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ABSTRACT: Using the large D effective theory approach, we construct a static solution of
non-extremal and squashed black holes with/without an electric charge, which describes
a spherical black hole in a Kaluza-Klein spacetime with a compactified dimension. The
asymptotic background with a compactified dimension and near-horizon geometry are an-
alytically solved by the 1/D expansion. Particularly, our work demonstrates that the large
D limit can be applied to solve the non-trivial background with a compactified direction,
which leads to a first-order flow equation. Moreover, we show that the extremal limit
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1 Introduction

So far, higher-dimensional black holes have played important roles in understanding basic
properties of fundamental theories, such as string theory. A number of interesting solutions
of such higher-dimensional black holes have been found and shown us that they have
much richer structure of their solution space than that of four-dimensional black holes [1].
However, since our observable world is macroscopically four-dimensional, extra dimensions
have to be compactified in realistic spacetime models [2, 3]. Therefore, from this point of
view, it is of great importance to consider higher-dimensional Kaluza-Klein black holes,
which look like a four-dimensional spacetime at least at large distances. One hopes that
the studies on such Kaluza-Klein black holes may also give us some insights into the major
open problem of how to compactify and stabilize extra dimensions in string theory. The
simplest example of a five-dimensional Kaluza-Klein black hole is a black-string, which is
a direct product of a four-dimensional black hole and a circle.

A more non-trivial class of Kaluza-Klein black holes is given by squashed Kaluza-Klein
(SqKK) black holes which are obtained by applying the deformation of squashing to five-
dimensional black holes. For instance, the basic idea is to view the S3 section, dQ%, of a



five-dimensional Schwarzschild black hole spacetime as a fiber bundle of S! over the S?
base space df23, as follows,

03 = %[(dw + cos 0dg)* + dQ3],

and then perform such a deformation that changes the ratio of the radii of the fiber S' and
the S? base, as

2 my ..o m\ ', oy T2 2 2
ds® = — 1—72 dt* + 1—72 k= (r)dr +Z[(d¢+cosﬁd¢) + k(r)dQ3],

where k(r) is called squashing function, which is determined by the Einstein equation. After
this squashing deformation, the resultant spacetime asymptotically looks like an S! fiber
bundle over a base space of a four-dimensional flat spacetime at large distances, whereas
it looks like a five-dimensional black hole near the horizon. The basic structure of SqKK
black holes can in fact be seen in the much earlier works of refs. [4, 5], whose solutions
asymptote to an S'-bundle over a four-dimensional flat spacetime, as studied in [6]. Some
further generalizations of SQKK black holes has been made subsequently [7-9].

Moreover, the accumulation of this type of SqQKK black hole solutions also motivates
us to generalize to higher dimensions. For example, in ref. [10], odd-dimensional extremal
charged black hole solutions with a compactified dimension were obtained by squashing
S27+1 which can be viewed as an S! fiber bundle over C'P™ base space,

2,41 = (do + A)? + dX7,

in terms of a metric dX2 and a Kihler potential on C'P", then the ratio of the radii of the
fiber S' and the base C'P" is changed so that the ratio is to same extent on the horizon but
diverges at infinity. The resultant spacetime looks like a black hole with S?**! topology
near the horizon but has a compact spatial direction of 9/0¢ at infinity.

To explore a vast variety of higher dimensional black holes, the large dimension limit,
or large D limit, of gravitational theories provides a versatile analytic approach [11, 12].
The basic feature of the large D limit, the localization of the gravity, confines the black
hole dynamics within the thin layer of O (1/D)-thickness along the horizon, to form an
effective theory living on the horizon surface [13—-15]. This large D effective theory approach
facilitates the search for more general, less symmetric solutions. So far, this approach has
been applied to study various types of black holes such as the black brane instability and
related non-uniform branches [13, 16-20], rotating compact black holes [21-24] and other
solutions in more complicated setups [25, 26]. The instability, deformation and interaction
of compact black holes can be systematically studied by the blob approximation, in which
a compact black hole is identified as a Gaussian lump, or black blob, on the black brane
effective theory [27-33]. The large D effective theory is also applicable to Gauss-Bonnet
black holes [34, 35].

In this paper, we use the technique of the large D effective theory to find black hole solu-
tions in the odd-dimensional SQKK background in Einstein and Einstein-Maxwell theories.
Specifically, we focus on static and non-extremal black holes with S?"*! topology, which



can be regarded as an S! fiber bundle over C P" base space. Therefore, this is straightfor-
ward extensions of the five-dimensional black holes [5] to a higher-dimensional case as well
as of the (2n + 3)-dimensional black holes [10] to a non-extremal case. As a novel feature,
instead of imposing simple backgrounds such as asymptotically flat or (A)dS, we solve
the non-trivial squashed background, more specifically generalized (2n + 2)-dimensional
Taub-NUT space background, by using the 1/D expansion besides the near-horizon anal-

1" This demonstrates that the large D limit can also be useful in finding a class of

ysis.
Kaluza-Klein spacetimes having non-trivial bundles with/without a horizon. The charged
solutions are also studied in the same analysis. We can find that the extremal limit is
consistent with the large D limit of the known extremal solution [10].

