾱ4
s) (5.4)

with

V(0) = 1, V(1) = 2Re〈A(0)|A(1)〉
〈A(0)|A(0)〉

,

V(2) = 〈A
(1)|A(1)〉

〈A(0)|A(0)〉
+ 2Re〈A(0)|A(2)〉

〈A(0)|A(0)〉
, V(3) = 2Re〈A(1)|A(2)〉

〈A(0)|A(0)〉
+ 2Re〈A(0)|A(3)〉

〈A(0)|A(0)〉
. (5.5)

Finally, for the numerical evaluation, we have set µ2 = s = m2
Z , αs(µ) = 0.118, nf = 5 and

Nc = 3.

6 High energy limit

In the high-energy or Regge limit, quantum field theoretic scattering amplitudes become
particularly simple and are known to exhibit universal factorization properties. In the
following, we consider the process

q(p1) + g(p2) → q(p3) + g(p4), (6.1)

for which t-channel gluon exchanges provide the dominant contribution to the amplitude
at high energies. The Regge limit is defined as s→∞ for fixed scattering angle, that is,
|s| ≈ |u| � |t|, where s = (p1 + p2)2, t = (p1 − p3)2, u = −s− t in terms of the momenta
in (6.1). For the variable x = −t/s, the Regge limit corresponds to x→ 0.

Following the investigation [86, 87], we split the renormalized amplitude into the definite
s↔ u signature component

Hqg→qg,± = 1
2 [Hqg→qg(s, u)±Hqg→qg(u, s)] . (6.2)

The definite-signature amplitudes Hqg→qg,+ and Hqg→qg,− are referred to as the even and
odd amplitudes. We expand them up to third order in ᾱs,

Hqg→qg,± =
3∑
`=0

ᾱ`s
∑̀
k=0

LkH(±,`,k)
qg→qg, (6.3)

where we use for the signature-symmetric logarithm

L = − ln(x)− iπ

2 ≈
1
2

[
ln
(−s− iδ
−t

)
+ ln

(−u− iδ
−t

)]
(6.4)

and the color operators [88, 89] are

T2
s = (T1+T2)a(T1+T2)a, T2

t = (T1+T3)a(T1+T3)a,

T2
u = (T1+T4)a(T1+T4)a, T2

s−u = 1
2(T2

s −T2
u). (6.5)
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Here the Ti (i=1,. . . ,4) are assigned according to eq. (4.12). Explicitly, we find

T2
s=

CA+CF 0 2
0 CF 92

1/2 0 CA+CF

 , T2
t =

 CA 0 0
0 CA 0

91/2 91/2 0

 , T2
u=

CF 0 92
0 CA+CF 2
0 1/2 CA+CF

 .
(6.6)

Following ref. [86], one can show that the coefficients H(−,`,k)
qg→qg(H(+,`,k)

qg→qg) are purely imag-
inary(real). The t-channel exchange of an even number of Reggeons contributes only to
H(+,`,k)

qg→qg, while the t-channel exchange of an odd number of Reggeons contributes only to
H(−,`,k)

qg→qg. A single Reggeon exchange contributes to the Regge pole contribution, while a
multiple Reggeon exchange in general can have non-vanishing contributions to both Regge
pole and Regge cuts [41, 87, 90, 91]. Up to next-to-leading logarithmic (NLL) accuracy, the
odd signature amplitude is completely determined by the gluon Regge trajectory and by
the so-called quark and gluon impact factors, that describe the interaction of the reggeized
gluon with external states. The factorization structure for the odd amplitude becomes more
complex in the next-to-next-to-leading logarithmic (NNLL) approximation, as both Regge
pole and Regge cut [86, 88, 92, 93] contribute at this order. For the even amplitude, only
the Regge cut contributes at the NLL level [86] and breaks the simple exponential structure
already at this logarithmic order. Starting from NNLL, the odd-signature amplitude receives
contributions from both Regge pole and Regge cuts. In ref. [91], a scheme has been proposed
to disentangle the two. As in our previous paper [33], we adopt this scheme to study the
high-energy behaviour of qg → qg to three loops up to NNLL.

