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1 Introduction

The Carroll symmetry was introduced by Levy-Leblond in 1965 as an “ultrarelativistic”
limit of the Poincaré symmetry, i.e., the limit in which the speed of light vanishes (c →
0) [1]. The Carroll algebra belongs to the family of Lie algebras associated with the possible
“kinematical groups” classified in ref. [2], and has been used in very different physical
contexts (see e.g. [3–35] and references therein). In this ultrarelativistic limit, light cones
close up, and as a consequence neighboring points become causally disconnected. In the
words of Levy-Leblond:

“In a world whose invariance group would be this new group, there would be
practically no causality.”

It has recently been shown that relativistic field theories generically admit two inequivalent
contractions that lead to Carroll invariant field theories [36]. They were termed “electric”
and “magnetic” contractions, respectively. They were known in the case of electrodynam-
ics [6], but remarkably they also exist in theories that are not necessarily invariant under
duality transformations. Both contractions, in the case of scalar and electromagnetic fields,
were also discussed in ref. [37].

In the context of gravitation, the theory obtained from the electric contraction of
General Relativity has been known for a long time, and can be interpreted as a strong
coupling limit of Einstein gravity [38], or as a gravitational theory in a “zero-signature
limit” [39]. In ref. [40] it was written in terms of a covariant Lagrangian under Carroll
transformations, and in refs. [41–43] it was used as a starting point of an alternative
perturbative approach in terms of the signature parameter for the quantization of the
gravitational field, mimicking the quantization process of a relativistic free particle. By
virtue of their “ultra-local” properties, this theory can also be used in the description
of the spacetime near space-like singularities [44–47]. On the other hand, the magnetic
contraction was recently introduced by Henneaux and Salgado-Rebolledo in ref. [36], and
is described in Hamiltonian form.1

Both contractions share a common characteristic: the algebra of first class constraints
possesses a Carroll structure. In other words, the normal surface deformations form an
abelian subgroup, in sharp contrast with the surface deformation algebra of General Rela-
tivity [50, 51]. However, the fact that the algebra of constraints has a Carroll structure in
the sense described above, is not enough to guarantee that the theory is in fact Carrollian.
The theory must have a Carroll symmetry (or an extension of it) emerging as an asymptotic
symmetry defined by appropriate improper (large) gauge transformations that change the
physical state [52]. Therefore, it is of fundamental importance to study the asymptotic
structure of these theories, and to determine which of them possess Carrollian asymptotic
symmetries with well-defined canonical generators. This is the main purpose of this article.

1Different actions for gravitational theories with Carrollian symmetries were constructed in refs. [48, 49]
by gauging the Carroll algebra. The relation with the electric and magnetic contractions discussed in
ref. [36] is still unclear. However, in the same reference it was conjectured that the electric contraction
could be related with the action in [48], while the magnetic contraction to the one introduced in [49].
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General Relativity Magnetic Carrollian gravity Electric Carrollian gravity

Action principle I =
∫
dtd3x(πij ġij−NH I =

∫
dtd3x(πij ġij−NHM I =

∫
dtd3x(πij ġij−NHE

in Hamiltonian −N iHi) −N iHMi ) −N iHEi )
form

H= 1√
g

(
πijπij− 1

2π
2)−√gR HM =−√gR HE = 1√

g

(
πijπij− 1

2π
2)

Hi =−2π j
i|j HMi =−2π j

i|j HEi =−2π j
i|j

Poisson bracket {H(x),H(x′)}= (gij (x)Hj (x)
{
HM (x),HM (x′)

}
= 0

{
HE(x),HE(x′)

}
= 0

between two +gij (x′)Hj (x′))δ,i (x,x′)
Hamiltonian
constraints

Boundary term δH =
∮
d2sl

[
2Nkδπkl δHM =

∮
d2sl

[
2Nkδπkl δHE =

∮
d2sl

[
2Nkδπkl

in the variation of +(2Nkπjl−N lπjk)δgjk +(2Nkπjl−N lπjk)δgjk +(2Nkπjl−N lπjk)δgjk
]

the Hamiltonian +Gijkl(Nδgij|k−N|kδgij)
]

+Gijkl(Nδgij|k−N|kδgij)
]

There is no N (lapse)
in the expression

Need for parity Yes Yes Yes
conditions?

Asymptotic Poincaré algebra Carroll algebra Spatial rotationsD
symmetry algebra spatial translations

with Regge-
Teitelboim

parity conditions

Asymptotic BMS algebra BMS-like extension Spatial rotationsD
symmetry algebra of the Carroll algebra parity odd supertranslations
with Henneaux (in an unconventional

-Troessaert parity basis) (spatial translations
conditions obtained from the

modes with `= 1
in the spherical harmonics

expansion)

Table 1. General Relativity and Electric/Magnetic Carrollian gravity compared and contrasted.
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As in the case of General Relativity, it will be necessary to introduce suitable parity
conditions to have a finite symplectic term. Two possibilities are explored, analogous to
Regge-Teitelboim [53] and Henneaux-Troessaert [54] parity conditions at spatial infinity.
Thus, the asymptotic symmetry algebra will depend on the type of contraction, electric
or magnetic, as well as on the choice of parity conditions. In particular, for the magnetic
contraction, the asymptotic symmetries are described by the finite-dimensional Carroll
group when Regge-Teitelboim parity conditions are imposed. With Henneaux-Troessaert
parity conditions, the asymptotic symmetry algebra corresponds to a BMS-like extension of
the Carroll algebra. On the other hand, in the case of the electric contraction, and because
the lapse function does not appear in the boundary term needed to ensure a well-defined
action principle, the asymptotic symmetry algebra is truncated to the semi-direct sum
of spatial rotations and spatial translations when Regge-Teitelboim parity conditions are
used. Similarly, with Henneaux-Troessaert parity conditions, the asymptotic symmetries
are given by the semi-direct sum of spatial rotations and an infinite number of parity odd
supertranslations. Hence, the Carroll group is not present in the electric contraction, and
consequently, there is no generator associated with time translations that allow defining
energy in this theory. In this sense, from the point of view of the asymptotic symmetries,
the magnetic contraction can be seen as a smooth limit of General Relativity, in contrast
to its electric counterpart. The results are summarized and compared with the standard
ones in General Relativity in table 1.

The plan of the paper is the following: in the next section, the asymptotic symme-
tries of the theory obtained from the magnetic Carrollian contraction of General Relativity
are studied. In particular, we consider the cases when Regge-Teitelboim parity conditions
and Henneaux-Troessaert parity conditions are implemented. The asymptotic symmetry
algebra is then determined, and the canonical realization of the charges is obtained for
each case. As an example, the charges associated with a “Carrollian Schwarzschild-like”
configuration are computed explicitly. In section 3, a similar analysis is performed for the
case of the “Electric Carrollian gravity.” Both, Regge-Teitelboim and Henneaux-Troessaert
parity conditions are considered, and the asymptotic symmetry algebra together with their
canonical generators are determined for each case. The charges associated with a “Car-
rollian Schwarzschild-like” solution of the theory are also computed. Section 4 is devoted
to conclusions and final remarks. Finally, in appendix A, the results obtained in section 2
and section 3 for the case of Regge-Teitelboim parity conditions are reviewed in Cartesian
coordinates.