This paper is organized as follows. In section 2, we start by revisiting the squashed
background at large D. In section 3, the near horizon geometry of neutral squashed black
holes are solved in 1/D-expansion. The resulting physical quantities are shown in section 4.
The section 5 repeats the similar analysis for charged black holes. The extremal limit is
also discussed. We summarize our result in section 6. We attached an auxiliary Mathe-
matica notebook file in the supplementary material to present lengthy metric solutions in

1/ D-expansion.

2 Squashed background

First, using the large D limit, we reconstruct the squashed background with a compact
S' direction, i.e., the (2n + 2)-dimensional Eulidean Taub-NUT space which was studied

in ref. [10],

d 2
dsd, o = % + LEF(r)(de + Ap)? + r(r + 2L)d%2, (2.1)

where dX2 = ’Yijdaidaj is the C' P™-metric with the curvature Rij =2(n+ 1)y, and A, is
the Kihler potential on CP™. The S! direction is identified with ¢ ~ ¢ 4 27.2 Since the
large dimension now owes to C'P™, we consider the large n limit in the following.

The Ricci-flat condition of this geometry is given by

(2L%*n + L(4n — 2)r + (2n — D)r?)F(r) + r(2L +7)((L+7r)F'(r) = 2(1 +n)) = 0. (2.2)

The solution regular at » = 0 is obtained as

2r r r\ " T T
F = — (14— 1+ — F 1,2, — 22— —— 2.3
=2 (1+7) (1+57) A(nerz-nmen-T-0), (9

where F} is the Appell’s double hypergeometric function which reduces to polynomial for
an integer n. Now, instead of direct integration, we observe the large n limit of eq. (2.2)

2n(L +1)?F(r) = 2nr (2L + 1) + O (n°) = 0. (2.4)

1Using the large D terminology, we solve the decoupled sector in both near horizon and asymptotic
region.

*Note that our convention of the CP™ metric is different from ref. [10], in which the S direction is
identified with ¢ ~ ¢ + 4(n + 1)m. We follow the construction in ref. [36].



Interestingly, the derivative term goes to the sub-leading order, and then the leading-order
solution for F(r) is determined by merely solving an algebraic equation. Solving eq. (2.2)
order by order in the 1/n expansion, we obtain

r(r+2L)  3r%(r +2L)? N 3r2(2L +7)% (—4L% + 2Lr + r?) N
(r + L)2 2n(r + L)4 An2(L + )0 ’

F(r) = (2.5)

which correctly approximates eq. (2.3) at large n. Therefore, we can obtain the squashed
background at the large D limit as

FETS (r+L)? 2, Lr(r+2L)
2T p(r 4 2L) (r+ L)?

(de + An)? + r(r + 2L)dx2. (2.6)

2.1 Squashed background at large D

In the above analysis, we have seen that the large D limit correctly reproduces the squashing
behavior of the known result [10] in the 1/n-expansion (2.5). Here, we show that the
spacetime with an S! fiber bundle over C'P™ admits the squashing deformation at large n
even if we use a more general metric ansatz rather than eq. (2.1). Let us start from the
following general ansatz with an S' fiber bundle over C' P,

ds? = Fdr? + Gupda®da’ + 2G 4dz®(dd + An) + G (dd + A,)* + r2d%2, (2.7)

where d¥,, = %-jdaidaj and A, are the same C' P™ metric and Kéahler potential, respectively,
and the coordinates z® may include another spatial coordinates as well as a time coordinate
t. Here, we suppose that the metric components are function of r and z®. It is shown that
by taking the limit n — oo, the Einstein equation in appendix A reduces to

F=1+0 (n—l) , (2.8)
2G 424G R _
8,Gap = # +0(n7), (2.9)
where A, B = a, ¢. For G4y, this is immediately solved as

L27’2

Goo = 1o, (2.10)

where L is an integration constant, which causes to squash the background and compactify
the fiber direction 0/0¢. The other remaining components are solved as

caL27“2
a(f) = ’)"2 +L27 (211)
cacp L
Gay = Hyp — m, (2.12)

where ¢, and H,, are independent of r, and ¢, gives the boost d¢ — d¢ + c,dx® at r — oo.

One can easily confirm that this recovers eq. (2.6) by switching the radial coordinate.
In the resultant spacetime, the size of S is finite and much smaller than the size of 27 L at
infinity, so that the S! direction is compactified. Moreover, we note that the limit L — oo



recovers SO(2n+1) symmetry. It is also worth noting that, in the leading order, L is rather
an integration function which can depend on other directions %, as eq. (2.9) only solves the
radial dependence. The sub-leading analysis will impose constraints on the form of L(z).

