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ABSTRACT: We provide a unifying entropy functional and an extremization principle for
black holes and black strings in AdS4x S7 and AdSs x S® with arbitrary rotation and generic
electric and magnetic charges. This is done by gluing gravitational blocks, basic building
blocks that are directly inspired by the holomorphic blocks appearing in the factorization
of supersymmetric partition functions in three and four dimensions. We also provide an
explicit realization of the attractor mechanism by identifying the values of the scalar fields
at the horizon with the critical points of the entropy functional. We give examples based on
dyonic rotating black holes with a twist in AdS, x S7, rotating black strings in AdSs x S°,
dyonic Kerr-Newman black holes in AdSs x S7 and Kerr-Newman black holes in AdSs x S°.
In particular, our entropy functional extends existing results by adding rotation to the
twisted black holes in AdS4 and by adding flavor magnetic charges for the Kerr-Newman
black holes in AdSy. We also discuss generalizations to higher-dimensional black objects.

KeEYywoRrDS: Black Holes in String Theory, Supergravity Models, AdS-CFT Correspon-
dence

ARX1v EPRINT: 1909.10550

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP12(2019)168


mailto:morteza.hosseini@ipmu.jp
mailto:khristov@inrne.bas.bg
mailto:alberto.zaffaroni@mib.infn.it
https://arxiv.org/abs/1909.10550
https://doi.org/10.1007/JHEP12(2019)168

Contents

Introduction

Rotating black holes in mAdSy
2.1 Attractor mechanism
2.2 The purely magnetic T? model

2.3 The general case

Rotating black strings in AdSs

3.1 Attractor mechanism

Kerr-Newman-AdSy,

4.1 Attractor mechanism

4.2 The purely electric STU model
4.3 The dyonic X°X! model

4.4 The general case

Kerr-Newman-AdSs
5.1 Attractor mechanism

5.2 Comparison with the five-dimensional entropy functional

Generalization to higher dimensions
6.1 Five dimensions
6.2 Six dimensions

6.3 Seven dimensions

Discussion and outlook

Aspects of 4D N = 2 supergravity and black hole solutions

A.1 Symplectic vectors and the quartic invariant
A.2 Rotating black holes with a twist
A.3 Rotating black holes with no twist

Rotating black holes in flat space

B.1 Attractor mechanism

10
11

11
13

14
15
16
17
19

19
21
22

23
23
24
27

27

29
29
31
32

33
35




1 Introduction

There has been some recent progress in the microscopical explanation of the entropy of
BPS AdS black holes, initiated with the counting of microstates for static magnetically
charged AdS4 x S” black holes [1] and continued, more recently, with partial counting for
electrically charged and rotating black holes in AdSs x S® [2-4]. These results have been
extended to other compactifications and other dimensions. The microscopic counting is
achieved by computing, using localization, the logarithm log Z(v!) of the grand-canonical
partition function of the holographically dual field theory, which corresponds either to
the topologically twisted index or the superconformal one, and obtaining the entropy via

I, The gravitational

a Legendre transform with respect to a set of chemical potentials v
counterpart of this computation is usually encoded in an attractor mechanism in the spirit
of [5-8]. In this approach, the black hole entropy is obtained by extremizing an entropy
functional Z(v!') with respect to the horizon value v! of a set of scalar fields and other
modes. For example, the field theory computation for AdS, black holes performed in [1]
perfectly matches with the attractor mechanism in ' = 2 gauged supergravity [9, 10]. Since
not for all black holes the attractor mechanism has been studied and found in supergravity,
it is often useful to write directly, using combined field theory and gravity intuition, an
entropy functional Z(1!) that reproduces the entropy of existing black holes. This approach
was successfully used for electrically charged and rotating AdSs x S° black holes in [11],
where it has been shown that the entropy functional has the remarkably simple form in
terms of chemical potentials A% a = 1,2,3, and w;, i = 1,2, conjugated, respectively, to
the electric charges (), and angular momenta J;,

1A2A3 3 2
I(Ag,w;) = inN? AATAT o (Z AQ, — ZwZJZ) : (1.1)

wiw2 a—1 i=1

with the constraint A + A? + A% + w; + wy = 1, where N is the number of colors of
the dual N' = 4 super Yang-Mills (SYM) theory. This result has been used in the later
developments [2-4]. Entropy functional for other electrically charged and rotating black
holes in diverse dimensions has been later found in [12, 13] and, in some cases, successfully
compared to quantum field theory expectations, at least in particular limits. These entropy
functionals can be also obtained by computing the zero-temperature limit of the on-shell
action of a class of supersymmetric but nonextremal Euclidean black holes [2, 14].

In this paper we provide a (field theory inspired) unifying entropy functional for spher-
ical black holes and strings in AdS4 x S7 and AdSs x S° with arbitrary rotation and generic
electric and magnetic charges. These include dyonic rotating black holes with a twist in
AdSy x S7 [9, 15-17], rotating black strings in AdSs x S° [18, 19], dyonic Kerr-Newman
black holes in AdSy x S7 [20, 21] and Kerr-Newman black holes in AdSs x S° [22, 23]. In
order to give a unifying picture it is convenient to use a four-dimensional point of view. All
the above mentioned black objects can be dimensionally reduced to give four-dimensional
rotating black hole solutions of an N/ = 2 gauged supergravity coupled to vector multi-
plets that can be studied using the methods in [17, 21]. The relevant gauged supergravity



arises as a consistent truncation of type IIB or M-theory and it is completely specified by
a prepotential F (X A) and a set of gauging, or Fayet-Iliopoulos parameters, {gA, ga}-

Our main result is the following. Consider a black hole with magnetic and electric
charges encoded in the symplectic vector {pA, qa} and angular momentum J.' The corre-
sponding entropy functional is given by

2
T .
T M, w) = — (Z B(X(), w() —2ix qa — 2wj> , (1.2)
4Gy \o=41
where x* and w are the chemical potentials conjugated to ga and J, respectively. The
entropy functional is obtained by gluing a quantity that we dub gravitational block
F(xA
B(XM w) = _FXR) (1.3)

w

For black holes that are topologically twisted in four dimensions we use the A-gluing

X(Al) :XA_ipra w(l) =w,
A Ao (1.4)
X(Q) =x +iwp”, W) = —w.
while for the others we use the identity gluing (id-gluing)
X(A1) :XA—inAa W) =W, 1
XA _ A : A _ ( 5)
() =X twp, W) =w.

The functional 7 must be extremized with respect to the chemical potentials y* and w
conjugated to g and J, respectively, and subject to a constraint that depends on the
model. Details of the model, type of gluing and constraint are explicitly given in table 1
for all the above mentioned black holes.

The previous construction gives an explicit realization of the attractor mechanism. The
extremal value of the functional Z reproduces the entropy of the black hole

Seu(p®,an, 7) = 20" XN w)| (1.6)
and, as we will show, the extremal values of the quantities X ([i) and X (/\2) can be identified
with the values of the supergravity sections X* at the South pole (SP) and the North pole
(NP) of the sphere in the near horizon region (see figure 1). From this point of view, we
can associate the two gravitational blocks entering in the gluing to the SP and NP of the
sphere. The poles of the sphere are special because they are the two fixed points of the
rotational symmetry. This is in the spirit of previous formulations with rotation [17, 24].

The entropy functional Z reproduces all the known results in the literature and general-
izes them. In particular, the functional with an A-gluing correctly reduces for w = 0 to the

!The BPS conditions impose a linear constraint on the magnetic charges and some non-linear constraints
among the remaining conserved quantities. These constraints are reflected in the constraints among chemical
potentials.



Black object | Gluing Constraint F(XM)
mAdSy A-gluing gaxM =2 2iVXO0X1X2X3
AdSs BS A-gluing gax =2 Xling
KN-AdS, id-gluing gax™ —iw =2 2iVX0X1X2X3
KN-AdSs A-gluing | gax?® — iw tanh(d) = 2 X1§3X3

Table 1. In this table, mAdS, refers to magnetically charged black holes in AdS; with a twist,
BS=black strings and KN=Kerr-Newman. All the black objects in AdSs are considered after
dimensional reduction to four dimensions. The prepotential and gaugings can be read off from the
existing consistent truncations of AdS x S7 and AdSs x S°. The gaugings are purely electric. In
suitable normalizations we can set gy = 1 for AdS, black holes, go = {0,1,1,1} for AdS; BS and
ga = v2{cosh(d),1,1,1} for KN-AdSs. The extra parameter § appearing in KN-AdS5 is an artifact
of dimensional reduction and its role is explained in section 5. Notice that KN black holes have no
twist in five dimensions but acquire one upon dimensional reduction to four.

F(X{)) F(X{y)

Figure 1. Gluing gravitational blocks.

standard attractor mechanism for static black holes with horizon geometry AdSs xS [9, 10]
for an arbitrary prepotential F. Indeed, in the limit w — 0, (1.2) becomes

™

26

Tomaas, (0™, x*) =1 (P“Fa(x) — aax?), (1.7)

where, as usual, Fiy = d,aF. This is equivalent to the attractor mechanism [9, 10]

™ pAFy — ga XA

smAdSy .
Gl(\?) gAFy — ga XA

SBH

(" an) = (1.8)

once we choose the convenient gauge ga X = 2 and we identify X* = xy*.2 The quantity
T also correctly reproduces the entropy functional (1.1) for Kerr-Newman AdSs x S° black
holes and the analogous one for Kerr-Newman AdS; x S” black holes, as we discuss in
sections 4 and 5. Furthermore, our entropy functional (1.2) extends these known results
to the case of rotating twisted black holes in AdS4 and to the case of Kerr-Newman black

2Recall that the symplectic sections X in supergravity are only defined up to rescaling. We will use
this freedom often to find a convenient normalization for our quantities. Recall also that in our models the
magnetic gaugings vanish, gA =0.



holes in AdS,; with flavor magnetic charges. The entropy functional for rotating black
strings in AdSs was already discussed in [19] and inspired this investigation.

