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ABSTRACT: We construct the 4-dimensional N = % and N' = 1 inhomogeneously mass-
deformed super Yang-Mills theories from the A = 1* and A/ = 2* theories, respectively, and
analyse their supersymmetric vacua. The inhomogeneity is attributed to the dependence
of background fluxes in the type IIB supergravity on a single spatial coordinate. This gives
rise to inhomogeneous mass functions in the ' = 4 super Yang-Mills theory which describes
the dynamics of D3-branes. The Killing spinor equations for those inhomogeneous theories
lead to the supersymmetric vacuum equation and a boundary condition. We investigate
two types of solutions in the N = % theory, corresponding to the cases of asymptotically
constant mass functions and periodic mass functions. For the former case, the boundary
condition gives a relation between the parameters of two possibly distinct vacua at the
asymptotic boundaries. Brane interpretations for corresponding vacuum solutions in type
IIB supergravity are also discussed. For the latter case, we obtain explicit forms of the

periodic vacuum solutions.
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1 Introduction

The original Janus solution of the type IIB supergravity was introduced as extension of
an asymptotically AdSs x S° solutions, by allowing the variation of the dilaton field along
one spatial direction [1]. The dilaton variation can approaches two distinct constant values
at the two boundaries of the chosen space direction, creating a codimension one defect in
between, which is usually referred to as an interface. Though they proved to be stable,
those solutions are non-supersymmetric. However, some variants of these solutions which
preserve some supersymmetry were found later [2-7]. The holographic dual field theories to
those Janus solutions are the 4-dimensional N' = 4 super Yang-Mills (SYM) gauge theories
on each side of the interface with space dependent gauge coupling, which varies across the
interface [8-12]. At the two boundaries of the one spatial direction, the values of the gauge
coupling correspond to the asymptotic values of the dilaton field at those boundaries.

In the NV = 4 SYM theory, the gauge coupling is the only parameter of the theory,
which can have a non-trivial space dependence. On the other hand, in the dual gravity the-
ory, in addition to or instead of the dilaton variation, one can consider the spatial variation
of the background p-form fluxes to explore more general extensions of the asymptotically
AdSs x S% solutions. In this case, the dual field theories with some background form fluxes
are the mass-deformed super Yang-Mills (mSYM) gauge theories [13, 14, 17], which are
refereed as the N/ = 1* and N = 2* theories. The gauge/gravity duality of those theories
were investigated, e.g. see [15-21]. When the background form fluxes are a space coordi-
nate dependent, the mass parameters in the mSYM theories are inhomogeneous along that
spatial direction. This generalization of the mass deformation is analogous to that of the



ABJM theory [23]. Recently, the A/ = 3 supersymmetric inhomogeneous gauge model with
space-dependent mass parameters were constructed in [22] in the context of the N = 6
mass-deformed ABJM theory [24, 25]. Less supersymmetric generalization and vacuum
solutions of the N/ = 3 inhomogeneously mass-deformed ABJM (ImABJM) model were
studied in [26]. See also [27] for the Janus deformation of the ABJM theory. A general
discussion for the Janus couplings in various field theories, including the mass parameters,
was given in [28]. Holographic duality descriptions for the inhomogeneous (spatially mod-
ulated) mass deformations, which preserve 1/4 supersymmetry of the d = 11 supergravity,
were constructed in [29] in terms of the Q-lattice construction [30]. The construction in [29]
was also generalized in [31]. Based on the Q-lattice construction, finite temperature gener-
alizations of the gravity dual for the /' =3 ImABJM model were constructed in [32, 33],
where the black brane, AdS soliton solutions [32], and thermodynamic properties [33] were
discussed. It was also reported that, as an extension of [34], there are RG interface solu-
tions [35], which have the ABJM theory on one side of the interface and one of the two
G5 invariant N' = 1 d = 3 superconformal field theories in d = 4 supergravity. See also
refs. [36-38] for spatially dependent relevant operators.

In this paper, we construct supersymmetric models by inhomogeneous extensions of
the ' = 1* and N = 2* mSYM theories. The homogeneous mass-deformations arise
from magnetic RR 3-form fluxes, which are dual to electric RR 7-form fluxes interacting
with the D3-branes by the process of the Myers dielectric effect [39]. Then, the inho-
mogeneously mass-deformed super Yang Mills (ImSYM) model corresponds to the case
where this background 7-form fluxes are space dependent. We show that when the mass
parameters in mSYM theories are inhomogeneous along one spatial direction, half of the
supersymimeries are preserved if appropriate additional scalar fields mass terms are added
to the Lagrangian of the homogeneous mSYM theories.! As a result, we obtain the N = %
and N' =1 ImSYM models from the N' = 1* and N' = 2* mSYM theories, respectively.
These inhomogeneous constructions were also given in [41] using the method developed
in [42, 43]. Dual gravity solutions and gauge/gravity duality correspondence in terms of
the holographic renormalization method were also constructed [41] in d = 5 supergravities,
which arise from consistent truncations of type IIB supergravity. In [35], the RG interface
solutions joining the N' = 4 SYM theory and the A/ = 1 Leigh-Strassler superconformal
field theory [44] was constructed, as a dual gravity solution for the N' = % ImSYM model

with one non-vanishing mass function.

