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Introduction

The discovery and development of integrable structures in the AdS/CFT correspondence

has led to impressive insights into quantum field and string theory [1, 2]. On the string the-

ory side the canonical model is the superstring on AdSs x S°, a maximally supersymmetric



sigma model. In recent years integrable deformations of this theory have attracted atten-
tion, building on the development of Yang-Baxter sigma models [3-5]. There is a plethora
of Yang-Baxter deformations of the AdSs x S° string, with distinct algebraic characteristics
and interpretations in terms of string theory and AdS/CFT. We will consider so-called in-
homogeneous Yang-Baxter deformations, which algebraically correspond to trigonometric
quantum (q) deformations [6].! These deformations are governed by an R operator solving
the modified classical Yang-Baxter equation (mCYBE). In the context of the AdSs x S°
string they are also called 1 deformations.

Studies of the original 1 deformation of the AdSs x S® string led to a number of open
questions and interesting discoveries. Namely, while Yang-Baxter deformed superstrings
have x symmetry [5], the background of the original 7-deformed AdSs x S° superstring
does not satisfy the supergravity equations of motion [12]. Rather it satisfies a generalized
set of equations [13], which actually derive from s symmetry [14]. These equations are
believed to guarantee scale invariance, but not Weyl invariance [13-15].> In order for
a Yang-Baxter model background to solve the more restrictive supergravity equations of
motion, the R operator generically needs to be unimodular [18].3 This raised the question
whether a unimodular inhomogeneous deformation of AdSs x S° exists, i.e. whether there
is a unimodular inhomogeneous solution of the CYBE for psu(2,2[4).

The canonical solution of the inhomogeneous CYBE is the so-called Drinfel’d-Jimbo
R operator, which is unique for a compact Lie algebra. For noncompact algebras there
is freedom corresponding to a choice of simple roots relative to the real form, see [6, 21]
for a discussion in the present context. For superalgebras there is further freedom in
whether we choose bosonic or fermionic simple roots, mirroring the lack of uniqueness of
Dynkin diagrams for superalgebras. The original 7 deformation [5, 12, 22] is based on the
Drinfel’d-Jimbo R matrix for the distinguished Dynkin diagram of psu(2,2|4), which is
not unimodular. Building an R operator relative to the fully fermionic Dynkin diagram
instead, gives a unimodular result, and a deformation of AdSs x S® that solves the super-
gravity equations of motion [23].* We will refer to these two distinct deformations as the
distinguished and fermionic (1) deformations respectively. The metric and B field of these
models are equal, while their dilatons and Ramond-Ramond (RR) forms differ.’

In this paper we will be investigating the worldsheet scattering theory for the fermionic
deformation. There are concrete open questions motivating our study, in addition to
broader interest in the quantum integrable structure of this Weyl invariant, integrable

! As the name suggests there are also homogeneous Yang-Baxter deformations [7], a class which includes
e.g. the well-known real 8 deformation of the AdSs x S® string [8]. Algebraically these correspond to twisted
symmetry [9, 10], see also [11]. This twisted symmetry can be used to conjecture field theory duals [9].

2There have been proposals suggesting that a notion of Weyl invariance may hold for these generalized
backgrounds as well [16, 17]. These proposals, however, have troublesome features as discussed in [17].

3Unimodularity is sufficient, while there are subtle counterexamples to necessity, see [15, 19, 20].

4This deformation can also be used as a starting point to generate new homogeneous unimodular defor-
mations by limiting procedures [24].

"There are unimodular deformations that one can obtain from the one of [23] by permutations of the
bosonic roots as in [6, 21]. Here we focus the case which gives the “standard” metric and B field with
magnetic H flux.



deformation of the AdSs x S° string, with trigonometric ¢-deformed symmetry. Namely,
the scattering theory of the distinguished 1 deformation shows some interesting features
that we would like to contrast with the corresponding fermionic ones. First, the tree-level
S matrix for the distinguished model was found not to satisfy the classical Yang-Baxter
equation (CYBE) [12], while the model is classically integrable. A non-local two-particle
change of scattering states was required to restore this hallmark requirement of integrabil-
ity, as well as to match the expansion of the exact factorized su,(2[2)%2 S matrix [25, 26]
expected to describe this model. This unexpected friction between classical integrability
and tree-level factorized scattering, and the subtle redefinition of scattering states, could
be related to the lack of Weyl invariance of this model, which is restored for the fermionic
deformation.® Second, the distinguished deformed model displays so-called “mirror dual-
ity” [27-30] at the bosonic level and in terms of its conjectured exact S matrix. In short,
in the light-cone gauge fixed theory, inversion of the deformation parameter is equivalent
to a double Wick rotation on the worldsheet, which curiously relates the thermodynamic
and spectral properties of the model. Studying the S matrix for the fermionic deformation
is a first step towards investigating similar properties here.

We study two aspects of the worldsheet scattering theory of the fermionic 1 deformation
of the AdSs x S® string. First, we compute the two body S matrix perturbatively at tree
level with up to two fermions. We find that the resulting T matrix solves the CYBE,
in line with expected integrability. The T matrix factorizes, and we expect the factors
to be related to an exact S matrix for suy(2|2)c.., analogously to the undeformed and
distinguished deformed string. However, only the distinguished sug(2|2)ce. S matrix is
explicitly known [25]. As such, second we determine the form of the exact suy(2(2)ce. S
matrix for the fermionic deformation. We do this by taking advantage of a twist relating
the Hopf algebras underlying the distinguished and fermionic deformations of s(;(2]2)c.c..
Next, based on the embedding of the two copies of su(2]|2) in psu(2,2|4), we conjecture
that the deformation of the off-shell light-cone symmetry algebra of the string takes the

form 5u1/q(2\2)c.e. @ suy(2]2)ce.. Semi-classically ¢ = e~r/h

, where k is the deformation
parameter in the action, and h is the string tension. The associated exact S matrix is of
the form Sp S(1/q) ® S(q), where Sy is a scalar prefactor. The perturbative expansion of
this exact S matrix matches our tree-level T matrix.

We originally benchmarked our computations of the perturbative S matrix on the
undeformed AdSs x S® string. After we obtained our results for the fermionic deformation
we decided to also run through the distinguished background given in [12]. Unexpectedly,
in contrast to [12] we find a perturbative S matrix that directly solves the CYBE, and
factorizes in line with the distinguished su,(2]2)ce. S matrix. In this case the S matrix
factors are such that an inversion of the deformation parameter is equivalent to a change
of basis, and there is effectively no distinction between Sy S(1/q) ® S(q) and Sp S(q)®2.

This paper is organized as follows. In the next section we discuss the string Lagrangian,
its gauge fixing, and its expansion in powers of fields. Then in section 3 we compute the
associated tree-level S matrix, and discuss its factorized structure. In section 4 we review

5In general we would expect Weyl invariance to come into play only at loop level, however.



the construction of the distinguished su(2|2)c.. S matrix, and twist this construction to
find the fermionic exact S matrix. We then analyze the structure of the light-cone sym-
metry algebra in section 5, and show that the expansion of the corresponding exact S
matrix matches our tree-level computation. In section 6 we discuss our results regarding
the distinguished case. Finally we conclude and list several open questions. We provide
appendices on our spinor conventions, our implementation of the Feynman diagram com-
putations, and a translation of su(2|2) R operators in the sigma model and exact S matrix
computations.

2 Deformed Lagrangian

To compute the tree-level two-body worldsheet S matrix of the fermionic n deformed string
in the light-cone gauge, we need the corresponding action in the light-cone gauge, expanded
to quartic order in the fields. Rather than working directly with the Yang-Baxter sigma
model action [5], we will work with the standard Green-Schwarz (GS) action and substitute
the background for the fermionic deformation found in [23].

2.1 The GS string to second order in fermions

Written out, the Lagrangian for a type IIB GS superstring in a generic background, to
second order in the fermions, takes the form”

L = \/—detyshys hO‘fBQMNﬁa:L’MngN — eO‘BBMNaaxMag:L‘N

_ _ 2.1
+ i/ —dets hos K0 x™OT 11050 + i€*P 0™ OT 1103050, 21)

where 6 = (01,02) is a doublet of 10D Majorana-Weyl spinors, with the Pauli matrix o3
acting in this two dimensional space. The worldsheet metric hqos has signature (—1,1),
and €% = 1. In this expression we have combined certain fermionic terms with the bosonic
metric g and B field B, i.e.

R 1~ . -
) . ; 2.2
~ 7 = 1 = (2

with round and rectangular brackets denoting symmetrization and antisymmetrization re-
spectively, defined with the usual factor of 1/n!. Here w denotes the spin connection,
H = dB, and®

_ w1 (3) 1 (5)
S—(e}' +501f —i—2'5!ef ), (2.3)

where € = icy. Assuming a dilaton exists, J encodes the RR forms and dilaton via
Fn) = @ p(n),

"See e.g. [31], but note that we use a different sign convention on the fermionic worldsheet € term, in
line with [12].
8Slashes denote contraction with the appropriate set of I' matrices: A=Ay o TM . DE.



2.2 Light-cone gauge fixing
We assume that our general background has two isometries ¢ and ¢, where ¢ is timelike
and ¢ is spacelike, and introduce the light-cone coordinates

x+:%(t+¢), =t (2.4)

The uniform light-cone gauge then consists of fixing

=7 p_=1, (2.5)
where 7 is the worldsheet time and p_ the momentum conjugate to z—. We can shortcut
gauge fixing in the Hamiltonian framework by noting that momentum and winding inter-
change under T duality, so that if we formally T dualize our model in x~, calling the dual
direction 9, our uniform light-cone gauge condition becomes

vt =7, Y=o (2.6)

Upon integrating out the worldsheet metric the T dualized Lagrangian takes the square
root form typical for a light-cone gauge. In this picture the gauge condition can be directly
substituted in the Lagrangian. This light-cone gauge fixing should be accompanied by a
corresponding k-symmetry gauge choice for the fermions of the form

79 =0, (2.7)

where T'? is the tangent space counterpart of I'", defined in (A.8) for our particular case.
We assume this gauge fixing from here on, see e.g. [29] for further details.’
To simplify expressions we introduce the T-dual metric g, B field B, and gamma

matrices I'
.1 . By . 9 myn—B gBg
Gy = = Gy = — = v 9N = 9MN — = )
__ g—— g——
. 9_jr ¢ - J_miB_xy — B_mi_n
Byt =—="", Byy=Bux— - 28
g—- g—-
o 1 o 9_nr
ry,=—-rT_, o= — 22T
P g M M g__ ’

where M and N run over the coordinates not involved in the T duality. For § and B the
right hand side of these equations is implicitly expanded to second order in fermions. With
these definition the general gauge fixed action to quadratic order in fermions takes the form

£t =2/ -G+ E, (2.9)
where G = det 3 Gop and £ = eaﬂEag with
Gaﬁ = éMNaa$Ma@$N + za(a‘xMéf“Ma‘ﬂ)G + ia(a|¢§f‘¢038w)9,

) . o (2.10)
Euop = —Bun0aaz™0sa™N +i0ab0T 050 + i00x™ 0T 303040,

9The possibility of gauge fixing via T duality was originally observed for the AdSs x S® string in [32].



again implicitly expanded to second order in fermions, and evaluated on the gauge fixing
condition ¥ = 7,7 = 0. Here the indices M and N run over z7,% and the transverse
fields, and round brackets on indices indicate symmetrization. The gauge-fixed string
action is

S__;L/dzaﬁg.f.__h/dzaer;E, (2.11)

where h is the string tension. When we take the string tension into account in the T duality
and gauge fixing, consistency of ) = ¢ with p_ = 1, fixes the string length to be P_/h,
where P_ is the integrated charge associated to p_, see e.g. [29, 33] for details.!”

