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ABSTRACT: Recent developments have revealed a new phenomenon, i.e. the residues of the
poles of the holographic retarded two point functions of generic operators vanish at certain
complex values of the frequency and momentum. This so-called pole-skipping phenomenon
can be determined holographically by the near horizon dynamics of the bulk equations of
the corresponding fields. In particular, the pole-skipping point in the upper half plane
of complex frequency has been shown to be closed related to many-body chaos, while
those in the lower half plane also places universal and nontrivial constraints on the two
point functions. In this paper, we study the effect of higher curvature corrections, i.e. the
stringy correction and Gauss-Bonnet correction, to the (lower half plane) pole-skipping
phenomenon for generic scalar, vector, and metric perturbations. We find that at the pole-
skipping points, the frequencies w, = —i2mnT are not explicitly influenced by both R? and
R* corrections, while the momenta k,, receive corresponding corrections.
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1 Introduction

In recent years, progress in quantum many-body chaos has attracted much interest. In
particular, developments in the gauge/gravity duality [1] have exhibited close connection
between black hole physics and chaos in quantum many-body systems. Usually, the chaotic
behavior is characterized by the out-of-time correlation functions (OTOCs), from which
two characteristic parameters can be obtained, i.e. the quantum Lyapunov exponent Ar,
and the butterfly velocity vp [2-5]. Within the framework of holography, the OTOC can
be obtained from the shock wave analysis in the dual gravity theory [3]. In particular,
black holes are argued to be the fastest scramblers [6, 7], which saturate an upper bound
on the Lyapunov exponent [8] A\, = 27T

Later, it was argued that besides the OTOCs, which are essentially four point func-
tions, quantum chaos can also be manifested in the retarded two point functions. Numerical
analysis in [9] first indicates that information of chaos previously obtained via holography
from non-linear shock wave geometry can be extracted from hydrodynamic sound modes in
linearized gravitational perturbation equation. More precisely, at certain imaginary values
of frequency w, and momentum k, of the sound pole of the retarded stress-energy two
point function, the residue of the pole also vanishes, i.e., the pole is “skipped”. At the
pole-skipping point, the Lyapunov exponent can be read off from the imaginary frequency
wy = iAr, while the butterfly velocity can be determined from the dispersion relation right
at the point w, = vpk,. In [10], this pole-skipping phenomenon was also explained in
terms of the shift symmetry of an effective hydrodynamic description. The pole-skipping
was also analytically studied in [11] as an universal behavior near the horizon where the
time-time component of the Einstein equation (in ingoing Eddington-Finkelstein coordi-
nates) vanishes such that the dual retarded two point function is not uniquely defined.
The pole-skipping phenomenon has also been checked to hold for SYK system [12] and
2D CFT with large central charge [13]. The stringy correction and Gauss-Bonnet high
curvature correction to pole-skipping were investigated in [14], where imaginary frequency
wy receives no explicit correction! while the butterfly velocity vg does receive corrections,
which was shown to agree with the results obtained using the shock wave solution as in [4].
Pole-skipping for CF'T in hyperbolic space dual to AdS-Rindler geometry is also discussed
in [15, 16].

Recently, the near horizon analysis was generalized in [17] to equations of bulk fields
dual to spin-0, spin-1 and spin-2 operators, and pole-skipping is found to exist in retarded
two point functions of these operators. However, these pole-skipping points appear in the
lower half plane of the complex frequency, in contrast to the aforementioned pole-skipping
point of chaos located in the upper half plane at w = +4i27xT. This indicates that pole-
skipping may not always be directly related to quantum chaos, but could be a consequence
of a more general feature of near horizon bulk equations. Relevant discussions can also be
found in [18-20].

In particular, the frequency is still given by w. = i2xT, although T implicitly involves stringy or
Gauss-Bonnet correction.



In this paper, we continue to study pole-skipping along the line of [17] by involving
the stringy correction and Gauss-Bonnet correction. It turns out that the dependence of
the frequencies at the pole-skipping points remain the same as in the uncorrected case,
while the momenta receives corrections. This pattern agrees with that found in [14] for
pole-skipping in the upper plane. Moreover, the upper half plane pole-skipping point can
also be recovered and is shown to agree with the results obtained in [14].

This paper is organized as follows. Section 2 reviews the key ideas relevant to pole-
skipping in the uncorrected background. In section 3, we discuss pole-skipping in the
presence of the stringy correction and obtain the corresponding imaginary values of w and k
for typical scalar operator, current operator, and stress-energy tensor, respectively. Similar
analysis involving the Gauss-Bonnet term will be presented in section 4. We conclude with
a summary and discussion in the final section.

2 Review of key ideas

To elucidate the key ideas of [17] as well as [11] that are relevant to our discussion of
pole-skipping, we will first consider a minimally coupled scalar field ¢ in the uncorrected
background, i.e. AdS5 black brane,?

ds® = —r? f(r)dv® + 2dvdr + r*(dz”® + dy* + dz*), (2.1)

where f(r) = 1 — rg/r* with the horizon location 7. Note the metric has already been
written in ingoing Eddington-Finkelstein coordinates. The scalar field obeys the equation
of motion®(EOM)

0u(v/=gd"p) — /=gm*p = 0. (2:2)
Assuming that the perturbation depends only on x, in addition to time and the radial
direction, using the Fourier transform (v, r, ) — e~ 4 (1) the EOM becomes

r5f(r)¢>”(7“) + [r5f’(r) + 57‘4f(7“) — 2ir3w] &' (r) + (—k2r —m?r3 — 3ir2w) o(r) =0, (2.3)

where a prime indicates taking derivative with respect to r.

The holographical dual of the bulk scalar field is a scalar operator of dimension A
determined by the mass of the bulk field via A(A —4) = m?. The retarded two point
function of the scalar operator (in Fourier space) is given as [21, 22]

B(w, k)
GE(w, k) ~ =2 2.4
(W)~ T, (2.4)
where A and B are coefficients in the asymptotic expansion of the scalar field near the
boundary
¢ — Ar®4 4 BrA. (2.5)

2In this paper, the AdS radius is always set to unity for convenience.

30One may well consider the equivalent form V,V*¢ — m?p = 0. Note in that case, the near horizon
expansion of the perturbation equation would in general be different at each order due to the extra /—g
factor. Of course, the physics will remain the same. Here we simply follow the convention used in [17] for
the sake of comparison.



Moreover, the field obeys the ingoing wave condition at the horizon. Then the poles of
G ie. A(w,k) = 0, just defines the quasi-normal mode spectrum [21, 23] for the scalar
field perturbation.

As argued in [17], there exists certain values (wp,ky), referred to as pole-skipping
points, at which both A and B vanish, such that the retarded two point function is not
well defined. As first indicated in [11] and further explored in [17], the pole-skipping points
manifest themselves in the dual gravity theory as some special locations in w and k for
the bulk EOM. This can be understood as follows. Since we are in ingoing Eddington-
Finkelstein coordinates where the metric functions are regular near the horizon rg, we can
insert the near horizon expansion of the scalar field

$(r) =Y du1(r —ro)""" (2.6)
n=1
into EOM (2.3), and then expand the EOM near the horizon ry. Then a (infinite) series
of perturbed EOM in the order of (r — ry) can be obtained as

Ol(r—r0)": 0= Coogo + Co1¢1,
Ol(r—r9)']: 0= Ciopo + Cr1¢1 + Cra¢s,

Ol(r—r0)"]: 0=Cr10d0+Crn11I1++Cnin1In1+Cntn on,
(2.7)

where the coefficients C; are functions of w and k. For generic w and k, one can solve for
¢1 in terms of ¢g from the O[(r —r()"] equation in (2.7), and iteratively obtain other ¢; in
terms of ¢¢ order by order. Then the ingoing solution is uniquely determined (up to the
normalization associated with ¢g), and the retarded two point function (2.4) is well defined.
However, when Cp; = 0, which gives w = w1 = —i27T, ¢ cannot be determined
by ¢o. Moreover, when Cyy is also vanishing, leading to certain value k = ki, ¢g is
also unconstrained. This gives the first pole-skipping points (wi, k). Now the two free
parameters ¢g and ¢; imply that the ingoing solution is not uniquely defined, leading to
the pole-skipping phenomenon in the two point function in the dual field theory.
Similarly, other pole-skipping points with higher frequencies can be obtained. Indeed,
in the O[(r — r9)" 1] equation of (2.7), the vanishing of the coefficient C,,_1 ,, gives w =
wy, = —i2nTn, and thus implies that ¢, is unconstrained. Moreover, with C,,_1, = 0
and generic values for k, the first n equations as a set of algebraic equations for the
first n variables (oo, ..., ¢n—1) imply that all of these variables should vanish, unless the
momentum k takes some special values k,, arising from the vanishing of the determinant
of the coefficient matrix
Coo Co1 0 ...
M, = Cho C11 C1a 0 .. . (2.8)

Crn-10Cn-11Cpn12Cp_13 ... Chm1 n—1



Note, in particular, M7 = Cyg. In sum, the two conditions,
Cn—l n = 0, det Mn = 0, (2.9)

together determine the locations of the pole-skipping points (wp, k). Note that the alge-
braic equation det M,, = 0 in general produces n complex values for k,,.

