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ABSTRACT: Bubbles of nothing are a class of vacuum decay processes present in some
theories with compactified extra dimensions. We investigate the existence and properties
of bubbles of nothing in models where the scalar pseudomoduli controlling the size of the
extra dimensions are stabilized at positive vacuum energy, which is a necessary feature of
any realistic model. We map the construction of bubbles of nothing to a four-dimensional
Coleman-De Luccia problem and establish necessary conditions on the asymptotic behavior
of the scalar potential for the existence of suitable solutions. We perform detailed analyses
in the context of five-dimensional theories with metastable dS; x S' vacua, using analytic
approximations and numerical methods to calculate the decay rate. We find that bubbles of
nothing sometimes exist in potentials with no ordinary Coleman-De Luccia decay process,
and that in the examples we study, when both processes exist, the bubble of nothing decay
rate is typically faster. Our methods can be generalized to other stabilizing potentials and
internal manifolds.
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1 Introduction

Our Universe is entering a phase of dark energy domination. To date, cosmological obser-
vations are consistent with an epoch of late-time acceleration driven by a small and positive
cosmological constant [1-3].

Although an epoch of accelerated expansion can be easily accommodated within gen-
eral relativity, building full-fledged de Sitter vacua in the context of string theory — while
seemingly not impossible [4, 5] — has proven surprisingly hard [6-21]. This has led to
conjecture and debate about whether metastable de Sitter vacua can exist in consistent
theories of quantum gravity [22-24], and if so, whether there is an upper bound on their
lifetimes [25]. For example, it is well-known that in theories with compactified extra dimen-
sions, if the effective potential for the geometric moduli admits minima of positive energy
density, these minima are at best local. In turn, a four-dimensional de Sitter vacuum
may ‘spontaneously decompactify,” decaying into a Universe with zero vacuum energy and
spatial extra dimensions of infinite size [26-28]. Depending on the details of the higher-
dimensional construction, additional decay channels can also be present and are generally
described by either the Coleman-De Luccia (CDL) [29] or Hawking-Moss (HM) [30] instan-
tons.

In this paper, we focus on an alternative instability: the generalization of Witten’s
bubble of nothing (BON) [31] to spacetimes with four-dimensional de Sitter factors and
compact internal manifolds with stabilized moduli. Witten’s bubble describes an insta-
bility of the Kaluza-Klein (KK) vacuum M* x S!. The gravitational instanton is the
five-dimensional Fuclidean Schwarzschild solution, and the endpoint of the decay is the
destruction of the spacetime. Via dimensional reduction, Witten’s bubble can be recast
as a solution to a CDL problem of a real scalar field minimally coupled to gravity in four
dimensions. The scalar field plays the role of the radial modulus setting the size of the S,
and Witten’s solution is recovered in the case of a vanishing scalar potential. This four-
dimensional description, however, makes it natural to consider generalizations of the BON
in the presence of a potential for the moduli, as first suggested in [32]. In this way, non-
perturbative instabilities associated with moduli stabilization, including generalizations of
the bubble of nothing, can be studied from the bottom-up.

A number of studies have explored relatives of Witten’s bubble from a top-down per-
spective, including in string compactifications [33-37], in higher-dimensional models [3§],
and in flux compactifications with stabilized moduli [39-44]. In particular, refs. [41, 42]
consider BON instabilities in 6D models with explicit mechanisms for moduli stabilization
at a positive value of the vacuum energy.

Our approach is complementary to previous work, attempting to factorize as much
as possible the specific details of moduli stabilization from the existence and construction
of bubbles of nothing. Our goals are to describe, from the four-dimensional perspective,
existence criteria for BON solutions in theories with stabilized moduli; to develop analytic
approximations for the BON action in the presence of a scalar potential; to compare the
corresponding decay rate to those of the ordinary CDL and HM channels; and to study
numerically those examples that are analytically intractable. This paper is a longer, more



detailed companion to [45], where some of the main ideas and techniques were presented
and illustrated with an eye toward minimal, streamlined presentation. Here we review and
extend the results of [45], deriving some of the assertions, expanding the range of models
studied, elaborating on the broader context of the work, and undertaking a more extensive
numerical survey.

We perform our most detailed analysis in the context of a five-dimensional model with a
range of moduli potentials. Depending on the features of the potential, the BON may be the
only accessible instability, or it may exist alongside more conventional CDL or HM bounces.
In the latter case, the BON decay rate is always the fastest in the examples we study.

Unlike the familiar CDL and HM solutions, the CDL solution corresponding to Wit-
ten’s bubble exhibits singular boundary conditions at the center of the bounce, with di-
vergent values for the scalar and its derivatives. In the ordinary CDL problem, the scalar
field satisfies equations of motion analogous to those of a particle moving on an inverted
potential. The solution can then be found via an overshoot-undershoot method, with the
‘particle’ starting at rest at the center of the bounce, and asymptotically rolling over to the
(inverted) false vacuum. This picture can be extended to bounces that satisfy BON bound-
ary conditions. In this case, the particle does not begin at rest, but rather it starts moving
‘from infinite distance with infinite velocity,” corresponding to the singular boundary con-
ditions. Implementing an overshoot-undershoot algorithm appropriate to accommodate
these boundary conditions allows us to find BON instabilities of four-dimensional de Sitter
vacua numerically, verifying and going beyond our analytic results.

This paper is organized as follows. In section 2, we review the CDL formalism, the
properties of Witten’s bubble most relevant to our analysis, and some of the familiar sources
of moduli potentials that can be present in higher-dimensional models. In section 3 we
study BON decays of four-dimensional de Sitter vacua. We find necessary conditions on
the asymptotic form of the scalar potential for the CDL equations to admit a BON bounce
solution, and, under some assumptions, we obtain an approximate analytic solution for the
bounce. We evaluate the action of these instantons, showing that it remains finite in the
limit of vanishing false vacuum energy density, and that for a large class of models it is
mostly independent of the behavior of the scalar potential in the compactification regime.
We discuss a qualitatively different type of instanton that also satisfy BON boundary
conditions in section 4, and argue that these may be thought of as superpositions of a
BON together with an ordinary CDL or HM bounce. In section 5 we present a detailed
numerical study of BON bounce solutions and their Euclidean actions for a wide range of
parameter space. We conclude in section 6 and outline directions for future work. A series
of appendices collect various additional results of a more detailed or tangential nature and
are referred to throughout the text.

2 Vacuum decay in the presence of gravity

In section 2.1, we summarize the CDL formalism describing vacuum decay in the presence
of gravity. We review the properties of Witten’s BON instability that will be most relevant
to our work in section 2.2, with special focus on how it can be recast as the solution to
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Figure 1. Theories featuring compactified extra dimensions, and moduli spaces that are stabilized
at a positive value of the vacuum energy, are typically susceptible to decay into a higher-dimensional,
decompactified theory, [26-28], as indicated by the ¢ > 0 region in this figure. On the other hand,
the behavior of the scalar potential in the compactification limit may vary widely depending on
the details of the higher-dimensional construction. Our work will be concerned with instabilities
of four-dimensional de Sitter vacua into the compactification regime, where ¢ < 0. The location of
the de Sitter false vacuum is arbitrary, and we choose ¢¢, = 0 for convenience.

a four-dimensional CDL problem, as first done in [32]. In section 2.3 we discuss several
sources of moduli potentials that are naturally present in theories with extra dimensions.
We conclude with some qualitative observations regarding the interpretation of moduli
potentials in section 2.4.

As emphasized in the Introduction, our focus will be on instabilities of theories with
compactified dimensions, stabilizing potentials for the geometric moduli, and local de Sitter
vacua. Figure 1 shows the qualitative picture that we will have in mind throughout our

work.

2.1 Coleman-De Luccia formalism

The semiclassical treatment of vacuum decay in quantum field theory was developed
in [46, 47]. To leading order, the decay rate of the false vacuum is given by the action of the
O(4)-symmetric solution to the Euclidean field equations known as the “bounce.” In Eu-
clidean signature the bounce interpolates between true and false vacuum, and via analytic
continuation, it also provides the initial condition and real time evolution of true vacuum
bubbles after nucleation. The decay rate per unit volume of the false vacuum is given by

[~ ol 29 (2.1)

Y

where v is a typical energy scale, and AS is the action of the bounce minus the action of
the Euclidean false vacuum.

Coleman and De Luccia further developed the formalism of [46, 47] to include the
effects of gravitation [29]. In four dimensions, the O(4) symmetry of the bounce restricts
the form of the relevant metrics to those compatible with the form:

dsi = d&® + p(£)*dS33, (2:2)



where £ is a radial coordinate and p sets the curvature radius of the transverse 3-sphere.
For a real scalar field minimally coupled to gravity, the corresponding field equations read

w30, 9U(9)

¢ +7¢ = "0 (2.3)
: P
R (2 —20(0)) . (2.4)

The relevant boundary conditions accompanying eqs. (2.3) and (2.4) depend on the topol-
ogy of the solution. For a de Sitter false vacuum, and a scalar potential that is > 0, the
solution has the topology of an S4. In this case, p vanishes at two values of £, corresponding
to a minimum and a maximum of the radial coordinate [48]. Without loss of generality,
we can choose {min = 0. Then, £ € [0, {max], and {max is defined via p(€max) = p(0) = 0.
Any non-singular solution to the equations of motion must then also obey the boundary
conditions ¢'(0) = ¢/(Emax) = 0.

For example, the Euclidean solution describing the de Sitter false vacuum is given by

bus©=0.  and  pus®) = Asin (%), (25

with A = /3M2/Up,. The traditional CDL bounce that describes false vacuum decay
is characterized by an internal region — the inside of the bubble — where ¢ lies in the
vicinity of the true vacuum, and a transition to an exterior region where ¢ is near its value
in the metastable phase. If false and true vacua are nearly degenerate, the bounce is well
described within the “thin-wall” approximation, where the bubble wall thickness (the region
over which the field transitions from false to true vacuum) is much smaller than its overall
radius. For a Minkowski true vacuum, the curvature radius of a thin-wall bounce is given by

Po ‘h 3o
P ZY S W1 = 77
1+ (po/2A)? = s

where o is the bubble wall tension given by o ~ f(gfvvd¢\/2(U(¢) — Ul(ogw)) [29).1
The tunneling rate is controlled by the Euclidean action of the bounce. The action of

P~ (2.6)

a scalar field minimally coupled to Einstein gravity in four dimensions is given by
4 ml%l 1 v
Sp = /d 153 = "R + S 9,00, + U(9) (2.7)

gmax
= 272 /0 d¢ p*U (on-shell). (2.8)

The second line only applies “on-shell,” that is, when evaluating the action on a solution
to the Euclidean field equations consistent with the ansatz of eq. (2.2). In the thin-wall
limit, the tunneling exponent of the CDL bounce is given by [29]

By
as  [1+ (po/20)%%
!The thin-wall approximation is applicable provided Us, — Usy < Usop — Usy, with Usop the value of the

scalar potential at the top of the potential barrier. To leading order, o o 4/ Utop, and corrections involving
the difference Us, — Uy are dropped within the thin-wall approximation.

AScpr, = SE‘CDL - SE] (2.9)




with By = 27n?0*/(2Ug,). For a small false vacuum energy density, Uy, < o /M2,

24w M}
AScpr, ~ ——+. (2.10)
va
The CDL bounce is guaranteed to exist provided the scalar potential satisfies
0*U(¢) 4
— 2.11
042 . —
¢:¢top P

where ¢yop is the location of the potential barrier, and A¢op = 4 /3M5 /Utop- If this condition
is not satisfied, the CDL bounce may fail to be present [49-52]. However, even in the
absence of a CDL solution, there is a second type of instability, corresponding to the
homogeneous solution where ¢ sits at the top of the potential barrier. This instanton was
first discussed by Hawking and Moss (HM) [30], and it is given by

Pum = brop, and  pam(§) = Agop sin <A£ ) : (2.12)
top

In this case, the corresponding tunneling exponent reads

ASuv = SE‘HM — SE‘dS = 247r2]\4[;,1 <Ulfv — U:op) . (2.13)

A common feature of the CDL and HM instabilities is that their tunneling exponents

diverge in the limit Uy, — 0, as can be seen from egs. (2.10) and (2.13). As the false and

true vacua become degenerate, the CDL and HM decay channels become ineffective, and
the metastable vacuum becomes exponentially long-lived.

We finish this section noting that eq. (2.3) can be rewritten in integral form as follows:

£=§max gmax 8U
3 47 3
= d —_—. 2.14

(P ¢> ’520 /0 5'0 a¢ ( )
In most cases, the left-hand side of eq. (2.14) is known. For example, it vanishes for the
CDL bounce, on account of the boundary conditions ¢'(0) = ¢(£max) = 0, as well as on
the de Sitter and HM solutions where ¢ is constant. This feature permits the construction
of exact solutions to the equations of motion in certain simple cases, as we will illustrate

in section 3.3, where eq. (2.14) supplies the initial conditions for the bounce solution.

2.2 Bubble of nothing as a Coleman-De Luccia problem

The bubble of nothing discovered by Witten is an unusual instability of the KK vacuum
M* x S' [31]. The decay can be described semiclassically, in terms of a gravitational
instanton equivalent to the five-dimensional Euclidean Schwarzschild solution:

R2\ R
=t (1) g (1 ) 215
r T
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Figure 2. Left: diagram showing the geometry of the KK false vacuum (“vacuum”) and BON
(“instanton”) solutions. The r direction lies along the symmetry axis, with the periodic y coordinate
along the azimuth. In the false vacuum, ¢ = 0, and the KK radius is independent of r. For Witten’s
bubble, the KK radius approaches zero near r 2 Rs, whereas far away from the bubble wall the
geometry asymptotically approaches that of the false vacuum. Right: after dimensional reduction,
the scalar modulus ¢ describes the proper length of the KK circle, L. As a function of the CDL
coordinate, defined in eq. (2.20), L vanishes at £ = 0, corresponding to the location of bubble wall,
whereas L ~ 27 R5 in the asymptotic region £ > Rs.