Our gravitational construction is inspired and closely related to the construction of
three-dimensional supersymmetric partition functions by gluing holomorphic blocks [25].3
In this context, most of the three-dimensional supersymmetric partition functions, and in
particular the topologically twisted index and the superconformal one, can be written by
gluing two holomorphic blocks according to the formula

Z(AMw) = B (AQy lway) B* (Al lwe) - (1.9)

Here, the holomorphic block, Ba(AA]w), depends on the chemical potentials A® for global
symmetries and the equivariant parameter w, as well as on a choice of Bethe vacuum for
the two-dimensional theory obtained by reducing the theory on a circle. In applications to
holography, we typically work in a saddle point approximation where one Bethe vacuum
dominates the sum (1.9). In this context, our gravitational blocks are holographically dual
to holomorphic blocks in the Cardy limit (see e.g. [25], (2.22) and [36], (F.15))

w—0

BY(AMw) ~ exp <— iW(xa,AA)> , (1.10)

where W(z, AM) is the effective twisted superpotential of the two-dimensional theory and
the Bethe vacua z¢ are its critical points. It has been shown indeed in [37, 38] that, upon
the identification of A with X, and up to normalizations, the twisted superpotential
evaluated on the Bethe vacuum which is relevant for holography? can be identified with
the supergravity prepotential

W(z®, AM) = W(AN) = F(XM), (1.11)

for all the theories that we discuss in this paper. The analogy can be pushed further. As
discussed in section 2 and 3, the gravitational A-gluing (1.4) precisely corresponds to the
field theory gluing used for the topologically twisted index [34]. The identity gluing (1.5)
is not exactly identical to the one used for the superconformal index [34]. However, the
identification (1.11) is valid for a particular range of the complex variables A® that is
not always respected by the field theory gluing. We expect that, taking into account the
necessary redefinitions, the physics of the two gluings is the same. It is not impossible that
there is an alternative and more clever way of rewriting (1.5).

It would be interesting to derive our entropy functional from field theory. In particular,
it is natural to conjecture that the large N limit of the Legendre transform of the logarithm
of the relevant topologically twisted index or superconformal index is given by the functional
Z, either in full generality or in suitable limits. Many partial checks of this already exist in

3The idea of “gluing” or “sewing” building blocks to compose field theory observables has been put
forward in different context also earlier, cf. [26] and [27] and references thereof. See also [28-36] for other
related developments.

4The on-shell twisted superpotential of many three-dimensional A/ = 2 Chern-Simons-matter gauge
theories with holographic duals were computed in [39-41].



the literature.” We see that our functional seems to arise from a saddle point approximation
of (1.9) and it would be interesting to make this statement more precise. The w — 0 limit
of (1.9) has been analyzed in [36] and shown to reproduce the Bethe ansatz formula that has
been used to derive the entropy functional for static black holes in mAdSy. Unfortunately,
a field theory computation for rotating black holes in mAdSy is still missing. On the other
hand, the entropy functional for rotating black strings in AdSs has been derived explicitly
from the topologically twisted index in [19] and it would be interesting to rederive the same
result from (1.9). Our result suggests that the very crude Cardy approximation (1.10) gives
the right result also for finite w, at least in the large IV limit. Finally, a similar but slightly
different approach based on factorization of partition functions has been used to derive the
entropy of Kerr-Newman AdS, black holes without magnetic charges in the Cardy limit
in [43] and it would be interesting to extend it to other cases as well.

Our entropy functional can be generalized to black objects in six and seven dimensions,
including Kerr-Newman black holes [20, 45, 46] and magnetically charged twisted black
objects [18, 47] in the AdSg x,, S* background of massive type IIA supergravity [48] and
in AdS7 x S*. The structure of the higher-dimensional gravitational blocks is discussed in
section 6.

As a final note, we observe that the entropy functional (1.2) is strongly suggesting that
some equivariant localization is at work in gravity. We will comment more on this in the
discussion section.

This paper is organized as follows. In section 2 we discuss the general class of rotating
black holes in AdS4 with non-vanishing magnetic charge for the R-symmetry found in [17].
In section 3 we discuss the rotating black strings in AdSs found in [19] and their reduction
to four dimensions. In section 4 we discuss the case of Kerr-Newman black holes in AdS,
with magnetic charges for the flavor symmetries found in [21]. In section 5 we discuss
the case of Kerr-Newman black holes in AdS5 x S° [22, 23] and their reduction to four
dimensions, generalizing [11]. For all these examples we show that the extremization of
the entropy functional (1.2) reproduces the entropy and that the values of the sections
XA at the NP and SP of the sphere are directly related to the gluing quantities (1.4)
and (1.5) evaluated at the critical point of Z. In particular, this provides general analytical
formulae for the critical point of the functional (1.2) that would be difficult to find with
other methods. In section 6 we discuss the natural generalization of our construction to
higher dimensions. We conclude with discussion and outlook in section 7. Appendix A
contains some technical aspects of the relevant N' = 2 gauged supergravity and the black
hole solutions of [17, 21]. Appendix B contains an example of our techniques applied to
asymptotically flat black holes in four dimensions.

®This has been checked at large N in full generality for static mAdSy black holes [1, 42], rotating black
strings in AdSs [19], KN-AdSs black holes with equal angular momenta [4] and at large N but in the Cardy
limit for general purely electric KN-AdSs and KN-AdSs [3, 43]. It is still not known if the large N limit of
the superconformal index of ' = 4 SYM reproduces the entropy functional, and therefore the entropy, in
the case of KN-AdSs black holes with unequal angular momenta.

6See also [44] for a different approach.



2 Rotating black holes in mAdS,

We first look at rotating black holes in AdS4 with non-vanishing magnetic charge for the
R-symmetry and near horizon AdSs x,, S? [17]. The entropy of this class of black holes is
supposed to be reproduced by the refined topologically twisted index of the holographically
dual field theory on S2 x S* [33]. These solutions admit a static limit, originally found in [9]
in the purely magnetic case and in [15, 16] in the dyonic case. The non-vanishing magnetic
charge means that the solutions are only asymptotically locally AdS4, and the particular
asymptotic spacetime was dubbed magnetic AdSy or just mAdSy in [49]. This amounts to
a partial topological A-twist on the two-sphere in the boundary field theory [50], so that
some supersymmetry is preserved.

From the start we commit ourselves to the so-called magnetic STU model of four-
dimensional U(1) gauged supergravity. It admits an embedding in the maximal SO(8)
gauged supergravity in four dimensions and a further uplift on S” to eleven-dimensional
supergravity [51]. The dual field theory is ABJM [52], and in the absence of rotation this
particular model provided the first successful microscopic counting for asymptotically AdS
black holes [1].

The magnetic STU model is characterized by a prepotential

F(XM) =2vX0X1X2X3, (2.1)
together with a purely electric gauging

G={g"am}, =g, g"*=0. (2.2)

We further choose to set g = 1, thus fixing the AdSy scale l?&d&; = 1/2. See appendix A.1
for a summary of the main features of four-dimensional A/ = 2 supergravity and the
notations we employ for symplectic vectors and the quartic invariant I, we that will use in
the following.

We are interested in the solution of ([17], section 5), particularly in the near horizon ge-
ometry and attractor mechanism for the scalars. The full solution is characterized uniquely
by the symplectic vector of gauging parameters G introduced above, the conserved angular
momentum J, and the symplectic vector of conserved electromagnetic charges

L= {p"a}. (2.3)

The twisting condition imposes the following relation between the magnetic charges,

> ph=-1. (2.4)

All the relevant quantities can be expressed in terms of the quartic invariant

I4(1) = — (p°q0 — P'ai)* + 4 qoqra2q3 + 4p°p'p°p’

(2.5)
+4(p'P*qge + ' P*qas + PPPPa2qs) -



The full solution for the metric, gauge fields and scalars is summarized in appendix A.2
and depends on the symplectic vector Hy and the extra parameter j, which are then related
to J,I', G via the attractor equations (A.18) and (A.19). The solution for Hy and j can
be explicitly found in ([17], section 5).

The main quantity of interest, the Bekenstein-Hawking entropy, reads

SmAdS4 (p7 q, j) — " Fy+ \/@_716:]27 (26)
BH 2\@G1(\?) \/

where we defined
1
Fy= L(IT,G.G),  ©=(F)-16L(), (27)

in agreement with © and F5 in ([1], appendix A). In the case of vanishing electric charges,
I = {p";0},
3

B=Y p" =Y 0", 6=(F)-64p’'p’p’, (2.8)
A<Q A=0

while in general when gp # 0 the explicit expressions are rather long and not particularly
illuminating. The chemical potential w conjugate to the angular momentum [17] is given by

e 227
VO 1672/ F, + /06 — 1672

We will first look at the general attractor mechanism predicted from the gluing procedure.

(2.9)

After that we will describe the solution for the symplectic sections X* at the near horizon,
initially in a simplified setting with reduced number of charges and then in general.

