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1 Introduction

The AdS/CFT correspondence maps gravitational theories with their non-gravitational
counterparts [1, 2]. This correspondence has provided a concrete tool to tackle problems
in theoretical physics from the nature of black holes to non-equilibrium phenomena in
strongly coupled systems including condensed matter physics.!

In Minkowski space, the S-matrix provides the transition amplitude for a set of particles
in an asymptotic in state at ¢ = —oo that turns into a different set of out states at
t =+4+00.2 In an AdS with a time-like boundary such notions of in and out states are
not very sensible. Instead, one can view the AdS as a box where particles can interact
perpetually. However, one can also alter the boundary conditions at the time-like boundary
thereby creating and annihilating particles. We know from AdS/CFT correspondence
that the transition amplitudes between these type of states are equal to the correlation
functions of the dual conformal field theory (CFT) [9]. Such amplitudes are among the
most fundamental objects, and many important observables of the theories living in AdS
are constructed through them. Because of their importance, they have garnered appreciable
interest in the last decade.?

'For a more recent introduction to AdS/CFT, see [3]. For a complementary review on conformal field
theories, see [4].

2The standard Haag-Ruelle construction of S-matrix [6-7] assumes a mass gap in the spectrum hence
S-matrix is not rigorously defined for massless particles. For a recent short discussion with an improved
construction, see [8].

3For instance, early work in this direction was pioneered in these papers: [10-14].



The study of the scattering amplitudes of gauge theories and gravity has revealed re-
markably simple structures in flat space and has led to menagerie of basis such as twistors
and geometric formulations like the amplituhedron [15-19]. Additionally, in the last several
years we have witnessed inspiring representations which have helped in showing similarities
between scattering amplitudes in flat space and their AdS counterparts [9, 20-33]. One
related insight has come out of the recent investigation of holographic momentum space
which indicates an interesting connection between momentum space Witten diagrams and
flat space scattering amplitudes. Indeed, one can obtain the S-matrix from the AdS corre-
lation function with an elegant limit ki + ko + - - - k, — 0 where k; is the magnitude of the
external momenta [34, 35]. A similar flat space limit also exist in de Sitter space [36, 37].
In fact, anti-de Sitter and de Sitter correlators are closely related and this intimacy pro-
vides a cosmological motivation for studying AdS amplitudes as well.* In that context,
we are interested in studying the late time spatial correlations that encode the primordial
scattering processes.

While many exciting directions have been explored in the study of conformal structure
in momentum space [34-37, 39-55], a lot of work still remains to be done. In our previous
paper, we used momentum space formalism of [41] to compute the explicit expressions for
several higher point vector correlators which take surprisingly simple forms [56]. Further-
more, it is shown in [38] that these calculation can be considerably simplified in a judiciously
chosen basis. Specifically, different coefficients of the terms in the tensor structure of a vec-
tor amplitude are all related to a specific one among them, which means that the whole
calculation reduces to only one integration.” In this follow-up paper, we will discuss an
analogous method to reduce the momentum space graviton calculations to computation of
a scalar factor, and we will explicitly compute tree level higher point Witten diagrams with
exchanged gravitons. Furthermore, we will discuss the flat space and collinear limits in our
settings and provide explicit results. We think that our results could serve as data points
from which further insights can be drawn. For instance, the inflationary cosmology has
stimulated a great deal of excitement in the study of late time de Sitter correlators [57-60]
and we believe that the analogous calculations of momentum space AdS amplitudes can
assist in the study of the shape of non-Gaussianities [36, 37, 53, 61-76].

Here is the organization of the paper. In section 2, we briefly summarize momentum
space perturbation theory of scalars and vector bosons, and present an overview of the
gravitons. We also discuss how to strip off the tensor part of the graviton bulk to bulk
propagator and how to effectively compute the remaining scalar factor for any tree level
Witten diagram by introducing bulk point integrated expressions. In section 3, we use these
ingredients and explicitly compute three, four and five point functions. In section 4 we
obtain the expected flat space expressions, and further comment on how specific collinear
limits can be simplified in our construction. Finally, we comment on many promising
directions in the conclusion.

4Even though mathematical framework of AdS and dS are intuitively related, their connection can be
obscure. For example, it is shown in a recent paper [38] that an algorithm for the conformally coupled
scalars in dS can be directly used for gauge bosons in AdS, a relation which is not manifestly obvious.

°In [38], they also introduce an algebraic algorithm which bypasses the integration. Extension of this
algorithm to gravitons is an open problem that we would like to return later; however, in this paper, we
will stick to explicit integration.



2 Preliminaries

2.1 Review: AdS momentum space perturbation theory

In this section we provide a brief review of momentum space bulk perturbation theory. We
refer reader interested in scalars and vector bosons to [56] and the references therein; in this
follow-up paper, we will present a very succinct overview with an emphasis on the gravitons.