2 Asymptotic symmetries in Magnetic Carrollian gravity

2.1 Action principle, variation of the charge and transformation laws

The Magnetic Carrollian theory of gravity was recently introduced in ref. [36]. Its action
principle is obtained from the action of General Relativity in Hamiltonian form by the so-
called “magnetic contraction,” and is described in the canonical formalism. The canonical
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action is given by
I =

∫
dtd3x

(
πij ġij −NHM −N iHMi

)
, (2.1)

where
HM = −√gR , HMi = −2π j

i|j . (2.2)

The canonical variables are given by gij and πij , with i, j = 1, 2, 3. Here gij are the spatial
metric components of the corresponding four-dimensional Carrollian metric [40], and πij

denotes their conjugate momenta. In analogy with General Relativity, the functions N
and N i will be called “lapse” and “shift” functions, respectively. These are the Lagrange
multipliers that implement the constraints HM ≈ 0 and HMi ≈ 0 defined in eq. (2.2),
where R is the Ricci scalar of the three-dimensional metric gij , and | denotes covariant
differentiation with respect to this metric.

The first class constraints obey the following surface deformation algebra{
HM (x) ,HM

(
x′
)}

= 0 , (2.3){
HM (x) ,HMi

(
x′
)}

= HM (x) δ,i
(
x, x′

)
, (2.4){

HMi (x) ,HMj
(
x′
)}

= HMi
(
x′
)
δ,j
(
x, x′

)
+HMj (x) δ,i

(
x, x′

)
. (2.5)

Note that the Poisson bracket between two HM in eq. (2.3) vanishes, while the Poisson
brackets in eqs. (2.4) and (2.5) coincide with those of General Relativity [50]. Indeed, the
above algebra can be obtained from the “zero signature limit” of the surface deformation
algebra of Einstein gravity when the parameter defining the signature is set to zero, i.e.,
when ε = 0 in eqs. (28.a)–(28.c) of ref. [50]. Furthermore, as it was pointed out in [39],
the commutations relations (2.3)–(2.5) define a true algebra in the sense that the structure
constants are independent of the fields, in contrast to General Relativity (see table 1). The
abelian subalgebra spanned by HM (x) is characteristic of the Carroll symmetry because
the generators that are associated with normal deformations, i.e., the generators of time
translations and boosts, commute among them.

Hamilton equations follow directly from the action principle (2.1). They read

ġij =Ni|j +Nj|i , (2.6)

π̇ij =−N√g
(
Rij− 1

2g
ijR

)
+√g

(
N |i|j−gijN |k|k

)
+
(
Nkπij

)
|k
−N i

|kπ
kj−N j

|kπ
ki . (2.7)

The momenta cannot be eliminated in terms of time derivatives of gij , as it can be directly
seen from eq. (2.6). This is because HM is independent of the momenta, while HMi is linear
in them.

The generator of gauge symmetries takes the form

G
[
ξ, ξi

]
=
∫
d3x

(
ξHM + ξiHMi

)
+QM , (2.8)

where, according to Regge and Teitelboim, QM is the boundary term that must be added
in order to guarantee that the canonical generators have well-defined functional deriva-
tives [53]. Its variation then reads

δQM =
∮
d2sl

[
Gijkl

(
ξδgij|k − ξ|kδgij

)
+ 2ξkδπkl +

(
2ξkπjl − ξlπjk

)
δgjk

]
, (2.9)
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where Gijkl is the inverse of the de Witt supermetric, given by

Gijkl = 1
2
√
g
(
gikgjl + gilgjk − 2gijgkl

)
.

Note that the expression for the variation of the charge (2.9) precisely coincides with the
one in General Relativity. The reason is that the term that was removed from H in the
process of contraction, Gijklπijπkl, does not contain spatial derivatives, and therefore it
does not contribute to the boundary term.

The transformation laws for the canonical variables gij and πij are then generated
by (2.8). They are given by

δgij = ξi|j + ξj|i , (2.10)

δπij = −ξ√g
(
Rij − 1

2g
ijR

)
+√g

(
ξ|i|j − gijξ |k|k

)
+
(
ξkπij

)
|k
− ξi|kπ

kj − ξj|kπ
ki . (2.11)

The transformation laws take exactly the same form as the Hamilton equations
in (2.6), (2.7) with the replacement ξ → N , ξi → N i. This is due to the fact that
the time evolution is a gauge transformation.

2.2 Asymptotic behavior of the fields

For the analysis of the asymptotic symmetries it is necessary to specify the behavior of
the fields, in this case the canonical variables gij and πij , in the asymptotic region. Then
one has to find the most general form of the parameters ξ, ξi that preserves the fall-off of
the canonical variables under the set of transformations defined in eqs. (2.10) and (2.11).
The transformations with associated non-trivial charges will then define the asymptotic
symmetries of the theory. In addition, the asymptotic behavior of the fields must guarantee
that the charges are finite and integrable in the functional sense, and that the symplectic
term is finite.

2.2.1 Fall-off of the canonical variables

To describe the asymptotic behavior of the fields, we will consider deviations with respect
to the “Carrollian background configuration” characterized by the canonical variables ḡij ,
π̄ij given by

ḡijdx
idxj = dr2 + r2γABdx

AdxB , π̄ij = 0 , (2.12)

with A,B = 1, 2, and where γAB denotes the metric of the round 2-sphere. Since ḡij
corresponds to the metric of the three-dimensional Euclidean flat space, this configuration
automatically solves the constraints in eq. (2.2).

In what follows, we will use spherical coordinates because they will allow us to discuss
the parity conditions of Regge-Teitelboim [53] and Henneaux-Troessaert [54] using the same
expressions. The analysis in Cartesian coordinates for the case of Regge-Teitelboim parity
conditions is discussed in appendix A.
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The proposed fall-off for the canonical variables is given by

grr = 1 + frr
r

+ f
(−2)
rr

r2 +O
(
r−3

)
, (2.13)

grA = f
(−1)
rA

r
+O

(
r−2

)
, (2.14)

gAB = r2γAB + r fAB + f
(0)
AB +O

(
r−1

)
, (2.15)

πrr = prr +O
(
r−1

)
, (2.16)

πrA = prA

r
+
prA(−2)
r2 +O

(
r−3

)
, (2.17)

πAB = pAB

r2 +O
(
r−3

)
. (2.18)

This is exactly the same asymptotic behavior for the fields used in the case of General
Relativity [53, 54] and guarantees that the charges are finite and integrable in the functional
sense. The O (1) term of grA has been set zero as in ref. [54] to avoid difficulties with the
integrability. Note that all the terms that are relevant for the charges have been explicitly
displayed.