2.1 Attractor mechanism

From here on we use a “field theoretical normalization” for the magnetic charges p® =
—2p”, that allows for a better comparison with existing literature [1, 42]. The twisting
condition (2.4) becomes

3
> pt=2, (2.10)
A=0

corresponding to the fact that the superpotential of ABJM [52] has R-charge two.
In a model with a topological twist, we need to use the A-gluing (1.4) that, in the new
normalization, reads

W
X(/}):XA"‘IEPA, w(l):w,
2.11)
A A WA (
X)) =X BRCLAE W) = —W,
and the constraint on chemical potentials is
3
d xt=2, (2.12)
A=0

where we have set gy = 1.



The entropy functional is then given by (1.2):

3

T .
Tmaas, (0", % w) = —@ (Emaas, (p* x* w) — 2ix qa — 2wj)+>\< > XA—2> , (2.13)
4Gy A=0
where
Emaas, (0 XN, w) <\/X0 X\ X2 X3, \/XO X}, X(QQ)X(?’)) (2.14)

and we introduced a Lagrange multiplier to enforce the constraint on chemical poten-
tials (2.12). Note that due to the presence of a square root there are sign ambiguities
to take into account when performing the extremization. They correspond to different
branches in the parameter space of the black hole solution. Notice that not all solutions
that lead to a positive value for Z correspond to regular black holes. One should also check
that there are no other singularities in the metric and this may restrict the range of the
allowed conserved charges. This analysis can be only done case by case.

We first state the general result. The attractor mechanism works as follows. The
values of the sections at the SP (# = 0) and the NP (6 = 7) of the sphere are given by

Xé\R NP:;<XAZEI(;‘JA> ’ AZO?"'737 (215)
where x and w are the critical points of the functional (2.13). We see that the values of

the sections can be identified with the critical values of the gluing quantities X (/}7 ) as

A _ 1o A _dgp _
Ao = 5 X0 | e = X0 [ AZO0d (219)
Moreover, we find that
SmAdS4 (pA’ gA, j) = ImAdS4 (pA7 XAv (‘D) . (2‘17)

The entropy functional (2.13) generalizes the known result for static black holes, J = 0,
by taking the limit w — 0,7

3
Eamaas; (P x™) = =V X0 x2x Z o1

AdS
SEEAB A gr) = Tynaas, (0™, x)

crit.

This is precisely the result obtained in [1, 42] upon identifying the variables A? used
in [1, 42] with mx®. In order to compare with field theory one also needs to use
1 42
L WV2p (2.19)
a@ 3
N

"Here we have taken the negative determination for the square root that is the one leading to regular

black hole solutions [1]. We inherit from [17] an unfortunate choice of sign for the prepotential that leads
to ambiguities in the comparison with the literature and we apologize to the reader for that.



2.2 The purely magnetic T2 model

The T3 model is obtained by setting
P =x,  x’=2-3x, (2.20)
and, similarly, for the magnetic fluxes
ph*d=p,  p’=2-3p, (2.21)
while here for simplicity we set the electric charges to zero. Therefore,
Fy=—(1-6p+6p%), ©=(1-2p)31—6p). (2.22)

The values of the sections X°(f) and X'(#) = X2(d) = X3(#) at the horizon can be
computed using (A.17) and when specified to the NP (0 = 7) and SP (0 = 0) read

Xé\P—XQP:'LUpA, A:O,...,g,

X3 + X _——i 3—12p(1—p)+VO —-1672%),
SP NPT S 81672 16.72 ( p( p) j) (2.23)
Xdp + X3 SR S— —1+4p(1—p)+VvO—-16T% ),

SP NP =SS - 1672 16j2( p(1—p) J )

where we need to take p < 0 in order to find regular black hole solutions, and the angular
momentum is constrained in the range |J| < v0/4.8

We have then checked numerically that the values of the sections at the SP and the
NP of the sphere are given by

Xé\R NP — % <>ZA + lsz> ) A= 07 SR 3 ) (224)
where x and @ = —2w are the critical points of the functional Z,,aqs, (p, X, w) in (2.13).

We have also checked that the critical value of the entropy functional reproduces the
entropy (2.6) of the rotating black holes

SEAIS (A gn, T) = Tnaas, (0™, ¥4, @), (2.25)

where again, just as in the static case, one has to take the negative determination for the
square root in Z,,a4s, -

Notice the supergravity attractor mechanism provides general analytic formulae for the
critical point of the functional (2.13) that are very difficult to find by a direct extremization.

$More generally, in the full STU model with vanishing electric charges, the regions of positivity for p**
where regular black holes exist were determined in ([1], appendix A) and the rotation is bounded above,
|7| < V©/4. In the most general case with electric charges one again requires positive scalars and © > 0
with the same bound on J, but due to the big number of free parameters the regions of positivity are much
harder to determine and we have not pursued this here.

~10 -



2.3 The general case

In the general case there are at most six free parameters p'23, 7, q1,2, since the electric
charges are constrained by the requirement that there are no NUT charges, see (A.16).
One needs indeed to ensure that

L(G,T,I,1) = I,(T,G,G,G) =0 . (2.26)

The second constraint gives a linear constraint that can be easily solved by qo = —(¢1 +
g2 + ¢3) while the first constraint gives a more complicated cubic relation among charges.
The general expressions in the case of arbitrary charges are much more involved, but
one can check numerically that the black hole entropy is still given by the critical value of
Toaas, (0%, x*, w). Eq. (2.15) holds in full generality as well.
In the static case J = 0 there is a microscopic counting of the entropy using field
theory methods that identifies @5 (p™, x™,0) with the logarithm of the topologically

twisted index of ABJM [1, 42]. An analogous computation for rotating black holes would
involve the refined topologically twisted index defined in [33] and is still missing. As already
mentioned in the introduction, our result suggests that the Cardy approximation (1.10) is
actually exact and gives the right result also for finite w, at least in the large IV limit.

3 Rotating black strings in AdSj

Our next example comes from the recently spelled out solutions of rotating AdSs black
strings with near horizon BTZx,,S? [19]. Just like our previous example, the solutions
we discuss here preserve supersymmetry by a twist on S? and admit a static limit. The
static solutions, with only magnetic charges, were originally found and understood as holo-
graphic RG flows across dimensions in [18]. In particular, we have a flow from a UV
four-dimensional N’ = 1 theory compactified on S? to a two-dimensional (0,2) theory in
the IR whose exact central charges can be obtained employing c-extremization [18, 53].
Due to the 4D /5D connection [54, 55] between solutions in gauged supergravity, one can
also understand these AdSs black strings as four-dimensional black holes in an asymp-
totically runaway spacetime [56] and exploiting the relation also add electric charges [57].
Following [38], the refined topologically twisted indices [33] of N' = 1 quiver gauge theories
on S? x T? dual to rotating AdSs strings were recently computed in [19] in the Cardy limit
giving a microscopic derivation of the entropy of this class of solutions.

Consider the electric STU model in four dimensions. It is related to the five-dimensional
gauged STU model via the 4D/5D connection and thus it also admits an embedding in
maximal SO(6) gauged supergravity in five dimensions. A further uplift on S° gives a
solution of type IIB supergravity in ten dimensions [51]. The holographically dual field
theory is therefore SU(N) N =4 SYM.

The electric STU model is characterized by a prepotential

X1x2x3

FXh = S

- 11 -



and we have the purely electric gauging coming from the Kaluza-Klein reduction of the
five-dimensional theory

We set ¢ = 1 for simplicity. The symplectic vector of electromagnetic charges in this
case reads

I'={0,p"5qa}, (3.3)

with the twisting condition
> pi=-1. (3.4)

The condition p® = 0 stems from the fact that a compactification down to four dimensions
along the length of the black string does not introduce any magnetic charge.
The quartic invariant for the electric STU model can be written as

w

3
L(T) = 4qop'p*p® = > _(0'a:)* +2>_ air'q;p’

i=1 i<j

3
—p° <4q1q2q3 +1°(q0)* + 290 2#%) :

=1

where the second row vanishes in the present case. Again, the solution can be completely
described in terms of j and Hg that are uniquely fixed by the symplectic vectors G, I, as
well as the angular momentum 7 as summarized in appendix A.2. The explicit solution
for j and Ho can be found in [19].

In order to have a regular solution with a vanishing NUT charge we further require
that, see (A.16),
P —p* =P ) — (' — P>+ P

p3(p* +p? —p?) '

We then find the following expression for the Bekenstein-Hawking entropy of the four-

q3 = (3.6)

dimensional black holes,

m —I(T) — J?

SAISSBS (i o 1) = , (3.7)
where we used
I=(—p"+p*+p") ' =" +0°) (0" + > = p%),
3. ) 3. L3 (3.8)
O=> ()?-2) pp, ©-I=8p'p’’.
i=1 1<j
The chemical potential conjugate to the angular momentum is also given by (A.20),
w=— J (3.9)

VO(-L(T)-J?)
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Finally, the sections in the near horizon region are found to be

1,23
x09) =222
O=(0)
: p'Tcos(d) . p'(2p' +1) p'p*p° &
X*(0) = —— +1 +2— = <Qi_ZQi>7 i=1,2,3,
OE(9) S} (2p'+1)/OE(0) P
(3.10)
where we defined o
2(0) = (—L(I) — T2 + ﬁﬁ sin(6) . (3.11)

3.1 Attractor mechanism

Since the theory is still topologically twisted in four dimensions, we need to use again the
A-gluing (1.4):

W
Xy =x"+izpt, W) =w,

& 9

N NN (3.12)
X(2):X —1§p , W) = —w.