In the following, we will investigate the effect of the stringy correction and Gauss-
Bonnet correction to the pole-skipping phenomenon by performing the near horizon analysis
as above. In particular, we will work out similar equations as (2.7) for various types of
bulk fields, from which the pole-skipping points of the corresponding retarded two point
functions are determined by the two conditions in (2.9).

3 The stringy correction to pole-skipping

3.1 Setup

The finite 't Hooft coupling correction in the SU(N.) N' = 4 supersymmetric Yang-Mills
theory (SYM) in the large N, limit is holographically dual to the stringy o’ correction in
supergravity. More precisely, the leading finite A correction comes at O(A‘g/ 2), correspond-
ing to the o/® correction to Einstein gravity. The usual starting point for discussing the
stringy correction (e.g. in [24, 25]) is the 10D type IIB low-energy effective action [26—29]
S S T \/T[R(lo)_l o 1 p2 g e tepa0)
10 5 x g (8@) (F5) + + e w + ..., (3.1)
2k3, 2 4-5!

where k3, is essentially the 10D gravitational constant, RU9 is the 10D Ricci scalar,
v = a3((3)/8 ~ A7%/2 is the parameter for the leading order o' correction, W0 is a
fourth order high curvature term, which can be expressed in terms of the Weyl tensor
Clvap as

W(lO) _ C,ul/pacrm/pﬁc 'yéacﬁ

et (3.2)

1
+ §C“U”P0agypcﬂaci s

Since the dilaton ® decouples from the gravitational perturbation equation to leading order
in the o/ correction, it can be simply neglected in the following. As argued in [30], the
RR 5-form F5 and other fields are also irrelevant for our purpose. We will follow [31] (see
also [14]) and only consider the dimensionally reduced 5D action with a correction term

S = 211% d°ry/—g(R+ 12 + W), (3.3)
where k5 gives the effective 5D gravitational constant, W is just given by (3.2) with the 10D
Weyl tensors replaced by the 5D ones. To our purpose in this paper, we will focus on the
5D action (3.3) and study the effect of the leading order 7 correction on the pole-skipping
phenomenon.

The background solution is the y-corrected black brane [24, 25]

2

d
ds* = r? [ f(r) Zydt® + dz® + dy* + dz?] + Zr%,



where f(r) =1 —rg/rt, and

7,4 TS ,r.12
Zy=1-15y (52 +52 — 30 3.5
t i < T4 + T8 7“12 ) ( )
4 8 12
_ To To To

The Hawking temperature receives the leading order correction
T =To(1 + 157), (3.7)

with Ty = ro/m being the uncorrected temperature. To facilitate our near horizon analysis,
we change to ingoing Eddington-Finkelstein coordinates

dr Zy

v=1t+"r,, dT*:W Z (3.8)
Then, the metric takes the form
ds®> = r? [—f(r)Zvvdv2 + dz? + dy? + sz] + 27, dudr, (3.9)
where Z,, = Z;, and
Zow =\ 212 =1 — 1207:}%2, (3.10)

up to O(+?) terms which are dropped.

3.2 Scalar field

Let us begin by considering pole-skipping in the case of a generic scalar operator. In the
N =4 SYM theory with leading finite 't Hooft coupling correction at O(A~3/2), a scalar
operator is dual to a bulk scalar field in the above background (3.9). As shown in [17],
the retarded two point function exhibits pole-skipping at frequencies w,, = —i2nT'n with
n = 1,2,3,..., and corresponding complex momenta k,. Here we further explore this
phenomenon by performing the near horizon analysis of the scalar EOM in the presence of
the stringy correction.

Compared to the uncorrected case, the EOM in the background (3.9) receives a -
dependent source term, and equation (2.3) receives a y-dependent source term as

P f(r)e”" (r) + [7“5f'(7“) +5rtf(r) — 2ir3w] &' (r) + (—er —m?r3 — 3i7“2w) o(r) = 751,
(3.11)
where the source S is given in appendix A. Inserting the near horizon expansion (2.6), the
above EOM (3.11) leads to a series of equations of the form (2.7). The first few coefficients
C,j are listed in appendix A. In particular, the coefficients in the leading O[(r — 70)"]
equation become

Coo = —k* — 1o (m?rg + 3iw) + 7120 (k* + m*rg) , (3.12)
Cor = (ro*fo — 2irfw) + 715155, (3.13)

where f) denotes f(ro).



The two conditions (2.9), i.e. Cop = 0 and Cp; = 0 in the present case, can be used
to find the correction to the first pole-skipping point. Inserting the temperature (3.7), one
can easily see that the coefficient of ¢; vanishes at the frequency

wy = —2xTi. (3.14)

It should be emphasized that T is the y-corrected temperature in (3.7). At the same time,
the coefficient of ¢g vanishes at

k2 = —(m? 4+ 6)rg — 48101 = —(m? + 6)7*T? + v(30m? — 630)7>T?, (3.15)
which can be written in terms of field theory quantities as
k2 = —[A(A —4) + 6]7°T? + v[30A(A — 4) — 630]7*T?. (3.16)

Keeping in mind that v is perturbative, one can see that k; takes the imaginary value

k1 = i[ro(m?+46)/2 +~4405r¢(m? +6)~1/2]. These values are shifted compared to the result

in equation (2.16) of [17], due to the stringy correction. Moreover, analysis of O[(r—rg)"!]

equation indicates Cp—1 5 x [27T'n — iw], the same as the uncorrected result, while the
momenta k, receive explicit v corrections. For example, ko and ks are given from

0 =13 [k3 + 2k3(m* + 12)r8 + (m* + 16m> + 96)r¢]
—120 [2kyrg + k3 (4m® — 3) rg + 2 (m* — 5m® — 444) r§] (3.17)
0= —rf [KS + 3k5(m? + 8)rd + k3 (3m* + 40m? + 96)rg + m?(m* + 16m? + 96)rf)
+3607r] [KS + k3(3m? — 65)r§ + 3k3(m" — 45m? — 664)r)
+(m® — 70m* — 1416m* — 6912)r(] . (3.18)

In particular, a compact expression, perturbative in +, for k3 can be solved as

15v/2r% (156 — 3m® F 34v/2v/m? + 6)

k3 = —(124+m? £2V2v/m2 +6)r2 £~ —
m

. (3.19)

where the first term recovers the result of [17] in the absence of the stringy correction, and
the second term is the y-correction to k3. The analytic expression for k3 is too lengthy to
be listed here, and higher k2 in general must be solved numerically. Thus, in the following,
except for the case of vector perturbations with stringy corrections (3.29), only compact
expressions for k? and k3 will be presented.

In sum, the near horizon analysis reveals the pole-skipping points at w,, = —27mnT¢ and
the corresponding complex k,,, for generic scalar operators. Compared with the uncorrected
result in [17], although the temperature dependence of the frequencies remains the same,
the relations between w, and k, receive O(y) corrections. This is similar to the result
in [14] for the pole-skipping point in the upper half plane of complex frequency. There, the
modification to k. leads to y-corrected butterfly velocity vg. Note that in our case here,
wp/kn at the pole-skipping point is in general not directly related to vp.



3.3 Vector field

Consider a U(1) current operator J#, dual to a Maxwell vector field A, in the back-
ground (3.9), described by the EOM

0u(V—gZ(®)F") =0, (3.20)

where ® controls the effective coupling of the gauge field.* In the spirit of [23, 32], the
vector perturbations can be classified according to the O(2) symmetry in the plane normal
to the direction of the momentum, chosen to be the x direction here. The perturbations
A, and A, as O(2) vectors are in the transverse channel, whereas A,, A, and A, as O(2)
scalars are in the longitudinal (or, diffusive) channel. EOMs of perturbations in different
channels decouple. Since EOMs in the transverse channel are two decoupled equations
similar to that of the above minimally coupled scalar field, the analysis and results in this
channel are similar to the above results. So we will not discuss this channel in detail, and
only focus on the longitudinal channel, where there is a hydrodynamic diffusion mode. We
will also use the radial gauge A, = 0.

