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1 Introduction

Extensions of the Standard Model that can explain the smallness of neutrino masses generi-
cally provide a mechanism to explain the matter-antimatter asymmetry in the Universe [1].
The most minimal of these realizations is arguably the minimal type-I seesaw model [2–5],
an extension with two Majorana singlet fermions that can couple to the SM via the fermion
portal. The massive lepton sector includes light neutrinos, and additional heavy neutral lep-
tons (HNLs) that can be searched for in meson, gauge boson and higgs decays. The possibil-
ity to explain the baryon asymmetry of the Universe (BAU) in this model has been studied
extensively, and it has been shown to be a robust prediction in a wide range of masses of the
heavy states, ranging from sub-GeV up to ∼ 1015 GeV. The lower limit is set by constraints
from cosmology [6] and big bang nucleosynthesis (see [7] and refs. therein), while the up-
per limit is set by the requirement of perturbative Yukawa couplings. As dictated by the
Sakharov conditions, a matter-antimatter asymmetry can be generated dynamically above
the electroweak (EW) phase transition by effective B + L-violating sphaleron processes,
combined with CP-odd asymmetries created in an out-of-thermal equilibrium process. The
type of such process varies depending on the masses of the heavy Majorana singlets. While
for heavy masses, the relevant process is out-of-equilibrium decay of these particles at
freeze-out [1, 8, 9], in the case of lighter masses, the relevant process is heavy neutrino
oscillations at freeze-in [10, 11]. It has been shown recently that there is a description that
allows to treat both regimes and interpolates smoothly the region in between [12, 13]. A set
of quantum Boltzmann equations need to be solved for some fixed input parameters of the
model to obtain a quantitative prediction of the baryon asymmetry. The interaction rates
involved in these processes have been computed to a high level of sophistication in [14].

An interesting question is to what extent this scenario can be tested. The answer
depends strongly on the scale of the Majorana masses. If these masses are too large to
be produced in particle or cosmic accelerators, one could hope to follow the traces left in
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the form of higher dimensional operators. The leading d=5 being the famous Weinberg
operator [15] that generates light neutrino masses, and can be tested by searching for
neutrinoless double-beta decay. Generically also d ≥ 6 operators are expected [16, 17],
leading potentially to very interesting signals in charged lepton processes, non-unitarity of
the leptonic mixing matrix, etc. [18–26].

A more interesting possibility is, however, that the masses are not so large and these
neutrino mass mediators can be produced at colliders, or in rare processes, such as displaced
meson decays. This possibility has been studied extensively in recent years and it has been
shown that the parameter space that leads to successful baryogenesis can in fact be largely
explored [27–41].

It is well known that there are strong correlations between baryogenesis and the prop-
erties of the HNLs (such as their masses and mixings to the various lepton flavours),
neutrino masses and the amplitude of neutrinoless double-beta decay. In particular, upper
and lower bounds on HNLs mixings for successful baryogenesis have been studied numeri-
cally in [13, 27, 30, 35, 39, 40]. The precise form of these correlations is, however, difficult
to reveal from numerical studies. In this paper we address this question analytically, by
developing a new perturbative scheme to solve the Boltzmann equations involved in the
production of the baryon asymmetry, that takes into account mass effects in the interaction
rates, and allows an accurate description of all the washout regimes. A very useful tool
in this context is that of CP flavour invariants. This allows us to accurately rewrite the
baryon asymmetry in terms of parameterization-independent CP invariants that can then
be easily correlated to other flavour observables. This connection allows us to expose and
understand these correlations, and predict the constraints on the baryon asymmetry that
could be derived from putative future measurements of HNLs, CP violation in neutrino
oscillations and neutrinoless double-beta decay, or alternatively to understand the bounds
on HNL parameters from the baryon asymmetry. A similar analysis in the context of
high-scale leptogenesis led to the celebrated Davidson-Ibarra bound [42].

The paper is organized as follows. In section 2 we introduce the model, set our notation
and identify the various relevant regimes for the production of the baryon asymmetry and
associate each of them to a parameterization-independent CP invariant. We then relate
those CP invariants to neutrino masses and HNL parameters in section 3. In section 4 we
review the Boltzmann equations needed in the computation of the baryon asymmetry, and
develop a perturbative method to get an analytical approximate solution to the equations
in the various regimes, recovering the expected dependence on the CP invariants. In
section 5, we use the analytical results to derive bounds on the HNL parameters from the
baryon asymmetry. In section 6 we present the comparison of the numerical solution to our
analytical results and perform a numerical scan of the HNL mixing versus mass testable
parameter space for successful baryogenesis. In section 7, we consider the correlation with
other observables such as the flavour of the HNL mixings and neutrinoless double-beta
decay. We conclude in section 8.
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2 The model, Sakharov conditions and CP invariants

We consider the well-known type-I seesaw model, which includes the SM and n ≥ 2 addi-
tional fermion singlets, N i. The most general renormalizable Lagrangian is

L = LSM −
∑
α,i

L̄αY αiΦ̃N i −
n∑

i,j=1

1
2N̄

icMRijN
j + h.c. ,

where Y is a 3×n complex matrix and MR is a n×n complex symmetric matrix. L is the
fermion doublet and Φ̃ = iσ2Φ∗ is the Higgs doublet.

As long as n ≥ 2 the model can explain the measured light neutrino masses and
mixings, but contains n additional HNLs. In the limit MR � Y 〈Φ〉, the light neutrino
masses are well approximated by the well-known seesaw formula:

−mν = v2YM−1
R Y T , (2.1)

where 〈Φ〉 = v and
√

2v = 246 GeV, while the masses of the HNLs are the eigenvalues of
the matrix MR up to small corrections.

The HNLs interact with the gauge bosons and the higgs via the mixing:

Θ ∼ vYM−1
R ∼ O

(√
mν

MR

)
. (2.2)

According to this naive scaling, for HNL masses at the electroweak scale, the mixings are
very small and difficult to test.

It is well known [43–51] that for certain textures of Y and MR, that are consistent
with an exact lepton number (LN) symmetry, the naive scaling of eq. (2.2) breaks down.
Neutrino masses in eq. (2.1) vanish exactly, while Θ is unsuppressed.

We will focus on the minimal n = 2 model for which the symmetric texture is of the
form [51]

Y =


ye 0
yµ 0
yτ 0

 , MR =

0 Λ
Λ 0

 , (2.3)

corresponding to a lepton number assignment L(N1) = −L(N2) = 1. The exact lepton
number symmetry ensures three massless neutrinos and degenerate HNLs. Note that the
matrix Y †Y has then a vanishing eigenvalue, which means that one combination of the
sterile states does not couple to leptons.

Obviously, three neutrinos remain exactly massless in the symmetric limit, and beyond
this limit they are proportional to the symmetry-breaking entries, y′α and µi:

Y =


yee

iβe y′ee
iβ′e

yµe
iβµ y′µe

iβ′µ

yτe
iβτ y′τe

iβ′τ

 , MR =

µ1 Λ
Λ µ2

 . (2.4)
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Note that we use a parameterization where all the complex phases are included in Y . In
appendix A, we will show explicitly that this is the case and, remarkably, that we can also
consider µ1 = µ2 in all generality.

The breaking of the symmetry induced by the different terms is the same: ∆L(µ1) =
∆L(µ2) = ∆L(y′α) = 2, and therefore it is natural to assume no large hierarchy between
these parameters, in particular |y′α/yβ | and µi/Λ. On the other hand, while the parameters
y′α and µ2 contribute to neutrino masses at tree level as:

− (mν)αβ = v2

Λ

(
Yα1Yβ2 + Yα2Yβ1 − Yα1Yβ1

µ2
Λ +O

(
µ3
i

Λ3

)
+O

(
µ1y

′2
α

Λ

)
+O

(
µ2
i y
′
α

Λ2

))
,

(2.5)
the leading µ1 contribution only shows up at 1-loop. For this reason, µ1 can be larger than
µ2 without spoiling light neutrino masses. However, the same parameter can induce a large
mass splitting between the HNLs and this is not a favourable regime for low scale leptogen-
esis. For this reason, we will assume that all symmetry breaking parameters are small com-
pared to the symmetric ones. In particular, we would like to remark that in this symmetry
protected scenario, µ1 = µ2 can be considered in all generality, as shown in appendix A.

In this paper, we will compute analytically the baryon asymmetry generated in this
model by perturbing around the symmetric limit, that is via a series expansion in the small
symmetry breaking parameters.

2.1 Sakharov conditions and regimes

The necessary Sakharov conditions for the production of the baryon asymmetry are satisfied
in this model in the following way. New sources of CP violation appear in the couplings
Y and MR. Baryon number violation is ensured by sphaleron processes active above the
electroweak phase transition [52], i.e. T ≥ TEW = 131.7GeV [53]. The out-of-equilibrium
condition requires that some of the species are not in thermal equilibrium. In the low
mass regime, the asymmetry is generated during the production of the heavy states, Ni,
i.e. before they reach full thermal equilibrium. The production of the state Ni, occurs via
direct production from inverse decays, LαH ↔ Ni, or various 2 → 2 scattering processes,
with strength Yαi. The different mass eigenstates are produced coherently in a state of
flavour α, Nα ∝

∑
i YαiNi. CP asymmetries arise then from the interference of CP violating

phases in Y,MR and the CP conserving oscillation phases Nα ↔ Nβ [10].

2.1.1 Time scales and slow modes

In an expanding universe, the efficiency of plasma interactions in thermalizing the states
involved depends on whether the interaction rates are larger or smaller than the Hubble
expansion rate, Hu(T ), which in the range of temperatures of our interest is dominated by
radiation and given by

Hu(T ) = T 2

M∗P
, (2.6)

with

M∗P ≡
√

45
4π3g∗(T )MPlanck . (2.7)
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We assume the number of thermal relativistic degrees of freedom at temperature T to be
g∗(T ) = 106.75 throughout the evolution, that is, we neglect the HNLs contribution.

The baryon asymmetry is exponentially suppressed if all the relevant processes involved
in its generation are fast compared with the Hubble expansion rate. So, as first noted by
Sakharov, the rates for some of these processes must remain below Hu(T ). We can distin-
guish various regimes depending on what modes satisfy this condition at the electroweak
phase transition, TEW.

A first relevant scale in the problem is the one related to the vacuum oscillation rate,
which is not a thermalization rate, but it is the scale at which CP asymmetries build up:

Γosc(T ) ∝ M2
2 −M2

1
T

, (2.8)

where Mi are the mass eigenvalues of the heavy states above the EW phase transition.
Secondly, we have the scattering, decay or inverse decay rates. At temperatures such

that T � Mi, the HNLs can be assumed relativistic in the corresponding processes. In
this case the interaction rate with flavour α is given by:

Γα(T ) ∝ εαΓ(T ), Γ ∝ Tr[Y Y †]T, εα ≡
(Y Y †)αα
Tr[Y Y †] . (2.9)

A flavour hierarchy in the Yukawa couplings can result in a hierarchy in the corresponding
interaction rates.

There are, however, slow modes that do not thermalize with this rate, owing to the
approximate zero mode of Y †Y , related to the approximate LN symmetry. The thermal-
ization rate of this mode involves oscillations and is of the form

Γslow
osc ∝ PoscΓ ≤ Γ , (2.10)

where Posc can be thought of as an oscillation probability which is Posc → 1 when Γosc � Γ,
while Posc → 0 when Γosc � Γ (oscillations are damped). Note that this rate may be
suppressed even in strong washout, i.e. when Γ � Hu, as long as the mass difference,
|M2 −M1|, is sufficiently small.

When Mi/T corrections are included in the rates, there is an additional slow mode,
related to LN. The corresponding slow rate is (we assume M ≤ TEW ):

Γslow
M ∝

(
Mi

T

)2
Γ ≤ Γ . (2.11)

When both slow rates become large compared to Hu, and no significantly flavour effects are
present, full thermalization is achieved. If this happens before TEW, the baryon asymmetry
is exponentially suppressed.

A large fraction of the parameter space of the model, compatible with the light neutrino
masses, satisfies

Γosc(TEW),Γ(TEW) ≥ Hu(TEW) . (2.12)

This regime is also the most interesting one, as regards testability prospects, since it corre-
sponds to large mixing of the HNLs. In particular most of the accessible parameter space
for future experiments corresponds to the strong washout regime Γ(TEW)� Hu(TEW).
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Figure 1. Boundaries of washout regimes and regions described in the text on the plane |U |2
versus M for two choices of ∆M/M .

2.1.2 Washout regimes

Different regimes can be identified depending on the relative strength of the rates that
remain below Hu at TEW . In figure 1 we show the different regimes on the plane mixing of
the HNL, U2 ≡

∑
α |Θα1|2 '

∑
α |Θα2|2, versus their mass, M1 ' M2, with light neutrino

masses properly accounted for (see section 3), and for two fixed values of the degeneracy
|M2 −M1|/M1.

• Weak washout
Defined by the condition

Γα(TEW ) < Γ(TEW ) < Hu(TEW ) . (2.13)

The thermalization rates of all modes are slow compared to the Hubble rate, so an
asymmetry can survive at TEW. The condition of eq. (2.13) can be translated on
the plane |U2| versus Mi, leading to an upper bound on the mixing, as shown in
figure 1. Unfortunately, this regime is beyond reach of future experiments such as
FCC [54–56] and could be reached only in the lowest mass region at SHiP [57, 58],
where constraints from BBN are significant. An analytical approximate solution for
the baryon asymmetry in this regime was first studied in [11], and including the
connection to neutrino masses and other observable parameters in [31–33].

• Flavoured weak washout
When there is a hierarchy in εα, eq. (2.9), we might have

Γα(TEW) < Hu(TEW) < Γ(TEW) , (2.14)

for some α = e, µ, τ . The flavour α remains the reservoir of the baryon asymmetry.
In figure 1, we show the band corresponding to eq. (2.14). This regime reaches up to
two order magnitude larger couplings than in the weak washout.

