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1 Introduction

AdS» plays a special role in quantum gravity because it stands as the lowest dimensional
realization of the AdS/CFT correspondence [1]. It also appears universally near the hori-
zon of near-extremal black holes [2-8], which suggests that AdSy holography will play an
important role in understanding quantum black holes [9-13]. Despite this, the AdSs/CFT,
correspondence is considered to be dynamically trivial since it was shown that AdSs does
not support finite energy excitations [14]. More recently, after the discovery of the SYK
model, it was understood that to make AdSs holography dynamical, one has to go to
the so-called near-AdSy regime. This is achieved by breaking the conformal symmetry
and going slightly away from the infrared fixed point [15-18], which is referred to as the
nAdS; /nCFT; correspondence [19].

A canonical realization of this duality is obtained in the Jackiw-Teitelboim (JT) theory
of gravity [20, 21] where it was shown that the near-AdSs dynamics is controlled by a
boundary action involving the Schwarzian derivative. The same action also governs the
low-energy regime of the SYK model [22-24], demonstrating a holographic duality between
JT gravity and a subsector of the SYK model.

The appearance of the Schwarzian action is tied to the pattern of spontaneous and ex-
plicit symmetry breaking Diff(S') — SL(2,R) that controls the near-AdSs physics. In [25],
it was understood that the Schwarzian action can be seen as a Hamiltonian generating a
U(1) symmetry on a coadjoint orbit of the Virasoro group. This allowed the authors to
compute its partition function, which, thanks to the Duistermaat-Heckman theorem [26],
is one-loop exact.

Even though JT gravity is usually thought as an effective theory, arising in the low-
energy description of more complicated systems, such as higher-dimensional black holes, it
can also be studied as a UV complete theory in its own right. One of the motivation to
do this was to use the simplicity of this theory to probe some features of the spectral form
factor, which is a diagnosis of the discreteness of the black hole spectrum [27-30]. This was
considered in [31] where the full Euclidean path integral of JT gravity is computed. The
authors showed that the gravitational theory is not holographically dual to a single quan-
tum mechanical theory but rather to a statistical ensemble of theories. More precisely, this
ensemble corresponds to a double-scaled matrix integral whose leading density of eigenval-
ues matches with the density of states of the Schwarzian theory. This leads to the more
general suggestion that gravitational path integrals should be interpreted holographically
in term of ensemble averages. This story has been generalized in various ways [32-34].

JT gravity has also played a central role in recent developments on the information
paradox and the black hole interior. After introducing a coupling between an evaporating
AdSs black hole and an external bath, the entropy of the bath was shown to follow the Page
curve [35, 36|, using a semi-classical version of the RT/HRT/EW formula for entanglement



entropy [37-40]. This led to the island prescription [41, 42] which was proven using replica
wormholes [43, 44] appearing as saddle-points in the replicated Euclidean path integral [40,
45, 46]. It was noticed that these new geometries could only make sense if some kind of
average was taking place.

To specify a proper classical solution space and identify the asymptotic symmetries of
JT gravity, one needs to gauge-fix the metric. This is usually done by writing the metric
in Fefferman-Graham gauge and imposing a Dirichlet boundary condition, which leads to
the Schwarzian action together with its SL(2,R) symmetry. However other gauge choices
and boundary conditions can be considered [47, 48], leading to new boundary actions and
new symmetry groups.

In this paper, we study JT gravity in Bondi gauge. The latter leads to an enhancement
of the asymptotic symmetry group from the usual Diff(S1) to a warped version of the latter,
i.e. with an additional local U(1) symmetry. The dynamics is controlled by a generalization
of the Schwarzian action, which can also be understood as the generator of a Hamiltonian
symmetry on a coadjoint orbit of the warped Virasoro group. As a result, the near-AdS»
physics is controlled by the pattern of symmetry breaking to SL(2, R)x U(1). Our boundary
action matches with the low-energy effective action of the complex SYK model. This shows
that our version of JT gravity is holographically dual to a subsector of the complex SYK
model. We compute the full Euclidean path integral, including sums over topologies, and
show that it leads to a simple refinement of the random matrix ensemble of Saad, Shenker
and Stanford. We also find a connection to warped CFTs which suggests a route towards
a better understanding of Kerr/CFT. Finally, we study the CGHS model as a flat space
analog of JT gravity. We compute the Euclidean path integral and show that this theory
is also dual to an ensemble average, albeit a much simpler one.

1.1 Summary of results

The usual boundary condition for JT gravity fixes the boundary metric in Fefferman-
Graham gauge, and corresponds to a choice of AdSs metric of the form

s(£)\? dr?
d82:’l"2 <12r2> dt2+TT’ (].1)

where ¢ ~ ¢t + 8 and s(t) is an arbitrary periodic function. The corresponding asymptotic
symmetry group is Diff(S') and acts on s(t). This infinite-dimensional symmetry gets
spontaneously broken to SL(2,R) when choosing s to be

(1.2)

The near-AdSs dynamics, captured by the JT dilaton, also breaks explicitly this symmetry.
It is controlled by the boundary action

7T2
1) == [ d @Qf’(t)? = {f(tm) , (13)

where {f(t),t} is the Schwarzian derivative of f. This theory describes Goldstone mode
fluctuations parametrized by f(t) € Diff(S!) around the background (1.2).



In this paper, we consider new boundary conditions for JT gravity, which are naturally
formulated in (Euclidean) Bondi gauge

2
ds?> =2 <T2 —iP(T)r + T(T)) dr? — 2idrdr, (1.4)

where 7 ~ 7+  and P(7) and T'(7) are arbitrary periodic functions. In section 2.1, we
obtain the boundary term required to make the corresponding variational problem well-
defined. In this case, it is not given by the extrinsic curvature term. We show that the
asymptotic symmetry group gets enhanced to the group Diff(S!) x C°°(S!) which gets
spontaneously broken to SL(2,R) x U(1) after we choose the thermal values
_ _ 2yl

P(r)=7 T(r) = —ﬁ - Tﬁga (1.5)
where p will be interpreted as a chemical potential for the U(1) symmetry. The explicit
breaking is controlled by the boundary action

If.9] = ’y/ dr (Tf’2 Lpippg e 2 g”) + vﬁ/ dr (P 2 g’) . (1.6)
S1 2 f B Jst I’

This corresponds to Goldstone mode fluctuations parameterized by (f,g) € Diff(S!) x
C>(S') around the background (1.5). In particular, the effective action has a U(1) sym-
metry, which corresponds to shifting g by a constant. The gravitational charges are com-
puted in section 2.3 and agree with the Noether charges of the boundary theory. As in the
Schwarzian case, our AdS-Bondi boundary action can be reinterpreted as a particle moving
on rigid AdSs.

In section 3, we show that the Schwarzian dynamics is embedded in the Bondi descrip-
tion. We find that imposing an additional boundary condition that fixes P in the solution
space reduces the asymptotic symmetry group to Diff (S'). The boundary action (1.6) then
becomes the Schwarzian action (1.3) with the relation

~5(r) = T(r) + g P(r)2 = P'(r). (L.7)

This expression of s in terms of P and T is also derived by constructing a diffeomorphism
that relates the solution space of Bondi gauge to the Fefferman-Graham one.

In appendix A, we consider an alternative way to derive our boundary action, which
is shown to arise from a new counterterm for JT gravity:

I= n/ duv/—h (PK — n*9,®). (1.8)

Euclidean path integral. The computation of the partition function requires an inte-
gration over a coadjoint orbit of the warped Virasoro group, which corresponds to the ther-
mal values of P and T given in (1.5). This is greatly simplified by the fact that our boundary
action generates a U(1) symmetry on this orbit. As a result of the Duistermaat-Heckman
theorem, the partition function is one-loop exact, like in the Schwarzian case. The result is

04 2rly
Z(ﬂaN)OC@QeXP< 3 —25> . (1.9)




Interpreting p as a chemical potential associated to the U(1) symmetry, the partition func-
tion at fixed charge @ takes the form

P2 (o @B
Z(ﬂaQ)OCB;;/QeXp( 7; - 27>7

which follows from a Fourier transform. We see that for Q = 0, we recover the partition

(1.10)

function of the Schwarzian theory [25]. The additional information carried by our AdS-
Bondi formulation is therefore contained in this additional U(1) charge. From the partition
function, we obtain the leading density of states

po(E, Q) o sinh (27n/2’yE - Qz) . (1.11)

Using similar techniques, we can compute the contribution of the trumpet geometry

1/2 2 2
Ztrumpet(ﬁ,Q,b) x # exp <_f;b5 _ Qfo) , (1.12)
which also depends on the geodesic length b of the small end.

This last result is a crucial step to compute the full gravitational path integral with
prescribed boundary conditions. This is because any hyperbolic Riemann surface with n
asymptotic boundaries can be constructed by gluing n trumpets to a genus g surface with
n geodesic boundaries. This property was exploited in [31] to match the Euclidean path
integral of JT gravity with a random matrix ensemble.

Our AdS-Bondi formulation allows us to fix two conditions at each boundary: the
renormalized length and the U(1) charge. In section 4 we show that the full gravitational
path integral, including all topologies, can be computed using the following prescription:
the insertion of a boundary of length 8 and charge () corresponds to the insertion of
Tr e PH+Q*/(27) in the matrix model of Saad, Shenker and Stanford. More precisely we
have

Zerav({Bi}{Qi}) = (Tre”MUHFQU @)y o= AnlHHQA/ ) )y (1.13)

where H is the random matrix while the @);’s are scalars that shift the ground state
energy at each boundary. We see that setting all the U(1) charges to zero, we recover
the prescription of Saad-Shenker and Stanford.

Relation to complex SYK. The complex SYK model [49-51] is a version of the SYK
model where the Majorana fermions are replaced by complex fermions. It is also maximally
chaotic and solvable at large IV, while being closer to condensed-matter systems, such as
strange metals [52]. As the Majorana SYK model, it can be described at low temperature
by an effective action which takes the form

_NK o, 2miE  \?  Nrgyk T
Iesyk = 5 Ja dr (g + 5 f) T2 /S1 dr {tan (Bf) ,7'} . (1.14)

We show in section 5 that our boundary action for JT gravity matches with the effective

action of complex SYK, after a field redefinition given in (5.15). The matching between



the complex SYK parameters and the gravitational parameters is given by

KN =l34sX5,  syrN =4n’ylags, €= L;;)\l;o : (1.15)

Here, K, N,vsyx and £ are parameters of the complex SYK model while faqs, ¥ = Ko,
and p are gravitational parameters. The constants A\g and pg are free parameters that
appear in the identification. This matching shows that JT gravity in Bondi gauge is dual
to a subsector of the complex SYK model. This is on the same footing as the relationship
between JT gravity in Fefferman-Graham gauge and the Majorana SYK model. A similar
match between a flat space version of our boundary action and a particular scaling limit
of the complex SYK model was achieved in [53].

Warped symmetry of AdS;. The AdS-Bondi gauge gives rise to an enhancement of
the asymptotic symmetry group to Diff(S!) x C*°(S'). In section 2.3 we show that the
corresponding gravitational charges belong to a centerless representation of the asymptotic
symmetry algebra. However, the solution space transforms in the coadjoint representation
of a centrally extended version of the group whose central charges are

c=0, k=-2 and A=-L (1.16)

The corresponding algebra is the twisted warped Virasoro algebra [54]. For k # 0, the
twist parameter A can be removed by a redefinition the generators, leading to a warped
Virasoro algebra with central charge ¢ = —24\?/k. In gravity, it is natural to rescale the
currents P and T by ! = SWG%) which leads to

c =12k, k=—-2k. (1.17)

For the AdSs factor in the near horizon region of the extreme Kerr black hole, we have
k = J, therefore we obtain ¢ = 12J as in Kerr/CFT [55]. Both central charges also match
the ones derived for the warped symmetry of Kerr in [56]. This observation indicates that
the near-AdSy analysis might shed light upon the lack of knowledge of the classical phase
space in Kerr/CFT [57, 58]. Further comments are given in section 6, where we also discuss
the connection to warped CFTs, following the known relation between the complex SYK
model and warped CFTs [59)].

Deformations of Reissner-Nordstrom. In section 7.1, we show that the Bondi gauge
for AdSs captures deformations of an extremal black hole in a finer way than the usual
Fefferman-Graham gauge. We illustrate this for the Reissner-Nordstrom black hole. A
deformation of the extremal geometry is generally parametrized by deviations dr4 and ér_
for the outer and inner horizons

ry =10+ Aory + O(\?), r_ =19 — Aor_ +O0(\?), (1.18)

where 7o is the extremal horizon. After an appropriate change of coordinate, the near-
horizon geometry is obtained by taking the A — 0 limit. In Fefferman-Graham gauge, we
obtain the AdSs metric (1.1) in Lorentzian signature with

s(t) = —%(574 +or_)?. (1.19)



We see that s(t) is only sensitive to the sum déry + ér_. In AdS-Bondi gauge, we obtain
the Lorentzian version of the metric (1.4) with

Oy —or-
- 2Mp

Oy or-
=5

P(u) T(u) (1.20)
where u is the retarded time. As a result, we see that the Bondi gauge is a finer probe of
deformations of the extremal geometry. It can distinguish between the deformations dr
and ér_ independently. This information is ultimately captured in the chemical potential

p associated with the new U(1) symmetry.

Embedding in near-extreme Kerr. In section 7.2, we study the near-extreme Kerr
black hole for which JT gravity cannot be obtained by Kaluza-Klein reduction. The lin-
earized perturbation capturing the Schwarzian mode in near-extreme Kerr was described
in [60]. We repeat this analysis and show that the Bondi near-AdSs dynamics described in
this paper can be embedded in near-extreme Kerr. In particular, the infinite-dimensional
warped symmetry algebra of Bondi AdS, is realized via the 4d diffeomorphism

wo F),  rom rhGW), 96—, 00, (121)
which is shown to preserve a phase space of linearized perturbations described by the
ansatz (7.31). We also see that our U(1) symmetry, which was obtained in the asymptotic
symmetry group of Bondi AdSs, corresponds here to rotations around the black hole axis in
the four-dimensional geometry. The corresponding U(1) charge is then simply the change
in angular momentum due to the perturbation.

Flat holography in two dimensions. A flat space version of our boundary action was
derived in [53] from a modified version of the CGHS model, dubbed CGHS, which we
study in section 8.1. This gives rise to a flat space analog of JT gravity.! We show that
the boundary action is equivalent to a particle moving on a rigid 2d Minkowski spacetime.
We describe the thermal solution, which is a 2d analog of the Schwarzschild black hole, as
depicted in figure 3. The corresponding symmetry breaking pattern is

Diff(S') x C*(S') — ISO(2) x U(1), (1.22)

where the residual symmetry corresponds to a warped version of the 2d Poincaré group.
We compute the corresponding gravitational charges and show that they realize a repre-
sentation of the symmetry algebra.