In the longitudinal channel, the perturbations are coupled to each other. However, A,
and A, can form a gauge invariant variable, i.e. the electric field F, defined by

E =wA; +kA,. (3.21)
Then the three equations for A, and A, can be combined into a single equation for F,
E' + AEE/ + BpE =0, (322)

where the coefficients Ag and Bg are given in appendix B. Note that the two coefficients
depend on v, and will be expanded to O(y) in the following calculation.
To perform the near horizon analysis, one can insert the expansion

E=) Ena(r—ro)"" (3.23)
n=1

into (3.22) and expand it near the horizon. Analyzing each order in (7 —rp), one can obtain
a set of equations of the same form as (2.7). In particular, applying the conditions (2.9),
the leading order equation gives the first pole-skipping points at

wy = —i2nT, (3.24)
!/

Z Z z}
k2 =22 (1471022 ) (1 +1357) =272 | (1 4+ 7T22 ) + (105 + 907722 ) | . (3.25)
Z Zo Z

Again, the stringy effect only produces a v-correction to T, but the T-dependence of
w1 is not modified. However, ki receives an explicit y-correction. To focus on the effect of
the stringy correction, we take Z = 1 for simplicity. Then

k2 = 2r2(1 4 1357), (3.26)

4Following [17], the effective Maxwell coupling Z(®) is introduced to make the discussion as general as
possible. But for convenience, we will assume ® = ®(r) and thus Z is essentially only a function of .



and the momenta corresponding to ws and w3 are determined from
0 = kj + 8k3r§ — 32r( — 760 (5k5 — 26k375 + 560r() ,
0 = kS + 42k372 4+ 300k3r5 — 180075,
—~90 (5k§ + 19k3rg — 4904k3r] + 90492r) . (3.27)
The expressions for k3 can be solved as
k2 =4 (1 + \/5) r2 — ~60 (33 + 41\/5) r2. (3.28)
In this case, the three solutions for k:% also take compact forms
k3 = —30r( + 2244613,

257/6 + 1761) ,
VEF1 v

It is easy to see from (3.26) that k? is positive, or, kj is real, in contrast to the

k3 = —2(3+2V6)rg — 730( (3.29)

case of scalar operator (3.15) where ki is imaginary. Moreover, the O(7°) solutions k3 =
—4(1 —+/3)r¢ and k% = —2(3 — 2V/6)r3 are positive, corresponding to real kg and k3. Since
the y-corrections are perturbations, which should not change the sign of the leading order
k2, these solutions for ko and k3 are real in the presence of the stringy correction. In
general, it is expected that k, has n values, of which at least one is real.

The real values of k,, are related to the diffusion mode in this channel. It is well-
known that [23, 32] in the hydrodynamic limit w < T and k < T, the diffusion mode has
a pole in the retarded two point function, w = —iDgk? with Dy the R-charge diffusion
constant, which receives the string correction, cf. [33]. As argued in [9, 11, 17], the pole-
skipping phenomenon places nontrivial constraints on the dispersion relation w(k) at |w| ~
T, beyond the hydrodynamic region. In other words, the dispersion relation w(k) of the
hydrodynamic diffusion mode approaches (w, k) = (0,0) in the form of the diffusion pole,
and passes through the pole-skipping points (wy, k) for k large relative to 7T

By comparing the magnitude of the numerical coefficient of the O() correction rela-
tive to that of the leading O(7") term in the expressions for k%, k3 and k3 in (3.26), (3.28)
and (3.29), one can see that the ratio becomes larger for higher k2. Indeed, for k2,
the ratio is 135 in (3.26). For k3, the largest ratio in the two solutions in (3.28) is
60(33 — 411/3)|/|4(1 — v/3)| ~ 779. For k2, the largest ratio in the three solutions in (3.29)
is approximately 3132. Recall that these results are all obtained with v treated as a per-
turbative parameter. So, for the O(~) terms to be legitimate perturbations, v should be
constrained by an upper bound v; = 1/135 for kq, 72 = 1/779 for ko, and 3 = 1/3132,
with tighter bounds for higher k, being expected.” In other words, higher k2 becomes
more sensitive to y-corrections.® Similar issue was also discussed in the study of the finite

This is also important for numerical studies. For example, if one takes v = 0.001, one would only find
real solution for ki, but not for k2 and ks, because this v is smaller than v; for k%, but larger than the
bounds 72 and 73, for k2 and k3.

5Note that this sensitivity to -y is essentially also present in all other cases, including scalar field pertur-
bation and metric perturbations. See, e.g., (3.34) and (3.35). So, the discussion for the typical results here
will not be repeated in other sections.



coupling corrections to quasinormal modes [34, 35], where the upper bound on ~ for the
quasinormal modes is significantly increased by an effective resummation of a subset of
higher order corrections arising solely from the first order O(7) correction. We will not
pursue a possible resummation scheme here, but leave it for future work.

3.4 Metric perturbation

In order to study pole-skipping of the retarded two point function of energy momentum
tensor, we consider metric perturbations to the background (3.9), g, + hy,. We focus on
the Fourier transform hy,, (v, r,z) — e~ “vtkep . (r). For simplicity, we assume the radial
gauge h,, = 0. Then the perturbations can be classified by the O(2) symmetry along the
yz plane into three decoupled channels:

e O(2) tensor, scalar channel: h,;
e O(2) vector, shear channel: h,, and hgq, o =y, 2;
e O(2) scalar, sound channel: hyy, hyg, haw, haa = hyy + bz

In Einstein gravity, the gauge invariant variable hy = hy, /r% in the scalar channel obeys
the same equation as a minimally coupled massless scalar field in the same background
geometry. In the presence of higher curvature corrections, the EOM of hj is not exactly
the same as that of the scalar field. However, the qualitative features of the pole-skipping
results are not significantly different from that of the scalar field. Moreover, there is no
hydrodynamic mode in this channel [23, 36]. Therefore, in this paper, we will not present
the detailed results in this channel, and only focus on the shear and sound channels where
there are interesting hydrodynamic modes.

3.4.1 Shear channel

In the shear channel, we consider the metric perturbations with only h,, and h,, non-
vanishing. To obtain the linearized equations in the presence of the stringy correction,
following [33, 37], it is more convenient to insert the metric ansatz into the action (3.3),
which is then expanded to quadratic order in A, to give an effective action for the pertur-
bations, from which the linearized equations for A, follow.” The two perturbations can
be combined into one gauge invariant variable, also referred to as “master field”,

1
71 = ﬁ(whmy + khyy), (3.30)
which obeys a single second order differential equation

Zi/—i-AZi + BZ; :")/(M()Zl +MlZ{), (331)

TOf course, in general one should only insert the metric ansatz into the equation of motion, not the
action. Here this is justified by the particular symmetries in the problem. Besides, the gauge condition
hru = 0 should also only be imposed on the level of the equation of motion. We must keep h,, # 0 in the
action in order to obtain the complete equations.



where the coefficients A, B, My and M; are given in appendix C.2. Its derivation is rather
tedious, and a schematic strategy of derivation is given in appendix C.1.
The near horizon analysis by inserting

Zl = Z Zln,l(r - To)n_l (332)
n=1

into (3.31) and expanding in (r —7g) leads to a series of equations of the same form as (2.7),
with ¢; replaced by Zj;. The conditions (2.9) give again w,, = —i27Tn with k, receiving
explicit y-corrections. The first three k2 are determined by

48k}

0-k%—&%+7<— - +4m€+5&%@),
0

k‘G
0= k%——QGré—%q/<——9i22——1826k§—%19200k§r§%—844416r§>,
0

0 = kS + 30k3r2 — 180k3ry — 482475

r2

48k
-+3q/<- 3 —»3473k§-—57160k§r34—1662060k§r§4—61050672r8>. (3.33)
0

Compact expressions for k% and k3 are

k? = 612 — 442212, (3.34)
k2 = 44612 — v4r2(1248 + 3485V/6). (3.35)

As in the longitudinal channel of vector perturbations, here the real solutions for k,
correspond to nontrivial constraints of pole-skipping on the momentum diffusion mode
beyond the hydrodynamic range. Unlike the case of vector perturbations, however, here
the 7-corrections can cause the originally positive O(7°) solutions k? = 6r3 and k3 =
4\/67“8 to become negative, unless the parameter v < 6/4422 ~ 0.0014 for real ki, and
v < V6/(1248 + 34851/6) ~ 0.00025 for real ko. However, these are also the conditions
for the O(7) terms to be legitimate perturbations. Therefore, as long as 7 is treated as
a perturbative parameter, k, always have real solutions which recover the hydrodynamic
dispersion relation at small k.