One should note that in the conventional large D analysis, the background is usually
put by hand, and the main focus has been always on the horizon. Here, we have demon-
strated that the large D limit also provides an easy way to construct a squashed horizonless
background spacetime with a compact dimension, which is determined by solving the geo-
metric flow-like equation (2.9).

2.2 Asymptotic behavior in SQKK background

Next, we elaborate the SQKK background at large D, but use the following Bondi ansatz,
which is convenient for the later near horizon analysis

ds® = —dt* + hyy (r)dr® + heg(r)(do + Ap)? + r2dS2. (2.13)

Here we repeat the analysis in the previous section up to higher order in 1/n,

1
h/,u/:h;[?y]/—i_ﬁhgl]/—i_'“ 7 (2.16)
which gives
31 3r? (L* + 2r%)
hpr(r) =1 — O(n3), 2.17
(r) 2n(L? +1r2) + 4n? (L2 + r2)2 (n ) (2.172)
1272 1 3rdL? -3

Under this ansatz, the Einstein equation can be also solved by expanding the metric from
r = oo in small L/r, and we have

_2n—1 32n—-1)2 L? L4
hee(r) = 5013 4n+1)2(2n—3) r? <r4> ’ (2.18)
n(2n — 2 4
hgo(r) = L? (1 - ﬁ) (273 3 % +0 (i)) . (2.18b)

These two expansions are consistently matched by the double expansion with 1/n and L/r.
One can easily see from eq. (2.18) that the metric (2.13) asymptotes to the Kaluza-Klein
spacetime compactified in the S' direction with the radius 27 L for r — oo

2n—1
ds? ~ —df® + dr? + L*(dp + Ap)? + r2d2. (2.19)

2n + 2

3 Although the current interest is the 1/n expanded behavior, we also have the strict solution by
1 L?r?F(r)
Bop = ——,  hep = ——=? 2.14
oy T i (2.14)
where
_2(n+1) 3 3 L? C(r*+ 1?32 - [opn—1

F(T)— om—1 2F1 1,5,5*7L,£2+r2 + p2nt2 5 L= 2n+2L. (2.15)

The constant C' must vanish for the regularity.



Squashed perturbation. Given the squashed background (2.13), it is natural to expect
the perturbative behavior is affected by the squashing effect. Let us assume the linear
perturbation to the background (2.13) as,

a(r b(r c(r
git = -1+ r27(’b—)1’ Grr = hrr(r) (1 + TQEZ_)1> y Yoo = hqﬁqﬁ(r) <1 + TQS/L_)1> ) (2'20)

where the typical falling factor »—27+1

is separated in advance, so that a(r),b(r) and c(r)
remains finite functions of r at n — oco. Then, the linearized equation is solved by 1/n-

expansion,

9\ 3/2
o =af1s o). s -mfie hos(105) o),

L2\** L% 2a (L2 + 2r%) + 38 (L2 +12)) )
c(r)zﬁ(l—i-?az) - PN —|—(9(n 2),

(2.21)

where o and 3 are the integration constants and c(r) is shown up to O (n™!) for the later
use. The O ((L/r)°) terms at each order of 1/n can be absorbed into o and 8 by fixing
the integration constants, and hence one can identify them to the leading order terms in
the asymptotic behavior at r — oo’

o Grr a — /8 Yoo B

~ 14+ —=— —~1 ~1 .
gt + P21 + P b + r2n—1

(2.22)

The parameters in eq. (2.21) are later matched with the near horizon solution. Once the
asymptotic behavior is determined, the ADM mass and tension are evaluated as follows [37],

Qopt1 [2n+2 n2p 41
Mass = L(2 — = 2.23
oG \|2n 1 FCna = B) = == M, (2.23)
Qopt1 [2n+2 n{on 41
T _ _9mf) = 92.24
BNSION = 20 5\ an = 1@~ 2 = 526 T (2.24)

where Q11 = 27 vol(CP") is the volume of S?"*! and the normalized mass and tension

B 2n + 2 _ﬂ B 2n + 2 a
M= 2n—1L(O‘ 2n)’ T\/zn—1<2n 5)' (2.25)

Similarly, the Komar mass is obtained as

is given by

2n+1 n8lon 41
K MASS = — BEVAS,,, = , 2.2
OMAR MASS 32an/V§ Sy e Mg (2.26)
and
2 1)/2 H(2n -1
My = BtV E&j Cn=1, ., (2.27)

4One should not confuse with the linear perturbation (2.20) in which r is assumed finite but just
—2n
r < 1.