In the N' = % ImSYM model with all the masses are non-vanishing, we investigate
two types of vacuum solutions corresponding to the cases of asymptotically constant mass
functions and periodic mass functions. In the 4-dimensional N’ = 1 language, the N' = 4
SU(N) SYM theory consists of one vector multiplet and three chiral multiplets, all in the
(N? — 1)-dimensional adjoint representations of the gauge group. In the absence of the
inhomogeneity, the A/ = 1* mSYM theory is obtained by adding a mass deformation with
the three chiral multiplets assigned different mass parameters, whereas for the N' = 2* case

1Similar constructions preserving half supersymmetries [22, 26] were obtained from the N' = 2,3,6
mABJM theories [24, 25, 40].



one chiral multiplet remains massless and the other two assigned equal mass parameters.
For the A/ = 1* theory with all the three mass parameters are non-zero, the supersymmetric
vacuum solutions are the Higgs branch solutions, which are expressed in terms of N-
dimensional, generally reducible, representations of the su(2) algebra [17]. However, for
the N/ = 1* theory with some of the mass parameters are zero and for the N' = 2* theory,
the vacuum solutions are in the Coulomb branch. Here, we focus on the N = % ImSYM
model, which corresponds to the former case. From the Killing spinor equation of the
N = % ImSYM model, we obtain the supersymmetric vacuum equations and the boundary
condition that the inhomogeneous solutions should satisfy at the asymptotic boundaries of
the one spacial coordinate. We discuss two types of solutions, corresponding to the cases of
asymptotically constant mass functions and periodic mass functions. In the former case, we
find the relations which are necessary for the solutions to satisfy the asymptotic boundary
condition. We discuss brane configurations corresponding to the vacuum solutions. For
the later case, the boundary condition is trivially satisfied and we obtain explicit forms of
the periodic solutions.

The remaining parts of this paper are summarized as follows. In section 2, we review
some necessary aspects of the N' = 1* and N' = 2* mSYM theories and then construct
the corresponding N' = % and N' = 1 ImSYM models by allowing the variation of the
mass parameters along one spatial direction. We present the detailed procedure for the
N = % case and briefly summarize the case of A/ = 1 in appendix A. In section 3, we
obtain the supersymmetric vacuum equation and the boundary conditions for the N' = %
ImSYM model from its Killing spinor equations. We investigate the boundary condition for
the vacuum solutions with asymptotically constant mass functions, discuss corresponding
brane configurations, and explicitly construct the vacuum solutions associated with periodic

mass functions. In section 4, we draw our conclusions.

Note added. While this paper was being completed, a paper [41] appeared, which also
constructs the supersymmetric inhomogeneously mass-deformed SYM models.

2 N=1and N = % ImSYM models

The mass-deformation of the 4-dimensional N’ = 4 SYM theory breaks the supersymmetry,
partially or totally, depending on the choice of the bosonic and fermionic mass matrices.
In this section, we construct supersymmetric theories by allowing the mass parameters
in the N' = 1* and N/ = 2* mSYM theories to be inhomogeneous. We show that when
the inhomogeneity of the mass parameters is only along one spatial direction, the resulting
ImSYM models with appropriate interaction terms preserve half of the N’ = 1* and N/ = 2*

supersymmetries.

2.1 Review of N =1* and N = 2* mSYM theories

In this subsection, we review the SU(N) mSYM theories [13, 14], known as the N' = 1*
and N = 2* theories. Dual supergravity theories of those theories were studied in [16, 17].
Though the N = 1 superfield formalism is widely used to discuss the mSYM theories with



constant mass parameters, in order to introduce the inhomogeneous mass deformations,
we found that the component field approach is more convenient. Therefore, we begin
by writing the N' = 4 SYM theory action, which can be obtained from the dimensional
reduction of the 10-dimensional N' =1 SYM theory, by using the component fields in the
adjoint representations of SU(N) as

1 2 .
Lsyy = tr [ — 5FasF? = D*6uDadu + 5 [0 05)” + 07" Datly

~a(Brpy TP o). (21)
where Py = HE% are the 4-dimensional chirality projection operators, o, 5 = 0,...,3 are
the 4-dimensional space-time indices, a,b,c = 1,...,6 and, p,q,7 = 1,...,4, respectively,

are the indices of the SO(6) and SU(4) representations of the global symmetries. The s
with z/_zp = @bg 7? are Majorana fermions and ¢,’s are Hermitian scalar fields. We also
introduced I'? = v Tqul and T4 = v, Tqv; , where Iy are the six-dimensional Euclidean
space gamma matrices, whereas vl‘f and v, are the eigenvectors of I'y = —iI'y...T'¢ with
eigenvalues +1, -1, respectively. The Clifford algebra for the 4-dimensional gamma matrices
is given by: {7*,v#} = 2n°# with the signature (—, +, +, +).