3.4.2 Sound channel

In the sound channel, following [33, 37] again, the relevant perturbations can also be
combined into one single master field

1
Zy = =5 [2k%hoy + 4kwhyg + 2w By — (W — E*012)haa) | (3.36)
T
where . . . ;
T r r T
au—1+r2+w7£<5—4%g+25%). (3.37)

The equation for Z3 also takes the same form (3.31), with the coefficients given in ap-
pendix C.3.
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The near horizon analysis again leads to a series of equations. Again, we have w, =
—i27Tn, and k, receive y-corrections. In particular, the first three k2 are determined by
equations arising from det M,, =0

16k% +93kSr2 +1472krd +21412k3r§ +704167§
g (kf+6r¢) ’
A8KS +1623kSr3 +8060ksra+370272k3r5 41013299278
! r2 (k2+24r2) !

0=k} —4k3rd +36ks—3y

0= ky—8k3rg +96r3—2

0=kS+18kir2 — 148k3ra 4482475
144k3° +16293k5r2 +552046k574 +6126820k575 +237060648k375 +989020886473°

r3(k3+54r2)
(3.38)
Compact expressions for k% and k3 can be solved as
k2 = 2(1 £ 2ivV2)r2 + v6(301 F 382iv2)r2, (3.39)
k3 = 4(1 +£iV5)r2 — v4(73 & 4273iV/5)r2. (3.40)

The sound channel includes the metric perturbation h,,, which is dual to energy T
in the field theory. In contrast to the above pole-skipping points at the lower half plane
of complex w, the energy retarded two point function exhibits pole-skipping at the upper
half plane w, = +i27T, as was originally studied in [9-11]. In the current setup, the upper
half plane pole skipping point can also be identified by analyzing the equation for Z5 in
the sound channel, which is of the same form as (3.31), as will be discussed in section 5
and appendix G.1.

4 The Gauss-Bonnet correction to pole-skipping

4.1 Setup

In the above section, we studied the stringy correction which is essentially a fourth order
curvature correction ~ R*. In particular, the vIW term arises as a top-down correction
from a specific string theory (type IIB) to the supergravity action [26-29]. This form of
correction is just one of a very few known corrections from specific string theories.

Without being restricted to specific known string theory corrections, one may take a
pragmatic way to consider generic corrections, usually starting from quadratic curvature
corrections

S = 21’% / d’x\/—g [R + 124 (a1 R* + as R, R + agRngR“”p")] ) (4.1)
The first two terms of couplings o1 and ao can be eliminated by a field redefinition of the
metric [38-40], leaving only the ag term. The higher curvature terms in general produce
higher than second order derivatives in the EOM, and therefore the theory suffers from
Ostrogradsky instability and other pathologies [41-44]. Thus, as the above stringy cor-
rection parameterized by 7y, these corrections should only be regarded as perturbations,
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i.e. |o;| < 1. However, for specific combinations of the coefficients, one may obtain the
Gauss-Bonnet term (or, the Lovelock term [45] for general higher curvature terms),

1 A
S=57 / Pry—g [R +12+ %(32 — 4Ry R™ + Ryype RMP7)| (4.2)
ks

which still leads to second order EOM. Thereby, the theory is expected to circumvent the
above difficulties plaguing generic higher curvature theories, and the coupling Agg can be
regarded as non-perturbative.®

However, the range of A\gp is limited to

~ 36 <Acs < 100° (4.3)
due to causality violation and other issues in the dual boundary theory [39, 47, 48].7
Moreover, it was later argued in [51] that even for the bulk theory itself, there are bulk
causality violation in generic higher curvature gravity, including the Gauss-Bonnet gravity
and Lovelock gravity, unless an infinite set of higher spin fields are added.'® Then the low
energy effective theory obtained by integrating out these higher spin fields would modify the
action like (4.2) with additional higher derivative terms, eventually making the EOM higher
than second order, and bringing back the difficulties like Ostrogradsky instability. See [54]
for more detailed discussions. Besides, there are other instability problems for the Gauss-
Bonnet theory, such as the so-called eikonal instability (see [55] and the references therein).

Despite the above issues, many features of the Gauss-Bonnet theory are well-behaved
for non-perturbative Agp (at least classically). In particular, exact solutions [56, 57] to
the second order EOM, and the exact form of the Gibbons-Hawking boundary term [58]
are known. Therefore, we still formally treat A\gp as a non-perturbative parameter in our
discussion. Generically, A\gp can be regarded as a function of both A and N.. In particular,
as a perturbative parameter, it can be interpreted as Agp ~ 1/N, for A > Nc3 /2 > 1 as
in the theory of [38]. More detailed discussions about the holographic dictionary relating
AGB to field theory parameters can be found in [40, 50] as well as [14, 54].

The background solution relevant here is the Gauss-Bonnet black brane [57]

1
f(r)

where the constant Ngp is related to the Gauss-Bonnet coupling Agp as

ds? = —NéBf(r)dt2 + dr® + r2(dz® 4 dy? + d2?), (4.4)

1
Nép = 51+ V1—4Acp), (4.5)

and

fr) = - (1 - \/1 — a1 — 7“3)) . (4.6)
2)\cB rd

8For example, the KSS bound [46] on the shear viscosity to entropy density ratio on CFTs dual to 5D

Gauss-Bonnet gravity was obtained for non-perturbative Agp as /s = (1/47)(1 — 4\gB) [39].
9This constraint on Agp is generalized to general D dimensions with D > 5 in [49, 50].
YHowever, see [52, 53] for different opinions.

~12 -



In general, for A\gp < 1/4, NéB > 1/2.11 If, as mentioned above, causality violation is
taken into account, then (4.3) implies

T = Ngg2. (4.8)
7

To perform the near horizon analysis, we change to ingoing Eddington-Finkelstein coordi-

nates d

.
v==t+ry, dry=—-—-—, 4.9
Negf(r) (4.9)
where the metric that we will use takes the form

ds® = —NZg f(r)dv? + 2Ngpdvdr + r*(de® + dy* + dz?). (4.10)

4.2 Scalar field

Consider a scalar field with mass m determined by the EOM (2.2) in the background (4.4).
The scalar field EOM becomes

— Ngpr2fo" + ¢’ (—NGBrzf' —3Ngprf + 2ir2w) +¢ (k:2NGB +m2Napr? + 3irw) =0.

(4.11)

Again, inserting the near horizon expansion of ¢ in (2.6) into (4.11) and performing the near

horizon expansion lead to (2.7), where the first few coefficients C;; are listed in appendix D

for comparison. We find the similar pattern on the pole-skipping points, i.e., the frequencies

wy, = —i27Tn exhibit no explicit Ngp-dependence, while the momenta k,, receive Ngp-

corrections. For example, the first pole-skipping point is

(m2 + 6)

2
NGB

wy = —i27T, ki=—(m*+6)rf=— T2, (4.12)

The dependence of k2 on 7q is the same as that in the uncorrected case [17], whereas the
dependence on Ngp arises from the relation between rg and 7" in (4.8).
Momenta corresponding to we and ws are given by
0 = k3 + 2k3r3 [m? + 4 (4N&g — 4N&g +3)]
+rd [m4 +16m? (2Ndp — 2N25 +1) +96 (1 — 2N(2;B)2] :
0=8rg [k3 + (m? + 18) 3] [k5 + 3rdm? + 6r] (—64NEp + 128N&g — 64N&p + 7)]
—192 (m? + 6) 1§ — [k3 + 73 (m® + 96N&g — 96NGg + 30)] {[%3 + (m? + 18) 7¢]
(k3 + g (m® + 32Nip — 32Ngp + 34)] — 8 [k3 + 3 (m* +12) r5] }, (4.13)

"Note that at Ags = 1/4, N&g = 1/2, the shear viscosity vanishes, and the theory exhibits unusual
properties in many aspects, such as quasinormal modes and thermodynamics, see [54, 59, 60] for detailed dis-
cussions. Since this value lies far outside of the causality range (4.3), we will not consider it in the following.
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from which k3 can be solved as

k= — [m2 +2 (fz\/nﬂ + 32N — 64NSp + 32N&y + 6 + 8N4 — 8Nég + 6” g,
(4.14)
and k3 can also be easily solved, but the expressions are cumbersome and not illuminating,
so will not be presented.