We compute the partition function which produces a linear density of states

p(E) = 217°E. (1.23)

We also compute the contribution of the cylinder to the gravitational path integral. This
bulk geometry is the only regular flat surface which connects two asymptotic boundaries

'Flat JT gravity, which was first considered in [61] to derive the exact gravitational S-matrix in two
dimensions, is not the right theory to consider to study the Euclidean path integral, for reasons that are
explained in section 8.



and is depicted in figure 4. The result is

cyl _ 471-2'7
ZYVY(P1, P2) = 5 5 (1.24)

This non-vanishing answer implies that the CGHS model should be holographically dual
to an ensemble average. Let us introduce the notation (Z(81)...Z(fy)) to represent the
Euclidean path integral with n asymptotic circles of lengths 1, ..., 8,. The fact that the
cylinder does not vanish implies that

(Z(61)Z(B2)) # (Z(81)){Z(B2)) - (1.25)

This indeed shows that the path integral should be interpreted as an ensemble average.
The answer (1.24) is not the universal answer for double-scaled matrix ensembles so the
dual of the CGHS model has to be something different. The only regular flat surfaces with
asymptotic boundaries are the plane (or disk) and the cylinder. Therefore the path integral
with an arbitrary number of boundaries is completely determined using Wick contractions
involving the cylinder and the disk. This implies that the corresponding third-quantized
theory is a Gaussian theory. Thus, the CGHS model constitutes an interesting example of
a theory where the full Euclidean path integral can be done, while not being completely
trivial and giving rise to an ensemble average.

The asymptotically flat 2d black hole shown in figure 3 seems to be a interesting setup
to study black hole evaporation and the information paradox. In contrast with the AdS
setups that were studied recently, it does not require the introduction of a coupling with
an external bath, because radiation can escape to null infinity. Another observation is that
the simplicity of flat Riemann surfaces might constrain the existence of replica wormholes.
For recent discussions on the information paradox in asymptotically flat spacetime, we refer
to [62-66].

2 JT gravity in Bondi gauge

We consider near-AdSs gravity using Bondi gauge instead of the usual Fefferman-Graham
(FG) one. Bondi gauge has been extensively studied in three and four dimensions (see [67]
for a good review on both cases). We will show that in this gauge, JT gravity has an
enhanced asymptotic symmetry group Diff(S1) x C°°(S!) which gets broken to SL(2, R) x
U(1). We will derive the boundary action and compute the gravitational charges. We will
also show that this action can be interpreted as the worldline action of a boundary particle.

2.1 Boundary action for Bondi AdS
We consider the Fuclidean action for Jackiw—Teitelboim gravity in two dimensions

Tyo[®, g] = g/dﬂx\/w (R+2)+ I, (2.1)

where kK = (87TG$\2,))_1 and the AdS radius has been rescaled to one. Since we are formu-
lating the theory in another gauge, we need to derive the boundary term Iy by studying



the variational problem. The variation of the action at first order is given by
5an:‘/lﬂx (Exd® + B} 3g,, + 0,0") + 61, (2.2)

where ©# is the remaining term when all the integrations by part have been made. This is
the term which carries information about the boundary action. The equations of motion are

K
Ee = 5Vg(R+2), (2.3)
4 K 14 v 14
By = SV/G (V'Y — gV, VPP + g ®). (2.4)

Since we are considering a theory of gravity, a proper analysis of the phase space is needed
in order to capture the physical degrees of freedom and to extract the symmetries that are
not pure gauge. We will consider Bondi gauge, which consists in imposing two gauge-fixing
conditions on the metric

grr =0 and Gry = —1. (2.5)

We start by describing it in Lorentzian signature but we will soon Wick-rotate to Euclidean
signature, in which most of our study takes place. The metric takes the simple form

ds* = 2V (u, r)du® — 2dudr, (2.6)

where the r coordinate is null and u is a retarded time. The scalar curvature is R = 202V .
From there, we obtain the most general metric with constant negative scalar curvature in

Bondi gauge
2

R=-2 & V:—%+PWV+HM, (2.7)

where P and T are any function of the retarded time. The asymptotic Killing vectors, i.e.
the vector fields which preserve the form of (2.6) on-shell, are

& =¢e(uw)dy, — (e'r —n(u))o,, (2.8)
for any function € and 7 of the retarded time. The corresponding variations of P and T are

beP=cP +P+e"—n,

, , , (2.9)
0T = eT" 4+ 2T +nP — 1.

The set of all the vector fields . ;) forms an infinite-dimensional Lie algebra whose ex-
ponentiation gives the asymptotic symmetry group. The corresponding algebra is called
BMS; and also corresponds to the symmetries of the flat version of Bondi gauge [53]. The
transformations of P and T will be interpreted later in terms of a coadjoint representation
of the asymptotic symmetry Lie algebra.

Having properly specified the phase space for the metric, we will use it to compute the
boundary term. The metric (2.6) with V given by (2.7) is automatically solution of the
equation Eg, while the uu-component of E/" gives

® = p1(u)r + po(u). (2.10)



These two new functions also transform under the spacetime symmetry &

Sepo = ey + N1,

, , (2.11)
g1 = ep1 — € 1.
The two other components of E}" give two evolution equations for ¢o and ¢
/
+ Py + o = 0,
P ELTY (2.12)

0o — Poy + o1 T+ 2T = 0.

From now when we say on-shell we mean that these two equations are satisfied (and their
linearized version for linear perturbations). The total solution space is parametrized by four
functions of the retarded time (P, T, o, ¢1) whose equations of motion are given by (2.12).

In the following, we would like to consider the Euclidean version of JT gravity. We
will therefore perform a Wick rotation by defining

T=1du with 7~7+p0. (2.13)

The Euclidean time lies on a circle of length 5. We also make the following replacements
P(u) — iP(1), T(u) —» =T(7),

e(u) = —ie(r),  n(u) —in(r), (2.14)
wo(u) = —po(7), @1(u) = ip1().

All the new functions are periodic in 7. These replacements are chosen so that the equations
of motion (2.12) and the expressions for the field variations (2.9) and (2.11) are unchanged
after the Wick rotation. From now on, we will only consider the Fuclidean theory.

This being specified we deduce that the term 9,07 does not contribute in (2.2). For
the moment we will also suppose that there is only one boundary for the AdSs spacetime,
situated at r = oo, so that the third term in d/y7 becomes a boundary term

B = /d’i‘ O"(t,r =00) = —in/dT (o0 P — p10T). (2.15)

For the variational problem to be well posed, we need B to be canceled by the variation of
the boundary term in the action:
0lsg+ B=0, (2.16)

when we perturb around a solution. This will ensure that solutions to the equations of
motions really correspond to extrema of Iyp. Consider the following boundary action

/ 2
Iy = —i/ﬁ}/dT (golT —woP + ¢ — ﬁgpg — %> . (2.17)
®1 201

One can check that, on-shell, it satisfies the following relation

6I3+B:m/d75<1)0, (2.18)
¥1

~10 -



where the function

2
%0
7 )
is actually a constant on-shell. We conclude that this boundary action is practically the

C = @2T — p190P + p1h — Yo — (2.19)

right one, the only thing we have to do is to impose an integrability condition. We impose
iy

p1 = 5 with  f(7+ B8) = f(7) + 5, (2.20)
so that the integrated variation vanishes and Iy becomes the right boundary action. The
constant ¢, controls the renormalized boundary value of the dilaton [16]. We define also
the parameter v = k¢,. The integrability condition is responsible for the appearance of a
diffeomorphism f of the boundary circle.

We impose an additional constraint which consists in fixing the zero mode of ¢g/¢1

o ()

where p is another constant held fixed in the phase space. To implement this condition,
we define g satisfying g(7 + ) = g(7) such that
_ /
mzw(?—@. (2.22)
The interpretation of g will become clear when we study the partition function. It is this
condition that will give rise to the new symmetry. It will also allow for an interpretation of
the solution space in terms of coadjoint orbits (a similar condition was considered in [47]).
In terms of these new variables, the boundary action is

dr / v 1o - I /
Ia:v/ﬂ<T—gP+g —29)+’yu/d7<P—f,+g)+cste. (2.23)

The last term is a constant that can always be absorbed by a shift

Iy — Iy — cste %? /dT (cp11) , (2.24)

which maintains a well-defined variational problem. One should note also that in the term
proportional to i, only P contributes with the conditions we have on f and g. To obtain
the boundary action in the form (1.6) given in the introduction, one should perform a
redefinition of the fields described in section 2.4.

We have imposed additional conditions on the solution space, we therefore need to
check if they are affecting the asymptotic symmetry group. The first condition does not
lead to a change of the symmetry algebra but the second one requires that n = ¢/, with o
satisfying the same condition as g. The new transformations are

Sef =ef',
ef =<f (2.25)
beg=0+¢eg.

We see that ¢ is an infinitesimal reparametrization, while o acts by shifting g. We will now
study this symmetry algebra in more details. This will be the occasion to review some math-
ematical results which are useful to understand the solution space and the boundary action.

- 11 -



2.2 From BMS, to warped Virasoro

As we said earlier, the set of all the vectors . ,) forms an infinite-dimensional algebra
called BMS, and the associated bracket is

[(e1,m), (2,m2)] = (e16% — €28, (e1m2 — e2m1)') - (2.26)

This algebra corresponds the finite spacetime coordinate transformations

2.27
= — (r +iH(T)), (227

-7

where F is a reparametrization of the circle while H is an arbitrary periodic function. They
are very similar to the BMSj3 transformations at null infinity in three dimensions, see [67].
A major difference is that the Euclidean time here plays the role of the celestial angle there.
This has important consequences on the interpretation of the boundary theory. We will
use the same terminology as the one used for BMS3 to describe the transformations, F will
be called a boost while H will be called a supertranslation.

The conditions that we have imposed on the phase space give a constraint on the
supertranslation, so that the finite transformations become

= F(7),
1 (2.28)
r = = (r+14G'(1)),
where G are arbitrary periodic functions. The corresponding algebra is spanned by the
vectors
£ =¢e(1)0: — (€'(r)r —io'(1))0,, (2.29)
which satisfy the algebra
[(e1,01), (€2, 02)] = (e185 — eae), e10h — 207) . (2.30)

If we define the modes L,, = (%e%mt/ B 0) and J, = (0, %62”’”/ B ), it becomes

[Ly, L] = (n—m) Ly, (2.31)
[er Jm] - _me+n7
[Jma Jn] = 07

which is known as the warped Witt algebra [54]. This algebra can be centrally extended

Loy Lon] = (1 — M) Lo + %n(nQ — 1)dntm0 s (2.32)

[£n> jm] - _mjm+n - Z)\n(n — 1)67’L+m,0 s

k
[\.7717 jm] = §n5n+m,0-
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The corresponding group is the semidirect product of the diffeomorphisms of the circle
with the smooth functions on the circle: Diff(S!) x C°°(S!). It has the same structure as

BMS; but the group law induced by the coordinate changes (2.28) is different
(F1,61)(F2,G2) = (Fa 0 F1,G1 + Ga o F1). (2.33)

The coadjoint representation of this group will play an important role in what follows, and
this is why we want to study it here. We will describe only the minimum in order to be
self-contained, for a complete mathematical description see [68]. An element of the Lie
algebra will be denoted v and we have

v = €(1)0r +o(7) + d'e;. (2.34)

The constants a'’s account for possible central extensions. The dual algebra, which is the
space of forms on the Lie algebra is then spanned by covectors

b=T(r)dr? + P(7)dr + ¢;€’, (2.35)

where P and T are any function on the circle. The ¢;’s are constants and the e'’s satisfy
e'(ej) = 5; The action of b on v is then given by the bracket

) B

(b,v) = b(v) = d'¢; +/ dr(T(7)e(T) + P(1)o(T)). (2.36)
S 0

Having defined the action of covectors on vectors, we can define the action of a group

element on the covector b, which is the coadjoint representation

(Ad(z g)b,v) = (b, Ad(7 6)0)- (2.37)

The action of a group element on b induces a transformation of the two functions P and
T that are interpreted as currents. Exactly like the holomorphic and anti-holomorphic
components of the energy-momentum tensor in a 2d CFT which transform in the coadjoint
representation of the Virasoro algebra. The coadjoint representation of the warped Virasoro
group is described in [69] and corresponds to the transformations

~ 1 F(1) B ﬁ r
PF) = 507 [P0+ 3 — 59'0)]. -
T(F() = 5z [T07) + 157 (0.7} = PG () = 20"(7) + 502

The three constants ¢, k and A are all the possible central extensions of the warped Virasoro
group. We have defined the Schwarzian derivative

F 3 /F" 2
Fon =% -5 (%) - (239
The functions T" and P being periodic, we can define the generators £, and 7, to be the

modes of 7" and P on the circle. The centrally extended algebra (2.33) is then recovered
for the bracket [Q(El,dl)’ Q(E2,U2)] = —(5(61,01)Q(62702).
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These transformations for P and T follow directly from group theory. We can also
view the group as acting on the spacetime coordinates like in (2.28). This action on
the Euclidean Bondi metric also induces finite transformations of the functions P and T’
appearing in the uu-component. Acting on the bulk metric with (2.28), we find that they
correspond exactly to the coadjoint transormation (2.38) for the central charges

c=0, k=-2 and A=-1 (2.40)

The transformations (2.9), with n = o/, are the infinitesimal version of these transfor-
mations. The fact that the solution space transforms in the coadjoint representation of
the asymptotic symmetry group is mysterious but not rare. It also happens for the usual
boundary conditions for AdS, in Fefferman-Graham gauge as we will see later. This was
also shown for a version of the CGHS model in [53]. Another important example is the
case of 3d gravity with the Brown-Henneaux boundary conditions, for which the solution
space is parametrized by the energy-momentum tensor of a 2d CFT.

But there is even more to say about the relation between the coadjoint representation
of the warped Virasoro group and 2d gravity in AdS-Bondi gauge. We have found that the
bulk action reduces to the boundary term

dr 1 "
Iy :'y/f/ (T—g'P+g"— 29’2) +7ﬁ/dr (P— T +g’) : (2.41)
when evaluated on the Bondi AdS solution space, and when the integrability conditions are
taken into account. Interestingly we recognize also the coadjoint action of a group element
(f,g) on T in the first integrand and on P in the second one, such that the boundary action
becomes

Iy = 'y/d% T(7) +w/d% P(7), (2.42)

where we have defined 7 = f(7). One should bear in mind that this time, the group element
does not come from a coordinate change, but was really defined by the dilaton through
the integrability conditions. The solution space of Bondi-AdS is therefore parametrized by
a group element (f,g) of the warped Virasoro group and a vector in the dual Lie algebra
defining two currents P and T. The action is simply given by the coadjoint action of the
group element on 7" and P. The transformations (2.25) are nothing but an infinitesimal
version of the group law. Indeed, taking

S M
G
S~—
I
S
—~
4+
\_/m

—~

\]

~—
S
G
S~—
I
2 0=
SO
N DN
i
= W
~—

gives the linearized version of the group law
(F1,G1)(F2,G0) = (f +ef g+ 0 +eg). (2.45)

We will make use of this property later when studying the symmetry breaking.