A

Y

where we used the “field theory” magnetic charges p* = —2p®. There are only three

non-vanishing magnetic charges and they satisfy

Zpi =2, (3.13)

corresponding to the fact that the superpotential of A' = 4 super Yang-Mills (SYM) has
R-charge two.
The entropy functional (1.2) is given by

3

i ™ i . i
Tadss Bs(p', X w) = el (Enass Bs(P, XN w) — 2ix qa — 2wT) +>\<ZX 2>7 (3.14)
N =1
where
. 1 w?
Endss Bs(ph X w) = 0 <X1X2P3 + 3%+ 3! — 4101132133) : (3.15)

Here, we introduced the Lagrange multiplier A to enforce the constraint on the chemical
potentials. Notice that we can also write

3 3
s ) = 0O i 3w g
=1

T (3.16)

i.j.k=1

As a difference with the mAdS, black holes of section 2, here the Taylor series expansion
of the entropy functional (1.2) truncates at order O(w?) since the prepotential is cubic in
the variables X', X2 and X? associated with nonzero magnetic charges.

As it has already been checked in [19], the attractor mechanism works perfectly. The
values of the sections at the SP (# = 0) and the NP (§ = x) are given by

Xé\PNP:%@Aii*P ), A=0,...,3, (3.17)
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where x and w = —2w are the critical points of the functional Zaqs; Bs (p, A, w). Moreover,

S (0, an, T) = Taass ms (b, X4, @) - (3.18)
In order to compare with [19] we need the redefinitions

im

B = _EX ) Wehere = 1MWhere »
A=y, i=1,2,3,
e ! q J ! J (3.19)
0= —p40; =——mv> .
Gy 26
1
2Gy
We note also the holographic relations
@_ 10 1 2.0
Gy = 27TGN , Gl(\?) = 7TN . (3.20)

In [19] the functional Eaqg, s (3.14) was explicitly derived as the logarithm of the
refined topologically twisted index of N/ = 4 SYM in the Cardy limit, thus providing a
microscopic explanation of the entropy of the four-dimensional black holes discussed in this
section.

4 Kerr-Newman-AdS,

Now let us we focus on the dyonic Kerr-Newman black holes in AdS; with vanishing
magnetic charge for the R-symmetry [21], whose entropy is supposed to be reproduced by
the generalized superconformal index of the holographically dual field theory on S% xSt [58].
Due to the vanishing magnetic flux for the R-symmetry, the asymptotic spacetime in this
case is global AdS, and thus full superconformal symmetry is preserved at the boundary.
However, we allow for magnetic fluxes for the extra flavor symmetries that are coming from
the additional U(1) vector multiplets in the supergravity model. These additional fluxes
break half of the supersymmetries at the boundary, in accordance with the generalized
superconformal index.

We again consider the magnetic STU model with an uplift on S” to eleven dimensions.
The model is specified by the prepotential

F(XM) =2ivVX0X1X2X3 (4.1)
and the purely electric gauging

G={s%9s}, =g, g*=0. (4.2)

We again set g = 1, fixing the AdS, length scale l/2de4 = 1/2. The charge vector reads

= {p"a}, (4.3)
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with the same quartic invariant as in (2.5) and with the constraint that the R-symmetry
magnetic flux vanishes,

3
Y pt=o0. (4.4)
A=0

The equations governing the solution, and consequently the solutions themselves, are much
more involved in this case than for the twisted cases of the previous two sections. However,
conceptually one again finds that the solution is entirely fixed by the symplectic vectors
G and I'. Note that the angular momentum J in this case is never vanishing and is
also uniquely fixed in terms of the electromagnetic charges. The near horizon solution is
summarized in appendix A.3 and fixed in terms of the symplectic vector C, which by the
algebraic attractor equations depends on the charges, see (A.29). Unfortunately, in this
case we cannot present in full generality a formula that gives C in terms of G and I', but
one can always write down a complete solution in terms of auxiliary parameters entering
C and then express all physical quantities in terms of them.

A very general solution, corresponding to four independent electric and one indepen-
dent magnetic charge, can be written by the following parameterization of the vector C,

Bo — B aﬁo—ﬂyﬁ}
Bo— B3 Ba—pBs N

C= {—oz, o, —Q (4.5)
This form of C already satisfies the regularity constraints, see (A.28), and contains five
out of the maximally allowed six independent parameters satisfying these conditions. It
contains the purely electric KN-AdS, in the general STU model [20, 21], the general dyonic
XX model [21], as well as more general solutions.

The values of the conserved charges, the sections and the macroscopic entropy can be
determined in terms of the parameters «, 8 in (4.5) via the formulae given in appendix A.3.
We first turn to the gluing formula and then check explicitly that it correctly predicts the
attractor mechanism in several special cases of particular interest, therefore showing the
general validity of the gluing procedure. We choose not to present explicitly the most
general allowed solution for C since expressions soon become very cumbersome.

4.1 Attractor mechanism

Since there is no topological twist, we use the identity gluing (1.5):

W
X(/}):XA—{—lgpA, w(l):w, ( )
4.6
A _ A WA _
X(Q)_X _1§p ) w(?)_w7
where we use again the notation p* = —2p®. The entropy functional (1.2) is given by
- 3
IKN—AdS4 (pA7 XA7 w) - ) (SKN—AdS4 (pAa XA) W) - 21XAQA - ij) - A< Z XA —-2- 1w> )
4Gy A=0

(4.7)
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where

Erneaas, (0% v, w) (\/XO X[ X2 X3, \/X(OZ)Xl X2 X(?’)) (4.8)
and, as usual, we have introduced the constraint Z A=0 x» —iw = 2 through a Lagrange

multiplier. As in section 2, due to the presence of a square root there are sign ambiguities
when performing the extremization. They correspond to different branches in the range of
parameters, i.e. conserved charges, for the black hole solution.

The attractor mechanism in this case works as follows. For a suitable choice of deter-
mination of the square root in (4.8), the values of the sections at the SP (6 = 0) and the
NP (§ = 7) are related to the critical points of the functional Zgn.adqs, (p*, X, w) by

i w i w
XAV = 1 (7/\ W A) xA :_7<7A_-7 A) 4.9
( SP) 92 X +12p ) NP 2 X 12p ) ( )
for A = 0,...,3. Notice that here the values of the sections can be identified with the
critical values of the gluing quantities X ér ) up to a complex conjugate
A=0,....3. (4.10)

A\ N A Y
(Xsp) =50 . Xne = —5 X2

. )
crit.

Moreover,
S]I_Dfll—}]_AdS4 (pAa qA, \7) = IKN-AdS4 (pAa >_<A7 (D) ) (411)

4.2 The purely electric STU model

We first consider the case with p = 0, corresponding to the Kerr-Newman black holes in
AdS, originally found in [20] for pairwise equal charges and generalized to arbitrary charges
n [21]. We can set the magnetic charges to zero by choosing o = 0 in (4.5), as one can
check from (A.29).

In the case with p = 0 we recover the entropy functional discussed in [13]

Oy1y2+3 9 F(yA
g VXX 27 () (4.12)

)
w w

Eexn-aas, (XY, w) =

and we further retrieve
1

" 1 _
(Xgp) = —5 XAa Xll\I\P = —5 XAa (4-13)

at the critical point, which satisfies (4.11). This can be compared with ([13], (2.20)) using
the following dictionary,

Wthere — —TMWhere » Az = iﬂ'Xia 1=1,2,3,
. 1
Ay =imx°, Q4=—72G 9,
1 - (4.14)
J=5a = ol ) =1,2,3
2(;Nt77 Q’L 2GNq'L7 4 9y Sy Iy
Gthere = V2 ) Ghere = 1.
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Explicitly, in the notations of [13] we have’

AVIN32 AT A AR, -
AT VEBSEL y $ aquw +A( 3w 2mi)

Zoxn.ads, (N w) =i 3 -

i=1 =1

(4.15)
where we used (2.19) to translate Gl(\?) into N.

A microscopic explanation for the entropy functional (4.15) was provided recently
in [43] by evaluating the three-dimensional superconformal index of ABJM and related
theories.'” The method in [43] does not use explicitly the holomorphic block picture (1.9)
but a closely related approach, which also uses the factorization of the partition function.
It indeed involves the gluing of two vortex generating functions, according to the same
rules valid for holomorphic blocks. The field theory identity gluing uses

X(Al) = x4, w() =w,
A A (4.16)
X(2) = —X , w(2) = —w,
and looks superficially different from the gravitational one (1.5). However, the Cardy and
large N limit of the vortex partition functions in [43] are taken along particular directions
in the complex plane of the chemical potentials and the final result is the same as (4.15).1!
The main difficulty in comparing the gravitational and field theory identity gluing is that
the known field theory computations use asymptotic expansions of special functions that
are valid in a particular region in the complex plane. Typically, the field theory identity
gluing does not respect them and therefore further redefinitions of parameters are necessary.

4.3 The dyonic X°X! model

The truncation is specified by the following identification of the sections and the charges

X2 — XO X3 — Xl
42 = qo, 43 = q1, (4.17)
p*=p, p’=p, =,
where the last relation guarantees (4.4). From here on we set p° = —p. The attractor
equations (A.29) then read
B e
P e T 4gp 10
o Bo
D=®= T (4.18)
o B
a1 =43 =

4a? — 4,3051 +1 ’

9Tt has been noticed in [2, 14] that there are two choices of constraints, 3, A; — w = +27i, that lead to
the same entropy and can be explained by the supersymmetry conditions for a class of Euclidean solutions.