In order to write a momentum space amplitude for a tree level Witten diagram, one
needs to take the product of all relevant bulk to bulk and bulk to boundary propagators
with the vertex factors, followed by an integration along the bulk radial direction.® In the
case of gluons in the axial gauge, the relevant ingredients for AdSy, 1 are

A%k, 2) = € %(kz)%f(%(kz), (2.1a)
s wH @)
Gij(k;z,2') = (/) 2 /dedQ—Q (wz)m—g_ie)t]% (w2, (2.1b)
0
HER = (nijJr ’z’;&) 7 (2.1¢)
Viik(k1, k2, k3) = \% (nij (k1 — k2)k + njk(k2 — k3)i + nii(ks — k1);) (2.1d)
ViR = j ikl — % (w7 + ') (2.1e)

for the bulk to boundary propagator A{, the bulk to bulk propagator QU,7 and the vertex
factors V’s. In the equations above, K, (x) is the modified Bessel function of the second
kind, n;; = n% is the boundary metric, €} is the transverse polarization tensor (efkl =0),
and k is the norm of the external momenta, i.e. k = \/W . In this paper, we will stick
to spacelike momenta, i.e. k* = k2, as was done in [56]: one can analytically continue
to timelike momenta, however the bulk to boundary propagators need to be modified
accordingly [41].

As an example, the color-ordered expression for the s-channel four point Witten dia-

gram is written as

yi dz d7 -
Mys = / ﬁz/dﬁfli(kla z)Aj(ks, Z)Vwk(kl’ ko, —k1 — k2)Gri(k1 + ko; 2, 2')
0

x 24V (R ko, Ky 4 ko) A (K3, 2) An(kg, 2) (2.2)

An explicit expression for d = 3 for the above expression can be found in [56].

In the expression above, we included the factor z*z/. This was given as part of the

overall prescription in [56] without a detailed explanation. It basically follows from the

®We work with the coordinates {z,k;} where k; are the Fourier transform of z; for the Poincaré patch
ds®> = 272 (dz2 + nyijdz’da? ) Therefore what we call momentum space amplitude is the amplitude in the
coordinates {k;}, which is obtained after the dependence on the bulk radius direction z is integrated.

"The integration range in the bulk-to-bulk propagator follows from a Bessel function identity used in its
derivation, i.e. [°J, (at)J, (bt)tdt = a~"6(a — b).



fact that the relevant inverse metric is ¢ = 221" and both in three point and contact
vertices we need two inverse metrics. So, to ease the notation in the vector calculations, we
effectively took g;; = g7 = Nij = n* and inserted necessary z factors at the end.® In this
paper, we present the tree point vertex factor and the propagators in contravariant and
covariant forms respectively, so one does not need to worry about any additional z-factors.

The analogous set of ingredients to eq. (2.1) for gravitons in axial gauge is given by [41]:

2
hij(k,z) = € \/72_2(/<32)ng(7€2) , (2.3a)
T 2
. Nna_9 o0
Gabca(k;z,2') = 1(2722)2/de§ (wz)J% (wz')
0
w,k w,k w,k w,k w,k w,k
y w (Hfgc VH Y 4 B HY - 2 H )) (2.3b)
k2 + w? — e ’ ’
ijklmn . 8y ijklmn
bk ks = 2 Vit ko ks (2.3¢)

kfé%kg = <( 2)( 32 o —( 2)'( 32) " )—I— permutations . (2.3d)

where ¢;; is the symmetric traceless transverse polarization tensor, e.g. eijk:i = eijnij =
o — e 1jklmn : . ijklmn . .
and €;; = €;;. We defined Vkl’k%k3 for convenience while thk%ks is the appropriate three

point vertex factor.
The permutations in the vertex are generated by the permutation group element

(k1kak3)(ikm)(jln) in cycle notation.”

This is analogous to the vertex factor for the
vector boson in eq. (2.1d) where the second and third terms can be obtained from the first

one by the permutation (kikeoks)(ijk).

2.2 Stripping off the tensorial part of the propagator

Our goal in this part is to provide a prescription to simplify the propagator. The form of
the graviton propagator as given in eq. (2.3b) shows that there are three different radial
integrations we need to consider due to w dependence of H(gg’k)HZE:’k); however, it is not
immediately clear if these integrations are related. In [38], the authors addressed a similar

problem for the gluon propagator. By rewriting the gluon propagator as

Kk Va2 Ji(w2)J1 (W) Rk 2, 2Vz2' J1(wz)J1(w?)
Gij(k;z,2')= (mj—k2j>/w w 2 2 + =7 /dwk T 2 2

i(k?+w? —ie) k2 w i(k?4+w?—ie)
(2.4)
they introduced a decomposition of it; diagrammatically,
o~ T0E o F @k
b1 ¥ 20) b1 y20) b1 y20) (2.5)

8For a similar discussion, see section 6.2.2 of [41].
9See section 3.2.1. of [35] for the full contracted expression.



for

. knk, k..k,
H%nk = —1 (nmn 12 ) , Hgnk = —3 2 (2.6)
and
@ — i r 0G0
P P2 ill—% Y41 P2 (2.7)
where
k V zz’J% (wz)J% (wz')
e -
o Dy wdw W’ —ic . (2.8)

Using this decomposition, instead of performing 2" integrations where n is number of bulk
to bulk propagator, one can only proceed with one explicit integration and obtain the rest
via eq. (2.7).