When Γα(TEW) ≥ Hu(TEW) for all α, the asymmetry can only survive if any of the
slow modes, in eqs. (2.10) and/or (2.11), remain in weak washout. Depending on which
one of them does we can distinguish two additional regimes:
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• Overdamped regime
When

ε ≡ Γosc
Γ � 1 , (2.15)

oscillations are damped by the faster interactions in the plasma and

Posc ∝ ε2 . (2.16)

As a result the slow thermalization rate of eq. (2.10) is suppressed as

Γslow
osc = ε2Γ . (2.17)

In strong washout, Γ� Hu, the overdamped regime is defined by the condition

Γslow
osc (TEW) < Hu(TEW) , (2.18)

which implies a lower limit on the mixing, as is shown in figure 1.

• Weak lepton number violating (wLNV) regime
When M/T terms are not negligible but still

Γslow
M (TEW) < Hu(TEW) , (2.19)

the asymmetry can survive even when all other rates are larger than Hu. This con-
dition implies an upper limit in the mixing, although significantly less restrictive for
small masses than the flavoured weak washout, as shown in figure 1. It is important
to stress that this regime is not relevant if M/T corrections are neglected: there
is effectively an exact lepton number symmetry in this case and no asymmetry is
generated in the slow mode direction.

In the unshaded regions of figure 1 the Sakharov conditions are not fulfilled at TEW,
and therefore the asymmetry is exponentially suppressed. Only exponential fine-tunning
could reproduce the baryon asymmetry.

Within the shaded regions the generation of the asymmetry is most important at Tosc
defined as:

Γosc(Tosc) = Hu(Tosc) , (2.20)
that is when the oscillation rate is the same as the Hubble expansion rate. As we will see the
asymmetry generated depends on the relative strength of Γosc and Γ at this temperature.
The dashed line on the figure 1 separates two regions:

• Intermediate region (above dashed line)

Γosc(Tosc)� Γ(Tosc) . (2.21)

• Fast oscillation region (below dashed line):

Γosc(Tosc)� Γ(Tosc) . (2.22)

Analytical approximations for the baryon asymmetry in the fast oscillation region
in the limit of ΓM → 0 have been previously derived in [31, 33, 36, 59], while for the
overdamped regime semi-analytical solutions in the same limit have been presented in [36].
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2.2 CP-violating flavour invariants and baryogenesis

CP violation is a subtle effect related to the presence of physical complex couplings that
generically involve many flavour parameters. The so-called CP flavour invariants [60–67] are
flavour-basis-independent quantities that incorporate the involved parameter dependencies
that make the complex couplings physical. All CP violating observables such as the baryon
asymmetry must be proportional to a combination of such CP flavour invariants. Our goal
is to obtain these relations, that will then provide a strong crosscheck of the analytical
approximations to the baryon asymmetry derived in section 4, which are expected to be
proportional to such invariants. Further, this can allow to derive robust connections to
other observables.

CP flavour invariants are constructed out of the flavour parameters in the model, i.e.
the physical parameters in the matrices Y and MR, as well as the charged lepton Yukawa
matrix, Yl. If the observable in question can be obtained as a series expansion in these
matrices, the relevant CP flavour invariants are polynomials in the matrices, which are
invariant under flavour basis transformations and have an imaginary part. An exhaustive
list of invariants in this model has been found using the Hilbert series in [65–67]. Note
that the baryon asymmetry is not expected to be proportional to any of those basic invari-
ants, since the dependence on M or Y need not be polynomial, and the thermal plasma
provides a reference that distinguishes the charged lepton flavour. However they do con-
tain the building blocks from which the flavoured or unflavoured invariants that appear in
leptogenesis can be obtained.

In order to construct the relevant CP invariants to our problem, let us first consider
how Y , Yl and MR are transformed under a change of flavour basis that leaves the kinetic
and gauge interactions invariant:

Y → V †YW, Yl → V †YlU, MR →W TMRW , (2.23)

where U, V, and W are respectively generic three or two-dimensional unitary matrices,
Taking this into account, we can consider the following hermitian combinations

h = Y †Y →W †hW, h = Y †YlY
†
l Y →W †hW, HM = M †RMR →W †HMW . (2.24)

Combinations that involve MR only via the hermitian matrix HM are not sensitive to the
Majorana character.1 They are relevant for the lepton number conserving (LNC) case, i.e.
when Mi/T effects in the rates are neglected.

2.2.1 LNC invariants

The simplest invariant built up out of Y, Yl and M , which does not vanish when the
Majorana character is irrelevant, is given by [65]

I0 = Im
(
Tr
[
hHMh

])
. (2.25)

1If we consider MR a spurion that enforces rephasing invariance of the Majorana fields, MR picks a
phase under this transformation while HM remains invariant.
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In the basis in which Yl and MR are diagonal, with eigenvalues ylα and Mi respectively,
the above quantity can be written as

I0 = 1
2
∑
α

y2
lα

∑
i,j

(
M2
j −M2

i

)
Im
[
Y ∗αjYαi

(
Y †Y

)
ij

]
(2.26)

=
∑
α

y2
lα

∑
i<j

(
M2
j −M2

i

)
Im
[
Y ∗αjYαi

(
Y †Y

)
ij

]
≡
∑
α

y2
lα ∆α .

Note that ∑
α

∆α = Im (Tr [hHMh ]) = 0 , (2.27)

because the matrix in the trace is hermitian and therefore its trace is real.
At the temperatures we are interested in, the plasma can distinguish the charged lepton

flavours. The lepton CP asymmetry generated in the neutral lepton sector in flavour α is
proportional to the basic quantity ∆α, and the net lepton asymmetry is given by a weighted
combination of ∆α, with different weights in different regimes.

Overdamped regime. Since ∆α ∝ ∆M ∼ Γosc, and the coherent oscillation is cut off
by Γ−1

α we expect

∆ov
LNC ∝

∑
α

∆α

Γα
. (2.28)

Including an extra invariant normalization to match the analytical result in section 4.3,
the full flavour-dependence of the asymmetry in this regime will be proportional to:

∆ov
LNC = 1

[Tr (Y †Y )]2
∑
α

1
(Y Y †)αα

∑
i<j

(
M2
j −M2

i

)
Im
[
Y ∗αjYαi

(
Y †Y

)
ij

]
. (2.29)

Flavoured weak washout. There must be a weakly coupled flavour, α, for the asym-
metry to survive. In the intermediate region, eq. (2.21), the net asymmetry is simply the
one obtained in flavour α:

∆int(α)
LNC = ∆α . (2.30)

In the fast oscillation region, eq. (2.22), the invariant that controls the production of
asymmetry is not simply proportional to Γosc since this rate is large. A more general
dependence on the masses is expected, but in any case it should be of the form

∆osc (α)
LNC =

∑
i<j

g(Mi,Mj)Im
[
Y ∗αjYαi

(
Y †Y

)
ij

]
, (2.31)

where g(Mi,Mj) is an antisymmetric function of the two arguments. The precise form of
this function will be fixed after matching to the analytical solution.

2.2.2 LNV invariants

When M/T corrections to the rates cannot be neglected, additional invariants become
relevant, that are sensitive to the Majorana character of the HNLs.
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The simplest non-vanishing invariant of this type is given by [63, 65]

I1 = Im {Tr [hHMM
∗h∗M ]} =

∑
i<j

(
M2
j −M2

i

)
MiMjIm

[
(hij)2

]
=
∑
α

∑
i<j

(
M2
j −M2

i

)
MiMjIm

[
YαjY

∗
αi

(
Y †Y

)
ij

]
≡
∑
α

∆M
α . (2.32)

Note that it does not involve the charged lepton Yukawa.

Overdamped regime. The asymmetry in the overdamped regime is expected to be
proportional to the full invariant up to a normalization:

∆ov
LNV = 1

[Tr (Y †Y )]2
∑
α

∆M
α (2.33)

= 1
[Tr (Y †Y )]2

∑
α

∑
i<j

(
M2
j −M2

i

)
MiMjIm

[
YαjY

∗
αi

(
Y †Y

)
ij

]
.

Again, the extra normalization factor is introduced to match the analytical result to be
shown in section 4.3.

Flavoured weak washout. The asymmetry is that obtained in flavour α and the ex-
pected invariant is thus given by:

∆int (α)
LNV = ∆M

α

[Tr (Y †Y )]2

= 1
[Tr (Y †Y )]2

∑
i<j

(
M2
j −M2

i

)
MiMjIm

[
YαjY

∗
αi

(
Y †Y

)
ij

]
, (2.34)

for the intermediate regime, where we introduce the same normalization factor as in the
previous case, eq. (2.33).

In the fast oscillation region we expect:

∆osc
LNV = 1

Tr (Y †Y )
∑
α

∑
i<j

Im
[
YαjY

∗
αi

(
Y †Y

)
ij

]
gM (Mi,Mj) , (2.35)

where the antisymmetric function gM (Mi,Mj) will be determined after matching to the
analytical solution.

3 CP invariants versus neutrino masses

Let us first show the expressions for the CP invariants presented in the previous section
considering the parameterization given in eq. (2.4), and expanding in the small symmetry
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breaking parameters y′β and µ2.

∆ov
LNC

M2
2 −M2

1
= −2

∑
α

yαy
′
α sin ∆βα
y2

( 1
y2
α

− 3
y2

)
, (3.1)

∆int(α)
LNC

M2
2 −M2

1
= ∆osc (α)

LNC
g(M1,M2) = 1

2
∑
β 6=α

(
y2
αyβy

′
β sin ∆ββ − yαy′αy2

β sin ∆βα
)
, (3.2)

∆ov
LNV

M1M2(M2
2 −M2

1 ) = 1
y2

∆osc
LNV

gM (M1,M2) = −
∑
α yαy

′
α sin ∆βα
y2 , (3.3)

∆int(α)
LNV

M1M2(M2
2 −M2

1 ) = −1
2

(
yαy

′
α sin ∆βα
y2 + y2

α

y2

∑
β yβy

′
β sin ∆ββ
y2

)
, (3.4)

where y2 = ∑
α |Yα1|2 = ∑

α y
2
α. The CP phases appear in the combinations ∆βα = β′α−βα.

This is expected since in the minimal model with two HNLs there are only three physical
phases: the Majorana and Dirac phases included in the PMNS matrix and another phase
associated to the HNL sector. Recall that in the symmetric limit (y′α = µ2 = 0) there is
no CP violation (see also appendix A).

On the other hand, the CP invariants can be related to the physical neutrino masses and
other observable HNL parameters. Using eq. (2.5), the light neutrino mass constraint reads

− (mν)αβ = v2

Λ

(
Yα1Yβ2 + Yα2Yβ1 − Yα1Yβ1

µ2
Λ

)
=
(
U∗mU †

)
αβ

, (3.5)

where U = U(θ12, θ13, θ23, δ, φ) is the PMNS matrix2 describing the light neutrino mixing
observed in neutrino oscillation experiments, and m is the diagonal matrix of the light
neutrino masses. The Yukawa couplings can then be written as a function of the PMNS
and neutrino mass parameters [51]. The expressions differ in the normal and inverted
hierarchy case.

Normal Hierarchy (NH). The Yukawas satisfy

Yα1 = e−iθ/2y√
2

(
U∗α3

√
1 + ρ+ U∗α2

√
1− ρ

)
, (3.6)

Yα2 = eiθ/2y′√
2

(
U∗α3

√
1 + ρ− U∗α2

√
1− ρ

)
+ ∆M

4M
e−iθ/2y√

2

(
U∗α3

√
1 + ρ+ U∗α2

√
1− ρ

)
,

where y is a real free parameter and3

ρ =

√
∆m2

atm −
√

∆m2
sol√

∆m2
atm +

√
∆m2

sol

, y′ = M

2v2y

(√
∆m2

atm +
√

∆m2
sol

)
. (3.7)

Note that besides the phases in the PMNS matrix, there is an additional phase, θ, associated
to the HNL sector, that will play a major role in the baryon asymmetry.

2We use the parameterization of the PDG [68].
3In this parameterization m3 < 0 (m2 < 0) for NH (IH) [51]. This negative sign can be reabsorbed with

a redefinition of the Majorana phase included in the PMNS matrix U .
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Inverted Hierarchy (IH). In this case, we have

Yα1 = e−iθ/2y√
2

(
U∗α2

√
1 + ρ+ U∗α1

√
1− ρ

)
, (3.8)

Yα2 = eiθ/2y′√
2

(
U∗α2

√
1 + ρ− U∗α1

√
1− ρ

)
+ ∆M

4M
e−iθ/2y√

2

(
U∗α2

√
1 + ρ+ U∗α1

√
1− ρ

)
,

where again y is real and arbitrary while

ρ =

√
∆m2

atm −
√

∆m2
atm −∆m2

sol√
∆m2

atm +
√

∆m2
atm −∆m2

sol

,

y′ = M

2v2y

(√
∆m2

atm +
√

∆m2
atm −∆m2

sol

)
. (3.9)

The parameters of the right handed neutrino Majorana mass matrix are related to the
physical HNL masses as (recall that we assume µ2 = µ1)

µ2 = M2 −M1
2 ≡ ∆M

2 , Λ = M2 +M1
2 ≡M . (3.10)

Note that y essentially gives the magnitude of the |Yα1| Yukawa couplings, while y′ and
∆M/M sets the scale of |Yα2|.

The HNL flavour mixing is given by

Θ∗ = Y vM−1
R W ∗, (3.11)

where W is the unitary matrix which diagonalizes MR, see eq. (A.12). In particular, we
obtain

U2 ≡
∑
α

|ΘαI |2 = y2v2

2M2

[
1± 3∆M

4M ∓ 2 ρ cos θ y
′

y
+O

(
y′2

y2

)
+O

(
(∆M)2

M2

)]

≈ y2v2

2M2 , (3.12)

where the upper (lower) sign corresponds to the first (second) heavy mass eigenstate.
Using the above expressions, we can rewrite the CP invariants of

eqs. (2.29), (2.30), (2.31), (2.33), (2.34) and (2.35) as a function of the physical pa-
rameters. In order to illustrate the main dependencies, we will expand over y′/y, ∆M/M

and the small light neutrino parameters

r ≡

√
∆m2

sol√
∆m2

atm

∼ θ13 ∼ |θ23 − π/4| ∼ 10−1 . (3.13)
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At leading order in the expansion parameters we obtain the following simple expressions:

Normal Hierarchy.

