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1 Introduction

The Standard Model (SM) is not a complete description of observed phenomena in nature.
Neutrino masses clearly indicate that the SM must be extended with interactions that
couple to the SM states. However, there are no explicit collider results that directly evidence
new long-distance propagating states to add to those in the SM. As a result, the SM
is usefully thought of as an Effective Field Theory (EFT) for measurements and current
data analysis. In this approach, the effects of new states, coupling to the SM through
new interactions, lead to Wilson coefficients of local contact operators at experimentally
accessible energies. This occurs under the assumption that new physics states/dynamics are
residing at scales Λ larger than the Electroweak scale (

√
2 〈H†H〉 ≡ v̄T ) enabling a Taylor

expansion in v̄T /Λ < 1.
The Standard Model Effective Field Theory (SMEFT) is defined by this Taylor expan-

sion, for a review see ref. [1]. The SMEFT is also defined by several low energy assumptions;
that the spectrum at low energies is that in the SM, i.e. that there are no light hidden
states in the spectrum with couplings to the SM, and a SU(2)L scalar doublet (H) with
hypercharge yh = 1/2 is present in the EFT in a manner that is respected by the power
counting of the theory.

Studying experimental data using the SMEFT is a rich, and rapidly advancing, physics
program. To robustly characterize the projection of experimental results onto the leading
(LO or dimension six) SMEFT perturbations of SM predictions, it is important to calculate
to sub-leading order in the loop expansion and also the higher dimensional (dimension
eight etc.) terms in the operator expansion in processes that have experimental sensitivity
to SMEFT perturbations. Knowledge of the sub-leading terms informs and defines the
theoretical error present in the projection of experimental results onto leading order SMEFT
results, when such sub-leading terms are neglected. Such results also allow experimental
fits to advance in the future to incorporate such corrections as the data improves.

A key point of this paper is the observation that the loop and operator expansions
are not independent at sub-leading order in the SMEFT. This fact is due to calculational
scheme dependence in fixing the SMEFT at leading order. To illustrate this point, consider
the perturbation due to a SMEFT operator to a dimensionless SM amplitude at dimension
six in an on shell process

A = ASM + CiNi
v̄2
T

Λ2 + · · · (1.1)

here Ni is a numerical coefficient that is process dependent. One can choose to normalize
the Wilson coefficients by SM parameters Ci → gjSMC ′i. At dimension six such a choice is
simply a rescaling. Developing a calculation to O(v̄2

T /16π2Λ2), one loop finite terms are
dictated by this choice. This is due to finite renormalization of the parameters gjSM and
finite terms relating the parameters gjSM to input measurements at one loop. Similarly, when
developing a prediction of A the choice to rescale Ci → gjSMC ′i leads to a specific scheme
dependent set of dimension eight contributions relating gjSM to input parameters including
O(1/Λ2) corrections. The operator expansion and the loop expansion are not independent
in the SMEFT. These expansions are tied together by scheme dependence in fixing theory
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conventions. Consequently, it is important that the loop corrections and dimension eight
corrections are formulated in a manner that is self consistent, so they can be meaningfully
combined when studying experimental data. In this paper, we define consistent sub-leading
results, in both of these expansions, for Γ(h→ γγ), σ(G G → h) and Γ(h→ G G).

The main results of this paper are given in section 5. We report a set of numerical
results in both the mW and α input parameter schemes for Γ(h → γγ), σ(G G → h) and
Γ(h→ G G) with a consistent set of corrections in both expansions defined to O(v̄2

T /16π2Λ2)
andO(v̄4

T /Λ4) as perturbations to the SM one loop amplitudes. These formulae can be used
to generate a consistent set of sub-leading terms in the SMEFT for these processes from
inclusive LO simulation results used in a global SMEFT fit.

2 SMEFT notation

The SM Lagrangian [2–4] notation is fixed to be

LSM =−1
4G

A
µνG

Aµν− 1
4W

I
µνW

Iµν− 1
4BµνB

µν+
∑
ψ

ψi /Dψ, (2.1)

+(DµH)†(DµH)−λ
(
H†H− 1

2v
2
)2
−
[
H†j dYd qj+H̃†juYu qj+H†jeYe `j+h.c.

]
.

The chiral projectors have the convention ψL/R = PL/R ψ where PR = (1 + γ5) /2, and the
gauge covariant derivative is defined with a positive sign convention

Dµ = ∂µ + ig3T
AAAµ + ig2σ

IW I
µ/2 + ig1yiBµ, (2.2)

with I = {1, 2, 3}, A = {1 . . . 8}, σI denotes the Pauli matrices and yi the UY(1) hy-
percharge generator with charge normalization yi = {1/6, 2/3,−1/3,−1/2,−1, 1/2} for
i = {q, u, d, `, e,H}. The SMEFT Lagrangian is

LSMEFT = LSM + L(d), L(d) =
∑
i

C
(d)
i

Λd−4Q
(d)
i for d > 4. (2.3)

The SM Lagrangian notation and conventions are consistent with refs. [1, 5–9]. The operators
Q(d)
i are labelled with a mass dimension d superscript and multiply unknown Wilson

coefficients C(d)
i . For compact dimensionless notation we define C̃(d)

i ≡ C
(d)
i v̄d−4

T /Λd−4.
Here we have introduced v̄T which is the minimum of the potential in the SMEFT taking
into account the presence of higher dimensional operators [6]. In this paper we generally
use δ as notation to indicate a perturbation in the 1/Λ expansion in the SMEFT, while we
use ∆ to indicate a perturbation in the loop expansion.

We use the Warsaw basis [5] for L(6) and otherwise ref. [8] for operator conventions.
Due to strong constraints from low energy CP violating observables [10], will restrict our
study to CP even operators only. Our approach to next to leading order interactions in the
SMEFT, in both the loop expansion and the operator expansion is fundamentally organized
in the Geometric approach to the SMEFT (geoSMEFT).
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2.1 geoSMEFT

The geoSMEFT is a organization of the physics of the SMEFT, focused on the fact that
this theory is an EFT with towers of higher dimensional operators, including scalar fields
that can take on vacuum expectation values. Subsets of these operators can dress composite
operator forms with towers of scalar fields contracted with one another, and with symmetry
generators. Physical predictions in the SMEFT cannot depend on the coordinate choice of
the scalar fields. As such the effect of the scalar dressings of interactions terms are required to
be encoded in experimental measurements through scalar coordinate independent quantities.
These quantities define a series of scalar geometries that dress the composite operators. As
the SMEFT contains an H field that can take on a vacuum expectation value, geometric
effects are associated with the v̄T /Λ expansion in this theory. The geoSMEFT [8, 11, 12]
makes this physics manifest by organizing the theory in terms of field-space connections Gi
multiplying composite operator forms fi, represented schematically by

LSMEFT =
∑
i

Gi(I, A, φ . . . ) fi, (2.4)

where Gi depend on the group indices I, A of the (non-spacetime) symmetry groups, and the
scalar field coordinates of the composite operators. Powers of DµH are included in fi. The
field-space connections depend on the coordinates of the Higgs scalar doublet expressed in
terms of real scalar field coordinates, φI = {φ1, φ2, φ3, φ4}. Of particular importance are the
field space connections hIJ , gAB dressing the Higgs kinetic term and the generalized Yang
Mills term built out ofWA withWA = {W 1,W 2,W 3, B}. These field space connections are

LSMEFT = 1
2hIJ(φ)(Dµφ)I(Dµφ)J − 1

4gAB(φ)WA
µνWBµν + · · · , (2.5)

with A = {1, 2, 3, 4} and couplings αA = {g2, g2, g2, g1}. The mass eigenstate field coordi-
nates are AA = {W+,W−,Z,A}. Similarly the mass eigenstate ghost field is defined as
cA = {cW+ , cW− , cZ , cA}. Our notation is such that the covariant derivative acting on the
bosonic fields of the SM in the doublet, using real scalar field coordinates, is given by [13]

(Dµφ)I =
(
∂µδIJ −

1
2W

A,µγ̃IA,J

)
φJ , (2.6)

with symmetry generators/structure constants (ε̃ABC , γ̃IA,J). See refs. [8, 13] for the gener-
ators/structure constants for the real scalar representation.

The transformation of the scalar fields to the mass eigenstates at all orders in the v̄T /Λ
expansion is given by

φJ =
√
h
JK
VKLΦL. (2.7)

The transformation of the gauge/ghost fields, gauge parameters into mass eigenstates
in the SMEFT are given by

WA,ν = √gABUBCAC,ν , (2.8)

uA = √gABUBC cC , (2.9)

αA = √gABUBCβC , (2.10)
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with ΦL = {Φ+,Φ−, χ,H}. βC is obtained directly from αA and UBC . Note that αAWA,ν

linear terms in the covariant derivative are unchanged by these transformations at all orders
in the v̄T /Λ expansion.1 The matrices U, V are unitary rotations; i.e. orthogonal matricies
whose transpose is equal to the matrix inverse, and given by

UBC =


1√
2

1√
2 0 0

i√
2
−i√

2 0 0
0 0 cθ sθ
0 0 −sθ cθ

 , VJK =


−i√

2
i√
2 0 0

1√
2

1√
2 0 0

0 0 −1 0
0 0 0 1

 .

Here the angle is defined via the generalized Yang Mills field space metric

s2
θ̄

=
(g1
√
g44 − g2

√
g34)2

g2
1[(√g34)2 + (√g44)2] + g2

2[(√g33)2 + (√g34)2]− 2g1g2
√
g34(√g33 +√g44)

. (2.11)

The masses and couplings that follow in the geoSMEFT are consistent with those
previously defined to L(6) in ref. [6] and used in SMEFTsim, see refs. [7, 14]. We explicitly
list these results here for completeness, the masses are

M̄2
W = ḡ2

2 v̄
2
T

4 , (2.12)

M̄2
Z = v̄2

T

4 (ḡ2
1 + ḡ2

2) + 1
8 v̄

2
T (ḡ2

1 + ḡ2
2) C̃HD + 1

2 v̄
2
T g1 g2 C̃HWB, (2.13)

m̄2
h = 2λv̄2

T

[
1− 3 C̃H2λ + 2

(
C̃H� −

C̃HD
4

)]
. (2.14)

The geometric SMEFT couplings with L(6) corrections are

ē = g1 g2√
ḡ2

1 + ḡ2
2

[
1− g1 g2

ḡ2
1 + ḡ2

2
C̃HWB

]
, ḡZ =

√
ḡ2

1 + ḡ2
2 + g1 g2√

ḡ2
1 + ḡ2

2

C̃HWB, (2.15)

g1 = g1(1 + C̃HB), g2 = g2(1 + C̃HW ). (2.16)

2.1.1 Higgs gluon connection in geoSMEFT

The Higgs-gluon field space metric is defined as

LSMEFT ⊃ −
1
4kAB(φ)GA,µνGB,µν , (2.17)

with A,B, C . . . running over {1 · · · 8} and

kAB(φ) =

1− 4
∞∑
n=0

C
(6+2n)
HG

(
φ2

2

)n+1
 δAB . (2.18)

1Here the inverses are defined via √gAB√g
BC
≡ δAC and

√
h
IJ√

hJK ≡ δIK . The matrix square roots of
these field space connections are √g

AB
= 〈gAB〉1/2, and

√
hIJ = 〈hIJ〉1/2 and 〈〉 indicates a background field

expectation value. The SMEFT perturbations are small corrections to the SM, so the field-space connections
are positive semi-definite matrices, with unique positive semi-definite square roots. We also use the notation
ĝAB = 〈gAB〉 and ĥIJ = 〈hIJ〉 for the background field expectation values of the metrics at times.
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The field space connection kAB(φ) is trivial in colour space, as the Higgs carries no SU(3)
charge. It is convenient to explicitly pull the trivial colour structure out of the field space
connection kAB(φ) → κ(φ) δAB. For the gluon field and coupling the transformations to
canonically normalized fields are given by

GA,ν =
√
κGA,ν , (2.19)

ḡ3 = g3
√
κ. (2.20)

We refer to the two index field space connections kAB , hIJ , gAB as field space metrics
in this work. These metrics are defined at all orders in the geoSMEFT organization of the
SMEFT operator expansion in ref. [8].