The N = 4 supersymmetry transformation rules are also obtained from the corre-
sponding 10-dimensional A/ = 1 supersymmetry transformations, and they are given by

0cla = ipYap,  Octa = —ithp(THIPy + TP )eq,
Sctby = iFagS* €y + 1" Dot (T Py + THIP_)eq — glda, o) (Thp Py +THIP )eg,  (2.2)

where 27 = i[’yo‘,fyﬂ], the supersymmetry parameters €,’s are Majorana fermions, and
M = oy sobyr, T = of 5%y, with % = —4[I'* I'’]. By rearranging those, one
can erte

rh = L (T - T, = (OUT IR, (23)

We also obtain the explicit forms of the matrix elements of I', from some choice of the
10-dimensional gamma matrices,

Iﬂloq = Z(5p15q4 - 5p45q1 + 51025(13 - p35q2)v i(5p15q2 - 51025(11 + 51035(14 - 51045(13)’
T5% = (01043 — 0p3dq1 — Op20ga + Gpady), r”q = — (81044 — Gpabq1 — Gp20g3 + 0p3dg2),

TE" = (3p10g2 — Op20g1 — Op3daa + 0padys), T’ = —(0p10gs — 0p3dqr + 0p2dgs — Opadea),
(2.4)

and Th? = —T%29 fora =1,2,3 and Th? =T%?, for a = 4, 5,6. These matrix representations
of the gamma matrices satisfy the Clifford algebra: T5'T}? + TV Te? = T T,7 + IV Tq! =
—20,0P4. With the help of this algebra and the Fierz identities, one can show that the
Lagrangian in (2.1) is invariant under the A' = 4 supersymmetry transformations in (2.2).

Depending on the choice of the mass matrices, the mass-deformation of (2.1) preserves
only one or two of the N' = 4 supersymmetries. The resulting theories are the N' = 1*



and N = 2* mSYM theories. Here we mainly review the A’ = 1* theory and summarize
the A/ = 2* case in appendix A. Without loss of generality, in the A/ = 1* mSYM theory,
we choose €4 = € as the parameter of the unbroken supersymmetry with the other three
parameters (€1, €2, €3) set to zero. This means we can write

€p = Op€. (2.5)
Then the supersymmetry transformation rules in (2.2) are reduced to

0eAn = '“Z4'Ya€a 56¢a = _i'QZ_}p (F£4P+ + fZ4P*)€7 (2'6)
Setbp = iFng 2 p1e + 7 Dada (T Py + TEP )€ — g[¢a, o) (T Py + T, P )e.
In the presence of the mass-deformation, the total action will be invariant if the supersym-

metry variations of the fermionic fields are modified by including the following additional
transformations,

Sabp = fipgpa (T4 Py + TP e, (2.7)

for specific fermionic mass matrix fi,,, whereas 0. A, = d.¢, = 0. In this subsection, we
assume i, is constant. With the modification in (2.7), the variation of the undeformed
Lagrangian in (2.1) is rearranged as

(56 + 52)£SYM = tr(Qiﬂpq"IJp(ée + 62)71%1 + 2Map@adedp — 3igTabc[¢ba (bc]ée@ba)» (2-8)

where f1,, = diag(u1, p2, i3,0), the bosonic mass matrix My, = diag(u?, u3, p3, 43, u3, u3)
with constant mass parameters fi,,—1.2 3, and the nonvanishing components of the antisym-
metric three-form tensor T,;. are

1 1
To34 = g(m — p2 — p3), Thog = g(ul — 2 + p3),
1 1
Tiss = g(ﬁ‘l + po — p3), Tys6 = g(m + p2 4 p3). (2.9)

As we mentioned above, in this subsection, we assume pu,, are constant. Therefore, if we
add the following mass-deformation to the Lagrangian in (2.1),

L, = tr( - i/ﬁpq&pwq — Mapda®p + i9Tubctaldb, ¢c])7 (2.10)
then the total Lagrangian is invariant of the ' = 1 supersymmetry transformation, i.e.
(0c + 60)(Lsyn + £,) = 0. (2.11)

Here, we would like to note that the N' = 2* homogeneous mSYM theory can be obtained
from the N' = 1* theory by setting g3 = ug = u, pz = 0 and choosing the unbroken
supersymmetry parameters as €, = dp;€e; with ¢ = {3,4}. See appendix A for the details.



2.2 Construction of the N = % and N =1 ImSYM models

In this subsection, we consider the inhomogeneous extension of the mSYM theory sum-
marized in the previous subsection by assuming that the mass parameters are coordinate
dependent (,um = um(l‘“)). In that case, the supersymmetry variation of the total La-
grangian in (2.11), which we can expand as

(6c + 61)(Lsym + L) = 6.Lsym + 0Ly + 0L, (2.12)

is not zero, where we have used the fact 6.Lgynm = 0. The first term on the right hand side
of (2.12) is expressed as

SLLsyM = t1[20(Oafim )Y Ga (T2 Py + TP )€ + 20ty Dada (L0 Py + TP )e
— 2g1tmUp[Ga, ¢p) (TE TP Py + TPTMP_ ) €], (2.13)

where m = {1,2,3} and p = {1,2,3,4}. Similarly, the second and the third terms on the
right hand side of (2.12) are given by

8Ly =11 [~ 2iptm Dadamy® (DT P +TTPL) e — gpim|da, db)tbm (TTPTE Py +TTPTP P )€
+ 2iMab¢a1/;p(F€4P+ + f€4p—)€ + ggTabc[¢b7 (bc])zzp(FngP—&- + f‘§4p—)€} ’
SLLy=tr[ — 2ifupr prqdatby (TI Py + TI P )e]. (2.14)

Combing the expressions in (2.13) and (2.14), we obtain

3 6
(6 +0))(Lsym + L) = Zi(aaum)tr[<— Z + Z ) Gam (I‘Z‘4P+ + fZ“P,) v*e. (2.15)
a=1 a=4

This means that the mass-deformed theory can not preserve the full N’ = 1 supersymmetry
when the mass parameters are inhomogeneous.