∆ov
LNC

M2
2 −M2

1
≈ −

v2
√

∆m2
atm

8M3U4 sθ , (3.14)

∆int(e)
LNC

M2
2 −M2

1
= ∆osc (e)

LNC
g(M1,M2) ≈ U

2M3

√
∆m2

atm

v4 r s2
12sθ , (3.15)

∆int(µ)
LNC

M2
2 −M2

1
= ∆osc (µ)

LNC
g(M1,M2) ≈

U2M3

2

√
∆m2

atm

v4
√
r c12 sin(θ − φ) , (3.16)

∆int(τ)
LNC

M2
2 −M2

1
= ∆osc (τ)

LNC
g(M1,M2) ≈ −

∆int(µ)
LNC

M2
2 −M2

1
, (3.17)

∆ov
LNV

M1M2(M2
2 −M2

1 ) = v2

2U2M2
∆osc

LNV
gM (M1,M2) ≈ −

√
∆m2

atm

4MU2 sθ . (3.18)

Inverted Hierarchy.

∆ov
LNC

M2
2 −M2

1
≈
v2
√

∆m2
atm

8M3U4
(1 + 3cφ sin 2θ12) (cθsφ sin 2θ12 + sθ cos 2θ12)

−1 + c2
φ sin2 2θ12

, (3.19)

∆int(e)
LNC

M2
2 −M2

1
= ∆osc (e)

LNC
g(M1,M2) ≈

U2M3

2

√
∆m2

atm

v4 (sin 2θ12sφ cθ + cos 2θ12 sθ) , (3.20)

∆int(µ)
LNC

M2
2 −M2

1
= ∆osc (µ)

LNC
g(M1,M2) ≈

∆int(τ)
LNC

M2
2 −M2

1
= ∆osc (τ)

LNC
g(M1,M2) ≈ −

1
2

∆int(e)
LNC

M2
2 −M2

1
, (3.21)

∆ov
LNV

M1M2(M2
2 −M2

1 ) = v2

2U2M2
∆osc

LNV
gM (M1,M2) ≈ −

√
∆m2

atm

8MU2 r2sθ . (3.22)

All the CP invariants depend on the “high scale” phase θ and, remarkably, ∆osc
LNV and

∆ov
LNV only depend on this phase. Indeed, it can be easily checked that this is a general

result, satisfied to all orders in the expansion. All the other invariants are also functions
of the PMNS CP phases φ (Majorana) and δ (Dirac). Even if this dependence can be
subleading (as it is always the case for δ due to the suppression in θ13), the corrections
may be relevant for values of the parameters that suppress the leading order.

Our results can be mapped to the Casas-Ibarra parameterization following the pre-
scription given in appendix B.

4 Baryon asymmetry: kinetic equations and analytical approximations

4.1 Kinetic equations

The quantum kinetic equations that describe the generation of the baryon asymmetry
have been studied in detail before (see for instance [14] for the complete derivation of the
kinetic equations). We use the same equations as derived in [33], but adding the LNV
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corrections to the rates that have been computed in [14]. We have checked that they are
equivalent to those in [14], but neglecting the hypercharge chemical potential, which is a
small effect. We consider only the momentum-averaged approximation, which reproduces
the full momentum computation up to O(1) effects in the BAU [69, 70].

We work in the basis where M = diag(M1,M2), with M2 > M1 > 0. We define the
normalized heavy neutrino density matrices for the two helicities:

rN = ρN
ρF

, rN̄ = ρN̄
ρF

, (4.1)

where ρF (z) = (exp z + 1)−1 with z = k/T is the Fermi-Dirac distribution. The evolution
of these matrices as a function of the scale factor x = a = T−1 is dictated by the equations:

xHu
drN
dx = −i[〈H〉,rN ]−〈γ

(0)
N 〉
2 {Y †Y,rN−1}−x2 〈s

(0)
N 〉
2 {MY TY ∗M,rN−1}

+〈γ(1)
N 〉Y

†µY−x2〈s(1)
N 〉MY TµY ∗M

−〈γ
(2)
N 〉
2

{
Y †µY,rN

}
+x2 〈s

(2)
N 〉
2 {MY TµY ∗M,rN},

xHu
drN̄
dx = −i[〈H∗〉,rN̄ ]−〈γ

(0)
N 〉
2 {Y TY ∗,rN̄−1}−x2 〈s

(0)
N 〉
2 {MY †YM,rN̄−1}

−〈γ(1)
N 〉Y

TµY ∗+x2〈s(1)
N 〉MY †µYM

+〈γ
(2)
N 〉
2

{
Y TµY ∗,rN̄

}
−x2 〈s

(2)
N 〉
2 {MY †µYM,rN̄},

xHu

dµB/3−Lα
dx =

∫
kρF∫
kρ
′
F

[
〈γ(0)
N 〉
2 (Y rNY †−Y ∗rN̄Y T )−x2 〈s

(0)
N 〉
2 (Y ∗MrNMY T−YMrN̄MY †)

−µα
(
〈γ(1)
N 〉Y Y

†+x2〈s(1)
N 〉YM

2Y †
)
+〈γ

(2)
N 〉
2 µα(Y rNY †+Y ∗rN̄Y T )

+x2 〈s
(2)
N 〉
2 µα

(
YMrN̄MY †+Y ∗MrNMY T

)]
αα

, (4.2)

where Hu(T ) is the Hubble parameter of eq. (2.6) and ρ′F = dρF /dz. In these equations,
the matrix µ ≡ diag(µα) and µα is the lepton chemical potential in flavour α. µB/3−Lα is
related to the approximately conserved charge densities as:

nB/3−Lα ≡ −2µB/3−Lα
∫
k
ρ′F = 1

6µB/3−LαT
3 . (4.3)

The relation between the two is

µα = −
∑
β

CαβµB/3−Lβ , (4.4)

where the matrix C is given by [41]

C = − 1
711


257 20 20
20 257 20
20 20 257

 . (4.5)
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n 〈γ(n)
N (T )〉/T 〈s(n)

N (T )〉/T
0 0.0091 0.0434
1 0.0051 0.0086
2 -0.0022 -0.0165

Table 1. Coefficients in the momentum averaged rates at T = 106 GeV.

The Hamiltonian term is given by4

H ≡ M2

2k0
+ VN (k), VN (k) ≡ T 2

8k0
Y †Y . (4.6)

The LNC rates including 1 ↔ 2 and 2 ↔ 2 processes have been expanded to linear order
in the leptonic chemical potential:

γN (k, µα) ' γ(0)
N + γ

(2)
N µα , (4.7)

while
γ

(1)
N ≡ γ

(2)
N −

ρ′F
ρF
γ

(0)
N . (4.8)

The sN rates are expanded analogously. All the rates are momentum averaged:

〈(. . .)〉 ≡
∫
z(. . .)ρF (z)∫
z ρF (z) . (4.9)

Lastly, we define the factor ∫
k ρF∫
k ρ
′
F

= −9ξ(3)
π2 ≡ −κ . (4.10)

In table 1 we show the results for 〈γ(n)
N 〉/T and 〈s(n)

N 〉/T for T = 106 GeV.5 Their de-
pendence with the temperature is shown in figure 2. At large temperatures both quantities
go to a constant. When approaching the electroweak phase transition the LNV rates grow
very significantly.

Note that in the above equations the terms proportional to 〈γ(2)
N 〉 and 〈s

(2)
N 〉 are non-

linear. The equations are evolved from some small initial time, xini ∼ 0, where rN and rN̄
as well as the µB/3−Lα vanish, up to the electroweak phase transition xEW .6

4.1.1 Interaction rates beyond the relativistic regime

The relativistic approximation has been used in deriving the interaction rates of the HNL
with the plasma in the kinetic equations. This is a good approximation when M/T � 1,
but in the regime M/TEW . 1, which can be tested at FCC, non-relativistic corrections

4We neglect mass effects in the thermal mass [39], since we have checked that in the parameter space
considered they are negligible. They can become relevant for smaller mass splittings that those considered.

5Averaging over the Boltzmann distribution instead gives results that vary at the % level.
6The effects associated to a non-zero initial abundance of HNLs has been studied in [71].
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Figure 2. Temperature dependence of the ratios 〈γ(n)
N 〉/T and 〈s(n)

N 〉/T . A dashed line indicates a
negative contribution of a partial rate.

become important. In the absence of a full calculation of these corrections, we adopt an
educated guess:7 the LNC rates are modified as

γN →
E + k

2E γN , (4.11)

while the LNV ones as

sN
M2

T 2 → 2 k
2

T 2
E − k
E

sN . (4.12)

Here k is the momentum and E =
√
M2 + k2 is the particle energy.

The momentum and temperature dependent rates are taken from ref. [14], and we
average the new rates over the Fermi-Dirac distribution as indicated in eq. (4.9), but
including the non-relativistic corrections. Note that for the LNV rates we include explicitly
the mass dependence, which means that the mass matrix is factorized by a common mass
M ' M1 ' M2. Hence, in the terms involving the LNV rates in the kinetic equations the
mass matrix M has to be replaced by the unit matrix. The effects of the mass correction
in the LNC case is at most of order percent but in the LNV case it can lead to O(1− 10)
suppressions. We show in figure 3 the effect of the non-relativistic corrections on the rate
for a mass of M = 100 GeV which will be the upper bound of our numerical search, and
roughly the upper bound for direct searches at FCC.

4.2 Perturbation and adiabatic approximation

In order to obtain an analytical approximation to these equations, we simplify them ne-
glecting the non-linear terms, and also simplifying the matrix C to take a diagonal form,
C → diag(−1/2,−1/2,−1/2).

Defining the 11-dimensional vector

r(x) ≡
(
[rN ]11, [rN ]22,Re([rN ]12), Im([rN ]12), [rN̄ ]11, [rN̄ ]22,Re([rN̄ ]12), Im([rN̄ ]12),

µB/3−Le , µB/3−Lµ , µB/3−Lτ

)
, (4.13)

7We thank M. Laine for this suggestion.
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Figure 3. Effective interactions rates entering the kinetic equation including (excluding) non-
relativistic corrections in bold (dashed). The effect in the LNC case (left) is negligible whereas in
the LNV case (right) the effective rate contribution can change by O(1− 10). We omit the γ1 and
s1 rates as they can be derived from the shown results via eq. (4.8).

we can write the linearized differential equations in the compact form

dr(x)
dx = A(x)r(x) + h(x) . (4.14)

The goal is to find an analytical solution to these equations perturbing around the
symmetric textures for Y and M in eq. (2.3), and in the M/T corrections in the rates.
Hence, we can write

A(x) = A(0)(x) +A(1)(x) +O(y′α, (xM)2)2 ,

h(x) = h(0)(x) + h(1)(x) +O(y′α, (xM)2)2 . (4.15)

The leading order r(0)(x) solution satisfies:

dr(0)(x)
dx = A(0)(x)r(0)(x) + h(0)(x) . (4.16)

This equation is still hard to solve analytically, because A(0)(x) cannot be diagonalized by
an x-independent change of basis. However, an adiabatic approximation can be employed
when there is a large hierarchy between Γosc and Γ independently of which is larger.

At fixed x, we can diagonalize the matrix A(0):

A(0)(x) = V (x)λ(x)V (x)−1 , (4.17)

where V (x) is the matrix of the eigenvectors in columns and λ is the diagonal matrix
containing the corresponding eigenvalues. If we neglect the x-variation of V (x), the solution
is the adiabatic approximation:

ra(x) = V (x)eΛ(x)
∫ x

0
e−Λ(z)V −1(z)h(0)(z)dz , (4.18)

with
Λ(x) ≡

∫ x

0
λ(z)dz . (4.19)
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This solution satisfies the equation:

ṙa(x) = (A(0)(x) + V̇ (x)V −1(x))ra(x) + h(0)(x) . (4.20)

In the overdamped regime, V̇ V −1 can be expanded in ε, eq. (2.15), and is found to be
O(ε). Therefore we can include it as a perturbation up to corrections of higher order in ε.
Adding the correction:

δra(x) = −V (x)eΛ(x)
∫ x

0
e−Λ(z)V −1(z)V̇ (z)V (z)−1ra(z)dz , (4.21)

it is easy to show that the solution of eq. (4.16) is

r(0)(x) = ra(x) + δra(x) , (4.22)

up to O(ε2) .
In the fast oscillation regime, Γosc � Γ, we can instead expand in ε−1 and we find

V̇ V −1 = O(ε−1), so the adiabatic solution can be obtained as in eqs. (4.22) and (4.26), up
to corrections O(ε−2).

We can now include the first order perturbation, A(1) and h(1), in the small parameters.
The first order correction satisfies the equation:

dr(1)(x)
dx = A(0)(x)r(1)(x) +A(1)r(0)(x) + h(1)(x) , (4.23)

which again can be solved in the adiabatic approximation. Defining

r̃a(x) ≡ V (x)eΛ(x)
∫ x

0
e−Λ(z)V (z)−1

[
A(1)(z)r(0)(z) + h(1)(z)

]
dz , (4.24)

and
δr̃a ≡ −V (x)eΛ(x)

∫ x

0
e−Λ(z)V (z)−1V̇ (z)V (z)−1r̃a(z)dz , (4.25)

the first order correction to the solution is

r(1)(x) = r̃a(x) + δr̃a(x) , (4.26)

up to O(ε2).
In the LNV case, we need to perturb simultaneously in O(y′α) and O(M/T )2 correc-

tions. In this case, it is necessary to go to second order. The corresponding expressions
are straightforward.