2.2 . . . and the background field method

The geoSMEFT is a formulation of the SMEFT where the background scalar field expansions
of interaction terms are key to the organization of the theory. The scalar expansion is associ-
ated with the scale v̄T . The geoSMEFT approach, which organizes the operator expansion,
was actually discovered by formulating the background field method (BFM) [15–17] in
the SMEFT, with the aim of gauge fixing the theory in a manner that is invariant under
background field transformations for the purpose of loop corrections, a result reported in
ref. [13].2

The BFM gauge fixes in a manner that leaves the effective action invariant under
background field gauge transformations (∆′F ) in conjunction with a linear change of
variables on the quantum fields, see refs. [11, 17]. The fields are split into quantum (un-
hated) and classical (hatted) background fields: F → F + F̂ .3 The classical fields are
associated with the external states of the S-matrix in an LSZ procedure [22]. The scalar
field expectation value key to the geoSMEFT organization of the theory is associated with
an external background Higgs field, so that

Ĥ(φ̂I) = 1√
2

[
φ̂2 + iφ̂1

φ̂4 + v̄T − iφ̂3

]
, H(φI) = 1√

2

[
φ2 + iφ1
φ4 − iφ3

]
. (2.21)

Associating the vev with the external background Higgs field should not be over interpretted,
as a tadpole scheme counter term condition applies to all tadpole topologies.

The BFM generating functional of the geoSMEFT is given by

Z[F̂ , J ] =
∫
DF det

[
∆′GA

∆′αB

]
ei
∫
dx4(S[F+F̂ ]+LGF+source terms).

The generating functional is integrated over the quantum field configurations via DF , with
F field coordinates describing all long-distance propagating states. The sources J couple
only to the quantum fields [23]. In the BFM, relationships between Lagrangian parameters

2The issue of gauge fixing the SMEFT in the BFM was first discussed as a novel challenge in ref. [18].
See refs. [19–21] for other approaches to gauge fixing the SMEFT.

3We also use a hat superscript for Lagrangian parameters that are fixed to numerical values by relating
to input parameter measurements.
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(including renormalization constants) due to unbroken background SU(2)L×U(1)Y symmetry
then follow a “naive” (classical) expectation when quantizing the theory. This pattern is
naturally related to the geoSMEFT generalization of the SM Lagrangian terms. By which
we mean the geometric masses and couplings appear in the Ward identities of the theory in
the BFM [11] in a natural generalization of the mass and coupling dependence in the SM
into that of the geoSMEFT.

Ref. [13] reported that a minimal gauge fixing term in the BFM for the SMEFT, for
the EW sector is

LEW
GF = − ĝAB2 ξ G

A GB, GX ≡ ∂µWX,µ − ε̃XCDŴC
µWD,µ + ξ

2 ĝ
XCφI ĥIK γ̃

K
C,J φ̂

J , (2.22)

for the QCD coupling we have analogously the BFM gauge fixing term [24]

LQCDGF = − κ̂

2 ξG
GA GA , (2.23)

where
GA ≡ ∂µGA,µ − ḡ3√

κ
fABC Ĝµ,B Gµ,C . (2.24)

This approach to BFM gauge fixing in the SMEFT has a very intuitive interpretation.
The n-point interactions are dressed by scalar fields defining field space manifolds in the
geoSMEFT. These scalar dressings are curved spaces, whose curvature is associated with
the power counting expansion in v̄T /Λ. The SM gauge fixing is promoted to a gauge
fixing on these curved spaces by upgrading the naive squares of fields in the gauge fixing
term, to less-naive contractions of fields through the Higgs background field space metrics
ĝAB, ĥIK , κ̂.4

Both the BFM and the geoSMEFT are approaches to the SMEFT that are focused
on the background fields present in the theory, defining the background field manifolds
(in scalar space) that effect scattering experiments. The geoSMEFT L(8) corrections are
naturally associated in a consistent manner with a loop expansion of the theory defined
using the BFM approach to gauge fixing. Again, we stress that the normalization of the
operators at L(6) effects both the perturbative expansion through the gauge fixing term and
finite renormalization effects, and also the L(8) corrections. This point is a key organizing
principle of this paper.

3 One loop formulation in the BFM

The formulation of the processes Γ(h→ γγ), σ(G G → h) and Γ(h→ G G) in the SMEFT
to O(1/Λ216π2) requires the definition of input parameters to one loop in the SMEFT,
and the one loop renormalization of the theory, including finite terms, must be fixed with
renormalization conditions. Note that we use φ4 ≡ h interchangeably in the results below.

4When the field space metrics are trivialized to their values in the SM: ĥIJ = δIJ , ĝAB = δAB and
kAB = δAB . The field space manifolds are no longer curved due to SMEFT corrections in this v̄T /Λ→ 0 limit.
The gauge fixing term in the BFM then simplifies to that of the SM, as given in refs. [25–27].
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Some initial steps in this direction were made in the BFM in refs. [18, 28, 29]. These
efforts were hampered by the lack of a precise understanding of gauge fixing in the BFM in
the SMEFT at the time of this initial work. Further essential developments leading to the
results collected and completed here were developed in refs. [30–32], which matched the
SMEFT (in the BFM) to the low energy effective field theory (LEFT). The importance of
these matching results is that input parameters measured at low scales, such as αew, GF are
now consistently characterized to one loop in the BFM. We use these results to complete
the characterization of the three essential processes of interest at LHC in the BFM to
O(1/Λ216π2) and to perform several consistency cross checks in the results.

3.1 Wavefunction/mass renormalization

For the processes of interest in this work, we require the wavefunction renormalization
of the Higgs, photon and gluon fields. Renormalization constants are introduced for the
background fields and the couplings (here a 0/r superscript means a bare/renormalized
parameter) via

φ̂0
4 = Z

1/2
φ̂4

φ̂
(r)
4 , (3.1)

Â0
µ = Z

1/2
Â Â(r)

µ , (3.2)

Ĝ0
µ = Z

1/2
Ĝ Ĝ(r)

µ , (3.3)

ē0 = Ze ē
(r) µε, (3.4)

ḡ0
3 = Zg ḡ

(r)
3 µε, (3.5)

v̄0
T = Z1/2

v v̄
(r)
T , (3.6)

and the divergent contributions to the tadpole contribution to the Higgs vev (∆v/v̄0
T )div. We

frequently suppress the explicit 0/r superscripts below. We use dimensional regularization
and work in d = 4−2ε dimensions. The factor of µ is included in the coupling renormalization
to render the renormalized coupling dimensionless [33]. Each of the renormalization constants
is expanded as Zi = 1 + ∆Zi + · · · . Our notation is we use ∆Zi for the divergence chosen
to cancel in a MS subtraction.5 The notation ∆Ri is reserved for the finite renormalization
factors. We generally use ∆ to indicate a loop correction to a Lagrangian parameter.

To define the mass and wavefunction counter-terms we define the decomposition of the
two point functions for vector fields V̂ , V̂ ′

−iΓV̂ ,V̂ ′µν (k) =
(
−gµνk2+kµkν+gµνM̄2

V̂

)
δV̂ V̂

′+
(
−gµν+ kµkν

k2

)
ΣV̂ ,V̂ ′

T − kµkν
k2 ΣV̂ ,V̂ ′

L . (3.7)

The photon and Higgs wavefunction finite terms are fixed by the on-shell conditions

∆RÂ = − ∂ΣÂÂ
T

∂k2

∣∣∣∣∣
k2=0

, (3.8)

∆Rφ̂4
= −

∂Πφ̂4φ4
(p2)

∂p2

∣∣∣∣∣
p2=m̄2

h

, (3.9)

5We use a 0 superscript for both bare parameters and matrix elements at tree level at times. These
notational choices are made due to historical conventions.
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the divergent terms have the same definition with ∆Ri → ∆Zi. The masses counter-terms,
and finite contributions to the masses to one loop, are defined via the transverse two point
functions. In the case of the divergences we define

∆Zm2
W

= Re
(
ΣŴŴT (m̄2

W )
)

div
, (3.10)

∆Zm2
Z

= Re
(
ΣẐẐT (m̄2

Z)
)

div
, (3.11)

so that to one loop bare masses are related to the renormalized masses as(
m̄

(0)
W

)2
=
(
m̄

(r)
W

)2
+ ∆Zm2

W
,
(
m̄

(0)
Z

)2
=
(
m̄

(r)
Z

)2
+ ∆Zm2

Z
. (3.12)

Note that when a FJ tadpole scheme [34] is used, the tadpole contributions to ΣT are zero
by definition and the one loop shift in the minimum of v̄T (denoted ∆v̄T ) is required to be
included in predictions; see section 3.2 for more details.

3.1.1 Divergent counter-terms

The counter-terms in the SM in the BFM are

∆Zφ̂4
= (3 + ξ)(ḡ2

1 + 3 ḡ2
2)

64π2ε
− Y

16π2ε
, (3.13)

∆ZÂ = − ḡ2
1 ḡ

2
2

ḡ2
1 + ḡ2

2

[32
9 n− 7

] 1
16π2 ε

, (3.14)

∆ZĜ =
[11Nc

3 − 2n
3

]
ḡ2

3
16π2 ε

, (3.15)

where n sums over the fermion generations and here we have introduced the notation

Y = Tr
[
NcY

†
uYu +NcY

†
d Yd + Y †e Ye

]
. (3.16)

The use of the background field method leads to relationships between the finite and
divergent counter-terms in the theory, due to the unbroken background field symmetries.
Some of these relationships are(√

Zv + ∆v
v̄0
T

)
div

=
∆Zφ̂4

2 , (3.17)

∆ZẐ Â = 0, (3.18)
∆ZÂ Â = −2∆Ze, (3.19)
∆ZĜ Ĝ = −2∆Zg3 . (3.20)

For the finite terms we adopt on-shell conditions fixing the mass and wavefunction finite
terms, as in the case of the BFM SM calculations in ref. [27]. The mass counter-terms,6

6Note our convention of adding the shift in the vev in this expression functionally differs from ref. [27]
which did not impose a FJ tadpole scheme and separated out the tadpole contributions as a distinct
(equivalent) contribution the physical masses.
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are [27, 35]

∆Zm2
W

= Re
(
ΣŴŴT (m̄2

W )
)

div
,

= ḡ2
2 (ξ+3)(ḡ2

1 +3ḡ2
2)v̄2

T

256π2ε
+ 4 ḡ2

2
3

m̄2
W

16π2 ε
n− 43 ḡ2

2 m̄
2
W

96π2 ε
−
∑
ψ

Nψ
Cm

2
ψ ḡ

2
2

32π2ε
, (3.21)

∆Zm2
Z

= Re
(
ΣẐẐT (m̄2

Z)
)

div
,

= (ḡ2
1 + ḡ2

2)(ξ+3)(ḡ1 +3 ḡ2
2)v̄2

T

256π2 ε
+ 5ḡ4

1 +3ḡ4
2

ḡ2
1 + ḡ2

2

m̄2
Z

36π2ε
n+ ḡ4

1−43 ḡ4
2

ḡ2
1 + ḡ2

2

m̄2
Z

96π2 ε
, (3.22)

−
∑
ψ

Nψ
C

m̂2
ψ (ḡ2

1 + ḡ2
2)

32π2ε
.

The gauge dependent part of the mass counter terms are

∆Zm2
W

(ξ) = ḡ2
2 v̄

2
T

2
(ḡ2

1 + 3 ḡ2
2)

128π2ε
ξ, (3.23)

∆Zm2
Z

(ξ) = (ḡ2
1 + ḡ2

2) v̄2
T

2
(ḡ2

1 + 3 ḡ2
2)

128π2 ε
ξ, (3.24)

which exactly cancels against the gauge dependence in the net one point function contribution
to the pole position of the bare propagator mass via vev renormalization [27]

〈V̂V̂φ̂4〉 v̄T
(√

Zv + ∆v
v̄T

)
div

= 〈V̂V̂φ̂4〉 v̄T
ḡ2

1 + 3 ḡ2
2

128π2ε
ξ, (3.25)

with 〈ŴŴφ̂4〉 = ḡ2
2 v̄T /2 and 〈ẐẐφ̂4〉 = (ḡ2

1 + ḡ2
2)v̄T /2. The gauge dependence canceling

also holds for the gauge dependent finite terms including the tadpole contributions leading
to a shift in the vev (∆v) effectively included in ΓV̂ ,V̂ ′µν (k).