In these coordinates, r € [R5,00) and y ~ y + 2w R5. As usual, the relationship between
the y-coordinate periodicity and the Schwarzschild radius ensures the absence of a conical
singularity at r = R5. The near-horizon metric is of the form

ds? ~ d\? + \?di? + R2dQ3, (2.16)

where A = /(2R5)(r — R5), and § = y/Rs. Indeed, the geometry remains smooth near
r = R, and the topology of the solution is R? x S3. As depicted in the left panel of
figure 2, the bubble geometry ends on a smooth cap at r = Rs, which we will typically refer
to variously as the bubble wall or core. For this BON solution, the scale R5 characterizes
three distinct physical scales: the size of the bubble (the area radius of the transverse S3);
the magnitude of local five-dimensional curvatures near its wall; and the asymptotic radius
of the KK circle.

As described in [31], the initial conditions for the nucleated bubble, as well as its
Lorentzian-time evolution, can be obtained by analytic continuation of eq. (2.15). Static
time slices asymptote to the false vacuum, but near the origin the geometry appears as
though a hole has been carved out of the original manifold: from the four-dimensional
perspective, spacetime ends on the growing three-sphere x? — > = R2. Nevertheless,
the presence of a fifth dimension ensures that the solution remains smooth: although
asymptotically the size of the KK radius is 27 R5, it smoothly shrinks to zero at the bubble
wall located at x? — t2 = R2. Unlike in the ordinary picture of tunneling in quantum field



theory, the bubble that gets nucleated is not a bubble of true vacuum, but rather it has
‘nothing’ inside.

At first sight, Witten’s bubble appears to be a rather different instability from CDL
tunneling, taking place in a purely gravitational higher dimensional theory. However, it
was observed in [32] that the BON can be rewritten as a solution to a four-dimensional
CDL problem via dimensional reduction. In the dimensionally reduced theory, the radial
modulus responsible for setting the size of the KK circle is mapped onto the CDL scalar
¢. The Einstein frame, canonically-normalized reduction is obtained via the following
parametrization of the five-dimensional metric:

_./2 2 2 ¢
ds?) =e \/;MP ds?l + 62\/;‘4? dy?. (2.17)

The Euclidean Schwarzschild solution (2.15) can be written in this form, with

2
Gpon(r) = ]\gp\/zlog ( — f;) , (2.18)

—1/2 1/2
R? R?
dst,, = dr? < - T;) + (1 - T;) r2dQ3. (2.19)

The 4D metric in eq. (2.19) can be further rewritten as in eq. (2.2), with the CDL radial

coordinate related to the Schwarzschild radial coordinate as?

" di
5(7')5/ W- (2.20)

Rs

The corresponding CDL degrees of freedom satisfy eq. (2.3) and (2.4) with U(¢) =0, and
the profile of ¢pon(€) and ppon(€) is shown in figure 3. Near the bubble wall, at £ = 0,

¢ (£<<R)~M\/§lo (?’5) and (€< Ry)~R (‘%)1/3 (2.21)
bon 5) = Mp\[3 g 2R )’ Pbon 5) = Ii5 2Rs ) .
whereas asymptotically far from the bubble,
M, [3 [Rs\?
¢bon(€ > R5) =~ _TP 5 (;) ) and pbon(g > RB) =~ 5 + 7R57 (222)

with numerical constant

= (3 () o 229

Exact solutions for ¢pon and phen can be found in appendix A.

Eq. (2.21) reflects an important difference between Witten’s BON and an ordinary
CDL bounce: the former appears singular at £ = 0, while the latter satisfies ¢’(0) = 0.
Instead, the BON must be thought of as a CDL problem with singular boundary conditions,
describing tunneling from ¢ = 0 to ¢ = —oo in the absence of a potential barrier.

2An exact expression for £ can be obtained in terms of a hypergeometric function, given in appendix A.
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Figure 3. The five-dimensional Euclidean Schwarzschild gravitational instanton, or Witten’s BON,
expressed in terms of the degrees of freedom ¢non(€) (left) and pron(§) (right) of the corresponding
CDL problem. The behavior of the solutions in the near-horizon (£ < R5) and asymptotic (£ > Rj)
regimes is indicated in the figure, following eq. (2.21) and eq. (2.22), respectively.

Dimensionally reducing the five-dimensional Einstein-Hilbert action one finds

M? 1 M,
— 4 __pr g % _ 7P
AS = /d a:\/ﬁ{ LR+ 59" 0,00,0 \/émgé} (2.24)
+ Mp\/gW/ dPxvho,¢ + AScuy, (2.25)
V6 oM

where O M refers to the boundary manifold defined as the hypersurface r = rg, and ASauy
is the (appropriately regularized) Gibbons-Hawking-York boundary term evaluated on the
boundary. On the BON solution, the combination _M3R+ (0¢)? vanishes, and ASgry —
0 in the limit 79 — co0.? Integrating by parts the (¢ term and combining it with the first
term of eq. (2.25), the BON action can be written as

2
ASon = 0y 2 €00 ©)]_, (2.26)
- 7T2MI§R§, (2.27)

Although we have chosen to evaluate the right-hand side of eq. (2.26) at £ = 0, it follows
from inspecting eq. (2.3) that the combination p3¢’ is a constant on the BON. In particular,

p%on(’f)(biaon(g) = \/gMPRg v § (228)

®The boundary term appropriate for the BON metric can be written as Scuy = —Myn"9,Vol(OM) =

—67?2M5 (7‘3 - R§/2), whereas the boundary term of the flat metric with the same boundary geometry reads
Séﬂ}"f;) = —6m>M72rg+/1 — R2/r?. In total, AScuy = Sauy — Séﬂ}";g, which vanishes in the limit ro — oo.



Compared to the five-dimensional perspective, the dimensionally-reduced formulation
of the BON appears rather pathological. The four-dimensional geometry of eq. (2.19)
exhibits a naked singularity at » = Rs with diverging curvatures and scalar gradients.
However, the combination —Mg??, + (0¢)? that enters into the four-dimensional action
identically vanishes, since five-dimensional Fuclidean Schwarzschild is a solution of Ein-
stein’s equations in vacuum. All 5D curvatures remain sub-Planckian, provided Rj is
larger than the Planck length. The role of ¢ as a geometric modulus restricts the terms in
the reduced action, organizing them into finite five-dimensional quantities.

On the other hand, as was noted in [32], the advantage of the four-dimensional formula-
tion is that it makes it straightforward to look for instanton solutions with BON boundary
conditions in the presence of a scalar potential that stabilizes the geometric modulus. In the
absence of supersymmetry, a runaway scalar potential will be generated by Casimir ener-
gies, so modulus stabilization is a necessity in any realistic construction. It is then interest-
ing to ask whether BON solutions still exist and whether the corresponding decay rate is sig-
nificantly modified. In the presence of a non-zero U(¢), the region near the bubble wall will
be sensitive to the asymptotic form of the potential in the compactification direction, while
the region near the metastable vacuum will depend on the details of the mechanism that
stabilizes the modulus. In section 3, this useful factorization will allow us to classify BON
instabilities of de Sitter vacua in terms of the behavior of the scalar potential in the com-
pactification limit, while treating the region near the metastable vacuum with toy models.

2.3 Sources of moduli potentials

As described in the introduction, we wish to employ a bottom-up strategy, remaining as
agnostic as possible about the details of the stabilization mechanism leading to a four-
dimensional de Sitter vacuum, and the detailed features of the effective potential relevant
for the moduli. Nevertheless, it will be useful to keep in mind some of the sources of
moduli potentials that appear naturally in theories with extra dimensions, especially as it
pertains to their behavior in the compactification limit. This will allow us to gain some
intuition about the regime of validity of some of the conclusions we draw in later sections.
Sources of potentials for geometric moduli in theories with extra dimensions have been
widely discussed in the literature (see e.g. [28]).

For simplicity, let us first consider 4 + n-dimensional gravity, with the n extra di-
mensions compactified. Allowing for a non-zero cosmological constant (CC), the higher-
dimensional Einstein-Hilbert action reads

M2+n
Sp = / A" Gan { 5 Rasn + M2+"A§+Cn} : (2.29)

where M is the fundamental Planck mass. The Einstein frame dimensional reduction is
obtained through the following parametrization:

2 /i1t 0, 2 T T 2
dsi,,=e V" Mrdst e VIt M ge2 (2.30)

~10 -



and the reduced action reads

M2
Sk = /d4:r\/§ {—;R + %gﬂ”amayqﬁ - %, / n2f2D¢ + U(¢)} , (2.31)

with
M? _ JInid o &

_./2n_ o
U(g) = ——LRpe ¥V ™M 4 MZAJC e V772 M, (2.32)

For example, if the internal manifold is an n-sphere with curvature radius R,, then R, =
n(n —1)/R2. In the compactification limit, the contribution to the scalar potential from
this internal curvature always dominates over the contribution from the higher-dimensional
CC, and therefore U — —o0 as ¢ — —oc.

More generally, the scalar potential of geometric moduli might receive contributions
from other non-trivial field configurations present in the higher-dimensional theory, such
as branes and fluxes. For example, an n—form flux field wrapped around the internal
manifold leads to a contribution that scales as [28]

_3,/2n &
U (¢) x e~V "2 (2.33)

In the compactification limit, a contribution of this kind would dominate over that coming
from internal curvature.

Some simple (and non-exhaustive) possibilities for the behavior of the scalar potential
in the compactification limit are therefore of the form

o U(¢) ~ 0 (no flux, higher-dimensional CC, or internal curvature);

_ /2n &
o U(p) ~ MZ?AS_Ene V.72 Mp (o flux or internal curvature; CC dominated);

M2 _ /2n44 ¢ . .
o U(p) ~ —=LRpe n Mp (no flux; internal curvature dominated).

In section 3.1 we will discuss what sources of moduli potentials are compatible with
the existence of a BON instability of four-dimensional de Sitter vacua.

2.4 Classical vs effective potentials

We have primarily discussed classical sources of moduli potentials, such as higher dimen-
sional flux, the cosmological constant, and geometric curvature. These sources can produce
strange, asymptotically divergent potentials upon dimensional reduction. If the potential
is singular in the compactification limit, we should view the singularity similarly to the
way we view the singularities of the lower-dimensional Ricci scalar and modulus kinetic
term in those limits: they are artificial, induced by the choice of field-space coordinates,
and they are absent in the higher-dimensional theory.

What of quantum corrections? Casimir potentials, for example, may play some im-
portant role in the stabilization of the modulus, as in [4]. In general any time there is an
accidental zero mode, like the modulus, “higher order effects” like quantum corrections can

- 11 -



lift it. One might wonder whether Casimir potentials, which are singular as R — 0, might
induce significant backreaction on the BON geometry.

In fact, approximating quantum corrections to the bubble by adding the naive Casimir
potential to the dimensionally reduced classical equations of motion is qualitatively incor-
rect. Casimir potentials are computed on field configurations that are slowly varying in
spacetime and only make sense in that context. Near the bubble the modulus is varying
rapidly in space — the 5D classical solution looks more like a finite size (hemi)sphere than
a cylinder of slowly varying radius. Because of this, quantum effects cannot be computed
systematically without computing the full effective action for the 5D metric to some order
in h — there is no systematic truncation in a derivative expansion near the wall. However,
generically there are also no zero mode fluctuations localized near the bubble wall apart
from those associated with translation symmetries. All other modes of the fluctuation op-
erator have eigenvalues set by the finite local curvature scale R3. Then one could compute
the first quantum corrections to the effective action via the usual functional determinant
in this background. After suitable renormalization the corrections to the effective action
are generically suppressed by loop factors compared to classical action. Thus they can be
systematically neglected in the leading approximation, along with any backreaction on the
classical solution. (This is exactly the same as the story for an ordinary CDL bounce or
any other saddle point solution without accidental zero modes.)

In lieu of performing such a complete computation, we model the stabilization part of
the potential, and assume that the asymptotic potential, relevant near the bubble wall, is
dominated by classical effects. As argued above, this is typically a reasonable approxima-
tion even if quantum effects are important for the stabilization. Near the bubble wall at
& =0, field gradients are of order the KK scale, and they dominate the equations of motion
(along with the classical potential, if it grows rapidly enough).

Our classical BON solutions could become invalid if the EFT breaks down. Two
ways this can happen are if (higher-dimensional) curvatures or stress energy become large
compared to the Planck or string scales, or if a large tower of heavy states becomes light.

The first possibility generally does not occur in BON geometries if the asymptotic
volume modulus is larger than the Planck or string scales. The second possibility, the
appearance of a tower of light states, is at first sight more concerning. Bubbles of nothing
probe an infinite distance in moduli space, and the swampland distance conjecture states
that under such an excursion an infinite tower of states should descend below the cutoff [53].
In ordinary KK theory, these states correspond to wound string modes, which become light
as the radius of the KK circle goes to zero. However, this pathology does not actually arise
in BON geometries, because the excursion is highly localized. Ref. [53] studied wound
strings in the vicinity of a static BON and found that, while they become less massive
than asymptotic wound states, they do not become lighter than the string scale. This has
a simple explanation: near the smooth cap marking the bubble wall, wound strings simply
slip off, becoming ordinary unwound states. There is no localized tower of light states, and
string scale effects are expected to be small.
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3 Bounce of nothing

In this section, we focus on the description of BON instabilities of four-dimensional de Sitter
vacua in the presence of a potential for the moduli. Our starting point is the Euclidean
action of eq. (2.25), but now supplemented by a scalar potential U(¢):

M2
Sp = /d4x\/§ {—;R + %gﬂuau¢ay¢ - AngqS + U(¢)} : (3.1)

Since our choice of false vacuum is the four-dimensional de Sitter solution, no boundary
terms need to be included in eq. (3.1), as the manifolds relevant to our discussion are
always compact. Provided that the four-dimensional metric is compatible with the ansatz
of eq. (2.2), the corresponding equations of motion are eq. (2.3) and (2.4).

Therefore our goal is to find solutions to the CDL field equations that asymptote to
the de Sitter false vacuum, but that feature BON boundary conditions at the center of
the bounce. In this section, we will focus on obtaining analytic approximations for both
the bounce solution and its Euclidean action that determines the decay rate of the false
vacuum. Rather than being comprehensive, we aim to establish the circumstances under
which BON solutions can exist in the presence of a moduli potential, and to study the
properties of the decay rate in the limit of small vacuum energy.

In section 3.1, we establish the conditions that moduli potentials need to satisfy in
the compactification limit to be compatible with a bubble of nothing solution. We discuss
the structure of solutions describing the decay of a dS; x S' false vacuum into a BON in
section 3.2. In section 3.3, we introduce a toy model for the potential of the radial modulus
that allows us to obtain an analytic description of the bounce in section 3.4. Finally, in
section 3.5 we compute the leading contributions to the tunneling exponent, paying special
attention to its behavior in the limit Uy, — 0. In section 3.6 we briefly describe the
application of our analytic methods to more general potentials.