2.3 7-deformed AdSs x S®

The metric and B field for our fermionic deformation are the same as the ones for the
distinguished deformation, given by [34]!!

1 dp’ P’ da?
2= %)dt? 2 day? 2.271,2
@ 1_H2p2<—<1+P>dt +1+p2>+1+,€2p4m2 (1 - a?)dvi + 7= ) + o du3
. 2962 4 4 re 2y g2 o AW’ 2,21 ,2
+1—|—/£27"2<(1_r)d¢ +1_7«2 +1+f£27”4w2 (1_w)d¢1+m + rew°des ,
4 4
rp kp X KT Krtw
B=———dtAd dyy ANdx + ———=dop Adr — doén A d
1— w2p2 PE T E 2 i YiAde + o mmsdg Adr — o add Adw,

where x is the deformation parameter. The RR sector of the fermionic deformed model
has a nonzero three form and a nonzero five form. As the expressions are large, we refer
to the original paper [23] instead of reproducing the RR forms here.

Our conventions for light-cone gauge fixing and the computation of the perturbative S
matrix for this background are analogous to those for the undeformed model, see e.g. the
review [35]. The two coordinates labeled ¢ and ¢ in the background above are isometric, and
are the coordinates used in the light-cone gauge fixing. To get the interaction Lagrangian
for the perturbative S matrix we first change to a different basis of transverse fields denoted

zi,1=1,...,4and y;, j = 1,...,4. These are related to the transverse coordinates used
above as

21+ 122 . 23 + 124 :

TTie = pV/1— a2 11 = pxe?, 22523,

Y +4iy Y +4iy (2.12)

1 2 _ _ a2 ,001 3 4 _ id2 2,2
1+l2—r\/1 w=e" | 1+12—rwe ) Y=y
1Y 1Y

In what follows we have (implicitly) applied this coordinate redefinition to the background,
including the RR fields. We fix our spinor conventions in terms of these new coordinates
directly, as discussed in appendix A.

10Before substituting the gauge condition, our Nambu-Goto type action is manifestly reparametrization
invariant, so we can freely rescale o. This rescaling remains a symmetry upon gauge fixing if we corre-
spondingly adapt the gauge condition on .

"The authors of [34] use trigonometric coordinates ¢ and ¢ related to our z and w as x = sin(, w = sin¢&.



2.4 Expansion of the action

For the computation of the tree-level two-body S matrix we need the gauge-fixed action
to quartic order in the transverse fields, keeping in mind that we restricted to quadratic
order in fermions from the start. Physically we consider the string action (2.11), rescale
the transverse fields by 1/v/h, e.g. 21 — z1/v/h, and keep terms up to order 1/h, i.e.'?

S:/d% <£2+2£4+”'>’ (2.13)

where by convention we have absorbed a sign in the definition of L9 4. This expansion is
straightforward but computationally involved due to the complicated nature of the back-
grounds.'?

At the quadratic level we find

£2 = eapeyy (~0rY U0V 4 0,y 0,7 4 (14 KAY Y ™)

+ €apesg (—aTZmaTZW + 0,2%0,2°% + (1 + RQ)ZadZB'B>

2.14)
o o y o
+i01,0,0% + 2 (caneqs0"2056" — ee g}, 0,61 ) — V/1+ w20} 0%
+ b 0mn™ + (mg%mmﬁanﬁ e eabniaaan;b> —V1+ k2l
where we have introduced the complex fields Y and Z via
(o) — Y2 YN 1 (ys —iys —y1 +iye
yi2 —yt 2 \y1 +iy2 Y3 +iya
S (2.15)
(Zad) (2B =73 1 (23 —iz4 —21+ 122
C\z8 _z4) 2 z21+iz9 23+ 124

in addition to the fermions #%* and n®% parametrizing the spinors, as presented in eq. (A.9)
in the appendix. The indices on these fields label their transformations with respect to
the su(2)®* symmetry of the undeformed model, acting from the left and the right on the
matrices. We denote the indices 1 and 2 with Latin letters (a and b) and the indices 3 and

121p the approach of the review [35] o is rescaled by h to remove explicit dependence on h from the gauge
fixed Hamiltonian. Our conventions and starting point circumvent this, but of course in both cases we end
up with a string length of P_/h and only an overall factor of h before expanding.

13To give some technical details, we evaluated the gauge-fixed Lagrangian described above, formally
expanding in fermions whenever possible before substituting concrete expressions. We expressed everything
in terms of the bosonic coordinates, the two gauge fixed spinors #1 and 2, and a set of canonically ordered
abstract tangent space gamma matrices. We discarded any terms that are zero due to the x-gauge fixing,
expanded the resulting expressions to appropriate order in bosons, and finally substituted concrete spinors
and gamma matrices. In practice we were not able to sufficiently simplify the coordinate transformed RR
forms before expanding, so we resorted to expanding the contributions of the RR forms to second order in
the bosons before substituting them in the gauge-fixed Lagrangian.



4 with Greek letters (o and (). For an index running from 1 to 4 we use capital Latin
letters M,N,.... The Levi-Civita symbols €4, and €,3 are defined for Latin and Greek indices
individually, i.e. €19 = €2 =1 and e3y = 34 = 1.

The reality of y; and z; implies the reality condition
(Vo) = —eawey Y, (299 = —enpe, ;277 (2.16)

so that from the worldsheet perspective the model contains 8 real scalar bosons and 8 com-
plex scalar fermions (Grassmann fields), all with mass v/1 + k2. The interaction Lagrangian
L4 is too large to be meaningfully presented here, but can be found in the Mathematica
notebook attached to the arXiv submission of this paper.

We note that our conventions at this point differ from those of [12, 34] and the re-
view [35]. Firstly, with respect to [12, 34] we interchanged indices 1 «+ 2 and 3 « 4
for convenient comparison to the exact S matrix later. Similarly, with respect to the re-
view [35] we interchanged 1 <+ 2 and 3 <« 4, which is a symmetry of the undeformed
model. Secondly, the authors of [12, 34] parametrized the string tension as h = gv/'1 + k2,
and rescaled the fields by 1/,/g rather than 1/ V'h. Hence our and their interaction terms,
had [12, 34] worked in a Lagrangian framework, are related as

La(p) = (14 &%) La(d). (2.17)

where we denote quantities from [12, 34] with bars, with ¢ collectively denoting the rescaled
transverse fields. Moreover, in light-cone gauge fixing we implicitly rescale o by 1/h com-
pared to the implicit rescaling by 1/g of [12, 34]. As a result

1

—07 = =1+ k2p, 2.18
V14 K2 P P (2.18)

g =

where p is the spatial worldsheet momentum used in the S matrix below. Under these
identifications, our quadratic Lagrangian matches the one of [12]. Our bosonic interaction
Lagrangian should correspond to the bosonic interactions of [12, 34] in the Hamiltonian
setting, while the fermionic interaction terms based on different RR sectors are inherently
different.

3 Perturbative S matrix

With our kinetic and interaction Lagrangians we are ready to compute the tree-level S
matrix using Feynman diagram methods. We first present our choice of mode expansion
used to determine the asymptotic scattering states, then give the result for the T matrix,
and finally show that this result factorizes, albeit in a form that slightly deviates from
the expectations from the distinguished case of [12]. We give a detailed discussion of this
factorized structure and its relation to the exact result in section 5.



3.1 On-shell mode expansion

For the in- and out-states of the Feynman amplitudes we need the solutions of the equations

of motion for L. These are given by the on-shell mode expansions'*
Y(r, ) \/ﬂ 2\ﬁ i(pr—wpT) qad () _ e=ilpo—wpT) cab cab azb(p)> ’ (3.1)
Z°Y(1,0) \/ﬂ Q\ﬁ po—wpr) gd (p) — e_i(pa_pr)eo‘ﬁeé‘BaLB(p)> , (3.2)
695 (7, ) = \/’;4 \1ﬁ< + ilpo— wpf)f* 4% (p) — jeiPo— wpf)h*eab o, T ( )> . (3.3)

—im/4
aa _ e . i(po—wpT) ad . —i(po—wpT) aﬁ ab T
n*(r,0) N /dp \/@(4—26 ?T) fpa®®(p) + ie PT) hpe ﬁb(p)) , (3.4)

where in comparison to the distinguished case of [12] it is more convenient to use [, and
h;, for 0% as this enables a direct comparison with the exact result of section 4. The

wp =V 1+ kK2+p?, (3.5)

and the wave functions for the fermions are given by

\/p +ik jwp+VI1+ ,%2 b P
— P 27 ’ (36)
N =T fp

|fp|2_ |hp| =V 1+"i2> |fp‘2+|hp|2 = Wp . (3.7)

dispersion relation is

We reformulated f, from [12] such that we obtain manifestly continuous amplitudes for all
p1 > p2 when choosing the standard branch for the square root function.

Upon quantization we have (a™ N = ;rw & for all operators. For the bosons this stems
from the reality condition (2.16), for the fermions it is a result of the equations of motion.
It reduces the number of degrees of freedom on-shell effectively from 8 complex to 8 real

scalar fermions.

3.2 T matrix

We are going to calculate the 2 — 2 scattering matrix S from the gauge fixed, deformed
and expanded Lagrangian of section 2.4. For this, we expand S in terms of the tree-level
T matrix as

S:]H%?H... (3.8)

and follow the standard Feynman diagram procedure, adapted to some of the intrica-
cies of our model — details are presented in appendix B. The scattering process depends

on two momenta, p; and ps, with p1 > p2 by assumption. The scattering states are
a}

J\/U\.[(;/Dl)aT (p2)) = al (pl) apg (p2) |0). We label these states by their particle content

PO o

Note that in the limit £ — 0 the review [35] gives an expansion that differs by factors of i for the
fermions. This would give a T matrix that differs by some (physically inconsequential) signs from the T
matrix of [36], which is the one reproduced in [35].



and have the first and second particle depend on p; and py respectively. For example
we write

Yailhy) = [abalpral () o |Zaang) = Jalsonalye)) - (39)

The T matrix is given in the following by its action on the two-particle states.

Boson-Boson
T [YoaYy;) = + 2A|Y Vi) + (B+Wei) [Y,1Y0a) + (B — Weap) [YoaY ;)
+ C ab ab6 |0a(5¢0 > + C ab €ab€e” |770ca775b>
TV ZuZy) = = 2A1Z0aZy) + (B + Weog) 2, 36) + (B = Wees) |23,
- Ca% a3 Maangy) — Cageape™ [0aaby )
T ’YadZad> = +2G ‘YaaZaoz> + H |77aa9aa> Hgg |0ad¢nad>
T ’ZadYa[z> = —20G ‘ZaaYaa> + H ’naaeaa> Haa leaanaa>

Fermion-Fermion

T [0aaby;) = +CCLB g€ YY) — C2L e | Z, 53
T 7aagh) = —C?“‘B €€ | ZoaZg5) + Cheape™ [Yar V)
T 0aangy) = — Hig 1VeiZpa) — Hyg | ZpaY,)
T|naify3) = +H§§|Za5m>+H”b Y6 Z,5)

Boson-Fermion
T [Yaatyg) = (A+G) [Yaabyz) + (B — Weap) [Yoab, )
510,500 + OO eare™ 10i Z )
T [Yaang) = (A+G) [Yaang;) + (B +Wey) [V, im84)
HUS nsaYy) — C:f%z;eo‘ 10acZ g)
T [0aaYyy) = (A= G) [0aaYy) + (B — Weap) 1066 Y ;)
+ ’ng“-) Y, i00a) — Cly €ape™” | Zaang;,)
T |n0aYy) = (A= G) [n0aYy;) + (B +Wey) 0,3 Ya)
+ HY Yian,;) +C.O'C~B€di,6d6 | Zaabys)
T|Zaabys) = — (A+G) | Zaabhz) + (=B +Wei) |Z,,5004)
— HYS 100aZ,5) + Cgl};eagf [MaaYyp)
T|Zaang,) = — (A+G) | Zaang) + (=B — Weap) | Zgan,;)
— HO |1, Zpa) — Colieape™ Baa V)

~10 -



T0aaZs) = — (A= G)[0acZgg) + (=B +Wei3) 10,5Z54)
— H5 1 Z5a8,5) — Citeape™ Yaanz)
TlnaaZgg) = — (A—=G)[naaZgg) + (=B = Weap) 1802, 5)
- Hfg |Z impa) + Caheape® [Yaatys)
Because we work only up to quadratic order in fermions, we were not able to determine
the expressions for four-fermion processes. The coefficients used above are defined as

1(p1 —p2)? + K2 (w1 — wo)?