3.1.2 Renormalized masses, finite terms

The sum of the radiative corrections to the W and Z-bosons include a series of terms that
individually depend on the gauge parameter, but the masses themselves, summing all such
contributions (include tadpole contributions in the BFM), are gauge independent. We have
explicitly verified this is the case. We give the results for ξ = 1 for the one loop renormalized
masses, purely for brevity of presentation. The masses to one loop after MS counter-term
subtractions are

(m̄(r)
Z )2

m̄2
Z

≡ 1 + ∆Rm2
Z
,

(m̄(r)
W )2

m̄2
W

≡ 1 + ∆Rm2
W
,

= 1 + 2 ∆v
v̄T
− ∆M2

Z

m̄2
Z

, = 1 + 2∆v
v̄T
− ∆M2

W

m̄2
W

,

where ∆M2
Z ,∆M2

W are reported in appendix A.
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3.1.3 Photon wavefunction and electric charge finite terms

Using the BFM leads to several cross checks in calculations and relationships between the
divergent and finite parts of one loop counter-terms. The Ward identities in the SMEFT in
the BFM [11] give the relation between the renormalization constants at one loop:

∆Ze = −1
2∆ZÂ,

∆Re = −1
2∆RÂ. (3.26)

Directly calculating the finite contributions to the photon wavefunction renormalization in
the BFM using the code package reported in ref. [24] we find:

∆RÂ = ḡ2
1 ḡ

2
2

(ḡ2
1 + ḡ2

2)

− 7
16π2 log

(
µ2

m̄2
W

)
+
∑
ψ

Nψ
c Q

2
ψ

12π2 log
(
µ2

m̄2
ψ

)
− 1

24π2

 . (3.27)

This result can be directly compared to the matching onto e from the SMEFT to the LEFT
at one loop using the BFM reported in ref. [32]. This matching result is restricted to the
case of the top loop integrated out and is given as

∆Re = ḡ2
1 ḡ

2
2

(ḡ2
1 + ḡ2

2)

[
7

32π2 log
(
µ2

m2
W

)
− N t

cQ
2
t

24π2 log
(
µ2

m̄2
t

)
+ 1

48π2

]
, (3.28)

which satisfies the expected relationship given in eq. (3.26). Note that this result is also
consistent with the onshell renormalization result reported for these finite terms in ref. [36].

As the electric coupling is extracted at scales q2 → 0, far below ΛQCD where the quarks
have hadronized, it is useful to rearrange the finite terms into the form

− i
[

4π α̂(q2)
q2

]
q2→0

≡ −i (ē0 + ∆Re)2

q2

[
1 + ReΣAA(m̄2

Z)
m̄2
Z

−∇α
]

(3.29)

where

∇α =

ReΣAA(m̄2
Z)

m̄2
Z

−
[

ΣAA(q2)
q2

]
q2→0

 . (3.30)

The known SM results for ∇α can then be used as ∇α = ∇α` +∇αt +∇αhad +∇αMS−os,
where ∇α` = 0.03150, ∇αt = −0.0007, ∇αhad ≈ 0.02764 and ∇αMS−os ≈ 0.0072 [36–39].
The result for ΣAA(m̄2

Z) is purely transverse and is also required, explicitly

ΣAA
T =− ḡ2

1 ḡ
2
2

16π2(ḡ2
1 +ḡ2

2)

[
7k2

(
2+log

[
µ2

m̄2
W

]
+Disc

[√
k2, m̄W , m̄W

])

+4m̄2
W (2+Disc[

√
k2, m̄W , m̄W ])

]

+
∑
ψ

g2
1g

2
2Q

2
ψNc

36(g2
1 +g2

2)π2k2

[
12m̄2

ψ+3Disc[
√
k2, m̄ψ, m̄ψ](2m̄2

ψ+k2)+k2
(

5+3log
(
µ2

m̄2
ψ

))]
.

(3.31)

The Disc function is reported in appendix A.
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3.1.4 Higgs wavefunction finite terms

Unlike the case of the photon, the Higgs wavefunction renormalization is not gauge invariant
on its own in the BFM. The combination of the Higgs wavefunction renormalization with
a subclass of one loop diagrams in each calculation, and the one loop corrections to the vev,
is however gauge independent, see section 3.2.3. We present results for ξ = 1, for the sake of
brevity. The finite results for the Higgs wavefunction renormalization in the BFM are [18]

16π2∆Rφ4

= 2λ
(
6−
√

3π−Jx[m̄2
Z ]−2Jx[m̄2

W ]
)

+2ḡ2
2

((
Jx[m̄2

W ]− 1
2

)(
1− 3m̄2

W

m̄2
h

)
−I[m̄2

W ]
)
,

+

∑
ψ

y2
ψNc−ḡ2

1−3ḡ2
2

 log
(
m̄2
h

µ2

)
+
(
ḡ2

1 +ḡ2
2

)((
Jx[m̄2

Z ]− 1
2

)(
1− 3m̄2

Z

m̄2
h

)
−I[m̄2

Z ]
)
,

+
∑
ψ

y2
ψNc

(
1+
(

1+
2m2

ψ

m̄2
h

)
I[m2

ψ]−
2m2

ψ

m̄2
h

log
(
m2
ψ

m̄2
h

))
. (3.32)

The one loop functions I,Jx are defined in appendix A.

3.2 vev dependence, tadpoles and GF extractions

3.2.1 One loop vev definition and tadpole scheme

The tree level vacuum expectation value of the Higgs is defined by the potential with
convention

LVSM = −λ
(
H†H − v2

2

)2

. (3.33)

In the SMEFT the tree level vacuum expectation value of the Higgs is augmented to include
corrections due to the tower of higher dimensional operators, introducing v̄T as the tree
level vacuum expectation value [6]. An all orders solution of v̄T in the SMEFT in terms of
Wilson coefficients is given in ref. [12].

The parameter v̄T ≡
√
〈2H†H〉 in the SMEFT is defined as the minimum of the

potential, including corrections due to higher-dimensional operators. Our approach to
tadpole corrections is to directly calculate the tadpoles and then use the FJ tadpole
scheme [34] as a conventional choice for defining the contributions to S matrix elements.7

The one loop correction (∆v) to the vacuum expectation value is fixed by the condition
that the one point function of the Higgs field vanishes, including the factor of ∆v. ∆v is
defined by the condition T = 0 on [18]

T = m̄2
hhv̄T

1
16π2

[
−16π2 ∆v

v̄T
+3λ

(
1+log

[
µ2

m̄2
h

])
+ 1

4 ḡ
2
2 ξ

(
1+log

[
µ2

ξ m̄2
W

])
, (3.34)

+1
8(ḡ2

1 +ḡ2
2)ξ

(
1+log

[
µ2

ξ m̄2
Z

])
−2
∑
ψ

y2
ψNc

m2
ψ

m̄2
h

(
1+log

[
µ2

m2
ψ

])
,

+ ḡ2
2
2
m̄2
W

m̄2
h

(
1+3log

[
µ2

m̄2
W

])
+ 1

4(ḡ2
1 +ḡ2

2)m̄
2
Z

m̄2
h

(
1+3log

[
µ2

m̄2
Z

])]
.

7For further discussion on this scheme see refs. [27, 40, 41].

– 11 –



J
H
E
P
1
2
(
2
0
2
1
)
1
4
7

Due to this choice we can neglect the further effects of tadpole diagrams, following refs. [27,
34]. The cost of this approach is including the explicit one loop result for ∆v in predictions.
Note the dependence of ξ in the vev at one loop, indicating that it must be combined with
the one loop gauge dependent terms in the Higgs wavefunction renormalization factor, or
the gauge dependent two point functions, to obtain a gauge independent result.8

3.2.2 GF extraction one loop results

The numerical extraction of the vev is through µ− → e− + ν̄e + νµ, which also has
one loop corrections. The proper approach to using such a measurement for SMEFT
applications is to match to the effective theory when the top, Higgs, W,Z are integrated
out in sequence, defining the low energy effective field theory (LEFT). Subsequently the
one loop improvement of the extraction of GF in the LEFT is done, with a chosen tadpole
scheme and gauge fixing. This calculation in defining and matching to the LEFT at one
loop order was recently reported in refs. [30–32]. We use these results in this work. Using
the operator basis defined in [30], the relevant one loop matching is onto the operator

LLEFT ⊃ LV,LL(ν̄L,µγµνL,e)(ēLγµµL). (3.35)

The one loop matching to ∆LV,LL in the BFM was reported in ref. [32] as

v̄2
T ∆LV,LL

=
(
7m̄4

h+m̄2
h

(
2m2

t Nc−5
(
2m̄2

W +m̄2
Z

))
+4
(
−4m4

t Nc+2m̄4
W +m̄4

Z

))
16π2 m̄2

h v̄
2
T

,

+ 3(m̄4
h−2m̄2

h m̄
2
W )

8π2 v̄2
T (m̄2

h−m̄2
W )

log
(
µ2

m̄2
h

)
+m2

t Nc (m̄2
h−4m2

t )
4π2m̄2

h v̄
2
T

log
(
µ2

m2
t

)
,

+ 3((m̄2
h(m̄4

Z−2m̄2
W m̄

2
Z)+2m̄4

Z(m̄2
W−m̄2

Z))
8π2m̄2

hv̄
2
T (m̄2

W−m̄2
Z)

log
(
µ2

m̄2
Z

)
, (3.36)

− 3m̄2
W

(
m̄4
h

(
m̄2
W−2m̄2

Z

)
+m̄2

h

(
7m̄2

W m̄
2
Z−6m̄4

W

)
+4m̄4

W (m̄2
W−m̄2

Z)
)

8π2m̄2
hv̄

2
T (m̄2

h−m̄2
W )(m̄2

W−m̄2
Z)

log
(
µ2

m̄2
W

)
.

Here we have set the evanescent scheme parameter in this result (bEvan= 1) to be consistent
with naive tree level Fierz identities used in the matching. The matching result from the
SMEFT to the LEFT onto this operator is gauge independent in the BFM [32] with the
chosen tadpole scheme. We have suppressed the flavour rotation matrices. Both the full and
effective theory contains a photon loop that cancels in the matching. The matrix element
to one loop for the parameter extraction includes a photon loop in the LEFT (∆LV,LLew ), see
figure 1, that is consistent with refs. [43, 44] giving

∆LV,LLew = − α

4π

(
π2 − 25

4

)
. (3.37)

8Recently the one loop tadpole in this calculational scheme was reported at all orders in the v̄T /Λ
expansion in ref. [42].
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Figure 1. One loop QED contribution to µ− → e− + ν̄e + νµ.

Adding all of these results together, and including the leading matching in the SMEFT
onto the LEFT, the net result is

LV,LL ≡ −4 ĜF√
2
, (3.38)

= − 2
v̄2
T

(
1 + ∆LV,LLew

)
+ ∆LV,LL − 2

√
2 δGF
v̄2
T

.

Here ĜF is the measured value of the Fermi constant, and to L(6)

δG
(6)
F ≡

1√
2

(
C̃

(3)
Hl
ee

+ C̃
(3)
Hl
µµ

− 1
2

(
C̃ ′ ll
µeeµ

+ C̃ ′ ll
eµµe

))
. (3.39)

The notation is consistent with refs. [7, 14]. Considering both loop corrections and SMEFT
perturbations replacing the vev in terms of the input parameter ĜF is given by

v̄T = v̂T

(
1 + ∆GF + δG

(6)
F√
2

)
, (3.40)

where v̂2
T ≡ 1/(

√
2 ĜF ) and we define

∆GF = − v̄
2
T

4 ∆LV,LL + ∆LV,LLew

2 . (3.41)

This result affords a cross check in an observable to observable relationship. Utilizing a
FJ tadpole scheme, as in the calculations reported above, one expects large perturbative
corrections ∝ m4

t desending from finite terms in the tadpoles shifting the vev to cancel
between observables [18]. We find that the large m4

t contribution exactly cancels as expected
via the appearance in M1 (defined below) of a term

∆v
v̄T
∝ − 2y2

t

16π2NC

m2
f

m̄2
h

[
1 + log

(
µ2

m2
f

)]
. (3.42)

Further, as the observables we consider are ∝ v̄T , it follows that the observables are
proportional to

v̄T = v̂T

[
1 + 2y2

t

16π2NC

m2
f

m̄2
h

[
1 + log

(
µ2

m2
f

)]
+ · · ·

]
. (3.43)

This cancelation also extends to several other gauge independent terms in ∆v/v and ∆LV,LL,
affording a non-trivial cross check of the results.
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Figure 2. One loop contributions to 〈φ4|F F 〉〈 δMAB

δφ4
〉.

3.2.3 Gauge parameter independence

All of the observables we consider are linear in the Higgs field and the vev. As such, a
common cancelation of gauge dependence occurs in the one loop matrix element in each
case. Consider the relevant terms in the geoSMEFT organization of the SMEFT

LSMEFT ⊃ −
1
4 kAB GA

µν Gµν,B −
1
4 gABW

A
µνWµν,B (3.44)

For the observables considered the tree level three-point amplitudes are

〈G(p1)G(p2)|φ4〉 = −〈GµνGµνφ4〉
√
h

44

4 〈δκ(φ)
δφ4

〉
√
κ

2
, (3.45)

〈φ4|A(p1)A(p2)〉 = −〈φ4AµνAµν〉
√
h

44

4

[
〈δg33(φ)

δφ4
〉e

2

g2
2

+ 2〈δg34(φ)
δφ4

〉 e
2

g1g2
+ 〈δg44(φ)

δφ4
〉e

2

g2
1

]
.