4.3 Vector field

In the Gauss-Bonnet background, the gauge invariant variable E defined in (3.21) in the
shear channel obeys an equation of the same form as (3.20),

E" + AEQE/ + BpoFEF =0, (415)

with the coefficients given in appendix E.
The leading order near horizon analysis gives the first pole-skipping points

Z 2m2T? Z
— —orTi. k2=2r2(1 Z0) = 1+7720 4.16
wq nTi, ki ro( —i-roZO N2 +7 Z0 ) (4.16)
where T' is given by (4.8) with higher curvature correction. Similar to the scalar case,
we find the same dependence of kf on ry as that in the uncorrected case [17], with the
Ngp-dependence entering through the relation between ry and 7' in (4.8).
The momenta corresponding to we and ws are

1615 Z§
Z

0= —ki —8k2 (1 —2NZ5) 12 +32 (1 — 2NZp) i +

+47’8 (k3 +4 (8N4g — 8NEp + 1) 3] Zy — 16rgZ(')" (4.17)
Zo
6 4 4 2 2 2 4 2 2 6 Z(/)2
0 = k§ + 2k3 (64NGp — 64NGp + 21) g — [17ks + 18 (64NGp — 64NGg + 7) 75 47«073
576 0 Zo %0 12k2 (512N&, — 1024N8 1 + 736 N&, — 224NZn, + 25) ri
+o767 72 + 3( GB GB T GB &p +25) 15
0

1

+64r0 [k3 + 9 (8N¢p — 8Nép + 1) rg] % — 61 [k3 + 4k3 (32NGp — 32N&g + 7) 19
0

"’

z Z,
+12 (512N&p — 1024N&p + 672N&g — 160NGg + 11) 7] ?0 — 1927“82—0
0 0
8 6 4 2 6 3601075
—72 (512N&g — 1024Np + T36NEp — 224N8g + 25) 1 — s (4.18)
0

Again, with Z set to unity, in addition to k& = 273, a compact expression can be obtained
for the two solutions for k3

K = —4rd (1 - 2N3p)" & 43 /(1 — 2N3)2(3 — AN, + ANGy). (4.19)

It is easy to see that k% is always positive, and the upper (+) solution for k:% is positive
except for NéB = 1/2 where k3 vanishes. Moreover, although the expressions for the k:g
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solutions are too lengthy to be listed here, simple numerical analysis of equation (4.18)
(with Z = 1) indicates that k3 always has a positive solution. So there are real solutions
for ki1, ko and k3, which correspond to the nontrivial constraints imposed by pole-skipping
on the hydrodynamic mode.

4.4 Metric perturbation

Unlike the theory with stringy correction (3.3), the EOM of Gauss-Bonnet gravity is still
of second order. One can simply insert g,, + h,, into the EOM to obtain the linearized
EOM for hy, on the black brane background (4.10).

As mentioned in section 3.4, The linearized equations decouple according to the sym-
metry in the plane normal to the direction of propagation, which is taken to be the z-
direction. Again, we study the perturbations in the shear and sound channels by inserting
corresponding Fourier transform hy, (v,7,7) — e~ “*+kep (1) into the linearized EOM,
assuming the radial gauge h;, = 0.

4.4.1 Shear channel

In the shear channel, the relevant perturbations are h,, and h,, and the rest are decoupled
from them. Following [23], the gauge invariant master field can be introduced

1
Z3 = ﬁ(whmy + khyy), (4.20)
which obeys a single second order differential equation
Zé’ + Agzé + B3Z3 =0, (4.21)

where A3 and Bj are given in appendix F.1.
The near horizon analysis leads to pole-skipping points w, = —i2xTn and correspond-
ing k,. The momenta corresponding to the first three w,, are given from

+36k7 (1472N8p — 2944NEp, + 17T44NE — 272N25 — 5) (1 — 2NEg)  rd

+72 (23040NE5 — 69120NE, + T7760NGp — 40320N8 5 + 8952N¢ s

—312N¢g — 67) 7§, (4.22)
from which compact expressions can be obtained for k? and k3 as
2r3 (3+ 8N&p — 8N¢g)

2
(1 —2Ngg)
L 48 (16N&g — 16NE, + V2, /328, — 6ANE, +20Ngy + 12N, +3)
k2 — P)
(1 —2Ngg)

k2 = , (4.23)

(4.24)
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To ensure the existence of a real solution for ki, one must have 3 + SNéB — SNéB > 0,
which implies Ngg < (2 + v/10)/4 ~ 1.2906. Compared with the range arising from
the argument of causality violation, one can see that (4.7) ensures that k; has a real
solution, corresponding to the hydrodynamic diffusion mode. An easy analytic analysis
of (4.24) indicates that the upper (+) branch of the k3 solutions can give real ko for
Ny < (2++6)/4 ~ 1.1124. So this can be regarded as an upper bound which is tighter
than the causality upper bound in (4.7), if the existence of real solutions for k9 is required
a priori. Furthermore, numerical analysis of the equation for ks in (4.22) suggests that
ks can be real for NéB < 1.0632, which is an even tighter upper bound. Based on these
observations, one can expect that, in general, requiring the existence of real solutions for
k, imposes a n-dependent upper bound on NéB, and that this bound becomes tighter for
larger n. Moreover, k, approaches zero for NéB approaching its upper bound for n, such
that at this particular pole-skipping point, |w,| ~ T, but |k,| < T. This is in contrast
to the generic pole-skipping phenomenon without higher curvature corrections, where both
lwn| ~ T and |k,| ~ T [9, 11, 17]. In addition, it would be interesting to further explore
the physical implication when k, has no real solutions but Ngp is still within the range
in (4.7).

4.4.2 Sound channel

In the sound channel, the gauge invariant variable constructed using the relevant pertur-
bations is given by

1 NEnf’ haa
Zy = — |k?hyy + w?hay + 2wkhys + NepS'pa o) haal (4.25)
r2 2r 2

The equation for Z4 is again of the form
ZZ + A4ZZ/1 + ByZ4 =0, (4.26)

where A4 and B, are given in appendix F.2.
The near horizon analysis in this case again gives the pole-skipping frequencies w,, =
—i2mnT. The momenta corresponding to the first three w,, are

0= ki (~8N&p+8N&p—1)ro+4kF (8Nép —8N&p +1) i+ 1215 (8Np —8NEs —3),
0= k3 (SNEp—8Ngp+1) 28k (648~ 128 NG + 72N — 8NEp+1) ¢
—96 (1 . 2N(2;B) ’ (8NéB —8NZp— 1) 8,
0=—kS <8NéB —8NZp+ 1) "8 _op (4608N(1;2B — 13824 N8, + 16576 NS — 10112NE
+3096NAg — 344N +9) rd+4k3 (59904]\7(1;2B —179712N%, +199104N5
— 98688 NS 4+-20536 N& — 1144 N2 +37) ro+T72 (23040Né23 —69120N%,

+TTT60NEE —40320 N5 +8952N s —312NE 5 —67) ), (4.27)
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from which compact expressions can be obtained for k% and k3 as

AV [32Ng, — GANGg + 28Ny, + ANZy — 1
8NAp —8NEgg +1 ’
o Arg (64NEp — 128N&y + T2N&; — 8NZp + 1) £ 4rdVK

]2 = , (4.29)
2 (SN&, — 8NZp, + 1)

k2 =2rd +

(4.28)

with

K = (16384N} — 65536 NG + 103936.NE — 82432N + 33664 N5y — 6400N
+328N¢p + 56NE&g — 5) . (4.30)

k? diverges for N3p = (2 +v/2)/4 ~ 0.8536,'? implying that no pole-skipping occurs at
this point. Note that this value of N(Q;B is outside the range given in (4.7). In contrast,
it is not hard to see, by inserting the above NéB value into (4.27), that k2 and k% always
have finite solutions.

Again, the upper half plane pole-skipping location can be extracted from equa-
tion (4.26), as will be discussed in the next section and appendix G.2.

5 Discussion

In this paper, we have studied the effect of the stringy correction (~ R*) and the Gauss-
Bonnet correction (~ R?) to the pole-skipping phenomenon of typical scalar, vector and
tensor operators dual to corresponding bulk fields. Of course, as one can easily check,
all of our results recover the known results in the uncorrected case previously studied
n [17]. Something new here is that, the general feature of these pole-skipping points, i.e.,
the locations of the frequencies are all given by w, = —i27Tn, with the corrections only
modify the expression of the temperature. On the other hand, the momenta k, receive
explicit stringy or Gauss-Bonnet corrections. The similarity in this qualitative feature for
these higher curvature corrections is in keeping with the results discussed in [36], where
the quasinormal spectra of metric perturbations are shown to exhibit similar behavior
regardless of the R? and R* corrections.

Moreover, the way these corrections affect the frequencies and momenta is similar to
the pole-skipping point of chaos in the upper half complex w plane as studied in [14]. For
example, there, pole-skipping occurs at w, = +i27T, and k, = iv/67T(1 — 423/2) for the
stringy correction, and k. = iv/67T/Ngg for the Gauss-Bonnet correction. It is in this way
that the butterfly velocity vp = ws/k, receives correction. This suggests that at the pole-
skipping points, the dependence of frequency on temperature exhibits certain universality,
which is robust against the finite N, and finite 't Hooft coupling corrections which are
holographically dual to the typical R? and R* corrections studied here and in [14]. Of
course, it would be interesting to further investigate the robustness of this universality
under more general higher order curvature corrections.