— 14 —



2.3 Gravitational charges

In gauge theories, charges associated with asymptotic symmetries can be constructed using
the covariant phase space formalism [70-73]. This gives a way to define surface charges as-
sociated to diffeomorphisms that are not pure gauge because of the presence of a boundary.
The diffeomorphisms that we study here are given in (2.28).

At first one constructs the field variation of a charge (which corresponds to a one-form
in the field configuration space) in the following way. Starting with the symplectic potential

O = 0" /geu dx” =ik (pod P — ¢10T) dr, (2.46)
the field-exterior derivative defines the symplectic form
w =030 =ir(0po NOP — dp1 A 6T)dr, (2.47)

where we have defined P = ip,g'/f'. The sympetic form w is a 2-form in the field space.
Now the fundamental theorem of the covariant phase space formalism tells us that when
¢ and 6¢ are on-shell, there exists a function k¢ such that

w(d¢, oe) = dke(60), (2.48)

where d is the spacetime exterior derivative. The function k¢ is a one-form in the field
space. It can always be decomposed in the following way

ke = 0Q¢ + Eg, (2.49)

and we say that k¢ is integrable when Z¢ vanishes. Usually, when we have integrability, k¢
is integrated over a codimension-two surface in order to define a charge. In two dimensions,
this would just be a point so we leave it as it is. For

£ =0, — (e'r —iod")o,, (2.50)

we find that k¢ depends only on 7 and is given by
ke = —%m (2eTé1 + 10T — PGy + €6, — €' d@o — o'd¢pr1) (2.51)
Which can be decomposed into an integrable and non-integrable part in the following way

7 - - -
Q¢ = 5k (2eT 1 —eP@o + ¢y — €' g0 — o'p1)
; (2.52)
Eé‘ = —ilﬁé((ﬁo(gp — (pléT).
The usual representation theorem states that when the charges are integrable, the bracket

{Qe Oy} = 0,9 (2.53)

defines a representation (possibly centrally extended) of the asymptotic symmetry group.
Here, 6, Q¢ means that we take the field variation of the charge Q¢, and replace d¢ by 0,¢.
When the charges are not integrable, one can define the modified bracket

{Qg, QX}* = 5XQ§ + Ex(6§¢)~ (2.54)
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This bracket was introduced in [74] where it was used to define a centrally extended rep-
resentation of the BMS algebra in 4d asymptotically flat gravity. It was also used in the
context of near-horizon symmetries in [75, 76]. One can show that in our case it also defines
a representation

* T
{9(61,01)7 Q(€2702)} = Ql(e1,01),(e2,00)] T ?(5105 — £201), (2.55)

where the bracket on the right hand side coincides with (2.30). The central extension is
actually trivial since it can be absorbed in the following redefinition of the charge

Q¢ = Q¢ + 72—'&0, (2.56)

which becomes in terms of f and g,

! el
f/

From the representation theorem, we can deduce the time evolution of the charge. Using

@gzéﬂo—l—;f/(25T—€Pg’—€'g'—a’—5

+ ag”> : (2.57)

the vector (¢ = 1,0 = 0), the associated variations are all time derivatives d(; gy¢ = ¢'. We
replace one of the two vectors by (1,0) in (2.55) to obtain

d ~ . _
77 Qeo) = 00,0)Leo) T Qerion) = ~E1,0)(0e,0)¢)- (2.58)
The non conservation of the charge is sourced by the non integrable part. We conclude
that if we find a proper restriction of the phase space on which Z¢ vanishes, the associated
symmetries will be true symmetries.

We would like to implement such a restriction on the solution space. An obvious choice

is to require that the two currents are constant
P(r)=PFy, and T(1)= Ty, (2.59)

held fixed in the solution space. The infinite-dimensional symmetry algebra is then broken

to the subalgebra that leaves Py and Ty invariant. Eq. (2.9) becomes
€Py+¢" —o' =0,

e (2.60)

2¢To+0 Py—o =0.

Solving for £ and o, we find
e(T) = A1+ A2 elTV2s0 | A3 e ~iTV250,

' | (2.61)
o(1) = A2 (Po + \/Tso) elTVZs0 4 )\, (po _ \/Tso) —iTVED | ),

where we have defined —sg = T + %POQ. For the transformations associated to A9 and Ag
to be well-defined (not considering winding), we need to have
1_, 2n?

SOZ—TO—*PO :F

5 (2.62)
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Then, the transformations associated to A1, A2 and A3 generate an SL(2,R) symmetry.
Moreover there is an extra U(1) symmetry corresponding to shifting of g by a constant,
which is A4 here. Therefore, requiring P and T to be constant and to satisfy the rela-
tion (2.62) realizes the symmetry breaking

Diff(S') x C*®(S') — SL(2,R) x U(1). (2.63)

We have found that using this boundary condition, which leads to integrable charges,
the asymptotic symmetry group is bigger than the vacuum symmetry group SL(2,R).2
Morevover, the gravitational charge associated to the U(1) symmetry is

Qe=00=1) = 5 (2.64)

This additional symmetry will play an important role in the study of the Euclidean path
integral. Moreover, one can show that with this condition, the gravitational charges agree
with the Noether charges of the boundary action (ignoring the term proportional to f
which does not contribute to the dynamics).

One should note that the global U(1) transformation (¢ = 0,0 = 1) has actually no
real effect on the initial fields as it leaves ® and g, invariant. This however does not mean
that it is not a true symmetry. In fact, such symmetries arise frequently and are known
as reducibility parameters. They act trivially on the fields on-shell but have a non trivial
charge (see the generalized Noether’s theorem in [77]).3

In what follows we will also consider geometries for which sy # %L; (in particular the
trumpet geometry). In that case, the transformations associated to A2 and A3 are not
defined so the symmetry breaking pattern is

Diff(S) x C*°(S') — U(1) x U(1), (2.65)
where the unbroken symmetries correspond to the zero modes of € and o.

2.4 Particle interpretation

We consider again the boundary action (2.41) and make the change of variable 7 = f(7)
together with the field redefinition f = f~' and § = —g o f~!. The boundary action
becomes

I1[f,9] = /dfﬁ[f,g], (2.66)
with the following Lagrangian
1 ! gl 1
Llf.g] =~ (Tf/2 — 59/2 +Pflg + gff, - 9”) + i (Pf’ + ‘;, - ’) : (2.67)

2The same phenomenon happens for example in AdS3, with the Brown-Henneaux boundary condition.
The charges are also integrable and the symmetry group is the infinite dimensional 2d conformal group
while the vacuum symmetry is only the global part.

30ne can think of the gauge transformation A — A+d\ in a free U(1) gauge theory. The transformation
A =1 leaves A invariant and still, the corresponding charge is non trivial since it is the electric charge [78].
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This can be interpreted as describing the dynamics of fluctuations (f,g) € Diff(S!) x
C*°(S') around the background geometry

2
ds* =2 <T2 —iP(1)r + T(T)) dr? + 2idrdr. (2.68)

As for the usual Schwarzian action, this boundary action can also be understood as the
motion of a boundary particle [16, 79]. In this picture, the full dynamics is captured by the
motion of a particle near the boundary of rigid AdSs. The simplest way to obtain this is to
consider a “vacuum” boundary particle whose trajectory is at a constant r = rg. Applying
the diffeomorphism -
r 419 (T
T f(r), r— i) (2.69)
we obtain a new trajectory depending on (f, g). The worldline action of the corresponding
boundary particle on the geometry (2.68) takes the form

Iparticle = /dS *Cparticle = %/ds 3.32 . (270)

We consider a particle whose trajectory is the image of the vacuum one

ro +1ig'(s)
T=f(s), r=—Fr ", (2.71)
f'(s)
and compute the corresponding Lagrangian, we obtain
1
[fparticle + 5’7 T(z) = 'c[fa g] . (272)

Up to a constant term, the particle Lagrangian is the same as the one appearing in the
gravitational boundary action (2.67). Intriguingly, the match is achieved with the identifi-
cation i = rg. When studying the Euclidean path integral in section 4, we will see that i
is interpreted as the chemical potential associated with the U(1) charge. The identification
with the boundary particle suggests that this U(1) charge is related to the radial direction
of AdSy. This particle usually lies at rg — 400, i.e. close to the asymptotic boundary of
AdS,. It is interesting to note that we do not need to take such a limit here to match
the boundary action with the particle action. This suggests that there might be a relation
with the finite cutoff versions of JT gravity discussed recently [80, 81].

3 Relation to the Schwarzian

In this section, we show that the boundary action derived in the previous section can be
seen as a generalization of the usual Schwarzian action. We start by writing a diffeomor-
phism that maps the solution space of Bondi gauge to the one FG gauge with the usual
Dirichlet condition. With an additional boundary condition in Bondi AdS, we recover the
Schwarzian action starting from the one derived in Bondi gauge (2.41). We also show how
the asymptotic symmetries reduce to one copy of the Virasoro group and how to recover
the FG gravitational charges from the Bondi ones given in (2.52). The computation of the
partition function in section 4 will show that the Schwarzian theory is actually a subsector
of the Bondi theory, corresponding to setting the U(1) charge to zero.
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3.1 From Bondi to Fefferman-Graham

We start by writing the bulk metric in FG gauge. The metric takes the simple form

ds? = 2V (t,r)de* + 9 1
s*=rV(t,r)%dt +r—2. (3.1)
The most general solution to the equation R = —2 is

s(t)

The usual boundary condition is h(t) = 1. It is the equivalent of the Brown-Henneaux
boundary condition in two dimensions, i.e. requiring the boundary metric to be flat. Looser
boundary conditions were considered in [47], where h was allowed to fluctuate. When asking
h(t) = 1, the asymptotic Killing vectors are

- <5(t) - 275_%) 0, — &' (t)ro,, (3.3)

where ¢ is any function of the time direction. The asymptotic symmetry group is therefore
isomorphic to Diff(S!). The effect of the Killing vector on the metric is to modify the
function s in the following way

bes = es’ +2se' + €. (3.4)

Again, one can interpret this transformation as the coadjoint action of an element of the
Lie algebra of Diff(S!) on a covector. This means that the function s transforms exactly
like the holomorphic component of a 2d CFT energy-momentum tensor. The finite version
of this transformation is

5(F(r) = s(r) = SAF(). 7} (3.5)

where we have ¢ = 12.

An analysis similar to the one realized in section 2.1 was done in [47] for the Schwarzian
action. They derive the boundary term by demanding a well-defined variational problem.
We are going to take another route here, which consists in recovering the Schwarzian action
from the boundary action in Bondi gauge.

We would like to find a diffeomorphism that maps the metric in Bondi gauge (2.68) to
the metric in FG gauge (with h(t) = 1).* We start by going in tortoise coordinates

T=t"—4ir*, r=—cotr®, (3.6)
followed by
o0 o0
tr=t+ Z v (O)r ", = Z wp(t)r™". (3.7)
n=1 n=1

“See [82-84] for a similar construction in higher dimensions.
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We can solve order by order in r~! to find the coefficients.> The first ones are
vi(t) =0, wi(t)=1, wvat)=—P(t), wa(t)=1P(t), ... (3.8)

The resulting metric is indeed in FG gauge with a function s written in terms of P and T':

s(t) = — (T(t) + %P(t)2 - P’(t)) . (3.9)

Compared to the Schwarzian action, the boundary action in Bondi gauge has an additional
mode ¢ and a new physical symmetry. To recover the Schwarzian action, we need to
kill this additional mode by imposing a further boundary condition in Bondi gauge. We
choose to impose P(t) = P,(t) where P, is fixed in the solution space. This translates into
a condition on the asymptotic Killing vectors. The first equation of (2.9) gives

o =P, +eP.+¢", (3.10)

so that the Bondi asymptotic Killing (2.29) is now parametrized by ¢ only. We can deduce
the transformation of s from the second equation of (2.9) and (3.9)

bes = es’ +2se' + €. (3.11)

This is exactly the transformation we have obtained from the asymptotic Killing vectors
in FG gauge.

Now, we would like to impose this further boundary condition at the level of the
boundary action and write it in terms of the function s. We recall that we have two
remaining equations of motion (2.12) for the dilaton components ¢y and ;. In terms of

o)

/ (3.12)
1 / " 9/2 .
— | T—-PFP.g+9g —— =0.

f/2 2

Solving the first equation for ¢’ and using the definition of s in (3.9) (together with the two

the group element (f,g) they are

conditions (2.20) and (2.22) on the solution space), we can rewrite the boundary term (2.17)
in terms of f and s as

= [ ji (5= (5.7} = — [ d7 5(7). (3.13)

The integrand is exactly the coadjoint action (3.5) of f on the current s. We observe the
same structure as the one discussed in the previous section. The only difference is that the
group has changed. Asking the current P to be held fixed in the solution space removes the
shift symmetry so that the symmetry group reduces to Diff(S!). Interestingly, the integrand
of the boundary action (after integrating one of the equations of motion) remains written
in terms of the coadjoint action of the central extension of Diff(S1), i.e. the Virasoro group.

®The same notation has been used for the radial coordinate in Bondi and FG gauge.
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3.2 Gravitational charges and the Schwarzian

Having found the mapping from Bondi to FG, we are also able compute the gravitational
charges. To do so, we consider the charges found in Bondi gauge (2.52), and impose
the condition P = P, with the corresponding condition on the symmetries (3.10). After
integrating out the first equation of (3.12), we obtain (up to a constant)

_ f/// f//2 f//

e =— 2es—¢e | = — 22~ I

¢ 2f’<” €<f' f'?) 5f'“> (3.14)
= 78

e 2f/

Again, one can show that under the modified bracket (2.54), these non-integrable charges
belong to a representation the Diff(S!) algebra. A consistent condition to have integrability
is to impose s(7) = sg, a constant held fixed in the solution space. This condition must be
preserved by the asymptotic symmetries. From (3.11) we obtain

250’ +€" =0, (3.15)
which is solved by
5(7’) = A + A eiﬁr% + A3 e_iT 250, (3.16)

We recover the SL(2,R) symmetry of AdSs for sg = 272/32, but we do not have the extra
U(1) symmetry anymore. With the above choice for sg, we define f~! = f and make the
change of variable 7 = f(7) to obtain the action

Iy = —v /jd?‘(BZ f/2+{f,7'}> = —y /Oﬁdi' {tan (gf),i‘} (3.17)

This is the usual Euclidean Schwarzian action. The finite version of the symmetry (3.16)
corresponds to the SL(2, R) symmetry of the Schwarzian derivative

aF +b

_ 1
— Fid (3.18)

where F' = tan (% f ) . Thus, requiring s to be constant realizes the symmetry breaking from

Diff(S') to SL(2,R). Moreover, one can show that the charges (3.14) give three charges,
one for each generator of (3.16), which precisely match with the Noether charges of the

Schwarzian action.