(3.46)

The photon field is canonically normalized in the process of rotating to the mass eigenstate
field in the geoSMEFT, introducing coupling dependence, while the gluon field is directly
canonically normalized by κ2. The cancellation in gauge dependence at one loop occurs
in a common fashion. Denoting a general gauge field with F , and a general variation of a
field space metric with respect to the Higgs field with δMAB/δφ4, one has the tree level
dependence

〈φ4|F (p1)F (p2)〉0 ∝ 〈φ4F
µνFµν〉0〈

δMAB(φ)
δφ4

〉0, (3.47)

with 〈φ4F
µνFµν〉0 = −4 (p1 ·p2ε1 ·ε2 − p1 ·ε2p2 ·ε1) and 〈δMAB/δφ4〉0 ∝ v̄T . Here we have

started the practice of using 0,1 superscripts for tree level results and one loop results, in a
slight overuse of notation as 0 also corresponds to bare parameters.

A one-loop improvement of this result for EW corrections is given by introducing the
wavefunction renormalization of the Higgs field, introducing ∆v, and calculating the one
loop matrix element, which includes the diagrams in figure 2. The sum of these terms is
given by

〈φ4F (p1)F (p2)〉1

〈φ4FµνFµν〉0〈 δMAB(φ)
δφ4

〉0
∝M1 (3.48)
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where

M1 ≡
(

∆Rh
2 + ∆v

v
+ (
√

3π − 6)λ
16π2 + 1

16π2

(
ḡ2

1
4 + 3ḡ2

2
4 + 6λ

)
log

[
m̄2
h

µ2

])
,

+ 1
16π2

(
ḡ2

1
4 I[m̄Z ] +

(
ḡ2

2
4 + λ

)
(I[m̄Z ] + 2I[m̄W ])

)
. (3.49)

Here the result is reported for ξ = 1 for brevity of presentation. It was explicitly confirmed
that the sum of terms is gauge independent in ref. [18]. For all three processes we consider,
the gauge dependence in the EW corrections cancels in a common fashion through this
combination of terms.

It is important to note that all of the finite terms required for relating input parameters
to one loop in the SM, when using the BFM, and the chosen tadpole scheme, are individually
gauge invariant. As a result, different combinations of couplings that multiply the gauge
invariant operators in normalization choices do not introduce a gauge dependence to cancel
against process specific matrix elements. In this sense, the input parameter loop corrections
“factorize” in a gauge independent manner in this calculational scheme. This is useful
feature of this calculational scheme, that aids in the transparency of the results. This fact
also makes this calculational scheme have advantages for coding implementation.

Consider the case of Γ(h → γγ) to illustrate this point. The following finite terms
depend on the normalization choice of the L(6) operators. Expanding the three-point
function 〈φ4A(p1)A(p2)〉 to L(6) one has

〈φ4|AA〉0L(6) = 〈φ4AµνAµν〉0
v̄T

[
g2

2 C̃
(6)
HB + g2

1 C̃
(6)
HW − g1 g2 C̃

(6)
HWB

(gSM
Z )2

]
, (3.50)

where (gSM
Z )2 ≡ g2

1 + g2
2. In ref. [18] the choice was made to rescale each operator by the

power of gauge couplings corresponding to the field strengths present. This normalization
choice at L(6) is indicated with an additional N1 superscript, and leads to

〈φ4|AA〉0,N1
L(6) = 〈φ4AµνAµν〉0

v̄T
ē2
[
C̃

(6)
HB + C̃

(6)
HW − C̃

(6)
HWB

]
. (3.51)

With this choice, the dependence on ∆RA,∆Re cancel in the BFM, as they dress the S
matrix element as

(1 + ∆RA) (1 + ∆Re)2 (1 + ∆GF ) 〈φ4|A(p1)A(p2)〉0,N1
L(6) . (3.52)

The resulting ∆RA + 2∆Re = 0 cancelation is due to the unbroken background field
symmetries, but is not required to perform such operator rescalings for a gauge invariant
result. One can also choose to retain the normalization of eq. (3.50). In this case, the
one-loop finite terms due to mapping to input parameters the gauge couplings multiplying
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each operator are given by

〈φ4|[C(6)
HB]|AA〉1 =

(
∆RA + ∆GF + 2ĝ1(∆g2ĝ1 −∆g1ĝ2)

ĝ2 (ĝSM
Z )2

)

× ĝ2
2 C

(6)
HB

(ĝSM
Z )2

v̂T
Λ2 〈φ4AµνAµν〉0, (3.53)

〈φ4|[C(6)
HW ]|AA〉1 =

(
∆RA + ∆GF + 2ĝ2(∆g1ĝ2 −∆g2ĝ1)

ĝ1 (ĝSM
Z )2

)

× ĝ2
1 C

(6)
HW

(ĝSM
Z )2

v̂T
Λ2 〈φ4AµνAµν〉0, (3.54)

〈φ4|[C(6)
HWB]|AA〉1 = −

(
∆RA + ∆GF + (ĝ2

1 − ĝ2
2)(∆g2ĝ1 −∆g1ĝ2)
ĝ1ĝ2(ĝSM

Z )2

)

× ĝ1 ĝ2C
(6)
HWB

(ĝSM
Z )2

v̂T
Λ2 〈φ4AµνAµν〉0. (3.55)

In this case, the finite terms of the calculation relating Lagrangian parameters to input
measurements at one loop are more complex in structure. Nevertheless, all of the ∆
corrections at one loop in the BFM are individually gauge independent. This is the case
in both the {α̂ew, m̂Z , ĜF } and {m̂W , m̂Z , ĜF } input parameter schemes. The explicit
expressions for ∆gi are easily derived by linear perturbation theory on the input parameters
defining conditions in each scheme.

Explicitly in the {m̂W , m̂Z , ĜF } scheme one has

∆g1
ĝ1

= ∆GF
2 + ∆RmW m̂2

W −∆RmZ m̂2
Z

m̂2
W − m̂2

Z

, (3.56)

∆g2
ĝ2

= ∆GF
2 + ∆RmW . (3.57)

In the {α̂ew, m̂Z , ĜF } scheme one has

∆g1
ĝ1

= ∆e
ê
− ∆cθ

cθ̂
, (3.58)

∆g2
ĝ2

= ∆e
ê
− ∆sθ

sθ̂
, (3.59)

where
∆sθ
sθ̂

=
1− s2

θ̂

2 (1− 2s2
θ̂
)

[∆α
α
−∆GF − 2 ∆RMZ

]
. (3.60)

We again emphasize the benefit of using the FJ tadpole scheme in the SMEFT and the
BFM, which leads to the ∆ corrections all being individually gauge independent. Alternate
tadpole schemes can be problematic when MS subtraction is used, see ref. [45] for a more
detailed discussion. As the L(6) operators of the SMEFT are renormalized in a gauge
independent manner in MS using background field gauge in refs. [6, 46, 47], in our view, it
is appropriate to use the FJ tadpole scheme and the BFM in SMEFT calculations.
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4 Three processes to O(v̄2
T/16π2Λ2) and O(v̄4

T/Λ4) consistently in
geoSMEFT

4.1 σ(G G → h)

We can group the full amplitude for G G → h in the following way:

AGGh = AGGφ4
SM + 〈GG|φ4〉0O(v2/Λ2) + 〈GG|φ4〉1O(v2/Λ2) + 〈GG|φ4〉0O(v4/Λ4) + · · · (4.1)

the SM contribution, O(v2
T /Λ2) contributions at tree and loop order, and the O(v4

T /Λ4)
contributions respectively.

4.1.1 SM result

The leading result is already at first order in the loop expansion and is given by

AGGφ4
SM = −

∑
f

αs[Y ]ff/
√

2
16πM̂f

A1/2(τf )〈GµνGµνφ4〉0, (4.2)

where [Y ]ff/
√

2 = [M̂f ]/v̄T and τp = 4m2
p/m̄

2
h. Here f sums over all coloured fermions in

the mass eigenstates. We have introduced the function [48, 49]

A1/2(τp) = −2τp [1 + (1− τp)f(τp)] , (4.3)

where f(τp) is defined in appendix A.

4.1.2 〈GG|φ4〉0
L(6)

The general geoSMEFT result for the GGφ4 three-point function at tree level is

AGGφ4
SMEFT,0 = −

√
h

44√
κ

2

4 〈δκ(φ)
δφ4

〉 〈GµνGµνφ4〉0. (4.4)

Here δκ(φ)/δφ4 indicates the variation of the Higgs-gluon field space connection with respect
to φ4, and 〈〉 indicates the expectation value of the composite operator forms for the G Gh
amplitude. The result in eq. (4.4) contains an infinite tower of higher order corrections in
the v̄2

T /Λ2 expansion. For G Gh we have

〈δκ(φ)
δφ4

〉 = − 4
v̄T

∞∑
n=0

C̃
(6+2n)
HG . (4.5)

Which, expanded out to O(v2
T /Λ2), gives

〈GG|φ4〉0O(v2/Λ2) = C̃
(6)
HG

v̄T
〈GµνGµνφ4〉0. (4.6)
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4.1.3 〈GG|φ4〉1
L(6)

For the one loop matrix element, there are QCD and EW one loop corrections to the
matrix element eq. (4.6), one loop operator mixing effects, plus O(v2

T /Λ2) corrections to
the (one-loop) SM result.

We express these various terms as

〈GG|φ4〉1L(6) = 〈GG|[C̃(6)
HG]|φ4〉1 +

(
C̃i fi

16π2 v̂2
T

)
v̂T 〈GµνGµνφ4〉0, (4.7)

where 〈GG|[C̃(6)
HG]|φ4〉1 contains the loop corrections to eq. (4.6)

〈GG|[C̃(6)
HG]|φ4〉1 = [∆GF +M1] C̃

(6)
HG

v̂T
〈GµνGµνφ4〉0 + C̃

(6)
HG

v̂T
〈GµνGµνφ4〉1αs , (4.8)

and C̃i fi contains all corrections — from operator mixing and O(v̄2
T /Λ2) corrections to the

SM — that are not proportional to C̃(6)
HG. In eq. (4.8), we have separated the EW effects

(first term) from the QCD effects (second term, denoted with αs subscript) as the latter
have IR issues we will address shortly; ∆GF and M1 have been defined in eq. (3.40) and
eq. (3.49) respectively.

The O(v2
T /Λ2) corrections to the SM loop come from corrections to the Yukawa coupling.

Specifically, generalizing eq. (4.2), to [Y ]ff/
√

2→ Re[Y]ff in geoSMEFT [6]

[Y]ff =
√
h

44 [M̂f ]
v̄T

−
√
h

44

√
2

∞∑
n=0

n+ 1
2n C̃

?,(6+2n)
ψ′H
ff

, (4.9)

with ψ′ = {u, d, e}. Here the definition of the Yukawa coupling has convention L =
−hψ̄′r[Y]rsPL ψs + h.c. where ψ = {q, l}. The square root of the expectation of the
background field Higgs field space connection

√
h

44 is defined at all orders in the v̄T /Λ
expansion in ref. [8]. Since the Yukawa interaction enters at one loop level, we restrict our
results to O(v̄2

T /Λ2) pieces in eq. (4.9),

[Y]ffO(v̄2
T /Λ2) = M̂f

v̂T

(
C̃

(6)
H� −

1
4 C̃

(6)
HD −

δG
(6)
F√
2

)
− 1√

2
C̃
?,(6)
ψ′H
ff

+ · · · (4.10)

so that

fH� = −
∑
f

αsπ A1/2(τf ), (4.11)

fHD = 1
4
∑
f

αsπ A1/2(τf ), (4.12)

fδGF = 1√
2
∑
f

αsπ A1/2(τf ), (4.13)

[
Yψ′

ff

]
fψ′H
ff

=
∑
f

αsπ A1/2(τf ). (4.14)
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In practice, contributions from light fermions to the fi are suppressed since A1/2(τf � 1) ∼

τ ∼
[
Yψ′

ff

]2
, so we will only include effects from the top and bottom quarks.

There are no corrections due to the top/Higgs mass, as we consider the masses as input
parameters. In addition in principle there are a set of unknown corrections to the extraction
of αs in the SMEFT, that are necessarily neglected as they are unknown at this time.

The other C̃ifi piece comes from chromomagnetic dipole, which mixes with C̃
(6)
HG at

one-loop. The UV divergent piece of the dipole loop is cancelled by a SMEFT C̃
(6)
HG counter-

term [6, 46, 47], leaving a finite remnant. As the dipoles enter at one loop, the only term
which enter at O(v2

T /16π2Λ2) (again retaining only the top and bottom quark terms) are
the dimension six operators C̃uG

tt
and C̃dG

bb
:

〈GG|φ4〉1O(v2/Λ2) ⊃
√
κ ḡ3

32π2 v̄T

(
fuG C̃uG

tt
[Y ]tt + fdG C̃dG

bb
[Y ]bb + h.c.