The asymptotic conditions (2.13)–(2.18) are preserved under the transformations given
in eqs. (2.10) and (2.11) with gauge parameters of the form

ξ = r b+ f (θ, φ) +O
(
r−1

)
, (2.19)

ξr = W (θ, φ) +O
(
r−1

)
, (2.20)

ξA = Y A + ∂AW (θ, φ)
r

+O
(
r−2

)
, (2.21)

with
b = ~β · r̂ , Y A = εAB

√
γ
∂B (~ω · r̂) . (2.22)

Here, εAB is the antisymmetric Levi-Civita symbol and γ denotes the determinant of the
2-sphere metric γAB. The indices A,B are lowered and raised with the same metric. The
vector r̂ = (sin θ cosφ, sin θ sinφ, cos θ) is the unit normal to the 2-sphere, and the three-
dimensional constant vectors ~β and ~ω are the parameters associated with boosts and spatial
rotations, respectively. The functions f = f (θ, φ) and W = W (θ, φ) are general arbitrary
scalar functions defined on the 2-sphere.

2.2.2 Variation of the charge

The variation of the charge is obtained by replacing the asymptotic conditions (2.13)–(2.18)
and the asymptotic form of the gauge parameters (2.19)–(2.22) in the expression (2.9) for
δQM . It contains a divergent term in the large r expansion that can be eliminated by using
the order O

(
r−1) of the constraint HM given by

∆frr + ∆f̃ −DADBfAB = 0 , (2.23)
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and the order O (1) of the constraint HMA
prA +DBp

AB = 0 , (2.24)

as it was done by Henneaux and Troessaert in the case of General Relativity [54]. Here
DA denotes the covariant derivative with respect to the metric of the 2-sphere γAB, and
∆ = DAD

A is the corresponding Laplacian. We are using the notation X̃ := γABXAB to
represent the trace of a tensor XAB.

The divergent part of the charge reads

Qdiv
M = r

∮
d2x 2√γ

[(
~β · r̂

)(
frr + 1

2 f̃
)

+ prAεACD
C (~ω · r̂)

]
.

Using the constraints (2.23), (2.24) and performing appropriate integrations by parts, one
can show that the divergent term vanishes identically

Qdiv
M = 0 .

The finite part of the variation of the charge is given by

δQM = δ

∮
d2x

[
f (2√γfrr) + 2Y A

(
prA(−2) + fABp

rB
)

+ 2W
(
prr −DAp

rA
)

+√γ b
(

2f (−2)
rr + 2DAf

(−1)
rA + 2f̃ (0) − 3

2f
2
rr −

3
4f

ABfAB + f̃2

4

)]

+
∮
d2x

√
γ b

2
(
f̃ δfrr − frrδf̃

)
. (2.25)

This expression contains a non-integrable part that will be eliminated by the parity condi-
tions.

2.2.3 Transformation laws
The transformation laws of the fields that are relevant for the discussion of the parity
conditions are the following:

δfrr = LY frr , (2.26)
δfAB = LY fAB + 2 (DADB + γAB)W , (2.27)

δprr = LY prr + b

√
γ

2
[
6frr +DADBfAB − f̃ −∆f̃

]
+√γ

(
DAb

) (
DBfAB

)
−
√
γ

2
(
DAb

) (
DAf̃

)
−√γ∆f , (2.28)

δprA = LY prA +
√
γ

2 DB

(
bfAB

)
−
√
γ

2 bDA
(
f̃ + 2frr

)
−√γDAf , (2.29)

δpAB = LY pAB +
√
γ

2 b
(
DADBfrr − γAB∆frr + fAB

)
+
√
γ

2
[(
DAb

) (
DCf

CB
)

+
(
DBb

) (
DCf

CA
)]

−
√
γ

2
[(
DAb

) (
DB f̃

)
+
(
DBb

) (
DAf̃

)]
−
√
γ

2
(
DCb

) (
DCf

AB
)

+
√
γ

2 γAB
(
DCb

)
DC

(
f̃ − frr

)
+√γ

(
DADB − γAB∆

)
f . (2.30)
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Here, LY denotes the Lie derivative with respect to the vector field on the sphere Y A. Note
that the field frr, which in the variation of the charge (2.25) is associated with the term of
order O (1) in the time translations, transforms only under spatial rotations in contrast to
the case of General Relativity. This is the imprint, at the level of the transformation laws
of the fields, of the Carrollian structure of the theory.

2.2.4 Symplectic term

For large values of r, the symplectic term takes the form∫
dtd3xπij ġij =

r→∞
log (r)

∫
dt

∮
d2x

(
prrḟrr + pAB ḟAB

)
+O

(
r−1

)
. (2.31)

It possesses a logarithmic divergence that can be removed by imposing appropriate par-
ity conditions on the canonical variables. Since the symplectic term is identical to the
one in General Relativity, one can use the same Regge-Teitelboim [53] and Henneaux-
Troessaert [54] parity conditions that were used in Einstein gravity.

2.3 Asymptotic symmetries with Regge-Teitelboim parity conditions

2.3.1 Parity conditions

Regge-Teitelboim parity conditions were introduced in ref. [53] in the context of the study of
asymptotically flat spacetimes in General Relativity. In that case, they cancel the logarith-
mic divergence in the symplectic term, and the asymptotic symmetry algebra reduces to the
Poincaré algebra. In this section, the same Regge-Teitelboim parity condition will be used
to remove the divergence in the symplectic term (2.31) of the magnetic Carrollian theory.

In spherical coordinates, the antipodal map on the 2-sphere is obtained from the fol-
lowing transformation

θ → −θ + π ,

φ→ φ+ π .

The Regge-Teitelboim parity condition in spherical coordinates are then given by

fijdx
idxj (even under the antipodal map) ,

pij∂i∂j (odd under the antipodal map) .

Explicitly, they read

frr, fθθ, fφφ, p
θφ, prθ (parity even) , (2.32)

fθφ, p
rr, pθθ, pφφ, prφ (parity odd) . (2.33)

The logarithmic divergence in the symplectic term in eq. (2.31) only contains fields of
opposite parity. Therefore, it vanishes after the integration on the 2-sphere.

For consistency, the parity conditions (2.32), (2.33) must be preserved under the trans-
formation laws of the fields, imposing additional restrictions on the gauge parameters.

– 9 –
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From the transformation of fAB in eq. (2.27), W must be even, with the exception
of the mode that satisfies (DADB + γAB)W = 0. From the trace of this equation, it
becomes clear that the mode with ` = 1 in the expansion in spherical harmonics obeys this
restriction. Thus, one has

W = ~α · r̂ +Weven (θ, φ) .

Here, ~α is a constant vector field that will be associated with spatial translations, and
Weven contains only spherical harmonics of even parity, i.e., those with even values of `.

From the transformation law of prr in eq. (2.28), f must be parity odd, with the
exception of the mode that satisfies ∆f = 0, i.e., the mode with ` = 0. Therefore,

f = T + fodd (θ, φ) ,

where T is a constant, and fodd (θ, φ) contains parity odd spherical harmonics. With these
restrictions on the parameters, all the transformation laws preserve the Regge-Teitelboim
parity conditions.