Following the framework outlined in [91], we assume that, by setting the renormalization
scale to µ2 = −t, eq. (6.3) can be written as

Hqg→qg,± = Zq Zg e
LT2

t τg

3∑
`=0

ᾱ`s
∑̀
k=0

LkO±,(`)k H(0)
qg→qg, (6.7)

where τg =
∑
`=1 ᾱ

`
sτ` is the gluon Regge trajectory and the factors Zq =

∑
`=0 ᾱ

`
sZ

(`)
q and

Zg =
∑
`=0 ᾱ

`
sZ

(`)
g capture the collinear poles of the amplitude [86] for quarks and gluons,

respectively. Up to O(ᾱs) we have

Z
(0)
i = 1 ,

Z
(1)
i = −CiγK1

1
ε2

+ 4γi1
1
ε
,

Z
(2)
i = C2

i

(γK1 )2

2ε4 + Ci

[
1
ε3
γK1

(3β0
4 − 4γi1

)
− γK2
ε2

]
+ 2
ε2
γi1

(
4γi1 − β0

)
+ 8γi2

ε
. (6.8)

The odd signature color operators O−,(`)k contributing at NNLL [86] are

O−,(0)
0 = 1, (6.9)

O−,(1)
0 = Iq1 + Ig1 ,

O−,(2)
0 = [Iq2 + Ig2 + Iq1I

g
1 ] + B−,(2)[(T2

s−u)2 −N2
c /4],

O−,(3)
1 = B−,(3)

1 T2
s−u[T2

t ,T2
s−u] + B−,(3)

2 [T2
t ,T2

s−u]T2
s−u,
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and the even signature ones contributing at NLL [86] are

O+,(1)
0 = iπ B+,(1) T2

s−u,

O+,(2)
1 = iπ B+,(2) [T2

t ,T2
s−u],

O+,(3)
2 = iπ B+,(3) [T2

t , [T2
t ,T2

s−u]]. (6.10)

The coefficients B±,(`) describe the process independent Regge cut contributions [86, 91, 94]
and we report them below for convenience. The odd-signature ones are

B−,(2) = 2π2

3 r2
Γ

( 3
ε2
− 18εζ3 − 27ε2ζ4 +O(ε)

)
,

B−,(3)
1 = 64π2r3

Γ

( 1
48ε2 + 37

24ζ3 +O(ε)
)
,

B−,(3)
2 = 64π2r3

Γ

( 1
24ε2 + 1

12ζ3 +O(ε)
)
, (6.11)

while for even signature one finds

B+,(1) = rΓ
2
ε
,

B+,(2) = −r
2
Γ
2

( 4
ε2

+ 72ζ3ε+ 108ζ4ε
2 +O(ε3)

)
,

B+,(3) = r3
Γ
6

( 8
ε3
− 176ζ3 − 264ζ4ε− 5712ζ5ε

2 +O(ε3)
)
. (6.12)

Iq` and Ig` are the perturbative expansion coefficients of the quark and gluon impact factors;
they can be extracted from the one- and two-loop calculation [83]. The explicit expressions
are rather long and are reported to the required orders in ε in appendix B.

With the perturbative expansion of τg up to the three-loop order obtained in [33] (and
provided in appendix B), we have all the ingredients to fully predict the Regge limit of the
process qg → qg through eq. (6.7), which only requires the tree-level amplitude H(0)

qg→qg as
an input.

We find by explicit calculation that the high energy limit of our results for the qg → qg

three-loop amplitude indeed agrees with this prediction and confirms in particular the
literature results [41, 86, 95–97] for the gluon Regge trajectory as well as quark and gluon
impact factors in QCD. This provides a highly non-trivial test of the universality of high
energy factorization in QCD.

7 Conclusions

In this paper, we have presented the three-loop helicity amplitudes for quark-gluon scattering
processes in full-color, massless QCD. To perform this calculation, we have made use of
various cutting-edge techniques, in particular to handle the Lorentz decomposition of the
scattering amplitude and to solve the highly non-trivial system of integration-by-parts
identities required to reduce the amplitude to master integrals.
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In addition to our previous calculations for the scattering of four quarks and of four
gluons, these latest analytical results confirm predictions for the infrared poles of four-point
amplitudes in QCD, also for processes with external states in different color representations.
Moreover, our results have made it possible to verify the factorization properties of partonic
amplitudes in the Regge limit. With this work, all three-loop amplitudes for parton-
parton scattering processes are publicly available, providing the virtual corrections to dijet
production at N3LO.
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A Anomalous dimensions