3 Near-horizon analysis

In this section, we apply the standard near-horizon analysis at large D to the squashed
background. Bearing in mind the metric form of the background (2.13), we assume the
following ansatz:

B(r)

ds®> = —A(r)dt® + hy (1) A0

dr? 4 he(r)H (r)(d¢ + An)? + r?d%2, (3.1)

where h,..(r) and heg(r) are the metric components for the squashed background, which
are already solved in the 1/n-expansion (2.17). Since the metric has only r-dependence,
we do not need to solve the large D effective equation. Once we get the metric solution
in the 1/n expansion, they trivially satisfies an effective equation, which must be solved in
analysis for non-uniform black strings as in refs. [13, 16]. As is done in a usual analysis of
the large D effective theory, we introduce a new radial coordinate to resolve the thin near
horizon region located around r = ry by

R:= (r/ro)*", (3.2)

or inversely,

1
r=roR2 ~ rg (1 + 5, log R) . (3.3)

The horizon scale is set to 79 = 1 by rescaling L. The background solution h,,(r) and
hee(r) should be expanded in 1/n again with the new coordinate. The metric solution is
obtained by expanding in 1/n as functions of R,

A=

3 Hi(R) (3.4)

nt

- B=1 - H=1
nt ) + Z nt ) +

=0 =0 1=0

S

We also impose the asymptotic boundary conditions at R — oo on these functions so that
the geometry at infinity behaves as the squashed background by

A=1+0(RY), B=140(R"), H=1+0(R"). (3.5)

If we require the existence of a horizon at R = m (a certain positive constant), the
leading function Ag is determined as

m
Ag=1— —. 3.6

=1 (3.6

Moreover, from the requirement of regularity on the horizon and asymptotic boundary

condition (3.5), the other leading functions are obtained as
By=0, Hy=0. (3.7)

Furthermore, we require that the metric functions should be regular on the horizon even
at each higher order in 1/n. Choosing the integration constants included in A4; (i =1,...)
appropriately, we can fix the horizon at the same position R = m in all orders of 1/n.



Matching with the asymptotic perturbation (2.21) for 1 < R < €?", we can extract
the asymptotic behavior at the leading order,

__m -1 _ -1

a—m+(’)(n ), B—(’)(n ) (3.8)

One can see that the asymptotic behavior in the near-horizon region gets a dressing factor

in the asymptotic region due to the squashing effect.® Since H is solved up to O (nfl), the
match with ¢(r) in eq. (2.21) determines

8=

LALE +2)m (n?). (3.9)

2(1 + L2)5/2n

B and b match accordingly.

Continuing the analysis order by order, we obtained the metric solution up to NNNLO,
part of which is shown in appendix B.1 (See the attached auxiliary file in the supplementary
material for the full data).

4 Physical properties

Matching the near horizon solution with the asymptotic behavior at infinity, we can com-
pute the ADM mass M, Komar mass Mg and tension 7 in 1/n-expansion up to the
next-to-next-to-leading order (NNLO) in 1/n, which are written as, respectively,

_ Lm 2L2—2logm+3+ (12—24L2)log*m+8(72—9) L?—36logm-+9 (4.1)
VIL2+1 4(L2+1)n 96(L2—|—1)2n2 ’ :
T m (8L2—2)logm—2L2+3
C2(L2+1)n 8(L*+1)n
+12(16L4—18L2+1)log2m—12(8L4—24L2+3)10gm+312L4+8(772—54)L2+9 (4.2)
192(L2+1)*n? T
and
Mo — Lm - 2L% —2logm+3  (12—24L%)log?m+8 (72 —9) L? —36logm — 15
RRV/EEE 4(L*+1)n 96 (L2 +1)* n? '
(4.3)
The surface gravity and horizon area are derived from the near horizon geometry
SURFACE GRAVITY = nk, AREA = Qo1 Ap, (4.4)
where the normalized quantities are given by
1
T 5 AL+ 1)2log?m + 4(L2 — 1) logm — AL? — 9
k=1+ + 5 , (4.5)
n 32 (L2 +1)?n?

®To take the limit L — oo, o and § must be rescaled by a — a/L and 8 — 8/L* so that the asymptotic
behavior (2.21) remains finite, in which the match reproduces non-squashed result a = m.



and

Lm logm  LP(3(L*=2)log?m +2(x2 - 9))
An = /T2 + 1 1+2(L2—i-1)n+ 24 (L2 +1)* n2 . (46)
Assuming L and m as independent parameters, we can check the following relations
dM = kdAg + TdL, (4.7)
2nM = (2n+ 1)k Ag + TL,
Mo = 221, (4.9)
2n

up to the given order of 1/n. Especially, the tension is proportional to the difference

between M and Mg

M—MK:%, (4.10)

which was shown in ref. [40] for a five-dimensional static and charged case.