Now we determine the coordinate dependence of the mass parameter for which half
of the N' = 1 supersymmetry is preserved. Since from (2.4) we see that I'** = 0, we can
rewrite (2.15) as

3 6
(6c + 6.) (Lsym + L) = 2i(Dapp)tr K - Z - Z ) Gathp (TPAPy + TEAP_) [ 4%

a=1 a=4
= tr[ — 2i(BaJup) batlp (T Py + TV P_)%¢], (2.16)
where we have introduced
']ab = diag(:ula M3, U2, — 1, —H3, _IUQ) (217)

In order to proceed, we assume the mass parameters are inhomogeneous only along one
spatial direction 2 = x!, then we obtain

(6 + 00) (Lsym + L) = tr[ — 20Ty ¢athp (F£4P+ + f‘i)4P,)'yle], (2.18)



where J!, = %Jab. Imposing the projection,
Yle=e, (2.19)
which breaks half of the N’ = 1 supersymmetry, we obtain
(6 + ) (Lsyn + £,) = tr [2J;b¢a( — it (PP, + f€4P_)e>] = tr[270a00y).  (2.20)

Therefore, we can cancel this term and obtain N/ = % ImSYM model by introducing an
additional mass term for the scalar field as

Ly =—tr(Jydads). (2.21)

Similarly, the N/ = 1 ImSYM model can be obtained from the N' = 2* homogeneous
mSYM theory by considering a inhomogeneous mass parameter p = u(z) and adding the
inhomogeneous mass term L; = —tr(J(;b(ﬁa(ﬁb), where J,, = diag(u, 0, p, —p, 0, —p). See
appendix A.

3 Vacuum solutions of the N = % ImSYM model

In this section, we focus on the vacuum solutions for the N = % ImSYM model, leaving
the more challenging case of the N'=1 ImSYM model, which includes the vacuum moduli
of one massless complex scalar field.

3.1 Vacuum equations and the boundary condition

In order to find vacuum solutions for the N' = % ImSYM model, we set the fermionic
fields and the gauge fields to zero, then the energy-momentum tensor from the action
S = [d'z (Lsym + L+ L) is given by

T, =tr [28Mq5a(9y¢a

2
(= 06,0060+ . 1000 = (M + Tt + igTadulon, 01 ) .- 31

For the inhomogeneous mass deformation along the single spatial direction z, the vacuum
solutions are specified by the inhomogeneous scalar fields ¢, = ¢4(z). Then the vacuum
energy is given by

2
B = [ T = [ @ wl ot~ 5 000 + (Man + Tt — igTulin o
(3.2)
Next we show that the vacuum energy in (3.2) can be rewritten as the square of the
norm of the fermionic variations |(8, + 87)1,|? plus some total derivative with respect to x.
Similar construction was also given in the A" = 3 InABJM models [26]. Using (2.5), we
write the total fermionic variation as
(8¢ + 01)tbp = iFapS*"5pae + Daga (T5' P- + TH Py )y — g[da, o) (Th, Py + TP )e

+ tipg®a (T Py + TP e. (3.3)



Since A, = 0 and ¢, = ¢4(x) at the vacuum, this is rewritten as

(e + 004 = [<z>; (PPAP_+ TP PL) — glda, 8] (T2, P+ T2, PL) + ppgha (T4 Py + fz“P_)} 3

(3.4)
where we have also used the projection condition (2.19) to obtain the first term on the
right hand side.

After some algebra, the trace of the norm for the square bracket in (3.4) can be
written as

o

- , -,
= tr [qﬁ;qﬁ; — 2 (Tuscalr, 6c]) —Jun (as) = & 00, &4l — igTucaldn, o] + Mabqﬁam] :

— _ _ 2
G (TR P+ T2AP,) = glda, an] (T4 Py + TP ) + g (TP, + THP)| | (35)

where |A|2 = AAT, we have used T29* = fgq, and introduced the constant antisymmetric
tensor T, with the only non zero elements,

Tio6 = Tiss = —Thas = —Tuse = —1. (3.6)
Combining (3.5) with the vacuum energy in (3.2) gives the expected result:

Ey :/dgx tr[

_ 2
+ ppgda (T Py + rg‘lp_)’ } + / &z K, (3.7)