This observation extends to other cases and it is a consequence of the symmetries of the functional Z. It
would be interesting to see if there is a more physical explanation in terms of the attractor mechanism.
108ee also [44].
11p particular, in the regime considered in (4.15) the minus sign in the chemical potential is equivalent
to a complex conjugate. This might explain the complex conjugate we detect in gravity, see (4.9).
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which can be easily solved for («, 51, 32). The angular momentum is given by (A.30), and
can be easily rewritten as

7 QO‘;QI (1_\/1_16(p2_q0q1)) , (4.19)

Notice that there are only three independent parameters in this model, and the angular
momentum can be expressed in terms of the other charges. Finally the entropy is given
by (A.31),12

T
S]%(IgXl(p) Qanlaj) = 4G(4) <_1 + \/1 — 16 (p2 - QOQI) )
N
R (4.20)

QGI(\?) (go+q1)’

where we take the branch of solutions considered in [21], i.e. go.1 > 0.
The horizon values of the sections at the SP and NP of the sphere can be computed
from (A.27). They read

a(l+2a) — 1+ 2060)b1
1 — 402 +2ify 4+ 26p(i+ 261)
Oé(l — 2@) + Bo(l =+ 251)

Xgp = —i

Xép =1 : . ;
SPTT — 402 4+ 2181 + 280(i + 261) (4.21)
XO — 3 04(1 — 204) — (1 — 260)51
NPT T —4a? - 21 — 2601 - 261)
1 . a(l42a)+ Bo(i—261)
Xyp =1 : : :
1 —4a? —2if1 — 26o(i — 261)
Our &-functional reduces to that of ([21], eq. (1)) in this case, i.e.
4i 0,1
A _AXX )
gKN—AdS4(an 7w) X0x1 - w +1Wp b (422)

where we chose to work with the negative determination for the square roots in (4.8),
which correctly reproduces the branch of solutions we are looking at. Recall that, p° =
p? = —p' = —p3 = —p and p = —2p. We thus need to extremize

4 0.1 1 '
Txoxi(p, ¥, w) = 77(4) < XX fiwp? —4i) g - 2wj> , (4.23)
4G w —
N =0
under the constraint )
i
x4+ xt - gw=1. (4.24)

The extremization equations read

oL .
Xox1 :0:(2(q0—q1)—1)w+4xo—2,

Ox° (4.25)

o1
% =0=4(x" - 1)x" +w’ (p* + 2(T — 1)) -

12YWe correct a misprint in the formula for the entropy in [21]. Note also that we have redefined the

angular momentum as Jihere = —%jhere (see footnote 22).
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The critical points are then given by

>—<0:1<1¢ i—2(q —q1) )7
2 VAQRLT + p2) +24 ((90 — q1)* —ilgo + 1)) — 1 (4.26)
=7

VARLT +92) +4((q0 —a1)2 —i(qo +q1)) — 1

and the value of the entropy functional (4.23) at its critical point is found to be

™

crit. - 4G1(\?)

(=1 2i(g0 + ) Fiv/ART +92) +4 (@0 — a1)? — (g0 + 1)) — 1 )

(4.27)
Although not immediately obvious from this expression, upon using the constraint (4.19)

IXOXI

and taking the solution that leads to a real positive entropy, one obtains

0yl — _
Stu™ (P90, 01,T) = Ixox1(p, X°,@). (4.28)
4.4 The general case

We can also consider the entropy functional (4.7) in the general case of taking the symplectic
vector C in (4.5) without further simplifications. The resulting formulae for the conserved
charges T' in terms of the parameters (a, 3y), as well as subsequent expressions for the
sections and entropy, are not really presentable and offer no specific insight. We have
checked numerically that the expected relations (4.9) and (4.11) hold once again, for a
suitable choice of determination of the square root in (4.8), letting us to conclude the
proposed attractor mechanism is valid in full generality for these solutions.

A field theory explanation for the entropy functional (4.7) for generic magnetic charges
is still missing. It would be interesting to provide it using (1.9) or the factorization method
of [13].

5 Kerr-Newman-AdSj

Our last example deals with the Kerr-Newman black holes in AdSs. The five-dimensional
solutions in minimal gauged supergravity were first found in [22] and generalized to two
rotations in [59]. The most general solutions of the STU model were then spelled out in [23].
The near horizon geometry is a fibration of AdSs over a non-homogeneously squashed
three-sphere [60]. The holographically dual four-dimensional boundary theory remains
superconformal in this case. Various results have been obtained recently in evaluating the
superconformal index of the dual field theory on S3 x S! [61, 62] in various limits and
matching the answer to the macroscopic entropy [2-4].'3

For our present purposes we shall consider the 4D /5D connection, as done in [11]. In
this case in order to preserve supersymmetry one is led to do a more general Scherk-Schwarz
reduction [71, 72| and supersymmetry in the lower-dimensional theory is thus preserved
with a partial topological A-twist on the S? inside the original S3. From a four-dimensional

138ee [63-70] for further developments.

~19 —



perspective the KN-AdSs black holes therefore fit in the class of solutions of [17] of rotating
attractors with a twist.
We consider the electric STU model with prepotential

Xtx2x3
FOXY =S5, (5.1)
and purely electric gauging coming from the Scherk-Schwarz reduction [11, 17]
G = {g";V2cosh(4), g;} gG=9, @ =0. (5.2)

We set g = /2.
The dimensional reduction of the black hole in [23] to four dimensions was already
performed in [17]. The set of four-dimensional electromagnetic charges

I'={p" i}, (5.3)

can be written in terms of the variables p; and 2, appearing in the original solution [23]
as [17]

1 .
0 i .
- =0, i=1,2,3, 5.4
P v/2 cosh(d) P (5:4)
and
I - ((1 o+ B) cosh(d) = (1+m +72+ 73)) :
4+/2 cosh(6) 2
(5.5)
=" (,,JFW_'V?’) i=1,2,3
’ 4+/2 cosh(6) 2 ) o
For a lighter notation we defined
VIE b pe s, e = pape +paps o peps, Y3 = papeis (5.6)
and _ _ — —
simh(§) = ~* =L, cosh(s) = St 2 =" (5.7)
2 Za=h 2 Za=p

Notice that the angle along which we reduce in the solution of [23] has period 47 cosh(d).
As already mentioned, the reduction along the Hopf fibre of S introduces a magnetic
charge p°. The theory is thus topologically twisted with the twisting condition

gop’ = —1. (5.8)

The quartic invariant is again given by (3.5) and the main features of the solution
are summarized in appendix A.2. The four-dimensional near horizon solution for the
parameters j, Ho is spelled out in ([17], section 4.3.2). In terms of the variables ¢ and
i, the Bekenstein-Hawking entropy is given by

2

_ ™
Slg{g AdSs (p07 qi, .,7) = EH(& ,u,z) R (59)
N
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where we defined

3
1
=2 73(1—}—’71)—1724—2 (1 — cosh(d Hl—i—,uz , (5.10)
=1
and I drcosh(s)
T COS
E R C (5.11)
N N
The angular momentum in four dimensions is given by
sinh(J) < Y2
————(1+7+ 7) ; 5.12
8 cosh?(9) T (5.12)
and its corresponding chemical potential reads
sinh(20)
W= ————=. 5.13

We can also write down the symplectic sections at the near horizon region if we further
use the definition
©(0, i) =3 — 2cosh(d) + 1 . (5.14)

At the NP and SP of the sphere (§ = 7 and 6 = 0, respectively), we find

Xgp - XIQIP = _proa

X0, x0 _2V2 (i 14yt F - Ocosh(d) (5.15)
SP NP — @ 2 H .
We also obtain
1 0% 3
. ' 5
Xgp = \@@H<1H<@ —1— )+ f(2+V1 — [i) +,uz'</~%2 - Z/ﬁ)
. i=1 (5.16)
— 4(1 - cosh(d)) <1+m+72 73)) . i=1,2,3,
2
and
Remarkably, they satisfy the constraint
A (X4 + X8p) + 2wtanh(d) = 2i. (5.18)

5.1 Attractor mechanism

Since from the four-dimensional point of view the theory is topologically twisted, we need
to use the A-gluing (1.4):

W
XA1 :xA+1—pA, w() =w,

1) 9

A AW (5.19)
X(Q):X —1513 ) W) = —w,
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where, to keep the same notations as before, we define p* = —2p?. This gives the &-

functional 0 1 9 3
POx XX (5.20)

2X°)% + (wp?)?

Exn-adss (0%, XN, w) = 41(

The entropy functional (1.2) is given by

T .
Tin-adss (P XN w) = —@ (Exn-adss (0% XM, w) — 2ix"qn — 20T)
4Gy (5.21)
+A (gAXA — 2 — iw tanh(9)) .
Evaluating the Z-functional (5.21) at its critical point we recover

SEn 95 (00, 41, T) = Tnoaass (0°, X0, @), (5.22)

and the critical values (y*, @) read

=X+ X8p), A=0,....3, (5.23)
@ = —V2cosh(d) (X§p — XRp) = —2w. '
The values of the sections at the SP and the NP are then given by the usual attractor
relations ) B
XS, np = % <>20 + igpo> ;
‘ ' - (5.24)
XéP:XIZ\Ipza)_(z, 221,2,3

Notice that we have a dependence on the parameter d, which is related to the conserved
charges in five dimensions, in the gaugings and in the constraint that the chemical potentials
fulfill. This is an artifact of the dimensional reduction, in order to obtain a consistent
supersymmetric four-dimensional solution. We nevertheless see that the gluing procedure
nicely works at the formal level.

5.2 Comparison with the five-dimensional entropy functional

The entropy functional (5.21) is equivalent to the functional for KN-AdS5 black holes found
by [11] in a different basis. In (5.21) the Legendre transform is done with respect to a four-
dimensional basis of charges. The latter and the corresponding chemical potentials are
related to the natural five-dimensional ones by a linear redefinition involving 4.