2.3.2 Charges and asymptotic symmetry algebra

When the parity conditions (2.32) and (2.33) are implemented in the variation of the
charge (2.25), all the quadratic terms vanish and the charge becomes integrable in the
functional sense. Furthermore, there are no contributions to the charge coming from the
parameters Weven (θ, φ) and fodd (θ, φ), and therefore, they define transformations that are
pure gauge (proper gauge transformations). The expression for the charge then simplifies to

QM =
∮
d2x 2√γ

[
Tfrr + (~ω · r̂) εABDAprB(−2) + (~α · r̂)

√
γ

(
prr −DAp

rA
)

+
(
~β · r̂

) (
f (−2)
rr +DAf

(−1)
rA + f̃ (0)

) ]
. (2.34)

The asymptotic form of the gauge parameters expressed in terms of the parameters
associated to improper (large) gauge transformations is then given by

ξ = r
(
~β · r̂

)
+ T +O

(
r−1

)
, (2.35)

ξr = ~α · r̂ +O
(
r−1

)
, (2.36)

ξA = εAB
√
γ
∂B (~ω · r̂) + ∂A (~α · r̂)

r
+O

(
r−2

)
. (2.37)

The asymptotic symmetry algebra can then be obtained using the “Carrollian surface
deformation algebra” (2.3)–(2.5). The commutator of two deformations with parameters(
ξ1, ξ

i
1
)
and

(
ξ2, ξ

i
2
)
gives new parameters

(
ξ3, ξ

i
3
)
that are given by

ξ3 = ξi1∂iξ2 − ξi2∂iξ1 , (2.38)

ξi3 = ξj1∂jξ
i
2 − ξ

j
2∂jξ

i
1 . (2.39)

These expressions can be directly obtained by setting ε = 0 (zero signature limit) in eqs.
(25.a) and (25.b) in ref. [50].
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From the asymptotic form of the parameters (2.19)–(2.22), together with the expres-
sions W = ~α · r̂ and f = T coming from the parity conditions, we find

T3 = δIJ
(
αI1β

J
2 − αI2βJ1

)
, αK3 = −εIJK

(
αI1ω

J
2 − αI2ωJ1

)
,

βK3 = −εIJK
(
βI1ω

J
2 − βI2ωJ1

)
, ωK3 = −εIJKωI1ωJ2 ,

where the indices I, J,K = 1, 2, 3 label the components of the three-dimensional vectors
~α, ~β and ~ω. The above composition rule is precisely the one of the Carroll algebra [1, 2].
Indeed, if

E = 2
∮
d2x
√
γfrr , PI = 2

∮
d2x r̂I

(
prr −DAp

rA
)
,

KI = 2
∮
d2x
√
γr̂I

(
f (−2)
rr +DAf

(−1)
rA + f̃ (0)

)
, JI = 2√γ

∮
d2x r̂IεABD

AprB(−2) ,

the charge (2.34) takes the form

QM = T E + ~ω · ~J + ~α · ~P + ~β · ~K ,

and the generators E, PI , KI and JI fulfill the Carroll algebra with the following non-
vanishing Poisson brackets

{PI ,KJ} = δIJE , {JI , JJ} = −εIJKJK ,
{PI , JJ} = −εIJKPK , {KI , JI} = −εIJKKK .

Thus, the asymptotic symmetry algebra of the magnetic Carrollian theory of gravity with
Regge-Teitelboim parity conditions is precisely the four-dimensional Carroll algebra of
Levy-Leblond.

2.4 Asymptotic symmetries with Henneaux-Troessaert parity conditions

2.4.1 Parity conditions

In the case of General Relativity, a different set of parity conditions was recently introduced
by Henneaux and Troessaert [54] that extends the asymptotic symmetry algebra at spatial
infinity from the Poincaré algebra to the BMS4 algebra [55, 56]. As it was discussed in
section 2.2.4, since the symplectic term of the magnetic Carrollian theory takes exactly
the same form as the one in Einstein gravity, the Henneaux-Troessaert parity conditions
can also be implemented in the case of the Magnetic Carrollian gravity. The asymptotic
symmetry algebra will then be enlarged from the Carroll algebra to a BMS-like extension
of it, that includes additional “Carrollian supertranslations.”

Following ref. [54], in order to implement the Henneaux-Troessaert parity conditions
it is useful to introduce the following new variables

λ̄ = 1
2frr , k̄AB = 1

2fAB + 1
2frrγAB , k̄ = 1

2 f̃ + frr , (2.40)

p̄ = 2
(
prr − pABγAB

)
, k(2) = −frrf̃4 − 3

4f
2
rr + f (−2)

rr +DAf
(−1)
rA + f̃(0) −

1
2f

ABfAB .

– 11 –
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The Henneaux-Troessaert parity conditions are then defined by

λ̄, prφ, pθθ, pφφ, k̄θφ (parity even) , (2.41)
p̄, prθ, pθφ, k̄θθ, k̄φφ (parity odd) . (2.42)

In terms of these new variables the symplectic term (2.31) takes the form∫
dtd3xπij ġij =

r→∞
log (r)

∫
dt

∮
d2x

(
p̄ ˙̄λ+ 2pAB ˙̄kAB

)
+O

(
r−1

)
, (2.43)

expression that vanishes by virtue of the parity conditions (2.41), (2.42). Therefore, the
symplectic term is finite once the Henneaux-Troessaert parity conditions are imposed.

The parameters take the same form as in eqs. (2.19)–(2.22), with

f = −1
2b
(
3frr + f̃

)
+ T (θ, φ) , (2.44)

where the functions T (θ, φ) and W (θ, φ) have the following parity under the antipodal
map

T (θ, φ) (parity even) ,
W (θ, φ) (parity odd) .

The parity conditions (2.41), (2.42) are then preserved by the transformation laws of the
fields, which in terms of the variables introduced in eqs. (2.40) read

δλ̄ = LY λ̄ ,
δk̄AB = LY k̄AB + (DADB + γAB)W ,

δp̄ = 4√γb
(
∆λ̄+ 3λ̄

)
+ 4√γ

(
DCb

) (
DC λ̄

)
+ LY p̄ ,

δpAB = LY pAB +√γ
(
DADB − γAB∆

)
T +√γ b

(
k̄AB −DADB k̄ + γAB

(
∆k̄ − 2k̄

))
+√γ

[(
DAb

)
DC k̄

CB +
(
DBb

)
DC k̄

CA
]
− 2√γ

[(
DAb

) (
DB k̄

)
+
(
DBb

) (
DAk̄

)]
−√γ

(
DCb

) (
DC k̄

AB
)

+ 3√γγAB (DCb)
(
DC k̄

)
,

δprA = LY prA +√γDB

(
b k̄AB

)
+√γ

(
DAb

)
k̄ −√γDAT .

2.4.2 Charges and asymptotic symmetry algebra

With Henneaux-Troessart parity conditions the charge (2.25) becomes integrable in the
functional sense and simplifies to

QM =
∮
d2x

[
4T√γλ̄+W p̄+ 2YA

(
prA(−2) − 2λ̄prA

)
+ 2√γ b

(
k(2) − 3λ̄k̄

)]
. (2.45)

In contrast to the case of the Regge-Teitelboim parity conditions, the gauge parameters
in (2.19)–(2.22) now depend explicitly on the fields through eq. (2.44). Consequently,
this field dependence must be taken into account in the computation of the asymptotic
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symmetry algebra. By that reason, the commutator between two surface deformations
now contains additional terms that consider the variation of the fields. Thus,

ξ⊥3 = ξi1∂iξ
⊥
2 − ξi2∂iξ⊥1 + δ2ξ

⊥
1 − δ1ξ

⊥
2 ,

ξi3 = ξj1∂jξ
i
2 − ξ

j
2∂jξ

i
1 + δ2ξ

i
1 − δ1ξ

i
2 .