3.1 Bubble existence conditions

In order for BON-like instantons to exist, certain conditions must be satisfied by the scalar
potential U(¢) in the compactification limit. We can establish these conditions by exam-
ining the behavior of the CDL equations, egs. (2.3) and (2.4), near £ = 0. We concentrate
on moduli potentials with the asymptotic behavior U(¢) ~ Upe®/Mp in the compactifi-
cation direction, corresponding to ¢ — —oo. We emphasize, however, that we make no
prior assumption regarding the sign of a: it will turn out that some potentials that grow
exponentially in the compactification limit also admit BON solutions.

Near the bubble wall, we look for generalizations of the Witten solutions for ¢(§) and
p(€) compatible with dSy x S™ — S3 x R*" decay. For n > 1, the small ¢ solutions are
consistent with the following ansatz:

0 = Mpatog (3). and  p(e) = ks (E)B (3:2)

with parameters «, 3, £, and 7 to be determined self-consistently. The space of solutions
to the CDL equations depends on the dimensionality of the internal manifold. We focus on
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Figure 4. A diagram comparing the BON and CDL boundary conditions. The BON initial
conditions ¢(0) — —oo, ¢’ — 400 ensure that ¢(£) quickly approaches the false vacuum. Its
approach to ¢(§) — ¢g is determined by the details of the potential, which is approximately
quadratic in the neighborhood of ¢ ~ ¢¢,. This direct approach to ¢g is indicated by the straight
blue line in the figure. The CDL solution, on the other hand, begins at finite ¢(0) = ¢cpr, with
@'(0) = 0. It subsequently “rolls” in the inverted potential, as indicated by the dashed red line,
until it approaches ¢g,. In the dashed blue line we show a second BON example, one in which the
potential U(¢ — —oo) diverges (with —U(¢) shown in dark gray). The ¢'(0) — oo BON initial
conditions can compensate for the divergence in U(¢), so that there is a BON solution even if there
is no corresponding CDL solution for that potential.

cases where the internal manifold contains an n-sphere submanifold that shrinks to zero
size at the bubble wall. It is convenient to discuss the cases n =1 and n > 2 separately.

n = 1. If it is to be free of singularities, in the & — 0 limit the BON metric must have
the form

d 2
ds? ~ d)\2 + AQ% + R2d02, (3.3)
5

for some function A(¢). Unlike eq. (2.16), the area radius of the bubble R3 need not be
identical to the asymptotic KK radius Rs. Assuming that A(£) and p(§) have power series
expansions in small £ ~ 0, the solutions for ¢(§) and p(§) take the form of eq. (3.2):

2 3 3¢\ /3
(&) ~ Mp\/;log (2}§5) , and p(§) ~nRs <2}§5> , with nRs=Rs. (3.4)

Eq. (3.4) is identical to the near-horizon geometry of the original Witten bubble, given in
eq. (2.21), except we now have an additional parameter n > 0, n = R3/R5. It is easy to
show that these ¢ and p satisfy the equations of motion, egs. (2.3) and (2.4), as long as
U($) does not diverge as severely as ¢” (&) o< €72 as & — 0. In fact, the potential U can
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grow exponentially large as ¢ — —o0,

U(p) ~ Uyexp <JC\L/—Z> , (3.5)
subject to the constraint a > —+/6, and its effect on ¢(¢) and p(€) remains negligibly small
in the £ — 0 limit.

Despite the fact that U — 400 in the compactification limit when a < 0, these
potentials can still be subject to BON instabilities as long as a > —v/6. For example, as
discussed in section 2.3, potentials dominated by a five-dimensional cosmological constant
fall within this range, with acc = —/2/3. If a < —/6, on the other hand, the BON decay
cannot proceed: although the equations of motion can still be solved for more severely
diverging potentials, the solutions for ¢(§) and p(£) are not compatible with the metric
eq. (3.3). As a physically motivated example, axion flux wrapping the S! yields ag,, =
—+/6, so the flux must be screened in order for the S' to shrink to zero size at the bubble
wall. An example of this type was studied in [40].

n > 2. The discussion above can be easily generalized to cases where a higher dimensional
sphere shrinks to zero size at the center of the bounce. (The appropriate parametrization of
the higher-dimensional metric was given in eq. (2.30).) There are no solutions to the field
equations compatible with eq. (3.2) when a < —/2(n +2)/n, and if a > —\/2(n +2)/n
the absence of a conical singularity is only possible in the case n = 1, corresponding to our
previous discussion. However, when n > 2, the marginal value a = —/2(n + 2)/n admits
a different class of BON solutions. In this case, the ansatz of eq. (3.2) corresponds to a
smooth solution to the Euclidean field equations provided

2n n 2R,
a=4l——g B=om5  an 3 (3.6)

where R, is the radius of curvature of the n-sphere, and only if the overall scale of the

potential is given by

2
My
2R2"

Inspecting the near-horizon metric reveals that the topology of these solutions is of the

Uy = —n(n—1) (3.7)

form R'T™ x S3. Overall, for this class of solutions to exist, the behavior of the scalar
potential in the compactification limit must therefore be of the form

M2 _ /2n42) ¢
U(¢) ~ —n(n— l)ﬁe n Mp (3.8)

Interestingly, this is precisely the behavior induced by the internal curvature of the n-
sphere, as reviewed in section 2.3. Examples in 6D Einstein-Maxwell theory with a shrink-
ing S? were studied in [42, 54].

Notice that the contribution to the scalar potential from n-form flux wrapping the in-
ternal manifold scales with an exponent agyx = —3+/2n/(n + 2), as discussed in section 2.3.
When n > 2, aguyx < —v/2(n + 2)/n, and therefore flux must either be absent, screened, or
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otherwise disappear near the bubble wall in order for BON solutions to exist, in keeping
with Gauss’ law. It would be interesting to generalize our analysis further to admit, for
example, pointlike screening charges along the lines of [54].

In the remainder of this manuscript, we restrict our attention to potentials that satisfy
a > —+/6 in the compactification direction, in which case the internal manifold that resolves
the apparent singularity at £ = 0 must have dimension n = 1.

3.2 Structure of bubble solutions with dS4 x S! vacua

As discussed in the Introduction, our focus on this paper is on the existence of BON
instabilities of four-dimensional de Sitter vacua. Let us assume the existence of a false
vacuum of the form dS; x S!, with Euclidean metric

ds? = de® + pas(€)%d03 + dy?, (3.9)

with y ~ y + 27 R5, and pgs(§) as given in eq. (2.5). The parameter Rs is the radius of the
KK circle in the false vacuum, and it is an input parameter defining the UV theory. Our
goal is to construct instanton solutions that asymptotically approach this false vacuum,
but that satisfy boundary conditions at & = 0 as given in eq. (3.4). Unlike the original
BON corresponding to an instability of M* x S, the Euclidean geometry describing this
class of instantons will be compact, with £ € [0, &nax] and p(§max) = 0.

Eq. (3.4) corresponds to the small-£ limit of the one-parameter family of BON solutions
introduced in [45], given by

3 _ _
60O =\ M 080 + branl6-m 7, and € =1 a7V, (3.10)
When £ < Rs, ¢, and p, are indeed as in eq. (3.4), whereas for { > Rs, we find

3 2
¢n(£)z\/§Mp{logn—2(}?)}, and  py() =€+ PRs, (310)

for v defined in eq. (2.23). Eq. (3.10) provides exact solutions to the Euclidean equations of
motion when U(¢) = 0. In the presence of a scalar potential, ¢, and p, remain approximate
solutions for a limited range of &, as we will soon discuss. As described in [45], it is only
in this latter case that the parameter n acquires physical significance. Near & = 0, the
five-dimensional metric corresponding to this solution can be written as

ds? ~ d\? + \25% + ? R2dO3, (3.12)

with A = R5(36/2R5)%/® and §j = y/Rs. This expression clarifies the meaning of 7: it
parametrizes the curvature radius of the S3 of the near-horizon geometry, R3 = nRs, and
corresponds to the radius of the ‘hole’ that nucleates in spacetime.

Having established that eq. (3.4) provides acceptable boundary conditions at £ = 0 in
the presence of a scalar potential, we now turn to estimate the range of £ over which the

~16 —



solution behaves approximately like the U = 0 BON. Comparing the right-hand side of
eq. (2.3) to, say, the ¢” term on the left side, we find (ignoring irrelevant O(1) factors)

T for ¢ < Rs, (3.13)

oU/06 <U0R§> ( ¢ >2+¢3“

¢Il Mg

where we have used U(¢) ~ Upe®/Mp for the asymptotic form of the scalar potential in
the compactification limit. As discussed in section 3.1, the BON solutions to the EOM
are nonsingular only if the potential satisfies a > —+/6. With this constraint on a, and
provided that the overall scale of the potential satisfies Uy < Mg / R%, the above ratio
remains small in the regime £ < Rs, implying that ¢ and p are well approximated by their
U = 0 BON solutions.

For £ 2 Rs, eq. (3.13) is no longer necessarily small, and the U-dependent terms cause
¢(£) and p(€) to transition away from their U = 0 solutions. If (UyR3/M?2) ~ 1, then
this transition occurs relatively promptly at ¢ > Rs; if instead (UpR2 /Mg) < 1, then the
potential only becomes important for ¢ and p at larger values of £ > R5 (subject to the
value of a). In both cases, |¢|/M, < 1 and p ~ £ in the transition region, and the modulus
starts to approach its value in the false vacuum.

In conclusion, if UyR? /Mg < 1 and a > —+/6, then the BON solutions are largely
indifferent to the ¢ < —M, asymptotic behavior of U(¢). As far as ¢(£) and p(§) are
concerned, the only important part of the potential is a finite interval ¢, < ¢ < 0, for some
6| < M, determined by the size of UgRZ/M} and the value of a.* Here, ¢, marks the
point at which the solution for ¢(¢) is no longer well approximated by eq. (3.11).

Generic potentials can be sorted into two categories: those that can be approximated
by their quadratic expansion for U(¢, < ¢ < 0), and those that can’t. For those that can,
the scalar potential is given by U(¢) ~ Uy, + %m2¢2, so that

8U¢/H(9¢) ~ m2¢&? for € 2 Rs. (3.14)

Self-consistency of our analysis requires that the mass of the modulus in the false vacuum

satisfies m < 1/Rs < M,, and we will assume this hierarchy in the remainder of our
analytic treatment.
In this limit, if ¢, is sufficiently close to the false vacuum for U(¢, < ¢ < 0) to be

1

approximately quadratic, then py (&) ~ & ~ m™"' marks the value of p for which the effects

of the potential become important. For concreteness, we use p, ~ m~! to define a specific
value for ¢, in the mRs < 1 limit,

m?R? [3
bp = — 5 5\£Mp. (3.15)

We show in section 3.4 that ¢ — ¢, does correspond to the potential becoming important.

4A shift symmetry in the action makes the location of the ¢ = 0 origin arbitrary, so we set ¢p = 0
without loss of generality.
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Whether or not U(¢) can be approximated by its quadratic expansion depends largely
on the value of UyR2, so for future reference we introduce the dimensionless constant

_ UgR2
ug = Mp2 .

(3.16)

Here Uy is the characteristic scale of the dominant features of the potential around —M,, <
¢. It may correspond to the height of a potential barrier, Uy ~ Usqp, or to some exponen-
tially growing term, as in eq. (3.5).

For uy = 1, the solutions for p(£) and ¢(&) are generally sensitive to the shape of

U(¢) at ¢ ~ —M,, and the quadratic approximation is unreliable (assuming a hierarchy
m < M,).° In the ug < 1 limit, |¢.] < M,, U(¢) is more reliably approximated by
its quadratic expansion, and our analysis becomes essentially model-independent. The
remainder of this section is driven by this insight. Given m and Uy, we calculate ¢(§) and

p(&), the bubble radius R3, and the tunneling exponent AS.

3.3 A toy model

As discussed in section 3.2, as long as the scalar potential is not too large, the BON solutions
for p and ¢ depend primarily on the behavior of the potential near the false vacuum. By
constructing approximate analytic BON bounce solutions for a quadratic potential, we can
derive predictions for p(&), ¢(£), Rs, and ASpon that are generic to a wide class of realistic
scalar potentials.

As a particularly simple toy potential, consider the piecewise quadratic Uiy,

Uop for ¢ < ¢

Uioy (@) =
tor(9) Up, + 3m?¢?  for ¢1 < ¢,

(3.17)

with Ug, + %m%ﬁ% = Up. Uioy(¢) is depicted on the left of figure 5. Near ¢ = 0, the potential
is exactly quadratic and admits a de Sitter vacuum. As we will see in section 3.4, although
eq. (3.17) does not admit an ordinary CDL decay — the vacuum at ¢ = 0 appears naively
stable — it is unstable to nucleation of a BON.

The constant branch that extends toward the compactification limit (¢ — —o0) is mo-
tivated by a property of Witten’s bubble discussed in section 2.2, namely that the quantity
p3¢’ remains constant (following eq. (2.14)) if U/O¢ = 0. Since the solutions we are
looking for behave like Witten’s bubble near the center of the bounce, and transition to-
wards the false vacuum at larger £, this toy potential will allow us to construct analytic
expressions for both the bounce and its Euclidean action that will be representative of more

5If the potential energy density is higher than the KK scale, then the completely dimensionally reduced
theory is no longer a systematic effective field theory. However, it is still useful for our purposes, which is
to write the equations of motion for highly symmetric configurations in CDL form. We can omit KK modes
not because the energy density is low, but because we are looking for classical solutions with a high degree
of symmetry. We could include these modes in the action and they would not change the classical solutions
of this type.
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Figure 5. Left: the piecewise potential Uy (¢) from eq. (3.17), with ¢1 = —0.2 M, and Uy, =
0.2Uy. Right: the quantity ¢, = —mzRg \/gMp indicates the point where the potential U(¢)

begins to have a noticeable effect on the equation of motion for ¢ (see the discussion around
eq. (3.45)). For ¢ < ¢y, (&) is well approximated by the Witten BON solution, even if the
potential U(¢) is large. This feature greatly enhances the utility of the piecewise quadratic toy
model. All three of the “realistic” smooth potentials will have similar solutions for ¢(£) and p(€),
despite the significant differences in their asymptotic ¢ — —oo limits, as long as mRs < 1 is small
enough that U(|¢| < |¢4|) remains approximately quadratic.

realistic models. Following the discussion in section 3.2, this toy model will provide ap-
proximate solutions for potentials that behave as U(¢) ~ Upe®/Mp in the compactification
regime, so long as a > —/6 and Uy < MZ?/RE.