4 Euclidean path integral

We would like to compute the Euclidean path integral of the boundary action of Bondi
AdS. We start with the action given in (2.67) which we reproduce below

I[f,g] = ’y/ dT(Tf’2 g’2+Pf"+gff,/)+7ﬁ/gldTP. (4.1)
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In the following we will take constant values P = Py and T" = Ty. The on-shell action is
obtained for f(7) =7 and g(7) = 0 and reads

Ion—shen = v (BT + pFo) , (4.2)

where we have defined p = B which will be interpreted as the chemical potential associated
to the U(1) symmetry. The path integral is defined as

Z = /M DfDge . (4.3)

The fields f and g belong to the warped Virasoro group and the action has a symmetry
that corresponds to the stabilizer of Py and Ty under the coadjoint action of the group.
Therefore we should integrate over the manifold

M = (Diff(S') x C>°(S1))/Stab(Py, Tp). (4.4)

This manifold is generically infinite-dimensional and is isomorphic to the coadjoint orbit of
the covector (Py,Tp). It can be endowed with a canonical symplectic form which provide
a measure for the path integral.

We will start by computing the partition function on geometries that correspond to
the hyperbolic disk. These geometries need to satisfy

272
B2

we recall that s is the variable appearing in the geometry in FG gauge. The value of Py

1
s = — (To + 2P02) = (4.5)

is fixed on-shell in terms of the constant p which appeared in the boundary action. This
follows from dividing the first equation in (2.12) by ¢; and integrating over the circle, then
using the boundary condition (2.21) it leads to

PBo=p=" (4.6)

The relation (4.5) then fixes T and we get for the disk

2 2
i _ K _ 2t p
Disk : PO—E, TO__F_T/W (47)
We see that we have a one-parameter family of configurations, labeled by p. Note that a
particular configuration can be generated by acting with the diffeomorphism (2.28) with

F(r)y=1, G(r)= %T + cste, (4.8)
on the Euclidean metric with Py = 0 and Ty = —272/3%. The function G is not periodic,
therefore the couple (F, G) does not belong to the group. This means that ;1 parametrizes a
family of inequivalent coadjoint orbits. Each of them define good phase spaces but they are
still physically inequivalent according to the study of gravitational charges in section 2.3.
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The disk partition function is then computed as a path integral over f, g for the action
defined with the above values of Py and Ty. As a result, it depends on 5 and pu

2(3.) = [ DD (4.9)

The parameter § appears because we are fixing the circle to have renormalized length S.
The parameter u appears as an arbitrary parameter labeling a family of possible boundary
actions. We will interpret below the parameter p as the chemical potential associated to
the U(1) symmetry.

4.1 Cardy thermodynamics

Before delving into the computation of the exact partition function. It is instructive to
consider the thermodynamics in the saddle-point approximation. This derivation will be
similar to the derivation of the Cardy formula in 2d CFT. In fact, we point out in section 6
that there is a precise match between the entropy of JT in Bondi gauge and the entropy
of warped CFTs.

We assume that the free energy is approximated by the on-shell action

= - 108; Z = Ion—sheln (410)

which, as will be shown later, is achieved when 5 is small. For a thermal state, the on-shell
action is computed using the values for P and T given in eq. (4.7) and the classical solution
corresponds to f(7) = 7 and g(7) = 0. This gives the free energy

21y | yu?
F=- + . 4.11
ERRET, (4.11)
The entropy is obtained using a Legendre transform
0 0 42y
S:(l — — >F: . 4.12

The saddle-point value of the energy and the charge are given by
or 212y yu?

-9 - 4.13
o B 2p? (4.13)
oF i
Q=i OB
op B
Inverting these relations gives the temperature and chemical potential at the saddle-point
2 2mi
8= 7 o 2mQ (4.14)

var-@ T E-@

This allows to rewrite the entropy (4.12) as

S =2m\/2vE — Q2. (4.15)

The saddle-point approximation is valid for large energy and charge. After computing the
full partition function, we will see that we reproduce this entropy by taking the Cardy limit
of the exact density of states (4.48). In section 6, we match this entropy with the Cardy
formula of a warped CFT. In section 5, we also match it with the entropy of the complex
SYK model.
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4.2 Partition function

We now consider the computation of the exact partition function.® The Kirillov-Kostant-
Souriau symplectic form associated to coadjoint orbit of the warped Virasoro group was
obtained in [85], it is given by

df' ndf"  4m? , R
where we have defined § = g — z% f —log f’. Here, a is a normalization constant for
the symplectic form. As in [25], we can use the Duistermaat-Heckman theorem that states
that if the action generates a U(1) symmetry on the integration manifold then the partition
function is one-loop exact. Indeed one can check that we have

w(.,0¢ =¢") ocdl, (4.17)

which means that I generates a time translation symmetry on the coadjoint orbit.” To
organize the path integral, it is useful to write it as a classical contribution and a one-loop
contribution

Z(B, 1) = Z1aoop € Tonshell (4.18)

The classical contribution is given in (4.2) and gives with the values (4.7)
w2y
2p B

The one-loop part is obtained by integrating over the fluctuations e(7) and o(7). The

Ionfshell = (419)

quadratic action is given by
1
Tquaa = 7/ dr <T0€,2 — 50/2 + Pye’o’ + J/€N> . (4.20)
S1

We will start with generic values of Py and Ty since some of these results will be useful
when computing the partition function on the trumpet. The boundary conditions impose
that € and o are periodic with period 5. Hence, they can be decomposed into modes

e(r) = % Z an(f%im7 o(r) = % Z anef%ﬂim. (4.21)

ne’l nel

Since ¢(7) is real and o(7) is pure imaginary, we have the relations
E_p =€y, O_p=—0,. (4.22)
Using the decomposition, we can write the one-loop integral as

Zl-loop = / H depdoy, Pf(w) e~ fauad | (423)
nez

SWe are not including higher genus configurations in this computation. We will come back to them in
the next subsection.
"This relation implies Lsp—gw = (d 0 igs—g )w + (iss—g © d)w = 0.
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We decompose the symplectic form using the modes

26
=a—- Tonden, Nde—p, — a— dop, Ndo_y, 4.24
w = aﬂ Z on de £ a Zna o (4.24)

n>1 vt

2 2 2mi
Wy K—mn + P0n> den Ado_p + (—Wn - Pon) de_p A dan} .
™= I3 B

We note that the zero mode ¢p and o9 do not appear and are hence degenerate directions
of the symplectic form. This corresponds to the U(1) x U(1) symmetry of the coadjoint
orbit. As they are degenerate directions, they must be removed in the computation of the
partition function. We decompose w into blocks

w = (“’;f “‘”) . (4.25)
w Woo

Eo

The Pfaflian takes the form

Pf(w) = Pf(wee + weowy, Pf(wee) - (4.26)

0'0' EO')

We can represent each block of w as a 2M x 2M indexed by (n,m) where —M <n < M,
—M <m < M andn,m # 0, and we take M — 400 at the end. With this parametrization,
the components of w take the form

2

(Wae)nm = OJ%TM 5n+m7 (4.27)
2 211

(Wsa)nm = a% (—BTLQ + PO”) Ontm 5

2
o = .
(W U)nm « Zn5n+m

Making use of the identity

Pf (0 A) — (1) det A, (4.28)

we obtain
Pf(wee) = [] (—a,n) : (4.29)

We also compute

2 2
- n (2w
(Wee + WeoWd WL Vpm = ﬁﬂ_—z ( 52 24 PO + To> Ontm s (4.30)
which gives
M
272 1
Pf(wee + weowygwly) = [ [ @ ks 24 P0 +To) ) . (4.31)
n=1
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Putting everything together gives

M
Pf(w) = H ( B; (52 + Po —|—T0>> H <—a26;n> . (4.32)

m=1

We can write the Pfaffian as

M
B
= H Pf, (w), Pf,(w) = o2 3%n? (n + 22 PO + Ty (4.33)
n=1
We also decompose the quadratic action (4.20) into modes
2 1, 9 2mi 4
Iquad = VB Z Ton“epne_n — in ono_pn + Pyn“epo_p — Fn EnO—_n | . (4.34)
nez

We restrict the sums to n > 1 using the constraint (4.22) and decompose the modes into
their real part and imaginary part

er =P e g ) (D) (4.35)
This allows us to write
quad - Z I(iﬁad’ (436)
n>1
where
T
I((luid = 270 (T()712|5n|2 + n2]0n|2 + Pgn (eron —enoy) + Eng(snafb +£;’;an)>

— 293 (T0n2 (02 + DY) + 5n* (01272 + (o)) (4.37)

iFip? (0040~ 40o() 4t («Mof + 01 )

We can perform the Gaussian integral and we obtain®

LI SR 0 a?p?
w) /d Endiope Tauad = n272 . (4.39)
The analysis above was done for arbitrary values of Py and Ty and will be useful later,
when we consider the trumpet.

We now evaluate the Pfaffian for the values of Py and Ty corresponding to the disk.

From the relation
272

ﬁ )

disk _ il . . 2 i _LﬁQ
Pf™(w) = H ( 2aimm (m 1)) -n |, (4.41)

1

we obtain

8Here, we have

d’e, = delPdell) = dsnds_n . dPon =doPdoll) = —%danda_n . (4.38)
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where we have removed the m = 1 contribution which would be degenerate. This is because
the coadjoint orbit has an enhanced symmetry SL(2,R) x U(1), corresponding to the modes
€4+1. The Pfaffian for the disk can be written as

disk _ 0452
Pfisk(w) = Pf,, ( H Pf,( Pf, , (w) = 5 (4.42)
The one-loop path integral can be decomposed as
Zl-loop = Zai1Z|n|227 (443)
where we compute
_7m 273
Z|”‘ZQ = H an(w)/d25nd20n quad — a353 , (444)
n>2
(1)
Zo':tl - Pfail(w)/do'lda—l e_Iquad = Oliﬂ’
Y
using zeta regularization for the infinite product
, 27
H — =exp |—0s Z =exp (¢(0)logz — ¢'(0)) =/ —. (4.45)
n>1" n>1 o0 v
Finally combining everything, we obtain the disk partition function
272 2r%y  yp®
Z = — —=—. 4.46
(8, 1) agﬂzexp< T, (4.46)

Interpreting p as a chemical potential associated to our new U(1) symmetry, we have a
density of states po(FE, Q) defined from the formula

28, 1) = /0 T B /_ O:O dQ po(E, Q)ePEFinQ, (4.47)

From (4.46), we obtain

po(E,Q) = aTsmh (27n/27E QQ) (4.48)

This density of states is the same as the Schwarzian density of states but with a shifted
ground state energy. We see that the Schwarzian theory corresponds to the @ = 0 sector
of the Bondi theory. Another way to see it is to consider the mixed ensemble partition
function obtained using an inverse Fourier transform

3/2 272 Q2,6
Z(8,Q) = V2r 0;63/2 exp ( 7;,7 -5 ) : (4.49)

We see that for () = 0 we recover the Schwarzian partition function. For ) = 0, the Fourier

transform is just an integration over p, which can be interpreted gravitationally as a sum
over inequivalent fluctuations of the same geometry: the hyperbolic disk. The dynamics of
these fluctuations is governed by an action whose coupling constants depend on u. From
a more mathematical perspective, the integration over p can also be seen as a sum over
non-equivalent coadjoint orbits.
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4.3 Genus expansion and matrix integrals

In the previous section, we computed the Euclidean partition function of the boundary
theory. This can also be seen as the gravitational path integral on the disk geometry. In this
section, we consider the full gravitational path integral, including the sum over all possible
Euclidean geometries with fixed boundary conditions. For JT gravity in Fefferman-Graham
gauge, it was shown in [31] that the gravitational path integral was given by correlations
functions of a double scaled matrix model. We will see that our new boundary conditions
leads to a simple generalization of this result.

4.3.1 Gravitational genus expansion

The full Euclidean JT action
1= Itop + IJTa (450)

We have included the pure gravity term

Tiop = —# B B /M JIR + /W K] , (4.51)

where ® is a constant which sets the extremal entropy Sy = 27k®g.” This term is
topological in two dimensions. The action I3 contains a boundary term for the variational
problem to be well posed. It ensures that the solutions to the equations of motion are indeed
saddle point of the action. When considering the Bondi phase space it will simply reduce
to one copy of our boundary action for each circle.

Consider the gravitational path integral on geometries with multiple boundaries. On
each boundary ¢ = 1,...,n we fix the length 5; and the chemical potential u;. The
gravitational path integral becomes schematically

ZaB} {pih) = 3 Zgéﬁf?j;jﬁ‘ﬁ (4.52)

g=0

since we have I, = —Sox = —So(2 — 29 — n). Now each Z,, corresponds to the path
integral on a fixed topology. The integration over the dilaton is crucial since it imposes the
constraint R = —2. The bulk term of 31 vanishes in the exponential so that path integral
becomes

Zgn({Bi}, {pi}) = / d(bulk moduli) / Dpe 1o, (4.53)

The first integral corresponds to the sum over inequivalent hyperbolic Riemann surfaces
with ¢ handles and n boundaries. The second integration corresponds to a sum over the
fluctuations associated to the boundary action, where of each boundary the values of
and p are fixed. We can equivalently fix the charge @); at each boundary using Fourier
transform

Zun{BIAQD) = g [ oo Zy (3 ) @0 e @ (a5

9The terminology for Sy comes from the fact that JT gravity describes the near-extremal thermodynamics
of higher-dimensional black holes. One should think of ®¢ as much greater than ® and of the action I as
the linear approximation in @, see [16].
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(B3,Q3)

(B1,Q1)

(B2, Q2)

Figure 1. Cartoon of the geometry that computes Z, ({8}, {Q:i}). At the end of each trum-

pet i, we specify the boundary conditions g; and @;, which corresponds to the insertion of
2

Tr e~ (H+QI/(27) iy the matrix ensemble.

We will need to consider two types of boundary fluctuations: on the disk and on the
trumpet. This is because any hyperbolic Riemann surface with n asymptotic boundaries
can be constructed by gluing n trumpets to a genus g surface with n geodesics boundaries.
A typical example of such a geometry is depicted in figure 1. The case g = 0 is special
since there is only the disk. The disk has no modulus, while for the trumpet there is the
length b of the geodesic at the small end, see figure 2. We obtain

ZO,I(ﬁ? Q) = ZdiSk(ﬁa Q)a
Zo2(B1, 2, Q1,Q2) = OZ/OOO bdb Z"P By, Q1,0) Z P (Ba, Q2, D), (4.55)

Zyn (181, {Q)) :a"/o bldbl.../o bdbp V2 (b1, . b) [ 25 (8, Qi bi).
=1

The constant a multiplies the symplectic form.!°

It will ultimately be absorbed in a
redefinition of Sy. The function ngn(bl,...,bn) is the volume of the moduli space of
hyperbolic Riemann surfaces with prescribed geodesic boundaries. The only new feature
compared to the computation in [31] is that our definitions for the disk and the trumpet
contributions are different since we have this additional boundary chemical potential .
The geometries do not change, they are characterized by the value of the current sy when

we write them in FG gauge. For the disk it is sg = QBL;, while for the trumpet, which is

some sort of hyperbolic disk with a conical defect, it is sp = —%. To obtain these values,
one can compute the on-shell value of the Schwarzian action on these geometries.