A=- ,
4 P1we — Pawi
B— P1p2 + Klwiws
Pb1w2 — pawi
G (1 + 2) 1 W% —w%
— K -,
4 prwa — pawt
W =ik,

i 1 ; P : p2
Co = —(1+ ) \/p} + 52/} + 2 s (§ arsinh L - arsinh f25) )
! ? p1w2 — pawi ’

1 inh —PL_ _ arsi P2
cosh(2 (arsinh T arsinh m))

_ 2y /2 2\/2 2
Ho = +(1+ k%) \/pd + 62/ + EE——— ©(3.10)

Clin) = AR T G, el =G0, Cahin) = (€ ()"
Cfitn) = NG, i) = o,
Mij(n) = 2P DLy i) = Mo, I R) = (M)
p1+ LKW1 P2 + us
M) = PRI M) = Ho.
C=C(—k), C =C(—k), H=%H(-k), H=H(—k).

T satisfies the classical Yang-Baxter equation'®

[T23, T13] + [T23, T12] + [T13, T12]) =0 (3.11)

up to terms that could not be checked because they involve four-fermion expressions. In
the undeformed limit x — 0 it matches the result of [36].

5The T;; denote the graded embeddings of T into the product of three spaces, i.e. using the graded
permutation operator Pf; (defined, for example, in eq. (3.8) of [35]). Explicitly this gives

Tio=T®1, Tiz=PiTioPy, T =PLPET1:PEP,L =1T.
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3.3 Factorization
Our tree-level result matches a T matrix written in the factorized form

T=T(—r)®1+1®7T(x),

TEPRQ — (C1ywlen T (L)t 59 + (~1)elartr) s QT )

(3.12)

up to the four-fermion amplitudes that we did not compute. Here the first and second factor
of the tensor product acts respectively on the undotted or dotted indices. €p; describes the
statistics of the index, i.e. it is zero for Latin indices (1 and 2) and one for Greek indices
(3 and 4). The matrix T is the tree-level expansion of the exact fermionic suy(2(2)ce. S’
matrix that will be derived in the next section, explicitly in subsection 4.2.2. The entries
of T(k) are

Til = A0 + (B + Wear)o4s5,

T = — A8 + (=B + Weap)d25} ,

To3 = G553, T = —Goloy (3.13)
7”'(S = C'ﬂseabew , 7:16 = Cgféea[geCd
T = HG088) T =HA00,

with the coefficients listed in (3.10). The sign flip of x in the first term of eq. (3.12) leaves
the terms involving A, B and G invariant and changes the W term by a sign. The C and
‘H terms in turn transform in a non-trivial way.

In summary, we find a factorized T matrix that is structurally similar to the unde-
formed [36] and distinguished case [12], but differs in two major aspects. Firstly, the
coefficients C and ‘H depend on the indices of their respective entries. Secondly, in contrast
to the results for the distinguished model presented in [12], the two factors in eq. (3.12)
have opposite deformation parameters. We will come back to the origin of the relative sign
flip on & in section 5, and the distinguished case in section 6. First we will determine the
exact S matrix following purely from symmetry considerations.

4 Exact S matrix

In this section we derive the exact suy(2]2)c.. S matrix for the fermionic deformation.
We exploit the fact that at the level of the complexified superalgebra sl;(2|2).c. the Hopf
algebras constructed using respectively the distinguished and fully fermionic Dynkin dia-
gram of s[(2]|2) have coproducts related by a twist. The S matrix associated to the fully
fermionic Dynkin diagram can thus be obtained from the sl;(2|2)¢.. S matrix associated to
the distinguished Dynkin diagram through twisting and upon imposing appropriate reality
conditions.

4.1 Hopf algebra

Let us first recall the defining relations of the su,(2|2) superalgebra. For this we start
by considering a Cartan-Weyl basis of the complexified s(2|2) superalgebra, formed by
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Cartan elements H;, positive roots E; and negative roots F;, where the index j = 1,2, 3.
The g-deformation is defined through the relations

¢Ey = ¢M B, ¢F = g MR, By, T = dydg [H], (4.1)

with [z], = (¢" —q¢7")/(q — ¢ ') and A a symmetric Cartan matrix associated to s[(2|2),
obtained from the original unsymmetrized Cartan matrix A through A = DA with D =
diag(dy,ds,ds). A particularity of Lie superalgebras that sets them apart from ordinary
Lie algebras is that they admit inequivalent Dynkin diagrams, depending on the number
of bosonic simple roots in the chosen root system. Each Dynkin diagram is associated to a
different Cartan matrix. sl(2|2) admits three inequivalent Dynkin diagrams. We will focus
on two of them, the distinguished Dynkin diagram, which has the maximum number of
bosonic simple roots (two), and the fermionic Dynkin diagram, where all the three simple
roots are fermionic.

The relations (4.1) are not enough to completely fix the sl,;(2|2) superalgebra but need
to be supplemented with standard and higher-order Serre relations. We do not write these
conditions in their most general form here (independent on the choice of Dynkin diagram),
but rather later when considering the distinguished and fermionic Dynkin diagram. Some of
these constraints can be consistently dropped, giving rise to a centrally extended sl4(2]2)c.c.
superalgebra.

There are several coproducts under which the quantum-deformed algebra acquires a
coalgebra structure. Here we choose the one whose action on the Cartan elements, positive
and negative simple roots is given by

A(Hj):Hj@)l-i-l@Hj,
AE)=E;®1+¢ " QE,, (4.2)
A(Fj) :Fj®qu +1®F] .
This coproduct satisfies the required conditions
(I1A)A=(A®1A, (I®e)A=1=(e®1)A, (4.3)
where 1 denotes the identity and e: s(;(2]2)ce. = C is the counit with
e(l)=1,  e(H;) =e(E;) =e(F;)=0. (4.4)

Finally, to obtain a Hopf algebra we need to define an antipode map S: sl;(2(2)ce. —
sl4(2]2)c.e. satisfying the compatibility condition

p(S @ DA(X) = p(1® S)A(X) = ne(X), (4.5)

where f1: §05(2]2)c.e. ®504(2[2)c.c. = 814(2]2)c.c. denotes the product, u(X @ Y) = XY

Let us already mention that in order to obtain a non-trivial S matrix one needs to
introduce the braiding into the coproduct (4.2). The coproduct of Cartan elements and
bosonic simple roots remains unchanged, but the coproduct of fermionic simple roots needs
to be adapted. We postpone the explicit expression of the coproduct with braiding to when
we consider specific Dynkin diagrams.
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Distinguished Dynkin diagram. The distinguished Cartan matrix corresponds to
choosing a root system with the maximum number of bosonic simple roots. In the case
of s[(2|2), this corresponds to two bosonic simple roots and one fermionic simple root.
This is the Dynkin diagram chosen in [25], and we review the main characteristics of the
corresponding Hopf algebra here.

The unsymmetrized and symmetrized distinguished Cartan matrices are

+2 -1 0 +2 -1 0
A=|+10 1|, A=]|-10 41|, D=diag(+1,—-1,-1). (4.6)
0 —1+2 0 +1 -2

The standard Serre relations are

0= ElElEQ — (q + q_l)ElEQEl + EQElEl = E3E3E2 — (q + q_l)E3E2E3 —+ EQE?,EQ ,
=FFF; — (q + qil)FlFQFl + FolF1Fy = F3F3Fy — (q + qil)FgFgFg + FolF3Fs

= [E1, E3] = [F1,F3] = EoEg = FolFy (4.7)
and the higher order Serre relations take the form P = 0 and K = 0 with

P = E EoE3Ey + EoE3EoEy + E3EoRiEy + EoBEoEs — (¢ + ¢~ 1) EoE B3Ry, (48)
K = F1FoF3Fy + FoF3FoFy + F3FoF1Fo + FoF1FolFs — (g 4 ¢~ )FoF 1 F3Fs .

The Cartan matrix has non-maximal rank 2 and there is thus a central element, given by
C = —H — (H; +Hj). In fact, it can be shown that the higher-order Serre relations (4.8)
can be consistently dropped, in which case also P and K become central elements and one
obtains the triply centrally extended algebra sl,(2]2) x R2.

The coproduct (including the braiding factor U) of the Cartan elements and simple

roots is'6
A(H) =H; @1+ 1®H;,
AE,) E;®1+q¢ % QE, j=1,3,
YR U2 4 ¢ BUY2 0 R, j=2, (4.9)
F;®¢% +1®F, j=13,
AF;) = H,r11/2 , 11—1/2 -
IE‘j®q iU/ +U ®IF]' j=2.

This in turn fixes the coproduct of the three central elements to be
AC)=C®1+1®C,
AP)=PeU '+ UsP, (4.10)
AK) =Keq¢ U+ U loK.

The S matrix should satisfy!'”

AP(X)S = SA(X), VX € sly(22)ce. . (4.11)

181n contrast to [25] we choose to include the braiding in a “symmetric” way. This choice is more suited
for implementing the twist.

"For an operator @ mapping to the tensor product of two spaces, we define the “opposite” operator
O°P = P8O, where P? is the graded permutation operator. In particular, for the coproduct we have
A°P(X) = P(A(X)).
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In particular if X is central this implies A°P(X) = A(X). While this is immediately
satisfied for C, imposing it for P and K partially fixes them to be
P=a8U"! (1 _ q2CU2) . K=a'8U (q*QC _ IU*2) , (4.12)
where « and 3 are yet undetermined complex numbers.
Finally, the antipode map satisfying (4.5) is given by S(1) = 1 and
S(Hj) = —Hj , S(E;) = —¢"ME;, S(F;) = ~Fjq~ (4.13)
S(C) = _Cv S(P) = _q—Q(C]P)7 S(K) = _Kq2(c . ‘

Fermionic Dynkin diagram. For the fermionic Dynkin diagram on the other hand
all the three simple roots are fermionic. The non-symmetrized and symmetrized Cartan
matrices are (we use primes to denote quantities related to the fermionic Dynkin diagram)

0 -1 0 0 +41 0
A=1+10 -1|, A=[+1 0 -1]|, D =diag(-1,+1,-1). (4.14)
0 +1 0 0 -1 0

The standard Serre relations are
0= E\E} = F\F) = B4E} = FyF} — B4, = F4F} (4.15)
together with P’ = 0 and K’ = 0, where
P'=[E}, B3], K =[F,F]. (4.16)

The higher-order Serre relations are automatically satisfied. The reason why we have
separated the standard Serre relations into (4.15) and (4.16) is that the second constraints
can be consistently dropped, leading to a triply centrally extended sl,(2|2) superalgebra
with central elements P', K’ and

1
Cc' = —§(H'1 + HY) . (4.17)
The coproduct (including the braiding) is
172 e AR = 7 /
ANME)=H;®1+10H,,

AE - E, @ U2+ HUY2 o E, i=1,3,
7B e U2+ U2 O, j=2, (4.18)
A'E,) — F, @ U2+ U2 o, i=1,3,
IF; ®qH;U—l/2 +U1/2 ®IE/] ]:

For the three central elements we obtain
ANCT)=Cwowl1+10C,
ANPY=P U '+ UsP, (4.19)
ANK)=K 0¢*U+UTeK,
and P, K’ obey analogous relations to (4.12). The antipode map S’ is given by equations
similar to (4.13).