More intricate models can be devised that are also analytically tractable, e.g. by con-
catenating other quadratic functions to construct a smooth local maximum in U(¢), and
we discuss some of these possibilities and their implications in section 4. In this section,
however, we focus on eq. (3.17) because it successfully captures the features of more generic
potentials most relevant for the description of BON solutions.

3.4 A bounce of nothing

We now proceed to find an analytic solution to the equations of motion in the presence of the
potential given in eq. (3.17), with the boundary conditions at { = 0 specified in eq. (3.4). It
will be convenient to distinguish three spatial regions, according to the different behaviors
of the bounce:

e A core region near the bubble wall, 0 < £ < &, where the effects of the scalar potential
are subdominant and the solution behaves approximately like Witten’s BON;

e a transition region & < & < & that interpolates between the BON and false vacuum
solutions;
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o and an asymptotic region & < ¢, far away from the bubble wall, where ¢(§) is
exponentially close to the metastable de Sitter vacuum.

For the toy potential, the £; that separates the core and transition regions is implicitly
defined by ¢(&1) = ¢1. Within the core region, the potential U(¢ < ¢1) = Uy is constant,
and the quantity (p3¢’) is exactly conserved as in Witten’s bubble.%

In the transition region, (p3¢’) decreases from its initial value towards p3¢’ — 0. Unlike
&1, the & outer boundary of the transition region is not sharply defined. Eventually ¢’
becomes small enough that ¢(§) ~ ¢, is approximately constant, and the spacetime is
approximately de Sitter. Later in this section we demonstrate that & ~ O(few) x m™1,
and that neither the parameter 1 nor the bounce action depend on the precise value of &3.

The picture outlined in the bullet points above is sketched in figure 6, for some potential
with de Sitter radius A > Rj. In the core region, 0 < £ < &1, p(€) is well approximated
by the U = 0 BON solution, which becomes approximately linear for p = Rs. This
p' =~ 1 behavior continues throughout the transition region, & < & < &, as long as
p < M,/\/U($). For £ Z &, the modulus ¢(£) ~ ¢y, is nearly constant, and p(€) is well

approximated by a de Sitter solution.

Core region. In the region ¢ < ¢1, our choice of potential ensures that the quantity
p2¢' remains constant, and set by the boundary conditions of eq. (3.4). In this region, the
CDL equations egs. (2.3) and (2.4) can be rewritten as

3 2.3 / Ré P2
p (ZS = Mp 7R577 ) and p = 1 47[)4 — A7%, (318)

with Ag = ,/3M2§ /Up. The last term inside the square root satisfies p < Ag. This is not
an additional assumption on the properties of our potential, but rather a consequence of
those already discussed in section 3.3. Namely, the requirement that the overall scale of
the scalar potential away from the asymptotic compactification regime remains < Mg / R%
allows us to neglect this last term, including into the regime where £ 2 R5 and p’ ~ 1.

In this core region, not far from the bubble wall, p(§) and ¢(&) are given by eq. (3.4)
and eq. (3.11) in the regimes where £ < Rs and £ > Rj, respectively. Appendix A.2
provides the complete solutions for p and ¢, including the leading perturbations from the
constant U = Uy term in the equations of motion, and appendix A.3 lists the subleading
terms in the £ < Ry series expansions.

Transition region. Once ¢ enters the quadratic region of the potential, ¢ > ¢1, eq. (2.3)
can be conveniently written as
d’¢  3do N

2
290 L 2. 3.19
a2 oa, = (3.19)

5Both p(¢) and ¢(€) include small perturbations, of order R2 UO/MI? < 1 compared to a bona-fide BON
solution, as shown in appendix A.2. In the regime £ < Rs the corrections are negligibly small.
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Figure 6. We compare the p(£) profile for the U = 0 BON (black) to a de Sitter vacuum with pos-
itive U(¢gy) (blue). The de Sitter length is A = M,,,/3M2 /Uy, and for this example we have taken
1 ~ 1. The analytic model described in section 3.4 stitches these solutions together by constructing
a transition region in which p’ & 1 for both of these geometries, corresponding to the region between
p1 and ps on the plot. Such a region exists if the de Sitter radius is large, A > Rs5. The precise value
of p1 is determined by solving the equations of motion for a particular potential. As we show in
the inset diagram, as long as p; = Rs (§1 2 0.4 R5), the U = 0 BON solution is well approximated
by its £ > Ry expansion with p’ ~ 1. The point py indicates where ¢(p = p2) & ¢g, approaches
the false vacuum. Its definition is somewhat arbitrary, but it should satisfy ¢(p2) — ¢ < 1.

where we have taken p’ ~ 1, which is a self-consistent assumption. The relevant solution

is given by’
Ky (mp)
~ (C———. 3.20
o(p) = 0= (320)
Demanding continuity of ¢’ and ¢ across the transition allows us to obtain an expression

for both C' and n:

3 nPR?
C~-—M \/> 3.21
PV 2 pi Ky (mpr) (3:21)
m?R2 2e7E
logn ~ 73 1 % log o) (3.22)

where p1 = p(&1) ~ &. Provided mR5; < 1, logn < 1, and we may expand the previous
expression around 7 = 1:

R m?R2 2eE m?R? { 1 }
=2 1 =1 1 O1)¢. 3.23
n 7 + 108 o + 1 og MR +O(1) (3.23)

"In full generality, the solution to eq. (3.19) is of the form ¢(p) = c1 %ﬁ?p) + 02%";’3)4 The coefficient c2
is exponentially suppressed compared to c1, and the approximation cs ~ 0 is appropriate for our purposes.
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In the regime mp < 1, eq. (3.20) is of the form

3R2
¢(p) ~ —M, 2,2 (mp < 1), (3.24)
which coincides with the leading behavior of the U = 0 BON solution, up to corrections
suppressed by further powers of Rs/p. On the other hand, in the asymptotic regime
mp > 1, we find

e~ mP

P(p) ox ~mp)2

and the solution approaches the false vacuum exponentially fast. As anticipated in sec-

(mp>1), (3.25)

tion 3.2, p ~ m ™! signals the beginning of the asymptotic regime where the bounce solution
quickly approaches the false vacuum. Motivated by the p > m™! functional form of ¢(p),
we define

p2 = O(few) x m™1 (3.26)

as the end of the transition region, where (p3¢’) < R2M,, is much smaller than its initial
value at £ = 0.

False vacuum region. Once p = ps2, ¢ is exponentially close to its value in the false
vacuum, and p is given by

3/2
W’) ’ (3.27)

p(€) ~ Asin < A

with v ~ 0.6, as defined in eq. (2.23). Indeed, this is just the de Sitter solution of eq. (2.5),
shifted by O(Rj5) towards smaller .

Comment on exponentially growing potentials. The reader may be concerned that
the approximate solution constructed above will break down in the presence of a potential
that grows exponentially in the compactification limit. We now show that this is not the
case, provided the rate of growth is not too close to the limiting value of the exponent,
a = —/6, from section 3.1.

Recall that eq. (2.14), using the relevant £ = 0 boundary conditions given in eq. (3.4),

3 Emax oU
\/;MpRgn?’ =— /0 d¢ p387). (3.28)

This expression allows us to estimate the change in 1 due to the region near the center of

can be written as

the bounce, where the potential is growing exponentially fast. FExpanding around n = 1,
and ignoring irrelevant O(1) factors, the shift in 1 can be approximated using the small £
expansions of appendix A.3, with the result

1R LoU

Combining eq. (3.4) with the asymptotic form of the scalar potential, U ~ Upe®®/Mr  we find

Uy R2 —a
M2 1+a/V6

on (3.30)
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In the approach to the critical value of the exponent, a — —v/6, the small ¢ expansions of
appendix A.3 break down, and n(Rj) is no longer approximated by n ~ 1. However, for neg-
ative values of a that are not too close to this limiting case, én remains small provided Uy <
M?2/RZ. Moreover, if Uy < M2m? < M?2/RZ, 1) remains well approximated by eq. (3.23).

3.5 De Sitter decay rate

We now turn to the evaluation of the Euclidean action for the bounce solution obtained
in section 3.4. Evaluating eq. (3.1) on a solution to the Euclidean field equations, and
subtracting the action of the de Sitter false vacuum, the tunneling exponent governing the
decay rate is given by

2 Emax A
AS = W2Mp\[3p(§)3¢’(§)]50 — 27r2/0 dé pPU + 27r2/0 d¢ pisUs, . (3.31)

The first term arises after integrating by parts the ¢ term of eq. (3.1), together with the

restriction that p({max) = 0, since the geometry is compact. The second term is obtained by

evaluating the bulk terms in eq. (3.1) on a solution to the Euclidean field equations, and the

last term corresponds to minus the Euclidean action of the metastable de Sitter vacuum.
The first term in eq. (3.31) is given by

2
A =M \/7 3¢/ .32
S|, =M 30€°F©)] (3.32)
= m* M} Rén® (3.33)
1
=’ M R? {1 + ZmQRg log ——- + O(mQRg)} : (3.34)
5

where in the last step we have used eq. (3.23) to expand around n = 1.

By breaking the last two terms in eq. (3.31) into the different contributions coming
from the core, transition, and false vacuum regions identified at the beginning of section 3.4,
the bounce action can be written as

AS = 7T2M57’]3R§ + Score + Strans + Sout- (335)

Let us discuss these three different terms separately.
The contribution to the bounce action from the core region is given by

9 &1 3 9 E1+vRs 3
Seoro = =21 [ dg €U + 202 [T de pas ) U (3.36)
2 M2
~ _317T6¢§R§ (Uo — Ue) + O(r2UyRY) (3.37)
1
= O(r*M}Rim?) + O(r*Up R3), (3.38)

where in the last step we have used the fact that (Uy — Uz, )/¢? ~ m? (see eq. (3.17)). From
the transition region, we find

5 [&2 3 o [S2tEs 3
Strans =27 / dg p U+2r / df Pds va, (339)
&1 §&1+7vRs
~ —ﬁM?m?R4 {10 + 0(1)} (3.40)
- 8 p > & mR5 ’ '
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where the integral is dominated by the region near p ~ m~! where the potential is approx-
imately quadratic. Finally, similar to the ordinary CDL bounce solution, the contribution
to the vacuum-subtracted action from the asymptotic region where the bounce is close to
the false vacuum is negligibly small,

TA

gmax
Sout = —27r2/ d¢ p(€)*Us, + 27T2/ d¢ pas(€)*Ug, ~ 0. (3.41)
&2 &2+vR5

Provided Uy < Mgmz, and that m < 1/Rj5, the leading contributions to the bounce
action come from eq. (3.34) and the log-enhanced terms in eq. (3.40). In total,

AS ~ m*M?R? {1 + ngRg log

mis t O(m2R§)} : (3.42)
Eq. (3.42) provides the leading correction to the BON tunneling exponent for the nucle-
ation of a BON within a four-dimensional de Sitter vacuum in the limit of small energy
density. Unlike the CDL and HM instantons of section 2.1, the BON action remains finite
as Up, — 0. Indeed, although the solutions for ¢(£) and p(§) are sensitive to the value of
Uk, eq. (3.42) is not. This implies that the BON instability persists even in the case of
degenerate vacua, Uy, ~ Uy, — 0, where the CDL instanton action eq. (2.10) diverges.

Finally, let us comment on the contribution to the bounce action from potentials that
grow exponentially in the compactification limit. Using eq. (3.28), we can write the change
in the bounce action coming from the first and second terms in eq. (3.31) as follows:

Rs M, oU
6AS%—22/ d 3(U+p>. 3.43
With U ~ Upe®®/Mp in the compactification regime, we find
5(AS) ~ -1 Uy RE. (3.44)

This 0(AS) is subdominant compared to the leading correction to the BON action in
eq. (3.42), provided Uy < Mng. This estimate of the change in AS is verified by the
more careful treatment of the asymptotically exponential potential of appendix A.3.

3.6 Application to more generic potentials

For p < m~! both ¢(¢) and p(¢) match the Witten BON solutions to leading order,
whether U(¢) = Uy or U(¢) = Ug, + 3m?¢?. This indifference to the shape of the potential
in the £ < Rj limit extends even to exponentially growing potentials of the form U(¢) =
Upexp(ag/M,) for —/6 < a < 0, as we discuss in section 3.1 and appendix A.3. Once

1 on the other hand, the shape of the potential has a direct impact on the equations

pr~m-
of motion, affecting how quickly ¢(&) approaches the false vacuum.

Given two potentials with matching quadratic expansions about the false vacuum, but
different ¢ — —oo asymptotic behaviors, there is a small-R5\/Up/M,, limit in which the

solutions for ¢(¢) are expected to match. The value of ¢ at p ~m™!,

m?R? [3
b = — 5 5\/;\@, (3.45)

— 24 —



provides a helpful diagnostic. If U(¢) is approximately quadratic throughout the range
D < ¢ < Opy, then the solutions for p(§) and ¢(&) should be approximated by the piecewise
quadratic model, and the leading m?R2log(1/(mRs)) fractional corrections to n and the
action are expected to match, even if the ¢ < ¢, part of the potential is substantially
different. Possibilities of this nature are shown in the right panel of figure 5.

4 Other exotic bounces

The bounce discussed in section 3 effectively concatenates Witten’s BON solution near the
center of the bounce (where the effects of the scalar potential are subdominant) to the de
Sitter false vacuum in the asymptotic regime. This class of bounces may be present even
when the potential is monotonically increasing to the left of the false vacuum (¢ < ¢g),
and therefore no other instabilities are present in the compactification limit.

Depending on the detailed features of the potential in the compactification regime,
there may be additional saddle point solutions. For example, if U(¢) exhibits a local
maximum to the left of ¢ = 0, an ordinary HM solution will also be present. If a second,
deeper, minimum is present to the left of the false vacuum, then an ordinary CDL solution
might also exist. For instance, this would be the case if the scalar potential features similar
behavior in the compactification and decompactification regime (e.g. as indicated by the
black curve in figure 1), as might be the case in constructions where the higher-dimensional
theory exhibits some equivalence between the limits of small and large radius [55].