12This is also noted in [61] in their appendix C, at the corresponding Agp = 1/8.
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In fact, the upper half plane pole-skipping point can also be obtained by studying
a special point of the sound channel equations (3.31) and (4.26), following the argument
given in [17] for the uncorrected case. The special point here refers to a particular relation
between k and w at which the pole structures of the coefficients A and B in (3.31) or (4.26)
change. The technical details of calculation are given in appendix G.1 and G.2. Our results
indicates that, instead of analyzing the vv component of near horizon Einstein equation,
the pole-skipping point of chaos in the upper half plane of complex w can also be obtained
by analyzing the equation for the gauge invariant variables in the sound channel, even in
the presence of typical R? and R* higher curvature corrections. This further lends support
to the expectation that pole-skipping is a universal phenomenon holographically encoded
by near horizon physics.

In the absence of any higher curvature correction, it was argued in [20] that two
important parameters of chaos, i.e. A; and wvpg, can be recovered, irrespectively of the
channel of metric perturbations, as

]

AL = = 5.1
L ‘w* | 9 UB ’k}* ’ ( )

where w, and k, in different channels are,
sound channel: w, = +i27T, k, = i\/éro, (5.2)

shear channel: w, = —i27T, k. = V6o,

scalar channel: w, = —i27T, k.= i\/éro.

Note that the results in the last two channels are just the first pole-skipping points
(w1,k1).* In the presence of the higher curvature corrections studied here, w, remains
the same, but k, changes differently in the three channels. From the detailed results listed
in appendix H, one finds that only the results (cf. appendix G) of pole-skipping in the upper
half plane in the sound channel agree with the shockwave analysis of the OTOC [14]. So
this suggests that, when the higher curvature corrections are taken into account, Ay, in the
united expression in (5.1) still holds for all channels, whereas vp can only be obtained from
the sound channel, not from the other two channels.

We end this paper by noting an interesting open question worthy of further inves-
tigation. In the study of the gravitational quasinormal modes in the presence of higher
curvature corrections, it has been found that there is a series of modes with pure imaginary
frequencies which are non-perturbative in v or Agp, and absent in the Finstein gravity limit
at v = 0 or A\gg = 0 [36] (see also [54, 55, 62, 63] for related discussions). In particular,
in the shear channel, in addition to the gapless hydrodynamic diffusion mode, there exist
other modes having pure imaginary frequencies in the lower half plane with real momenta.
Moreover, the first of these non-perturbative modes can interact with the hydrodynamic
mode when they are colliding at certain critical value 7. or A\gp for a fixed momentum

131n the shear channel, this can be checked by setting v = 0 in (3.34) or Ngg = 1 in (4.23). Although
the results in the scalar channel are not presented in this paper, the calculations have been performed, and
the results, in particular (w1, k1), have been checked.
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(or, equivalently, at certain momentum k. for fixed v or Agp), after which the latter ac-
quires real parts and the hydrodynamic description breaks down. Since the pole-skipping
in the shear channel studied in this paper also occurs in the lower half plane, and it has
been found that pole-skipping imposes nontrivial constraints on the hydrodynamic mode,
it would be interesting to study the relation between the non-perturbative modes and
the pole-skipping points. This requires high precision numerical methods. Hopefully, the
results will be reported in a future publication.

After the completion of this paper, [61] appears in arXiv, which has some overlapping
with the discussion here of the Gauss-Bonnet correction. It can be checked that the results
agree where they overlap.
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A The stringy correction to scalar field

The ~-dependent source term in the scalar EOM (3.11) is

S—%S S11¢’ + S12¢” Al
1= 7012( 100 + S11¢" + S12¢7), (A1)

where

S10 = —87“7”8 (k2 + m2r2) ,
Si = 112r%§ + 5r'% — 121rg%,
Sip = r(11rd? — 1675 + 5r12). (A.2)

The coefficients of the equations (2.7) with stringy corrections are

Cio = g2 37 (m27"0 + 27@) — 120~ (11/€2 + 9m2r(2)) ,

Ci1 = —79 [k;2 + m2r8 — 207’(2) + 9iwro] + 60y [2]{327“0 + (2m2 — 139) 7“8] ;
Clo = 4r3(4ro — iw) + 240vrg,
7920k2

Co = -3 (m27’0 + iw) +y < + 5400m27'0) )

Co1 = —k* — 3rg [(m® — 10) 1o + 4iw] — 30y [44k* + 3 (12m> — 901) r§] ,

Cos = —1g [k* + (m? — 60) 1§ + 15iwrg]| + 607 [2k%rg + (2m® — 417) 1] ,

Cas = 673679 — iw) + 540vry. (A.3)
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B The stringy corrections to vector field

The coefficients Ag; and B in equation (3.22) are given from

apAp = {—1w*ZZyf + K* 22}, (rZ' +32) —*f [rZwZ' + Z (rZ}y + 3Z)] }
2iwZy, 7).

_T2me) a Zvr’ (Bl)
BEBg = iZy, {T‘2OJZ/ (w2 — k:QfZW) + 7 [Tw (]CZTZva/ + K2 f(rZ), — Zy) + w2)
+iZyr (K*f Zoy — K*w?)] }, (B.2)
where
ap =1rfZZy, (k:2me, — w2) ,
B =r’ap. (B.3)

C The stringy corrections to metric perturbations

C.1 Derivation of the equation for the master field of metric perturbations

In coordinates other than ingoing Eddington-Finkelstein coordinates, the equations for the
master fields in the shear and sound channels have been discussed in [33, 35-37, 64-66].
The basic form of the equations is

7"+ AZ' + BZ = v(MyZ + M Z"). (C.1)
Or, equivalently, inserting Z = Z(©) +~Z(1) leads to
0(°): 20"+ 470" 4 Bz =, (C.2)
O(): 20"+ 4z 1 Bz® = Myz© + My 2O, (C.3)
Here we present the basic strategy to derive the equations in ingoing Eddington-Finkelstein

coordinates for our discussion of pole-skipping.
The EOM of the perturbations h,, are of the form

"

U+l 4+ b0 =G U W W v, (C.4)

where ¥ denotes h,,, for notational simplicity, and the y-dependent source G involves higher
derivatives arising from the stringy correction W in (3.3). Inserting ¥ = W) 4 @)
the above equation can also be written as

0®°) : O 4 4u@" 4 O = g, (C.5)
O(y): ¥ 4 v 4+ pp® = G ©" gO©" g7 §O' pO), (C.6)
The equation for the master field can be obtained as follows

1. As discussed in [35, 66], we can use (C.5) to substitute the higher derivatives in G in
terms of ¥) and ¥(®). Then (C.6) becomes

oW 1 v 4 pu ) = mew© 4y g O (C.7)
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2. Insert the expression for the master field

Z = Z o;V; (C.8)
into the ansatz
ZzW" 4 Az 1+ Bz = Myz©® 4 A 2O (C.9)

where A, B, My and M, are to be determined.

3. Using (C.7) to replace all ¥”

als

such that (C.9) takes the form
a1¥i1 + aaWly + azW;o + ag ¥, = 0,

where the four coefficients «; are functions of A, B, My and M;. The vanishing of all
a;’s gives four algebraic equations to solve for A, B, My and M.

C.2 Stringy corrections in the shear channel

In the shear channel, the coefficients in (3.31) are

k2 (7“4 — 7“61) <5r4 — 2irdw — 57‘3) + 7“4w2( — 5rt 4+ 2irdw + ré)
A= , (C.10)

() [ () i

k4 (7“61 - 7“4) + k2rw( —3irt +r3w + 7ir€;) + 3irbw3
(7’4 — ré) [sz <T4 — 7‘3) — 7’4w2} 7
_ 4 2
My = "o [481{8 (r — rré)

rl2 <7“4 - TS‘) (k2 (7“4 - ré‘) - T4w2>

% <r4 - rg) (757«12 1440874 — 640irTrdw + 96r5rdw? 1+ 2640478 + 640ir3rSw

(C.11)

- 12757«12) + Erw (751'7“16 + 1507 50w + 34056128 — 37447 rdw — 8000107 dw?
+ 48r%7:3w® — 10080ir®rs + 72967 riw + 992ir6r0w + 9585irtr{? — 3702r3rd%w
- 29851’7%)6) + ik w® (1507412 + 75ir L w — 49088y 3093w7r§w + 160787402

+ 8916478 + 3291irr8w — 41587«32) 9%’ (257« 1674 — 96ir3riw — 77«0)}
(C12)