Scaling invariant expression. As we fixed the horizon scale ro = 1, we have the
freedom to change the length scale of entire system. One can check that, under the change

of parameter
1
L—CxwL, m—Cm, (4.11)

the above physical quantities must be subject to the following scaling laws up to the given
order of 1/n,

2n

M=CM, ToC5% T, Ay —C

2n

Ay, k- C ik, (4.12)

Thus, we can separate the scaling dependence from the scale invariance as

M =12 M(rg/L), T =83 T (ru/L), Ag =2 Ay(ru/L), k= rg'R(ra/L),

(4.13)
where rg = m is the radius of the CP"™ base on the horizon and the scale-invariant
functions, M, T, K and Ay, are given by

— 1 24322 8(n?—9)22+9z*
= 1 4.14
M) Vot i@ rn 962 r1)2n? (4.142)
+2x4(207r2—96§(3)—189)4—48;1:2(9—8((3))—1—45336
384n3 (2241)* ’
~ x® 3222 312+48(m?—54)x2+9z*
= 4.14b
Ti) 2n(1+x2)5/2l +4(:U2+1)n+ 96(x2+1)%n? ( )
+2m4(20772—96C(3)—1215)+8m2(47r2—240C(3)+945)+45a?6—|—48(32§(3)—49)
384n3(x2+1)° ’
2 2 2 4 2 a2 (2
Ra)=14 42249 2*(3(92*+362°+56) 1277 (z +1))’ (4.140)
4(224+1)n  32(x24+1)%n? 384n3(22+1)
. 1 2—9)z? 2(2?(2m2—12¢(3)—9) —24¢(3)+27
V21| 12(2241)2n 24n3(22+41)

where we have used the solution up to NNNLO to obtain the formula up to O (n™3).



Squashing function. To measure the squashing effect on the horizon, it is convenient
to calculate the squashing function by

ksq := T2/g¢¢|R:m, (4.15)

which is the ratio of the CP" radius to the S' radius. By definition, ksq is scale invariant,
and hence fully expressed by the scale invariant function ksq = ksq(rm /L), which is given by

~ 5 (m2—=9)2% 2% (12¢(3) +9 — 27%) + 32%(8¢(3) — 9)
Fsq(z) =1 427 — 6 (22 +1)n? 12n3 (22 +1)?

. (4.16)

up to NNNLO. One can check the squashing is dissolved for ry /L — 0. It turns out the
leading order terms alone approximate quite well for any n > 1,

~ 0.145 z?
ksq(2) = 14 2% — — = 2

(4.17)

This means that the horizon must be oblate, namely, the size of C'P™ base is larger than
the size of the S! fiber, as observed in D =5 [5], due to compactified spatial infinity.

5 Charged SqKK black holes

Next, let us consider to find static, non-extremal and charged squashed black holes at large
D limit in D-dimensional Einstein-Maxwell theory, whose equation of motions are given by
the Einstein equation

1 1
Ry — iRgm, =2 (FWFZ,D‘ - 4F29W> , (5.1)

and the Maxwell equation
V. F* =0, (5.2)

where F),, := 0,A, — 0,A,. To this end, we assume the same ansatz as eq. (3.1) for the
metric and the following form for the gauge field

Ay dat = Bdt, (5.3)

where ® = ®(r) corresponds to an electric potential. The squashed perturbation and
asymptotic behavior of the gauge field can be similarly solved to give

v r? + L? -1 ,.—4n
(I):WTT—FO(TL )T ) (5.4)
_ 7 —2n—1
= s tO (), (5.5)
where 7y is the constant which is related to the normalized electric charge as
2/(2n+2)2n -1
n
and the physical electric charge is written in terms of () as
1 nQ2n+1
CHARGE = ——— [ F*dS,, = . 5.7
87G / H 87G @ (5:7)

~10 -



Near horizon analysis. The near horizon analysis for the charged case is almost parallel
to the neutral case performed in the previous sections, and we use the same near horizon
coordinate R := r?" and the same metric expansion (3.4). Moreover, we assume that the
electric potential is expanded in 1/n as

&9}
®=> n"'d;. (5.8)
=0

If we impose the suitable boundary conditions on the potential ® such that (1) ® — 0 at
infinity R — oo and (2) ® is regular on the horizon, then we can obtain the leading order
solution as

V/P+P— P+t p— | P+P—
by = Ap=1-—
0 \/iR ) 0 R + R2
1 P p—
Hy=—log(1-2= By = — . .
=1 Og( R)’ = TAF )R- (5:9)

We use the ambiguity in the integral constants p;, p_ in higher order, to fix the horizon
position and the potential value on the horizon

_ — | P=
Alg_,, =0, @, = /2p+. (5.10)

Matching the asymptotic behavior (2.21) and (5.4) (up to leading order) leads to

P e BTV S p+L*(L* +2) + p—(L* +2L* + 2) (5.11)
V1+L? 2(1+ L2)’ 2n(1 + L2)5/2 ’ ‘

Thus, we have solved the equations of motion for the metric functions at large D up to
NNLO and part of NNNLO to study the thermodynamics. In the appendix B.2, the metric
solutions are given up to NLO.