It is not hard to see how these additional CDL or HM instantons (if present) will also
have a BON counterpart. Just like the instability discussed in section 3 “stitches” together
the BON and false vacuum solutions, other instantons can be built by stitching the BON to
the CDL/HM solutions. The interpretation of this class of “hybrid” solutions is, however,
not immediately clear: they have larger action than the other solutions, and they probably
admit two negative fluctuation modes. We discuss their physical meaning further below.

In this section, we briefly describe the properties of this hybrid class of instantons. For
simplicity, we will restrict our discussion to a scalar potential with the qualitative features
of the black curve in figure 1, and given by the following toy model

U(¢) = UoBo (;63“‘75/%’ - 1+Tﬂle2a¢/M” + Blea¢/MP> with a> 0. (4.1)
The parameters By and (1 are determined by demanding that U (¢) exhibits a local mini-
mum at ¢min = 0, as well as a local maximum such that U (¢top) = Up. Exact expressions
for By and B involve the solution of a cubic equation, with the results given in appendix C.
As an expansion in § = Uy, /Uy for § < 1, the coefficients are approximated by

81 1 8

==+ = 2 4.2
Bo el O(9), and [ 3 + < + O(6), (4.2)
and the position of the barrier lies at ¢iop/M, = —a '(log3 + O(5)). The mass of the
scalar is approximately
0°U Uy 27a? 19
2 _ 0 2
m 957 . M2 2 ( + 275—1—0(5 )) (4.3)
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Figure 7. Left: the scalar potential U(gb), as given in eq. (4.1), for several values of § = U, /Uy, as
indicated in the figure. A potential of this kind, exhibiting a de Sitter vacuum that is separated by
a finite barrier from the compactification limit, admits hybrid BON-CDL and BON-HM instanton
solutions. Right: to illustrate the physical meaning of a, we show U with fixed § = 0.2 as a function

of the proper length of the KK direction, L = 27 R5 exp (\/ggb/Mp). Larger values of a create a
steeper potential near the false vacuum at L = 2w Rs5, while also flattening U (L) at L < wRs5.

Figure 7 shows U(¢) for several values of 8. It also shows U(¢) for several values of a on
U(L), as a function of L(¢) = 21 Rs exp (\/%b/Mp), demonstrating the impact of a on the
potential barrier.

< M7 /RZ, and we will often
restrict our analysis to the thin-wall limit in which 6 <« 1, with the goal of deriving
approximate analytical expressions. Deviations from the thin-wall limit are hard to treat

As in section 3, we will make the assumption that Uy <

analytically, but they can be explored numerically, as we do in section 5.

BON-CDL instanton. When 6 = Uy, /Uy < 1, the potential in eq. (4.1) admits a thin-
wall CDL bounce, with the properties summarized in section 2.1. Up to order one numbers,
and for d not too small, the value of ¢ inside the CDL bubble approximately satisfies

- 27 U, _ U
¢cpL/Mp ~ —a "log <4Uf0> ~—a"'log (Ufo> ) (4.4)

so that U(¢cpr) < U(0). Following [29], the surface tension is given by

y (4.5)

0
o= [ o200 -v0)

Because of the exponential falloff of the potential at large and negative ¢, the lower limit
of integration may be replaced by —oo, and the integral done exactly. One finds

o~ 2\/6a*1MpU01/2 + O(6) ~ ailMpUOl/z. (4.6)

The bounce radius and corresponding tunneling exponent are as given in egs. (2.6)
and (2.9). For instance, in the limit of small energy density, Uy, < 02/M7, p ~ 4M?2 /o,
and AS is given by eq. (2.9).
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In analogy with the CDL instanton, let us define

o _
ﬁp = \/;logn (4.7)

For the bounce of section 3, where n =~ 1, ¢g9 ~ 0 up to small corrections, approximately
matching the value of ¢g, of the false vacuum. A hybrid BON-CDL solution may be
obtained by instead choosing ¢y ~ ¢cpr. With this choice, ¢ approaches ¢cpr, in the
regime £ 2 Rs, at which point the solution transitions into the familiar CDL instanton.
The ratio of the BON radius to that of the KK circle in the false vacuum is now given by

V2/3
B _ e\[MP o~ e\/g el (va> ’ (4.8)

= Rs Uo

where the final inequality again uses the estimate eq. (4.4) which is only valid if ¢ is not
too small; otherwise, it must be determined by solving the shooting problem numerically.

The Euclidean action of this solution is approximated by eq. (2.9), combined with the
contribution from the BON boundary term at £ = 0; that is,

ASgon-cpr ~ T2 M. REn® + AScpr, (4.9)
e 242 My
~ a?M2R2 T 4 % (4.10)
fv

where in the last step we have used the expression for AScpr, appropriate in the limit
Ug — 0.

BON-HM instanton. The ordinary HM instanton corresponds to the homogeneous
solution ¢un = ¢rop- As before, choosing BON boundary conditions at § = 0 with ¢g ~
¢um allows us to stitch together the BON and HM solutions. In this case, we have

2 Pto
fMp ~ ef At/fpp ~ 3_£’ (411)

n=e

where we have used ¢op/M), >~ —a"1'log 3, as appropriate for the § < 1 limit of our toy
model. The Euclidean action of this solution is approximately given by

ASBON-HM = 7T2M2R§’I73 + ASuM (4.12)

2772 —x6 2rma (1 1

~ T M R53 +24 M, (va Utop) . (4.13)
Physical interpretation of the hybrid solutions. As can be seen from eqs. (4.10)
and (4.13), the action of the hybrid class of instantons is always larger than that of the pure
BON solution discussed in section 3, as well as that of the ordinary CDL or HM bounce.
Thus, these saddle points never provide the leading contribution to the semiclassical ex-
pansion. Furthermore, on physical grounds, it would seem that a better interpretation of
these solutions is that they are already counted by (coincidence regions of) the product
of the dilute gas sums for the BON and ordinary CDL/HM bubbles. They almost cer-
tainly possess two negative fluctuation modes, corresponding to the fact that they are best

_97 —



thought of as two superposed bounces rather than one. The fact that they provide an exact
solution to the Euclidean equations of motion is, in this sense, something of a curiosity, a
consequence of the CDL ansatz of a spherically symmetric instanton. On the other hand,
when we analyze the space of solutions numerically, we will find that there is a limit in
which the distinction between the BON and CDL/HM parts of the solutions dissolves, and
the hybrid and pure BON branches of solutions match smoothly onto each other. Thus,
somewhere in this regime we expect a transition in the number of negative modes.

5 Numerical construction of bounce solutions

In this section, we perform a numerical exploration of BON bounces of four-dimensional
de Sitter vacua. Our numerical analysis complements and extends the discussion of sec-
tions 3 and 4. In section 5.1 we introduce and discuss the main features of the overshoot-
undershoot algorithm that we implement to numerically explore these bounces. In sec-
tion 5.2 we present numerical results, for the bounce and its action, for potentials that
vanish in the compactification regime. For concreteness, we focus on the toy model of
eq. (4.1). As discussed in section 4, this example features hybrid BON-CDL and BON-HM
solutions in addition to the “pure” BON. Finally, in section 5.3 we focus instead on poten-
tials that grow in the compactification regime, taking as an example the type of exponential
growth that would arise if the five-dimensional theory featured a positive CC.

5.1 Preliminaries

The analytic methods of section 3 rely on the following assumptions:

o at small £ < &, the scalar potential U(¢) can be treated as a small perturbation to
the U = 0 Witten solutions for ¢ and p;

o for & 2 &,, where U becomes important, U(¢) is approximately quadratic, U(¢) =~
Ut + %m2q§2. In this case, & ~ m™! sets the size of p, ~ &, and ¢, ~ —mQRgMp.

These assumptions are self-consistent in the m < 1/Rs < M, limit as long as the potential
satisfies Uy < Mg /R2, for a scale Uy that characterizes the dominant features of the poten-
tial in the —M,, < ¢ S ¢4 region. In this regime, where the solution is well-approximated by
Witten’s bubble until ¢ reaches the quadratic basin near the false vacuum, the bounce and
its action can be estimated using the results of the piecewise quadratic model of eq. (3.17).
This estimate is independent of the asymptotic behavior of U(¢).

For larger values of mRs5, where U(¢) ceases to be approximately quadratic near ¢ ~
¢4, our piecewise toy model is no longer a valid tool for predicting the bounce action AS,
or the value of n = R3/R5;. We must instead follow a numerical approach.® We employ a
shooting method to construct numeric bounce profiles for ¢ and p. The initial data for p,

81f it is still the case that Uy < M]f /R%, then it may be possible to apply the p’ ~ 1 approximation to
solve the equations of motion for a different piecewise model, constructed to more closely resemble U(¢).
We investigate another building block for such an approach in appendix A.4. However, even these more
complicated analytic models cease to be reliable in regions of parameter space where Uy = Mp2 / RE.
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¢, and their derivatives are defined at some & = &yt close to zero (&iniy < Rs). Solutions
for p(¢) and ¢(§) are then obtained from an iterative Runge-Kutta method on some finite
grid of points (&init, &init + 0, &init + 20&, . . .) with some grid spacing 6§ < Rs. In our case
the BON initial conditions are fully determined by Rs and 7, following eq. (3.4); or, if
greater precision is required, eqs. (A.17)—(A.18).

For generic values of (1, Rs), the solution for ¢(£) can be classified into one of three
possible categories:

o undershoot: there is some turnaround point where ¢'(Eium) = 0, where |¢(Epurn )| >
|ore|, and (€ > Epurn) diverges towards —oo. There is no point at which ¢(§) = ¢g;

o overshoot: the solution for ¢(£) crosses the false vacuum at some ¢(&cross) = éry, and
diverges to +00 at & > Eeross;

e bounce: bounce solutions lie on the boundaries between undershoot and overshoot
solutions on the (1, R5) plane. They approach ¢/'(§) — 0 as & — &nax, Where for
de Sitter vacua &nax is defined as the point where p(&max) = 0 ({max > 0).

Only the bounces are acceptable solutions, as any physical solution must satisfy
(&) £28max, 5 Bounce solutions can be found numerically using a recursive bisection
approach, starting with an undershoot and an overshoot solution and testing points in the
(n, R5) plane lying between the two solutions, until the interval between (7, R5)|under and
(1, R5)|over becomes sufficiently small. Given that Rj is a property of the vacuum, we keep
it fixed, and vary n to find R3 = nRjs for the bounce solution. Thus we may think of the
bubble size R3 as the shooting parameter for BON geometries.

If a potential admits a CDL solution in the compactification direction, we employ the
same recursive numeric technique to find ¢cpr. In this case the boundary conditions at
the center of the bubble are defined by ¢/ = 0 and ¢ = ¢cpr,, with p ~ &; furthermore, the
radial coordinate & now measures from the center of the bubble, rather than the r = R3
radius of the BON.

As discussed in section 3, even a potential U ~ Uy exp(a¢/M,) with exponential growth
in the ¢ — —oo limit can have a limited, even negligible effect on the solutions for ¢ and p in
the region £ < Rs, as long as a > —v/6. We investigate the exponentially growing potentials
in greater detail in appendix A.3, and find that the leading potential-dependent corrections
to p and ¢ are suppressed by factors of (UoRg/Mg)(fmit/R5)p, where p = 2 (1 + a/\/6>.
For a > —+/2/3 this is small even compared to the subleading (¢/R5)*3 term in the
series expansion of the U = 0 Witten bubble. As a — —+/6 the potential-dependent
terms become more important, especially if UyR2 /M]? is not small. As long as we keep
comfortable distance away from a ~ —+/6, however, an exponentially growing potential is
no impediment to numerically solving the equations of motion.

In the remainder of this section, we explore the full set of bounce solutions in the
(n, Rs) plane, from the Uy << M?2/RZ limit to larger values Uy 2 M2/RZ. As it is this

~

combination of dimensionful quantities that dictates whether the results are compatible
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with the analytic model of section 3, we define it as a single parameter

_ UgR2
uy = Mg .

(5.1)

In the Uy — 0 limit where ug — 0 (keeping Rs > M, 1 appropriately large), the BON
bounce solutions should be well described by the analytic approximations of section 3, and
the hybrid BON-CDL and BON-HM solutions (if they exist) can be understood as the
superposition of a small BON onto the center of a larger CDL or HM bubble. As wug is
increased towards 1, the shape of the potential U(¢) away from the false vacuum becomes
more important, and the approximations of section 3 become less accurate. For ug 2 1, we
must rely on the numerics. We may find that at large enough values of ug, there cease to
be any BON solutions at all.

Before beginning our investigation of particular potentials, let us highlight a simplifying
feature of the equations of motion, egs. (2.3)—(2.4). It is possible to simultaneously remove
the dependence on M), and rescale the potential by some overall constant, Uy, by defining
dimensionless versions of all of the length scales:

& — & U()/Mp, P — pV Uo/Mp, R3(5) — R3(5) vV Uo/Mp. (5.2)

Under this coordinate redefinition, the action eq. (3.1) is simply rescaled by an overall factor
of M;} /Up. This saves us from the hassle of conducting independent scans over different
values of Uy and Rj5: as far as the equations of motion are concerned, the solutions depend
only the combination ug o UORE. As a result, many of the plots in this section include
V/Uo on one of the axes, or otherwise show length scales in units of M, /v/Tp.

5.2 Exponentially falling potentials

In this section, we focus on potentials of the form of eq. (4.1) (depicted in figure 7), with
a single de Sitter vacuum at ¢, = 0; a local maximum at ¢um = ¢rop; and a global
Minkowski vacuum at ¢ — —oo. This class of potentials admit CDL or HM solutions
in addition to the BON solutions we construct. When ug 2 1 we find that the BON and
CDL/HM branches of solutions eventually merge together, with AS approaching the action
of the CDL solution, AS =~ AScpr. In these cases we find that there is a maximum value
of ug such that potentials with ug > u(()max) always lead to overshoot solutions. This implies
that the corresponding KK theories are stable with respect to BON formation, unless the

potential permits additional branches of bounce solutions at larger values of ug.”