)
〈 Gµν Gµνφ4〉0, (4.15)

where

fuG =
[
−1 + 2 log

(
Λ2

m̂2
h

)
+ log

( 4
τt

)]
− 2 Iy[m2

t ]− I[m2
t ].

fdG =
[
−1 + 2 log

(
Λ2

m̂2
h

)
+ 2 log

( 4
τb

)]
+ τb

4

[
log

(
1 +
√

1− τb
1−
√

1− τb

)
− iπ

]2

− 2
√

1− τb

[
log

(
1 +
√

1− τb
1−
√

1− τb

)
− iπ

]
(4.16)

These results are consistent with a coupling rescaling of the results in ref. [28]. Results
for the finite terms of this mixing (with different function and operator conventions) have
also been reported in refs. [50, 51] and we agree with this result.9 Here and below we
have chosen µ = Λ in these expressions, implicitly renormalizing the one loop effects of
the SMEFT operators at the high scale Λ. This corresponds to operator mixing (including
diagonal running terms in the RGE) being conventionally introduced to redefine the Wilson
coefficients as they run from Λ down to the measurement scales µ ' m̂h. For evaluations
associated with the one loop improvement of input parameters and on shell renormalization
conditions, we use µ = m̂h.

We define the interference of the above 〈GG|φ4〉1O(v2/Λ2) terms with AGGφ4
SM as ∆σ(G G →

h)EW, the SM × one-loop L6 SMEFT contribution to the GG → h cross section from all
loops except QCD corrections to C̃(6)

HG:

∆σ(G G → h)EW = δσ(G G → h)O(CHGαs)

(
[∆GF +M1] C̃(6)

HG +
∑
i

Re C̃(6)
i f

(6)
i

16π2

)
δ(1− z),

(4.17)
9Note the appearance of a rescaling by

√
κ in eq. (4.15), as this is a common rescaling of the gluon field

in the dipole operator in both diagrams giving this result, but that [Y ]tt is used, not [Y]tt. The relationship
between the top mass and the Yukawa is redefined order by order in the SMEFT. The Feynman diagram
results do not combine in the same manner as in the SM at L(8) and above, as the generalization of the mass
and Yukawa couplings in the geoSMEFT expansion differ from those in the SM (due to cross terms in the
SMEFT expansion). This is as expected. The one loop anomalous dimension for mixing of L(6) operators
does not trivially generalise to higher orders in v̄T /Λ. As the full class of L(8) operator effects at one loop
do not directly follow from the L(6) operator effects at one loop, we take

√
κ→ 1 in eq. (4.15) and restrict

our results to O(v̄2
T /16π2Λ2).
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Figure 3. QCD one loop contribution to G G → h.

where we have introduced the energy sharing variable z= m̄2
h/ŝ, i={H�,HD,δGF ,ψ′H,uG}

and δσ(GG→h)O(CHGαs) is the SM × tree level L6 cross section (in d= 4−2ε dimensions),

δσ(G G → h)O(CHGαs) = −
αsRe(A1/2(τ)) C̃(6)

HG m̄
2
h µ

2ε

32 ŝ v2
T (1− ε)

δ(1− z). (4.18)

The final ingredient is the QCD correction to eq. (4.6), shown in figure 3 [52, 53]:

〈GµνGµνφ4〉1αs

= −4
v̂T

αs
2π CA

(
µ2

m̄2
h

)ε
cΓ

(
− 2
ε2
− b0
CA ε

− 2 i π
ε
− b0
CA

log
(
m̄2
h

µ2

)
+ π2

)
〈GµνGµνφ4〉0,

(4.19)

after αs → αs(µ)MS = αs
(
1− (µ2/µ2

R)ε αS cΓ b0/2πε
)
, b0 = 1

2

(
11− 2NF

3

)
is renormalized

in MS. Here we consider the initial state gluons as quantum fields here in the BFM as the
gluons are convoluted with the PDF’s. This choice does not modify the expression. The
same result is obtained with classical initial gluon fields as we have explicitly verified. These
results below are largely a rescaling of the results in refs. [53, 54]. The 1/ε2, 1/ε terms that
remain are IR divergences.10 Taking the interference of this term with AGGφ4

SM results in an
O(C̃(6)

HGα
2
s) contribution to σ(G G → h):

σ(G G → h)O(CHGα2
s) = σ(G G → h)O(CHGαs)

αs
2π CA

(
µ2

m̄2
h

)ε
cΓ

×
(
− 2
ε2
− 2b0
CA ε

− 2b0
CA

log
(
m̄2
h

µ2

)
+ π2

)
δ(1− z). (4.20)

To cancel these IR divergences, we need to include gluon emission, G G → Gh. The SM
amplitude for G G → Gh is O(g3

s) and the C̃(6)
HG amplitude is O(C̃(6)

HG gs), therefore the piece
with the right coupling order to match the loop term above is the interference between the
SM and C̃(6)

HG pieces.11 The SM contribution to G G → hG involves loop functions of the

10Here, cΓ = (4π)εΓ(1 + ε)Γ(1− ε)2/Γ(1− 2ε).
11There are other SMEFT contributions to G G → hG coming from Yukawa-like and dipole terms, however

they enter at one-loop (amplitude level) and therefore are only needed to fix IR issues with G G → h arising
at two loops.
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momenta and the top mass. Extracting the IR divergences from these loops, maintaining
the full mass dependence, is difficult,12 so we will expand in mt →∞.

Taking mt →∞, A1/2(τf � 1)→ −4
3 +O(1/τf ), and the SM top quark loop in eq. (4.2)

can be combined with L6 SMEFT tree level term:

1
v̂T

(
αs

12π + C̃
(6)
HG

)
〈GµνGµνφ4〉0. (4.21)

Using this modified coefficient to calculate, the O(CHGαs) contribution to σ(G G →
h)O(CHGαs) reduces to

δσmt→∞(G G → h)O(CHGαs) = αsC̃
(6)
HG m̄

2
h µ

2ε

24 ŝ v̂2
T (1− ε)

, (4.22)

and we must replace the fi in eq. (4.17) with their largemt expressions.13 The SM expression
can be improved by including the O(α2

s), 2-loop matching contribution [54, 57–61] and the
leading O(m̄2

h/m̄
2
t ) correction

1
v̂T

(
αs

12π + C̃
(6)
HG

)
→ 1

v̂T

(
αs

12π

(
1 + 11αs

4π + 7 m̄2
h

120 m̄2
t

)
+ C̃

(6)
HG

)
. (4.23)

While the O(α2
s) piece is not the full two loop correction to ASM for this process, it is a

well defined matching correction that is numerically relevant. Given that the O(α2
s) SM

piece interfering with tree level C̃(6)
HG is formally the same order as the O(αs) SM times

the O(C̃(6)
HGαs) QCD loop-corrected L6 piece, we choose to include it. We emphasize that

our goal is to capture and compare SMEFT effects at O(v̄2
T /16π2Λ2) and O(v̄4

T /Λ4) rather
than to push to higher orders in perturbative corrections. For SMEFT results in the
mt →∞ limit (excluding the chromomagnetic dipole operators) at NNLO, see ref. [62], and
refs. [63–65] for N3LO.

Working in the mt →∞ limit (and d = 4− 2ε dimensions), the G G → Gh, amplitude
squared is

|A(G G → hG)mt→∞|2 ∝ αs|ChGG|2
(m8

H + s4 + t4 + u4)(1− 2ε) + 1
2ε (m̄2

h + s2 + t2 + u2)2

s t u
(4.24)

where ChGG is the coefficient of 〈hG G〉0 and s, t, u are the usual Mandelstam variables.
Inserting the eq. (4.21) coefficient, we can extract the O(C̃(6)

HGα
2
s) piece. Converting this

into a cross section, expanding the result in 1/ε and regulating divergences as z → 1, ε→ 0

12For the SM alone, the full dependence is known, ref. [53]. Reference [50] includes the two-loop results
for C̃(6)

HG, Yukawa-like, and dipole-like operators at dimension six, retaining the full top mass dependence.
This is combined with one-loop GG → Gh via the SMEFTNLO [55, 56] framework. However, their results
are not easily adapted to the framework used here due to different operator convention choices.

13In the mt →∞ limit, fuG → −2
(
1− log(Λ2/m2

t )
)
.
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via the + prescription. The net result can be written as

σ(GG→Gh)mt→∞O(CHGα2
s)

=σ(GG→h)mt→∞O(CHGαs)×
αs
2π CA

(
µ2

m̄2
h

)ε
cΓ×[(

2
ε2

+ 2b0
CA ε

−π
2

3

)
δ(1−z)− 2

ε
pGG(z)− 11

3
(1−z)3

z
(4.25)

−4(1−z)2(1+z2)+z2

z(1−z) logz+41+z4+(1−z)4

z

(
log(1−z)

1−z

)
+

]
,

where pG G(z) is the colour-stripped Altarelli-Parisi splitting function.14 The 1/ε diver-
gence proportional to pG G is absorbed into the parton distribution functions, formally by
introducing a counter-term

σc.t. = σ(G G → h)mt→∞O(CHGαs) 2 αs2π CA
( µ2

µ2
F

)ε
cΓ pG G(z). (4.26)

Including this last counter-term and combining σ(G G → h)mt→∞O(CHGα2
s)

— both from the
mt → ∞ limit of eq. (4.20) and from the interference of the O(α2

s) SM piece (eq. (4.23))
and the tree level C̃(6)

HG amplitude — and σ(G G → hG)mt→∞O(CHGα2
s)
, we have:

∆σ(G G → h)mt→∞O(CHGαs)

= σ(G G → h)mt→∞O(CHGαs)
αs
2π CA

(
µ2

m̄2
h

)ε
cΓ×

2 b0 log
(
µ2

m̄2
h

)
CA

+ 2π2

3 + 11
6

 δ(1− z) + 2 pG G(z) log
(
m̄2
h

µ2
F

)
− 11

3
(1− z)3

z

−4(1− z)2(1 + z2) + z2

z(1− z) log z + 41 + z4 + (1− z)4

z

( log (1− z)
1− z

)
+

 . (4.27)

4.1.4 〈GG|φ4〉0
L(8)

The O(v4
T /Λ4) terms for the G G → h amplitude comes from expanding out eq. (3.46)

〈GG|φ4〉0O(v4/Λ4) = 〈
√
h

44
〉O(v2/Λ2)〈GG|φ4〉0O(v2/Λ2) (4.28)

+ 2
vT [〈GG|φ4〉0O(v2/Λ2)]

2

〈G G|φ4〉0
+ (〈GG|φ4〉0O(v2/Λ2))

∣∣∣
C̃

(6)
HG→C̃

(8)
HG

where 〈
√
h

44〉O(v2/Λ2) = C̃
(6)
H� −

1
4 C̃

(6)
HD. A term from the redefinition of v̄T in its relation to

input observables is formally present but suppressed as it cancels when the SM amplitude
is interfered with, which is ∝ 1/v̄T .

14pG G(z) = 2
(

z
(1−z)+

+ 1−z
z

+ z(1− z)
)

+ b0
CA

δ(1− z).
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These contributions lead to the dimension eight corrections — in the mt →∞ limit:

δσ(GG→h)mt→∞O(αsv̄4
T /Λ4) =

[(
〈
√
h

44
〉O(v2/Λ2)+2C̃(6)

HG

)
C̃

(6)
HG+C̃(8)

HG

] αs m̄
2
hµ

2ε

24 ŝ v̂2
T (1−ε)

(4.29)

Combining all of these contributions we have

σ(G G → h) = σ(G G → h)1/m2
t

SM,O(α2
s,α

3
s)

+ δσ(G G → h)1/m2
t

O(CHGαs) + δσ(G G → h)mt→∞O(αsv̄4
T /Λ4),

+ ∆σ(G G → h)mt→∞EW + ∆σ(G G → h)mt→∞O(CHGα2
s)

+ · · · (4.30)

The 1/m2
t superscript on the σ(G G → h)1/m2

t
SM and δσ(G G → h)1/m2

t

O(CHGαs) terms indicates
that we include the O(m2

H/m
2
t ) corrections eq. (4.23). For all other terms, we use the

O(αs),mt →∞ SM expression.15

4.2 Γ(h → GG) vs σ(GG → h)

When considering Γ(h→ GG) compared to σ(GG → h), it is important to note the constraints
that are present in the vertex being a three point momentum conserving interaction. This,
combined with the common matrix elements due to crossing symmetry lead to a significant
overlap in the (inclusive) results.

Nevertheless, some subtle differences are present. Using the BFM, we have checked if
the one loop matrix elements (〈GGφ4〉1 compared to 〈φ4GG〉1) change treating the external
gluon fields as final state ‘classical’ background fields as opposed to quantum fields to
convolute with the parton distribution functions.16 We find the one loop matrix element is
identical for the two cases, as expected. The final results are not identical even so, as we
show below.