~15 —



The twist. As already mentioned, the ¢-deformed superalgebra generated by the fermi-
onic Cartan matrix is isomorphic to the g-deformed superalgebra generated by the dis-
tinguished Cartan matrix, while the coproducts are related by a twist. This remains
true even after introducing the braiding. To see this, we define the two distinct algebras
A{H,E,F}, A) and A'({H',E',F'}, A"), whose defining relations (4.1) are dictated by the
Cartan matrices A of (4.6) and A’ of (4.14) respectively. The Lusztig transformation
w: A{H,E F'},A") - A({H,E,F}, A) defined by [37]'8

w(H}) = H; +Hy, w(E)) = E1Ey — ¢EoE, w(F)) = FoFy — ¢ 'y Fy,
w(Hy) = —Hy, w(Eh) = —Faq™, w(Fh) = —q ™Ky, (4.20)
w(H3) = Hy + Hs,, w(E}) = E3Ey — ¢ 'EoE3, w(F%) = FoFs — qF3Fy

is such that!?
[w(X'),w(Y’)] = w([X’,Y']) , vX'Y' e A’({H’,E',F’},A') , (4.21)

and thus defines a Lie algebra homomorphism. Moreover, under this map the central
elements are transformed into one another

w(C)=C, w(P)="P, wK) =K. (4.22)
The coproducts on the other hand are related by a Drinfel’d twist
(WRWA(X)=F'AWX')F, F=1®1-(¢—q¢ HUY?F, @ U/?E,, (4.23)
with F satisfying the cocycle condition
FlolAo)Fl=10oF Y1 AF . (4.24)
Therefore, the S matrix for the fermionic Dynkin diagram is
S' = F °PSF. (4.25)

Let us mention that the antipode map is not preserved by the twist, in the sense that
w(S'(X")) # S(w(X")). We rather have that

(S (H))) = S(w(H))

oS ED) = SWED, SR = SWE), g
(S (B)) = S(w(ES)) (S (F}) = S(w(F3)

(S (BY)) = —q 'S(w(ER) . w(S/(F5) = —aS(w(F)).

8T.¢. we can think of w(X') as the representation of X’ in the algebra A({H,E,F}, A).
190n the left-hand side of (4.21) the bracket is defined with the Cartan matrix A of (4.6), while on the
right-hand side the bracket is defined with the Cartan matrix A’ (4.14).
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Reality conditions. Until now we have worked with the complexified algebra sl,(2|2)
and have not imposed any reality conditions to obtain su,(2[2). The S matrix S’ of (4.25)
is thus not a priori unitary. Imposing the reality conditions

Hf = H;

El=¢%F;, Ut=U", (4.27)
produces a unitary S matrix S associated to the distinguished Dynkin diagram, but the
sought after S matrix S’, associated to the fermionic Dynkin diagram, is not unitary due to
the twist. Therefore, we need to adapt the reality conditions so that S is not unitary but S’
is. In other words, instead of using the reality conditions (4.27) that are compatible with the

coproduct (4.9), we choose reality conditions that are compatible with the coproduct (4.18).

These are
A 1t —Hw =1
H'=H;, E'=¢ F;,, U =0U". (4.28)
Imposing
Wwl(X') = w(X'), (4.29)
then gives rise to
Bl = g lg M tip, B = ¢™eF,,  Ef = qq R, (4.30)

It thus follows that a way to obtain the exact g-deformed S matrix for the fermionic Dynkin
diagram is to twist the su,(2|2)c.. S matrix associated to the distinguished Dynkin diagram
and impose the reality conditions (4.30).

4.2 Fundamental S matrix

The g-deformed S matrix based on the distinguished Dynkin diagram of sl,(2|2) has been
derived by Beisert and Koroteev in [25]. For completeness we review the construction here,
with some slight changes. In particular, we use the symmetric braiding of (4.9) and work
with the shifted and rescaled variables of [38].

Fundamental representation. The fundamental representation of the centrally ex-
tended sl,(2|2) superalgebra is spanned by four states |¢1),|d2),[1¥3), |¢a), with |¢q)
bosonic and |¢,) fermionic, obeying

Hi 1) = —|¢1) Ha[¢1) = — (C —1/2)[¢1) , Hs |¢1) =0,

Hi [¢2) = +|¢2) , Ha [¢2) = — (C'+1/2) [¢2) , Hs [¢2) =0, (4.31)
Hi [¢4) =0, Ha [¢h4) = — (C' +1/2) [tha) , Hs [¢4) = +[tha) ,

Hi [¢3) =0, Ha [¢3) = — (C —1/2) |¢3) , Hs [¢3) = — [¢3) -

where C' is the central charge for the fundamental representation. The action of the simple
roots is given by

Eqy[¢1) = alp2) , Fo |¢1) = c[s)
E [¢p2) = fl |Y4) F1|p2) = ¢lo1) , (4.32)
E3 [t4) = b[t3) | Fa [vp4) = d|p2) ,
Ea [13) = b¢1) , F3 [¢3) = d|4) |
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where a, I;, ¢, a?, a,b,c,d are coefficients constrained by the commutation relations of the
g-deformed algebra. By renormalizing the states one could in principle eliminate two of
the coefficients with hat, setting for instance a = b= 1, but here we prefer to keep the
coefficients free, while ensuring the normalization (¢q|pa) = (¥a|tha) = 1. Choosing the
basis of states

1 0 0 0
0 1 0 0
= = = ; = 3 433
=141 le22=|, > ) ¥s) =1, (4.33)
0 0 0 1
the positive and negative simple roots have matrix realizations
0000 000b 0000
E, — a000 7 E, — 0000 7 E, — 0000 ’
0000 0a00 0000
0000 0000 00b0
(4.34)
0¢00 0000 0000
F, = 0000 7 Fy = 00d0 ’ F, = OOOQ
0000 0000 000d
0000 c000 0000

The matrix realization of the other generators can easily be deduced from their expressions
in terms of E; and F;. Taking the commutator between a positive and a negative simple
root one obtains the relations

j=}
>
I
—
S
S
I
—_

(4.35)

and
1 1
ad = [C + 2] , bc = [C — 2] . (4.36)
a q

The commutation relations involving a Cartan element and a positive or negative simple
root are automatically satisfied. Furthermore, the central charges P and K, expectation
values of the central elements P and K respectively, are given by

P =abab, K =cdéd. (4.37)

This in turn implies the closure condition

[C’ + ;] [C - ﬂ = PK = *(1 - U (¢ -U?), (4.38)

where for the last equality we plugged in the explicit expressions for P and K derived
in (4.12). This can be recast into

V=V P =@U-U"P+1-)—q?)?, (4.39)
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where we introduced

. Bla-g¢hH
V1-p8%(q—q7")?

The labeling of states by ¢ and 1 as used in this section (and similarly in [25]), corresponds

V:qc7 €:_

(4.40)

in our conventions to the sigma model indices 1,2, 3,4 as

¢1<_>17 ’¢3<_>35

4.41
¢2927 ¢4<_>4a ( )

with a second copy of these for the dotted indices.

Deformation of the Zhukovsky variables. As customary in the context of g-deform-
ations we introduce deformations of the Zhukovsky variables,

U2 et +E 1/:E +¢& 2:q,11+x+§:q§/x_+1 (4.42)
T+ & 1/:1c++§ 1+ax=¢ ot +17 ’
and hence in the x* variables the closure condition (4.39) becomes
1 1 1
—1 + ) - | — e — =0. 4.43
q (9: +x+> q<x +x_> (¢—q )(§+§) 0 (4.43)
The variables @ and b remain free, while the others are
é=1, i=1,
a b
1
_ 1/241/22
a=/BU" =
b= \/BO[ _lU_1/2 1_£ —1/21
1
— 4 -1 1 2 U1/2V71
c=i/Baly &q pea:
+
_ —1 2771/2 —T 4
d=i/By V1= euvve T el
The 514(2|2)c.c. S matrix. The S matrix satisfying the defining equality (4.11) is [25]%
S |¢a¢a> =A |¢a¢a>a S |¢a¢a> =-D |Q;Z)a¢o<>7
a1 ?A+B q(A - B) b2 qC b
S _2_ 47
|p12) = B 21 |p2¢1) + i1 |p12) P 1 |1harh3) + 2+1 [¥3t0a)
_ q(A-B) @A—I—qu bqu _ﬁ @C
S |p2¢1) = il |p2cb1) + = 211 |p162) B 1 [$avps) — = 211 [¥3tba)
_b¢*D+E q(D - E) ay q
5\1/131/14> bl 2 +1 \¢4¢3> q2 +1 |¢3¢4> + B 2 1 +1 |¢2¢1> 2 n 1 ’¢1¢2>
(D E) bl D+gq ) dg
S [tharhs) = — Al |¢¢>—*2 21 |304) — 2+1|¢2¢1)+A 2+1!¢1¢>2>

20The S matrix acts in the tensor product of two spaces, which we label with indices 1,2. (Not to be
confused with the s[(2) indices of the states |¢1,2).) Due to our choice of normalization of fields, the S
matrix is obtained from [25] by sending |¢o) — ¢~ /2a |¢po) and [1h1) — ¢*/2b|ibs).
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b b
S|p1es) = G |prabs) + BJH 3¢1) S|sé1) = Llsér) + éﬁK o1¢3) . (4.45)
2 1

S |p114) = G |p110g) + H |1pap1) S'had1) = L|pad1) + K |p11)4) ,
Gob b

S pots) = G |goths) + a2b1 V. S|wsd) = Llvsso) + ;‘flK |atis) |
1 1

S|patha) = G |pavhs) + deH [Vacp2) S|Yap2) = L [tpag2) + &—QK |p21)4) -

The ten coefficients are given by

U1V1 w; — 1'1_
UsV2 xg_ — xf ’
+
e R = e
2 — T 2 — Ty Ty 1
11eUiVi a2 af —xy
ag?PUVE of (af —ay)(1 — 2y ay)

A=25

C=-S(qg+q"

DZ_SOv

+ +
Lo — X 952 1/531)
bl

E = -5, <1— q+qt
( )qU22V2 oy —af xy — /2y

F = —So(gtq ) CUVE i (a1 —ai)(ag —af)(ag —a3) (4.46)
g 2UsVayrye (5 — )1 —zyay) 7
+ _ o+

1 To —X
G=S 2~
CQ POV 1y — af

+
N Ty — Ty
=512 "%
72%'2—%'1

Ui Earl —x

k= SOU2V271 zy —a]
L = SoU1 Vig'/? : — z% .
This S matrix satisfies the quantum Yang-Baxter equation®!
S12513523 = 523513512 - (4.47)

4.2.1 Distinguished Dynkin diagram
Let us briefly discuss the exact suy(2|2)ce. S matrix associated with the distinguished

Dynkin diagram.