5.1 Physical quantities

From the above results, we find that the thermodynamic variables are written as, up to

O (n7?),

L p+ (2L243)+p-—2(p4+p—)log(ps+—p-)
=— _ 12
e T A(L2+1)n (5.128)
L1 (_ P (4(272—27) L2—75) p_+(8(72—9) L2+9) p.
2\ 300 —p )1+ L7) 06(1+L2)?
1 2 2 2
—m((ﬂ/ —1)(P7+P+)10g (P+—Pf)+(—2L P+P+3P+>10g(/?+—ﬂ))>}v
2L\/2p1p— 1—2log(p+—p-) 1 24p_(1+L?)
0= 1 : (- (5.12b)
V1+L2 A(L*+1)n  96n2(L2+1) p+—p—

—12 (2L2—1) (log?(py—p_)—log(py—p_))+ (87r2—84) L2—27>} ,
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20412520 | '\ 4(p—p_)(L2+1) 2(L2+1) : '
Lps 1 log(p+—p-) )
= 1+—(1 _ 26\ T )
An= "0 +Qn(ogp+ za )T
+1<(3—6L2)10g2(p+—p—)+2(W2—9)L2—6(L2+1)(p—/p+)
n2 24(L2+1)?
log(ps—p_)lo 1 2
_log(p+—p z 80+ Lyog?, i p ﬂ
4(1+L?) 8 4p4 (L*+1)(p4—p-)
_pe=p- 2L —2(L*+1) (ps—p-)logps - +p+
P+ A(L*+1)np+
1 ( (BLA48L*=5)p_+(4L*+9)ps  L*(p——p-)log(p—p-)
n? 32(L2+1)°py A(L2+1)%py
2L%p_+p_+p4)lo 1/p_
L 2L v p+) gp++(p_1)log2p+)‘
8L%p4+8p+ 8\ p+

(5.12d)

K

(5.12¢)

And we must recall the potential on the horizon was fixed by the parametrization (5.10)
Oy =,/——. (5.13)

It is can be shown from direct computations that these quantities satisfy the first law and
Smarr’s relation

dM = Ay + ®dQ + TdL, (5.14)
2nM = 2n+ 1)k Ay + TL + 2n®HQ. (5.15)

We omitted the expression for Mg as it follows Smarr’s relation

L e =m-TE (5.16)

M 2n 2n

The squashing function is written as

o L7 [ los(pr —po) 1 ( _3p-(L*+1)
14 L2 (L2+1)n  6(L2+1)*n2 Py — p_
—3L%log?(py — p—) +3log(ps — p_) + (7* — 9)L2>} (5.17)

For the charged case, each physical quantity obeys the same scaling laws as for the neutral
case under
1
p+ =+ Cpy, L—C2L. (5.18)

5.2 Extremal limit

Until now, the extremal limit of charged black holes has been paid no attention to in the
large D effective theory. Since the extremal limit leads to the divergent behavior in the 1/D
correction, it has been simply considered as the breakdown of the 1/D-expansion [18]. Our
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charged solution exhibits the same symptom as well. From eq. (5.12¢e), the zero temperature
limit k — 0 yields

11 m
—5 o= (1-— 4 — -3)) )~ . 1
P+ ="p ( 2n+4n2+0<n ))p m+1” (5.19)

In this limit, the leading order solution (5.9) admits a degenerate horizon. However, the
sub-leading solution (B.8) diverges for p; — p_, from which one might conclude the break-
down of the 1/n expansion. However, we can show that the divergent behavior can actually
be tamed to obtain the regular extremal limit by introducing the extremal parameter

X = (1-p_/ps)% . (5.20)

All the divergent terms in the thermodynamical variables (5.12) can be absorbed into the
extremal parameter as follows

b () oo ()]

L L
Q=220 (M), T =T (M)
L L
2n+1 -~ THX _ ~ (THX
=, = () =gk (X))

1
where ry = p3" is the C'P" radius on the horizon and scale-invariant functions are the

same as those of the neutral solution (4.14) except the following two

— 1 322 +2 (392% — 87?2 + 72) 22
M_(z) = ———= - 5.22
(«T) /1 i .T2 ( n (4x2 + 4) 9677/2 ($2 + 1)2 ( )
2% (2” (192¢(3) + 282 — 4072) + 992" + 48(8¢(3) — 9))
384n3 (22 + 1)° ’

~ 1 222 +1 —24x% + (872 — 84) 2% - 3
- 5.23
Q) V14 22 ( n (4x2 + 4) 96n? (2 + 1)2 ( )

8z (472 — 3(8¢(3) +9)) + 22 (—384¢(3) + 522 — 87?%) + 3)
+ 3 ’
384n3 (22 + 1)

where NNNLO solutions are used to obtain O (n~3)-correction. The squashing function
has exactly the same expression as in the neutral case (4.16)

ksq = kg (”ILX) . (5.24)

And hence, we obtain the regular extremal limit by x — 0, in which the solution approaches
that of the extremal Reissner-Nordstrém black hole.® Particularly, the mass to charge ratio
correctly saturates the known BPS bound [10] up to O (n™?)