4.2.1 Thermalization rates

The thermalization rates are related to the real part of the eigenvalues of the matrix A. All
the eigenvalues of the matrix A(x) have negative real parts. The solution at x → ∞ can
then be shown to be the thermal equilibrium one: r = (1, 1, 0, 0, 1, 1, 0, 0, 0, 0, 0), a limit
which is approached exponentially.
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The approach to the asymptotic limit is controlled by the eigenvalues of A(0) in the
adiabatic approximation. More precisely

∝ e−Λi(x) ≡ exp
(
−
∫ x

0
dz|Re(λi(z))|

)
, (4.27)

with λi the eigenvalues of A(0).
We normalize x such that at T = TEW we have xEW = 1, and define the dimensionless

combinations

∆ ≡ cH
2
|M2

2 −M2
1 |M∗P

T 3
EW

, γi ≡
〈γ(i)〉
T

M∗P
TEW

, si ≡
〈s(i)〉
T

M∗P
TEW

, ω ≡ cH
8
M∗P
TEW

, (4.28)

with
cH ≡

π2

18ζ(3) . (4.29)

The largest real part corresponds to the strong rate, that we can identify with Γ:

Λmax(x) =
∫ x

0
dz Max(|Re(λ(z))|) = 1

2y
2γ0x ≡

∫ x

0
dz Γ

zHu
. (4.30)

Similarly, we can identify the slow rates described in section 2 with those associated to
the eigenvalues of A(0) with the smallest real parts. In order for the corresponding mode
not to thermalize before the EW transition it is necessary that

Λi(xEW) ≤ 1 . (4.31)

In the overdamped regime, we find modes that are suppressed by ε:

Min(|Re(λ(x))|) = ε2
γ3

0y
2

γ2
0 + 4ω2 , ε(x) = x2∆

y2γ0
, (4.32)

therefore
Λov(x) = x5∆2

5y2
γ0

γ2
0 + 4ω2 ≡

∫ x

0
dz Γslow

osc
zHu

. (4.33)

The boundary of the overdamped region is defined by

Λov(xEW) = 1 . (4.34)

In the flavoured weak washout region, a slow mode remains in flavour α provided there is
a hierarchy in the yukawas yα/y � 1. The slow rate of the flavoured weak washout regime
is identified from the corresponding eigenvalue

Λα(x) ' 1
2y

2
ακγ1x ≡

∫ x

0
dz Γα(z)
zHu(z) . (4.35)

The boundary of the weak flavour washout region is therefore

Λα(xEW) = 1 . (4.36)
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On the other hand, one of the eigenvalues of A(0) is always zero. This mode is associated
with LN. It remains decoupled in the LNC limit (when M/T → 0 in the rates), but it is
weakly coupled when M/T terms are included. This mode is different in the overdamped
regime or outside. In the overdamped regime we find

Λov
M(x) = 1

3
M2

T 2
EW

x3s0y
2 ≡

∫ x

0
dzΓslow

M (z)
zHu

, (4.37)

while in the intermediate or fast oscillations we find

Λint
M (x) = 1

3
M2

T 2
EW

x3 γ1s0 + γ0s1
3γ0 + γ1κ

κy2 . (4.38)

The boundary of the wLNV region is defined by the condition

ΛM (xEW) = 1 , (4.39)

and, as shown in figure 1, it is slighly different in the overdamped or intermediate regimes.
Finally the oscillation rate, which controls the generation of the asymmetry, is related

instead to the CP conserving phases corresponding to Im(λi)

∝ e−iΛosc(x) ≡ e−i
∫ x

0 dz|Im(λi(z))| . (4.40)

It is found to be
Λosc(x) = x3

3 ∆ ≡
∫ x

0
dz

Γosc
zHu

. (4.41)

The oscillation rate and the Hubble expansion are equal at xosc, which is defined therefore
by the condition

Λosc(xosc) = 1 . (4.42)

4.2.2 Projection method

In the intermediate regime, the asymmetry is basically built up at early times, when the
evolution is in the overdamped regime, but it exits this regime before xEW. In this case,
the adiabatic solution is not valid at the crossover between regimes. On the other hand,
in these cases a quasi-stationary solution is found. A good approximation can be obtained
from the solution in the overdamped regime evolved up to some threshold, xth and then
projecting it on the slow mode(s) direction(s).

Let us denote by vi (wi) the right (left) eigenvectors of A. They satisfy the orthonor-
mality relation w†i vj = δij . Let us assume that at some time xth a strong washout regime is
reached with all modes strongly coupled with the plasma except one, with associated right
(left) eigenvector v0 (w0) and corresponding to an approximate zero mode. Let us assume,
as will be the case later, that these eigenvectors do not depend on x, and w†0 · h = 0, then:

w†0 ·
dr(x)
dx = dw†0 · r(x)

dx ' 0 . (4.43)

Writing r(x) in the basis of right eigenvectors:

r(x) =
∑
i

ai(x)vi , (4.44)
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Overdamped 
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BAU

exponentially

suppressed  

no

Figure 4. Chart summarizing the analytical solution in each washout regime. The interaction
rates and the Hubble expansion rate need to be evaluated at TEW.

and substituting in eq. (4.43) implies that a0(x) is constant. Since all the other directions
should have achieved thermalization, the large time quasi-stationary solution is therefore

r(x) '
(
w†0 · r(xth)

)
v0 . (4.45)

This result assumes Λ0(x) ' 0. At later times, this might not be a good approximation.
The time evolution in this case is well described by

r(x) '
(
w†0 · r(xth)

)
v0 e

−(Λ0(x)−Λ0(xth)) , (4.46)

so that when Λ0(x)� 1, the asymmetry is exponentially suppressed.
In some cases, we have two weakly coupled modes, with eigenvectors, w0, w1. In this

case, a good approximation is

r(x) '
(
w†0 · r(xth)

)
v0e
−(Λ0(x)−Λ0(xth)) +

(
w†1 · r(xth)

)
v1e
−(Λ1(x)−Λ1(xth)) . (4.47)

4.3 Solutions

We are interested in the strong washout regime Λmax(xEW) � 1 since most of the SHiP
and FCC accessible regions are in this regime. Simultaneously, at least one mode must
remain weakly coupled at xEW. The different alternatives and the corresponding analytical
solutions are summarized in the flow chart 4. All analytical results are expressed in terms
of the CP invariants as derived in section 3. In terms of the parameters of eq. (2.4) they
are given in eqs. (3.1)–(3.4). Their relation to physical observable quantities is given in
eqs. (3.14)–(3.18) (eqs. (3.19)–(3.22)) for NH (IH).
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4.3.1 Overdamped regime

The overdamped regime is defined by the condition

Λov(xEW) ≤ 1 , (4.48)

where Λov is defined in eq. (4.33). This condition can be satisfied in the region of interest
for sufficiently small ∆M/M , as shown in figure 1.

There are LNC and LNV contributions to the asymmetry. The former is O(y′α) and
can be obtained from the adiabatic solution in eq. (4.22) and eq. (4.26), which is a good
approximation at all times. When M/T terms are included in the rates, there are addi-
tional O(y′α(M/T )2) contributions to the asymmetry. These LNV contribuions depend on
whether the rate ΛM (xEW) is smaller or larger than one. The former case (ΛM (xEW) < 1)
corresponds to the weak LNV regime (wLNV), while the latter (ΛM (xEW) > 1) is the
strong LNV regime (sLNV). Let us denote by xov

M as the time at which ΛM (xov
M) = 1.

Using eq. (4.37), we find

xov
M =

(
3T 2

EW
M2s0y2

)1/3

. (4.49)

Within the wLNV regime, i.e. xov
M ≥ 1, we get(∑

α

µB/3−Lα

)ov−wLNV

' − 4κ∆x2

6γ0 + κγ1

γ2
0

γ2
0 + 4ω2

∑
α

yαy
′
α sin ∆βα
y2

( 1
y2
α

− 3
y2

)

+48
5

κs0∆x5

6γ0 + κγ1

γ2
0

γ2
0 + 4ω2

M2

T 2
EW

∑
α

yαy
′
α sin ∆βα
y2 , (4.50)

that can be written in terms of the CP invariants(∑
α

µB/3−Lα

)ov−wLNV

' κx2

6γ0 + κγ1

γ2
0

γ2
0 + 4ω2

cHM
∗
P

T 3
EW

(
∆ov

LNC −
24
5
s0x

3

T 2
EW

∆ov
LNV

)
. (4.51)

When xov
M ≤ 1, the asymmetry stops growing at xov

M and a quasi-stationary solution is
found , as long as Λov(x) ≤ 1. The asymmetry can be obtained by the projection method,
that is projecting the wLNV solution at xov

M on the slow mode direction. The result is(∑
α

µB/3−Lα

)ov−sLNV

' −24
5

κs2
0(xov

M)5

6γ0s0 + κγ0s1 + κγ1s0

γ2
0

γ2
0 + 4ω2

cHM
∗
P

T 5
EW

∆ov
LNV . (4.52)

Note that only the LNV invariant appears in the sLNV regime: the LNC contributions
do not generate any asymmetry in the direction of the slow mode in this regime as it is
connected to LN.

4.3.2 Intermediate regime

In the intermediate regime, ε(xosc)� 1, but at some point, x0, before the EW phase tran-
sition, the slow oscillation modes thermalize roughly when Λov(x0) = 1, which according
to eq. (4.33) corresponds to

x0 =
(

5(γ2
0 + 4ω2)y2

γ0∆2

)1/5

. (4.53)
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A good approximation for the asymmetry in this case is obtained by evolving the over-
damped solution until x0 and approximating the asymmetry by projecting on the slow
mode(s). The latter can be that of the flavoured weak regime, i.e. flavour direction α,
and/or the slow mode in the weak LNV regime. The latter enters strong washout at xint

M ,
defined by ΛM (xint

M ) = 1 (see eq. (4.38)):

xint
M =

(
3T

2
EW
M2

3γ0 + γ1κ

κy2(γ1s0 + γ0s1)

)1/3

. (4.54)

In the parameter range of interest we always have x0 � xint
M .

Flavoured weak washout. A good approximation is obtained from the overdamped
solution evolved up to x = x0 and projected on the two slow modes. In the relevant part
of the parameter space, the LNV slow mode might get strong before xEW, so we need to
include the time evolution of this contribution according to eq. (4.47), such that

(∑
α

µB/3−Lα

)fw−int

' 2
3
x3

0∆
y4

( 2κγ0
2γ0 + κγ1

e−δΛ
int
M (x) − κ

)
γ2

0
γ2

0 + 4ω2

×
∑
β 6=α

y2
βyαy

′
α sin ∆βα − y2

αyβy
′
β sin ∆ββ , (4.55)

where δΛint
M (x) ≡ Λint

M (x) − Λint
M (x0), with Λint

M given by eq. (4.38). In terms of the CP
invariants this can be expressed as

(∑
α

µB/3−Lα

)fw−int

' −2
3
x3

0
y4

( 2κγ0
2γ0 + κγ1

e−δΛ
int
M (x) − κ

)
γ2

0
γ2

0 + 4ω2
cHM

∗
P

T 3
EW

∆int(α)
LNC . (4.56)

The LNV contribution in this regime is very small and has been neglected for simplicity.

Unflavoured wLNV. When the only slow mode is the LNV one we get instead

(∑
α

µB/3−Lα

)wLNV−int

' 24
5 κ

s0∆x5
0

3γ0 + κγ1

γ2
0

γ2
0 + 4ω2

M2

T 2
EW

∑
α

yαy
′
α sin ∆βα
y2

= −24 κs0γ0
3γ0 + κγ1

1
T 2

EW
∆osc

LNV . (4.57)

Note that there is no contribution from the LNC invariants. This is because the LNC
contribution projected on the LNV slow-mode direction vanishes.

4.3.3 Fast oscillation regime

Contrary to the intermediate regime, the fast oscillation regime is characterized by
ε(xosc)� 1. Again we can have two weakly coupled modes at TEW, which are the same as
discussed for the intermediate regime.
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Flavoured weak washout. With the adiabatic approximation we find(∑
α

µB/3−Lα

)fw−osc

' −
(
γ2

0κ−
2γ3

0κ

2γ0 + γ1κ
e−δΛ

int
M (x)

)
Im (J200(∆,−∆, x0))

×
∑
β 6=α

yαy
′
α sin ∆βαy2

β − y2
αyβy

′
β sin ∆ββ

=
(
γ2

0κ−
2γ3

0κ

2γ0 + γ1κ
e−δΛ

int
M (x)

)
∆osc(α)

LNC , (4.58)

which is valid once the system only possess one flavoured weak mode α, i.e. Λα < 1 and
Λβ > 1 for the other flavoures β. The mass function entering the CP invariant is found to
be g(M1,M2) = Im (J200(∆,−∆, x0)), which is defined by

J2nm(∆,−∆, x) ≡
∫ x

0
du un ei

∆u3
3

∫ u

0
dz zm e−i

∆z3
3 . (4.59)

The asymptotic solution of the integral is

ImJ200(∆,−∆,∞) = −24/3

31/3
π3/2

Γ[−1/6]
sign(∆)
|∆|2/3

. (4.60)

This result is parametrically the same as the intermediate regime result at x0 = xosc, see
eq. (4.56). The two solutions therefore match appropriately. The LNV contribution in this
regime is very small and has been neglected for simplicity.

Unflavoured wLNV. A good approximation in this case can be obtained from the result
in the weak washout regime and projecting it on the zero mode at the thermalization time
Λmax(xth) = 1 (see eq. (4.30)):(∑

α

µB/3−Lα

)wLNV−osc

LNV

' 12 κγ2
0s0

3γ0 + κγ1

M2

T 2
EW

xth
∆ y2∑

α

yαy
′
α sin ∆βα

' −24 κs0γ0
3γ0 + κγ1

1
T 2

EW
∆osc

LNV . (4.61)

Note that, remarkably, this result matches the one obtained in the corresponding interme-
diate region, see eq. (4.57).