Reality conditions. In order to obtain the exact S matrix for the deformed model based
on the distinguished Dynkin diagram we need to impose the reality conditions (4.27). This

2'The S;; denote the graded embeddings of S, defined analogously to the T;; of footnote 15.
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implies ¢ € iR together with the constraints

12 <2 1
o avime T (1.48)
P =i(l - qVQ)T , o] =1. '
A solution to these equations is given by??
a=q"?, b=q'?, —a=1, y= \/—q1/2UV(x+ —a). (4.49)

Crossing symmetry. A virtue of the coefficients (4.49) is that they lead to an exact S
matrix which has crossing symmetry

C eSS Ce)S=11, (4.50)

provided the overall prefactor satisfies the crossing relation

+ (o +,.=

zy (21 —zy )1 — 2y )

(So)12(So)12 = ¢=2 % : (4.51)
zy (27 —23)(1 —afzy)

In (4.50), —°T denotes the supertransposition acting as A3} :7(—1)(|j|+1)|k|Akj, with |j| =0

if the index is bosonic and |j| = 1 if the index is fermionic, 1 means that we consider the

antipode representation,

1 _
7t = U=U", V=v1l o ay=-i?0v-Uuvl), (452

=,
and the charge conjugation matrix is given by?3

Clor) = —q"?|¢o) Clws) = —ig"? )

4.53
Clo) =+ 2 |¢1) C tpa) = +ig /% |ihs) (459

A symmetry of the distinguished exact S matrix. An interesting property of the
exact S matrix for the distinguished Dynkin diagram with (4.49) is its invariance under
the map

q—q " |p1) <> |2), |13) < 1a) - (4.54)

1

To show this, let us analyze the consequences of sending ¢ — ¢~ on the coefficients of

the S matrix. First of all, the braiding factor U is independent on ¢ and thus remains

22T [25], v was instead taken to be v = 1/—iql/2UV (z+ — 2~), which differs by an overall factor from our
choice (4.49). This factor can be reabsorbed into a renormalisation (by a phase) of the fermionic states |13)
and [t¢4) to yield the same S matrix. The reason we choose this particular value of v is to exactly reproduce
the perturbative T matrix upon expansion without having to renormalise the fermions, see subsection 4.2.3.

%3The charge conjugation matrix is defined through the relation S(X) = C™'X°'C, with S the antipode
map defined in eq. (4.13). Imposing this relation for the bosonic simple roots E1,F1,E3 and F3 fixes the
conjugation matrix up to an overall prefactor in the two subspaces {|¢1),|p2)} and {|vs), |14)}. Further
requiring that it holds for the fermionic simple roots Eo and Fs fixes one prefactor in terms of the other
and one obtains the antipode representation for the parameter ¥ and ~ as in eq. (4.52). Notice that since
our 7 differs from the one chosen in [25], so does the charge conjugation matrix.
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unchanged. By the definitions (4.40) we have V — V=1 and & — —¢. The variables o™
also need to be modified as they are subject to the conditions (4.42) and (4.43), which
depend on ¢, V and £. The solutions to the modified constraints are

— +
-, " +¢£ i T+ €

TS TS 4.55
l+a-¢ 7 T 1tate (455)

This in turn implies

V1-& (4.56)

i el
7 71+x+£

Under these transformations the right-hand side of (4.51) remains invariant. Moreover, also
the ten coefficients A, B, ..., L are left unchanged. The latter however enter the S matrix

1

with factors of the deformation parameter q. Therefore the transformation ¢ — ¢~ is not

itself a symmetry of the exact S matrix associated to the distinguished Dynkin diagram,
but it is easy to see that it becomes one when supplemented with the exchange of states
as in (4.54).

4.2.2 Fermionic Dynkin diagram

We now consider the su,(2|2)q.. S matrix associated to the fermionic Dynkin diagram.

Implementing the twist. In order to obtain the exact S matrix S” associated to the
fermionic Dynkin diagram we implement the twist (4.25), S” = F7°PSF. In the fundamental
representation, F' only differs from the identity for the following matrix elements:

—-1®1 |¢)1¢2 -t / Cla2 ’¢3¢4> )

) =—( Uy
F—1®1)|¢1es) = —(¢ — ¢ 1)U/ /2c1b2|¢3¢1> ,
[ae) = +(q — ¢ U, /2 /2d1a2!¢2¢4> ;
[Paths) = +(q —q~ 1)U1/ U21/2d152|¢2¢1> :

qa—4q

(4.57)
F-1®1

F-1®

(F )
( )
( )
( 1)

Reality conditions. Finally, to obtain a unitary S matrix, we impose the reality condi-
tions (4.30), leading to

0 = V2, b

(4.58)
R

o

With this choice of coefficients, the S matrix is unitary: (S},)7S}, = 1 ® 1, provided the
overall prefactor is a pure phase, |Sy| = 1. A solution is given by

a=Vqg 2, b=Vq'/?, a=1, v = q_3/2\/—q1/2UV(:r+ —z7).  (4.59)
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Crossing symmetry. The exact S matrix associated with the fermionic Dynkin diagram
satisfies the crossing equation (4.50), with conjugation matrix?*

C'lpr) = —Id2) C'ips) = —iliha)

, , ) (4.60)
C'p2) = + 1) , C' |[Ya) = +ilth3)

and exactly the same relation (4.51). Therefore, if crossing symmetry is imposed, the
prefactor is constrained in the same way for the distinguished and fermionic exact S matrix.
It is thus consistent to pick it to be the same for both cases.

4.2.3 Expansion of the exact S matrix

In order to compare to the perturbative result, we need to obtain the tree-level expansion of
the fermionic su,(2|2)¢e. S matrix and provide a physical meaning to the purely algebraic
quantities used to construct the exact fermionic S matrix. We assume that the energy and
the momentum are defined as in the undeformed case through

C@%:C@%:%@), UD) =U|®) =e? |D), (4.61)

with ® standing for an element of {¢1, @2, 13,14}. The exact S matrix has two free param-
eters ¢ and £. Based on experience with the distinguished case [34], we take these to be
related to the deformation parameter x and the string tension h entering the string sigma
model through?®

g=e"", E=iK. (4.62)

Rescaling the momentum p — p/h we find to linear order in h

LW _q_fw
Usltg+.... V=l-o+.... (4.63)

Solving the variables 2 as functions of U, V, and using the closure condition (4.39) yields
the dispersion relation (3.5). Finally, recalling that it is consistent to take the scalar factor
So to be equal to the one of the distinguished case [26, 27, 34] and matching indices as in
egs. (4.41), the expansion of the exact fermionic S matrix gives

S'(q) =1+ %T(m) +.n, (4.64)

where we recover the matrix 7 (k) of eq. (3.13) used to express the perturbative result.

24The charge conjugation is defined analogously to the relation of footnote 23. Since the twist does not
preserve the antipode map, see eq. (4.26), the charge conjugation here differs from the one in (4.53).

*The expression for ¢ is equivalent to taking 8 = h/(2v/1 + x2). Taking h = gv/1 + k2, B = g/2 gives
the expressions of [34].
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5 Comparison of the perturbative and exact S matrix

In section 3.3 we found a tree-level T matrix of the form
T=T(-rk)@1+17T (k). (5.1)

This structure is a deformation of the one for the undeformed string, which has two identical
T factors in its T matrix. It suggests that the two factors of the su(2|2)®? light-cone
symmetry of the undeformed string get deformed oppositely rather than identically. A
closer look at the embedding of the relevant su(2]2) algebras in su(2,2|4), and the action
of the R operator at both levels, shows that this should indeed be the case.

5.1 Light-cone symmetry algebra

In the matrix conventions of [35] (see e.g. equation (2.123) there), the two copies of su(2|2)
are embedded in su(2,2[4) as

R 0 —Qf 0
& ;
OR 0 QL (5.2)
Qo0 L 0
00 0 L

in 2 x 2 block notation, with one copy of su(2|2) generated by R,L,Q,Qf, and the other
by their dotted counterparts. Note the different relative placement of Q and @.26

This structure needs to be contrasted with the action of the fermionic R operator defin-
ing the action, and the fermionic R operator Rg,(j2) corresponding to the ¢ deformation
of the exact su(2|2) S matrix. The R operator defining the action, acts on elements M of
su(2,2[4) as [23]

0 41 +1 4141 +1:+1 +1
-1 0 +1 +1:—1 +1.41 +1

—————————————————————————

R(M);; = —ie;j My = | - wm——— : 5.3
(M)yy = —ieij My TR 10 F 1+ (5:3)
—1 141 4111 0 41 +1

—1-1'=1+41'—-1-1'0 +1
~1-1i=1 =11 —1i=1 0

where we have highlighted the blocks corresponding to the undotted and dotted copies of
su(2|2) in green and yellow respectively. In appendix C we translate between conventions
to determine the R operator corresponding to the exact S matrix of section 4, acting on a

R —Of
Q) (5.4)
Q L
26While Q + Q' is an automorphism of su(2[2), the central extensions {Q,Q} ~ C and {Q, Q} ~ C that
appear off shell, meaningfully fix this embedding.

copy of su(2|2) of the form
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This R operator is

0 —1'—1 -1
. +1 041 -1

Reuai)(M)ij = —i€ijMij, €= o 4| (5.5)
+1 +1.+1 0

Comparing the action of Rgyg)2) to the action of R on the two su(2|2)s as in equa-
tion (5.3), we see that R acts like — Ry, (2|2) on the undotted copy of su(2[2). For the dotted
copy we can now compare term by term at the level of the individual indexed generators
(see e.g. section 2.4.2 of [35]).27 In terms of index assignment, (5.2) has the form

3433 2414
4443 2313
4344 4241
3334 320
4232 2122
4131 1112
2423 1211
1413 2221

(5.6)

where we have indicated the action of the R operator by color-coding the entries in red
(41), blue (—i) and white (0). We see that R acts precisely oppositely on the dotted and
undotted (indexed) generators of the two copies of 5u(2[2). Since R acted like — Ry, (2)2) on
the undotted su(22), it acts like +Rgy(9p2) on the dotted su(2(2) with permuted indices.

As changing the sign of the R operator is equivalent to changing the sign of & or
inverting ¢, the two copies of su(2|2) effectively have opposite deformation parameters.
Putting everything together, our light-cone symmetry algebra is thus expected to be
U1 /g(2]2)ce. D sUg(2]2)cee.-

5.2 Expanded exact S matrix

The above structure for the light-cone symmetry algebra is compatible with our tree-level
T matrix, and suggest that the exact S matrix is of the form S’(1/q) ® S’(q), where the
factors correspond to the fermionic exact suq(2]2)ce. S matrix S’(g). Using the tree-level
expansion of S’(¢) given in equation (4.64), we find

S/ © (@) =1+ (T(-R) S L+1OT(W) +...= 1+ T+.... (5.7)
In other words we find perfect agreement between the exact suy/q(2]2)ce. @ s1g(2[2)ce. S

—k/h

matrix and our tree-level T matrix, provided q = ¢ , at least semiclassically. Taking

into account the relative parametrizations, this identification of ¢ matches the one of [6].

2TRecall that we permute indices 1 and 2, and 3 and 4, relative to [35].
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6 Distinguished deformation

With the framework set up, we can quickly revisit the computation of the tree-level T matrix
for the distinguished deformation. Taking the distinguished background presented in [12]
as input, we proceed exactly as described before, except that we use the unconjugated f,
and h,, in the mode expansion of 6

6—i7r/4

1
d
\/27T p\/wp

for convenient direct comparison. The resulting T matrix factorizes, and solves the CYBE.

9“(7’, o) =

(_Z-ei(paprT)fpaao‘z (p) _ Z-efi(pafonT)hpeabedﬁ'aZB (p)> , (6.1)

As for the fermionic case, it is of the form
T=T(—k)@1+12T (k) (6.2)

where T is now given by eq. (3.13) with A, B, G and W as in the fermionic case, see
eq. (3.10), and

Col(k) = Coh(r) =Co,  HIb(k) = HI(K) = Ho. (6.3)

ab

Although the R operator is different, the light-cone symmetry algebra has the same
overall structure as in the fermionic case. As discussed in appendix C, we now have

0 —1'—1-1

, +10:-1-1
Rou(oj2)(M)ij = —i€eijMij, €= EEREHN RN (6.4)

+1 41041 0

and the analogue of (5.6) becomes

3433 2414
4443 2313
4344 4241
3334 3231
4232 2122
4131 1112
2423 1211
1413 2221

(6.5)

We see that also in the distinguished case we expect su /q(2[2)c.e. © 5q(2]2)c.e. Symmetry.
Expanding the corresponding exact S matrix reproduces our tree-level result here as well.