The entropy functional found in [11] is given in (1.1). Reinstating the five-dimensional
Newton’s constant, we can write it as

72 AlA2A3 ’ 2
I(Ay,w) =i—= ——— 4+ 27 E AQ, — E widi |, 5.25
( a z) 2G1(\?) W1ws £ Qa £ 191 ( )
where we used the holographic dictionary
1 2
—5 = ZNZ, (5.26)
Gy ™

- 29 —



The five-dimensional charges used in [11] are related to the four-dimensional conserved
charges by!?
QES) _ V27 c((gh(é)
Gy

V27metd cosh(
J
1,2 = 5
ay

%, 1=1,2,3,
(5.27)

(QO F \/icosh(é)j) )

We see that the entropy functional (5.21) matches precisely with the one presented in [11],
upon the identification

A= —x',  i=1,2,3,

Sl

(5.28)
(1 tanh(s)) (\/5 cosh(d)x" + iw) .

RS

w12 =

6 Generalization to higher dimensions

We expect that our construction can be extended to other dimensions. We give few exam-
ples here leaving a detailed analysis for a later publication [73]. The gravitational blocks
in higher dimensions are of the form

XA
Bsp (XM, w;) = _Fsn(X7T)
%)
A
Bep (XM, wi) = _Jen(X7) (6.1)
(%)
XA
B (XM, w;) = _Fm(XT)
WiwWaoWws

where w; are chemical potentials associated with rotations. We can also see them as equiv-
ariant parameters associated to the independent rotational symmetries of the solutions,
which we assume to be the maximal ones in each dimension (two, two and three, respec-
tively).

6.1 Five dimensions

Let us first consider the five-dimensional picture. For KN-AdSs black holes with near
horizon region AdSs x,, 2, and rotating black strings in AdSs with near horizon BTZ x,,5?
we use

Fsp(X1) = x1X2x3, (6.2)

From the gravitational point of view we glue two copies of Dy x S', where D is a disk. It
is easy to see that, with suitable redefinition of variables, the entropy functional (1.1) for

YIn order to compare with ([11], (4.18)) one has to set § = 0, J = 0 here, that corresponds to KN-AdSs
black holes with equal angular momenta (J1 = J2), and therefore a static black hole in four dimensions.
Moreover, ghere = V2 while ginere = 1. This leads to the following redefinition of four-dimensional charges:

v = V2T, A=0,...,3.
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KN-AdS5 can be obtained by gluing the two copies into an S with the identifications

Xy =x", wi,(1) = Wi, Wa (1) = W2, (6.3)
Xy =x", wi,(2) = Wi, w,(2) = w2,

while the entropy functional (3.14) for rotating black strings an be obtained by gluing the
two copies into an S? x S', where the S! lies inside BTZ, with the identifications

W1
X(Al) =x"+ 5 p*, Wi,(1) = Wi, Wo (1) = w2,
A A o - (6.4)
(2) =X 5 P, wy,(2) = —W1, Wy, (2) = w2 .

The partition functions of the holographically dual field theories are obtained by gluing
copies of the Dy x T? partition function, the four-dimensional holomorphic blocks. The
latter have the expansion

w1—0

1
BY*(AMw;) ~ exp (— W(ma,AA)) , (6.5)
w1
where w; is the equivariant parameter on Ds. Moreover, in a Cardy limit associated with
the torus T2, the twisted superpotential of N' =4 SYM reads ([38], (3.23))
ATAZA3
26

with Zizl AM = 2. Here 8 = —2xir where 7 is the modulus of the torus.'® By iden-
tifying A® with X and 8 with we, it is not hard to recognize in the exponent of (6.5)

W(AY|B) = in®N? , (6.6)

the expression of the five-dimensional gravitational block Bsp. The gluing (6.4) precisely
corresponds to the field theory gluing used for the topologically twisted index in [34]. As
in four dimensions, the gluing (6.3) is superficially different from the S-gluing used in field
theory [34],'6 but we again expect to have the same physical effect in the saddle point
approximation. It would be interesting to relate the two more directly.

6.2 Six dimensions

Let us now consider the six-dimensional point of view. We consider here black holes in
the AdSg X, S* background of massive type IIA supergravity [48]. For KN-AdSg [45],
mAdSg [47, 76] and possible rotating generalizations with near horizon AdSs X, My,

where the manifold My is either S* or toric Kihler, we should use!”

-FGD(XA) — (X1X2)3/2. (67)

The structure of five-dimensional supersymmetric partition functions and their decomposi-
tion in terms of holomorphic blocks are not fully understood. It was argued in [77, 78] that

5 The twisted superpotential is evaluated on the Bethe vacuum that dominates the saddle point approx-
imations of both the topologically twisted index [38] and the superconformal ones [4].

63ee also [74, 75].

"The variables X; and Xs can be associated with the two isometries of the internal manifold S* of the
solution [48].
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the effective Seiberg-Witten prepotential should play the role of the twisted superpotential
for three- and four-dimensional field theories. The expression (6.7) is precisely the critical
value of the Seiberg-Witten prepotential of the dual field theory in the large N limit, see
([77], (3.71)). A natural conjecture inspired by [27, 77, 79, 80] is that we need a gluing of

the form
XE(Ma4)

O™, wi) = Z Bep (X U), Wio)) (6.8)

where xg(My) denotes the Euler characteristic of My. The contributions are associated
to the NP and SP of S* and to the fixed points under the torus action for a toric manifold
My in the spirit of [27].

The entropy functional for Kerr-Newman black holes in AdSg was found in ([13], (3.15))
and it is given by

.o A? 2 2 .
IKN—AdSG (A,wi) = —lm@ + AQ + ;L«JZJZ + )\(A — ;wi - 271'1) y (6.9)
where (@ is the electric charge and J;, i = 1, 2, are the two angular momenta of the solution.
A and w; are, respectively, the chemical potentials conjugate to these conserved charges.
Notice that only one of the two possible electric charges is turned on in the solution [45].
The entropy functional (6.9) fits in our general formalism by simply identity gluing the two
gravitational blocks Bgp as follows:

Xy =x e = wa (1) = w2 (6.10)
X(Ag) =x", Wy (2) = Wi, Wy (2) = w2 '
This leads to 2! 2)3/2
Exn-adse (X wi) = —% ; (6.11)

that, up to a normalization, can be clearly mapped to (6.9) upon identifying x' = x? = A.

Another interesting example is the class of static mAdSg black holes found in [47, 76].
The entropy functional of this class of black holes when the near horizon geometry is
AdSy x My, with My being a Kéhler-Einstein manifold, reads ([47], (6.8))

2

Vol(My) 1O (ATA2)3/2 I
Tamadss (p', AT) = plp/ o A . (6.12)
6 (3\[)4G1(\?)1J . FINEINY Z

where p! + p2 = 2k if the metric is normalized as R,, = kg,,. We now show that we
can reproduce the above entropy functional by gluing six-dimensional gravitational blocks.
Unfortunately, there are no regular black hole solutions with manifolds My of positive
curvature [47], as one can see by extremizing (6.12). Nevertheless, it makes sense to consider
all kind of horizons because we want to reproduce the functional form of Ly, aqs, (pf, AT),
independently of whether it has acceptable critical points or not.

Let us then focus on the case where My is the complex projective space P2, that is
a toric manifold also. Denote the generators of the (C*)? action on the tangent space at
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the three fixed points Py by wy ), wo ) with I = 1,2,3. Since xe(P?) = 3 we should
fuse three copies of Bgp into each other using the higher-dimensional A-gluing as follows
(see [77], example 2.1):

X =x"+ 1“”2’(” P+ i%p/‘, 1=1,2,3, (6.13)
with
wWi,(1) = w1, W2,(1) = w2,
Wi,(2) = W2 — w1, Wo (2) = —W1, (6.14)
W1,(3) = —Ww2, Wy (3) = W1 — W2

Thus, our E-functional (6.8) for My = P? reads

Ep 10X 6.15
Zw axfax 7 (6.15)

IJl

which is, up to a normalization, (6.12) upon identifying y! with A”.
We can also consider the case of My = S? x S§2.18 The entropy functional reads
([47], (5.10))

2
(27r)2 J82(A1A2 3/2 I
Tooyg2nst (st Al) = st/ Z—— 1 A , (6.16)
X S5?%x 81GI(\?) I,le OAIHAI Z
where s, ¢/ are the magnetic charges on the two S? and they satisfy the quantization

conditions s' + s2 = 2 and t! 4+ 2 = 2. This result has been also derive from field theory
using the topologically twisted index of the dual five-dimensional A/ = 1 theory on S? x
S? x S1in [77].YY The above functional can be easily obtained by gluing four copies, since
XE(S? x S?) = 4, of six-dimensional gravitational blocks as follows:

l
X =t +i 2()5 +i 2()tA I=1,...,4, (6.17)
where (see [77], example 2.2)
Wi,(1) = w1, W2 (1) = W2,
w =wa, w = —wi,
1,(2) 2 2,(2) 1 (6.18)
Wi,(3) = —W1, W (3) — —W2,
Wi, (4) = —Ww2, Wa,(4) = W1 .

The four contributions correspond to the four fixed points of the torus action associated
with the poles of the spheres. Thus, our E-functional (6.8) for My = S? x S? reduces to

g(ﬁlatl’x Z S tJaZa Ia )3/2 ’ (619)
1,J=1 X OX

which is, up to a normalization, (6.16) upon identifying A’ with x?.