4.4 Relating to the baryon asymmetry

To relate the chemical potentials to the baryon asymmetry we go beyond the widely used
instantaneous sphaleron freeze-out approximation and use a smooth transition between
T ∈ [TC, TEW] = [160GeV, 131.7GeV], following the method of ref. [72] (see also [37] for
other approach to the treatment of the sphaleron rate).

We have seen that this effect is not relevant in most of the parameter space, but it is
very relevant when all flavours enter the strong washout close to xEW. In this case, the
smooth sphaleron freeze-out has two important effects: i) it counteracts the effect of the
significant growth of the LNV rates in the range [TC, TEW] and ii) it reduces the washout
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Figure 5. Comparison of the smooth sphaleron freeze-out (red) to the instantaneous approximation
(blue). Deviations can be as large as O(10) if all modes leave the weak coupling regime close to
TEW (left) and at most a factor of two if at least one mode remains weakly coupled (right).

of the asymmetry below TC. In these situations the prediction of the BAU can be changed
by O(10), see figure 5.

Following [72], the smooth sphaleron freeze-out is implemented as follows. We intro-
duce an additional differential equation for the baryon number in the range T < TC

xHu
d
dxYB = −ΓB(YB − Y eq

B ) , (4.62)

where

ΓB = 32 869 + 333(
√

2〈Φ〉/T )2

792 + 306(
√

2〈Φ〉/T )2
Γdiff
T 3 , (4.63)

and the temperature dependent higgs vev below TC is 〈Φ〉2 = v2(1 − T/TC). The critical
temperature TC and the Chern-Simons diffusion rate

ΓT<TC
diff = Γdiff = exp

(
−147.7 + 0.83T

GeV

)
T 4 , (4.64)

are obtained from a lattice calculation [53].
On the other hand, in the instantaneous freeze-out the sphalerons are in full equilibrium

up to TEW, and the relation between the baryon asymmetry and the chemical potential is
given by [73, 74]

Y eq
B ' 3.6× 10−3χ(T )

∑
α

µB
3 −Lα

, with χ(T ) ' 4(27(
√

2〈Φ〉/T )2 + 77)
333((

√
2〈Φ〉/T )2 + 869)

, (4.65)

where the factor in the equilibrium relation arises from the relation of the chemical potential
to the particle number density in a comoving volume, see eq. (4.3), normalized to a constant
entropy density s = (2π2)/45gs∗T 3. For T = TEW we obtain

Y eq
B ' 1.26× 10−3∑

α

µB
3 −Lα

. (4.66)
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The experimentally measured value of the asymmetry is [75]

Y exp
B = (8.66± 0.05)× 10−11 . (4.67)

As long as one mode remains weakly coupled at xEW the gradual sphaleron freeze-
out differs from the instantaneous decoupling approximation at most by a factor of two if
the asymmetry is dominated by the contribution of eq. (4.51), see figure 5, and by a few
percent if any other weakly coupled mode dominates the asymmetry generation. However
deviations can be as large as O(10) if all modes leave the weak coupling regime at xEW,
since in this case the washout of the asymmetry is exponential and therefore very sensitive
to the details of the sphaleron freeze-out.

5 Parameter constraints from the baryon asymmetry

From the analytical results of the previous sections we can easily derive the constraints
imposed by successful baryon asymmetry on the masses and mixings of the HNLs. For
these estimates we use the instantaneous sphaleron freeze-out approximation of eq. (4.66)
and evaluate the rates at T = 150GeV for fixed M1 = 1GeV. In the next section we
will compare the constraints derived here with the results from the full numerical analysis.
In appendix C, we consider the bounds for the pure LNC case, that is neglecting M/T

corrections in the rates.

5.1 Overdamped regime

The overdamped regime is defined by Λov(xEW) ≤ 1 which translates into

(U2)ov ≥ 8× 109
(∆M
M

M

1GeV

)2
. (5.1)

On the other hand, the dynamics heavily depends on whether LNV rates are weak or
strong. Using eq. (4.37) we find that the wLNV regime requieres mixings

(
U2
)

wLNV
≤ 1× 10−6

(1 GeV
M

)4
, (5.2)

while for larger mixings LNV rates are strong. We consider both cases separately.

5.1.1 wLNV regime

The analytical solution in this regime is given by eq. (4.51), in terms of the CP invariants.
Using eq. (3.14) (eq. (3.19)) for NH (IH), and the relation between the B − L chemical
potentials and the final baryon asymmetry as given by eq. (4.66), the asymmetry within
the wLNV can be expressed as

(YB)wLNV
ov ' 2× 10−1 ∆M

M

(
10−7

U2

)
1GeV
M

((
M

1GeV

)4
fH

LNV −
(

10−7

U2

)
fH

LNC

)
. (5.3)

The functions fH
LNC/LNV isolate the angular dependence of the CP invariants, associated

to both the LNC and LNV contributions, on the PMNS angles and phases, as well as the
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high scale phase θ. They are naturally expected to be O(1) quantities. The superscript
H corresponds to the unknown neutrino hierarchy. At leading order in the expansion
parameters, r, θ13 and θ23, cf. eq. (3.14) and eq. (3.19), we find

f IH
LNC = (1 + 3cφ sin 2θ12)(cθsφ sin 2θ12 + sθ cos 2θ12)

1− c2
φ sin2 2θ12

, (5.4)

and
fNH

LNC = fNH
LNV = 2/r2f IH

LNV = sθ . (5.5)

For a fixed set of (θ, φ), the asymmetry within the wLNV regime can have different signs
depending on the particular value of the HNL masses. This is explained by the dominance
of the LNC contribution (second term in eq. (5.3)) or the LNV one (first term), since both
contributions to the final asymmetry estimation have opposite sign.

Solving for the mixing U2 in eq. (5.3) to match the observed BAU we find

(
U2
)wLNV

ov
= 1.3× 102fH

LNV
∆M
M

(
M

1GeV

)3
+ 7.2× 106

√
∆M
M

√
1 GeV
M

×

√
3.5× 10−10 (fH

LNV
)2 (∆M

M

)(
M

1GeV

)7
− 4.3× 10−19fH

LNC . (5.6)

The square root in eq. (5.6) must be real and this results in a mass threshold of

M∗ ' 5× 10−2
(

∆M
M

|fH
LNV|2

|fH
LNC|

)−1/7

GeV . (5.7)

ForM ≤M∗, the LNC contribution dominates and the positivity requirement of (YB)wLNV
ov

selects fH
LNC < 0. For M ≥M∗, when LNV dominates instead, matching the BAU requires

fH
LNV > 0.

Maximizing the functions fH in absolute value over the unknown phases (θ, δ, φ), an
upper bound on the HNL mixing, for fixed ∆M/M andM , can be derived. For NH we find:8

(
U2
)wLNV

ov

∣∣∣∣
NH
≤ ∓1.3× 102 ∆M

M

(
M

1GeV

)3
+ 7.2× 106

√
∆M
M

√
1GeV
M

×

√
3.5× 10−10

(∆M
M

)(
M

1 GeV

)7
± 7.7× 10−19 , (5.8)

where the upper (lower) sign corresponds to M < M∗ (M > M∗). For low values of M
the bound is saturated for θ = 3π/2, while in the large mass limit this occurs for θ = π/2.

In the IH case M∗ is always inside the strong LNV regime. Therefore, the LNV
contribution can be neglected for all the range of masses and the bound can be simplified to

(
U2
)wLNV

ov

∣∣∣∣
IH

. 15× 10−3

√
∆M
M

√
1 GeV
M

, (5.9)

which is saturated for (θ, φ) = (3π/2, 0).
8We note that the next-to-leading order contribution can enhance fNH

LNC by a factor of 1.8 and, therefore,
we include it in the numerical evaluations.
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Figure 6. Left: contour lines corresponding to f IH

LNC = (0, 0.1, 1) (solid, dashed, dotted). Grey
shaded regions lead to a negative baryon asymmetry. Right: contour lines in red corresponding to
f̃µ,τIH = (0.01, 0.1) (dashed, dotted) and in blue to −f̃µ,τIH = f̃eIH/2 = (0.01, 0.1). The black solid line
represents f̃αIH = 0.

Values of the mixing much smaller than the upper bound necessarily require a sup-
pression from fH to match the BAU. For NH this is controlled by only one parameter,
θ.9 In contrast, in the IH case the required suppression of the BAU depends on (θ, φ)
and involves a strong correlation between these two phases as shown on the left panel in
figure 6. Any numerical scan (e.g. Markov Chain Monte Carlo, Bayesian Nested Sampling,
etc.) that treat both phases as independent parameters may have difficulties in finding the
required correlation. The analytical result is therefore a necessary guide to optimize the
scan of parameter space.

Finally, note that the upper limit on the HNL mixing is proportional to ∆M/M . How-
ever, the overdamped regime leads to an upper bound on ∆M/M , see eq. (5.1). Therefore,
saturating the bound on ∆M/M from eq. (5.1) and substituting the resulting expression
into eq. (5.6), leads to the maximal attainable mixing compatible with the BAU in this
regime. The resulting expression is not particularly illuminating and cannot be solved
analytically for U2. However, a reasonably good approximation is obtained neglecting the
LNV contributions for both hierarchies. We obtain the compact expression

U2 . 5 (17)× 10−7
(1 GeV

M

)4/3
NH (IH) . (5.10)

We remark that this is an absolute upper bound valid in the wLNV, i.e. for M . O(1 GeV).

9Higher order corrections in the expansion must be considered if fH is less than 10% of its maximum
value.
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5.1.2 sLNV regime

The analytical solution in this regime is given in eq. (4.52). Using the expression for the
CP invariants given by eq. (3.14) (eq. (3.19)) for NH (IH), and the relation between the
B−L chemical potentials and the final baryon asymmetry as given by eq. (4.66), we obtain

(YB)sLNV
ov ' 9× 103 ∆M

M

(
10−7

U2

)8/3 (1 GeV
M

)11/3
fH

LNV . (5.11)

The angular function fHLNV is defined in eq. (5.5) and has its maximum at θ = π/2, and
this leads to the upper bound

(
U2
)sLNV

ov
≤ 15 (3)× 10−4

(∆M
M

)3/8 (1 GeV
M

)11/8
NH (IH) . (5.12)

Including the upper bound on ∆M/M such that the overdamped condition of eq. (5.1) is
fulfilled we arrive at

U2 . 16 (2.3)× 10−7
(1 GeV

M

)28/13
NH (IH) . (5.13)

This should be seen as an absolute upper bound on the mixing for HNLs with masses
M & O(1 GeV), if the asymmetry is to be explained with the asymptotic overdamped mode.
A more conservative estimate, which will still be satisfied if we allow for some suppression
due to strong washout, is given by the maximal asymmetry which can be generated before
the LNV rates become strong. Namely, the asymmetry within the overdamped wLNV
regime at the point xov

M , eq. (4.49). Evaluating eq. (4.51) at x = xov
M , using eq. (3.14)

(eq. (3.19)) for NH (IH) and the translation of the B − L chemical potentials to the final
baryon asymmetry, we obtain a conservative estimate which coincides with eq. (5.12) for
NH. For IH, this conservative estimate is a factor ×4 larger than the corresponding result
in eq. (5.12). Similarly, introducing the maximum ∆M/M that satisfies the overdamped
condition, the corresponding conservative bound is that of eq. (5.13) for NH, while for IH
it is a factor ×6 larger than eq. (5.13).

5.2 Intermediate regime

In the parameter space outside the overdamped region, i.e. for mixings that do not satisfy
eq. (5.1), the analytical estimate depends on whether we are in the intermediate or fast
oscillation regime. They are separated by the line

(
U2
)

osc/int
' 10−6

(∆M
M

)1/3 (1 GeV
M

)4/3
, (5.14)

corresponding to ε(xosc) = 1, where xosc is given by eq. (4.42) and ε(x) by eq. (4.32). For
larger mixings we are in the intermediate regime and for smaller in the fast oscillation
regime.

We have seen that the asymmetry in this regime requires that either at least one
flavour α remains weakly coupled, i.e. Λα(xEW) ≤ 1, and/or the LNV mode does, i.e.
ΛM (xEW) ≤ 1. Again we need to distinguish these cases.
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5.2.1 Flavoured weak washout

Using eq. (4.35), the necessary (but not sufficient) condition to have (at least) one flavour
α that remains weak at xEW and at least one strongly coupled is given by

10−9
(1GeV

M

)2 1
Max(εα) ≤ (U2)fw ≤ 10−9

(1GeV
M

)2 1
Min(εα) , (5.15)

where εα ≡ y2
α/y

2, which depends only on the PMNS parameters and in particular the
unknown CP phases, (δ, φ). While the maximum of εα is O(1), the minimum is obtained
for a given flavour in each hierarchy10

Min(ετ )IH ' Min(εe)NH = 5× 10−3 . (5.16)

The range of phases that lead to a small εα are shown in figure 15.
If a flavour remains slow until xEW, but the LNV mode becomes strong earlier, the

asymmetry is well approximated by eq. (4.56). Including the CP invariants from eq. (3.15)
(eq. (3.20)) for NH (IH), the final asymmetry is well approximated by

(YB)fw−int ' 9.5× 10−9η f̃αNH/IH

(∆M
M

)−1/5 (1GeV
M

)1/5
(

10−9

U2

)2/5

, (5.17)

where η is a constant factor that depends on whether the LNV becomes strong or not
before xEW. η is a constant factor equal to 1 in the weak LNV limit (xint

M ≥ xEW) and

η = γ1κ

2γ0 + γ1κ
' 4 , (5.18)

in the strong LNV case (xint
M ≤ xEW). The angular functions are given by

f̃ eNH = rs2
12sθ, f̃µ,τIH = −f̃ eIH/2 = −1

4(sin 2θ12sφcθ + cos 2θ12sθ) . (5.19)

Maximizing the factors of f̃αNH/IH over then unknown CP phases, and requiring that
the asymmetry is the observed one, leads to the following upper bound(

U2
)

int
≤ 1(40)× 10−6η

(∆M
M

)−1/2 (1 GeV
M

)1/2
. (5.20)

This upper bound on U2 set by the BAU is less stringent than the one impossed by the
required weak flavour condition of eq. (5.15). Therefore, the latter sets the upper bound,
which means that the asymmetry can always be explained inside the region defined by
eq. (5.15). On the other hand, since the upper limit on U2 driven by eq. (5.15) is more
stringent than that in eq. (5.20), a significant suppression from f̃αNH/IH is needed to match
the BAU in this region. For NH this is mostly controlled by sθ, while for IH involves a
non-trivial correlation between the two phases (θ, φ) as shown on the right panel of figure 6.
Matching the asymmetry involves therefore an interplay of a minimization in the flavour
hierarchy εα and the angular function f̃αNH/IH. While for NH a significant suppression of
εα is only possible for the electron flavour, in the IH case a similar suppression can be
achieved for all three flavours. Note, however, that f̃ eIH has the opposite sign to f̃µ/τIH .