The inversion of the deformation parameter is less significant here than it was in the
fermionic case. As discussed around equations (4.54), for the distinguished deformation an
inversion of the deformation parameter is equivalent to a change of basis

SA/q) =5a) = T(=r)=T"k), (6.6)
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where —P denotes the operation of permuting indices 1 <+ 2 and 3 < 4, cf. equations (4.41).
Hence there appears to be no real distinction between siy/4(2]2)ce. © 5ug(2[2)ce. and
suq(2(2)E7

J2 symmetry in this case. In our current conventions, up to this basis change

on the undotted indices, we have

T~Tk)@1+1®T(k) (6.7)

@2

which is manifestly compatible with su,(2|2)&s

symmetry.

Our present results conflict with those of [12], whose T matrix only factorizes and
satisfies the CYBE after a nonlocal redefinition of the scattering states. Our results agree
in the purely bosonic sector, but differ for the fermions.?® As our setups differ throughout
the various stages of the computation, it is not straightforward to conclusively determine
the origin for this mismatch.?® Our results show that there exists a gauge choice for which
this classically integrable field theory admits a tree-level S matrix that solves the CYBE,

which seems like a natural consistency requirement.

7 Conclusions

In this paper we studied the worldsheet scattering theory of the light-cone gauge-fixed
fermionic 7 deformation of the AdSs x S° string. We started by computing the tree-level
worldsheet S matrix, showing that it satisfies the classical Yang-Baxter equation and has
a factorized structure. Based on expectations regarding the light-cone symmetry algebra,
we then determined the exact S matrix factor compatible with sug(2(2)c.c. symmetry for
the fermionic Dynkin diagram. By considering the embedding of the light-cone symmetry
algebra in the full symmetry algebra relative to the action of the R operator governing the
deformation, we found that the two factors of the light-cone symmetry algebra are in fact
deformed oppositely, resulting in su; /4(2|2)c.c. © 514(2[2)c.c. symmetry. The corresponding
full exact S matrix is compatible with our tree-level worldsheet computation.

We also revisited the distinguished deformation of AdSs x S® in our setup, similarly
finding a factorized tree-level T matrix that solves the classical Yang-Baxter equation. In
this case the light-cone symmetry algebra is based on the distinguished Dynkin diagram,
and it turns out that inversion of the deformation parameter is effectively a symmetry of the
exact S matrix factor, so that pragmatically there is no distinction between suy /q(2|2)c.e. a5
514(2]2)c.e. and su,y(2]2)P2 symmetry.

There are a number of questions we did not address in this paper. First, it would
be interesting to understand what effect the change from distinguished to fermionic defor-
mation has on the exact spectrum of the model, or whether perhaps the models should

2To directly compare, note that [12] defines epsilon with lower indices with the opposite sign from
us. Moreover, at the exact S matrix level, the deformation parameter appears to be partially inverted
compared to [12, 34]. We emphasize that this is equivalent to an inconsequential change of basis. In fact,
the identification of ¢ depends on the mapping from the exact to the perturbative S-matrix basis in the
first place.

290One possible source lies in the x-symmetry gauge fixing, as we were currently unable to compare our
gauge choice with the one of [12]. We thank G. Arutyunov, R. Borsato and S. Frolov for discussions on this
point.
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ultimately be considered equivalent, and if so, how this relates to Weyl invariance. This
first of all requires analysis of the corresponding Bethe equations. Second, coming back to
the mirror duality mentioned in the introduction, it would be interesting to see whether
this feature of the distinguished deformation is also present for our fermionic one. It would
not only be interesting to answer this question for the current exact S matrix, but also
to investigate the tree-level and exact S matrices for deformations of AdSs x S* where
it is possible to realize mirror duality explicitly also in the fermionic sector of the sigma
model [39]. Next, for the exact S matrix and Bethe ansatz description of these models
it is important to understand the precise identification of the exact parameters ¢ and &
and the Lagrangian parameters x and h. This is related to questions surrounding quan-
tum corrections to Yang-Baxter deformed backgrounds, where initial studies have thus far
focused on o corrections for homogeneous deformations [40, 41], and corrections to (not
Weyl invariant) deformed backgrounds to maintain compatibility with RG flow [42, 43], see
also the very recent [44, 45]. At the level of quantum corrections, it would also be great to
investigate the one-loop S matrices for both the distinguished and fermionic deformations
along the lines of [46], as at loop level we are generically sensitive to Weyl invariance.?’ As
a lead up to computing such loop corrections, it is moreover important to explicitly check
the contributions at quartic order in the fermions at tree level. We could also consider fur-
ther unimodular inhomogeneous deformations with differing bosonic sectors as in [6, 21].
In [21] it was shown that the bosonic S matrices of these models are related to the one of
the standard inhomogeneous deformation by one-particle momentum-dependent changes
of basis. It would be interesting to understand whether this picture continues to hold when
including fermions, and if so, to find a matching algebraic picture at the level of the exact
S matrix. Finally, it would be very interesting to understand whether the fermionic defor-
mation of the AdSs x S° string that we considered here, can be given an interpretation in
terms of AdS/CFT.
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A Spinor conventions

Here we briefly set out our conventions regarding the spinors of the Green-Schwarz action
and associated objects such as gamma matrices, the vielbein and spin connection. Our

30For the distinguished case the one-loop S matrix has been studied using unitarity techniques in [47].
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conventions are close to those of [12] but differ in the labeling of coordinates and coset
model gamma matrices.

Tangent space. We introduce tangent space gamma matrices as follows

01 ® % @ 14 a=0,
—02 @ 1y @5 a=1,
01 @ Va1 ® 1y a=2,3,4,5,
—02Q@14®%-5 a=6,7,8,9,

where
Yo =103 ® 00 = Y5,
M =02 02,
Yo = —09 ® 01, (A.2)
V3 = 01 & 0,

Y4 = 02 Q 03,

are the coset model v matrices of [35], and the o; denote the Pauli matrices, with o¢ = 1s.

The associated charge conjugation matrix

C=ics @ KQ® K, K =—ioyg® o9, (A3)
satisfies
r=-cr,c7', clc=1, C'=-C. (A.4)
In these conventions
I'i1=Tgl...Tg=03® 116. (A5)

A Majorana-Weyl spinor satisfies
0'C =0=0T" and T1,0=0. (A.6)
In the light-cone gauge we fix kappa symmetry as
Ir*g =0, (A.7)
where we introduce tangent space light-cone coordinates similarly to the curved ones

’=_(T%+1"), 1"=T'-1° (A.8)

N |
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with labels p and m to distinguish them from the curved space + and —.3! We parametrize
the components of our two kappa-gauge-fixed Majorana-Weyl spinors as

0

0
—i(n'2)" 4oy
i(7741)* +7732

0

0
1(7732)* —1—7741.
72-(7731)* Jr7742

1 . " . .
01 = 5 —(013) — 19?4 s 92 = 01 n—in (Ag)
(6%3) — g 2"
0
0

(014)* o Z-023
_(924)* o i913
0

This index assignment matches the behavior of the components under the su(2) transfor-
mations of the Z and Y fields of the main text, see equation (2.15), here in the spinorial
representation. This parametrization can be read off by translating the spinor 62 of [12]
to an 8 x 8 matrix using the matrix generators of su(2,2[4) used there, and comparing this
to the standard parametrization of the fermions in the coset formulation, see e.g. equa-
tion (1.139) of [35].32 In matrix form the kappa gauge I’ = 0 becomes the one used in
the coset model formulation, see e.g. equation (1.87) of [35]. Our spinors contain eight
complex Grassmann-valued fields: four ns and four 6s.

Spacetime. Spacetime I' matrices I'y; are defined as
Lar = efyLa, (A.10)

where e is the vielbein. In our case the vielbein needs to be chosen appropriately to
maintain a straightforward link to coset sigma model objects and associated conventions.
Our vielbein is determined by the deformed current A of the sigma model, see egs. (2.8)
and (2.19) of [18]. Taking a coset element appropriate for our z and y variables as in

3'In this gauge, any fermion bilinear 6;,T'®...T°f; involving purely transverse tangent space gamma
matrices — those with indices other than p or m (0 or 1) — is zero.

32In line with appendix C.2 of [12], relative to [35] we permute indices 1 and 2, and replace 6 — i0 and
n — —in.
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eq. (1.147) of [35], and evaluating the deformed current, we find

2 aM

1z
. 5 Kz1 KZ9 K23 KZ4
4
2 m<22+z2)
Kzl _ 2 o 3 4 KRzZ2Zz3 Kz2z4
1422 4 -2 1-z -2
2., .2
eaM = K22 "’”(ZB +24) 1 22 KZ123 _ KZ124 ,

272 22 4 22 22
1+2  1-% -5 -
KZz3 _ kzaz3 KZz1Zz3 _ 2 0
1422 122 1_z22 4

1 1 1 )
K24 K2224 Kz1z4 0 1— 2
1+2 -z 1—22 1

1 1 1

for the deformed AdS factor with @ = 0,2,3,4,5 and M =t, 21, 20, 23, 24, and

2 aM
4+Y-
T Ky —hy2 Y3 —hY
-7
2 2
LT R(U3HUE)  mpus  wous
y? 4 o2 2 2
2 2
M — | wys _ r(¥3+ud) 14+ ¥ muy  sp ,
-2 142 C R
2
KY3 KY2y3 _myys ¥
-2 g 144 T
2
KRY4 RY2Y4 RY1Ya
v, y2us _ ry1ys 0 1+¥
-4 +4 1+4

for the deformed sphere factor with a =1,6,7,8,9 and M = ¢,y1, y2, y3, y4. Other compo-
nents of the vielbein vanish. We raised the curved index to get more compact expressions.
At k = 0 the vielbein is diagonal and associates tangent indices to coordinates as

12 4
0 3 56 7 89 (A11)
t ¢ 21 22 23 24 Y1 Y2 Y3 Y4

The spin connection can be similarly extracted, however it is not independent and can also
be found via

w]a'\g = —2€[a‘N8[M€‘]I\];] — eapean[Qecp]ecM' (A12)

B Feynman diagrammatics

We used standard Feynman diagram methods to determine the perturbative T matrix —
with the two major steps being the calculation of the Feynman rules and Feynman am-
plitudes. We performed these two procedures in Mathematica, using the packages Feyn-
Rules [48] and FeynArts [49] respectively.

This section states the implementation details and highlights certain issues arising
from the intricacies of the model at hand. In particular it has scalar valued fermions,
which further are complex off shell, but become real on shell (see the end of section 3.1).
The bosons in turn are always constrained to be real by the reality condition eq. (2.16).
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Feynman rules. We describe our model as 8 real bosons and 8 complex fermions and
will take the (on-shell) reality conditions into account only when calculating the amplitudes
in the second step.

When turning the interaction terms into vertex factors the FeynRules package assumes
a (4, —) signature and therefore prefactors each term with +i. Additionally, it replaces
derivatives by components of the covariant momentum: (9;,0,) — —i(w,p). We want to
adopt a (—,+) signature convention however, which requires a prefactor of —i, and more-
over, we want to use the components of the contravariant momentum vector, i.e. replace
(0r,0s) — i(—w,p). To match these two choices we add an extra sign to each vertex and
replace p — —p in the output of FeynRules.

For the scalar fermions we follow the algorithm for Feynman diagrams with general
fermionic fields [50]. In particular, this requires us to keep track of a fermion flow direction
for each vertex involving fermions. It is not sufficient to simply look at the particle/anti-
particle flow (like can be done for Dirac fermions), because certain interaction terms with
fermionic parts break this flow. (For example terms proportional to 66 or 76.) FeynRules
is interfering with the proper tracking of the fermion flow by not respecting the ordering of
fermionic fields in the input and bringing them into alphabetic order internally. We were
able to resolve this issue by ordering the input already before giving it to the package,
adding extra signs when anticommuting fermions.