&, (T4 P-4+ TP PL) — glda, 6] (T%, Py + TH, P-)

where the total derivative term is
i€ = tr(Judotn + L asetulon, ). (33)
Then the vacuum equation becomes
¢ (CE P+ TH Py ) — glda, $u] (Thy Py + Ty P-) + pipga (T Py + T4'P-) = 0. (3.9)
Projecting (3.9) by Py, we can split it into two simpler equations,
BT = gla, BuTT) + fipgdal'dt =0, @B — glga, $o|T% + ppgdals = 0. (3.10)

The second equation in (3.10) is the complex conjugate of the first one. Therefore, the
supersymmetric condition Ey = 0 in (3.7) leads to the two relations,

_ Zg _
¢;Fg4 - §[¢av ¢b]FgTFZ4 + Npq¢arg4 = 0, (3.11)

TR
/ dr K'=0 <= Klosz, = Kloswps (3.12)

L



where z; and x i represent the asymptotic boundaries along the z-direction. More explic-
itly, by inserting p =1,--- ,4 in (3.11), we obtain the following 4 equations:

i + 0 — g (i((02 8s] + 85, 66]) + (162, 0] + [0, 051]) ) — p (i —

)+ ¢4)
i — 6+ g( — i([61, 62] — [64, 95]) + ([0, 65] - @@U);LWM¢@=
i¢l2+¢%+g<i([¢1,¢3 (¢4, d6]) + ([61, P6] + <Z>3,<Z>4)> p13(id2 — ¢5) =
(91, Pa] + [¢2, 5] — [@3, 6] = 0. (3.13)
Introducing complex scalars as
b1 =g(p1+igs),  P3=g(p2+ids),  P2=g(d3 —igs), (3.14)
the vacuum equations in (3.13) are written as
ol 4 % 23: €ijk[®;, ®r] — 11 ®; =0, 23:[‘1%‘7 of] = 0. (3.15)
k=1 i=1

For arbitrary mass functions p;(z)’s (i = 1,2, 3), solving the vacuum equations in (3.15)
is nontrivial. In this paper, we consider two kinds of mass functions, which are asymp-
totically constant mass functions, and periodic mass functions. For the former case, the
inhomogeneous vacuum solutions may approach two different supersymmetric vacua of the
N = 1* theory at the two asymptotic boundaries of the space direction x. In the subsec-
tion 3.2, we find a relation which matches the boundary condition in (3.12) for the case
of asymptotically constant mass functions. In the subsection 3.3, we consider periodic
mass functions, which trivially satisfy the boundary condition, and obtain explicit forms
of vacuum solutions.

3.2 Boundary condition for asymptotically constant mass functions
For mass functions, which are asymptotically constants, i.e., we consider the mass functions
satisfying the conditions,

lim pi(xr) = pri, lim pi(zr) = R, (1=1,2,3) (3.16)

T, ——00 TR—00

with constants pr; and pug;. This means that in the asymptotic region the vacuum equations
in (3.15) become those of the N' = 1* theory. Therefore, to obtain the quantity K|;—+oco,
lets consider the vacua of the AN/ = 1* theory. For constant vacuum configurations, (3.15)
becomes

3

(@, @] — eiji(por®i) =0, > _[®], &;] =0, (3.17)
=1

where po;’s (i = 1,2,3) denote constant mass parameters. The general solution for the
homogeneous vacuum configurations is given by [17]

—iy/pozpt03 11, @y = —iy/po1po3 T, @3 = —iy/po1po2 T3, (3.18)



where T;’s form an N-dimensional (in general reducible) representation of the su(2) Lie
algebra [T;,T;] = i€;j;Ty. Here we follow the convention in [45]. Then the Hermitian
generators T;’s are written in the following block-diagonal form

T'Z(nl)
T, = (3.19)
T(nl)

(2

with the constraint
l
> g =N, (3.20)
k=1

where Ti(nk)’s are the ng-dimensional irreducible representation. The {ni,na,---n;} are
the partition of N. If V,, denotes the number of Ti(n)’s in a given representation, then one
can rewrite the constraint (3.20) as

o
Y nN,=N. (3.21)
n=1

The N, ’s are usually refereed to as the occupation numbers. The supersymmetric vacua
are classified by the set of the occupation number {N,}.
Comparing (3.14) and (3.18), we obtain the vacuum configuration for the real scalar
fields,
P1=¢2=0¢3=0, ¢pg=—

5 = —

v/ 102103
T, Ty, G6 =

v/ 401 02 s, v/ H01 1403 . (3‘22)
g g

Plugging (3.22), (2.17), and (3.6) into (3.8) and using the relation (3.19), we have

1
Klvac = —3792,&01#02#03 tr (T + T5 + T5)

1 5
= —TQQM(HMOZIU,O?, Zn(n — ].)Nn, (323)

n=1

where we used the relation (Tl("))2 + (Tl(n))2 + (Tl(n))2 = ca(n)l,xn with the quadratic
Casimir co(n) = %(n2 —1). Therefore, the boundary condition (3.12) for vacuum solutions

of the N = % model with asymptotically constant masses, uy; and ug;, becomes

oo o
HUL1HL2/L3 Z n(n® — 1)N\® = pipipropirs Z n(n* — 1)N{P. (3.24)
n=1 n=1
Since the constant parameters, ur; and ug;, are in general different, the occupation num-
bers, {NéL)} and {N,SR)}, can be different. This implies that some vacuum solutions of
the equation (3.15), which satisfy the boundary condition (3.24), can interpolate between
two different supersymmetric vacua of the N' = 1* mSYM theory. The boundary condi-
tion (3.24) is similar with that in the A/ = 3 ImABJM model [26].