5.2.1 Parameter space of BON solutions

Particularly for solutions on the BON-CDL/HM branches, it is more convenient to express
the shooting parameter 1 in terms of the combination ¢¢g = M,+/3/2logn introduced in
eq. (4.7). This is the asymptotic value of ¢(§) for the U = 0 BON in the £ > Rj limit,

For example, ref. [56] explores potentials where the CDL thin-wall limit does not apply, which lead to
multiple CDL solutions. These models would have multiple branches of BON-CDL hybrid solutions, with

max

various values of ug
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Figure 8. Left: a plot of the initial condition parameter space for the bounce solutions. Each
curve corresponds to a family of BON bounce solutions determined by the input Rs and the toy
potential U(¢) of eq. (4.1). The abscissa shows the solutions for the shooting variable ¢q in units
of ¢um, the Hawking-Moss solution. For each given value of R5 there are zero or two solutions;
in the latter case, the smaller value of |@g| corresponds to the “pure” BON, or “BON-FV” branch,
while the larger value of |¢g| corresponds to the BON-HM/BON-CDL branch. In this plot we fix
d = U, /Uy = 0.8 and we vary the parameter a to demonstrate the transition between BON-HM and
BON-CDL solutions on the right-hand branch. In the ug — 0 limit (R2Uy — 0), the a > 1.1 bounce
solutions have BON-CDL branches with ¢9 — ¢cpr, shown on the plot with solid circle, square,
and diamond markers at “Rs = 0”. For smaller a < 1.0, the condition eq. (2.11) is not satisfied, and
there is no CDL solution. In this case the ¢y # 0 branches of uy — 0 hybrid BON solutions converge
instead on the Hawking-Moss value ¢9 = ¢mgnm, shown with an open circle marker. Outside each
curve lies the region of overshoot solutions for each potential. The regions labeled “undershoots”
include the typical undershoot solutions satisfying ¢(£ — 00) — 400, as well as any solutions that
oscillate about ¢my. Right: we show the vacuum-subtracted action AS as a function of shooting
parameter ¢g, with fixed § = 0.8 and varying a. The small a examples a = 0.6,0.8,1.0 with BON-
HM solutions have actions AS ~ ASygy in the small ug limit, which for § = 0.8 is approximately
ASum =~ 59.2 Mg /Up. In this limit the BON-HM branches terminate at ¢9 — ¢mm, as indicated by
the large open plot marker at (¢un, ASum). For a > 1.1 where eq. (2.11) is satisfied, the BON-CDL
hybrid bounces approach ¢g — ¢cpr at small ug, and have actions AS ~ AScpr < Sum. For
these solutions we show the action of the pure CDL solutions with the smaller colored markers at
(¢cpL; AScpr). Each BON-FV branch terminates at ¢ — 0 with ¢¢ < 0.

eq. (3.11). From the discussion in section 4, in the ug <« 1 limit we expect to find two
types of solutions: a bona fide BON, with n =~ 1 and ¢g =~ 0; and a BON-CDL hybrid
solution with ¢g ~ ¢cpr, if there is a CDL solution, or ¢g = ¢y if not. To distinguish
these two branches of BON solutions, we hereafter refer to the former type as “BON-FV,”
to indicate that ¢¢(n) ~ ¢g, is in the vicinity of the false vacuum, i.e. n ~ 1.

Based on these two data points, we can infer that in the ug — 0 limit (e.g. Uy — 0), the
range of initial conditions ¢cpr,vy < @0 < 0 lead to undershoot solutions, while outside
this range the (¢, up =~ 0) initial conditions produce overshoots. Whether the undershoot
region extends to arbitrary large ug or whether it is capped at some finite value remains
to be determined. Our numeric computations show that in this case, the BON solutions

are indeed capped at some uy**.
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Figure 9. The trajectories of the BON bounce solutions in the (7, Rs) plane are shown for a = 5
and various 0 < 0 < 1. Each value of § has a BON-FV branch of solutions, with R3 ~ R5 (¢ ~ 0)
in the uy < 1 limit where the potential becomes unimportant. The BON-CDL branch of solutions
has R3 < Rs (¢ = ¢ca1) in the ug < 1 limit, and an action AS ~ Scpy, that is large compared
to WQMZ?R%. When wug 2 1, the potential U(¢) is no longer a small perturbation to the Witten

~

bubble, and we find that the BON-FV and BON-CDL branches merge together, with ug for the

bounce solution bounded from above by some u§®*. For ug > ug'®*, all solutions to the equations

of motion are of the overshoot type. As § — 0 the CDL action diverges as 6!, and the unification
of the BON-FV and BON-CDL branches is pushed to ever-larger values of ug > 1.

Figure 8 shows an example of the BON parameter space (¢g, R5), for relatively large
0 = Ug, /Uy = 0.8, and for six values of a, chosen to highlight the transition between
CDL and HM solutions. For (¢, R5) points outside each curve, the initial conditions lead
to overshoot solutions; inside each curve, e.g. for ¢pm < ¢p < 0 with relatively small
UoR? < Mg, the solutions to the EOM undershoot the false vacuum. Bounce solutions are
shown along the solid lines.

For 6 = 0.8, eq. (2.11) guarantees the existence of CDL solutions for a > 1.1. For the
three a > 1.1 examples, the value of ¢cpy, is plotted in the left panel of figure 8 as a solid
black mark placed at (¢cpr, Rs = 0) . As anticipated, we find that the bounce solutions on
the right half of the plots approach ¢g — ¢cpr, in the ug — 0 limit. If @ < 1.1, on the other
hand, there is no CDL solution: instead, the ug — 0 hybrid BON solutions approach the
HM value, ¢g — ¢rm. To emphasize this convergence, we plot ¢g in units of ¢y for each
curve, where the exact value of ¢my(a,d) for the potential eq. (4.1) is given in eq. (C.6).

In all six examples, the left edge of each curve ends at ¢y — 0 in the ug — 0 limit. This
is the BON-FV solution, or the “pure” BON. As we expect from our analytic model, in the
up < 1 limit, n is somewhat bigger than 1; ¢ is positive; and ¢o/¢um is negative. This
behavior persists until ug = 1, at which point ¢ changes sign and begins to approach ¢p1.

~32 -



At larger up 2 1, we find that the existence of undershoot solutions is bounded from
above, where the BON-CDL (or BON-HM) branch merges with the matching BON-FV set
of bounce solutions. Thus for a given potential there is an upper limit on ug, ug < ug®*.
This ug'™* can be understood as an upper bound on Rs for a fixed barrier height, or an
upper bound on Uy given a fixed Rs, beyond which there is no longer any BON instability.
This does not mean that the vacuum is stable: it is still subject to the regular CDL (or
HM) bubble nucleation, with finite ¢(0) = ¢¢ and ¢'(0) = 0 boundary conditions at the
center of the bubble.

The right panel of figure 8 shows the action AS as a function of ¢g, for the same fixed
0 = 0.8. As before, the rightmost edge of each curve ends at a ug — 0 hybrid BON-CDL
or BON-HM solution, while the leftmost edges end at BON-FV ¢g = 0 solutions, also with
ug — 0. The intermediate portions of each curve correspond to larger values of ug < ug™®*.
Note that the HM action, ASyn = 247%(1/6 — 1)M, /Uy ~ 59.2M,) /Uy, is larger than
any of the CDL actions, which can be read off of the rightmost endpoints of the a > 1.1
BON-CDL curves.

Following any of the curves from the rightmost edge towards the center, we see that
the hybrid BON actions initially increase with nonzero wug: thus, the tunneling rates for the
hybrid BON-CDL or BON-HM bounces is slower than the associated CDL or HM rate, at
least for small ug. This is what we expect from our interpretation of the hybrid bounces of
section 4: for small ug, the BON-CDL hybrid is essentially just the coincidentally concentric
combination of a BON bubble inside a larger CDL solution. It is easier to nucleate a CDL
bubble without also putting a BON at its center.

Continuing along each curve towards the BON-FV solutions, ¢g — 0, eventually the
BON actions AS decrease below AScpr, or ASun; and in the extreme ug — 0 limit of the
BON-FV branch, its action AS = WQMSRg becomes vanishingly small compared to the
CDL or HM actions, both of which scale as AScpr,mw) o< 1/Uo.

In figure 9 we show another example, this time with a = 5 kept constant and 0.001 <
9 < 0.8 varied. For this plot we show the shooting parameter in terms of n = R3/R5
rather than ¢g(n), while keeping \/ug x Rsv/Up on the vertical axis. Thanks to the
larger value of a in this example, every value of 6 < 1 corresponds to a U (¢) that has
a CDL solution. As 6 — 0, the CDL action diverges as AScpr, o« 1/§. The BON-FV
and BON-CDL branches become increasingly more distinct, allowing solutions to exist
for larger values of ug. As a consequence of the increasingly large difference between
AScpr ~ m*M, /Uy and ASpon ~ w*MJRZ in the Uy, — 0 limit, the BON-FV and
BON-CDL branches become ever more distinct, allowing BON solutions to exist at larger
values of ug. As a first approximation one could estimate the upper bound on wug by setting
AScpr, ~ m2(M,R®*)2. This approach works well if uf®** < 1, but is less accurate for
uf® > 1, where the BON action is no longer proportional to R2.

5.2.2 Field profiles

Now that we have established which values of n and Rj5 correspond to bounce solutions, we
can inspect the solutions for p and ¢. To verify our expectations from the analytic model,
we begin with a specific example with small uy = 1072.

— 33 —



In figure 10, we show the ¢(&) profiles for fixed ug = 1072 on the BON-FV and BON-
CDL branches, for fixed a = 5 and a variety of § values, 0.001 < § < 0.999. On the
BON-FV branch, in the { < R5 region, ¢(§) matches the Witten BON profile with ¢ ~ 0
independently of the value of 4. After £ = Rj, the potential becomes important: for
example, at larger 0, the solutions for ¢(&) take longer to approach the false vacuum.

On the BON-CDL branch, especially for smaller values of § < 0.5, the profile for ¢(¢&)
has two distinct regions: an inner core, & < Ry, where ¢(&) closely matches the U = 0
Witten solution with ¢y9 ~ ¢cpr; and a CDL-like region { 2 Rs, with ¢(§) ~ ¢cpL
remaining approximately constant until £ > Rs. In the lower plot we also show the CDL
solution as a dashed line, to emphasize its similarity with the BON-CDL hybrid. For
¢ 2 3R5 the BON-CDL and CDL solutions match nearly exactly, particularly for § < 1.

In figure 11, we show the solutions for p(§) for the same set of potentials U(a,?).
On the BON-FV branch the potential barrier has very little effect on p(£): it is well
approximated by the U = 0 Witten BON solution for £ < O(few) x R5 at small £, and
then by p(€) ~ pas(§ + O(R5)) for Rs < € < &max. This is the kind of solution shown
in figure 6, where the transition across the potential barrier occurs in a region where
p' >~ 1 to good approximation. The behavior on the BON-CDL branch is more varied.
At small § < 0.2, the solutions are well approximated by the CDL thin-wall limit, where
the transition between p’ ~ +1 and p’ =~ —1 occurs abruptly. Similarly, we can see
from figure 10 that ¢(§) ~ ¢cpr remains constant for Rs < & < O(10)R5, and that the
transition from ¢(§) = ¢cpr to P(€) = ¢g, also occurs over a relatively small range of &.
For the smallest values of § < 0.02, the solutions for p are very similar to each other, each
having an approximately triangular profile. In the thin-wall approximation the value of
p ~ 4.6 M,/\/Uy at the transition is estimated by eq. (2.6).

At larger 6 2 0.5, the thin-wall results are less accurate. In particular, the thickness of
the bubble wall increases, while the bubble itself becomes smaller. As § — 1 the solution
for p approaches a different well-understood limit: the sinusoidal Hawking-Moss solution
defined in eq. (2.12),

ps-1(€ 2 0¥ Rs) ~ pru (€ + O(Rs)). (5.3)

For ¢ < Rs, the solution for p at any value of § is well approximated by the U = 0 BON
pn(€), eq. (3.4), but with potentially values of n — 1 (see figure 9).

5.2.3 Instanton action

Given numerical solutions for ¢(£) and p(§), the de Sitter-subtracted Euclidean action AS
can be obtained by integrating eq. (3.31). In figure 12, we plot this AS as a function
of R5\/TUp, for the a = 5, 0.001 < 6 < 0.995 examples. At small ug < 1, the BON-FV
action is well approximated by AS ~ WQM]?R% Given specific values of R5 and Uy subject
to UoRg < Mg, the BON-FV is the lowest-action bubble solution, and is therefore the
solution relevant for determining the decay rate. On the BON-CDL branch, the ug — 0
action is approximately constant and equal to the ordinary CDL action, AS ~ AScpL, up
to corrections of order MgR% that are negligibly small.
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Figure 10. Profiles of ¢(§) with Uy = 0.01 M} /RZ on the BON-FV (top) and BON-CDL (bottom)
branches, for ¢ = 5 and various 0 < § < 1. For the BON-FV solutions the 0 < £ < Ry profiles are
nearly identical: only for £ 2 Rs does the shape of the potential have much impact on the profiles
for ¢(£). On the BON-CDL branch with small § < 0.5, ¢(£) quickly approaches ¢(§) ~ ¢cpr,
where it lingers for a while before passing through the barrier. For § 2 0.5 the approach to the
false vacuum is more immediate. The BON-CDL ¢(¢) is shown on a log-linear plot, so that the
BON-like (¢ < Rs5) and CDL-like (£ > Rj) parts of the solution are simultaneously visible. For
0 < 0.5 the transition from ¢(§) =~ ¢cpr, to @(€) & ¢y, is rapid, implying the validity of the thin-wall
approximation. As § — 1 there is no intermediate region of constant ¢(§) ~ ¢cpr, so the thin-wall
description does not apply.
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Figure 11. Profiles for p(¢) for UgRZ/M? = 0.01 on the BON-FV (left) and BON-CDL (right)
branches. For the BON-FV branch the solutions for p(£) are nearly identical to the false vacuum
solution pg, (§) for & 2 Rs. This encompasses the majority of the domain 0 < £ < &ax & A, which
is why we only show ¢ = 0.001...0.2. For the BON-CDL solutions, the profiles for p(§) follow the
& > Ry linear growth of eq. (2.22) out to £ 2 10R; or larger, with a relatively sharp transition from
p' = 1to p' ~ —1 in the case of small §. As § — 1, the BON-CDL solutions for p(£) more closely
match the Hawking-Moss behavior p(§) = pam(€) for all £ 2 Rs, even though the a = 5 CDL and
HM solutions for ¢(€) are distinct.