4.2.1 SM result, and 〈φ4|GG〉0
L(6,8) corrections

In the SM, the leading order result for the decay width (still in the mt →∞ limit) is given
by [49, 68]

Γ(h→ G G)mt→∞SM ' α2
s m̂

3
h

72π3v̂2
T

. (4.31)

The lowest order partial width at O(C̃(6)
HG αs) (in d = 4− 2ε dimensions) is

δΓ(h→ G G)mt→∞O(CHGαs) = αs C̃
(6)
HG m̄

3
h

3π2 v̂2
T

(4πµ2

m̄2
h

)ε Γ(2− ε)
Γ(2− 2ε) , (4.32)

and the O(v4
T /Λ4) contribution is a simple rescaling

δΓ(h→GG)mt→∞O(αsv̄4
T /Λ4) =

[(
〈
√
h

44
〉O(v2/Λ2)+2C̃(6)

HG

)
C̃

(6)
HG+C̃(8)

HG

] αsm̄3
h

3π2v̂2
T

(
4πµ2

m̄2
h

)ε Γ(2−ε)
Γ(2−2ε) .

(4.33)
15At O(C̃(6)

HG α
2
sm

2
H/m

2
t ), there are additional contributions additional higher dimensional operators

(suppressed by 1/m̄2
t ) generated which can contribute to G G → hG [66, 67].

16Here we have used the Feynman rules package in ref. [24].
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4.2.2 〈φ4|GG〉1
L(6)

The EW correction is identical to the case of σ(GG → h),

∆Γ(h→GG)mt→∞EW

= αs m̄
3
h

3π2 v̂2
T

(
4πµ2

m̄2
h

)ε Γ(2−ε)
Γ(2−2ε)×

(
[∆GF +M1+∆RG ] C̃(6)

HG+
∑
i

Re C̃(6)
i f

(6)
i

16π2

)
(4.34)

In this expression we also include the BFM wavefunction renormalization finite factor of the
final state gluon: (∆RG). This result is easy to obtain in the background field method, see
ref. [17]. As in the case of the QCD β function, only two diagrams are required for the gauge
interactions in the BFM. As p2 → 0 for on-shell renormalization, for ∆RG these diagrams
are scaleless in dimensional regularization, and the finite terms vanish. The contribution
from the massive quarks are not scaleless and gives the finite terms

∆RG = 1
24π2

∑
f

log
(
m2
f

µ2

)
(4.35)

The C̃(6)
HG operator was not redefined to rescale it by g2

3 . Note that in the BFM this has the
result of the ∆RG contribution not canceling against a corresponding finite term for g2

3 but
contributing.

Adding the QCD loop correction (〈φ4GG〉1 shown in figure 4), the αs counter-term,
and the interference between the tree level C̃(6)

HG and O(α2
s) SM pieces from eq. (4.23), the

result is the LO partial width times a factor

∆Γ(h→ G G)mt→∞O(CHGα2
s)

=Γ(h→ G G)mt→∞O(CHGαs)
αs
2π CA

(
µ2

m̄2
h

)ε
cΓ

×
(
− 2
ε2
− 2 b0
CA ε

+ 2
CA

log
(
µ2

m̄2
h

)
+ π2 + 11

6

)
. (4.36)

As with G G → h, there are IR divergences proportional O(C̃(6)
HGαs) in the amplitude, or,

upon interfering with the SM contribution, O(C̃(6)
HGα

2
s) in the partial width. These IR

divergences are cancelled by Γ(h→ G G G). While the matrix elements for G G → h↔ h→
G G, and G G → hG ↔ h→ G G G are identical, the phase space and kinematics differ, which
leads to slightly different factors when computing the partial widths. It is also not sufficient
to add Γ(h → G G) and Γ(h → G G G) alone to cancel all IR issues; Γ(h → Gq̄q) must be
included as well. The two three-body processes do not interfere with each other, but both
come about with the same power of αs and are indistinguishable in the collinear limit.

For Γ(h → G G G), the matrix element (squared) in the mt → ∞ limit is eq. (4.24),
with prefactor set by eq. (4.21). Integrating over three-body phase space and including the
appropriate initial state factors,

∆Γ(h→ G Gg)mt→∞O(CHGα2
s)

= Γ(h→ G G)mt→∞O(CHGαs)
αs
2π CA

(
µ2

m̄2
h

)ε
cΓ

(
2
ε2

+ 11
3 ε + 73

6 − π
2
)
.

(4.37)
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Figure 4. QCD one loop contribution to φ4 → G G.

As described above, we need to include Γ(h→ Gq̄q) ∝ C̃(6)
HG. This comes from a C̃(6)

HG

h-G-G vertex with one of the gluons splitting to a q̄q pair. Interfering this term with the
SM contribution — diagrammatically identical to the C̃(6)

HG piece in the mt →∞ limit —
and including phase space, yields:

∆Γ(h→ gq̄q)mt→∞O(CHGα2
s)

= Γ(h→GG)mt→∞O(CHGαs)×
αs
2π CA

(
µ2

m̄2
h

)ε
cΓNF

(
− 2

9ε−
7
9

)
, (4.38)

where NF is the number of fermion flavors the Higgs can decay into.
Adding the three contributions, the IR divergences cancel and we have Γ(h →

G G)mt→∞O(CHG)

∆Γ(h→GG)mt→∞O(CHG) = Γ(h→GG)mt→∞O(CHGαs)

(
αs
2π CA

(
µ2

m̄2
h

)ε
cΓ

(
14− 7NF

9 + 2
CA

log
(
µ2

m̄2
h

))
.

(4.39)

Given the appearance of the pG G(z) color-stripped Altarelli-Parisi function in σ(G G → h),
one may have expected fragmentation functions to appear in h→ GG. No such function
is explicitly present in the inclusive result as a final state phase space integration over a
normalized fragmentation function implicitly occurs.

Combining all of these results gives the decay width

ΓSMEFT(h→GG) = Γ(h→GG)1/m2
t

SM,O(α2
s,α

3
s)

+δΓ(h→GG)1/m2
t

O(CHGαs)+δΓ(h→GG)mt→∞O(αsv̄4
T /Λ4)

+∆Γ(h→GG)mt→∞O(CHGα2
s)

+∆Γ(h→GG)mt→∞EW +· · · (4.40)

where the 1/m2
t superscript indicates which terms include the O(m̄2

h/m̄
2
t ) corrections from

eq. (4.23).

4.3 Γ(h → γγ)

The full amplitude for Γ(h → AA) that determines the result to O(v̄2
T /16π2Λ2) and

O(v̄4
T /Λ4) is given by

〈φ4|AA〉 = 〈φ4|AA〉1SM + 〈φ4|AA〉0O(v̄2
T /Λ2) + 〈φ4|AA〉0O(v̄4

T /Λ4) + 〈φ4|AA〉1L(6) . (4.41)

We define each of these contributions to the amplitude systematically in the following
sections.
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4.3.1 SM result

In the SM, Γ(h→ γγ) is loop-suppressed, and the leading order result was developed in
refs. [48, 49, 69]. We define

〈φ4|AA〉1SM = −ĝ2 ê
2

64π2 m̂W

(
A1(τW ) +

∑
i

N i
c Q

2
i A1/2(τψi)

)
〈φ4AµνAµν〉0, (4.42)

where we are using the notation that ψi indicates a mass eigenstate fermion,

A1(τp) = 2 + 3τp [1 + (2− τp)f(τp)] , (4.43)

and A1/2(τp) is given in eq. (4.3). As before, τp = 4m2
p/m̄

2
h and f(τp) is defined in

appendix A.1.

4.3.2 〈φ4|AA〉0
L(6)

Directly from the general definition in eq. (3.45) one has

〈φ4|AA〉0O(v̄2/Λ2) =
[
ĝ2

2 C̃
(6)
HB + ĝ2

1 C̃
(6)
HW − ĝ1 ĝ2 C̃

(6)
HWB

(ĝSM
Z )2 v̄2

T

]
v̂T 〈φ4AµνAµν〉0. (4.44)

4.3.3 〈φ4|AA〉1
L(6)

Here we present one loop results adapting and extending refs. [18, 28] collecting all SMEFT
corrections at O(v̄2

T /16π2Λ2). We modify these past BFM results so that they are consistent
with the dimension eight results by removing the choice of scaling operators by their
corresponding gauge couplings (this choice effects one loop finite terms), and simultaneously
complete this set of results to one loop in the BFM using the results in section 3.

We express the matrix element to one loop as

〈φ4|AA〉1L(6) =
∑

i=HB,HW,HWB

〈φ4|[C(6)
i ]|AA〉1 + 〈φ4|AA〉1SM

[
δα

α
− δGF√

2

]
,

+
(
C1
AA + C̃i fi

16π2 v̂2
T

)
v̂T 〈φ4AµνAµν〉0, (4.45)

where we have absorbed the remaining input parameter one loop corrections into C1
AA and

C1
AA =

[
ĝ2

2 C̃
(6)
HB + ĝ2

1 C̃
(6)
HW − ĝ1 ĝ2 C̃

(6)
HWB

(ĝSM
Z )2 v̄2

T

]
M1 + 2.1 ê2

16π2 v̂2
T

δM2
W

M̂2
W

. (4.46)

The last term in this expression is an input parameter scheme dependent contribution,
only present in the {αEW, m̂Z , ĜF } input scheme. In the {m̂W , m̂Z , ĜF } scheme δM2

W = 0
by definition. This term is directly evaluated from the m̄W dependence in the SM loop
contribution.17

17We note that it is easier to evaluate this term as a shift in the W mass after the loop integral is calculated
to the level of Feynman parameter integrations as in eq. (4.4) of refs. [18, 28].
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The remaining fi’s were given in refs. [18, 28] and are as follows. In terms of the one
loop function Iy[mp]

ĝ1 ĝ2
ê2 fHWB =

(
−3 ĝ2

2 +4λ
)

log
(
m̄2
h

Λ2

)
+(4λ−ĝ2

2)I[m̄2
W ]−4 ĝ2

2 Iy[m̄2
W ]−2 ĝ2

2

[
1+log

(
τW
4

)]
+ê2 (2+3τW )+6 ê2(2−τW ) Iy[m̄2

W ]. (4.47)

In terms of the function Ixx

ĝ2
2
ê2 fHW =−ĝ2

2

[
3τW +

(
16− 16

τW
−6τW

)
Iy[m̄2

W ]
]
, (4.48)

ĝ3
2
ê2 fW =−9 ĝ4

2 log
(
m̄2
h

Λ2

)
−9 ĝ4

2 I[m̄2
W ]−6 ĝ4

2 Iy[m̄2
W ]+6 ĝ4

2 Ixx[m̄2
W ] (1−1/τW )−12 ĝ4

2.

(4.49)

For the dipole leptonic operators, we find,

ĝ1
ê2 feB

ss
= 2Q` [Y`]ss

[
−1+2 log

(
Λ2

m̄2
h

)
+log

( 4
τs

)]
−2Q` [Y`]ss

[
2Iy[m2

s]+I[m2
s]
]
, (4.50)

and ĝ2feW
ss
→ −ĝ1 feB

ss
. Here, s = {1, 2, 3} sums over the flavours of the leptons and we note

that the Wilson coefficients are summed with their Hermitian conjugates for each flavour,
and the normalization is such that feB

ss
multiplies ReCeB

ss
. The remaining dipole fi’s for the

quarks are

ĝ1
ê2 fuB

ss
= 2NcQu [Yu]ss

[
−1 + 2 log

(
Λ2

m̄2
h

)
+ log

( 4
τs

)]
− 2Qu [Yu]ss

[
2 Iy[m2

s] + I[m2
s]
]
,

ĝ1
ê2 fdB

ss
= 2NcQd [Yd]ss

[
−1 + 2 log

(
Λ2

m̄2
h

)
+ log

( 4
τs

)]
− 2Qd [Yd]ss

[
2 Iy[m2

s] + I[m2
s]
]
.

In the case of up quarks ĝ2fuW
ss
→ ĝ1fuB

ss
, while in the case of down quarks ĝ2fdW

ss
→ −ĝ1fdB

ss
.

The remaining contributions proportional to the SM loop functions are

[Ye]ss feH
ss

= ê2 Q
2
`

2 A1/2(τs),

[Yu]ss fuH
ss

=Nc ê
2 Q

2
u

2 A1/2(τs),

[Yd]ss fdH
ss

=Nc ê
2 Q

2
d

2 A1/2(τs),

fH�=−ê2Q
2
`

2 A1/2(τp)−Nc ê
2 Q

2
u

2 A1/2(τr)−Nc ê
2 Q

2
d

2 A1/2(τs)−
1
2 ê

2A1(τW ), (4.51)

and fHD = −fH�/4. Here p, r, s run over 1, 2, 3 as flavor indices. Several of these results
have been cross checked against ref. [19].
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4.3.4 〈φ4|AA〉0
L(8)

Directly from the general definition in eq. (3.45), the O(v4/Λ4) terms in the full three-point
function are [12]

〈φ4|AA〉0O(v4/Λ4) = 〈
√
h

44
〉O(v2/Λ2) 〈φ4|AA〉0O(v̄2/Λ2) + 2

v̄T [〈φ4|AA〉0O(v̄2/Λ2)]
2

〈φ4AµνAµν〉0
, (4.52)

+ 2 〈φ4|AA〉0O(v̄2/Λ2)|C(6)
i →C

(8)
i

.