~10 -



In order to obtain a particular interpolating solution, we make the ansatzs

Q1 (x) = —ifi(z)\/ p2(z)ps(x) T1, Qo) = —ifo(z)\/ pa(w)ps(w) To,
O3(x) = —ifs(x)\/ pi(x)pe(x) Ts, (3.25)

where f;(x)’s are functions with boundary conditions lim,_, 1o f;(z) = 1. Then the vacuum
equations in (3.15) reduce to

(V) — s fa s + i =0,
- %( pipsfa) — pov/mifs f1fs + poy/Eipsfe =0,
_ %(mfg) — pav/Ia i f2 + psy/infizfs = 0. (3.26)

In the case that the mass functions p; are all different, the differential equations for f; are
coupled to each other and are very complex. In order to obtain SO(3) invariant vacuum
solutions, we consider py = po = pus = u, in which case f; = fo = f3 = f. Then assuming
that p and f are both positive definite, we can write

df

52 Py = ), (3.27)

where P(x) = p — i%. Introducing g = f~!, we obtain

Y 4 Pla)g = ula), (328)

which is the standard first order inhomogeneous differential equation with the solution

g(z) = u(lx) </u(m),u(a:)d:n + C> , (3.29)

where u(z) = el P(@)dz and C is an integration constant which will be fixed by the boundary
condition lim,_, 1 f(z) = 1.

As we have mentioned in the introduction, the homogeneous mass-deformations at the
asymptotic boundaries arise from magnetic RR 3-form flux in the dual type IIB supergrav-
ity. In [46], it was verified that this 3-form flux is determined by the antisymmetric 3-form
tensor T,p. depicted in (2.9). The magnetic RR 3-form flux is dual to an electric RR 7-form
flux, which couples to multiple D3-branes due to the Myers effect [39]. Each block in the
vacuum solution in (3.22) and (3.19) is interpreted as the equation for non-commutative
two sphere in the 456-direction. In [17], it was shown that the vacuum solution (3.22)
corresponds to adding a set of D5-branes with topology M* x S2 in the dual AdSs x S°
geometry in type IIB supergravity, where S? denotes the non-commutative or the fuzzy
two-sphere. In the solution (3.20) nj D3-branes are polarized into a D5-brane, where the
radius of the fuzzy S? is proportional to ny, in the large ny, limit. See e.g. [47] for the details.
As a result of the vacuum solution (3.22), N D3-branes are polarized into { D5-branes with
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the fuzzy-two spheres having different radii, for instance, for the np-dimensional irreducible
representation the radius is given by
Ho1Ho2/H403 2
RE ~ =0 (nd — 1), 3.30

7 o OO, (2 1) (3.30)
Therefore, the boundary condition in (3.24) is a relation between the radii of the set of
the fuzzy-two spheres at the left boundary, which are classified by the occupation numbers
{NéL)}, and those at the right boundary, which are classified by {NflR)}. The inhomoge-
neous vacuum solutions interpolating between the two homogeneous asymptotic solutions,
describe the variations of the radii of the fuzzy-two spheres along the spatial coordinate x.

3.3 Vacuum solutions for periodic mass functions

In this subsection, we obtain vacuum solutions for spatially periodic mass-functions,
T
wi(x) = mio + my(x) with / m;(x)dx =0, (3.31)
0

where m;o’s are positive constant mass parameters and m;(x)’s are periodic functions

xo+T

with a period 7 satisfying the relation [ o m;(x)dz = 0 for an arbitrary position z.

Thus m;p’s denote the reference values ofx the mass functions m;(x). Then the boundary
condition (3.12) is trivially satisfied, since one may take (rp — ) as an integer times the
periodicity 7 of the periodic mass functions. So the remaining vacuum equations are the
coupled differential equations in (3.15).

To solve the vacuum equations by using a similar method as in [26], we redefine the

complex scalar fields as

A = m;(2')da’, (3.32)
where we introduce the monotonically increasing function §; as coordinates, which satisfies

the relation

d$i  Kki-> ., K,
> i il #i il 3.33
7y € (3.33)

Inserting (3.32) into (3.15), one can formally write the i-th vacuum equation as

- 3
eXitzi K (Cs? + % Z €ijk[®;, ®r] + miO‘H) = eXii K“Mz‘(él + @),
v G k=1

3
> e[, df] = 0. (3.34)

i=1
We consider the anti-Hermitian configurations satisfying the condition (i);r = —,, ie.,
<I>;r = —®&;, which are compatible with the homogeneous vacuum solution in (3.18). Then
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the vacuum equation in (3.34) is reduced to