The algebra of the asymptotic transformations is then given by

Y A
3 = Y B

1 ∂BY
A

2 − (1↔ 2) ,
b3 = Y A

1 DAb2 − (1↔ 2) ,

T3 = Y A
1 DAT2 − 3b1W2 − (DAb1)

(
DAW2

)
− b1∆W2 − (1↔ 2) ,

W3 = Y A
1 DAW2 − (1↔ 2) .

It defines an extension of the Carroll algebra with additional symmetry transformations
characterized by the even modes with ` ≥ 2 of T (θ, φ), and by the odd modes with ` ≥ 3
of W (θ, φ) in the spherical harmonics expansion. The modes with ` = 0 of T and ` = 1 of
W parametrize the symmetry transformations associated with the energy and the linear
momentum, respectively.

The canonical generators associated with the above transformations are then given by

T (θ,φ)=4λ̄, P(θ,φ)= p̄
√
γ
, (2.46)

JI=
∮
d2x2√γεAB r̂IDA

(
prB(−2)−2λ̄prB

)
, KI=

∮
d2x2√γr̂I

(
k(2)−3λ̄k̄

)
. (2.47)

Thus, the charge takes the form

QM = ~ω · ~J + ~β · ~K +
∮
d2x
√
γ [T (θ, φ) T (θ, φ) +W (θ, φ) P (θ, φ)] .

The generators then have the following non-vanishing Poisson brackets

{JI , JJ} = −εIJKJK , {KI , JI} = −εIJKKK ,

{P (θ, φ) , JI} = Ŷ A
I ∂AP (θ, φ) , {T (θ, φ) , JI} = Ŷ A

I ∂AT (θ, φ) ,

{P (θ, φ) ,KI} = r̂I (3T + ∆T ) + (DAr̂I)
(
DAT

)
,

where Ŷ A
I := εAB√

γ ∂B r̂I . The asymptotic symmetry algebra is canonically realized and
corresponds to an extension of the Carroll algebra with additional “Carrollian supertrans-
lations.”

2.5 Example: Magnetic Carrollian Schwarzschild-like solution

Let us consider the solution of the Carrollian magnetic theory whose spatial metric coincides
with the one of the Schwarzschild solution in General Relativity2

grr = 1(
1− M

8πr

) , grA = 0 , gAB = r2γAB ,

πrr = 0 , πrA = 0 , πAB = 0 .
2The Newton constant was chosen to be G = 1

16π .
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This configuration is spherically symmetric and satisfies the constraints (2.2). In particular,
for a vanishing shift, the dynamical equation (2.7) fixes the lapse as

N =

√
1− M

8πr .

Note that this is exactly the same lapse as in the case of General Relativity, but now there
is no notion of a four-dimensional Riemannian metric that can be reconstructed from the
spatial metric, the lapse and the shift.

The fields have the following asymptotic expansion:

grr = 1 + M

8πr + M2

64π2r2 + . . . ,

gAB = r2γAB ,

N = 1− M

16πr + . . . .

The asymptotic behavior fits within the boundary conditions (2.13)–(2.21) and obeys the
Regge-Teitelboim parity condition. Then, using eq. (2.34) the only non-trivial charge is
given by the generator

E = 2
∮
d2x
√
γfrr = M .

Thus, the energy of this configuration with Regge-Teitelboim parity conditions coincides
with the “Schwarzschild mass.”

In order to obtain the charges in the case of Henneaux-Troessaert parity conditions,
one must perform the following change of coordinates r → r+M/ (16π). With this choice
one has k̄AB = 0 and

λ̄ = M

16π .

The only non-trivial generator then corresponds to the zero mode of T (θ, φ) = 4λ̄ that
defines the Carroll energy

E =
∮
dθdφ sin θ T = M .

3 Asymptotic symmetries in Electric Carrollian gravity

3.1 Action principle, variation of the charge and transformation laws

The Carrollian theory obtained from the electric contraction of General Relativity has been
known for a long time. It can be understood as the “strong coupling limit” of Einstein
gravity (G → ∞) [38], or alternatively as the limit where the signature of the spacetime
vanishes [39]. Its action in canonical form is given by

I =
∫
dtd3x

(
πij ġij −NHE −N iHEi

)
, (3.1)

with
HE = 1

√
g

(
πijπij −

1
2π

2
)
, HEi = −2π j

i|j . (3.2)
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The constraint HE is quadratic in the momenta, and does not contain derivatives of the
spatial metric. In this sense, the action (3.1) resembles the action of a free relativistic
particle, that can be considered as a “gravitational theory in 1+0 dimensions.” This was
the starting point of an alternative perturbative approach for quantum gravity [41], where
the “free theory” is precisely described by the action (3.1).

The first class constraints obey the same Carrollian surface deformation algebra of the
magnetic contraction{

HE (x) ,HE
(
x′
)}

= 0 , (3.3){
HE (x) ,HEi

(
x′
)}

= HE (x) δ,i
(
x, x′

)
, (3.4){

HEi (x) ,HEj
(
x′
)}

= HEi
(
x′
)
δ,j
(
x, x′

)
+HEj (x) δ,i

(
x, x′

)
, (3.5)

and the equations of motion are directly obtained from the action (3.1)

ġij = 2N
√
g

(
πij −

1
2gijπ

)
+Ni|j +Nj|i , (3.6)

π̇ij = N

2√g g
ij
(
πklπkl −

1
2π

2
)
− 2N
√
g

(
πilπ

lj − 1
2ππ

ij
)

+
(
Nkπij

)
|k
−N i

|kπ
kj −N j

|kπ
ki . (3.7)

In contrast to the magnetic contraction, using eq. (3.6) now it is possible to express the
momenta in terms of the time derivatives of the spatial metric.

The canonical generator associated with gauge symmetries takes the form

G
[
ξ, ξi

]
=
∫
d3x

(
ξHE + ξiHEi

)
+QE , (3.8)

where δQE is given by

δQE =
∮
d2sl

(
2ξkδπkl +

(
2ξkπjl − ξlπjk

)
δgjk

)
. (3.9)

It is worth highlighting that the parameter ξ, that characterizes the deformations that move
outside the t = const. hypersurfaces does not appear in δQE . As it will be discussed in the
next sections, this property of the Electric Carrollian theory plays a key role in the form of
the asymptotic symmetry algebra, because it does not allow to define a notion of energy.