4.3.2 Trumpet geometry

We would like now to compute the trumpet contribution Z™WmPet From the relation
b2

1 2
T0+§P0 :—80:27/827

(4.56)

0T here is a constant « in front of the Weil-Petersson form, i.e. the form which induces a measure on the
moduli space and allows to define its volume. This constant « is also in front of the symplectic form on the
coadjoint orbit.
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(6,0) | b

Figure 2. The trumpet geometry: we specify the boundary conditions S and @ at the end of the
asymptotic boundary. The small end is labeled by the length b of the geodesic boundary.

and the relation (4.6) between Py and pu, we obtain the values
b2 2

. _ M H
Trumpet : P[) == B, TO T/B2 — 27/82 (457)
The on-shell action (4.2) evaluates to
b2
Ionfshell ’;75 + % (458)

In this case, the Pfaffian (4.32) takes the form

b2 + 4n’m? H a <—62n> = ﬁ Pf,(w). (4.59)
n=1

Pftrumpet H —

27rz 21

The computation is very similar to the disk, which was considered in the previous sec-
tion. The difference is that we must not remove the two modes €41 because they are not
degenerate directions of the symplectic form anymore. The integration is now over the
infinite-dimensional manifold

(Diff(S%) x C*°(S1))/(U(1) x U(1)), (4.60)

where two U(1)’s correspond to the zero modes gy and og. To compute the one-loop
contribution, we can use the formula (4.39), which is valid for a general values of Py and
To. We obtain

—7m 2
Zl loop = H Pf )/dZEndQUn e Iquad — %’ (4.61)
n>1 @

where we have used the formula (4.45) for the infinite product. Combining the one-loop
contribution and the on-shell action, we obtain the trumpet contribution

21y Wy’
Ztrumpet b) = — — 1. 4.62
(5, 1.0) m“%zw % (462)
4.3.3 Matrix integrals

The genus zero contribution Z9% was computed in the previous section, see eq. (4.49). To
have the same normalization as [31], we make the following redefinition of the disk partition
function at fixed @

29%5,Q) = o [ P a7z (5,0, (463)
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This just corresponds to a redefinition of the chemical potential and the charge

2
T ;/fu, Q- 7%@- (4.64)
We obtain 3o ) )
is _ 1 Y 27y Q7B
Zd k(ﬁ? Q) - a3/2 (27_[_)1/253/2 exp ( ,B - 27 > . (465)

We see that for () = 0, this coincides with the partition function of the Schwarzian action
on the disk. We redefine in same way the trumpet contribution to obtain

rumpe L W QB
Z‘E p t(ﬁ’ Q7 b) = a1/2 (271_)1/251/2 exXp <2/8 — 27) . (466)

For ) = 0, this matches with the Schwarzian partition function on the trumpet [31].

We now have all the ingredients to give the final result. Before, we should make a
comment this normalization constant «. The overall o dependence of Z ,, is

ol - @Bt L g2 = T2 (4.67)

Since the power of « is proportional to the Fuler characteristic x, we can absorb « in a
redefinition of the extremal entropy Sp and set o = 1.

We denote with the superscript 555 the quantities of Saad-Shenker-Stanford [31]. Here,
they correspond to setting to zero all the U(1) charges. Let’s consider the example of the
double trumpet, obtained by gluing two trumpets along their geodesic boundaries (or small
ends). Its contribution is computed by integrating over the modulus b.'' We find

ZD,Q(/Bla 525 Qlu QQ) - /O bdb Ztrumpet(ﬁlv Q17 b)Ztrumpet(BQa Q27 b)
— S%S(Bl’ﬁz) e-ﬁQ%/(z’Y)e—ﬁQ%/(Q’Y)’

(4.68)

where ZOS’%S(ﬁl, B2) = %7255114522) The difference with [31] is that each boundary receives
a contribution from the corresponding U(1) charge. This contribution corresponds to a

multiplicative factor at each boundary. Indeed, for a generic number of boundaries, we have

Z({8:).(Qu)) = Z555((By) [[ /. (4.69)
=1

It was shown in [31] that the quantity Z5°°({5;}) is equal to

(Tre AH | Tre fnHy (4.70)

where the average is taken over a double-scaled random matrix ensemble. This implies that
the insertion of a boundary of length g in the path integral corresponds to an insertion of
Tre A in the correlation function.

1The measure is bdb because we also have the freedom to twist one trumpet with respect to the other.
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The formula (4.69) tells us that, for our theory, each boundary of length  and charge
() corresponds to the insertion of

Ty e~ BH+Q?/(27)) (4.71)

in the same matrix ensemble. In other words, we can compute the complete Euclidean
path integral with n boundaries, and boundary conditions (5;, @;), using the formula

Zn({Bi} {Qi}) = (Tre-PU+a1/E0) Tre*ﬂn(H+Q%/<2v>>>c : (4.72)
where the average is taken in the same matrix ensemble. Note that the effect of the Q;’s is
to shift the energy at each boundary. We emphasize that the charges @); are not matrices
but scalars here.

A similar structure appears when boundary global symmetries are added to the matrix
ensemble of JT gravity [34, 86]. This can be realized by adding a BF theory in the
bulk. In this setting, each boundary is labeled by an irreducible representation r; of the
corresponding group. The result is that there is also a factorization

Zn({Bi} Ari}) o< Ory o Zn " ({Bi}) ﬁ e Pealril/2, (4.73)

=1

The similarity is that the gauge symmetry in the bulk also shifts the ground state energy,
by the Casimir ca(r) of the representation, which is indeed proportional to Q2 for us. The
difference is that in our model, we can have different charges at different boundaries of a
connected geometry: there is no constraint enforcing equality of the charges. This stems
from the fact that in the trumpet, there is no charge at the small end of the trumpet, which
was possible in [34, 86] due to the presence of bulk gauge fields. Our model only contains
pure gravity and all the dynamics reside at the boundary.

5 Complex SYK

In this section, we show that JT gravity in Bondi gauge reproduces the low-energy effective
action of the complex SYK model. This implies that the complex SYK model contains a
subsector describing JT gravity in Bondi gauge, in the same way that the Majorana SYK
model contains JT gravity in FG gauge as a subsector. A similar match between a flat
space version of our boundary action and the complex SYK model was given in [53].

5.1 The complex SYK model

The complex SYK model [49-51] is a generalization of the SYK model [19, 87], obtained by
replacing the Majorana fermions with complex fermions. This model is of special interest
because it is maximally chaotic and solvable at large N, but closer to condensed-matter
systems than the original SYK model. For example, it was recently used to investigate
strange metals [52].
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The complex SYK model is a quantum mechanical model involving a large number N
of complex fermions with a random interaction. The Hamiltonian is

H =3 JoagA{0l ] i i} (5.1)
}

tq/2
{ia

where A{...} denotes the antisymmetrized product of operators. The couplings J;, . ;, are
independent random complex variables with zero mean and variance

2(9/2)!(a/2 = 1)1

| Jiy.iq > = J N1 (5.2)
where ¢ is an even integer greater than four. There is a global U(1) charge
Q=> A{vlw}. (5.3)
i=1

We also define the specific charge Q = %(@> which is related to the UV asymmetry of the
Green function

Gl —m) = ~THEP @Y, GO)=-3+Q  GO)=3+2.  (54)

In the IR, the spectral asymmetry parameter £ characterizes the long-time behavior of the
zero temperature Green function

Groo(x7) = Fet™ 772/ for > J7t, (5.5)

Let’s denote by S(N, NQ,T) the entropy of the complex SYK model at fixed N, fixed Q
and temperature 7. In the large N limit, the complex SYK model has a zero temperature

entropy
. . S(N,NQ,T)
1 1 — = .
L >0
Here, S(Q) is a universal function, in the sense that it is fully determined by the structure
of the low-energy theory. At small but non-zero temperature 7= 57!, the complex SYK

model is described by an effective low-energy action given by [49]
_ NK _oo2miE \? Nysvyk ™
I.syk = - Ja dr <g + 5f> e /Sl dr {tan (ﬁf) ,’7’} , (5.7)

where f(7) is the Schwarzian mode that reparametrizes time and g(7) is a U(1) mode which

is periodic in the absence of winding. This action is the analog of the Schwarzian action
for the Majorana SYK model. In comparison, the complex SYK model has an additional
U(1) mode. The parameters vgsyk and K are defined from thermodynamical properties:
Ysyk characterizes the linear response in temperature of the entropy

S(N,NQ,T
(N) = 8(Q) + ysykT + O(T?). (5.8)
While K is the zero temperature compressibility defined as
K= ( 9Q ) , (5.9)
Opsyk / r—o
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where ugyk is the chemical potential associated with the U(1) charge. The spectral asym-
metry parameter is also related to the zero temperature entropy according to

dS(Q)
dQ
5.2 Matching with boundary action

=27€. (5.10)

Symmetries. A connection between the complex SYK model and warped CFTs was
explained in [59]. It was observed that the complex SYK model has an underlying warped
Virasoro symmetry which is spontaneously and explicitly broken down to its global part

Diff (S1) x C*°(S') — SL(2,R) x U(1). (5.11)

This is the direct analog of the spontaneous and explicit breaking of Diff(S') — SL(2,R)
in the Majorana SYK model. The symmetry breaking pattern (5.11) of the complex SYK
model is the same as the symmetry breaking which controls the version of JT gravity
described in this paper. This is the first hint of a relation with our Bondi-AdS version of
JT gravity and the complex SYK model.

Action. In the rest of this section, we will show that the effective action precisely matches
with our boundary action. A similar matching between the action of complex SYK and
the CGHS model was achieved in [53] in the context of flat holography. This matching was
involving a special scaling limit, which should correspond to the flat limit of our theory.
Note that a different holographic interpretation of complex SYK, with a 2d gauge field,
was proposed in [88].

We start with our boundary action for AdS-Bondi JT gravity

g/f//
f/

where we have restored the AdSsy radius faqs. We recall that ~ is written in terms of the

1
I[f.g] = ’Y/Sl dr (Tof’2 ~ 59"+ Pflg +

1/
— g | +cste, (5.12)
26%as )

renormalized value of the dilaton and the Newton constant as follows

¢
v = ﬁ . (5.13)
8GN

We consider this theory at a temperature 8 and chemical potential . This corresponds to

the choice 00 .

7 21°lhas P lAas

p=r Th = — — 5.14
b= 0 52 o5 (5.14)

where we have reinstated the factors of the AdSs radius £aqs. We now redefine g according
to

o(7) = Bus (203(r) + log 1'(7) + ‘;“fm) , (5.15)

where A\g and o are two arbitrary parameters. Note that this redefinition changes the
periodicity of g since we have

i+ B) = §(r) + 3“00 . (5.16)
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We can take o = 0 to obtain a function § that remains periodic. The action can then be

written as
. 2
’Y@xds/\% / <~/ i(po — M) /) 2 / { <7r ) }
=28~ -— — - . 1

5 . dr | g W f Yiq4s . dr < tan 5f T (5.17)

This is precisely the action of the complex SYK model (5.7) with parameters

1RasAS Ayl p = Ho

N YSYK N & 5 (5.18)

We can also report the gravitational parameters in terms of the SYK parameter

. )
o Orligs  1sYkN B ,  Am’K
Vads = 87TG§\2,) =42 p= po + 2mAoE, Ay = o (5.19)

We see that N controls the gravitational coupling and the AdSs radius. We note that the
value pg = p corresponds to € = 0 (this value for g is special because it diagonalizes the
symplectic form, see (3.9) of [85]). We have also reported the value of \g, which is the
other arbitrary parameter in the matching.

We have shown that the AdS-Bondi JT gravity described in this paper reproduces the
low-energy effective action of the complex SYK model. This relation is on the same footing
as the relation between the standard JT gravity and the Majorana SYK model.

Thermodynamics. It is instructive to also match the large N entropy of the SYK model.
Following [59], the entropy of the complex SYK model can be written

Nrsyk Q3
Ssyk = 27T\l 5 (P ﬁ , (5.20)

~

where we have defined Qgyk = (Q). In comparison, the entropy of JT gravity computed
in (4.48) leads at large 203 ,57E — Q? to

Syt = 2my/20% ;v E — Q2. (5.21)

With the choice of parameters (5.18), we get a precise match provided the relation

Qsyk = M@ - (5.22)

The parameter \g, which appeared as an arbitrary parameter in the matching of the actions,
has the interpretation of a relative rescaling of the U(1) charges between gravity and the
SYK model.

It is also interesting to see that the leading logarithmic correction to the entropy can
also be matched. In the grand canonical ensemble, the expression (4.46) for the partition
function shows that we have the correction

(5SJT = —210gﬁ. (523)
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This matches with the logarithmic correction to the corresponding entropy of the complex
SYK model, as reported in [51].

We should make a comment on this matching of the entropy. In section 4.2, the
partition function (4.46) of JT gravity in Bondi gauge is not exactly the same as the
partition function of the complex SYK model considered in [59]. This is because our
boundary action (2.67) has an additional term, involving the coadjoint transformation of
P, which does not contribute to the dynamics but gives an additional constant in the
partition function. The effect of this constant is to change the sign of the u? term in
the exponential, and hence corresponds to the replacement p — iu. This change can be
absorbed in a redefinition of the relation between the partition function and the density of
states, leading to the same formula for the density of states and therefore the same entropy.

6 Relation to warped CFTs

The near-horizon geometry of any extremal black hole has an SL(2,R) x U(1) symmetry.
This was one of the motivation to introduce the notion of warped CFTs in [54]. Warped
CF'Ts are theories which are analogous to 2d CFTs but whose symmetry algebra is the
warped Virasoro algebra, which consists in one copy of the Virasoro algebra together with
a U(1) Kac-Moody algebra. The corresponding global symmetry is SL(2,R) x U(1). In
this section we describe a relation between AdSy gravity in Bondi gauge and warped CFTs
(see [89] for an early discussion on the subject). We will also comment on some intriguing
observations related to the Kerr/CFT correspondence.