18 Also in this case, no static mAdSs black hole exists with this horizon topology. There are solutions
with horizon X4, X X4,, where 33 denotes a Riemann surface of genus g, whenever g1 > 1 or g2 > 1.

19This is the USp(2N) gauge theory with N; fundamental flavors and an antisymmetric matter field,
which has a five-dimensional UV fixed point with enhanced En,+1 global symmetry [81]. The holographic

dictionary reads [82], Gg\(,” = 2?\7;5 Vs;/];ff.
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We expect the existence of other static and rotating six-dimensional black holes with
two isometries and positive real entropy. Our discussion leads to a prediction for the
entropy of these objects.

6.3 Seven dimensions

Let us finally consider the seven-dimensional perspective. For KN-AdS7; [20, 46] with near
horizon AdSs x,, S%, AdS7; black strings [18] and possible rotating generalizations with near
horizon BTZx,, M4 we should use (cf. [12], (1.4) and [77], (3.22))

Fro(X™) = (X1 Xx?%)?2. (6.20)

It is easy to see that the entropy functionals found in [12] and [77] for KN-AdS7 and AdS7;
black strings, respectively, can be obtained by gluing blocks of this form.

In principle, rotating black holes in mAdSg, KN-AdSg black holes, rotating AdSs;
black strings, and KN-AdS7 black holes can be all studied in F(4) gauged supergravity
coupled to vector multiplets [83, 84] using a six-dimensional point of view. For example,
after Scherk-Schwarz reduction along the Hopf fiber of S° the near horizon of KN-AdS;
becomes AdSs x,, P? and the six-dimensional black hole becomes topologically twisted.
We would then expect to recover the entropy functional for KN-AdS7 by gluing three six-
dimensional gravitational blocks Bgp associated to the fixed points of the toric action on P?
according to (6.8). It would be interesting to provide a unifying description of all six- and
seven-dimensional black objects using six-dimensional supergravity. This would be in the
spirit of the analysis that we have performed in this paper for four- and five-dimensional
black objects.

We hope to have given a glimpse of how higher-dimensional gravitational blocks work.
We will give more details elsewhere [73]. Notice that, besides recovering known results, our
discussion leads to a prediction for the entropy of many rotating higher-dimensional black
objects that are still to be found.

7 Discussion and outlook

In this paper we provided a general entropy functional that can accommodate all known
supersymmetric black holes in AdSy x ST and AdSs x S and we proposed a generalization
to higher dimensions. Our construction is based on the gluing of gravitational blocks
B(X (/}7 ) W(,)) that is inspired by a field theoretic analogue, the gluing of holomorphic blocks.
As already said many times it would be very interesting to make this analogy more precise,
especially because a field theory explanation of some of these results is still missing.

We would also like to stress that there already exist two purely gravitational develop-
ments expected to give rise to the same construction. First, Sen’s entropy function based
on a partially off-shell way of evaluating the supergravity action in the near horizon re-
gion of extremal black holes [8] can in principle be defined for the rotating black holes we
consider here. Previous formulations with rotation [17, 24] indeed show that Sen’s entropy
function gets two distinct contributions from the NP and SP of the sphere. However,
this construction makes use of real fugacities and is not immediately suited to take into
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account the constrained Legendre transform of the asymptotically AdS solutions that in
general requires complex parameters. Second, the evaluation of the Euclidean on-shell ac-
tion at the asymptotic boundary of AdS spaces using holographic renormalization is also
expected to agree with the entropy functional [14]. In particular, it was recently shown [85]
in minimal supergravity that the on-shell action “localizes” on isolated fixed points of the
supersymmetric Killing vector.?? Since the leading number of degrees of freedom of the
black holes is contained within the horizon (known colloquially as the lack of black hole
hair), the asymptotic and the near horizon supergravity actions should agree. We therefore
expect a suitable generalization of Sen’s entropy function with rotation [17, 24] to complex
fugacities to agree with a suitable generalization of the “localization of the action” of [85]
to non-minimal supergravity, the final answer being given here (1.2).

One can also expect that all these results could follow from an equivariant localiza-
tion in supergravity along the lines of [86, 87]. The entropy functional (1.2) is indeed
strongly suggesting an underlying fixed point formula. Our proposal for a six-dimensional
generalization (6.8) is also directly inspired by an equivariant localization computation in
field theory.

There are also many other directions for future investigations.

First of all, it would be interesting to consider examples of black objects whose holo-
graphically dual SCFT has less supersymmetry. In particular, there exist static mAdSy x 56
black holes in mITA supergravity [88, 89] whose effective prepotential reads ([90], (1.2))

A__~£/2 L\ /3yl v 2 y312/3
F(X?) =i 1 P X X2X2)H2 (7.1)

where c is the dyonic gauging parameter. The entropy of these black holes has been derived
recently in [90-92] via evaluating the topologically twisted of the holographically dual field
theory [93]. It would be interesting to find rotating generalization of these black holes and
check if our proposal for the attractor mechanism also works in this case.

Second, we notice that our discussion, while focused on AdS4 black holes, has appli-
cations also to asymptotically flat black holes. In particular, the gluing procedure and the
associated attractor mechanism can be applied also to black holes in Mink,. We provide
an explicit example in appendix B.

We should also note that black holes in gauged supergravity can exist with more exotic
horizon topologies, such as higher genus Riemann surfaces or non-compact hyperbolic space
in four dimensions [94], and a large number of distinct possibilities when going to higher
dimensions. Adding rotation is not possible in every case, but typically the non-compact
horizons do allow for non-vanishing angular momentum. It would be interesting to extend
our findings here to all theses cases as well.

Finally, we can wonder if the gravitational blocks play a bigger role in supergravity.
It is tempting to think that also other supersymmetric observables in gauged supergravity
can be evaluated with the help of the building block B(X (AU ) W(s)), and maybe not just for
asymptotically locally AdS backgrounds as appendix B suggests. Moreover, recalling also

20We can also observe some similarity between the contribution from a single fixed point in [85] and our
building block B(X(Ag),w(g)) for KN-AdS4 in the minimal supergravity limit.
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that in some cases thermal black holes have been found to follow from a one derivative
BPS-like equations [95-97], one might hope to generalize the gravitational blocks to non-
supersymmetric cases.

We hope to report more on all these topics in the future.
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A Aspects of 4D N = 2 supergravity and black hole solutions

A.1 Symplectic vectors and the quartic invariant

An important symmetry of the equations of motion of supergravity is the electromagnetic
duality. As the name suggests, the ny + 1 electric and magnetic gauge field strengths FA
and G5 (A =0,...,ny) can be transformed among each other under the symplectic group
Sp(2(ny + 1), Z), resulting in a rotation of the electromagnetic charges,

I'={p"q}. (A1)

This needs to be done while simultaneously symplectically rotating a number of other
quantities in the theory, such as the gauging parameters

G={g"ga}, (A.2)

and the scalars repackaged in special coordinates called symplectic section,
V=2 (XN RyY (A.3)

The “lower” part of the symplectic section, F, can often be derived from the so-called
prepotential F(X) by a partial derivative with respect to X*. The prepotential is a
homogeneous function of degree 2 of the “upper” section X*. In the above formula, K is
the so-called Kéhler potential that specifies the metric on the scalar manifold. Note that V
is uniquely specified by the physical scalars up to a local U(1) transformation. Conversely,
one may always recover the physical scalars by the choice ' = X¢/X? i =1,... ny.

Inner products of symplectic vectors are denoted by triangle brackets and are naturally
defined to be symplectic invariant, e.g.

(G,T) = gap" — " an. (A4)
The section V is then subject to the following constraint,

WV, V) =1. (A.5)

~ 99 —



This fixes the Kahler potential X and consequently the metric on the scalar manifold from
the choice of prepotential F(X). For a complete set of special geometry identities and
notations see [98].

A typical example for prepotentials and symplectic rotation is given by the so-called
cubic prepotential
Lo XXXk
6 X0

with ¢;;, completely symmetric. Upon symplectic rotation of the vector V), one can trans-

F(xY) = (A.6)

form the cubic prepotential into a square root one,

FXN) = 21\/X0 L xesixe, (A7)

where the precise form of the symplectic transformation and the relation between the con-
stant tensors ¢;j;, and ¢y, as well as between X A and XA can be found in [99]. Additionally,
the scalar manifold resulting from these prepotentials is symmetric provided the tensors
¢, ¢ satisfy an extra identity, see e.g. [17]. In the main body of this paper we are naturally
interested only in string theory embeddings [51] and therefore look at the STU model with
non-vanishing c193 = 1 = ¢123 and permutations, such that the scalar manifold is the space
SU(L1)/U(L)P

The Lagrangian and supersymmetry variations (and consequently the set of solutions)
can be formulated in a manifestly covariant way using the symplectic vectors and their in-
ner products, if one further makes use of the existence of a rank-4 symplectic tensor tMNP@
in the special case of symmetric scalar manifolds [100, 101]. The symplectic tensor ¢ is also
completely symmetric and it is model-dependent, i.e. fixed for a given prepotential F. In
the examples of the cubic and square root prepotentials above, the symplectic tensor t is ex-
plicitly given in terms of the tensors ¢, ¢. Upon contraction of this tensor with four different

234

symplectic vectors, e.g. , one defines the so-called quartic invariant form I, as

Iy(T1, T2, 13, 1%) = MNP} TR TS (A.8)

where the generalized symplectic indices in the above formula run over both upper and
lower A indices in the previous equations. One standardly defines the quartic invariant of
a single symplectic vector I4(T") with a different symmetry factor,
1
L) = tMNPQT ) T NTpTg, (A.9)
It is also convenient to define as a symplectic vector the first derivative of the quartic

invariant,
014(T")
oy '

where Qs is the inverse of the symplectic form Q¥ Higher order derivatives and fur-

ther identities coming from inner products of the quartic invariant with different symplectic
vectors can be found in [102] and [16].
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We note a particularly useful identity following from the properties of the symplectic
section V,

I4(R€V) = I4(III1V) = % . (A.ll)

Finally, let us note that the equations presented in the following two subsections,
governing the rotating black holes with and without a twist, can be equally successfully
applied to the cases of the general prepotentials (A.6)—(A.7). In the main body of this paper
we were driven by holography to choose particular string theory embeddings. However, we
are confident that the gluing prescription of table 1 can be applied to arbitrary symmetric
models in order to determine the corresponding entropy functionals for different black
objects.