M 1 1 1 1 2n+1
S e ——— SV . 5.25
Q V2 < + dn  32n? + 128n3) 4dn ( )

SHere we do not show explicitly, but the metric solutions also have the smooth extremal limit, once the

divergent terms are absorbed into .
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Breakdown of 1/n-expansion on the inner horizon. In contrast to the extremal
limit, the inner horizon seems to admit a true breakdown of the 1/n-expansion. In the
leading order solution (5.9), assuming R — p_ = O(1/n), we have By ~ O (n) which breaks
the expansion B = 1+ By/n. This means the near inner horizon region should be solved
in a different setup at large D.

6 Summary

In this paper, using the technique of the large D effective theory, we have studied the static
solution of the extremal, neutral/charged SqQKK black holes with the horizon topology of
S527+1 which we have viewed as an S' fiber bundle over CP™ base. First, we have solved
the squashed horizonless background geometry by 1/D expansion which describes the gen-
eralized Euclidean Taub-NUT spacetime with a flat timelike direction. Once the squashed
background was solved in 1/D-expansion, the near horizon metric which asymptotes to
the given background was obtained by the conventional large D analysis. The neutral and
charged solution were obtained almost in parallel. We evaluated the physical quantities
for both cases. The extremal limit of the charged solution reproduced the consistent result
with the known extremal analysis.

In the analysis of the standard large D effective theory, the main focus has been on
the near-horizon geometry in the trivial background. We found that the large D limit of
the twisted background follows a non-trivial flow equation, which solves squashing in the
twisted direction. This would open up a search for non-trivial backgrounds at large D.
Interestingly, the conifold ansatz gives another first order flow equation, the Ricci flow,
describing the topology-changing transition [38]. Although both solves first order flow
equations, the squashing flow just solves the decoupled sector which does not involve the
horizon, while the Ricci flow in the conifold ansatz can see the horizon which implies it
involves the non-decoupled sector.

The extremal limit and large D limit have long been thought to be incompatible, since
the large D effective theory with a gauge field admits sub-leading corrections divergent
at the extremal limit. Our result suggests that such divergent behavior merely reflects
the existence of the extremal parameter in power of 1/D, which simply requires a careful
treatment at the large D limit. On the other hand, we found the divergent behavior on the
inner horizon cannot be remedied by mere redefinition of parameters, but requires another
coordinate patch at large D. This could be related to the recent observation that the near
extremal black hole at large D exhibits two layers of the near horizon geometry which
consists of AdSs-throat and mid region. [39].

We expect to be able to construct the rotating black hole solutions in the squashed
background at large D, since in fact, for five dimensions, the squashed rotating black holes
were obtained from asymptotically flat rotating black holes with equal angular momenta
via the squashing deformation [4, 7]. We also expect that there may be squashed black
holes breaking the U(1) symmetry along the fiber direction 9/9¢. To obtain such less sym-
metric solutions requires solving the large D effective equation in the symmetry breaking
direction. Finally, we wish to comment on numerous generalizations of the Hopf fibration.
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In particular, the Hopf fibration admits a family of fiber bundles in which the total space,
base space, and fiber space are all spheres, such as S can be viewed as a fiber bundle of S3
over S* base space. It may be interesting to construct such squashed black hole solutions
with nontrivial fiber. The construction of these solutions deserves our future works.
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A Reduction of spacetimes with an S! fiber over CP"

Here we show the reduction formula for a bundled spacetime used in the paper. We consider
the following spacetime ansatz with an S! fiber bundle over CP"

ds? = G ap(X)EAeP + 12(X)vij(0)dotda?, (A1)

€4 = dXA + 5;?,4” and A, = Amdai is the Kéhlar potential on the CP™ metric v;;.
We assume the spacetime is symmetric in the bundled direction ¢. To evaluate the Ricci

tensor, we use the property of the Kahler form J;; = 94, j

Viij = 0, Jiijk = —Yij> (A'Q)

where V is the covariant derivative of 7i;- We obtain the decomposition of the Ricci tensor

as
Rap = Rap — 2n(r_1@A§Br - 1"_4GA¢GB¢), (A.3a)

Rai = AniRag, (A.3b)

Rij = [Q(Tl, + 1) — 27’_2G¢¢ — (277, — 1)(?7‘)2 — 7“?27’} Yij + R¢>¢>An,i-/4n,j7 (A.3C)

where we used the curvature of CP™ given by Rij =2(n+ 1)%5. V and Rap represent the
covariant derivative and Ricci tensor with respect to Gap. In the mixed indices, we have