For a warped CFT whose coordinates are ¢ and ¢, the warped conformal symmetry
corresponds to the following change of coordinates

t—=t+G(o), ¢— F(P). (6.1)

In our setup, the coordinate ¢ becomes the Euclidean boundary time of the AdS, spacetime
while the coordinate ¢ has no immediate gravitational interpretation. In this context, the
quantities T'(¢) and P(¢) are the associated conserved currents; they transform like in
eq. (2.38) with the replacement 7 — ¢. The modes of T' and P, denoted respectively L,
and Jy, satisfy the algebra (2.33) for the bracket [Q (¢, »); Q(es,00)] = —0(e1,01) Len,00)- The
central charge A, called the twist parameter, can always be absorbed in a redefinition of
the generator £,, [53]

N
Lo — Lo+ %/\njn , (6.2)

together with a shift of the zero modes £y and Jy by suitably chosen constants. This gives
the same algebra with A = 0 and shifts the central charge ¢* = ¢ — 24x%/k, while leaving
k unchanged. For the algebra with the central charges taking the values corresponding to
AdSs, as reported in (2.40), the new central charges after the shift are

=12, k'=-2, A\=0. (6.3)
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We would like to compute the vacuum values of P and T on the cylinder. The mapping
between the plane and the cylinder is realized by the coordinate change [54]

t—>t—%¢, ¢ — 29/ (6.4)

which leads to the thermal identification

(t,p) ~(t+a,0+0). (6.5)

Setting the vacuum values on the plane to zero and using the transformations (2.38), we
obtain the vacuum values on the cylinder

2w\ ak mc  2mha o2k
_ - TV — —_— 6.6
We define the effective chemical potential o* = a — 2*(27i/3). This redefinition of the
chemical potential allows to rewrite the vacuum values of P and T in terms of the new

vac __
Py =

central charges ¢*, \* and k* as

Oé*k* vac wc* a*2k*

vac __
Py =

We see that the twist parameter has been absorbed in the redefinitions of the central
charges and the chemical potential. With our values for the new central charges (6.3) and
the identification o — p the vacuum values become

[ 2r P
pyvac — & qvac — 2% P
0 ,3 ’ 0 62 262

They correspond exactly to the values of T" and P we have been using to compute the gravi-

(6.8)

tational path integral at fixed temperature and chemical potential in section 4. In the AdSs
bulk, the map from the plane to the cylinder is realized by the following diffeomorphism

PR 627ri7'/ﬂ’
B —2mit /8 ( ip 277—) (69)
r— =i (& r 6 ﬁ .

The connection between our boundary action for AdSs and warped CF'Ts follows from the
results of [59]. There, it was shown that the partition function of the complex SYK model
matches with a particular limit of the vacuum character of a warped CF'T. This is similar
to the relation between the Schwarzian partition function and the vacuum character of a
CFTy [90].

This also leads to a matching of the leading thermodynamics as explained in [59]. We
find that the thermodynamics of JT gravity in Bondi gauge matches with that of a warped
CFT in the Cardy regime. The entropy of a warped CF'T can be written as

S =S5+ Sk, (6.10)
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where in the Cardy regime, we have

AT e c 1
SL = 7P0P0 s SR =27 6 <LO - k?) . (6'11)

This was derived in [54] and here, we follow the conventions of [59]. Using our values for
the central charges (6.3), and writing the quantum numbers as

L() = ")/E, PQ = iQ, (6.12)
where v = k¢, is the parameter controlling the deviation from extremality, we obtain

S, = 271/;@7 Sp = 2m\/29E — Q2. (6.13)

The right moving entropy Sk matches with the entropy of AdS-Bondi JT gravity given

in (4.15). As in [59], we interpret Sz, as contributing to the ground state entropy. It can
also be noted that the one-loop correction to the entropy in a warped CFT gives also a
logarithmic correction

08 = —2logf3, (6.14)

which agrees with our Euclidean path integral computation.

We would like to make a final comment on the central charges in eq. (6.3) and a poten-
tial application to the Kerr/CFT correspondence. In the gravitational context, it is natural
to rescale P and T by ! = 87rG$\2,) to obtain physical central charges multiplied by s

¢ =12k, E* = —2k. (6.15)

For the AdS, spacetime appearing in the extreme Kerr black hole, we have x = J'? so our
central charge reproduces the central charge ¢ = 12J [55]. A warped Virasoro symmetry
has also been described for Kerr in [56] and we reproduce the central charges ¢ = 12J and
k = —2J that were obtained there. A major shortcoming of the Kerr/CFT approach is
a lack of knowledge of the classical phase space on which the symmetry algebra is acting.
We hope that the near-AdSs realization of these symmetries will shed light on this issue.

7 Near-extremal black holes

Extremal black holes have a universal AdSs factor in their near-horizon geometries. This
makes near-AdSs holography a nice framework to understand near-extremal black hole
dynamics. In this section, we will demonstrate the relevance of our boundary conditions
in this context. We will show that they are sensitive to deformations of the extremal black
hole beyond the usual addition of mass at fixed charges, using the example of the Reissner-
Nordstrom black hole. We will also describe the gravitational perturbation that takes an

12This is because the Newton constant for the AdS, factor in the near-horizon region of an extreme Kerr
black hole is given by Az /G® = 1/G®, where Ay is the area of the horizon, given by Ay = 8r.J [91].
With the convention G = 1 we obtain k = J.
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extreme Kerr black hole away from extremality and how its dynamics is related to JT
gravity in Bondi gauge. In particular we will give an interpretation of the additional U(1)
symmetry as the axial symmetry of the rotating black hole. In this section, we will use the
Lorentzian conventions for the variables P, T g, p1. The dictionary with the Euclidean
variables is given in (2.14).

7.1 Deformations of Reissner-Nordstrom

We start with the near-extreme Reissner-Nordstrom black hole. It is known to give JT
gravity after a Kaluza-Klein reduction on the sphere [92, 93]. The 4d geometry is given by

_ _ 27,2
e C(r=r)(r r,)dtQ N redr

5 ) +72d0? . (7.1)

The inner and outer horizons are at

re =M £/ M? - Q%y, (7.2)

where M is the mass and Qry is the electric charge of the black hole. In this section, we
use units in which the 4d Newton constant is set to Ggé) = 1. The black hole is extremal
when the two horizons coincide

ry =r_= My, (7.3)

where My = Qgrn is the extremal mass. The near-extreme black hole is obtained with a
deformation

ri=My+Xry +00\?),  r_=My—Ar_ +0(\?), (7.4)

where A is a small parameter, and dr+ are two constants, which can be translated into de-
formations of the black hole mass and charge. The near-horizon geometry is then obtained
by replacing

r — My + Ar, t— 2M§§ , (7.5)

and taking the limit A\ — 0, where we used the same parameter A as in (7.4). In the limit
A — 0, we obtain the AdSs x S? metric

ds® = ds*(AdSy) + ds*(S?), (7.6)
where the metric of the sphere is ds?(S?) = MZdQ%. In FG gauge, we can write the AdSy
metric as ) )

2 a2 2 (6r4 +0r-) o dr
This is the usual AdS; geometry (3.1) and we can read'?
Loy ar 2= 20 (7.8)
s0 = —<(or ro)’ =—— .
0 8 + /8 Y
13We consider here the Lorentzian current s which is related to its Euclidean counterpart according to
st = —sP.
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which determines the AdS, inverse temperature 5. The above equation shows that the
formulation in FG gauge is only sensitive to the sum of the deformations dr4 + dr_.

In contrast, our Bondi-AdS formulation of JT gravity will be sensitive to the indepen-
dent values of dr4 and dr_. For this reason, it can be seen as a finer version of near-AdS»
holography which differentiates between a larger set of deformations. The additional in-
formation will be related to the U(1) symmetry of our AdSs boundary action.

To take the near-horizon limit to AdSs-Bondi, we consider the Reissner-Nordstrom
black hole in Eddington-Finkelstein coordinates

a5 = T b e 42002 (7.9)
,
We make the deformation (7.4) and take the near-horizon limit using

r — My + Ar, u—>M§§. (7.10)

This leads, after rescaling some of the coordinates, to the AdSs x S? geometry with

2
2 _ o T 2 _
ds*(AdSs2) =2 ( N2 + Por + T0> du® — 2dudr (7.11)
where 5 5 o s
Ty —0r— r4or—
Py=—"__"- Th= ———. 12
0 2M0 ) 0 2 (7 )

We note that these are precisely the geometries that are captured by the Bondi-AdS version
of JT gravity. We see that the we are indeed sensitive to the independent values of dr
and ér_. As a consistency check, we can verify that

1
§€idsP02 + Ty = —sp, (7.13)

as given in (7.8), and with £aqs = Mp. The usual formulation of JT gravity, in FG gauge, is
only sensitive to the combination that gives sg, while our formulation distinguishes between
different values of Py and Tj.

Thermodynamics. The simplest deformation of an extremal black hole is to add some
mass at fixed charge

M = My + XM +O(N\?), Qg fixed, (7.14)
this gives the deformation (7.4) with

ory = or— = /20 MMy, (7.15)

The entropy of the near-extremal black hole is then

S = So + 2eAMo\/2Mod M + O(\?), (7.16)

40 —



where Sy = mM§ is the extremal entropy. The second piece is the entropy added by the
small addition of mass. This entropy can be reproduced using the Schwarzian theory [16],
whose entropy is given by
SSchwarzian = 27T\/2’Y7E' (717)
This matches with the perturbation of the near-extremal black hole entropy for £ = A0 M
and v = Ko, = AM;.
It is natural to consider a more general deformation of the two horizons, i.e. to take
ory # or_. For example, this can be achieved by a deformation of the mass and charge

given by
1 1
M = My+ =(0ry — 67 )N+ —— (674 +6r_)2A2 + O(\3), (7.18)
2 8 My
1
Qry = Mo + 5 (0ry — 7 )A + O(\3). (7.19)

This corresponds to the following deformation of the extremal black hole: we first increase
both the mass and charge by the same O(\) amount so that the black hole remains extremal
and we then increase the mass by an O(\?) amount. This regime is necessary to get the
effect that we want: a deformed geometry with §ry # dr_.

In this more general case, the near-extremal entropy and temperature are

S = wMZ + 2rAModry + O(\?), (7.20)
((57/'_}_ + 5T_))\ 2
Ty = ———~= .
H Sy + O(X%)

The near-extremal entropy can be written as

47T2Mg’

Bu

where the first term is a correction to the extremal entropy taking the form

S = So+ 680+ +0(\?), (7.21)

680 = mMy (64 — dr_ )X+ O(\?), (7.22)

and the second term is linear in the Hawking temperature Bﬁl. We expect that JT gravity
captures only the term linear in temperature. Indeed, the entropy of JT gravity takes the
form

4 202
Syp = MBAM — aMo(5rs + 67 )N, (7.23)

where 371 is the AdSy temperature which is related to the Hawking temperature Bﬁl
according to
1 Migs
Bu B

We can also obtain the values of the charges F and @) introduced in section 4. In the

(7.24)

saddle-point approximation, they are given by

2m°y03qs  VlRast® _ 0407

B==0 M= (7.25)
iypla iM,
Q= W/BAdS = S (Er- = dri)A.
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We note that the additional charge @) allows us to probe deformations with dry # dr_.
Therefore the version of JT gravity in Bondi gauge is a finer probe of near-extremal black
holes deformations. As a consistency check, we can further verify that the entropy

Syt = 21/ 263&d87E — Q2 = 7TMO(57"+ + (57’_)/\, (726)

is the correct linear response in temperature in the near-extremal entropy. It is also inter-
esting to note that our U(1) charge @ corresponds here to the change in the electric U(1)
charge Qrn of the black hole, as can be seen from (7.19).

7.2 Breaking away from extreme Kerr

The focus of this work is on JT gravity. Nevertheless, the ideas developed here should be
applicable in more general near-AdSsy spacetimes, even in cases where it is not clear if JT
gravity is a good description, e.g. when it cannot be obtained by Kaluza-Klein reduction.
One such case of interest is the near-horizon geometry of the extreme Kerr black hole
(NHEK) [91].

The near-AdS, physics of near-extreme Kerr was realized in [60] as a linearized pertur-
bation of its near-horizon geometry, where one of the mode of the perturbation was shown
to be the Schwarzian mode. In this section, we perform an identical analysis in Eddington-
Finkelstein coordinates, which allows us to obtain the AdSs factor in Bondi gauge. We
consider a consistent perturbation of the NHEK where one of the mode will satisfy the
dilaton equations of motion (2.12). We show how the infinite-dimensional asympotic sym-
metry algebra of AdSs is embedded in the near-horizon geometry of extreme Kerr. We also
see that our additional U(1) charge gets interpreted as the angular momentum of the 4d
geometry.

The NHEK shares many properties with the AdS; x S? geometry, although the an-
gular dependence makes it more complicated. Starting from extreme Kerr in Eddington-
Finkelstein coordinates, the near-horizon limit is obtained by performing the change of

coordinates )
2M, M,
u—)TOu, r— Mo+ 1\, ¢—>¢+T0u. (7.27)
The limit A — 0 gives the NHEK geometry
4 M sin6
ds®> = MZ(1 + cos?0) (—’I”QdUQ — 2dudr + d92> + ﬁ(d(b + rdu)?. (7.28)

This geometry has an SL(2,R) x U(1) isometry group. It contains an AdSy factor in
Bondi coordinates. We can consider a more general AdSy background as given in (2.6)
and (2.7). To do so, one can act on the (u,r)-coordinates with the Lorentzian version of
the diffeomorphism (2.28), together with a change in the azimuthal coordinate ¢:

w—s Fu), 1 % (r+G W), = d—Gu). (7.29)

We notice that the azimuthal coordinate is sensitive to the zero mode of G. This already
shows that our U(1) symmetry is related to the change of angular momentum. This
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diffeomorphism leads to the geometry

2
ds®> = MZ(1 + cos?6) (2 (—g + P(u)r + T(u)> du® — 2dudr + d92>

4 Mg sin?6

with general values for P(u) and T'(u), written in terms of F and G. To be able to
distinguish between these geometries and obtain non-trivial dynamics, we need to deform
the geometry away from extremality. This is done by considering a linearized gravitational
perturbation which brings us to the near-AdSs regime. We consider a similar ansatz than
the one used in [60] for the perturbation:

2
ds®> = MZ(1 + cos®0 + \x) (2 (—2 + P(u)r +T(u) + )\1/)) du® — 2dudr + d92>

4ME sin?0 (1 + \®)

A)? 2 31
T a0 1y 40+ Tdu+ M)+ 00, (7.31)

where a linearization in A is implied. The deformation is parametrized by three functions
1, x and ® that depend on w and r, and a gauge field

A=A, (u,r,0)du+ Ar(u,r,0)dr. (7.32)

We now solve the 4d linearized Einstein equation

Ray=0. (7.33)

The coordinates are denoted z% = (z*,6,¢) = (u,r,60,¢). Let us explain some of the steps
to obtain the solution. Firstly, from R, = —%83@ = 0, we obtain

D(u,r) = Go(u) + rea(u), (7.34)

where ¢g and 7 are arbitrary functions of u. The equations R,y = Rgy = Ry = 0 allow
us to determine the #-dependence in A, and A,. Then, the equation Rgy = 0 gives the
equation
Lax = 2x, (7.35)
where [y is the Laplacian for the AdSs metric
2

ds*(AdSy) = g datdz” =2 (7“2 + P(u)r + T(u)) du® — 2dudr . (7.36)

We see that x is an AdSy scalar with conformal dimension A = 2 as was obtained in [60].
From R,y = Ryy = 0, we can determine A, and A,. Then, R; = 0 allows us to determine
Y. Finally, from Ry = R;s = 0, we obtain the JT equations of motion. To see this, we
first define @o(u) = co + @o(u) which gives

®(u,r) = co+ Pyr(u,r), Dy (u, ) = @o(u) + @1 (u)r, (7.37)
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where cg arises here as an integration constant. Then, Ry = Ry = 0 gives

/
1+ Pp1+¢po=0,
" / / ! (7'38)
o — Poo+ 11" +2T¢; = 0.