In the 6 = 0.5 examples, thanks to the relatively small values of AScpy,, the AScpr, ~
WQMS(R?"‘X)Q method of estimating R5'®* works reasonably well, as these RE'®* correspond
to up S 1. Once ug™ > 1, as in the § < 0.5 examples, this approximation becomes

increasingly inaccurate.

The ASpon-Fv < AScpr, hierarchy persists up until the largest values of ug: however,
for the larger § ~ 1 examples, the lower-action BON branch can increase above ASgon >

max

AScpL as uy — ug For these § 2 0.8 potentials, there are values of Uy and R5 where
a BON instability exists, but is slower than the competing CDL process. In the opposite
limit, § — 0, the relationship between ASpon(ug®*) and AScpy, is flipped: in this case, if

the BON exists, it is faster than CDL. The clearest examples are the § < 0.02 curves.

5.3 Exponentially growing potential: five-dimensional CC

In section 3.1, we showed that the existence of BON solutions depends on the asymptotic
form of the classical scalar potential. For potentials U(¢) ~ Uoe®Mp - we found that
a >
should be free of singularities as £ — 0.

6 is a necessary constraint, following from the requirement that the metric dss
In the previous section we have focused on
potentials with @ > 0, which asymptote to zero in the compactification limit. But the bound

a > —+/6 is weaker, permitting even exponential growth of the potential as long as the rate
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Figure 12. The de Sitter-subtracted Euclidean action AS is shown in units of M;}/ Up as a
function of Rs, for a = 5 and various 0 < § < 1. The dashed gray line shows the AS ~ 72M}R2
expectation from the small ug < 1 limit of the BON-FV solutions. It tracks the numerically-
computed action closely on this branch for all uy < 1. This branch is always of lowest action and
determines the tunneling rate. On the BON-CDL branch the action approaches a constant, the
ordinary CDL action AS &~ Scpr,, which is large compared to M;}/UO for § < 0.5. For § <« 1,
Scpr ~ 247*M; /(6 - Up), grows as 1/6. At larger values of ug, where m™>M2RZ ~ AScpy, the
BON-FV and BON-CDL branches of bounce solutions meet. (This method of estimating the value
of ug = UoRg /Mg at which the two branches meet becomes imprecise once ug = 1, where 7r2M§R5
is no longer a good approximation to the BON-FV action.)

is not too large.! Now we consider cases where the potential satisfies a > —+/6 but grows
exponentially in the compactification limit. The simplest examples of this type arise in the
dimensional reduction of theories with positive higher-dimensional CC, cf. eq. (2.32). Here
the asymptotic growth of the four-dimensional potential is exponential, but slow enough
that the appropriate bubble of nothing initial conditions as £ — 0 still match eq. (3.4).

Several example potentials of this type are shown in figure 13. Specifically, they cor-
respond to the following modification of the U of eq. (4.1):

R A ACCM2
Uﬂ¢)zlh<tgf)+Aem)<— ;i?)), A A;%%AB. (5.4)
p

OFurthermore, a broad class of even faster-growing potentials probably admit a different type of BON

solution under some plausible assumptions about the spectrum. Fluxes, for example, violate the inequality
above, but can be screened by suitable dynamical sources, leading to a hybrid Schwinger production —
BON decay process. In this case the BON core lies inside the region where the flux has been screened, and
the modulus moves in a softer potential. A particular example of this type was studied in [41]. A general
treatment of such cases should be possible along the lines of our study above, but we defer it for future work.
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Figure 13. The scalar potential Uy (¢) of eq. (5.4), for several values of A = A§CM2/U,.

The coefficient for the exponential growth, a = —/2/3, is motivated by an n = 1 scenario
in which U(¢) is dominated by the five-dimensional CC, ASC, as in eq. (2.32). This is small
enough compared to the limiting value a = —/6 that the field solutions for ¢ < Ry are still
closely approximated by the U = 0 Witten solutions. Here Uy is the height of the barrier
in the A — 0 limit: however, when A > 1 the exponential overwhelms the U contribution,
and there ceases to be any local maximum in U A(¢). Then it is clear that there is no
ordinary CDL solution that tunnels in the compactification direction.!! Nonetheless, BON
solutions can still exist. This is intuitively clear from the shooting problem in the inverted
potential — there may be no point ¢9 < 0 where a rolling ball can start from rest and
reach the false vacuum at the origin, but it can still reach the false vacuum by shooting in
from —oo at high velocity.

We solve these cases numerically with the same methods described in section 5.1.
Sample shooting parameter solutions, field profiles, and actions are shown in figures 14, 15,
and 16, respectively. In figure 14 we provide a comparison with the analytic solution for
the shooting parameter derived in section 3. The agreement between the numeric solution
for n and the prediction from eq. (3.23) is quite good in the small ug < 1 limit. The
potential, despite its exponential growth, does not grow fast enough to significantly impact
the shooting solution for n = Rs/Rs. Similarly, in figure 15 we see that the modulus
profile ¢(&) continues to match Witten’s solution at small £ < R5. At larger £ 2 Rs,
#(€) departs from the U = 0, ¢y o< 1/£2 solution to instead approach the false vacuum
exponentially fast, as in eq. (3.25).

Figure 16 shows that the action continues to be dominated by the 7T2R§M5 term in
the small uy < 1 regime, with corrections that become increasingly large as ug — O(1).

11 Although there is probably still one in the decompactification direction; our potentials are not meant
to be realistic on this side, since it does not influence the BON solutions in which we are interested.
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Figure 14. Shooting parameter solutions on the BON-FV branch for potentials dominated in the
compactification limit by exponentially growing contributions from a five-dimensional CC. Left:
the value of the shooting variable 7 = R3/Rs is shown as a function of /ug for two values of
dimensionless parameter A = Achg /Up < 2.0. The thick dashed line shows the theoretical
expectation from the piecewise quadratic model, eq. (3.23), in the limit mRs < 1, in terms of
the m? ~ a®Uy/M} of eq. (4.3). For \/ug < 0.1, the agreement is quite close, indicating that the
exponentially growing potential has little effect on the shooting solution in this regime. As mRs — 1
the corrections to 7 a2 1 are dominated by the O(m?R2) terms that are not logarithmically enhanced.
Right: here we show ¢, the alternative formulation of the initial conditions, as a function of ,/uq,
for the same values of A\. The A = 1.0 and A = 2.0 potentials (red and blue in the plot) do not have
any CDL or HM solution, or any hybrid bounces.

6 Conclusions

In this work we have studied bubble of nothing instabilities of four-dimensional de Sitter
vacua in theories with compactified extra dimensions. By mapping the problem of finding
the relevant gravitational instanton to solving a four-dimensional CDL problem, we have
been able to treat the moduli potential in a general, model-independent way, separating the
physics of moduli stabilization from the criteria that determine the existence and qualitative
properties of these bubbles.

The asymptotic behavior of the scalar potential in the compactification limit, as well
as the dimensionality of the internal sphere that shrinks to zero volume at the bubble wall,
are the primary data determining the existence of BON instabilities. Focusing on the case
where the shrinking internal manifold is an S!, as in the original BON instability of Kaluza-
Klein theory identified in [31], we have shown that BON solutions are compatible with sta-
bilization of the radial modulus even in certain cases where the scalar potential grows expo-
nentially fast in the compactification limit. The presence of the potential is in fact typically
irrelevant near the center of the bounce (corresponding to the bubble wall), as long as the
rate of exponential growth is smaller than the critical value we derive in section 3. Combin-
ing this observation with other properties of the equations of motion, we have constructed
approximate analytic solutions for the geometry and action of the BON. The Euclidean
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Figure 15. The modulus profile on the BON-FV branch for exponentially growing CC-dominated
potentials. The solid and dashed lines correspond to ug = 10™* and ug = 0.25, respectively. At
small £ the profile remains BON-like, despite the rapid growth in U(¢). As expected from the small £
series expansions of appendix A.3, the departure from ¢(§) & ¢pon(£) occurs as  approaches 2R5 /3.
In the examples with larger ug the approach to the false vacuum is fast, occurring here at £ ~ O(R5),
while in the examples with ug = 107%, ¢(£) only approaches ¢g, in the £ > Rs limit. The Uy — 0
limit indicated by ¢w (dashed, gray) has the slowest approach to the false vacuum, as it is given by
the power law ¢(£) oc 1/£2 rather than the exponentially damped ¢(€) oc e=™¢ in the & > Ry limit.
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Figure 16. The action AS on the BON-FV branch for exponentially growing CC-dominated
potentials, shown here normalized by a factor of NQMgRg to highlight the leading deviations. At
small ug < 1, the action remains well approximated by 7?RZM?, with corrections to AS that
become large as mR5 2 1.
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action of the solution is finite, and it remains finite even for vanishing vacuum energy den-
sity in the false vacuum, a limit in which other decay channels described by either CDL or
HM instantons become irrelevant. When the KK scale 1/R5 is the largest mass scale in the
problem, the potential provides small, calculable corrections to the tunneling exponent.

Thus, for phenomenological purposes, the most interesting properties of these bubbles
are that they can survive modulus stabilization with positive cosmological constant, even
in cases where the stabilizing potential grows exponentially in the compactification limit;
the decay rate remains unsuppressed in the limit of degenerate vacua, so long as this limit
does not also restore supersymmetry (as seems likely in our Universe); and, if the potential
admits an ordinary CDL decay in either the compactification or decompactification limits,
the BON process can be faster, especially if the KK radius Rs is relatively small. For
these potentials with CDL (or HM) solutions, we find from our numeric study that in the
limit of large Ry, where the BON action approaches or exceeds the CDL or HM action,
there is some RE'** above which there are no longer any BON solutions to the equations of
motion. In these cases the vacuum decay occurs exclusively through the regular CDL (or
HM) instanton.

Our methods may be extended to other classes of BON solutions. For example, as
we have seen in section 3.1, there is a second class of BON boundary conditions arising
when the asymptotic behavior of the potential is equally important to the other terms in
the CDL equations. This is not reflective of a fine-tuning, but rather arises naturally in
cases where the dominant contribution to the asymptotic potential comes from curvature
on the collapsing internal manifold. The techniques described in this paper can be directly
applied to such cases. Furthermore, even potentials that naively grow too quickly to admit
a BON solution could also be of interest: if other degrees of freedom become active near
the bubble wall to tame the potential, bubble solutions may still exist. The most familiar
example where this could arise is in the context of flux compactifications. Here, Gauss’ law
requires that flux wrapped over the collapsing sphere must be either screened by nucleation
of dynamical sources or “slip off” onto other parts of the internal manifold. In this process
the growth of the potential can be softened such that one of the types of BON solutions
is allowed. Examples of both types have appeared in the literature in the context of
explicit top-down models [39-42, 44]. The impact of the flux on the decay rate is model-
dependent in general, but at least in some cases the contribution of charged sources is
subleading [39]. Bottom-up methods like those used in this work could also be adapted to
these cases, most easily in the point charge approximation [41], allowing the study of BON
in flux compactifications while remaining agnostic about the precise form and origin of the
potential in the vicinity of the false vacuum. This is an intriguing direction for future work.

What can we conclude about our universe? From the decay rate estimates and the
age of the universe we can infer, for example, an upper bound on the size of compactified
dimensions [45]: for a collapsing internal S!, a decay rate similar to that of Witten’s bubble
implies a lower bound on the size of the KK circle, 2rR5 2 50M,, L. More generally, the
presence of rapid BON instabilities can potentially shrink the region of the string landscape
that is capable of giving rise to a vacuum compatible with our universe.
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A Solutions to equations of motion

In this appendix we provide several exact and semi-exact analytic solutions to the equations
of motion. Section A.l reproduces the exact solutions for p(§) and ¢(§) for the U = 0
Witten bubble [31]. In section A.2 we show how the solutions for p(§) and ¢(§) are modified
in the presence of a constant potential, U = Uy. This situation arises in the ¢ < ¢ region
of the toy potential in section 3.3, shown in figure 5. Lastly, in section A.3 we provide the
small £ < Rj solutions for p and ¢ in the presence of a potential with the asymptotic form
U(¢) ~ Uyexp(ap/M,) in the compactification limit. These corrections are particularly
relevant to the numeric calculation of the bounce solutions, which depend sensitively on
the initial conditions defined at &,y < Rs.

A.1 Witten bubble of nothing

In the absence of a potential, the quantity (p3¢’) is exactly conserved, and the equations
of motion for ¢ and p can be expressed as

3 3R2\°
ol e (25 "

2p?

where from the perspective of the four dimensional equations of motion, (n3R2) is simply
an integration constant associated with (p3¢’). Both equations can be integrated, using

L — (A.2)
3 R2
1+ ()

where the + sign is appropriate for initial conditions with p’ > 0. By inspecting the p’
equation of motion from eq. (A.1), it is clear that p'2 is bounded from below by p'? = 1,
meaning that p’ cannot change sign for 0 < p < co.

Eq. (A.2) can be integrated to produce an exact solution for {(p). Imposing p(0) =0
so that there is no conical singularity at & = 0,

2p3 13
f([)) — 2F1<2’4
3P R2 %

4p*
— 776R§> . (A.3)

In the p < Rs or p > Ry limits, the series expansions for £(p) can be inverted to produce
p(&), which is often more useful.
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Rather than finding ¢(§), the simpler analytic expression is ¢(p), which we derive by

My,dp \/’ n° R? \/§¢ — ¢ . 73 R2
z = _ h A4
/76 R4 2 p3 3 M, Aresti 202 |’ (A-4)

integrating

where we introduce a second integration constant,

Po = Mp\/glogn. (A.5)

Series expansions. Near the center of the bubble core, £ < R, the function £(p) can be
inverted through its series expansion,

3 1/3 on—2 3 4/3 30 —4 3 8/3
plé < Re) =nfts (5 <1+ (on) -~ mo Gon) +0(£4/R§>>,
(A.6)

and ¢(p) can be expressed as a function of &,

(< Rs) =M, \[ <log <2R5> - 971742 (2?§5>4/3 + 5?;75764 (23;5)8/3 + (9(54/}{;*)) )
(A.7)

As a consequence of the singular £ = 0 initial conditions, the (£/ R5)*/3 corrections produce

O(1) terms in the equations of motion even in the & — 0 limit.
Well away from the bubble center, £ > Rs, p(§) and ¢(£) are approximated by

r(2 6 RA
p(¢> Rs) =&+ 2R5@ + 0 L o(rP et (A-8)

Vo 8¢3
2\ 2
3Rz T(1) n"*R

3 | e Ve O] (A9

¢(§ > Rs) = ¢po — M,

As € — 00, p = £ grows linearly, while ¢ — ¢yp.