Here we have used the short-hand notation

〈
√
h

44
〉O(v2/Λ2) = C̃

(6)
H� −

1
4 C̃

(6)
HD, C

(6)
HB →

1
2C

(8)
HB, (4.53)

C
(6)
HW →

1
2
(
C

(8)
HW + C

(8)
HW,2

)
, C

(6)
HWB →

1
2C

(8)
HWB. (4.54)

Combining all of these results we have the desired expression for the decay width

ΓSMEFT(h→ γγ) = m̂3
h

4π |〈φ4|AA〉1SM + 〈φ4|AA〉0O(v̄2
T /Λ2) + 〈φ4|AA〉0O(v̄4

T /Λ4) + 〈φ4|AA〉1L(6) |2

(4.55)

5 Numerics

Using the equations in the previous section, we can now present numerical replacement
formulae that can be used to generate results at one loop order and dimension eight from a
leading order simulation result using SMEFTsim.18 We use the numerical inputs in table 1.

At one loop many gauge independent finite terms feed into the results as common
numerical pre-factors in the various predictions. Here we collect these intermediate numerical
results in both input parameter schemes. Numerical values of various one-loop corrections
to Lagrangian parameters are also collected in table 2.

Before presenting the numerics, it is important to emphasize the scope of our re-
sults. We have assumed a bottom-up SMEFT construction and calculated the effects in
Higgs observables in a joint expansion of SMEFT coefficients and αs. The bottom-up
perspective means we have not assumed anything about the sizes of the Wilson coefficients.
When large hierarchies between coefficients are present, as can arise in certain UV sce-
narios, it is possible that terms that are higher order than what we have calculated, e.g.
O(v̄2

T /(16π2)2Λ2),O(v̄4
T /(16π2Λ4) may be important.19 As mentioned earlier, we have also

assumed CP conservation.

5.1 σ(GG → h)

For the numerics, we use NNPDF3.0 NLO parton distributions [82, 83] for αs = 0.118 and
set all µ scales to m̂h except for those associated with operator mixing, which are fixed at
µ = Λ. With these inputs, and using values from table 1, the SM cross section for GG → h

(
√
s = 13TeV), in the mt →∞ limit and retaining O(α3

s) and O(m̄2
h/m

2
t ) corrections, is

σ
1/m2

t
SM (GG → h)O(α2

s,α
3
s) = π

4 |A
GGφ4
SM |2O(α2

s,α
3
s)
∂Lgg
∂τ

= 18.15 pb (5.1)

18This approach to next to leading order corrections is essentially that laid out in ref. [79].
19As a specific example, in scenarios with vector-like quarks, C(6)

HG is generated at 1-loop level while C(6)
uH

is generated at tree level [80, 81].
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Input parameters Value Ref.
m̂Z [GeV] 91.1876± 0.0021 [70]
m̂W [GeV] 80.387± 0.016 [71]
m̂h [GeV] 125.10± 0.14 [70]
m̂t [GeV] 172.4± 0.7 [70]
m̂b [GeV] 4.18± 0.03 [72]
m̂c [GeV] 1.27± 0.02 [72]
m̂τ [GeV] 1.77686± 0.00012 [72]
ĜF [GeV−2] 1.1663787 ·10−5 [72, 73]

α̂EW 1/137.03599084(21) [70]
∆α 0.0590± 0.0005 [74]
α̂s 0.1179± 0.0010 [70]
mα̂
W 80.36± 0.01 —

∆αm̂W 0.0576± 0.0008 —

Table 1. Input parameter values used from ref. [75]. mα̂
W is the value of mW inferred in the

{α̂, m̂Z , ĜF } scheme using the interpolation formula of refs. [74, 76–78], while ∆αm̂W is the shift in
the value of alpha due to hadronic effects for the {m̂W , m̂Z , ĜF } scheme. The remaining SM inputs
are taken from the central values in the PDG [72].

Forming the ratio of the inclusive cross section at O(v̄4
T /Λ4, v̄2

T /16π2Λ2) with the SM in
the α̂ input scheme, we find:

σα̂SMEFT(GG → h)

σ
α̂,1/m2

t
SM (GG → h)O(α2

s,α
3
s)

' 1 + 519C̃(6)
HG

+ 504C̃(6)
HG

(
C̃

(6)
H� −

1
4 C̃

(6)
HD

)
+ 8.15× 104(C̃(6)

HG)2 + 504C̃(8)
HG

+ 1.58
(
C̃

(6)
H� −

1
4 C̃

(6)
HD

)
+ 362C̃(6)

HG − 1.59C̃(6)
uH − 12.6ReC̃(6)

uG

− 1.12δG(6)
F − 7.70ReC̃(6)

uG log
(
m̂2
h

Λ2

)
− 0.19ReC̃(6)

dG log
(
m̂2
h

Λ2

)
− 0.09ReC̃(6)

dG + 3.54C̃(6)
dH (5.2)

The first line of eq. (5.2) is the linear tree-level L6 correction, the second line is the (tree-level)
(L6)2 and L8 corrections, and the last two lines are the one loop L6 corrections. Extracting
the v̄2

T /Λ2, (v̄4
T /Λ4) factors out of C̃(6) (C̃(8)), one can convert these expressions to the

un-tilded coefficients and Λ. In this form, the terms on the second line will be suppressed
relative to the others by one factor of v̄2

T /Λ2. To the accuracy we have quoted the numerical
factors, there is no difference between the α̂ and m̂W input schemes. The ∼ 3% difference
between the C̃(6)

HG coefficient on the first line and the C̃(6)
HGC

(6)
H� and C̃(8)

HG coefficients on
the second line is due to the fact we’ve included O(m̄2

h/m̄
2
t ) corrections for the former.

Inspecting the terms on the right hand side the largest coefficient accompanies the
(C̃(6)

HG)2 term. The large coefficient arises as it is a tree-level term (squared), divided by
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∆Rm̂WA 0.12 ∆Rα̂ewA 0.12

∆Gm̂WF 0.024 ∆Gα̂ewF 0.024

∆Rm̂W
M2
W

−0.040 ∆Rα̂ew
M2
W

−0.040

∆Rm̂W
M2
Z

−0.054 ∆Rα̂ew
M2
Z

−0.054

∆Rm̂W
φ4
2 + ∆v

v −0.003
∆Rm̂W

φ4
2 + ∆v

v −0.003

M m̂W
1 −0.0097 M α̂ew

1 −0.0098

∆gm̂W1 −0.014 ∆gα̂ew1 −0.096

∆gm̂W2 −0.0055 ∆gα̂ew2 0.040

Table 2. Numerical values of the one loop corrections to various Lagrangian parameters and matrix
element corrections in both input schemes. We only report gauge independent combinations of
parameters. We have chosen µ = m̂h in these evaluations for the scale dependence associated with
the one loop improvement of input parameters and finite on shell renormalization conditions in the
LSZ formula. For operator mixing effects, we set µ = Λ.

the loop level SM result — a relation we can make more explicit by rewriting the (C̃(6)
HG)2

term as 7.19 (4π
αs

)2 (C̃(6)
HG)2. Introducing hierarchies among coefficients motivated by UV

assumptions, such as suggested by ref. [84], may change which term dominates on the right
hand side. Comparisons between the v̄4

T /Λ4 terms with the loop level L6 terms depend
strongly on the choice of Λ (as the latter are suppressed relative to the former by v̄2

T /Λ2),
and also on assumptions on the relative sizes of the coefficients. The dependence of eq. (5.2)
on these choices and the implications for error truncation studies, will be explored in more
detail in a separate publication.

5.2 Γ(h → GG)

The leading SM result for Γ(h → GG), working to the same coupling and mt order as in
σ(GG → h) is

ΓSM(h→ GG)O(α2
s,α

3
s) = 2 m̂3

h

π
|AGGφ4

SM |2O(α2
s,α

3
s) = 2.55× 10−4 GeV (5.3)

Dividing the O(v̄4
T /Λ4, v̄2

T /16π2Λ2) by this result and working in the α̂ scheme:

Γα̂SMEFT(h→ GG)
Γα̂SM(h→ GG)

' 1 + 519 C̃(6)
HG

+ 504 C̃(6)
HG

(
C̃

(6)
H� −

1
4 C̃

(6)
HD

)
+ 8.15× 104 (C̃(6)

HG)2 + 504 C̃(8)
HG

+ 1.58
(
C̃

(6)
H� −

1
4 C̃

(6)
HD

)
+ 296 C̃(6)

HG − 1.59 C̃(6)
uH − 12.6 Re C̃(6)

uG

− 1.12 δG(6)
F − 7.70 Re C̃(6)

uG log
(
m̂2
h

Λ2

)
− 0.19 Re C̃(6)

dG log
(
m̂2
h

Λ2

)
− 0.09 Re C̃(6)

dG + 3.54 C̃(6)
dH , (5.4)
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with the linear tree-level L6 correction on the first line, the (tree-level) (L6)2 and L8
corrections on the second line, and one loop L6 corrections on the third and fourth lines.
As with σ(GG → h), there is no difference between the α̂ and m̂W input schemes.

Comparing the expressions here with eq. (5.2), the results are identical except for the
C̃

(6)
HG terms. To the order we have worked, the parton distribution functions factor out of

σSM(GG → h) and cancel out in the ratio for all SMEFT pieces proportional to δ(1− z),
so these pieces should match in the ratios for σ(GG → h) and Γ(h → GG). The only
exception is C̃(6)

HG, which is sensitive to how the IR divergences in the QCD loop and extra
emission cancel, and the kinematic differences in the two processes lead to slightly different
coefficients. Additionally, there are C̃(6)

HG pieces of σSMEFT(GG → h) with different parton
distribution function dependency that do not cancel neatly in the ratio with the SM.

5.3 Γ(h → γγ)

Using the input parameters in table 1, we find the following SM leading-order h → γγ

partial width in the m̂W scheme:

Γm̂WSM (h→ γγ) = m̂3
h

4π

∣∣∣∣AhγγSM

∣∣∣∣2
= 1.00× 10−5 GeV. (5.5)

The full result to O(v̄4
T /Λ4) was reported in ref. [12]. Adding the O(v̄2

T /16π2Λ2) loop
corrections with consistent theoretical scheme conventions, in the mW input parameter
scheme, we have the result for h→ γγ

Γm̂WSMEFT
Γm̂WSM

' 1−788f m̂W1 , (5.6)

+3942(f m̂W1 )2−351
(
C̃

(6)
HW−C̃

(6)
HB

)
f m̂W3 +2228δG(6)

F f m̂W1 ,

+979C̃(6)
HD

(
C̃

(6)
HB+0.80C̃(6)

HW−1.02C̃(6)
HWB

)
−788

[(
C̃

(6)
H�−

C̃
(6)
HD

4

)
f m̂W1 +f m̂W2

]
,

+2283C̃(6)
HWB

(
C̃

(6)
HB+0.66C̃(6)

HW−0.88C̃(6)
HWB

)
−1224(f m̂W1 )2,

−117C̃(6)
HB−23C̃(6)

HW +
[
51+2log

(
m̂2
h

Λ2

)]
C̃

(6)
HWB+

[
−0.55+3.6log

(
m̂2
h

Λ2

)]
C̃

(6)
W ,

+
[
27−28log

(
m̂2
h

Λ2

)]
ReC̃(6)

uB
33

+
[
14−15log

(
m̂2
h

Λ2

)]
ReC̃(6)

uW
33

+0.56ReC̃(6)
uH
33
,

−0.31ReC̃(6)
dH
33

+2C̃(6)
H�−

C̃
(6)
HD

2 +2.0C̃(6)
HD−7.5C̃(6)

HWB−3
√

2δG(6)
F .