Under gauge transformations generated by (3.8), the fields gij and πij transform as

δgij = 2ξ
√
g

(
πij −

1
2gijπ

)
+ ξi|j + ξj|i , (3.10)

δπij = ξ

2√g g
ij
(
πklπkl −

1
2π

2
)
− 2ξ
√
g

(
πilπ

lj − 1
2ππ

ij
)

+
(
ξkπij

)
|k
− ξi|kπ

kj − ξj|kπ
ki . (3.11)
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3.2 Asymptotic behavior of the fields

3.2.1 Fall-off of the canonical variables

To describe the asymptotic behavior of the canonical variables, we will consider deviations
with respect to the same Carrollian background configuration used in the magnetic theory
in eq. (2.12). Since the momenta vanish for this configuration, the constraints of the
electric theory in eq. (3.2) are automatically fulfilled. The fall-off of the fields must then
guarantee that the symplectic term is finite and that the charges are finite and integrable
when appropriate parity conditions are implemented. This is achieved with exactly the
same fall-off used in the case of the magnetic contraction in eqs. (2.13)–(2.18), i.e.,

grr = 1 + frr
r

+ f
(−2)
rr

r2 +O
(
r−3

)
, (3.12)

grA = f
(−1)
rA

r
+O

(
r−2

)
, (3.13)

gAB = r2γAB + r fAB + f
(0)
AB +O

(
r−1

)
, (3.14)

πrr = prr +O
(
r−1

)
, (3.15)

πrA = prA

r
+
prA(−2)
r2 +O

(
r−3

)
, (3.16)

πAB = pAB

r2 +O
(
r−3

)
. (3.17)

This asymptotic form is preserved under the transformations (3.10)–(3.11) with gauge
parameters of the form

ξ = r b+ f +O
(
r−1

)
, (3.18)

ξr = W +O
(
r−1

)
, (3.19)

ξA = Y A + 1
r

(
2b
√
γ
prA +DAW

)
+O

(
r−2

)
, (3.20)

with
Y A = εAB

√
γ
∂B (~ω · r̂) . (3.21)

Here, the functions b = b (θ, φ), f = f (θ, φ) and W = W (θ, φ) are general arbitrary scalar
functions on the 2-sphere.

3.2.2 Variation of the charge

The conserved charges are obtained by replacing the asymptotic form of the fields in
eq. (3.9). There is a naively divergent term of the form

Qdiv
E =

∫
d2x 2YA prA ,

that vanishes provided the order O (1) of the constraint HMA , given by

prA +DBp
AB = 0 ,
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is implemented. Therefore, the charge is finite and integrable in the functional sense. It
takes the form:

QE =
∮
d2x

[
2Y A

(
prrfrA + p

r(−2)
A + prBfAB

)
+ 2b
√
γ

(
prAprA

)
+ 2W

(
prr − 2DAprA

)]
.

(3.22)
Note that the parameter b enters in this expression through the order O

(
r−1) of ξA, that

is determined by the gauge condition that requires that the order O (1) of grA vanishes.
As shown later, once parity conditions are imposed, all the terms containing b will no
contribute to the charge, and consequently they define pure gauge transformations (proper
gauge transformations).

3.2.3 Transformation laws

The transformation laws of the fields that are relevant for the parity conditions are given by

δfrr = LY frr + b
√
γ

(prr − p̃) , (3.23)

δfAB = LY fAB + 2b
√
γ

(
pAB −

1
2γAB (p̃+ prr)

)
+ 2 (DADB + γAB)W (3.24)

+ 2
√
γ

(
(DAb) γBCprC + (DBb) γACprC

)
+ 2b
√
γ

(
γBCDAp

rC + γACDBp
rC
)
,

δprr = LY prr , (3.25)
δprA = LY prA , (3.26)
δpAB = LY pAB . (3.27)

Note that the momenta only transform under spatial rotations parametrized by the vector
field Y A.

3.2.4 Symplectic term

The symplectic term takes exactly the same form as in the magnetic case. In particular,
the logarithmic divergence takes the form∫

dtd3xπij ġij =
r→∞

log (r)
∫
dt

∮
d2x

(
prrḟrr + pAB ḟAB

)
+O

(
r−1

)
. (3.28)

3.3 Asymptotic symmetries with Regge-Teitelboim parity conditions

3.3.1 Parity conditions

As in the magnetic case, the Regge-Teitelboim parity conditions defined in eqs. (2.32)
and (2.33), render the symplectic term finite by eliminating the logarithmic divergence
in (3.28). The consistency of the analysis then requires that the parity conditions are
preserved under the transformation laws of the fields (3.23)–(3.27). In particular, from the
transformation of frr in eq. (3.23) one finds that b (θ, φ) must be odd. The transformation
law of fAB in (3.24) implies that W (θ, φ) is even under the antipodal map, with the
exception of the mode that is annihilated by the operator (DADB + γAB), that corresponds
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to the mode with ` = 1 in the spherical harmonics expansion. Therefore, we have the
following restrictions on the parameters:

b = bodd (θ, φ) , W (θ, φ) = ~α · r̂ +Weven (θ, φ) .

3.3.2 Charges and asymptotic symmetry algebra

When Regge-Teitelboim parity conditions are imposed, the charge (3.22) takes the form

QE =
∮
d2x

[
2√γ ~ω · r̂εABDAprB(−2) + 2 ~α · r̂ (prr − 2p̃)

]
. (3.29)

The only parameters that appear in QE are ~ω and ~α, associated with spatial rotations and
spatial translations, respectively. The charge does not depend on the parameters associated
with normal deformations, in particular on the parameter describing the time evolution.
The origin of this property can be traced back to the absence of spatial derivatives in the
constraint HE in eq. (3.2), which in turn implies that the boundary term associated with
the Hamiltonian does not depend on the lapse function, as it can be seen from eq. (3.9).

The asymptotic symmetry algebra can then be obtained using eqs. (2.38) and (2.39)
with the following asymptotic form of the parameters

ξ = O
(
r−1

)
, (3.30)

ξr = ~α · r̂ +O
(
r−1

)
, (3.31)

ξA = εAB
√
γ
∂B (~ω · r̂) + 1

r
DA (~α · r̂) +O

(
r−2

)
, (3.32)

where only the parameters associated with improper (or large) gauge transformations were
included. The algebra then closes according to

ωK3 = −εIJKωI1ωJ2 , αK3 = −εIJK
(
αI1ω

J
2 − αI2ωJ1

)
.

Therefore, the asymptotic symmetry algebra in the electric Carrollian theory with Regge-
Teitelboim parity conditions is given by the semi-direct sum of spatial rotations and spatial
translations.

The canonical generators then read

JI = 2
∮
d2x
√
γ r̂IεABD

AprB(−2) , PI = 2
∮
d2x r̂I (prr − 2p̃) .

Thus, the charge (3.29) takes the form

QE = ~ω · ~J + ~α · ~P .

The generators then obey the following algebra in terms of the Poisson brackets

{JI , JJ} = −εIJKJK , {PI , JJ} = −εIJKPK , {PI , PJ} = 0 .

This is a subalgebra of the Carroll algebra that excludes the generators associated with
energy and boosts.
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3.4 Asymptotic symmetries with Henneaux-Troessaert parity conditions

3.4.1 Parity conditions

The parity conditions introduced by Henneaux and Troessaert [54] can also be implemented
in the case of Electric Carrollian gravity. As it was discussed in section 2.4, it is necessary
to introduce the new set of variables λ̄, k̄AB, k̄, p̄ and k(2) defined in eq. (2.40). In terms of
these variables, the logarithmic divergence of the symplectic term in eq. (3.28) takes exactly
the same form as the one obtained in the case of the magnetic contraction in (2.43). Then,
once the parity conditions in (2.41) and (2.42) are imposed, the logarithmic divergence is
removed and the symplectic term becomes finite.