Our light cone gauge explicitly breaks the Lorentz invariance of the interaction terms.
To support this, we had to perform minor modifications to the code of FeynRules. Further,
we uncovered two bugs in version 2.3.36 of the package, which caused certain vertices
with momentum dependence to be dropped from the output. We reported these to the
developers and proposed a fix. A patch file?® containing the modifications and the bug
fixes is attached to the arXiv submission of this paper.

Finally, we obtain all the 4-point vertices coming from the interaction Lagrangian and
can use them to calculate the Feynman amplitudes.

Feynman amplitudes. With the 4-point vertices at hand we can determine the ampli-
tudes for the 2 — 2 scattering described in section 3.2. The FeynArts package also assumes
a (—,+) signature and therefore prefactors each amplitude with —i. Our choice of (4, —)

requires a prefactor of +¢ however. We add an extra sign to each amplitude thus. The in-
MN
and a' IR

the mode expansion in egs. (3.4). To account for the on-shell reality of the fermions, we

and out-states are assigned according to the occurrence of the operators a

sum the contributions from their fields and anti-fields. Further data taken from the mode
2\/1@, 3 r and r for incom-
ing bosons, outgoing bosons and fermions respectively, and the fermionic wave functions

(in the notation of figure 2.3 of [50])

expansion is the dispersion relation for wy,, the prefactors

ua(p) = — —i7r/4f* Un(p> _ +Z€—i7r/4f
Tp(p) = +iet "™/ 4h, Ty(p) = —ie™ ™/ h2
ug(p) = —ze‘”“h;’; uy(p) = +ie /4,
Ua( ) — +Z'e+i7r/4fp ’Un(P) — _Z€+i7r/4f;

33 Apply with patch -p0 < FeynRules.patch.
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FeynArts already implements the algorithm described in [50] for Feynman diagrams
containing general fermionic fields and only requires the reversed-fermion-flow vertices I'’
and wave functions v/, v’ as input. In contrast to the case discussed in [50], the fermions at
hand are scalars and the reversed quantities are therefore given by anticommuting Grass-

mann fields. This simply adds extra minus signs,
I'=-T, u=—-u, v=-v, (B.1)

and similarly for the barred versions. I' represents the forward-fermion-flow vertices, see
figure 2.1 of [50].

A further modification stems from the fact that FeynArts orders the particles in the
in-state opposite to how the existing literature does and how we present them. To account
for this we have to add an extra minus sign for amplitudes with two fermionic in-states.

Finally, our sought for T is related to the modified FeynArts amplitudes M by

T(p1,p2) = /dkl dka 6(p1 + p2 — k1 — k2)d(wp, + wp, — Wiy — Wiy) M(p1, P2, k1, k2)

Wy W
B W(M(phPQ’pl’pQ) + M(p17p27p27p1)) .
p2 P1

(B.2)
Here k; and k3 denote the momenta of the outgoing particles. Due to energy and momen-
tum conservation these are restricted to take on the same values as the incoming momenta
p1 and po. To follow the existing literature we assume that p; > po.

C su(2|2) R operators

Here we derive the precise form of the R operators corresponding to the fermionic and
distinguished ¢ deformations of s1(2]2) used in section 4 and [25], and express them in a

—_Of
(g]§>, (1)

referred to in sections 5 and 6. As the fermionic case is built on the distinguished case, we

basis of the form

first consider the latter.

Distinguished deformation. We start with egs. (4.32) to (4.34), taking @ = b = ¢ =
d=1 for unitarity in the undeformed limit, and a = d =1 and b = ¢ = 0 for the standard
fundamental representation of su(2|2) with C' = +1/2. Note the anti-canonical ordering of
|Yn) and [12) with respect to the basis vectors in eqgs. (4.33). We have

0000 0000 0000
1000 0000 0000

E = Eo = E2 = 2

"“looool> T |o100|” ™ |ooo0o0]|’ (C2)
0000 0000 0010

while the remaining non-simple positive roots can be obtained by repeated commutators
of these. In this case all positive roots are lower diagonal, and all negative roots are upper
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diagonal. The R operator that acts as multiplication by —i on the positive roots, 4% on
the negative roots, and 0 on the Cartan generators, is then given by

0 —-1-1-1
. +1 0 -1 -1

Rsu(2|2) (M)l] = —zeijMij s € = +1 +1 0 —1 . (03)
+14+1+1 0

This is the form the R operator takes on an algebra element of the form (C.1). To see
this, we note that in [25] the simple positive roots are taken to be R?%;, Q%5 and £!5.
Taking into account (4.41), these generators can be related to ours as :%g ~ L.?, £% ~
R%, and Q% = Q,°, in line with the grading of their indices, and the algebra relations.
With these identifications,®® the positive simple roots given above match with the matrix
structure (C.1) of the algebra element.

Fermionic deformation. We can use the Lusztig transformation of egs. (4.20) to de-
termine our new simple roots, and commutators for the remainder. Demanding the usual
action of R on these roots then gives

0 —1-1-1
. +1 0 +1 -1

Rsu(2|2)(M)ij = —leijMij s € = +1 10 -1 . (C4)
+1+1+1 0

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] N. Beisert et al., Review of AdS/CFT Integrability: An Overview, Lett. Math. Phys. 99
(2012) 3 [arXiv:1012.3982] [INSPIRE].

[2] D. Bombardelli et al., An integrability primer for the gauge-gravity correspondence: An
introduction, J. Phys. A 49 (2016) 320301 [arXiv:1606.02945] INSPIRE].

[3] C. Kliméik, Yang-Baxter o-models and dS/AdS T duality, JHEP 12 (2002) 051
[hep-th/0210095] [INSPIRE].

[4] C. Kliméik, On integrability of the Yang-Bazxter o-model, J. Math. Phys. 50 (2009) 043508
[arXiv:0802.3518] [INSPIRE].

[5] F. Delduc, M. Magro and B. Vicedo, An integrable deformation of the AdSs x S° superstring
action, Phys. Rev. Lett. 112 (2014) 051601 [arXiv:1309.5850] [INSPIRE].

34Recall the relative index permutation of indices 1 and 2 (see the end of section 2.4) when comparing
to e.g. [35]. This index permutation on the Latin (bosonic) indices can be viewed as a counterpart to the
different index positions on the generators of [25] and ours, since raising and lowering indices with the two
dimensional € tensors effectively permutes the indices. Relatedly, we did not do a permutation of the Greek
(fermionic) indices with respect to [35], matching the anti-canonical ordering of the 1 indices of [25] with
respect to the matrix basis, see eq. (4.33).

~ 34—


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/s11005-011-0529-2
https://doi.org/10.1007/s11005-011-0529-2
https://arxiv.org/abs/1012.3982
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1012.3982
https://doi.org/10.1088/1751-8113/49/32/320301
https://arxiv.org/abs/1606.02945
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1606.02945
https://doi.org/10.1088/1126-6708/2002/12/051
https://arxiv.org/abs/hep-th/0210095
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0210095
https://doi.org/10.1063/1.3116242
https://arxiv.org/abs/0802.3518
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0802.3518
https://doi.org/10.1103/PhysRevLett.112.051601
https://arxiv.org/abs/1309.5850
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1309.5850

[6]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

F. Delduc, M. Magro and B. Vicedo, Derivation of the action and symmetries of the
q-deformed AdSs x S° superstring, JHEP 10 (2014) 132 [arXiv:1406.6286] [INSPIRE].

I. Kawaguchi, T. Matsumoto and K. Yoshida, Jordanian deformations of the AdSszS®
superstring, JHEP 04 (2014) 153 [arXiv:1401.4855] [INSPIRE].

T. Matsumoto and K. Yoshida, Lunin-Maldacena backgrounds from the classical Yang-Baxter
equation — towards the gravity/CYBE correspondence, JHEP 06 (2014) 135
[arXiv:1404.1838] [INSPIRE].

S.J. van Tongeren, Yang-Baxter deformations, AdS/CFT, and twist-noncommutative gauge
theory, Nucl. Phys. B 904 (2016) 148 [arXiv:1506.01023] [NSPIRE].

S.J. Van Tongeren, On Yang-Baxter models, twist operators, and boundary conditions, J.
Phys. A 51 (2018) 305401 [arXiv:1804.05680] [INSPIRE].

I. Kawaguchi, T. Matsumoto and K. Yoshida, Schroedinger o-models and Jordanian twists,
JHEP 08 (2013) 013 [arXiv:1305.6556] [INSPIRE].

G. Arutyunov, R. Borsato and S. Frolov, Puzzles of n-deformed AdSs x S°, JHEP 12 (2015)
049 [arXiv:1507.04239] [INSPIRE].

G. Arutyunov, S. Frolov, B. Hoare, R. Roiban and A.A. Tseytlin, Scale invariance of the
n-deformed AdSs x S° superstring, T-duality and modified type-II equations, Nucl. Phys. B
903 (2016) 262 [arXiv:1511.05795] [INSPIRE].

L. Wulff and A.A. Tseytlin, k-symmetry of superstring o-model and generalized 10d
supergravity equations, JHEP 06 (2016) 174 [arXiv:1605.04884] [INSPIRE].

L. Wulff, Trivial solutions of generalized supergravity vs non-abelian T-duality anomaly,
Phys. Lett. B 781 (2018) 417 [arXiv:1803.07391] [INSPIRE].

J.J. Ferndndez-Melgarejo, J.-I. Sakamoto, Y. Sakatani and K. Yoshida, Weyl invariance of
string theories in generalized supergravity backgrounds, Phys. Rev. Lett. 122 (2019) 111602
[arXiv:1811.10600] [iNSPIRE].

W. Miick, Generalized Supergravity Equations and Generalized Fradkin-Tseytlin
Counterterm, JHEP 05 (2019) 063 [arXiv:1904.06126] INSPIRE].

R. Borsato and L. Wulff, Target space supergeometry of n and A-deformed strings, JHEP 10
(2016) 045 [arXiv:1608.03570] [INSPIRE].

B. Hoare and S.J. van Tongeren, On Jordanian deformations of AdSs and supergravity, J.
Phys. A 49 (2016) 434006 [arXiv:1605.03554] [INSPIRE].

R. Borsato and L. Wulff, Non-abelian T-duality and Yang-Baxter deformations of
Green-Schwarz strings, JHEP 08 (2018) 027 [arXiv:1806.04083] [INSPIRE].

B. Hoare and S.J. van Tongeren, Non-split and split deformations of AdSs, J. Phys. A 49
(2016) 484003 [arXiv:1605.03552] [INSPIRE].

G. Arutyunov and D. Medina-Rincon, Deformed Neumann model from spinning strings on
(AdSs x S°),,, JHEP 10 (2014) 050 [arXiv:1406.2536] INSPIRE].

B. Hoare and F.K. Seibold, Supergravity backgrounds of the n-deformed AdSy x S% x TS and
AdSs x S5 superstrings, JHEP 01 (2019) 125 [arXiv:1811.07841] [INSPIRE].

S.J. van Tongeren, Unimodular Jordanian deformations of integrable superstrings, SciPost
Phys. 7 (2019) 011 [arXiv:1904.08892] [INSPIRE].