3
1
) D €ijrl®;, k] + mig®; = 0. (3.35)

d& Pyt

As we see in (3.33), the functions &;(x)’s are coupled to each other for different mass
functions p;(x)’s. In this subsection, we consider a simple case, u(z) = pi(x) = po(x) =
ps(x) and follow the analysis given in [26]. Then the relations in (3.32) are written as

®;(x) = K@ (2,

K(xz) =mo(§ —z) — A(x) with A = / m(z")d', (3.36)
where pu(x) = mo + m(x) with {(z) satisfies the relation
de —K(@) _ gmmo(€-2)+A()
<dl’> (x)=e =e . (3.37)

From the relation ®;(z) = (%) ®,(x), we notice that since ®;(x)’s are periodic for the
periodic mass function, so are éi(m)’s if (%) is periodic. In order to show the periodic

behavior of ( ) we solve the differential equation (3.37). Then we obtain

where we selected the integration range to have the relation £ — x in the limit m(z) — 0.
That is, for the constant mass limit m(x) — 0, the differential equation (3.35) is reduced
to the vacuum equation of the A/ = 1* theory with non-vanishing masses given in (3.17).
It corresponds to the limit K (z) — 0, i.e., £ — z. Using the relation A(x) = A(x + 1) for
the periodic mass function, we obtain

r+T
(M)(m+ﬂ:nm/ emola' == H(A ) ~A(a) g

dg —o0
z " 1" d
:ﬂm/mwwwmwwwmyz(£>m, (3.39)
where we used the change of the integration variable by introducing z” = 2’ — 7. Therefore,

di

as we see in (3.39), is a periodic function with the periodicity 7. As we discussed

previously, ®(z)’s are also periodic functions.

Except for the first term of the left-hand side in (3.35), the equations are same with
the vacuum equations of the N' = 1* theory with non-vanishing constant masses. For the
constant mass case with mg # 0, we know that the only regular periodic solutions satisfying
the (3.35) were given in (3.18). That is, 9% = 0. On the other hand, for mg = 0 case, the

) TdE T
equation (3.35) is reduced to
= 3
d®; 1 S -
& 2 > €kl @5, Pkl = 0. (3.40)
‘ jk=1
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Except for the term ‘Zg? in (3.40), this equation is same with the vacuum equation of the

original N' =4 SYM theory without mass deformation. In the SYM theory, we know that
the only regular periodic solutions satisfying the equation (3.40) are constant diagonal

matrices, i.e.,
(i)ZD = diag(a’il? CL%, o 7a§V)' (341)
ad; _

3
mass functions.

Again 0. We show several explicit vacuum solutions for some representative periodic

e u(x) = mysinqr case: We consider a mass function
p(x) = my sin gz, (3.42)

where m; > 0 and ¢ = 27n/(xr — z) for some integer n. In this case, we cannot
use the relation (3.38), since mg = 0. From (3.36), we simply obtain

O;(z) = e 0 T, (3.43)

where ®%’s are given in (3.41).

o u(z) =mo+ mysingr case: In this case, we use the relation
dr\ -
®i(z) = <d£> ®;(), (3.44)
where we use (3.18) and (3.38), and then obtain

d x gy _
<d=§>x_m0 /_OO emg(z x) ql (cos qz cosq:c)dw/’

D, (z) = —imoT;. (3.45)

In these vacuum configurations, the vectors and fermionic fields are all vanishing,
which means the supersymmetric operators are just the chiral primary operators (CPO) of
conformal dimension A, which are given by

OB — ¢ ( (Pagba)A) , (3.46)

where the polarization vector P is a complex six-dimensional vector satisfying P? = 0,
and the summation over a = 1,--- , 6 is understood. The anti-Hermitian vacuum solutions
we have constructed above are preserving the SO(3) global symmetry. If we choose the
polarization vector P = (0,0,0, 1,e§m,e%m), then the CPOs are invariant under the
SO(3) global symmetry. For A = 2 and A = 3, which are important in the holographic
point of view in the large N-limit, the vacuum expectation values (vev) of those CPOs are
given by

OD) =t (F+eFol+e5ef),  (O9) =6tr(gadsos),  (347)
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where we have used the fact that tr(7;) = 0. The vacuum solutions for the real scalars are
read from (3.14) and (3.44):

Therefore, the vevs are given by

3 3
dx
0@y =, 0By — 3N <m°> <> . 3.49
(@) (%) ) (% (3.49)
In the gauge/gravity duality dictionary, these vevs are mapped to the coefficients of 22 in

the asymptotic expansions of the gravity fields which are dual to the operators O™ with
z being the holographic coordinate.

4 Conclusion

In this paper, we obtained 4-dimensional ' = 1 and A" = 1 ImSYM models from the
N = 1* and N = 2* mSYM theories, respectively, by allowing the variation of the mass
parameters along a single spatial direction x. The Killing spinor equations for the InSYM
models lead to the supersymmetric vacuum equations as well as a boundary condition
for the solutions at the two asymptotic boundaries of the coordinate x. For constant
mass parameters, the vacuum solutions of the ' = 1* theory with all non-vanishing mass
parameters contain only the Higgs branch solutions and they are expressed in terms of
N-dimensional (in general reducible) representations of the su(2) algebra. Based on this
fact, we discussed two types of vacuum solutions of N' = % ImSYM model by considering
two kinds of mass functions, which are asymptotically constant mass functions and periodic
mass functions.