In this appendix, we list the perturbative expansions of the cusp anomalous dimension and
of the quark and gluon collinear anomalous dimensions,

γK =
∑
n=0

(
αs
4π

)n+1
γKn , γg/q =

∑
n=0

(
αs
4π

)n+1
γq/gn . (A.1)

The required expansion coefficients of the cusp anomalous dimension read [71–73]

γK0 = 4 ,

γK1 =
(

268
9 − 4π2

3

)
CA −

40
9 nf ,

γK2 = C2
A

(
490
3 − 536π2

27 + 44π4

45 + 88
3 ζ3

)
+ CAnf

(
80π2

27 − 836
27 −

112
3 ζ3

)

+ CFnf

(
32ζ3 −

110
3

)
− 16

27 n
2
f . (A.2)

The required expansion coefficients of the quark collinear anomalous dimension are [78]

γq0 = −3CF ,

γq1 = C2
F

(
−3

2 + 2π2 − 24ζ3

)
+ CFCA

(
−961

54 −
11π2

6 + 26ζ3

)
+ CFnf

(
65
27 + π2

3

)
,
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γq2 = C3
F

(
−29

2 − 3π2 − 8π4

5 − 68ζ3 + 16π2

3 ζ3 + 240ζ5

)

+ C2
FCA

(
−151

4 + 205π2

9 + 247π4

135 − 844
3 ζ3 −

8π2

3 ζ3 − 120ζ5

)

+ CFC
2
A

(
−139345

2916 − 7163π2

486 − 83π4

90 + 3526
9 ζ3 −

44π2

9 ζ3 − 136ζ5

)

+ C2
Fnf

(
2953
54 − 13π2

9 − 14π4

27 + 256
9 ζ3

)

+ CFCAnf

(
−8659

729 + 1297π2

243 + 11π4

45 − 964
27 ζ3

)

+ CFn
2
f

(
2417
729 −

10π2

27 − 8
27 ζ3

)
, (A.3)

while for the gluon collinear anomalous dimension [79] they read

γg0 = −β0 ,

γg1 = C2
A

(
−692

27 + 11
3 ζ2 + 2ζ3

)
+ CAnf

(128
27 −

2
3ζ2

)
+ 2CFnf ,

γg2 = C3
A

(−97186
729 + 6109

81 ζ2 + 122
3 ζ3 −

319
3 ζ4 −

40
3 ζ2ζ3 − 16ζ5

)
+ C2

Anf

(30715
1458 −

1198
81 ζ2 + 356

27 ζ3 + 82
3 ζ4

)
− 11

9 CFn
2
f − C2

Fnf

+ CACFnf

(1217
27 − 2ζ2 −

152
9 ζ3 − 8ζ4

)
+ CAn

2
f

(
− 269

1458 + 20
27ζ2 −

56
27ζ3

)
. (A.4)

B Impact factors and gluon Regge trajectory

In this appendix we provide expressions relevant for the high-energy limit of the three-loop
amplitude discussed in the main text. The expansion coefficients for the quark and gluon
impact factors up to two loops read

Iq1 =
4− ζ2

2
Nc

+Nc

(7ζ2
2 + 13

18

)
− 5nf

9

+ε

[
Nc

(
−ζ2

6 + 10ζ3
3 + 40

27

)
+ 1
Nc

(
−3ζ2

4 −
7ζ3
3 +8

)
+nf

(
ζ2
6 −

28
27

)]
+ε2

[
Nc

(
−13ζ2

36 + 35ζ4
16 −

7ζ3
9 + 242

81

)
+ 1
Nc

(
−2ζ2−

47ζ4
16 −

7ζ3
2 +16

)
+nf

(5ζ2
18 + 7ζ3

9 −
164
81

)]
+ε3

[
Nc

(
−26ζ2ζ3

3 − 20ζ2
27 −

47ζ4
48 + 36ζ5

5 − 91ζ3
54 + 1456

243

)
+ 1
Nc

(7ζ2ζ3
6 −4ζ2−

141ζ4
32 − 31ζ5

5 − 28ζ3
3 +32

)
+nf

(14ζ2
27 + 47ζ4

48 + 35ζ3
27 −

976
243

)]