2rd 3
M, = "o [320/{67’ Ty <7’4 — ré)
rl13 <7“4 — Té) [k‘z <T4 — Té) — 7‘4w2]

+ K (r - ro) (757,r W+ 14407278 — 400107402 — 39601518 — 240irTr8w
+ 496r878w? + 360074182 + 1653 ri2w — 10807"(1)6) + 2k (r4 - rg) (757"12
— 75irt w — 1002r8r5 — 75irTriw + 40r®rjw? + 137414 + 165ir3r§w — 4627«32)

818w (= 50712 + 2501w + 2881 + 25w + T0r*r§ — 550w — 258182 |.
(C.13)

MFor example, in the shear channel (3.30), ¥; are hyy and hyy, with corresponding coefficients «; as
w/r? and k/r?, respectively.
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C.3 Stringy corrections in the sound channel

In the sound channel, the coefficients in (3.31) are

A=

B=

M=

k? (15r8 —6irTw—16r4r] +2ir3r§w+91"§) +3riw? ( —5rt+ 2ir3w+ré)
r(rt—rg) [k2(3rt—r]) —3riw?] ’
k* (r2rg —3r%) + k2 (3rfw(w—3ir) + 11irdrjw+16rf) + 9ir w?
r2(rt—=rd) [k (3rt—rf) — 3riw?] ’

(C.14)

(C.15)

7
Pl (=) [K2 (371 —rd) — 3riw?]
— k872 (3r* —r§) (67510 — 351997 21§ — 6240ir " rjw + 12961 Orgw? + 740047515
+5952ir rfw —432r°rfw? —41287r'r;? — 1120ir° ri?w+5811ry°)

+3K5 [ - 225zr23w+2025r22w2+7200r20rg‘;+72048w19r§w 9263778 rdw?
—12960ir" rgw’ +432r'° (544r§ + 3rjw )—216363zr15r§w+188316r14r§w2
+12992ir ¥riw® — 16r2rf (51884rf +27w* ) +252721ir ' rj?w—107253r ' Orf?w?
—2720ir7%w3 48958081 A6 — 11338447 10w+ 1720975710 w? — 3602887-17:2°
+15019ir°rg’w+44736r3"] + 3k*r!w? (2475ir 9w — 20251 % w? — 1440077
—116751ir P rgw+86778r 4 rjw? +-7200ir 3 riw® — 144712 (27137“0 +3rjw )
42597880 1 r§w — 12655811975 w2 —4960ir 15 w3 41276224781 ? — 25806 3ir 2w
+41323r073%w? — 11180161 r;® 4+ 79419ir° 1w+ 27326413°)

+9k*rSw (—1425ir15w+2257“14 2424007 ?r§ +19410ir riw — 12447707 jw?
—160ir7w® +51888r8rs —14286ir riw47993r0r§w? —148560r1rd? +8187ir3ri?w
+86832r(%) +243ir°w’ (251 — 167r 1§ — 96ir rjw —Trf) }, (C.16)

3 {4811:107’47“3 (37“4 — ré) 3

27“3
13 (rt—rd) [k2(3rt—r) —37"4w2]
— 3267 1% +3513%) — 3k° (450r2* — 675ir* w — 3422472015 + 64807 B rjw?
+1339987 1078 +1935ir Prfw — 129760 rfw? — 221832, 2% —1685ir  ri?w
+ 78561197202 +177430r8 180 + 5204 1 8w —1360r0ribw? — 63304r1r2° — 55ir®r20w
+7482r5%) + 3k w? (2250120 — 20254 9w — 54438r16 o —675ir' rjw+3600rrjw’
+159972r 28 + 55800 Lriw — 60801105 w2 — 2274487812 — 3195ir % w
+2480r°75%w? 4+ 1584661 r® +495irr;w—38802r5" ) — 9k*r® (10507"16
—675ir 5w —8880r'%r] —450ir! trjw+80rOriw? +-8028r8r§ +1710ir rfw
—80r0rfw? — 272477} p —495ir3r§2w—+25267)° ) +81r2w0 (50" — 25ir M w
—23878r5 —25ir rgw— 70145 4+-55ir3 r0w+258r(%2)]. (C.17)

5 [16K5r2r] (585010 — 1338721 + 1044751
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D The Gauss-Bonnet corrections to scalar field

The coefficients of the equations (2.7) with Gauss-Bonnet corrections are
Cio = —k*Nap — 3r (m2NGBT0 + in) ,
Cii = —rg [K*Ngp + (m? — 20) Ngprg + 32N&grg — 32N&grg + Jiwro]
Cia = 473 (4Ngpro — iw),
Coo = -3 (mQNGBro + iw) ,
Co1 = —k*Ngg — 3ro [(m? — 10) Napro — 128Ndgro + 256 Nigro — 128 Ngpro + diw]
Cae = —1¢ [F*Ngp + (m? — 60) Naprg + 96Ngprg — 96NEgrg + 15iwrg]
Cas = 673 (6Ngpro — iw). (D.1)

E The Gauss-Bonnet corrections to vector field

The coefficients of the equation (4.15) for the gauge invariant variable are

Ao — zZ! N r3w2( — Nagpf' + in) + 3k2NéBf2 + NGBrwf( —rTw — QikQNGB)
N Naprf(F2Nggf — r2w?)
1

" Napr2f (R2N2gf — r2w?)

)

Bpo {rzw [ikQNéBf/ + k> Napw + irw?

!

— k*Népf(k*Ngp + 3irw)] + irzw% (r’w? — k*Nggf) }- (E.1)

F The Gauss-Bonnet corrections to metric perturbations

F.1 The Gauss-Bonnet corrections in the shear channel
The coefficients in the equation for Z3 (4.21) are
i3 Az = iNgprTwf [2ik* N (1—2N25 ) +16 Nap (Vg — 1) w(Napr—iw) +rw]
+T5f2{k2NC2}B(1_2NC2}B)2[8(NéB_NéB)(W+iNGBT)_5iNGBT]
+4(Ngg—Nép)w? [4iNgp (N&g — Nég)r+12(Ngg — Nég)w—5iNggr] }
+4(NEp— N&g) Negr® 12 [k2 (1—2N2g)* (2NEpw —2Ngpw+3ir)
—2(N&p—1)w? (8NEpw—8Napw+11ir) | +4(Nég—1)* Négr /4 [ 3ik* Négr
+12i(NEg — Nép) Nopr (K2 Np —30?) +8(Nép —1)° Népe?]
+80i(NEp—1) " N&pw? f2+2r%0? (w+2iNagr), (F.1)
i3 By = 4(N&p—1) Nopr?w f3[40(NEg —1)w? -3k (1-2N25 )’
+4(Ngg—Nég) N&priw f?[4(2N&g —4NEg —5NE +7)rw?
+k2(1—-2N2g)? (iNgpw—iNgpw—+4r) | +iNgpr f [k Nap (1-2Ngg)*
—k?(1-2N&g) w(4Ngpw —4NGpw—Tir) +32i (N&g —2N&p +1)rw?]
+80(NEg—1) ' Nepw® f44rTw[ (8N +8NEp +3) re®
+k2Nagp (1-2N&p)* (4Ngpr —iw)), (F.2)
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where

a3 = Napr f [2 (N3 — 1) Nénf +r2)" { N&ar?f [4 (N&s — 1) w? = k2 (1 - 2NEp)’|

+4 (N&g — 1) N&pw?f? + r4w2} . (F.3)