For asymptotically constant mass functions, the inhomogeneous solutions approach the
homogeneous solutions of the N'= 1* mSYM theory at the two asymptotic boundaries of
the spatial coordinate x. In general, those two homogeneous solutions can be different, and
then the inhomogeneous solutions can interpolate between two different supersymmetric
vacua of the N/ = 1* mSYM theory. We showed that the two distinct vacuum solutions
of the N' = 1* mSYM theory at the two boundaries of the spatial coordinate z can be
connected to each other by the boundary condition. For these mass functions, we also gave
possible brane interpretations for the vacuum solutions.

In the case of the periodic mass functions, we proposed periodic solutions, which
trivially satisfy the asymptotic boundary condition. The periodic solutions are given by
®;(x) = XD (x), (i =1,2,3), where e’i(®)’s are expected to be periodic functions, and
®,’s with non-vanishing reference masses are the solutions for the N’ = 1* mSYM theory.
In this paper, we considered a simpler periodic mass function p(z) = mo+m(z) = p1(z) =
pa(x) = ps(z), and obtained general vacuum solutions by showing the periodicity of the

overall factor e . For mg = 0 case, the vacuum configurations have constant diagonal

components only with an appropriate overall periodic function. On the other hand, for
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mg # 0 case, the vacuum configurations are determined by éz(m) ~ moT; and the overall
periodic functions.

We obtained the boundary conditions for asymptotically constant mass functions, with-
out explicit solutions. As we discussed in the subsection 3.2, the boundary conditions can
connect different asymptotic vacua in the N' = 1* theory with all non-vanishing masses.
It would be interesting if we obtain some explicit form of the interpolating vacuum solu-
tions. Corresponding dual gravity solutions can also exist in type IIB supergravity, though
finding such solutions would be non-trivial, since those solutions require some information
for the transverse space. It means consistent truncation can be very complicated in this
case. Applying the gauge/gravity duality established in [41] to various vacuum solutions,
for instance, the periodic vacuum solutions in this paper, is also interesting.
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A N =1ImSYM model

As we have mentioned in section 2, the N' = 2* mSYM theory is obtained from the
N = 1* theory by setting g1 = o = p, and puz3 = 0. The inhomogeneous extension
of the N' = 2* theory means that the mass parameter is space-dependent. Then the
supersymmetry variation of the mass-deformed Lagrangian (Lgym + £,,) is given by

3 6
(6c + 0 (L + £) = 2i(@ap)tr | ( = 3+ D" )bathm (TPy + TP )76 ), (A1)
a=1 a=4

where m,--- = {1,2} and i,--- = {3,4}. From (2.4) we see that ['Y = 0 for a = 1,3,4,6
and '™ = 0 for a = 2,5. Therefore, one can write

(6c + 0 (Lo + £,) = 2i@ap)tr | (= 30 + 3 )buthy (TP + THP-) %]
a=1,3 a=4,6

= tr[ — 2i0aJapdaty (T} Py + TV P_)7%], (A.2)

where J,, = diag(u, 0, , —p, 0, —p1).

Assuming the mass parameter is inhomogeneous only along one space direction u =
p(z), and using the projection condition y'e; = €;, which breaks half the supersymmetry,
we obtain

(6 +60) (Lsyn + £,,) = tr [2ng¢a( — i, (TP Py + fgip_)ei)} = tr(276a00s). (A.3)
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This term is cancelled by introducing the following additional mass Lagrangian term for
the scalar field

EJ = —tr(‘]cllb(ﬁa(bb). (A4)

The resulting theory is the N’ =1 ImSYM model.
Following the same procedure as in the case of the N/ = 1* theory in section 2, we
obtain the vacuum equations and the boundary condition for the N’ = 1 ImSYM model,

. Zg _ . . 'Lg ~
%ng - 5[¢aa ¢b]FgTFZZ + ,UprgbarzZ =0, (Jab¢a¢b + gTabcgba [¢b7 Cbc]) ‘boundary =0,
(A.5)

where T 135 = —T456 = —1 are the only non-zero elements of the constant antisymmetric
tensor Type. Inserting p = {1,---,4} and ¢ = {3,4} and separating the real and imaginary
parts of the first equation in (A.5), we obtain

¢y — ig[p1, ¢s5] — upz = 0, [f1, 2] = 0,

b5 — ig[pa, ds] + s = 0, [p2, d4] = 0,

¢y — 1995, P6] + pupa = 0, [p2, p6] = 0,

O +igles, ¢s] — pp1 = 0, [p2, 3] = 0,

[¢1, da] — [¢3, d6] = 0, [¢2, #5] =0,

¢ +ig([d1, d3) + (B4, d6]) =0, ¢y =0,
(91, ¢6] + (3. pa] = 0. (A.6)

In the absence of the inhomogeneity, the solutions to these vacuum equations contain the
Higgs branch solutions for the massive scalar fields (¢1, ¢3, ¢4, ¢¢) and the Coulomb branch
solutions for the massless ones (¢2, ¢s5).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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