In terms of the new variables, the transformation law of the fields in eqs. (3.23)–(3.27)
now read

δλ̄ = LY λ̄+ b

4√γ p̄ , (3.33)

δk̄AB = LY k̄AB + b
√
γ

(pAB − γAB p̄) + (DADB + γAB)W (3.34)

+ 1
√
γ

(DA (b prB) +DB (b prA)) ,

δp̄ = LY p̄ , (3.35)
δprA = LY prA , (3.36)
δpAB = LY pAB . (3.37)

The parity conditions of Henneaux and Troessaert must then be preserved under the above
gauge transformations. In particular, from the transformation law of λ̄ in eq. (3.33) one
finds that b (θ, φ) must be odd under the antipodal map on the 2-sphere. The consistency
in the transformation of k̄AB requires thatW is also parity odd. Note that f (θ, φ) does not
appear in these transformations, and consequently it does not have any particular parity.
In sum, the parameters b and W obey the following parity conditions

b (θ, φ) (parity odd) ,
W (θ, φ) (parity odd) .

3.4.2 Charges and asymptotic symmetry algebra

With Henneaux-Troessart parity conditions, the charge (3.22) simplifies to

QE =
∮
d2x

[
W p̄+ 2 (~ω · r̂) ε

AB

√
γ
DA

(
prB(−2) − 2λ̄ prB

)]
. (3.38)

It depends only on ~ω and W (θ, φ) that correspond to the parameters of spatial rotations
and “parity odd supertranslations,” respectively. As in the case of Regge-Teitelboim parity
conditions, the parameters b (θ, φ) and f (θ, φ) do not appear in the charges, and therefore
they are pure gauge.

– 19 –



J
H
E
P
1
2
(
2
0
2
1
)
1
7
3

If we consider the asymptotic form of the gauge parameters, where only those associ-
ated with non-trivial (improper) symmetries are included, one has

ξ = O
(
r−1

)
, (3.39)

ξr = W +O
(
r−1

)
, (3.40)

ξA = εAB
√
γ
∂B (~ω · r̂) + 1

r
DAW +O

(
r−2

)
. (3.41)

The asymptotic symmetry algebra can then be obtained using eqs. (2.38) and (2.39). It is
characterized by

ω3
K = −εIJKωI1ωJ2 ,
W3 = Y A

1 DAW2 − Y A
2 DAW1 .

This algebra corresponds to the semi-direct sum of spatial rotations with “parity odd super-
translations” parametrized by ~ω and W (θ, φ), respectively. The corresponding canonical
generators associated with the above symmetry transformations are then given by

JI = 2
∮
d2x
√
γεAB r̂I D

A
(
prB(−2) − 2λ̄prB

)
, P (θ, φ) = p̄

√
γ
, (3.42)

and are defined in such a way that the charge (3.38) takes the form

QE = ~ω · ~J +
∮
d2x
√
γ W (θ, φ) P (θ, φ) .

They fulfill the following algebra in terms of Poisson brackets:

{JI , JJ} = −εIJKJK , {P (θ, φ) , JI} = Ŷ A
I ∂AP (θ, φ) ,

{
P (θ, φ) ,P

(
θ′, φ′

)}
= 0 ,

where Ŷ A
I := εAB√

γ ∂B r̂I . Here JI denotes the generators of spatial rotations, while the
odd modes of P (θ, φ) correspond to the “parity odd supertranslations.” In particular, the
standard spatial translations are given by the modes with ` = 1 in the spherical harmonics
expansion.

3.5 Example: Electric Carrollian Schwarzschild-like solution

In the electric case, one can also find a configuration that solves the constraints (3.2) and
the equations of motion (3.6), (3.7) with the same spatial metric components that the
Schwarzschild solution in General Relativity.

grr = 1(
1− M

8πr

) , grA = 0 , gAB = r2γAB ,

πrr = 0 , πrA = 0 , πAB = 0 .

From the dynamical equations (3.6), (3.7), for a spherically symmetric ansatz one finds

N = N (r) , NA = 0 .
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Note that in this case the lapse is not determined by the equations of motion. This is in
line with the fact that normal surface deformations do not appear in the charges and that
therefore are “pure gauge.” The spatial components of the metric then admit the following
asymptotic expansion:

grr = 1 + M

8πr + M2

64π2r2 + . . . ,

gAB = r2γAB .

This behavior fits within the fall-off in eqs. (3.12)–(3.17), and also obeys the Regge-
Teitelboim parity conditions. However, in contrast to the magnetic contraction, there are
no charges associated with this configuration because frr does not appear in the charges,
and consequently, it can be consistently gauged away.

A similar situation occurs in the case of Henneaux-Troessaert parity conditions, where
after performing a radial shift r → r + M/ (16π), one obtains that λ̄ = M/(16π). Again,
λ̄ does not appear in the charges, and consequently there are no charges associated with
this configuration.

4 Concluding remarks

The asymptotic symmetries of the magnetic and electric Carrollian contractions of Gen-
eral Relativity were analyzed in 3+1 space and time dimensions. The electric gravitational
theory was known from long ago as a “strong coupling limit” [38] or as a“zero signa-
ture limit” [39] of General Relativity, while the magnetic one was recently introduced by
Henneaux and Salgado-Rebolledo in ref. [36] in the context of the study of Carrollian
contractions of generic relativistic theories. These Carrollian gravities are described in
the Hamiltonian formalism, and the Regge-Teitelboim method was used to determine the
asymptotic symmetry algebra, together with their corresponding canonical generators.3

In order to render the symplectic term finite, it was necessary to implement appropriate
parity conditions on the leading order of the canonical variables, in complete analogy with
the case of General Relativity. Two possibilities were explored: Regge-Teitelboim parity
conditions [53] and Henneaux-Troessaert parity conditions [54].

In the magnetic theory, for Regge-Teitelboim parity conditions, the asymptotic sym-
metry algebra corresponds to the finite-dimensional Carroll algebra of Levy-Leblond [1, 2],
that can be obtained from an “ultrarelativistic” contraction (c → 0) of the Poincaré al-
gebra. On the other hand, when Henneaux-Troessaert parity conditions are imposed, the
asymptotic symmetry algebra is given by a “BMS-like” extension of the Carroll algebra
by an infinite number of “Carrollian supertranslations.” This infinite-dimensional algebra
can be recovered from a contraction of the BMS4 algebra written in the non-standard basis
used by Henneaux and Troessaert in ref. [54]. It would be interesting to try to make contact
with a possible ultrarelativistic contraction of the BMS4 algebra in the standard basis used
by Sachs [56], and determine if it can be obtained directly from an asymptotic analysis of

3The electric gravitational theory was described in a manifestly covariant form under local Carroll
symmetries in ref. [40] (see e.g. [36] for a review).
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what would be the analog of null infinity in this Carrollian context. A possibility could
be the use of the so called “asymptotically null space-like hypersurfaces” introduced in
refs. [57, 58] in the study of asymptotic symmetries at null infinity in General Relativity
using the canonical formalism.