F.2 The Gauss-Bonnet corrections to metric perturbations in the sound chan-
nel

The coefficients A4 and By in the equation for Z4 (4.26) are given from

1Ay = —4N&s (N2p—1)"r fH{k*Ngp [15r —4Ngp (N&g —1) (3Ngpr+iw)]
+12Ngg (V&g —1)w? [9r—2iNgp (Nég—1)w] } — Nepr” f{2k* Na [Nas (—8Ndp
+8NEp+1)r+i(20N&g —20NEg +1)w] +3w? [r+ 16 Ngp (Ngg —1) (Ngpr —iw)] }
+Nepr® f2{k*Nag [16(NE5 —1)° Nap (12Ngpr — Tiw) +4i (Nag — Nég ) (w+29i Ngpr)
+9rNgg| +12(Ngg— Nép)w? [5r+4Nap (NG —1) (Napr—3iw)] }
+2NEp (NEg— Nég)r® £2{12Ngp (Ngg —1)w? (—8i NG gw+8iNgpw+117)
+k2[36(NZp — Nép) Napr+48i(NEg —1)° Népw+4i (N2g — N&p)w+13Napr] }
HA0(NEg— N ) 5 [k 46 (NEp —1)w?] +2r° (22 Ngp — 30?) (2Ngpr —iw), (F.4)
BBy =—16(Ngp—Nop)’ f7{5i(Nép—1) Naprw[k* +6(NZg —1)w?]
—6k2 (1-2NZp)*r? =k (Ngp —1) Nag [k +6(NE —1)w?]}
+16NEs (N2 —1) 22 f 4 k* N2g (6NEs — 12N&p +5NEp +1)
+E2[—3NZg (N5 —1) w(5w+2iNapr) +11iNap (Nég — 1) r(w+4iNggr) — 1172
+75iNgs (Nég—1)"rw®} = N2gr® £ {k* Nap [16(Nep —1) (Nap+1) (8NEg
—8Ngp+1)Nép+1]+k°[2(Ngg—1) Nap (112NE&pr® 4+ 72i Ngprw —3w?)
+48(NZ5—1)*N2p (8NZpr? —3w?) +7(32Ngpr+ 11iw) |
+6i (24N —48NE +5NEp+19)rw?} —8(Nég — Nég ) r 2 {k* (N —1)
X (24N&p —24N25+1) Nep+ k> NEp [24(NEg —1)° Ngpw?
+(N&p — Nép)r(8Napr—15iw) +8(Nép —1)*Neg (12N2 512 —5i Ngpro —3w?)
—8Ngpr?| +24i(Ngp—1)%(— Nép + Nép+6) Népro®)
+ANEpr® f2{ —k*N&g (Ngp—1) [12(4AN&p —8NEp +3Nég+Nég) —1]
+E2[4(N2g—1)° N&p (A0NEgr? —27iNgprw —3w?) + (Nég —1) Nepr
X (56 Napr+iw) +24(N2g —1)° Népw(3w—2iNgpr) +4r%] +12iNgg (Nég — 1)
(—6N&g+6NEp+11)rw?®} —r'0{2k* (SNLE —8 NG+ Nég)
+3i (8N&p —8NZp —3)rw® — k2 Nap [16 Ngp (1—2N2g ) *r?
+2iNgp (24N&p —24N&p+1)rw+3(8N&p —8Ngp+1)w?] }, (F.5)
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where
a4 = Ngprf [2 (NéB - 1) Nénf +r2} ’
X { —2<N(2;B—1>NéBf2 [k2+6(N(2;B—1>w2} +NZpr2f [kQ (12NéB—12NéB+1)
- 12(N3;B—1)w2} ot (2k2NéB—3w2) } (F.6)

By = g [QNéB(NéB—mfwﬂ. (F.7)

G Pole-skipping point in the upper half plane of complex w

G.1 The Stringy correction

In the absence of the stringy correction, the point r = rg is a regular singularity of the
second order differential equation (3.31). The special point is k? = %w2, at which the near
horizon structure of the equation changes. As discussed in [17], the pole-skipping point in
the upper half plane can be identified via analysis at this special point.

When the stringy correction is taken into account, the above special point is expected
to be shifted by a y-correction of the general form

k= \/gw—i—’ykl, (G.1)

where ki is to be determined. The results of the pole-skipping points in the lower half
plane in the main text are obtained under the implicit assumption that (G.1) does not
hold, even though k; is unknown.

Indeed, one cannot see ky directly from the expressions for A, B, My and M listed
in appendix C.3, as it is essentially a perturbative effect. However, further investigation
reveals that ki can be extracted by considering the following requirement. Namely, as a
perturbative effect, the stringy correction should not change the fact that r = rg is a reqular
singularity.

To extract ki, one can first redefine the coefficients A and B by absorbing the -
dependent terms, and rewrite the equation (of the same form as (3.31)) for Z3 in the sound
channel as

ZY + AZy+ BZy = 0, (G.2)

where A = A — ~vM; and B=B- vMjy. Then, the above requirement implies that A and

2

B should not have poles higher than (r — 7o) ~! and (r — r9) 2, respectively. In particular,

e Inserting (G.1) into A, there are two contributions from A and yMj,

2\/%’%1"”0 —1-
A= 20 L O [(r —ro)°
w(r —rg)? + r—ro + [(7‘ o) ] ’
32w? .
== 4+ 1057 154w
M, = 10 — O [(r—ry°| . G.3
TELET T )2 2ro(r — o) +O [0 =ro)] (G-3)
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To ensure that the pole at » = ro of A is still a regular singularity, the (r —rg)~2
terms must cancel, from which kq is determined as

1 /3 (/322
= 4/= 1 ) A4
kq 5 2w< 2 + 05) (G.4)

e Inserting (G.1) into B leads to two contributions

2
NG T R N

— —= 5—+1
_ b V6 V6w 2v6rg | 270 1
B= (r—rp)3 + (r—rp)? +O [(T_TO) ] ’
_% _ 16w? 10579 _ 105iw _47Ju3)3 + 403;2 _ 45iw 4 525
T T0 2 4 T T 8’!‘() 4 —1
Mo =" 0 r—ro)? + u (7“0—7“0)2 +0 [(r—ro) ]

(G.5)

The requirement of being a regular singularity at © = ro now means the (r — 7g) 3
terms must cancel. This is trivially satisfied by inserting the expression (G.4) for k;.

Now from (G.3) and (G.5), we see that at the shifted special point (G.1) with kj given
by (G.4), the pole structures of A and B are

- A,
A= — 7o) .
T—T0+O[(r r0)?] , (G.6)
. B_2 .
B=——"— — .
(r —10)? + [(T r0) ] ) (G.7)
where
O w  15yw
A1 =-1 50 T (G.8)
~ i(1 —157)w
_o=1 .
2 27’0 (G 9)
For a series solution
Zy = (r —ro)P E Zon(r —10)", (G.10)
n=0

equation (G.2) leads to the indicial equation
plp—1)+pA_1 + B_y =0, (G.11)

which gives two solutions

1w
27T
So, solutions regular at the horizon with p = 0,1,2 are given by w = 2770, —i27T,

pr=1, pa=1+ (G.12)

respectively. Note that in this case, w = —i27T does not give pole-skipping, in that G¥00T00
is independent of dw/dk, the parameter characterizing the way the point is approached.
The w = 0 case corresponds to the hydrodynamic mode, which is already characterized by
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the pole in the two point function, and therefore should not concern us. One can show
that w = +i27T = w, is indeed the desired pole-skipping point (dependent on dw/dk) in
the upper plane. Inserting this value into (G.4) leads to

23
ki = —z'\/E?TO, (G.13)

and the butterfly velocity

Wy 2 23
vp=—— 2142y, G.14
B /32w, + 1k \/;< 27) (G1)

which agrees with the result obtained by analyzing the vv component of Einstein equation
in [14].

G.2 The Gauss-Bonnet correction

For metric perturbations in the sound channel in the GB corrected background,'® the near
horizon structure of the differential equation (4.26) depends on whether k% = 3w?/(2N2p),
as can be easily seen from the results in appendix F.2, and in particular, the expression for
ay in (F.6).

The results obtained in the main text are implicitly under the assumption that k2 #
3w?/(2N&p). On the special point k? = 3w?/(2NZg), however, the coefficients in (4.26)
have different singular structures

A= TA_iO +0O[(r—r0)], (G.15)
B = (rlj_:())? +0O[(r—r0)7"], (G.16)
where
A =-1- 2NZ:BTO, (G.17)
Boo=1+ 2NZ:BTO‘ (G.18)

Then the indicial equation gives

p=1 pp=1+_-"" (G.19)

2NgBro’

from which the argument in the previous subsection immediately leads to the conclusion
that w = +i277T is the desired pole-skipping point in the upper half plane. Inserting this
value into k? = 3w?/(2NEp) leads to

T
ky = iv6rg = ivV/6mr—o, (G.20)
NgB

and the butterfly velocity vg = \/2/3Ngp, which agrees with the result of [14].

50 . . . . . .
!5Similar discussion is also given in [61].
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H Corrections to k; in three channels of metric perturbations
For the stringy correction
e sound channel: w, = +i277T, k. = iv/6rg — vivV6% 1o (from (G.13));
e shear channel: w, = —i27T, ks = k1 = /679 — 7737\/§r0 (from (3.34));
e scalar channel: w, = —i27T, k, = k1 = i\@ro — 7473@'\/%7“0.

For the Gauss-Bonnet correction

e sound channel: w, = +i27T, k. = iv/6r¢ (from (G.20));

2r3 (3+8NZ—8NE&p)
(1-2N2g)°

e shear channel: w, = —i27T, k, = k1 = \/ (from (4.23));

2r3 (3+8NZp—8NE&p)
8N&5—8NZp—1

e scalar channel: w, = —i27T, k, = k1 = \/
All the expressions for k, at v = 0 or Ngg = 1 recover the uncorrected results.

Open Access. This article is distributed under the terms of the Creative Commons
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