— 35 —


https://doi.org/10.1007/JHEP10(2014)132
https://arxiv.org/abs/1406.6286
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.6286
https://doi.org/10.1007/JHEP04(2014)153
https://arxiv.org/abs/1401.4855
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.4855
https://doi.org/10.1007/JHEP06(2014)135
https://arxiv.org/abs/1404.1838
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.1838
https://doi.org/10.1016/j.nuclphysb.2016.01.012
https://arxiv.org/abs/1506.01023
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1506.01023
https://doi.org/10.1088/1751-8121/aac8eb
https://doi.org/10.1088/1751-8121/aac8eb
https://arxiv.org/abs/1804.05680
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1804.05680
https://doi.org/10.1007/JHEP08(2013)013
https://arxiv.org/abs/1305.6556
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1305.6556
https://doi.org/10.1007/JHEP12(2015)049
https://doi.org/10.1007/JHEP12(2015)049
https://arxiv.org/abs/1507.04239
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1507.04239
https://doi.org/10.1016/j.nuclphysb.2015.12.012
https://doi.org/10.1016/j.nuclphysb.2015.12.012
https://arxiv.org/abs/1511.05795
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.05795
https://doi.org/10.1007/JHEP06(2016)174
https://arxiv.org/abs/1605.04884
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.04884
https://doi.org/10.1016/j.physletb.2018.04.025
https://arxiv.org/abs/1803.07391
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1803.07391
https://doi.org/10.1103/PhysRevLett.122.111602
https://arxiv.org/abs/1811.10600
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1811.10600
https://doi.org/10.1007/JHEP05(2019)063
https://arxiv.org/abs/1904.06126
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.06126
https://doi.org/10.1007/JHEP10(2016)045
https://doi.org/10.1007/JHEP10(2016)045
https://arxiv.org/abs/1608.03570
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.03570
https://doi.org/10.1088/1751-8113/49/43/434006
https://doi.org/10.1088/1751-8113/49/43/434006
https://arxiv.org/abs/1605.03554
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.03554
https://doi.org/10.1007/JHEP08(2018)027
https://arxiv.org/abs/1806.04083
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1806.04083
https://doi.org/10.1088/1751-8113/49/48/484003
https://doi.org/10.1088/1751-8113/49/48/484003
https://arxiv.org/abs/1605.03552
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.03552
https://doi.org/10.1007/JHEP10(2014)050
https://arxiv.org/abs/1406.2536
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.2536
https://doi.org/10.1007/JHEP01(2019)125
https://arxiv.org/abs/1811.07841
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1811.07841
https://doi.org/10.21468/SciPostPhys.7.1.011
https://doi.org/10.21468/SciPostPhys.7.1.011
https://arxiv.org/abs/1904.08892
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.08892

[25]

[26]

[27]

[30]

[31]

[32]

N. Beisert and P. Koroteev, Quantum Deformations of the One-Dimensional Hubbard Model,
J. Phys. A 41 (2008) 255204 [arXiv:0802.0777] [INSPIRE].

B. Hoare, T.J. Hollowood and J. Miramontes, g-Deformation of the AdSs x S® Superstring
S-matriz and its Relativistic Limit, JHEP 03 (2012) 015 [arXiv:1112.4485] [INSPIRE].

G. Arutyunov, M. de Leeuw and S.J. van Tongeren, The exact spectrum and mirror duality
of the (AdSsxS®), superstring, Theor. Math. Phys. 182 (2015) 23 [arXiv:1403.6104]
[Teor. Mat. Fiz. 182 (2014) 28] [INnSPIRE].

G. Arutyunov and S.J. van Tongeren, AdSs x S° mirror model as a string o-model, Phys.
Rev. Lett. 113 (2014) 261605 [arXiv:1406.2304] [InSPIRE].

G. Arutyunov and S.J. van Tongeren, Double Wick rotating Green-Schwarz strings, JHEP
05 (2015) 027 [arXiv:1412.5137] [InSPIRE].

A. Pachot and S.J. van Tongeren, Quantum deformations of the flat space superstring, Phys.
Rev. D 93 (2016) 026008 [arXiv:1510.02389] [INSPIRE].

L. Wulff, The type-II superstring to order 6*, JHEP 07 (2013) 123 [arXiv:1304.6422)]
[INSPIRE].

M. Kruczenski and A.A. Tseytlin, Semiclassical relativistic strings in S° and long coherent
operators in N = 4 SYM theory, JHEP 09 (2004) 038 [hep-th/0406189] [INSPIRE].

K. Zarembo, Worldsheet spectrum in AdSy/CFTs correspondence, JHEP 04 (2009) 135
[arXiv:0903.1747] [INSPIRE].

G. Arutyunov, R. Borsato and S. Frolov, S-matriz for strings on n-deformed AdSs x S°,
JHEP 04 (2014) 002 [arXiv:1312.3542] [INSPIRE].

G. Arutyunov and S. Frolov, Foundations of the AdSs x S° Superstring. Part I, J. Phys. A
42 (2009) 254003 [arXiv:0901.4937] [NSPIRE].

T. Klose, T. McLoughlin, R. Roiban and K. Zarembo, Worldsheet scattering in AdSs x S°,
JHEP 03 (2007) 094 [hep-th/0611169] [INSPIRE].

S.M. Khoroshkin and V.N. Tolstoi, Twisting of quantum (super)algebras: Connection of
Drinfeld’s and Cartan-Weyl realizations for quantum affine algebras, hep-th/9404036
[INSPIRE].

N. Beisert, W. Galleas and T. Matsumoto, A Quantum Affine Algebra for the Deformed
Hubbard Chain, J. Phys. A 45 (2012) 365206 [arXiv:1102.5700] [INSPIRE].

F.K. Seibold, Two-parameter integrable deformations of the AdSs x S x T* superstring,
JHEP 10 (2019) 049 [arXiv:1907.05430] INSPIRE].

R. Borsato and L. Wulff, Two-loop conformal invariance for Yang-Baxter deformed strings,
JHEP 03 (2020) 126 [arXiv:1910.02011] [INSPIRE].

R. Borsato, A. Vilar Lépez and L. Wulff, The first o -correction to homogeneous Yang-Baxter
deformations using O(d,d), JHEP 07 (2020) 103 [arXiv:2003.05867] INSPIRE].

B. Hoare, N. Levine and A.A. Tseytlin, Integrable 2d sigma models: quantum corrections to
geometry from RG f low, Nucl. Phys. B 949 (2019) 114798 [arXiv:1907.04737].

B. Hoare, N. Levine and A.A. Tseytlin, Integrable o-models and 2-loop RG flow, JHEP 12
(2019) 146 [arXiv:1910.00397] [INSPIRE].

— 36 —


https://doi.org/10.1088/1751-8113/41/25/255204
https://arxiv.org/abs/0802.0777
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0802.0777
https://doi.org/10.1007/JHEP03(2012)015
https://arxiv.org/abs/1112.4485
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1112.4485
https://doi.org/10.1007/s11232-015-0243-9
https://arxiv.org/abs/1403.6104
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1403.6104
https://doi.org/10.1103/PhysRevLett.113.261605
https://doi.org/10.1103/PhysRevLett.113.261605
https://arxiv.org/abs/1406.2304
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.2304
https://doi.org/10.1007/JHEP05(2015)027
https://doi.org/10.1007/JHEP05(2015)027
https://arxiv.org/abs/1412.5137
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.5137
https://doi.org/10.1103/PhysRevD.93.026008
https://doi.org/10.1103/PhysRevD.93.026008
https://arxiv.org/abs/1510.02389
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1510.02389
https://doi.org/10.1007/JHEP07(2013)123
https://arxiv.org/abs/1304.6422
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1304.6422
https://doi.org/10.1088/1126-6708/2004/09/038
https://arxiv.org/abs/hep-th/0406189
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0406189
https://doi.org/10.1088/1126-6708/2009/04/135
https://arxiv.org/abs/0903.1747
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0903.1747
https://doi.org/10.1007/JHEP04(2014)002
https://arxiv.org/abs/1312.3542
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.3542
https://doi.org/10.1088/1751-8113/42/25/254003
https://doi.org/10.1088/1751-8113/42/25/254003
https://arxiv.org/abs/0901.4937
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0901.4937
https://doi.org/10.1088/1126-6708/2007/03/094
https://arxiv.org/abs/hep-th/0611169
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0611169
https://arxiv.org/abs/hep-th/9404036
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9404036
https://doi.org/10.1088/1751-8113/45/36/365206
https://arxiv.org/abs/1102.5700
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1102.5700
https://doi.org/10.1007/JHEP10(2019)049
https://arxiv.org/abs/1907.05430
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.05430
https://doi.org/10.1007/JHEP03(2020)126
https://arxiv.org/abs/1910.02011
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.02011
https://doi.org/10.1007/JHEP07(2020)103
https://arxiv.org/abs/2003.05867
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.05867
https://doi.org/10.1016/j.nuclphysb.2019.114798
https://arxiv.org/abs/1907.04737
https://doi.org/10.1007/JHEP12(2019)146
https://doi.org/10.1007/JHEP12(2019)146
https://arxiv.org/abs/1910.00397
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.00397

[44] F. Hassler and T. Rochais, o’-Corrected Poisson-Lie T-duality, Fortsch. Phys. 68 (2020)
2000063 [arXiv:2007.07897] [INSPIRE].

[45] R. Borsato and L. Wulff, Quantum correction to generalized T-dualities, Phys. Rev. Lett. 125
(2020) 201603 [arXiv:2007.07902] [INSPIRE].

[46] R. Roiban, P. Sundin, A. Tseytlin and L. Wulff, The one-loop worldsheet S-matriz for the
AdS, x S™ x T2 syperstring, JHEP 08 (2014) 160 [arXiv:1407.7883] [NSPIRE].

[47] O.T. Engelund and R. Roiban, On the asymptotic states and the quantum S matriz of the
n-deformed AdSs x S° superstring, JHEP 03 (2015) 168 [arXiv:1412.5256] [INSPIRE].

[48] A. Alloul, N.D. Christensen, C. Degrande, C. Duhr and B. Fuks, FeynRules 2.0 — A
complete toolbox for tree-level phenomenology, Comput. Phys. Commun. 185 (2014) 2250
[arXiv:1310.1921] [INSPIRE].

[49] T. Hahn, Generating Feynman diagrams and amplitudes with FeynArts 3, Comput. Phys.
Commun. 140 (2001) 418 [hep-ph/0012260] [INSPIRE].

[50] A. Denner, H. Eck, O. Hahn and J. Kublbeck, Feynman rules for fermion number violating
interactions, Nucl. Phys. B 387 (1992) 467 INSPIRE].

37—


https://doi.org/10.1002/prop.202000063
https://doi.org/10.1002/prop.202000063
https://arxiv.org/abs/2007.07897
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.07897
https://doi.org/10.1103/PhysRevLett.125.201603
https://doi.org/10.1103/PhysRevLett.125.201603
https://arxiv.org/abs/2007.07902
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.07902
https://doi.org/10.1007/JHEP08(2014)160
https://arxiv.org/abs/1407.7883
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1407.7883
https://doi.org/10.1007/JHEP03(2015)168
https://arxiv.org/abs/1412.5256
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.5256
https://doi.org/10.1016/j.cpc.2014.04.012
https://arxiv.org/abs/1310.1921
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1310.1921
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://arxiv.org/abs/hep-ph/0012260
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0012260
https://doi.org/10.1016/0550-3213(92)90169-C
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB387%2C467%22

	Introduction
	Deformed Lagrangian
	The GS string to second order in fermions
	Light-cone gauge fixing
	eta-deformed AdS5 x S5
	Expansion of the action

	Perturbative S matrix
	On-shell mode expansion
	T matrix
	Factorization

	Exact S matrix
	Hopf algebra
	Fundamental S matrix
	Distinguished Dynkin diagram
	Fermionic Dynkin diagram
	Expansion of the exact S matrix


	Comparison of the perturbative and exact S matrix
	Light-cone symmetry algebra
	Expanded exact S matrix

	Distinguished deformation
	Conclusions
	Spinor conventions
	Feynman diagrammatics
	su(2|2) R operators