For the theory obtained from the electric contraction, the asymptotic symmetry al-
gebra is truncated to the semi-direct sum of spatial rotations and spatial translations for
Regge-Teitelboim parity conditions, and to the semi-direct sum of spatial rotations and an
infinite number of parity odd supertranslations in the case of Henneaux-Troessaert parity
conditions. In both cases, there are no canonical generators associated with normal dis-
placements to the hypersurfaces defined at constant times in the asymptotic region, that
include the time evolution at the boundary. Therefore, these transformations are pure
gauge, and consequently there is no notion of energy in this theory. This very special prop-
erty can be traced back to the absence of spatial derivatives in the Hamiltonian constraint
that does not lead to boundary terms associated with it.

These results show a discontinuity between the case of Einstein gravity and its strict
electric Carrollian limit. In General Relativity with Regge-Teitelboim parity conditions,
the asymptotic symmetry algebra is the ten-dimensional Poincaré algebra [53], even if
it is treated perturbatively in the signature parameter [43]. On the other hand, in the
strict electric Carrollian limit, the asymptotic symmetries with Regge-Teitelboim parity
conditions are described by the six-dimensional algebra spanned by spatial rotations and
spatial translations. It possesses less generators than the original one found before the limit.
This is particularly interesting because the electric limit was precisely introduced as the
zero order in a perturbative expansion in terms of the “signature parameter.” This suggests
that this jump in the symmetry must be carefully taken into account in this perturbative
approach when boundaries are present. A similar situation occurs for Henneaux-Troessaert
parity conditions but in terms of the corresponding extended symmetry algebras. On the
contrary, the ultrarelativistic limit in the magnetic contraction is perfectly smooth for both
parity conditions, at least from the point of view of the asymptotic symmetries.4

Different gravitational Carrollian theories were obtained in refs. [48, 49] by considering
the gauging of the Carroll algebra. Despite the fact that the relation with the Carrol-
lian gravities obtained from electric and magnetic contractions of General Relativity is not
known, in ref. [36] it was conjectured that the action constructed in [48] could be related
with the electric contraction, while the action introduced in [49] with the magnetic one.
It would be an interesting problem to explore the asymptotic symmetries of the Carrol-
lian gravities of [48, 49] because, in principle, they could help to understand the possible
relations between the different Carrollian gravitational theories.

The results reported in this article could also be extended to include a negative cos-
mological constant. As it was pointed out in ref. [36], it is straightforward to modify the

4In General Relativity there is an additional set of boundary conditions that leads to the BMS algebra
at spatial infinity [59, 60]. The implementation of the analog of these boundary conditions in the Carrollian
case was not analyzed in this article. However, Prof. Marc Henneaux pointed out to me that the conclusions
are the same as those obtained using Henneaux-Troessaert parity conditions in sections 2.4 and 3.4. I thank
Prof. Henneaux for this point.
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action principle of the magnetic and electric contractions to incorporate it. However, in
contrast to the case with a vanishing cosmological constant, both theories do not share the
same Carrollian background configuration. For example, the electric contraction cannot
have a background solution with vanishing momenta because this configuration is forbid-
den by the Hamiltonian constraint. This fact generically leads to striking differences in
comparison with the case without a cosmological constant [61].

The generalization to higher dimensions, as well as the coupling to electric/magnetic
Carrollian matter fields could also be explored.
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A Analysis in Cartesian coordinates with Regge-Teitelboim parity con-
ditions

The results obtained using Regge-Teitelboim parity conditions are reproduced in Cartesian
coordinates. This approach resembles the original one introduced by Regge and Teitelboim
in General Relativity [53].

Let us consider the same fall-off for the canonical variables as the one used originally
by Regge and Teitelboim

gij = δij +
h

(1)
ij (r̂)
r

+
h

(2)
ij

r2 + . . . , (A.1)

πij =
pij(2) (r̂)
r2 +

pij(3)
r3 + . . . . (A.2)

In this section the coordinates xi, with i = 1, 2, 3, denote Cartesian coordinates.
In terms of these variables, the Regge-Teitelboim parity conditions take the form

h
(1)
ij (r̂) = h

(1)
ij (−r̂) , pij(2) (r̂) = −pij(2) (−r̂) . (A.3)

The logarithmic divergence of the symplectic is then given by∫
dtd3xπij ġij =

r→∞
log (r)

∮
dθdφ sin θ pij(2)ḣ

(1)
ij + . . . .

By virtue of the parity conditions (A.3), the divergence is removed and the symplectic term
becomes finite.

– 23 –



J
H
E
P
1
2
(
2
0
2
1
)
1
7
3

A.1 Magnetic Carrollian gravity

The asymptotic Killing vectors associated with improper gauge transformations can be
written as

ξ = βix
i + T + . . . , ξi = εijkx

jωk + αi + . . . .

In spherical coordinates these expressions coincide with the ones in eqs. (2.35)–(2.37).

Energy. The energy is obtained for ξ −→
r→∞

1 and ξi −→
r→∞

0 in δQM given by (2.9). Thus

E =
∮
d2sk

(
gki|i − gii|k

)
.

Note that the expression for the energy in the magnetic Carrollian theory coincides with
the formula for the ADM mass in General Relativity [62].

Momentum. The momentum is obtained for ξ −→
r→∞

0 and ξi −→
r→∞

αi

QM [~α] = 2αk
∮
d2siπ

ik = αkP
k .

Angular momentum. The angular momentum is obtained for ξ −→
r→∞

0 and ξi −→
r→∞

εijkx
jωk

QM [~ω] = 2ωi
∮
d2slεijkπ

ljxk = ωiJi .

Boosts. Boost generators are obtained when ξ −→
r→∞

βkx
k and ξi −→

r→∞
0

QM
[
~β
]

= βk

∮
d2sl

[
xk
(
gil|i − gii|l

)
− gkl + δklgii

]
= βkKk .

A.2 Electric Carrollian gravity

For the electric contraction, the fall-off of the canonical variables takes exactly the same
form as in the magnetic theory, given by eqs. (A.1) and (A.2).

The asymptotic form of the gauge parameters that preserve the above asymptotic
conditions is then given by

ξ = O
(
r−1

)
,

ξi = εijkx
jωk + αi + . . . .

Here, only the terms associated with improper gauge transformations were included.

Momentum. The momentum is obtained when ξ −→
r→∞

0 and ξi −→
r→∞

αi

QE [~α] = 2αk
∮
d2siπ

ik = αkP
k .

Angular momentum. The angular momentum is obtained when ξ −→
r→∞

0 and ξi −→
r→∞

εijkx
jωk

QE [~ω] = 2ωk
∮
d2siεljkx

jπil = ωkJk .

– 24 –



J
H
E
P
1
2
(
2
0
2
1
)
1
7
3

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] J.-M. Lévy-Leblond, Une nouvelle limite non-relativiste du groupe de Poincaré (in French),
Ann. I.H.P. Phys. Théor. 3 (1965) 1.

[2] H. Bacry and J. Levy-Leblond, Possible kinematics, J. Math. Phys. 9 (1968) 1605 [INSPIRE].
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