10For IH there are particular solutions for (δ, φ) which can lead to Min(εµ) ' 5× 10−4.
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5.2.2 Unflavoured weak LNV

For U2 exceeding the weak flavour region given by eq. (5.15), an asymmetry is only achiev-
able if the LNV mode is weak. Using eq. (4.38), this requires

(U2)wLNV ≤ 4× 10−6
(

M

1GeV

)−4
. (5.21)

According to the analytical result obtained for this regime, given by eq. (4.57), and using
eq. (3.15) (eq. (3.20)) for NH (IH), it is easy to check that the corresponding asymmetry is
independent of the mixing U2. Maximizing over the unknown CP phases, we have found
that the maximum asymmetry achievable in this regime is much smaller than the observed
BAU for the relevant range of HNL masses. Therefore this regime fails in reproducing the
BAU.

5.3 Fast oscillation regime

In the fast oscillation regime the analytical approximations are valid for mixings smaller
than the one given in eq. (5.14). As in the intermediate regime, two qualitatively different
regimes need to be considered: if the flavour α remains weak until xEW, or if it is the LNV
mode the one remaining weak. In the latter case the analytical approximation matches
exactly the one of the intermediate regime and thus the same conclusion as in the previous
subsection applies: the BAU can not be explained. However, with flavour effects, which
are possible in the range defined by eq. (5.15), the asymmetry can be expressed by using
eq. (4.58), and eq. (3.15) (eq. (3.20)) for NH (IH), as

(YB)fw−osc = −4.3× 10−12ηf̃αNH/IH

(
U2

10−9

)(∆M
M

)−2/3 ( M

1GeV

)5/3
, (5.22)

with the same constant factor η and angular function f̃αNH/IH as in the intermediate regime.
Successful baryogenesis then implies a lower limit on U2 given by

(U2)osc ≥ 18 (3.7)× 10−8η

(∆M
M

)2/3 (1 GeV
M

)5/3
NH (IH) . (5.23)

When this lower limit becomes larger than the upper limit of flavoured weak washout,
eq. (5.15), which happens at large ∆M/M , no solution is possible. Thus, these two condi-
tions can be used to set an upper bound on ∆M/M for which the BAU can be reproduced
within the fast oscillation regime

∆M
M
≤ 4.2× 10−3 (4)

(1GeV
M

)1/2 1
Min(εα)3/2 NH (IH) . (5.24)

6 Numerical results: comparison with analytical approximations and
parameter scan

As we have seen, the generation of a baryonic asymmetry via right handed neutrino oscilla-
tions generally involves various time scales which may be very different. The stiffness of a
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Scenario log10(M) log10(∆M
2 ) log10(ye) log10(yµ) log10(yτ ) ∆βe ∆βµ ∆βτ

(a) 0 −10 −5 −5.1 −5.2 0 π/2 π/2
(b) 1 −10 −5 −5.1 −5.2 0 π/2 π/2
(c) 1 −5 −5 −5.1 −8.2 0 π/2 π/2
(d) 1.5 −1 −8 −5.4 −5.5 π/2 π/2 0

Table 2. Input parameters for the comparison between the analytical and numerical solutions
shown in figure 7. The perturbative y′ parameters are always taken to be the same: y′e = 10−9, y′µ =
10−9.1, y′τ = 10−9.2.

(linear) numerical system such as eq. (4.14) is dictated by the ratio of the largest to smallest
non-zero eigenvalue of A, max(|λ|)/min(|λ|). If this happens to be much bigger than unity
the system is affected by a stiff behaviour. The standard method to overcome the problem
is to use variable-order implicit methods. We find, in agreement with ref. [40], that the
FORTRAN77 ODEPACK implementation of the LSODA algorithm efficiently solves the full non-
linear set of kinetic equations. Furthermore, significant speed up can be achieved in the fast
oscillating regime, Γosc/Γ � 1, by switching to an incoherent evolution. We average out
the oscillations once they reach a frequency of 105 or 103 oscillations are completed. With
these optimizations the solver integrates within seconds, and therefore an extensive scan of
the parameter space is possible. The software used, amiqs [76], is made publicly available.

6.1 Analytical results versus numerical solutions

The derived analytical solutions presented in section 4.3 represent asymptotic solutions
for ∑α µB/3−Lα . For the intermediate and fast oscillation regimes we only give the large
time asymptotic result. Although the full time dependence can also be obtained, the
expressions are too lengthy and not particularly illuminating. To verify the accuracy of
the analytical solutions we confront them with i) the numerical solution within the same
approximations used in the analytical derivation (i.e. linearization of the full system,
constant rates (γi, si), and a diagonal C matrix), and ii) the full non-linear numerical
solution. In order to easily select the different regimes and for clarity we make use of the
parameterization in eq. (2.4), i.e. we do not include the light neutrino mass constraints
here. Including them does not change anything qualitatively, but different regimes become
non-linearly connected to the input parameters.

Considering the CP invariants given by eqs. (3.1)–(3.4), it is evident that unequal yα
are necessary to generate a non-zero asymmetry within the LNC limit. In contrast LNV
contributions are non-zero in a flavour democratic scenario with equal yα. Such choice
actually isolates the pure LNV contribution. In the general case of unequal yα both, LNC
and LNV contributions, contribute to the final asymmetry. Also, recall that outside the
overdamped regime flavour effects are necessary to explain the BAU, see section 5. In
table 2, we present various choices of the input parameters considering unequal yα that we
use to test the agreement of our analytical expressions to the numerical result. Our choice

– 32 –

https://github.com/stefanmarinus/amiqs


J
H
E
P
1
2
(
2
0
2
2
)
0
1
2

10−2 10−1 100

x = TEW/T

10−13

10−12

10−11

10−10

10−9

10−8

10−7
|∑

µ
B 3
−
L
α
|

10−2 10−1 100

x = TEW/T

10−13

10−12

10−11

10−10

10−9

10−8

10−7

|∑
µ
B 3
−
L
α
|

x
ov M

10−4 10−3 10−2 10−1 100

x = TEW/T

10−9

10−8

10−7

10−6

10−5

|∑
µ
B 3
−
L
α
|

x
0

x
in

t
M

10−4 10−3 10−2 10−1 100

x = TEW/T

10−11

10−10

10−9

10−8

10−7

10−6

10−5

|∑
µ
B 3
−
L
α
|

x
β

x
in

t
M

Figure 7. Comparison of the asymptotic analytical result (black dashed) to i) the numerical result
with the same settings (blue) and ii) the full non-linear numerical solution (red) in the four scenarios
(a)-(d) as described in the main text. In the top left we show the scenario (a), in the top right
the scenario (b), in the bottom left the scenario (c) and in the bottom right the scenario (d). The
vertical dashed lines indicate projection times used for the analytical derivation.

of parameters allow us to exemplify the different regimes that are relevant in different
regions of the parameter space, namely

(a) Overdamped regime with weak LNV as given by eq. (4.51),

(b) Overdamped regime with strong LNV as given by eq. (4.52),

(c) Intermediate regime with slow flavour α and strong LNV as given by eq. (4.56),

(d) Fast oscillation regime with slow flavour α and strong LNV as given by eq. (4.58).

Our results are shown in figure 7. The comparison of the analytical result, indicated by
the dashed line, with the numerical solution obtained in the same approximations used in
the analytical analysis, shown in blue, is very good in all cases. The exact numerical result
(red) including non-linear terms, the C matrix of eq. (4.5) and temperature dependent
rates differ within a factor of two at most with the analytical estimate. This is mainly due
to the difference in the rates considered.
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log10(M1) log10(∆M/M1) log10(y) θ δ φ

[−1, 2] [−14,−1] [−8,−4] [0, 2π] [0, 2π] [0, 2π]

Table 3. Priors for the nested sampling.

6.2 Parameter scan of testable baryogenesis

We have performed a numerical scan of the parameter space compatible with successful
baryogenesis for HNL masses in the range 0.1 ≤ M ≤ 100GeV. In this range, the best
testability options will be provided by SHiP [57] and FCC running at the Z-peak [54]. Our
main goal is to study the correlation between the BAU and different observables, such as
the masses and mixings of the HNLs, and therefore we have restricted the scan to the part
of the parameter space that can be probed by these future experiments.

We use a Bayesian estimation from the log-likelihood

log(L) = −1
2

(
YB(TEW)− Y exp

B

σY exp
B

)
, (6.1)

which we implement in the nested sampling algorithm UltraNest [77].
The result of a bayesian estimation is always dependent on the concrete choice of the

prior distribution. Being restricted to the minimal scenario with two HNLs, the parameter
space which can explain the light neutrino data is spanned by 6 independent variables:
three phases (δ, φ, θ), two parameters fixing the heavy neutrino mass scale (M,∆M) and
one parameter which essentially fixes the Yukawa scale, y. We agnostically choose flat priors
linear in the three phases and logarithmic in M1,∆M/M1 and y, see table 3. Additionally,
since we are mainly interested in the testability of this mechanism within SHiP and FCC,
the sampler is programmed to automatically reject points which fall outside the sensitivity
reach or are already experimentally excluded, thereby augmenting the speed of parameter
space volume shrinking towards a higher likelihood. A further constraint on the parameter
space arises from imposing that the symmetry breaking parameter y′/y < 0.1, see eq. (3.7)
(eq. (3.9)) for NH (IH). The lower bound on ∆M/M is somewhat arbitrary since the
evolution is overdamped in the region of the parameter space that can be probed by SHiP
(FCC) already for ∆M/M ∼ 10−10(10−12). Even though the analytical results seem to
indicate that asymmetries vanish in the limit of ∆M → 0, at higher order in y′ there are
additional CP invariants [78] that may be relevant in this limit [39]. This case will be
considered elsewhere.

Let us first analyze the case in which ∆M/M is fixed to different values, i.e. ∆M/M =
10−10 , 10−5, 10−2, before we turn to discuss the global scan varying ∆M/M . This separates
different regimes (overdamped, intermediate, fast oscillations) to be relevant in different
parts of the parameter space.

Highly degenerate HNLs with ∆M/M = 10−10. For mass degeneracies of
∆M/M . 10−8(10−9) the overdamped regime starts to apply in part of the parameter
space covered by SHiP and FCC. In this case, successful BAU does not require flavour ef-
fects and HNL mixings beyond the constrained flavoured weak washout region as defined in
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Figure 8. Result of the numerical scan for ∆M/M = 10−10 shown in blue (red) for NH (IH) with
standard priors in the phases. For NH, we include in lighter blue the result obtained using priors
for the phases that are flat in a logarithmic scale. The black lines represent the analytical upper
bound on the mixing, while the dashed for IH is the conservative bound described in the text. The
stars indicate benchmark points, see main text. Color coding for the shaded regions as in figure 1.

eq. (5.15) are possible. However, the mixing is not unrestricted because the BAU imposes
an upper bound (if light neutrino masses are accounted for), which depends on whether the
LNV rates are weak, cf. eqs. (5.6) and (5.9), or strong, cf. eq. (5.12). These upper bounds
are represented as black lines in figure 8. The dashed line in the IH scenario shows the
conservative bound resulting from the maximal achievable asymmetry within the wLNV
regime, as explained in section 5, which is partially washed out. Note that in the NH
scenario both estimates are identical. In order to have a more quantitative understanding,
it is useful to analyze representative benchmark points. We choose three benchmark points
which account for different properties:

(a) Red star: saturating the upper bound on the mixing.

(b) Green star: saturating the conservative upper bound.

(c) Orange star: point within the region in which the BAU is reached via exponential
fine-tuning.

The corresponding evolution of the baryon asymmetry is depicted in figure 11, and shows
the expected behavior in accordance with the analytical understanding.

Recall that points saturating the upper bound on the mixing are achieved via the
natural value of the angular part of the CP invariants fH

LNC ' fH
LNV ' O(1), see eqs. (5.4)–

(5.5). For smaller mixings, suppressed angular functions are needed and this implies a
non-trivial correlation between the CP phases, see figure 6. Our bayesian analysis, with
flat priors in all three phases, was not able to resolve the necessary pattern and hence the
density of points decreases with the distance to the upper bound. As a proof of principle,
we made an additional scan for NH with logarithmic priors in all phases within the range
[−5,−2]. Since for NH the angular function depends mostly on θ, the logarithmic flat
prior in this parameter should help. Indeed, this separate analysis finds points compatible
with the BAU up to the sensitivity limit of SHiP and FCC. This result demonstrates the
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Figure 9. Result of the numerical scan for ∆M/M = 10−5 shown in blue (red) for NH (IH). The
mixing is only bounded by the requirement of having a slow flavour α at TEW. Color coding for
the shaded regions as in figure 1.

well known fact that the posterior result is strongly dependent on the prior assumptions,
as well as the difficulty of exploring such large parameter space without an analytical
understanding.