RAB = RAB — 271(7“_1@14@37‘ - 7"_45A¢GB¢), (A.4a)
R i = 7’2 — T4 — (2n — ].) ’)"2 — T (5 j- (A4C)
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B Metric solutions in 1/D expansion

Here, we present the metric solutions in 1/D expansion. Not to exhaust readers for the
lengthly expression, some higher order solutions are provided in the auxiliary Mathematica
notebook file in the supplementary material. The metric ansatz are given by

B
A
where h, and hgg are the background Kaluza-Klein monopole solution (2.17). With the

ds? = —Adt* + hypp—dr® + hyg H(dp + Ap)? + r?d%2, (B.1)

near horizon coordinate R := 72", the metric functions are expanded by 1/n as

> A;(R) 1 3 Bi(R) 1 S Hi(R)
A= . B=1+— . H=1+ - — B.2
; nt ' * n g nt * n ZZ(:] n' (B-2)
In the charged solution, the gauge field A; = ® is also expanded by
— 2i(R)
o = . B.
;) i (B.3)

B.1 Neutral SqKK black holes

First, we list the leading order (Ag, By, Hy), the next leading order (A;, B1, Hy) and the
next-to-next-to-leading order (Asg, Bo, Hy) for the neutral squashed black holes.

Leading order.

A0:1—%, Bo=0, Hy=0. (B.4)
Next-leading order.
R 2 (a1 R 2 (R 2
Alz—mlog (5) Bi—— L%nlog(%) H1:L <6L12 (1—E)+3log (E)"HT )
2(L2+1)R’ (1+L2)2(R—m)’ 6(L2+1)° '
(B.5)
Next-to-next-to-leading order.
A2:4mL2Lig(1—R/m)—mlog(R/m) (4Llogm—2L%+1og(R/m)) (B.6)
8(L2+1)°R ’
B _ L2(3(L2-1)m*+(2—6L%)mR+(3L*—1)R?)log?*(R/m)
? 4(L2+1)*(m—R)?
(3L2-1)L2 : < _R) m(2L2(L2_1)log(m)—L4)log(%) 72(3L2—1)L2
2(L241)° 2(L2+1)>(m—R) 12(L2+1)°
QLAVIE( (1 m\  ( RY\ (L2l (F)
Hy="""""02 (Liz(1—= )+Liz(1-— ] ) - .
(L2+1) R m 6(L2+1)
c1i(1-5) L2(LP=Vog(m)+1) _ L1og(7) ) 7*Ltog ()
U m (L2+1)? (L2+1)? 6(L2+1)°

_LzlogZ(%)(R—(LQ—l)(m—R)logm) L2 (7%(L?*=1)log(m)—6(2L%*41)¢(3)+72)
9(L2+1)*(m—R) 6(L2+1)° '

NNNLO solutions are presented in the auxiliary file in the supplementary material.
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B.2 Charged SqKK black holes

Next, we list the leading order (Ag, By, Ho, o) and the next leading order (A1, By, H1, ®1)
for the charged squashed black holes.

Leading order.

V/P+P— P+ T P— | P+P—
o) = Ag=1-
0 \/§R ; 0 R + R2 )
1 p— p—
Hy=—-—7+1 1—— By=— . B.7
0T T2 Og( R)’ CT T U+ )R- o) (B.7)

Next-to-leading order.
_ R—p_
o VP+P log( p ) ,

TR+ LR \ps— e
_(R— IR—=2pip_ R—p_
A =P (R—p+) (p++p-)R=2pip_ ( P )

2R2 2(1+ L?)R? Py —p_
= L? Li (p+R> log2(R—p_) 1log?R  logRlog(R—p_)
= 1 —
)T P\ o) 22?2 T 2(2 1) (L2 +1)°

(8+7%) L?+3) p— +3L%log? (p1 — p-) (p— —=R) =7’ L*R+3p_log (p1 —p-)
+ 2
6(L2+1)%(p_ —R)
_log(R—p-) (2L%log (p+ —p-) (p- —R)+p-)
2(L2+1)*(p- —R)

)

2L%p% +2L°R% - p_ (4L*R+R)) 4 p_R? 3L2
B —_ [+ RL% : p—( )+p-R® Nog(R—p0)
2(L*+1)"(p- —R)?(R—p) 2(L*+1)
~ L?pylog(py—p-)  p-((1—2L%)log(p4 —p-) +2L%+1)
(L2+1)*(py —R) 2(L2+1)*(p- —R)
p? (2L2+2log (p —p—)+5)  3L%logR
5 + 5 (B.8)
4(L2+1)%(p_ —R)2 2(L2+1)

NNLO and part of NNNLO (®3, A3) are presented in the auxiliary file in the supplementary
material.
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