We see that ®jp satisfies the equations of motion of the JT dilaton on the back-
ground (7.36), as reported in (2.12). The additional constant ¢y was also observed in [60].
We report the solution for the gauge field

A(u,r,0) = —%Ordu + £, 0"V (u, 7, 0)dx” + 0, (u, r)dxt (7.39)

where «(u,r) is an arbitrary function arising from the integration and we have defined

mwwﬁ)z2£ﬁﬂ¢mmo—xm¢»—l+gﬁm®wmy (7.40)
We also have a relation that determines o (u, r)
B2 (u,r) = 30y (u, 7). (7.41)
which is solved by
Vo) = o) + () + o2 (- 3P()er () ~ 3gh(w) . (T42)

We can then verify that all the components of the Einstein equation are satisfied. The
solution space is now parametrized by a(u,r),vo(u),¥1(u), vo(u), 1(u), x(u,r) and P@q,
and their dynamics is controlled by the equations (7.35) and (7.38). The functions
a(u,r),10(u), 11 (u) are expected to be pure diffeomorphisms in the sense that they can be
generated by acting on the unperturbed background with Lie derivatives. This is shown
for a similar function « in appendix B of [60].

The constant ¢y corresponds to the perturbation of the angular momentum induced
by the deformation. Indeed, note that the deformed geometry (7.31) possesses also an
axial U(1) symmetry, materialized by the Killing 04. In the AdS, factor, this symmetry is
associated with a 2d gauge field which appears in the circle fibration and is given by

Agotal = rdu + XA + O(N?). (7.43)

This is an electric field in AdSs with leading charge normalized to unity. From the expres-
sion of A in (7.39), we see that the effect of ¢g is to change this charge at linear order in A,
which corresponds to a change of the 4d angular momentum.

The constant ¢p is also related to the U(1) gravitational charge introduced in sec-
tion 2.3. To see this, we compute the value of ® that corresponds to the linearized per-
turbation to (7.28) that one obtain when considering the next to leading order of the
near-horizon limit (7.27). This “vacuum” value of is @y, = cste - r. If we now parametrize
o and ¢; in terms of f and g as in (2.20) and (2.22) and ask their vacuum values, i.e.
f(u) = wand g(u) = 0, to correspond to the vacuum value of ®, we obtain the relation

co+idyfi =0, (7.44)
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between the constant ¢y and the chemical potential. This relation translate into a relation
between the 2d gravitational U(1) charge (2.64) and the constant cg

~ K
Qua) = 5 ¢o- (7.45)

Hence, the U(1) symmetry discussed in section 2.3 is realized geometrically in the near-
extreme Kerr black hole: it corresponds to the axial symmetry of the deformation. The
corresponding charge computes the change in angular momentum of the 4d solution. Al-
though the Killing 04 does not act geometrically on AdS,, it has a non-trivial effect on the
near-AdSs, physics. We emphasize again that this effect would be invisible in the Schwarzian
theory but is captured in the AdS-Bondi boundary action introduced in this paper.

8 Flat holography in two dimensions

In this section, we study a flat space version of our boundary action. This action was
derived in [53] and shown to correspond to a version of the CGHS model. After a brief
study of its solution space and its gravitational charges, we show that it can also be
interpreted as a particle moving in a 2d flat spacetime. We compute the exact partition
function of the boundary theory and the full gravitational path integral. The latter is
greatly simplified by the fact that there are only two flat surfaces with boundaries: the
disk and the cylinder. We find a non-vanishing contribution of the cylinder indicating that
this theory is holographically dual to an ensemble average.

8.1 The CGHS model and its boundary action

The CGHS model [94] is a theory of two-dimensional gravity in asymptotically flat space-
time. Following [95], the authors of [53] define a modified version of the CGHS model,
dubbed CGHS, whose action is

=2 / A2,/ (R — 20 + 208, 4,) + I (8.1)

The corresponding equations of motion are

R=0, (8.2)

M9, A, =1, (8.3)

VuVy® — g, 09 = gV, (8.4)
U = const. (8.5)

In appendix B we comment on the AdS version of this model and show that under appro-
priate gauge-fixing conditions, its dynamics reproduces the one described in section 2. The
flat version of the metric (2.68) is

ds? = 2(—iP(r)r + T(7)) dr* 4 2idrdr . (8.6)

where P and T are arbitrary functions. It is the most general flat metric which satisfies
R = 0in Bondi gauge. It is readily obtained as the {45 — oo limit of its AdS counterpart.
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We will see that the theory CGHS has thermal solutions corresponding to the Rindler
spacetime, which we describe explicitly below. In [53] it is noted that the on-shell value of
W controls the temperature of the Rindler solution according to

3

The above model is closely related to another version of the CGHS model described by the
action

U= —i¢p, P = (8.7)

I= g/d%\/fg(@R —2A) . (8.8)

where A is a “cosmological constant”'? that is fixed from the start. This theory has the
same equations of motion as the theory (8.1) with ¥ = A. From the above discussion, we see
that this theory has only a thermal solution with temperature 8 = 27¢, /A. In particular,
flat JT gravity (corresponding to A = 0) has only the zero temperature solution.'® Since
we would like to obtain a non-trivial Euclidean path integral, the theory should contain
solutions with different temperatures. This is why we consider the theory (8.1).

After a choice of appropriate boundary conditions, the gauge field does not lead to
additional degrees of freedom. We refer to [53] for a detailed analysis of the solution space,
including the derivation of the boundary action

I[f,9] = 7/51 dr (Tf’2 +Pflg' + g/ff” - g”> : (8.9)

This action can also be obtained as the {aqs — oo limit of our Bondi AdS action (2.23).
The asymptotic symmetry algebra is the same than in AdS, it is spanned by the vectors

E=¢(1)0, — (€'(7)r —id'(1))0,, (8.10)

where ¢ and ¢ are periodic functions. When expanded in modes, they satisfy the warped
Witt algebra. The corresponding variations of P and 1" read

beP=cP +'P+£",

5T_ T/ / / o (811)
¢I'=el"+2eT +0P—o.

They transform in the coadjoint representation of the warped Virasoro group with central
charges
k=0, A=-1 and c¢=0, (8.12)

where we refer to section 2.2 for more details. Following a similar procedure to the one in
section 2.3, we derive the gravitational charges. The computations are given in appendix C.
In terms of f and g, the gravitational charges read

7:/’{/ ! el
ng2W0+;ﬂ(QET—EPg'—e’g’—U’—sgff, +Eg”>, w.13)
8.13
e = Qlf/e (¢'6P — 6T) .

1 Not to be confused with the 1/¢%45 in the JT action.
15 This relation is also discussed, in a different context, in appendix C of [81].
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We recall that W is just a constant on-shell. These charges define a centerless representation
of the asymptotic symmetry algebra under the modified bracket (2.54). The expression of
the non-integrable part indicates that a proper phase space is achieved when P and T
are constants, held fixed in the solution space, which we denote Py and Ty. This condi-
tion realizes the symmetry breaking from the infinite-dimensional algebra of asymptotic
symmetries to the subset that preserves these values of P and T, i.e. satisfying

Py +€"=0,
, , " (8.14)
28Ty +0 Pp—0o" =0.
This is solved by
E=A+ Ao €_P07—,
(8.15)

T
o=M+ A3 efor — )\2*0 e~ hor,
Py

The generators Ag and A3 are well defined only if Py = +27i/3 (we do not consider winding
here). The corresponding algebra is ISO(2) x U(1), a central extension of the 2d Poincaré
group. Defining the corresponding generators K;, for i = 1,...,4, the only non-vanishing
commutators are

(K1, Ky]| = —iK_,

[K1,K_ ] =—iK, (8.16)

(K., K_] = 2Ky,

where Ky = Ko+ K3. Therefore, we see that asking Py = +27i/ and T = T realizes the
symmetry breaking
Diff(S') x C*(S') — ISO(2) x U(1). (8.17)

In that case, the charges become integrable and conserved. For the same values of P and T,
the boundary action (8.9) is invariant under the same symmetry. The centrally extended
Poincaré algebra acts on the fields according to

def =ef,

8.18
deg =0 +ef, (818)

where ¢ and o are given by eq. (8.15). Moreover, the gravitational charges are then iden-
tified with the Noether charges of the boundary action.
With the boundary conditions considered in [53], one of the components of the dilaton

-5

Integrating this equation and considering the thermal solution, we obtain the relation (8.7)

equation in (8.5) becomes

between the temperature and the value of ¥.'6 The latter is not fixed by the equations of
motion, allowing us to consider solutions with different temperatures.

161 [53], the constant ér is set to one and a different choice of convention is made for P, leading to the
relation P = 27/0.
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We should make a comment on the fact that asking a maximum of symmetry does not
uniquely fix the solution. Indeed we still have the freedom to choose the value of Ty. A
similar freedom is present in AdS-Bondi, where only the combination sg = —Ty — %PO2 was
fixed by the temperature, see the end of section 2.3. Again this freedom is materialized by
transformations that do not belong to the group, indeed, all values for Ty are obtained by
acting on the couple (Py = 27i/3, Ty = 0) with the transformation

p
—T 2
r—r+ o 0, (8 O)

which corresponds to G(7) = %TQT and F(7) = 7, which does not belong to the group
because G is not periodic.

8.2 A particle moving in flat space

In this section, we will show that the boundary action (8.9) can be interpreted as a particle
moving in flat space. Let’s consider a particle moving on the background geometry (8.6)
for P(1) = Py and T'(7) = Ty. We consider a “vacuum” trajectory which corresponds to
a particle lying at » = rg. Applying a warped Virasoro transformation (f,g), we obtain a
new particle with trajectory

o +1g'(s)

T=f(s), = 7'(s) ) (8:21)

The worldline action of the particle is defined as

Lparticle = %/ds i (8.22)

The computation shows that this matches with the boundary action (8.9) up to a constant
term

Iarticle = I[f, g] + const. (8.23)

As a result, the dynamics of the CGHS model is captured by the motion of this particle.
We depict the boundary particles of classical solutions in figure 3.

Minkowski particle. The vacuum of the theory is 2d Minkowski space

ds? = —du?® — 2dudr (8.24)

where v = —i7 is the Lorentzian Bondi coordinate. This corresponds to the geometry (8.6)
with 1

P =0, T = 3 (8.25)

The corresponding boundary particle lies at a constant value r = rg. In fact, this solution
actually has two boundary particles because there is another asymptotic boundary at
r = —rg. This geometry is the analog of the global AdSs solution of JT gravity studied
in [96] which has the interpretation of an eternal traversable wormbhole, see figure 3.
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Figure 3. Flat space boundary particles in Lorentzian signature. On the right, we have the thermal
state which is analogous to a Schwarzschild black hole. On the left, we have the vacuum Minkowski
state which is similar to the global AdSs solution of JT gravity and should be interpreted as an
eternal traversable wormhole [96].

Rindler particle. There is also a thermal solution which corresponds to the Rindler
spacetime. This is a 2d analog of the Schwarzschild black hole. To describe this configura-
tion, we can start with the Rindler metric with inverse temperature g

4 2
ds* = —ﬁ—FQdetQ + dz?, (8.26)

where we have t ~ t 4+ ¢3. We can write this in Bondi gauge with the change of variables
r B

=/ —, t= —1 , 8.27

x U+ 1 087 (8.27)

which leads to the metric

ds* = —7du2 — 2dudr . (8.28)

The Euclidean metric is obtained by u = —i7. This corresponds to the geometry (8.6) with
P=— T=0. (8.29)
Note that this geometry can be generated by the diffeomorphism (2.28) with the choice

F(r) = B amir/s G(r) = _& amit/B (8.30)
a7 T

We depict the boundary particles corresponding to these two states in figure 3.
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8.3 Euclidean path integral

We consider the Euclidean path integral of the theory (8.1). The integration over & fixes
the 2d metric to be flat while the integration over ¥ imposes the constraint *xdA = 1 on
the gauge field. Assuming that there exists a solution Ag to the constraint, the general
solution is A = Ag+d)\ where ) is an arbitrary scalar field. The integration over A becomes
an integration over A, which needs to be quotiented by the trivial gauge transformations
(i.e. the ones that vanish at infinity). Hence, the only degree of freedom in the gauge field
is the boundary value of A, which is actually fixed by the boundary condition considered
n [53]. What remains is the integral over f and g with the boundary action (8.9), which
we consider below.

In this section, we study the only two flat surfaces with asymptotic boundaries, the
disk and the cylinder, which completely determine the gravitational path integral. CGHS
is defined for Lorentzian metrics in Bondi gauge with a boundary at » = +o0c0. Going to
Euclidean signature, one can show that this statement implies that the distance between
any bulk point and the boundary has to be infinite in the Euclidean geometry. This
prevents the inclusion of Euclidean geometries with boundaries at finite distance, like a
disk pierced with many holes. Such geometries would appear in a “finite-cutoff” version of
(ﬁﬁS, analogous to [80, 81], which would be interesting to investigate.

8.3.1 Partition function

The partition function is obtained by computing the path integral of the action (8.9) on
the disk geometry. The result for the disk partition function can be deduced from a compu-
tation done in [85]. We revisit it here, allowing general values of Py and T in the Pfaffian,
which will be necessary for the computation of the cylinder contribution in the next section.

This computation is very similar to the corresponding AdS computation in section 4.2.
Asin the AdS case, the disk partition function is one-loop exact because of the Duistermaat-
Heckman theorem.