Mildly degenerate HNLs with ∆M/M = 10−5. For mildly degenerate HNLs two
different regimes become relevant, i.e. the intermediate and fast oscillation regime. They are
separated by the line defined by eq. (5.14). In both cases the HNL mixing is only bounded
from above via the requirement of having a weak flavour at TEW, see eq. (5.15). This is
clearly seen in figure 9. Points which can explain the BAU for larger mixings, i.e. without
having a slow flavour α until TEW, necessarily show an exponential fine-tuned behaviour
similar to the orange benchmark point shown in figure 11. However, the numerical scan
finds less points showing this fine tuned behaviour than in the case of ∆M/M = 10−10.
This is because the overshooting of the asymmetry at earlier times is larger (and needs
therefore to be more strongly washed out) for larger ∆M/M .

Non-degenerate HNLs with ∆M/M = 10−2. In this case, the baryon asymmetry is
generated always in the fast oscillation regime. As we have seen in the previous section, in
this regime the BAU imposes a lower bound on the HNL mixing, see eq. (5.23), indicated
by the solid black line in figure 10. This lower bound on U2 is indeed found in the
numerical scan as shown in figure 10. We select a benchmark point saturating the lower
bound (yellow star) and the evolution of the corresponding BAU generated is shown in
figure 11. The evolution is characterized by an approximate constant asymmetry at late
times, indicating the relevance of a weakly coupled flavour α. Smaller mixings would not
reproduce the correct BAU. On the other hand, the upper bound on the mixing is again
given by the criteria of having a slow flavour α during all the evolution.

Global result for variable ∆M/M . When the mass splitting of the HNLs is not
known, different regimes can apply for the same pair of (U2,M). Nevertheless, there is
an absolute upper bound on the mixing for which the BAU can be reproduced within the
model. We find that the maximal mixing is achieved for the maximum value of ∆M/M
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Figure 10. Result of the numerical scan for ∆M/M = 10−2 shown in blue (red) for NH (IH). The
lower bound on the mixing imposed by the BAU in the fast oscillation regime is indicated by the
black line, while there is an upper bound given by the requirement of having a slow flavour α at
xEW. Color coding for the shaded regions as in figure 1.
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Figure 11. Benchmark points from the numerical scan representing different qualitative behaviours
of the BAU generation, see main text and figures 8 to 10.
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Figure 12. Numerical result of the Bayesian analysis (blue (red) points for NH (IH)) together with
the analytical derived upper bound on the HNL mixing (black line). The grey shaded regions is
excluded by direct searches or neutrino masses (seesaw limit), while the yellow one is excluded by
big bang nucleosynthesis constraints.

within the overdamped regime. This is because only within the overdamped regime the
mixing is not restricted by the requirement of flavour effects and the asymmetry is linearly
proportional to ∆M/M , see eq. (5.3) and eq. (5.11). The upper bound, however, depends on
whether there is a second weak mode at TEW or not. For low masses it is given by eq. (5.10)
in the wLNV regime, while for larger masses the conservative bound derived from eq. (5.13)
in the sLNV regime applies. In figure 12 we show the points of the parameter space leading
to the correct BAU found by the bayesian analysis together with the analytically derived
absolute upper bound. We find good agreement between our numerical result and the
analytical estimate, as well as with previous numerical results, see for example [13].

In appendix D we show two dimensional projections of the full numerical scan that
reveal some non trivial correlations. In particular, we include the projections on |Uα|2,
∆M/M , M and θ.

7 Constraints on other observables from the baryon asymmetry

We finally want to discuss the correlation of the baryon asymmetry with other observables.
Of particular interest are the flavour of the HNL mixings and neutrinoless double-beta
decay.11 We will also comment on the possible measurement of ∆M for the extreme
degeneracies needed in the overdamped regime.

7.1 HNL flavour mixings

It is well known that in the minimal model with two extra singlets, the present constraints
on neutrino masses fix to a large extent the ratios |Uα|2/U2, where Uα ≡ ΘαI . In fact,
those ratios for sufficiently large U2 (or in the approximate LN conserving limit) are
completely determined from the light neutrino masses and mixings [33, 51]. The unknown
CP violating phases in the PMNS matrix lead to some uncertainty in the flavour ratios.

11The implications of BAU on charged lepton flavour violating processes, such as µ → eγ or µ − e

conversion, has been recently considered in ref. [79].
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Figure 13. Points of the numerical scan with successful baryogenesis within the sensitivity region
of SHiP and FCC for NH (blue) and IH (red).

This is nicely summarized in a ternary diagram [80]. The restriction imposed by successful
baryogenesis for large mixings on the ternary diagram has been first studied in [39]. In
figure 13 we show the points on the ternary diagram for NH/IH within the sensitivity
region of SHiP and FCC, which successfully explain the baryon asymmetry. Since we have
not included errors in the oscillation parameters, the only uncertainty is related to the
CP phases, δ and φ, which we assume unconstrained. Explaining the baryon asymmetry
does not seem to restrict the region with respect to the one found in ref. [80]. However,
if we restrict to large values of ∆M/M = 10−2 we observe in figure 14 that the regions
significantly shrink. These regions can be understood as those that lead to a weak flavour,
that is εα � 1 for one or more α = e, µ, τ .

As we have seen, for ∆M/M = 10−2 the overdamped regime is not possible and
flavour effects are necessarily present to explain the baryon asymmetry within the SHiP/FCC
regions. These flavour effects are related to the minimization of εα. As we have seen in
section 5, the slow flavour for NH is always α = e. The (φ, δ) phases leading to a suppressed
εe are shown in the left panel of figure 15. For IH, the slow mode can be α = µ, τ or α = e

in the regions shown in the right plot of figure 15. The points from the scan at fixed
∆M/M = 10−2 are superimposed in figure 15, demonstrating that beyond the requirement
of being in the weak flavour washout, the baryon asymmetry does not seem to impose
further constraints on the PMNS CP phases. This is because the parameter θ can still be
fixed to obtain the correct sign and magnitude of the baryon asymmetry.

The baryon asymmetry makes therefore a clear prediction for the HNL flavoured mix-
ings or the PMNS phases when ∆M/M is sufficiently large.
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7.2 Neutrinoless double-beta decay

The amplitude for this process depends on the combination of neutrino parameters mββ ,
that gets contributions from the light and heavy neutrino sectors

mββ =

∣∣∣∣∣∣
∑

i=light
U2
eimi +

∑
I=heavy

Θ2
eIMIM (MI) /M (0)

∣∣∣∣∣∣ , (7.1)

where M (Mi) are the Nuclear Matrix Elements (NME) as a function of the mass of the
neutrino mediating the process, as defined in [81]. In our analysis we will consider the
NMEs computed in [81]. Recently, it has been found that a new short-distance mechanism
associated to the exchange of hard virtual neutrinos can lead to an apreciably different
result for the NMEs and a even modify the dependence on the mass of the exchanged
neutrino [82–86].12 However, these new effects are currently under study and will thus not
be considered here.

In order to illustrate the main dependence of mββ on the neutrino parameters, using
eq. (3.11) together with eqs. (3.6)–(3.8) and (A.12), the following approximated expres-
sion13 can be derived [33, 81, 87, 88] for the symmetry protected scenario considered here:

Normal Hierarchy.

mNH
ββ =

∣∣∣∣√∆m2
atm

(
c2

12c
2
13r − e−2i(δ+φ)s2

13

)
(7.2)

−2eiθU2∆Mf(A)
(0.9GeV

M

)2 (
rs2

12 + 2
√
rs12s13e

−i(δ+φ) + s2
13e
−2i(δ+φ)

)∣∣∣∣∣ .
Inverted Hierarchy.

mIH
ββ =

∣∣∣∣√∆m2
atmc

2
13

(
c2

12 − s2
12e

2iφ +O
(
r2
))

(7.3)

−eiθU2∆Mf(A)
(0.9GeV

M

)2 (
c12 + siφ12

)2 (
1 +O

(
r2
))∣∣∣∣∣ .

The function f(A) depends on the nucleus under consideration: for 48Ca, 76Ge, 82Se, 130Te
and 136Xe, f(A) ≈ 0.035, 0.028, 0.028, 0.033 and 0.032, respectively [81, 87]. The above
approximated formulae match with the ones derived in [33]14 using the mapping to the
Casas-Ibarra parameterization presented in appendix B.

There are two important implications of successful baryogenesis on the prediction of
neutrinoless double-beta decay. First, there can be a sizable non-standard contribution
from the heavy states ifM is not too large and ∆M/M not too small. From the above equa-
tions, it is clear that the interference of the light and heavy contributions depends on the pa-
rameter θ, which is completely unconstrained otherwise, as already shown in [33]. ForM �

12We thank J. de Vries for pointing out this effect.
13The approximation implies a scaling of the NMEs asM (MI) ∝ 1/M2

I . For MI . 3 GeV the deviation
with respect to the nuclear computation [81] is larger than 1%.

14A typo has been noted in the IH expression in ref. [33]: the factor 1− 2eiδs23θ13 should be removed.

– 41 –



J
H
E
P
1
2
(
2
0
2
2
)
0
1
2

0 1 2 3 4 5 6

δ

−3

−2

−1

lo
g

1
0
(m

β
β
/e
V

)
SHiP

IH

NH

0 1 2 3 4 5 6

δ

−3

−2

−1

lo
g

1
0
(m

β
β
/e
V

)

FCC

IH

NH

Figure 16. 1 and 2 σ regions from the numerical scan on the plane (δ,mββ) at ∆M/M = 10−2

for NH (blue) and IH (red). The standard light neutrino contribution is contained in the dashed
bands. The left plot corresponds to the SHiP range and the right plot to the FCC one.

100MeV, the matrix element associated to the heavy contribution is suppressed, and can be
neglected above a few GeV [89]. Therefore we expect to find a non-standard contribution
only in the range of SHiP and for large enough ∆M/M . On the left plot of figure 16, we
show the 1 and 2 σ regions from the numerical scan15 on the plane (δ,mββ) for both hierar-
chies and ∆M/M = 10−2 in the range of SHiP. The dashed lines correspond to the standard
range of the light neutrino contribution to mββ . Indeed we observe a significant deviation of
the standard expectation for both hierarchies, which furthermore depends on the Dirac CP
phase, δ. The presently preferred range of δ ≥ π [90, 91] seems to be also the region where
the HNLs effects on mββ are more relevant. This dependence on δ is the result of a non
trivial interplay among the CP phases which play a role in the baryon asymmetry, the Uα
flavor structure shown in figure 14 (see also figure 15), and neutrinoless double-beta decay.

A second effect is the restriction of the standard light neutrino contribution. Ignoring
the uncertainties of nuclear matrix elements, we do not have an accurate prediction of mββ ,
because it depends on the PMNS CP phases [92]. We have seen that the BAU restricts
these phases for large ∆M/M in order to ensure that at least one flavour remains weak,
and this involves the PMNS CP phases. We therefore expect that the prediction for mββ

will also be restricted by this requirement. On the right plot of figure 16, we show the 1
and 2 σ regions for FCC. We observe indeed a reduction of the standard regions, which is
very significant for NH. Unfortunately it seems to select the smallest range of mββ . This
behaviour is easy to understand analytically just considering the dependence on δ and φ of
the light neutrino contribution given in eq. (7.3) and the flavor selection shown by figure 15.

7.3 HNL mass splitting

A key parameter regarding the testability of low scale leptogenesis is the HNL mass split-
ting. This can be kinematically measured for large ∆M/M depending on the experimental
resolution. In the previous sections we have studied the predictions from the baryon asym-

15Note that due to the imposed constraint on the parameter space while performing the Bayesian analysis
the interpretation of the posterior probabilities has to be taken with care.
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metry generation on the flavor structure of HNL mixing, the PMNS CP-phases and the
neutrinoless double-beta decay rate, considering a potentially measurable value of ∆M
(∆M/M = 10−2). However, for small values of ∆M/M , a kinematical measurement is
essentially hopeless.

Interestingly, sensitivity to small ∆M/M can be achieved in future colliders or beam
dump experiments via the measurement of coherent HNL oscillations [93–98] or the corre-
lation among the HNL decay products [99–102]. Both effects are essentially driven by the
ratio ∆M/Γ, where Γ is the total HNL decay width, and their experimental observation re-
quires roughly ∆M ' Γ. We have checked that this condition is not fulfilled in the testable
region of the parameter space compatible with successful leptogenesis for values of ∆M/M

larger than 10−14. Note, that for smaller values of the mass splitting corrections from the
Higgs mechanism induced after electroweak symmetry breaking should be included, which
are of the order of the light neutrino masses. This region can be phenomenologically mo-
tivated, for instance, in the νMSM model [11, 103] in which a third HNL at the keV scale,
almost decoupled, may be a Dark Matter candidate. This extremely degenerate case will
be considered elsewhere.

8 Conclusion

We have presented a detailed study of the baryon asymmetry in the context of the mini-
mal type-I seesaw model, with two extra singlet fermions (HNL) with masses in the 0.1−
100 GeV range, that can also explain the light neutrino masses. This scenario has received
considerable attention in previous literature, since it can be tested in future experiments
such as SHiP or FCC. We have focussed precisely in the region of parameter space accesible to
these experiments, which requires relatively large HNL mixings, and studied the constraints
imposed by the requirement of successfully reproducing the observed baryon asymmetry. As
a first step, we have developed an accurate analytical approximation to the baryon asymme-
try, exploiting the approximate lepton number symmetry that must be satisfied to achieve
large enough HNL mixings, significantly above the naive seesaw expectation, U2 � mν/M .
This is often called an inverse or linear seesaw scenario and involves almost degenerate
HNLs and expansion parameters that permit a perturbative solution of the kinetic equa-
tions based on the adiabatic approximation. The validity of the approximation has been
confirmed by confronting it with the full numerical solutions of the kinetic equations.