A.2 Constant potential

As established in eq. (2.14), (p3¢’) is conserved if the potential is constant, even if U(¢) is
nonzero,

U($) = Us. (A.10)

The equations of motion can be solved with BON initial conditions, this time with

3R2 2 2 d
0 nie (5EY -2

where in analogy with A for the de Sitter vacuum we have defined

3M?2
Ay = —L. A.12
0=\ (A.12)
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The exact solution to the equations of motion can be expressed in terms of elliptic functions.
It can also be expanded in powers of R5/Ag, which is helpful for capturing the leading
perturbations to £(p) and ¢(p) in the limit p < . To first order in (R2/A3) and (p?/A3),

ST WL L s a2 )
n°Ry) 2408 | [ 7| n°R

n6 Ré

~1/2
¢ ¢0 3R2 773 R% 2,02 p2 4,04
\/» —arcsinh 4A2 arcsinh PR — 2AZ 1+ PR . (A.14)

The series expansions in p/Ag < 1 can be extended to arbitrarily higher order by inte-
grating the series expansion of eq. (A.11). For Rs < Ay, the p > Rs behavior of the
solutions is approximately de Sitter, with p’ =~ /1 — p2/f2. Only if R5 ~ Ay is it necessary
to abandon the series expansions in favor of the elliptic function solution for £(p).

A.3 Small £ limits

Given some nonzero potential, the small £ expansions for p(§) and ¢(§) generically in-
clude potential-dependent terms not present in eq. (A.6) and eq. (A.7). This is clear from
eq. (A.2). More generically, for a potential with ¢ — —oc asymptotic behavior

U(¢) =~ Up exp(ag/M,) (A.15)

with @ > —+/6 (here we consider only the case of an internal shrinking S', or n = 1 in the
notation of section 3.1), approximate solutions for p and ¢ can be derived by linearizing
the equations of motion in the £ < Rj limit. The leading Uy dependent perturbations

enter the series expansion at order (£/Rs5)P with

=2 (1 + %) : (A.16)

with the solutions

3¢ 1/3 27772 3¢ 4/3 30,,774 3¢ 8/3
P& < Rs) = s (m) 1+ (zRE,) = 539 (m)

4(1—p) ReUy ( 3¢ \P
T o) M2 (28:) ) (A.17)

In=2 / 3¢ \Y? 5314/ 3¢\
OE < Bs) M\[<log<2R5> 14 (2R5> * 2156 <2R5>

2(3 —p) R2Uy [ 36 \P
T IERVTF (21:) ) (4.18)

The effect of the potential can be treated as a small perturbation in the £ < Rj limit
as long as @ > —/6 (p > 0). In the small Ry limit, R2Uy < Mg, the impact of the
potential is further suppressed, which is why we have terminated the series expansion at
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R2U\M,, *(&/R5)? while keeping the (&/ R5)%/3 contribution from the small ¢ expansion of
the Witten solution. As the point-and-shoot numeric solution is highly sensitive to the
initial conditions at & = &jpnit, the (&/ R5)8/ 3 level of precision is needed in some cases even
when &init < Rs.

Working at linear order in R2Uj /Mg, the small £ solutions for p and ¢ are easily
extended to potentials of the form

¢) ~ Z Uj exp(a;¢/M,), (A.19)

if the asymptotic form of the potential includes multiple terms with similar a;. In this
case, the potential-dependent corrections to the Witten solutions for p(£) and ¢(§) can be
collected into

3¢ \? AL —pj) R3U; ( 36 \P
op(€ < R5)_nR5(2R> (; T +J1) ng (235) : (A.20)

2(3
5p(¢ < Rs) M\[( o pjiﬂi) J\Zg <2]§5) ) (A.21)

Py =2 (1 + jg) (A.22)

where

for each term in the sum.

Perturbation to 7. At the same level of precision, it is possible to write the leading Uy
dependence as a multiplicative correction to the BON solutions for p and ¢':

~ 4(1—p) R3U, ( 3¢ \P
’ Y 2(3 _p) RgUO 3¢ P
(€)= on(©) <1+3(p+1) vz (o) ) (A1)
3, |3 3 2 4—2p R2Uy ( 36 \P
P ~ \/;Mpn R? (1 MR 7 <2R5) ) . (A.25)

This is a convenient way to approximate the correction to n caused by the presence of the
exponentially growing potential in the £ < Rj limit. In the analytic model of figure 5 with
U = Uy for ¢ < ¢1, the constant potential guarantees that (p3¢’) should be conserved.
Incidentally, U = Uy corresponds to the p = 2 special case where the leading small ¢
correction to p3¢>’ vanishes, as it must.

Given a particular value of (p>¢’) at ¢ = ¢1, and imposing continuity in ¢(¢) and ¢/ (€),
the solution for ¢(§ > &) is given in general by the linear combination of Bessel functions

Ki(mp) +0211(mp)
mp mp

P(p=p1) = (A.26)

If ¢o is nonzero, then whether this solution is an overshoot or undershoot can be read
off from the sign of co. For the bounce solution, co must be exponentially suppressed.
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Imposing co ~ 0 as a requirement on the initial conditions, the value of n(Rj5) for a given
R5 must satisfy

2 (p°¢) m? 2e7E
1 ~ f — 1 A.27
0g 1] < 308, )| 1 og |~ (A.27)
4 — 2p R2U0 351 p m2
—1~nR2(|1 5 ( ) <1 01) A.28

as in eq. (3.22), but where we have left the solution for 7 in terms of the value of (p3¢’) at
&1. The n ~ 1 expansion is still appropriate, with the leading terms

2

R? 1
2 log —— + O(m*R? A.29
5

~1
n + 4 mR5

unchanged, assuming the R2Uy(&1/R5)P term remains small. This is achieved when & <
2R5/3, which in turn requires ¢ 2 0.36 M,,. In this limit the transition from the BON-like
initial condition to the approximately quadratic ¢ ~ ¢, regime occurs promptly. If instead
&1 2 2R5/3, then there may be an intermediate region where ¢(§) is neither described by
the Witten BON nor the Bessel function solution of eq. (A.26), and the prediction for
(n — 1) is only reliable if R2Uy /Mg is very small.

A.4 Piecewise linear model

The analytic model of section 3.4 is not the only potential with tractable equations of mo-
tion. If the potential is approximately linear in the region where p’ ~ 1, analytic solutions
for p, ¢ and n can be derived in a similar manner as in the piecewise quadratic model of
figure 5. Models of this form are relevant especially at larger values of R2Uj, where the
potential becomes important before ¢(£) is close enough to the false vacuum that U(¢) is
approximately quadratic. Labeling the point where the solution for ¢ deviates from the
Witten solution as ¢, in analogy with eq. (3.45), we can expect a linear model to be par-
ticularly useful when ¢, happens to fall in the neighborhood of an inflection point in U ().

A characteristic example of the linear model interpolates between U(¢1) = Uy and
U(¢) = U, with constant slope: for example,

U(¢) = Uoexp(a(¢ — ¢1)/M)) ¢ < o1

U(p) =Uo + (AU/AG) (¢ — ¢1) 1< ¢ < dn (A.30)
U(¢) = Ug Pre < ¢
where
AU = U() — va, Agf) = ¢fv — (;31. (Agl)

As long as a > —V/6 and R3Uy S M2, eq. (A.25) indicates that (p®¢’) will remain approx-
imately constant for 0 < ¢ < Rs. For simplicity we specialize to the a = 0 case, where
U(¢ < ¢1) = Up remains exactly constant, and (p3¢’) is conserved,

3 nSRE  p?

3 3 p2 / 5

=M \/> R =4/14+ - — A.32
p o P 277 59 p \/ 4p4 A%’ ( )
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where for convenience we define

302 3M2

Ap = A —.
0 Uy Ut

(A.33)

Up to corrections of order R2/A2, p and ¢ are approximately equal to the U = 0 Witten
solutions. The values of & and p; = p(&1) defined by ¢(&1) = ¢1 can be obtained from
eq. (A13) If (¢ — 1) S My, then p; 2 Rs, and & can be determined more simply from
the large ¢ expansions of eq. (A.13).

The primary differences between the linear and quadratic models appear, of course, in
the transition region & < € < &, where U(¢) and (p>¢’) change in value. If p; > R5 and
p2 < Ag, then the solution for p throughout the entire transition is well described by

Pl pl6 <E< &)~ E+ 2R, (A.34)

for the v = 0.6 defined in eq. (2.23). Here & refers to the end of the transition, where
#(&2) = ¢gy. Unlike the quadratic model, the interval £ — & is precisely defined, because
¢(&) approaches the false vacuum in finite time. The value of &, is found by integrating ¢':

(& —&)(€ — §1+2P1 3
(&1 < E< &) = 1+ S b o) < [Mpn R2 (A.35)

A
- Fgrie—aE—a+2)

Qb(fg < f < fmax) = ¢fv- (A36)

For the linear model, the bounce condition eq. (2.14) becomes quite simple:

=& AU
3¢/ 3 A.37
(p ¢) ‘g:gl Aqﬁ 5 ( )
3 352 —A /2 5 —AU p3 — pf
\/;Mpn R: ~ Ao . dpp° = Ao 1 (A.38)

Assuming a nonzero value of Ug,, the value of (p3¢’) must vanish as ¢ — &». Otherwise, ¢(&)
would continue moving in the positive direction with constant U(¢), while p — A. Once
p decreases from its maximum, the value of ¢ would begin to increase again, ultimately
approaching ¢/ — oo as p — 0.

In the UoRg < MI? limit (R5 < Ag), the solution for 7 is approximately

3/2R 1\/§M 1/2 U

n 5 P fv

1 ~~ —\ = 1——+ Rs/A A.
ogn ; <2 5 : (’)( 5/ 0) ( 39)

/2
R (Up—Un\\
ALt (wéM,,( x)) (4.40)

Unlike eq. (3.23) from the quadratic model, where (n—1) ~ m?R2log(mR5), this correction

ton—11islinear in R5. Calculating the bounce action AS, we find that the leading correction
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to AS = > MZR? is also quadratic in Rs:

AS ~ m* M0’ R (1 - \/éj\Af +0 (UOR§ /M§)> (A.41)

p
A¢  [(3\¥* Ry [Uy— Us
—~ 27722 _ e v
AS~7rMpR5<1 V6 p+(2> \ A, ) (A.42)

So, the corrections to n and AS in the small R5 limit are both large compared to the
analogous terms of the piecewise quadratic model.

The linear model may be useful in cases where ¢(§) diverges from ¢, at values of ¢,
far away from the false vacuum. If U(¢ = ¢, ) is approximately linear in this region, then
we anticipate corrections to the WQMI?R% action that are quadratic in Rs, as in eq. (A.42).
The fact that the U ~ (linear) equations of motion can be integrated when p’ ~ 1 also
permits the assembly of complicated piecewise models, composed of linear and quadratic
sections, that can more accurately reconstruct a given U(¢). As long as p’ ~ 1 throughout
the transition across the potential barrier, solutions for ¢ and p can be found by stitching
together consecutive instances of eq. (A.26) and eq. (A.35).

B Analytic continuation

Expanding the line element of the unit three-sphere as d3 = di? + sin(1)2d3, the O(4)-
symmetric ansatz of eq. (2.2) can be written as

ds}, = d€® + p(€)* (dy? + sin(1)2d03) (B.1)

Performing the analytic continuation ¥ — 7/2+ iy, with x € R, we obtain the Lorentzian-
signature metric

ds® = —p(&)?dx? + d&? + p(£)? cosh(x)2d3. (B.2)

The plane of symmetry of the metric given by ¥ = 7/2 plays the role of tg = 0, and the
continuation ¢» — 7/2 4 ix is equivalent to tgp — it.

For Witten’s BON, in the regime r > Rj, we have p(§) ~ r ~ £ + vR5, and the
previous equations reads

ds® = —r?dx* + dr® + 12 cosh(x)%dQ3
= —di? + di* + 72d03, (B.4)

—
os)
w

~

where in the second step we have used the new coordinates:

7 = rcosh(x), (B.5)
t = rsinh(y).

As discussed in [31], the BON can be regarded as a kind of distorted Minkowski spacetime,
subject to the restriction r? = #2 — 2 > RZ.
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Our BON solution, on the other hand, asymptotes to the 4D de Sitter vacuum, as
given in eq. (3.27). The appropriate change of coordinates in this asymptotic regime is of

the form
7 = Asin (%) cosh(x),
t = Aarctanh |tan ( > ) sinh(x)| .
Eq. (B.2) then reads
_ o\ 1
72 2
ds? ~ — I- 1z de? + -1z di® + 72d03, (B.7)

which indeed corresponds to the static description of de Sitter spacetime.

C Specific potential

For the numeric evaluation of the equations of motion, we specialize to potentials of the
form

U(¢) =Up Y _ bjel /M, (C.1)

J

where the parameter a controls the overall scaling of the potential with ¢, and the coefhi-
cients b; are such that there is a local minimum U = U, > 0 at ¢y, and a local maximum
of U = U at some ¢opgyv < ¢ry. The simplest potentials in this family require only three
nonzero b;, for example j = 1,2, 3.

The action is invariant with respect to shifts in ¢, and we use this freedom to set
¢t = 0. The equations of motion also do not depend on the overall normalization of U(¢):
a factor of Uy can be absorbed into a redefinition of the coordinates £ and p, which rescales
the action by an overall constant:

In this way the four independent parameters (a, b1, b2, b3) can be reduced to two parametric
degrees of freedom: the original a, and a parameter § defined as

b= —. (C.3)

The coefficients b; in this scheme are given by

U 1 1
éf) — 4 (51€a¢ _ +T5162a¢ n 363‘14’) ’ (C.4)

where [y and (; satisfy

By = M + % (B+ Vo)1 = VEP(1+ Vo) s + (3 - VE)(1 4+ Va)*3(1 - V§)'/?),

20 1

for 0 < § < 1. The solutions for fy and 5y can in principle be extended simply to § < 0

via V0 — iv/—0.
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The location of the center of the barrier, ¢op, is given by
a ¢top
— =1 :
Vi = los(in), (C6)
and the Hawking-Moss solution is simply ¢(§) = ¢iop-
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