To compute the one-loop contribution, we decompose

f(r)=7+e(r),  g(r) =a(7), (8.31)

where ¢ and ¢ are taken to be infinitesimal. The boundary conditions impose that ¢ and
o are periodic with period 8. Hence, they can be decomposed as

e(r) = % Sewe T, o(r) = % S e 5 (8.32)

ne” nez

Since €(7) is real and o(7) is pure imaginary, we have the relations

E_p =€y, O_p=—0,. (8.33)
The symplectic form on the phase space takes the form
232
w=oa— Z Tonde, N de_y, (8.34)
e
n>1
2 27i 2mi
+aﬁ—, Z K—ng + P0n> dep Ndo_p, + <—mn2 — P0n> de_p N dan} .
et I3 I}
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We can write w., as a 2M x 2M indexed by (n, m) where —M < n,m < M and n,m # 0.

2 211
(Waa)nm = a% <_ﬁn2 + PO”) 5n+m . (835)
Its Pfaffian is given by
Pf(w) = (—1)M1Pf(w.,)?, (8.36)

M M
_ M-1 s B s B
=(-1) nl;[laﬁ (n — 2m,P0n> nl;[laﬁ <n + mpon) ,
M
= ()M Pha(w)
n=1

where we have defined

2
Pf,(w) = o?p%n? (n + fP()) (8.37)
The classical piece of the action is given by
Ion—shell = VBTO ) (838)
and the quadratic action is given as
Iquad = Z I((lzzxd’ (839)
n>1
where
Iéu;d = 20y (Tgn (( (R)) + (5%1))2> + iPyn? (S%R)USLI) — 5&1)09)) (8.40)

2T 5 (_(R) o B) 4 D)D)
+7n (En +€ ) .

We can perform the Gaussian integral for generic values of Py and Ty and we obtain

w)/d2end20ne Touad — 262. (8.41)
n22

We now consider the values of Py and Ty that correspond to the Rindler spacetime

Py=2" Ty=0. (8.42)

To compute the one-loop piece, we rewrite the Pfaffian as

disk o M71M 2 it 2
PEk () = (1) T aB (n? = n) [ aB (n* +n) ,

n=2 n=1

M
=Pf. o H Pf,(w)
n=2

(8.43)
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where we have removed the degenerate directions ¢; and o_; and defined Pf. | 5, = 2a0.
The one-loop path integral can be decomposed as

Zl—loop = Z571,U1 Z‘n|227 (844)
where we compute
_m 2my3
Znjor = [] Phaw) [ dPepdione "ot — i
n22 (8.45)
-V ap
2571701 = Pf571,01 /dé“fldO'le quad = —— |
v
This leads to )
27y
Zl—loop = 52 . (846)
Since Ty = 0, the classical piece (8.38) vanishes here so the partition function takes the
form )
i 2my
Z%B) = 2 (8.47)

which matches the result of [85].17 An inverse Laplace transform gives the density of states

2mry
2

p(E) = B (8.48)

a

Since there are no higher genus surfaces with a flat metric, this is actually the exact density
of states.!® The fact that p(E) is not a sum of delta functions implies that our model is
not a standard quantum system. In fact, we will see that this theory should be interpreted
as an ensemble average.

We note that (8.48) is different from the density of states of the CGHS model that was
proposed in a different context in [81]. They actually consider the theory (8.8) which has
a fixed temperature and is different from the theory (8.1) considered here.

8.3.2 Cylinder
The cylinder is the flat space analog of the double trumpet. It is described by the metric

ds? = dt? + da?, t~t+b, (8.49)

where b > 0 is the circumference of the cylinder and is depicted in figure 4.

To compute its contribution, we first compute the contribution of half-cylinder which is
described by the same metric, where we only focus on the asymptotic boundary at x = +oo0.
We can define a Bondi coordinate 7 with

b
t= BT - %iw, x = %r, (8.50)

"The comparison should be made after normalizing the symplectic form in the same way, which corre-

sponds here to the choice o = 1/2.
18 p(E) could still be corrected by nonperturbative effects in the genus expansion corresponding to doubly-
nonperturbative effects in the gravitational coupling.
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b1 B2

Figure 4. The cylinder geometry. We specify two boundary conditions 8; and (2 at each end.
The only modulus is the circumference b.

to get

ds? ?dT + 2idrdr . (8.51)
This corresponds to the geometry (8.6) with

b2
Py=0 Ty= —. 8.52
0 ) 0 2/82 ( )
The classical contribution gives
b2
Ion_shen = '7/8T = ’;? (853)

The one-loop contribution is computed in the same way as in the previous section. The
difference is that because Py = 0, the Pfaffian (8.36) takes the form

pehatberl () = (—1)M -1 H afBn? H afn?. (8.54)

As a result, we should not remove the contribution of €1 and o_;. This is analogous to
what happens in the trumpet computation for AdSs. From the formula (8.41), we obtain

7™ 2
Z1100p = PEIAIEYL( / [[ @end®one tama = =1 (8.55)
n>1 Oéﬁ

where we have computed the infinite product using (4.45). This gives

Zhalieyl g p) — %:67 exp (_752> _ (8.56)

We note that this is the same contribution as the AdS trumpet for p = 0.
We can now compute the formula for the cylinder using

+0o0o
2By, B) = / bdb 2113, p) 70l (3, p) | (8.57)
0

where the factor b in the measure bdb is necessary because of the freedom to twist one of
the half-cylinder relative to the other when gluing. In AdS, this factor follows from the
Weil-Peterson measure [31]. This gives

A2y

cyl —
Z (ﬁlaﬂ?) 51 _’_52 )

(8.58)
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where we have set @ = 1. It is interesting that we find a non-zero answer. This implies
that if the CGHS model has a holographic dual, it has to be an ensemble of theories, as in
the case of AdS JT gravity.

Let us introduce the notation (Z(81) ... Z(8y)) to represent the Euclidean path integral
with n asymptotic circles of lengths 51, . .., 8,. The fact that the cylinder does not vanish
implies that

(Z(B1)Z(B2)) # (Z(B1)){Z(B2)) - (8.59)

This indeed shows that the path integral should be interpreted as an ensemble average.
The answer (8.58) is not the universal answer for double-scaled matrix ensembles so the
dual of the CGHS model has to be something different.

8.3.3 Genus expansion

The Euclidean path integral that we consider involves flat Riemann surfaces with at least
one asymptotic boundary. The only such surfaces are the plane (or disk) and the cylinder.
Therefore, the connected contribution to the path integral with more than three boundaries
identically vanishes:

(Z(P1)Z(B2) .. Z(Bn))e =0  n=3. (8.60)

This shows that the path integral with an arbitrary number of boundaries is completely
determined using Wick contractions involving the cylinder and the disk. This implies that
the corresponding third-quantized theory is a Gaussian theory. Thus, the CGHS model
constitutes an interesting example of a theory where the full Euclidean path integral can
be done, while not being completely trivial and giving rise to an ensemble average.
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A A new counterterm for JT gravity

In this paper we have worked with a spacetime whose boundary is fixed while the boundary
value of the dilaton is allowed to fluctuate and defines the Schwarzian mode. Another
approach, which is the one of [16], is to define the boundary of the spacetime as the place
where the dilaton is equal to a fixed constant (taken to infinity at the end) and it is the
shape of this boundary that defines the Schwarzian mode. The equivalence between these
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two formulations is explained in [88]. We would like to show that our new boundary action
can also be obtained using an approach similar to that of [16].

In the second formulation, the Schwarzian action is derived from the renormalized
extrinsic curvature term

Tsch = n/duM@K — 9, (A1)

where h is the boundary metric. We will show that this term does not give the new
boundary action discussed in this paper, but that it arises from a new counterterm

Toew = K / duy/—h (DK — 9, ®). (A.2)
Let’s consider a general Lorentzian metric satisfying R = —2 in Bondi gauge
2
ds®> =2 — + Pu)r+T(u) du® — 2dudr . (A.3)

It can be obtained by acting on the Poincaré AdS, metric, corresponding to P =T = 0,
with an element of the warped Virasoro group

r—+G'(u)
u— F(u), T%W, (A.4)
which gives explicitly
P(u) = ];//((Z)) — g/(u), T(u) = —%Ql(uy + g/(;__)/i:;(u) - g/,<u) ‘ (A.5)

We refer to (2.14) for the dictionary between Lorentzian and Euclidean signature.
The Schwarzian action. We take the dilaton to be asymptotically!'®
O~ —r, (A.6)

so that the boundary is at » = 1/e. We can then compute the action (A.1) which gives
Isenw[F,G) = —v / du <T(u) + %P(U)Q - P’(u)> : (A7)
This is precisely the Schwarzian action since, using (A.5), we have
ST — %P(U)Q + Pl(u) = {F(u),u) (A.8)

We see that this action does not depend on G(7) and matches with the Schwarzian action
discussed in section 3. A different counterterm is needed to recover our boundary action.

19The minus sign here is a consequence of the mapping between Bondi and FG gauge.
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Our boundary action. We now take the dilaton to be

¢ = _(z_)r (7’ + ﬁ) ) (AQ)

so that the boundary is still at » = 1/e. Note that here, we also fix the subleading piece
of the dilaton in terms of a constant . This actually fixes the dilaton everywhere in the
bulk. We now consider the following boundary action

ISy = / duv/—h (DK — 9, ®). (A.10)

It can be checked that this counterterm does not affect the well-posedness of the variational
problem. The integrand gives

V—h(®K —nt8,®) = ¢ (i + P(u))r + ¢,(2T (u) — pP(u) — P'(u)) + O(r~'). (A.11)

We see that this counterterm cancels the 72 divergence. The r divergence is actually also
cancelled in the integral since we have

g+ P(u) =0, (A.12)
thanks to one of the dilaton equations of motion in the bulk. Finally, we obtain

Ipay [F, Gl = 27/duT + const . (A.13)

This precisely matches our boundary action, as written in (2.42), where the term involving
[ du P(u) has been included in the constant. This shows that our boundary action arises
from a new boundary condition (A.9) on the dilaton together with a new counterterm.

B Gauge-theoretic formulation

In this paper, we have been focusing on an AdS-Bondi version of JT gravity. It is worth
mentioning that there is a closely related theory which gives an alternative formulation of
the same physics. This is an AdS version of the CGHS model studied in section 8.1 and
described by the action

1[®, 9,0, A] = /da: O (R+2) — 20+ 20eMd, A+ Ip. (B.1)

This theory can be interpreted as JT gravity coupled to a BF theory via a scalar field W.
The equations of motion are

0=R+2, (B.2)
0 = VAVY® — gV, VP + g"'® — g U, (B.3)
0=e"d,A, -1, (B.4)
0=0,0. (B.5)
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We note that the field ® = & — ¥ satisfies the JT equation of motion. The solution for the
metric is AdSs therefore we can write it in Bondi gauge

2
ds* =2 <7“2 —iP(T)r + T(T)) dr? — 2idrdr, (B.6)

In axial gauge, a solution to the equation of motion (B.4) is given by the Coulomb field
A =rdr. (B.7)

Following [53], we require this solution to be preserved in the phase space, under combined
diffeomorphisms and gauge transformations. A similar condition in AdSe was considered
in [97]. This leads to the same asymptotic symmetry algebra than the one considered in
section 2. Indeed asking the metric to be preserved gives

£ =¢e(r)0; — (E'r — n(7))0,. (B.8)

while asking combined diffeomorphisms and gauge transformations to preserve the Coulomb
solution gives
beoA=LeA+do=0=n=07" (B.9)

Moreover, with the following parametrization of the dilaton

io g
Y1 = T,Tv Yo = Zgb?“?a (BlO)
one can show that the boundary action corresponds exactly to the first terms in eq. (2.23),
which contains all the boundary dynamics. Asking the dilaton equations to be the same
than the one in eq. (3.12) when written in terms of f and g, we obtain the relation
Y
o= (B.11)
)

With these conditions on the solution space, the dynamics of the theory (B.1) matches
exactly with the dynamics of pure AdS-JT gravity in Bondi gauge.

C Gravitational charges of the CGHS model

We derive here the expression of the gravitational charges given in section 8.1, associated
with the warped Witt asymptotic symmetry algebra of 2d Minkowski spacetime. This
result follow from boundary conditions on the solution space of the CGHS.

We recall the action

I= g /d2x\/§(<I>R — 20 4+ 20", A,) + I, (C.1)
and its equations of motion
R=0, (C.2)
oA, =1, (C.3)
V.V, @ — g, 00 =g,7, (C4)
U = const. (C.5)
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The flat metric is given in Bondi gauge
ds® = 2(—iP(r)r + T(7))dr* + 2idrdr. (C.6)
The corresponding asymptotic symmetry algebra is spanned by the vectors
£ =e(1)0r — (e'r —in(7))0r, (C.7)
and the corresponding transformations of P and T are
0eP=cP +P+¢,
5ZT =T + 2T +nP -1, (C8)

In axial gauge, the equation of motion for the gauge field (C.3) is solved by the Coulomb
field
A =rdr. (C.9)

Follow [53], we require this solution to be preserved in the phase space, under combina-
tions of diffeomorphisms and gauge transformations. This gives a relation between the
supertranslation 77 and the gauge parameter o

beeA=0=>n=0" (C.10)
The total symmetry algebra is now warped Witt. One of the dilaton equations gives
O(u,r) =1ire1(r) — po(7), (C.11)
while the two other equations being

) + Pyp1 = -,

" / / / (0'12)
wo — Py + 11T +2T¢7 = 0.

The solution space is now parametrized by the functions P and T in the metric, the
functions g and ¢ in the dilaton and the constant ¥. From now on, on-shell means that
the two equations (C.12) are satisfied (together with their linearized versions for the linear
perturbation).

To derive the charges associated to the warped Witt symmetry (C.7), we need to
compute the presymplectic potential @. This is done by varying the bulk term in the
action and extracting the boundary term, which leads to

® = ik(pgdP — p10T)dT. (C.13)
The corresponding symplectic form is
w =1ik(dpg A OP — dp1 A OT)dr. (C.14)

The fundamental theorem of the covariant phase space formalism states that, when ¢ and
d¢ are on-shell, there exists a function k¢ such that

w(86,0c0) = dhe(59). (C.15)
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We find
ke = 6Q¢ + Eg, (C.16)

where we have split k¢ into an integrable and a non-integrable part?’

Qe =iVo — %FL (2eTp1 — ePpy + ey — €00 — ' 1) ,
z. (C.17)
Ee = —5k e(pod P — 10T).

One can show that these charges define a centerless representation of the warped Witt
algebra under the modified Dirac bracket (2.54).

Exactly like in our AdS analysis, the authors of [53] impose conditions on ¢y and ¢
to have a well-defined variational poblem
io - g
T,Tv Yo = Mb?‘?a
where f(7+ ) = f(7) + p and g(7 + ) = g(7). These conditions allow them to derive

the boundary action (8.9) and to interpret it in terms of a coadjoint action of the warped
Witt algebra. Using this parametrization of g and 1, our gravitational charges are

o1 = (C.18)

’ r / qr" 7

QE:‘IJO'+2]U(2€T f/ g),

- e ’

He = oP — 6T

¢=5pc (0 )

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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