The results have been presented in a manner to make clear the origin of the various
contributions. First the corrections are up to O(v̄4

T /Λ4) terms in the operator expansion.
Next the one loop contributions involving novel one loop diagrams and operator mixing in
the SMEFT are given. The contributions from rescaling the SM amplitude for a series of
corrections are then reported. Finally, the last line is due to input parameter corrections
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to the SM amplitude. Several numerically small corrections that follow from the formulae
given are neglected here as the contributions are negligible compared to the retained terms.
These neglected corrections are generally further suppressed by small Yukawa couplings.
Here f m̂Wi ' f α̂ewi for i = 1, 2, 3 and

δG
(6)
F = 1√

2

(
C̃

(3)
Hl
ee

+ C̃
(3)
Hl
µµ

− 1
2

(
C̃ ′ ll
µeeµ

+ C̃ ′ ll
eµµe

))
, (5.7)

f m̂W1 =
[
C̃

(6)
HB + 0.29 C̃(6)

HW − 0.54 C̃(6)
HWB

]
, (5.8)

f m̂W2 =
[
C̃

(8)
HB + 0.29

(
C̃

(8)
HW + C̃

(8)
HW,2

)
− 0.54 C̃(8)

HWB

]
, (5.9)

f m̂W3 =
[
C̃

(6)
HW − C̃

(6)
HB − 0.66 C̃(6)

HWB

]
. (5.10)

From table 1, we also find the following SM leading-order h→ γγ partial width in the α̂
scheme:

Γα̂SM(h→ γγ) = m̂3
h

4π

∣∣∣∣AhγγSM

∣∣∣∣2
= 1.06× 10−5 GeV, (5.11)

and the corrections to the decay width

Γα̂ewSMEFT
Γα̂ewSM

' 1−758f α̂ew1 ,

+3792(f α̂ew1 )2−350(C̃(6)
HW−C̃

(6)
HB)2−1159(f α̂ew1 )2

−61C̃(6)
HWB

(
C̃

(6)
HB+7.2C̃(6)

HW−9.2C̃(6)
HWB

)
−13.5C̃(6)

HD

(
C̃

(6)
HB+16C̃(6)

HW−15C̃(6)
HWB

)
+1383δG(6)

F

(
C̃

(6)
HB−0.13C̃(6)

HW−0.15C̃(6)
HWB

)
−758

[(
C̃

(6)
H�−

C̃
(6)
HD

4

)
f α̂ew1 +f α̂ew2

]
,

−218C̃(6)
HB+22C̃(6)

HW +
[
−17+2.0log

(
m̂2
h

Λ2

)]
C̃

(6)
HWB+

[
−0.60+3.6log

(
m̂2
h

Λ2

)]
C̃

(6)
W ,

+
[
26−27log

(
m̂2
h

Λ2

)]
ReC̃(6)

uB
33

+
[
14−15log

(
m̂2
h

Λ2

)]
ReC̃(6)

uW
33

+0.56ReC̃(6)
uH
33
,

−0.31ReC̃(6)
dH
33

+2C̃(6)
H�−

C̃
(6)
HD

2 −
√

2δG(6)
F .

Note that the numerical values in the operator expansion, and the value of the total decay
width in this scheme have slightly shifted compared to ref. [12] due to an update of the α
input parameter numerical value. The corrections are reported in the same order as in the
mW scheme. In this scheme the degeneracy of the combination of Wilson coefficients C̃H�−
C̃HD/4 is not broken at one loop in this observable. This is because the individual depen-
dence on C̃HD due to the shift in α that breaks the degeneracy in the mW scheme is absent.

Past results in the literature include the dimension eight results in ref. [12]. One loop
results were previously reported in refs. [18, 28] calculated in the BFM, and also results
calculated using Rξ gauge fixing outside the BFM in refs. [19, 85–87]. Some theoretical
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aspects of the loop results are common between calculation schemes. For example, the
breaking of the C̃H� − C̃HD/4 degeneracy in the mW scheme as in ref. [87] is confirmed in
this work, as it is a feature of input parameter dependence. Other aspects of calculation
scheme dependence are distinct, and should not be interpreted as an error when comparing
between schemes. For example, in the BFM each of the input parameter loop corrections is
individually gauge invariant. While in a on-shell scheme as employed in [19, 85–87] ∆GF
carries gauge dependence. There is not a contradiction per se, although arguably the BFM
offers several advantages, such as the gauge independence of ∆GF , and also affords cross
checks, while aiding in the transparency of results. We have stressed some of these cross
checks in this paper. We strongly caution against over-interpreting scheme dependence
differences in calculations of this form when comparing results as a calculation error and
again emphasize that scheme choices and operator normalizations effect both the loop
expansion and the operator expansion in the SMEFT demanding consistent conventions be
defined and adhered to when combining results.

6 Discussion and conclusion

In this paper we have reported formulae for three processes σ(G G → h), Γ(h→ G G) and
Γ(h→ γγ). We have including a complete set of O(v̄2

T /16π2Λ2) and O(v̄4
T /Λ4) corrections

at the amplitude level for these processes, with common calculation scheme dependence
across the results. We have stressed the point that the operator expansion and the loop
expansion are not independent at sub-leading order, but are correlated by calculational
scheme dependence. The formulas reported include a consistent set of SMEFT corrections
not only to the processes, and also to the input parameter measurements defining Lagrangian
parameters in both expansions. To our knowledge these are the first complete results of this
form in the literature. These calculations were enabled due to the fundamental interplay of
the Background Field Method approach to gauge fixing with the geoSMEFT (i.e. scalar
background field) formulation of the SMEFT. In a real sense, this completes at sub-leading
order the theoretical program of studying the central production and decay processes of the
Higgs at LHC in a model independent EFT, as initiated in ref. [88] by Manohar and Wise.

The semi-analytic formulae for these inclusive processes are of interest as they can be
used to generate a consistent set of higher order terms in each of the expansions present,
from the LO simulation results using SMEFTsim [7, 14]. This is possible as the three-point
vertices in inclusive observables have common kinematics (populations of phase space) at LO
and also at O(v̄2

T /16π2Λ2) and O(v̄4
T /Λ4). The methodology of how to use these formulae

was recently laid out in ref. [79]; the LO dependence on the SMEFT perturbation can
be used to define a simple replacement/swap formulae to generate a set of O(v̄2

T /16π2Λ2)
and O(v̄4

T /Λ4) corrections, in these inclusive observables. Importantly, this can be done
post-facto using LO simulation results bypassing the need for costly, and redundant, Monte
Carlo simulation on all of the parameters in the sub-leading terms in both expansions.

Knowing the dependence to sub-leading order on the SMEFT parameters in the op-
erator and loop expansions in these measurable processes is primarily of interest to inform
a theoretical error estimate, when such sub-leading terms are neglected in studies of LHC
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data. The formulae are also of intrinsic interest as they demonstrate the convergence (or
lack there of) of the SMEFT perturbations to the SM. The large size of the sub-leading
(“quadratic”) terms is due to the interference with the loop suppressed SM amplitude at LO
in each case. A SMEFT perturbation that is directly self-squared at sub-leading order avoids
the corresponding loop suppression in the SM amplitudes, leading to a very large numerical
enhancement, overwhelming the naive suppression by v̄2

T /Λ2 compared to the LO SMEFT
perturbation. Even so, at sub-leading order in the operator expansion, a set of new param-
eters enter into the predictions, so that a consistent use of quadratic terms when studying
experimental data should include this larger set of SMEFT parameters we have reported
or a well defined theoretical error if these extra terms are neglected. We leave a detailed
numerical study on the implications of the results reported here to a future publication.

These results are reported in a transparent semi-analytic fashion to aid cross checking
of the results by external theory groups.
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A One-loop contributions to vector boson masses

Here we give explicit results for the corrections to m2
W,Z at one loop in the BFM. These

expressions are reported with ξ = 1 for brevity of presentation. We have confirmed that
the combination of these corrections with 2∆v/v is gauge independent, as expected.

−∆M2
Z

m̄2
Z

= ḡ2
1 +ḡ2

2
576π2

288m̄6
W−3m̄4

hm̄
2
Z+408m̄4

W m̄
2
Z+18m̄2

hm̄
4
Z−88m̄2

W m̄
4
Z−79m̄6

Z

m̄6
Z

− ḡ2
1 +ḡ2

2
96π2

7m̄4
Z−42m̄4

W +10m̄2
W m̄

2
Z

m̄4
Z

log
(
µ2

m̄2
h

)
− ḡ2

1 +ḡ2
2

192π2
m̄4
Z−84m̄4

W +20m̄2
W m̄

2
Z

m̄4
Z

log
(
m̄2
h

m̄2
W

)
+ ḡ2

1 +ḡ2
2

384π2
m̄6
h−6m̄4

hm̄
2
Z+18m̄2

hm̄
4
Z−26m̄6

Z

m̄6
Z

log
(
m̄2
h

m̄2
Z

)
− ḡ2

1 +ḡ2
2

192π2
m̄4
h−4m̄2

hm̄
2
Z+12m̄4

Z

m̄4
Z

Disc [m̄Z , m̄Z , m̄h]

+ ḡ2
1 +ḡ2

2
192π2

48m̄6
W +68m̄4

W m̄
2
Z−16m̄2

W m̄
4
Z−m̄6

Z

m̄6
Z

Disc [m̄Z , m̄W , m̄W ]

−
∑
ν

ḡ2
1 +ḡ2

2
288π2

[
5+3log

(
− µ2

m̄2
Z

)]
−
∑
l

ḡ2
1 +ḡ2

2
288π2

5m̄2
Z(8m̄4

W−12m̄2
W m̄

2
Z+5m̄4

Z)+6m̄2
l (16m̄4

W−24m̄2
W m̄

2
Z+7m̄4

Z)
m̄6
Z
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−
∑
l

ḡ2
1 +ḡ2

2
96π2

8m̄4
W−3(m̄2

l +4m̄2
W )m̄2

Z+5m̄4
Z

m̄4
Z

log
(
µ2

m̄2
l

)
−
∑
l

ḡ2
1 +ḡ2

2
96π2

8m̄4
W m̄

2
Z−12m̄2

W m̄
4
Z+5m̄6

Z+m̄2
l (16m̄4

W−24m̄2
W m̄

2
Z+7m̄4

Z)
m̄6
Z

Disc [m̄Z , m̄l, m̄l]

−
∑
u

(ḡ2
1 +ḡ2

2)Nc
2592π2

6m̄2
u(64m̄4

W−80m̄2
W m̄

2
Z+7m̄4

Z)+5m̄2
Z(32m̄4

W−40m̄2
W m̄

2
Z+17m̄4

Z)
m̄6
Z

−
∑
u

(ḡ2
1 +ḡ2

2)Nc
864π2

32m̄4
W−(27m̄2

u+40m̄2
W )m̄2

Z+17m̄4
Z

m̄4
Z

log
(
µ2

m̄2
u

)
−
∑
u

(ḡ2
1 +ḡ2

2)Nc
864π2

32m̄4
W m̄

2
Z−40m̄2

W m̄
4
Z+17m̄6

Z+m̄2
u(64m̄4

W−80m̄2
W m̄

2
Z+7m̄4

Z)
m̄6
Z

Disc [m̄Z , m̄u, m̄u]

−
∑
d

(ḡ2
1 +ḡ2

2)Nc
2592π2

6m̄2
d(16m̄4

W−8m̄2
W m̄

2
Z−17m̄4

Z)+5(8m̄4
W m̄

2
Z−4m̄2

W m̄
4
Z+5M̄6

Z)
m̄6
Z

−
∑
d

(ḡ2
1 +ḡ2

2)Nc
864π2

8m̄4
W−(27m̄2

d+4m̄2
W )m̄2

Z+5m̄4
Z

m̄4
Z

log
(
µ2

m̄2
d

)
−
∑
d

(ḡ2
1 +ḡ2

2)Nc
864π2

8m̄4
W m̄

2
Z−4m̄2

W m̄
4
Z+5m̄6

Z+m̄2
d(16m̄4

W−8m̄2
W m̄

2
Z−17m̄4

Z)
m̄6
Z

Disc [m̄Z , m̄d, m̄d] ,

(A.1)

−∆M2
W

m̄2
W

= ḡ2
2

576π2
610m̄4

W−3m̄4
Z−3m̄4

h+18m̄2
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W−78m̄2
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. (A.2)
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A.1 One loop functions

Here, we have used the notation

Disc[a,b,c] =

√
a4−2a2b2−2a2c2+b4−2b2c2+c4 log

(
−a2+b2+c2+

√
a4−2a2b2−2a2c2+b4−2b2c2+c4

2bc

)
a2 .

(A.3)

Further

f(τp) =


arcsin2

√
1/τp, τp ≥ 1

−1
4

[
ln 1+

√
1−τp

1−
√

1−τp
− iπ

]2
, τp < 1,

(A.4)

and we also define

I[m2]≡
∫ 1

0
dx log

(
m2−m̄2

hx(1−x)
m̄2
h

)
Jx[m2]≡

∫ 1

0
dx

xm2

m2−m̄2
hx(1−x)

, (A.5)

Iy[m2]≡
∫ 1−x

0
dy

∫ 1

0
dx

m2

m2−m2
hx(1−x−y)

. (A.6)

Here the expressions for I, Iy, Ixx for τ ≥ 1 (while restricting our results to top loops) are

I[mp] ≡ log
(
τp
4

)
+ 2

√
τp − 1 arctan

(
1√
τp − 1

)
− 2, (A.7)

Iy[mp] ≡
τp
2 arcsin2 (1/√τp) , (A.8)

Ixx[mp] ≡
τp√
τp − 1 arctan

(
1√
τp − 1

)
. (A.9)
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