These analytical results have allowed us to map all the washout regimes, where the
necessary out-of-equilibrium condition is satisfied by at least one mode. The slow modes
have been identified as the oscillation mode in the overdamped regime, a weakly coupled
flavour in the presence of flavour hierarchies or the mode associated to the approximate
lepton number symmetry. The regions corresponding to the different regimes are displayed
in figure 1 for two fixed values of the ∆M/M on the plane of HNL mass and mixing.
Interestingly the complex parameter dependencies of the baryon asymmetry are encoded
in CP invariants, that can be easily derived from first principles and can be expressed in
terms of measurable parameters: light neutrino masses and mixings, HNL masses and mix-
ings and very importantly CP phases. We have used these non-trivial relations to derive
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robust bounds on the HNL mixings (upper or lower bounds) depending on the regime, see
eqs. (5.6), (5.12), (5.15), (5.23), and on the HNL mass degeneracy in eq. (5.24). Further-
more, strong correlations among CP violating phases for successful baryon asymmetry have
been shown to exist in certain regions of parameter space, in particular in regions that are
far from the upper/lower bounds. Interestingly, in some regions of parameter space CP
phases should be correlated to suppress the angular dependence of the CP invariants, as in
figure 6. Also, for moderate HNL degeneracies, flavour effects are mandatory, restricting
the PMNS CP phases according to figure 15. This restriction has interesting observable
consequences in the flavour of the HNL mixings, as shown in figure 14, and in neutrinoless
double-beta decay, see figure 16.

The methods developed in this work will be useful to derive robust bounds in the
significantly more complex parameter space of non-minimal models with more than two
fermion singlets.
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A CP phases

In this appendix we will show how all the CP phases can be absorbed in the Yukawa
couplings leaving MR as a real symmetric matrix. Further, we will also demonstatrate
that in the symmetry protected scenario under consideration, it can be assummed µ1 = µ2
in all generality. Finally, since the CP invariants presented in section 3 are given in the
basis in which the Majorana mass term is diagonal (with real and positive entries), we will
provide the connection between this basis and the one given by eq. (2.4) diagonalizing MR.

First of all, notice that there is no CP violation in the symmetric limit (y′α = µ1 = µ2 =
0) since in such a case all the phases in eq. (2.4) can be trivially reabsorbed with a rephasing
of the Ni and Lα fields. If the symmetry is broken, in principle MR is a complex symmetric
matrix which contains three phases. Two of them can be easily removed performing Ni

field redefinitions. However, a priori there is a non trivial phase contained in MR in the
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general case. It is easy to show that we can start from the following basis:

Ỹ =


Ỹe1 Ỹe2

Ỹµ1 Ỹµ2

Ỹτ1 Ỹτ2

 , M̃R =

µ̃1e
iαµ Λ

Λ µ̃2e
iαµ

 , (A.1)

where µ̃1, µ̃2,Λ b R+ and 0 ≤ αµ ≤ 2π. Rotating to the basis in which M̃R is real and
diagonal and expanding over the small LNV parameters we find

Y = Ỹ O, diag(M1,M2) = OTM̃RO , (A.2)

O = 1√
2


 1 1
−1 1

+ (µ̃2 − µ̃1)eiαµ
4Λ

 1 1
−1 1

 diag(i e−iα1/2, e−iα2/2) , (A.3)

where α2(1) = Arg
{
1± (µ̃1 + µ̃2)eiαµ/2Λ

}
andM2(1) = Λ±(µ̃1 + µ̃2) cosαµ/2. Here we are

neglecting higher order terms in µ̃i/Λ and Ỹα2. Finally, expanding also e−iαi/2, we obtain

Yα1 = i√
2

(
Ỹα1 − Ỹ new

α2

)
, (A.4)

Yα2 = 1√
2

(
Ỹα1 + Ỹ new

α2

)
, (A.5)

diag(M1,M2) = diag(Λ− µ2,Λ + µ2) , (A.6)

where we are neglecting the O(µ̃2/Λ2) and O(Ỹα2µ̃/Λ) higher order terms, and

Ỹ new
α2 ≡ Ỹα2 −

(µ̃2 − µ̃1)eiαµ
4Λ Ỹα1 −

µ̃1 + µ̃2
4Λ i sinαµỸα1, (A.7)

µ2 ≡ (µ̃1 + µ̃2) cosαµ/2 = ∆M/2 . (A.8)

Now, we can perform the following rotation of the Ni fields

O = 1√
2

−1 1
1 1

 diag(i, 1) , (A.9)

to go back to an initial basis in which there are no phases contained in the Majorana mass
term and their diagonal matrix elements are equal:

Y =


yee

iβe y′ee
iβ′e

yµe
iβµ y′µe

iβ′µ

yτe
iβτ y′τe

iβ′τ

 , MR =

µ2 Λ
Λ µ2

 , (A.10)

where µ2 and Λ are real and positive parameters. Diagonalizing MR and rotating to the
basis in which it is diagonal, we obtain in the Ni mass basis

Y =


yee

iβe y′ee
iβ′e

yµe
iβµ y′µe

iβ′µ

yτe
iβτ y′τe

iβ′τ

W, diag(M1,M2) = W TMRW , (A.11)
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with

W = 1√
2

 1 1
−1 1

 diag(i, 1) , (A.12)

and
M2(1) = Λ±∆M/2, ∆M = M2 −M1 = 2µ2 . (A.13)

B Mapping to the Casas-Ibarra parameterization

The Casas-Ibarra parameterization [104] is a perturbative parameterization of the Yukawa
couplings, based on the seesaw expansion, which implements the light neutrino mass and
mixing constraints. Therefore, it should also be able to describe the symmetry protected
scenario considered in this paper. Indeed, our results can be mapped to the Casas-Ibarra
parameterization in the large HNL mixing regime explored here. In the Casas-Ibarra
language, this limit corresponds to a large imaginary part of the complex angle z appearing
in the Casas-Ibarra matrix R. There is some arbitrariness in the concrete definition of this
matrix and we will, thus, follow the prescription given by eq. (2.5) in [33].

We have checked that we recover the expressions for the weak washout CP invariant,
the neutrinoless double-beta decay heavy contribution and the HNL mixings obtained
in [33], performing the following mapping between parameterizations:16

Normal Hierarchy.

φ → φ+ π/2, θ → 2 Re [z] , U2 ≈ y2v2

2M2
1
→

e2Im[z]
√

∆m2
atm

4M1
, (B.1)

where z is the complex Casas-Ibarra angle.
Recall that the parameters y and y′ can be related to the active heavy mixing U2 and

the neutrino masses as

yy′ ≈ M1 +M2
4v2

(√
∆m2

atm +
√

∆m2
sol

)
, y2 ≈ 2M2

1U
2

v2 , (B.2)

and, equivalently, y′/y (which in the large mixing limit corresponds to e−2Im[z]) is given by

y′/y = M1 +M2
8M2

1U
2

(√
∆m2

atm +
√

∆m2
sol

)
. (B.3)

Inverted Hierarchy.

φ = φ− π/2, θ = 2 Re [z] , U2 ≈ y2v2

2M2
1
→

e2Im[z]
√

∆m2
atm

2M1
. (B.4)

Notice the minus sign in front of π/2, to be compared with the normal hierarchy case.
16The rephasing in the Majorana phase is required in order to recover positive light neutrino masses.
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The parameters y and y′ are related to the active heavy mixing U2 and the neutrino
masses as

yy′ ≈ M1 +M2
4v2

(√
∆m2

atm +
√

∆m2
atm −∆m2

sol

)
, y2 ≈ 2M2

1U
2

v2 , (B.5)

and
y′/y = M1 +M2

8M2
1U

2

(√
∆m2

atm +
√

∆m2
atm −∆m2

sol

)
. (B.6)

C Lepton number conserving limit

Analytical approximations of the baryon asymmetry found so far in the literature were
obtained in the lepton number conserving limit (ΓM → 0), see for example [36, 59] and
references therein. Our analytical estimates from eqs. (4.50) to (4.61) contain both, LNC
and LNV contribution simultaneously. This appendix is devoted to the LNC limit of our
found analytical expressions. Due to the clear separation of both contributions, as already
expected on general grounds from the CP invariants of section 2.2, the LNC limit can be
obtained trivially.

Closed form analytical expressions were only obtained in the fast oscillating regime
(Γosc(Tosc) � Γ(Tosc)) [59]. In this regime the asymmetry is generically suppressed by a
factor of

η ' γ1κ

2γ0 + γ1κ
' 4 , (C.1)

compared to the scenario with strong LNV rates, see eq. (4.58). Hence, the parameter
space for successful explanation of the BAU expands to slightly larger mass splittings
when including LNV rates. This clarifies the numerical enhancement of the asymmetry via
LNV rates found previously in the literature, see e.g. ref. [39]. The reason is simply given
by the competing weak modes and their different time evolution. The same conclusion
also applies for the intermediate regime, see eq. (4.55), for which, however, no analytical
approximation existed in the literature so far.

Within the overdamped regime (Γslow
osc (TEW)� Hu(TEW)) semi-analytical expressions

in the LNC limit were found in [36]. We find that the impact of LNV rates in this regime
is more accentuated than in the fast oscillation and intermediate regime. This is because
LNC and LNV contributions to the asymmetry not only differ dramatically in their time
evolution, but also enter with opposite sign. When neglecting LNV plasma interactions the
dynamics of the BAU generation is only coupled to one weak mode, i.e. the overdamped
oscillation mode. This is because in the LNC scenario we have Γslow

M → 0 and hence the
LNV weak mode decouples completely from the BAU generation. The asymmetry hence
grows in the whole overdamped regime with x2, i.e.(∑

α

µB/3−Lα

)ov−LNC

' κx2

6γ0 + κγ1

γ2
0

γ2
0 + 4ω2

cHM
∗
P

T 3
EW

∆ov
LNC . (C.2)

Expressing the CP invariant in terms of physical parameters, eq. (3.14) (eq. (3.19)) for NH
(IH), and using the instantaneous sphaleron freeze-out approximation we can formulate
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Figure 17. Result of the numerical scan for ∆M/M = 10−10 within the LNC limit shown in blue
(red) for NH (IH). The black lines represent the analytical upper bound on the mixing of eq. (C.4).
Color coding as in figure 1.
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Figure 18. Numerical result of the Bayesian analysis (blue (red) points for NH (IH)) together
with the analytical derived upper bound on the HNL mixing (black line). In dashed we show for
comparison the corresponding analytical upper bound when LNV rates are included. The grey
region is excluded by direct searches and the yellow one by big bang nucleosynthesis constraints.

the asymmetry as

(YB)LNC
ov ' −2× 10−1 ∆M

M

1GeV
M

(
10−7

U2

)2

fH
LNC . (C.3)

The angular function fH
LNC is defined in eq. (5.5) (eq. (5.4)) for NH (IH). Maximizing this

function leads to an upper bound on the HNL mixing compatible with the BAU(
U2
)LNC

ov
. 6 (15)× 10−3

√
∆M
M

√
1 GeV
M

NH (IH) . (C.4)

In figure 17 we compare this bound with a numerical analysis within the LNC limit for an
exemplary mass splitting of ∆M/M = 10−10.

Having derived eq. (C.4) the general upper bound for variable HNL degeneracy is found
by saturating the overdamped condition of eq. (5.1) which leads to

U2 . 5 (17)× 10−7
(1 GeV

M

)4/3
NH (IH) . (C.5)

– 48 –



J
H
E
P
1
2
(
2
0
2
2
)
0
1
2

0 1
log10(M1/GeV)

1
2
3
4
5

12

10

8

6

lo
g 1

0(
|U

|2 )

12

10

8

6

lo
g 1

0(
|U

|2 )

12

10

8

6

lo
g 1

0(
|U

e|2 )

10

6

2

lo
g 1

0(
M

/M
1)

10 5
log10( M/M1)

12 10 8 6
log10(|Ue|2)

12 10 8 6
log10(|U |2)

12 10 8 6
log10(|U |2)

2 4

SHiP
FCC

Figure 19. Two-dimensional 1 and 2 σ posterior probability projections of the global numerical scan
for NH, with priors given in table 3. The scan is performed separately for SHiP (red) and FCC (blue).

The numerical result of a bayesian analysis with variable ∆M/M within the LNC limit is
shown in figure 18. The priors are the same as given in table 3. In dashed we show for
comparison the upper bound on the mixing when LNV rates are included.

D Triangle plots

In addition to the U2 vs. M projections shown in figure 12, here we show other two-
dimensional posterior probability projections of the global numerical scan for NH (IH) in
figure 19 (figure 20).

In particular, we include the non trivial projections on |Uα|2, ∆M/M ,M and θ. We do
not show the correlation with the PMNS CP-phases since there is no restriction on those

– 49 –



J
H
E
P
1
2
(
2
0
2
2
)
0
1
2

0 1
log10(M1/GeV)

1
2
3
4
5

12

10

8

6

lo
g 1

0(
|U

|2 )

12

10

8

6

lo
g 1

0(
|U

|2 )

12

10

8

6

lo
g 1

0(
|U

e|2 )

10

6

2

lo
g 1

0(
M

/M
1)

10 5
log10( M/M1)

12 10 8 6
log10(|Ue|2)

12 10 8 6
log10(|U |2)

12 10 8 6
log10(|U |2)

2 4

SHiP
FCC

Figure 20. Same as in figure 19 but for IH.

phases when we consider the full prior range of ∆M/M as given in table 3. For the same
reason, we do not include mββ since the preferred range does not differ from the standard
active neutrino contribution.

The selection of θ < π in NH arises from the sign of the baryon asymmetry. At leading
order the CP invariants of eqs. (3.14), (3.15) and (3.18) only depend on sθ. Note that only
for M1 . 1GeV this preference is relaxed. This can be understood due to the dominance
of LNV interactions in the overdamped regime for larger values of M1, see eq. (5.3). For
IH this preference disappears because the PMNS phases can always be adjusted to yield
the correct sign of the baryon asymmetry.

We use the Monte Carlo analysis software GetDist [105] to extract the 1 and 2 σ poste-
rior probabilities. We take the sensitivity reach of SHiP and FCC in our posterior probability
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projections into account via higher order multiplicative bias corrections. Therefore, any
interpretation of the posterior probabilities has to be done with respect to the constrained
parameter space and has to be taken with care.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
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