– 17 –



J
H
E
P
1
2
(
2
0
2
2
)
0
8
2

+ε4
[ 1
Nc

(
7ζ2ζ3

4 −8ζ2−
47ζ4

4 − 93ζ5
10 + 49ζ2

3
18 −

56ζ3
3 − 949π6

120960 +64
)

+Nc

(
7ζ2ζ3

18 − 121ζ2
81 − 611ζ4

288 −
31ζ5
15 −

91ζ2
3

18 −
280ζ3

81 − 977π6

120960 + 8744
729

)

+nf

(
−7ζ2ζ3

18 + 82ζ2
81 + 235ζ4

144 + 31ζ5
15 + 196ζ3

81 − 5840
729

)]
+O(ε5) , (B.1)

Iq2 =−3N2
c ζ2

2ε2 +N2
c

(87ζ2
4 + 25ζ4

16 + 41ζ3
9 + 22537

2592

)
+ 1
N2
c

(21ζ2
4 − 83ζ4

16 −
15ζ3

2 + 255
32

)
+Ncnf

(
−4ζ2−

23ζ3
9 − 650

81

)
+ nf
Nc

(
−ζ2−

19ζ3
9 − 505

81

)
+

25n2
f

54 + 19ζ2
2

− 47ζ4
8 − 205ζ3

18 + 28787
648

+ε

[
N2
c

(161ζ2ζ3
6 + 4055ζ2

144 + 587ζ4
12 + 49ζ5

2 + 898ζ3
27 + 911797

15552

)
+n2

f

(140
81 −

5ζ2
18

)
+ 1
N2
c

(49ζ2ζ3
6 + 325ζ2

16 − 201ζ4
16 −3ζ5−

166ζ3
3 + 2157

64

)
+Ncnf

(
−61ζ2

36 −
247ζ4

24 − 85ζ3
27 −

36031
972

)
− 5507ζ3

54 + 746543
3888

+ nf
Nc

(
−13ζ2

4 − 83ζ4
24 −

17ζ3
27 −

11983
486

)
+13ζ2ζ3 + 115ζ2

8 − 1283ζ4
48 + 121ζ5

2

]
+ε2

[
N2
c

(
−3613ζ2ζ3

18 + 5131ζ2
864 + 31811ζ4

288 + 94ζ5
5 − 293ζ2

3
18 + 12007ζ3

648 + 3251π6

120960

+23246941
93312

)
+Ncnf

(625ζ2ζ3
18 + 1475ζ2

108 − 779ζ4
72 − 143ζ5

5 + 1993ζ3
81 − 805855

5832

)
+ 1
N2
c

(
10ζ2ζ3 + 2287ζ2

32 − 5627ζ4
64 − 9ζ5

2 + 1255ζ2
3

18 − 6205ζ3
24 + 7193π6

120960 + 13575
128

)

+ nf
Nc

(31ζ2ζ3
9 − 45ζ2

4 − 503ζ4
144 −

151ζ5
15 + 623ζ3

81 − 227023
2916

)
+n2

f

(
−53ζ2

54 + 5ζ4
48 −

35ζ3
27 + 404

81

)
+ 1613ζ2ζ3

36 + 197ζ2
24 − 27175ζ4

144 + 791ζ5
30

+ 1621ζ2
3

18 − 170951ζ3
324 + 17π6

70 + 16114247
23328

]
+O(ε3) , (B.2)

and

Ig1 =Nc

(
4ζ2−

67
18

)
+ 5nf

9 +ε

[
Nc

(17ζ3
3 + 11ζ2

12 −
202
27

)
+nf

(
−ζ2

6 + 28
27

)]

+ε2
[
Nc

(41ζ4
8 + 77ζ3

18 + 67ζ2
36 −

1214
81

)
+nf

(
−7ζ3

9 −
5ζ2
18 + 164

81

)]
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+ε3
[
Nc

(
−59ζ2ζ3

6 + 67ζ5
5 + 517ζ4

96 + 469ζ3
54 + 101ζ2

27 − 7288
243

)