A.2 Rotating black holes with a twist

Here we are interested in the class of rotating black holes with a twist found in [17].
In particular, we focus solely on the near horizon geometry. We summarize the main
ingredients and repeat the attractor equations that determines explicitly all the quantities.

Specializing to spherical topology, we can start with the twisting condition that reads

(G,T) = 1, (A.12)

where we already made use of the formalism described above and the symplectic vectors
for gauging GG and electromagnetic charge I'.
The metric in the near horizon region is of the form

2 2u 2, —ou (dr® | 5[ d? ;2 2
dsi=—e (rdt+wp)” +e VAt A(0)sin“(0)deo” ) ), (A.13)

A(8)
where
e = \/I(Ty), vIy=Ho+jGcos(d), v=/(G, Ho). (A.14)
Additionally,
A@O) =1 - L(G)jsin(0),  wy= —%A(@) sin(0)de , (A.15)

such that the symplectic vector Hg, together with the extra parameter j specify completely
the metric. In the above formulae we already assumed a vanishing NUT charge and the
absence of conical singularities near the poles, which further imposes

(Ho, 14(G)) = (G, I,(Ho)) = 0. (A.16)
The symplectic sections at the horizon, after a suitable gauge choice, are given by

e K2y = (X Fp} = — INTo) + iy . (A.17)

1
2/ 14(Zy)
Ultimately, the solution is uniquely fixed in terms of the conserved electromagnetic charges

I' and the angular momentum J from the attractor equations

1 1
I'= ZIAIL (Ho, Ho, G) + 5J2Iz/; (G), (A.18)
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and

J = _% <(L’1(G), I(Ho)) — %1'4(7%0,%0, G, G)<G,Ho>> 7 (A.19)

that can be used to determine the parameter j and the vector Hg. The allowed conserved
charges are however constrained not only by the twisting condition (A.12) but also by the
constraints (A.16) that decrease the parameter space of charges for regular black holes.?!

It is also useful to define the real chemical potential conjugate to the angular momen-
tum J as in [17],

w __J (A.20)

v/ Ti(Ho) — %

Finally, the quantity of main interest here is the Bekenstein-Hawking entropy, reads

A :
Spi = —— = —/T.(Ho) — 2, (A.21)

scy) Gy

which via the attractor equations (A.18) and (A.19) becomes a function of I and J.

A.3 Rotating black holes with no twist

Here instead we focus on the class of black holes without a twist, i.e. the Kerr-Newman-
branch recently found in [21]. Again, we focus purely on the near horizon geometry and
the attractor equations that determine fully the solution.

In contrast to the twisting condition in the previous case, (A.12), in the present case
we have

(G,T) =0. (A.22)

The near horizon metric is given by

dr? =d6? 2A(0
ds?l — (rdt + wo)2 +e2u <e2‘70 < " ) Ro A )

2 + A) sin2(9)d¢>2>. (A.23)

—
—
—

The various metric functions, as well as the scalars, can eventually be determined by a
single symplectic vector C in a more convoluted way as compared to before. We have

e M = /LIL(Ty), €*°Ty=Hy, *7= @ sin?(0) + R2 cos?(6) , (A.24)
together with
Ho = Co + Cy cos(f) + Co cos?(#) + C3 cos>(0) . (A.25)
We further have
1 1 1
Co==C, Ci=2 ((G,C)C+4L’1(C,C,G)) , E=1-L(C)4(G),
B ) - . . (A.26)
¢ = 5z (IGIENG- {IIO.6.0)) . C= G LOT(E).

*!Note that in our last example of KN-AdSs black holes (see section 5), the four-dimensional near horizon
solution does indeed have conical singularities near the poles and does not satisfy (A.16). This is of course
physically acceptable, since the five-dimensional uplift is perfectly regular and the apparent singularity in
four dimensions is resolved in the uplift.
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As before, we can find the symplectic section via the attractor equations

e X2y = (X1 Fr} = — I(To) +iZo . (A.27)

1
2/14(Zy)
The remaining quantities A(f) and wp can also be determined uniquely from the vector C,
see [21]. Without going to further details, we note the constraints

<G,C> =0, <IA/1(G)>L/1(C)> =0,
1 (A.28)
ZR2 =1+ I(G)14(C) + Z14(c,c, G,G),

additionally fixing some of the parameters of the solutions. The electromagnetic charges
and the angular momentum can be obtained via

I = é <C - %L’; (14(C), G, G)> : (A.29)
and?2
7= _21@ (21(C) (C. I4(G)) + (1 + L(C)L4(G)) (G, TL(C))) - (A.30)

We should note that the explicit form of the attractor equations makes it hard to invert
in general the vector C in terms of the conserved charges, but a solution can anyway be
completely written down.

Finally, the Bekenstein-Hawking entropy is given by

A W«M =ERIL(C) - | (G 140, (A31)

scy) =GN

B Rotating black holes in flat space

In a slight digression from the main topic of black holes in AdS, here we discuss the case
of asymptotically flat four-dimensional rotating black holes. More precisely, these are the
so-called underrotating solutions in [103], which consist of extremal non-supersymmetric
black holes in ungauged supergravity. When seen as solutions of gauged supergravity
with vanishing scalar potential, their near horizon geometry however does preserve 2 real
supercharges, see [104], and falls inside the general class of rotating horizons with a twist
discussed above. Here we show that the attractor mechanism following from the gluing of
gravitational blocks holds in full generality for these solutions as well, even if a dual three-
dimensional field theory description is lacking and thus the analogy with holomorphic
blocks is missing.

As discussed at more length in [17], Minkowski asymptotics in gauged supergravity
can be obtained in an arbitrary symmetric cubic model, but here for simplicity we stick to
the choice in the main sections, i.e. the electric STU model
Xtx2xs3

X0

22Here we rescale J by a factor of —2 with respect to [21] in order to keep the same normalization in the

F(xh) = (B.1)

definition of all conserved charges.
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and we have the purely electric gauging with a single non-vanishing entry

G=1{¢"9,9}, =g, ¢ =g=0. (B.2)

We set g = 1 for further simplicity, but note that here g is not related to the asymptotic
length scale (which is of course non-existent in flat space) and therefore one can genuinely
consider it as a free parameter, e.g. coming from a Scherk-Schwarz reduction and further
string theory embeddings [105]. We can keep a general vector of electromagnetic charges

I'= {pA; QA} ) (B'S)

with the twisting condition fixing
P =—1. (B.4)

The full quartic invariant for the electric STU model can again be found in (3.5).

For completeness, since the explicit general formulae use different conventions in the
original references, we give the complete near horizon solution here including the auxiliary
parameters j, Ho described in appendix A.2. We first ensure that the NUT charge is
vanishing, fixing one of the electric charges in the solution, e.g.

3
g0 =2p'p°P* + > aip’. (B.5)
i=1
We then find the solution
12 p'p’p’
’Hozi{l —p'; 4ppp3+2qu 6 +2=5 } (B.6)
=1
leading to
v =41, i=FJ. (B.7)
The Bekenstein-Hawking entropy is given by
Mlnk m p p p 2 = 7T

and the chemical potential conjugate to the angular momentum becomes

=—=. B.9
w=-3 (5.9)
The near horizon values of the sections, evaluated at the North and South poles of the
sphere, can be most concisely written as follows:
X8 — Xip = —2wp®, A=0,...,3,
X% + XRp = 21,
. . 2/ . .
Xip + Xhp = 5 (pz <2p1p2p3 +23 g’ - i@) + 2Q1m‘°’), i=1,23.
vy 4qi
J#i

(B.10)
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B.1 Attractor mechanism

The black hole preserves supersymmetry with a topological twist and therefore we need to
use the A-gluing,

A _ AN A —
X(1) =X —lwp, wa) =W, (B.11)
XA A Wi — —w '
2 =X p, 2) :
The constraint on chemical potentials is given by
0 _
X’ =2. (B.12)
The entropy functional then reads (1.2):
7r .
T (0" X w) = o (Envtink (P, XN w) = 2 qa —20T) +A(° —2),  (B.13)
N
with
2i . o
Entink (P, X* w) = T <x1><2x3 +2 > XNt - Wz( > X'+ 2p1p2p3)> :
1<j<k 1<j<k
(B.14)

where for brevity we already used explicitly the constraint for the chemical potential (B.12)
and the twisting condition p® = —1.

As expected, the proposed attractor mechanism works perfectly. The values of the
sections at the SP (0 = 0) and the NP (6 = 7) are given by

Xé\P,NP:%<>_CA:|:i°_JpA)7 A=0,...,3, (B.15)
where y and @ = —2w are the critical points of the functional Ty (p?, X, w). Moreover,
SE (0’ an, J) = Tninkc (0, X, @) - (B.16)
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