+nf

(
−47ζ4

48 −
35ζ3
27 −

14ζ2
27 + 976

243

)]

+ε4
[
Nc

(
− π6

4320−
70ζ2

3
9 − 77ζ2ζ3

36 + 341ζ5
30 + 3149ζ4

288 + 1414ζ3
81 + 607ζ2

81 − 43736
729

)

+nf

(7ζ2ζ3
18 − 31ζ5

15 −
235ζ4
144 −

196ζ3
81 − 82ζ2

81 + 5840
729

)]
+O(ε5) , (B.3)

Ig2 =−3N2
c ζ2

2ε2 +N2
c

(9ζ4
4 + 88ζ3

9 + 335ζ2
18 − 26675

648

)
+Ncnf

(2ζ3
9 −

25ζ2
9 + 2063

216

)
+ nf
Nc

(
2ζ3−

55
24

)
−

25n2
f

162

+ε

[
N2
c

(
22ζ2ζ3−39ζ5 + 275ζ4

4 + 1865ζ3
18 + 3191ζ2

72 − 98671
648

)

+Ncnf

(
−19ζ4

2 − 157ζ3
9 − 871ζ2

108 + 149033
3888

)

+ nf
Nc

(
3ζ4 + 19ζ3

3 + ζ2
4 −

1711
144

)
+n2

f

(5ζ2
54 −

140
243

)]

+ε2
[
N2
c

(
−4733π6

30240 −
659ζ2

3
18 − 8987ζ2ζ3

36 − 187ζ5
5 + 16103ζ4

64 + 121859ζ3
324 + 71263ζ2

648

−6140957
11664

)
+Ncnf

(781ζ2ζ3
18 + 104ζ5

5 − 5803ζ4
144 − 5698ζ3

81 − 1645ζ2
72 + 3197809

23328

)
+ nf
Nc

(
−2ζ2ζ3 +14ζ5 + 19ζ4

2 + 197ζ3
9 + 55ζ2

24 −
42727
864

)

+n2
f

(
− 5ζ4

144 + 35ζ3
81 + 53ζ2

162 −
404
243

)]
+O(ε3) . (B.4)

In order to express the gluon Regge trajectory, we define

K(αs(µ)) = −1
4

∫ µ2

∞

dλ2

λ2 γ
K
(
αs(λ2)

)
, (B.5)

with the perturbative expansion K =
∑
`≥1K`ᾱ

`
s. The coefficients up to third order are

K1 = γK0
ε
,

K2 = 2γK1
ε
− β0γ

K
0

2ε2 ,

K3 = 16γK2
3ε −

4β0γ
K
1 + 4β1γ

K
0

3ε2 + β2
0γ

K
0

3ε3 . (B.6)

The expansion coefficients of the gluon Regge trajectory τ` can then be written as [33, 41]

τ1 = eεγE
Γ(1−ε)2Γ(1+ε)

Γ(1−2ε)
2
ε
,

– 19 –
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τ2 =K2−
56nf
27 +Nc

(404
27 −2ζ3

)
+ε

[
Nc

(2428
81 −66ζ3−

67ζ2
9 −3ζ4

)

+nf

(
12ζ3−

328
81 + 5π2

27

)]
+ε2

[
Nc

(
82ζ5 + 142ζ2ζ3

3 − 4556ζ3
27 + 14576

243

− 404ζ2
27 − 2321ζ4

24

)
+nf

(680ζ3
27 − 1952

243 + 56ζ2
27 + 211ζ4

12

)]
+O(ε3),

τ3 =K3 +N2
c

(
16ζ5 + 40ζ2ζ3

3 − 77ζ4
3 − 6664ζ3

27 − 3196ζ2
81 + 297029

1458

)
+n2

f

(928
729−

128ζ3
27

)
+Ncnf

(412ζ2
81 + 2ζ4

3 + 632ζ3
9 − 171449

2916

)
+ nf
Nc

(
−4ζ4−

76ζ3
9 + 1711

108

)
+O(ε). (B.7)

Note that since one can expand τ1 = K1 + O(ε), the poles of τg are given exactly by K
defined in eq. (B.5) (see also ref. [91]).

The expressions above are also provided in electronic format in the arXiv submission
of this article.

Open Access. This article is distributed under the terms of the Creative Commons
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