We are actually abusing the notation in the equations above as these lines stand for
bulk-point integrated diagrams in [38]. In the case of gluons, the additive property of the
norm of momenta of the bulk to boundary propagators at the vertices enables performing
computations at the level of truncated diagrams, hence the computations remain completely
agnostic to what is attached from the boundary. This is no longer true for gravitons; thus,
instead of working with the truncated graphs, we will work with the full Witten diagrams.
Nonetheless, reducing the number of integrations to one by finding out an analogous relation
for the graviton propagator will prove quite useful as we will see below.

To realize this goal, we first note the identity

wk) k) | pr(wk) prwk) 2 r(wk) pwk) ) _ p(LDk
<Htgc )Hbd + Had Hbc - d— 1Hab Hcd > - Pab,cd
k2 +w? [ a2k 21k B4\ ok
+ w2 (Pab,cd +Pab,cd > + < w2 > Pab,cd ) (29)
where we define
m,n)k m n)k m)k(n)k 2 m)k(n)k
Pl = ngeng it L o

This enables us to rewrite the graviton propagator in eq. (2.3b) as

pLDk

72 / é72 /
Guealhi =, /) = L [ g Loz

k2 4+ w? — e

12k | @Dk | 2.2k
Z<Pab,cd + Paved + Pabred )/ p (22')2 720, (w2) ], (w2') (2.11)
waw

+ 5 2
.~(2,2)k d_
Zpab,cd 2 (ZZ/)2 QJ,,(wz)Jl,(wz’)
+ Tk‘ /wdw "
hence we obtain the desired form
s ne—2 /
Jy(wz)J, (w2')
b [ o G w2),
gab,cd( ,Z,Z) ab,cd/w w k2 + w2 — ic 5 (212)
0



where we define the differential operator

i 5(0)k Dk ;. Nk 2 1.
be,cd =3 Pt(zb,)cd + Pc(tb,)cd ,ilg% _Pc(zb,)cde ,g% Op2 (2.13)
for
Ok _ 1,1k Wk _ 0Dk 20k 22k @k _ (2,2)k
Pab,cd = Tabyed > Pab,cd = Pab,cd + Pab,cd + Pab,cd ’ Pab,cd = Tabyed (214)

The nice thing about the operator D¥ is that it commutes with the rest of the calcu-
lation, e.g. bulk point integration, so we can apply it at the very end. Furthermore, D*
for different propagators commute as well. Thus for a Witten diagram with n bulk to bulk
propagators we schematically have

n
AWitten = (6i7 W)a11a12--~al4a21--~an4 H Dap;1aj2,aj3aj4M ) (215)

j=1
where (¢;, V;) stand for the collection of the vertex factors and polarization vectors, p; is
sum of some bulk to boundary momenta depending on the topology of the diagram, and
M is the scalar factor of the amplitude: it is the graviton analog of the amplitude for the

straight-only-graph in [38] (and M&;Ology analog of [56]).

2.3 Bulk point integrated expressions

In the naive order of the calculations, one needs to carry out the integration in eq. (2.11) to
get the full propagator and then the radial integration to get the amplitude for the Witten
diagram. The integration in the propagator comes from the equation of motion as derived
in [41] and we need to carry out the bulk point integration because we go to the Fourier
space of boundary coordinates only.

A clearer approach is to interchange the order of integrations as one needs same bulk-
point integrated quantities for any tree level diagram; therefore, one can carry out bulk
point integration once and for all as we did in our previous paper for gluons. In accordance
with that paper’s convention, we define the bulk-point integrated objects KKK, KK T,
KJJ,and JJJ as follows:

o0

K’CK:(kl,k‘g,kg)ZZ/;il%zs <\/ZZ—2(k12)gKg(k12)> <\/Zz_2(k‘2z)g[(g(k22)>

0

x <\/Zz2(kgz)gKg (k32)> , (2.16a)
T d ) .
KKT (ky, ko, ks) ::/ZleZS <\/;zz(klz)2K

0

X (272(,2)%(]%(1%2)) , (2.16b)
KT T (k1,ke,k3) ::/%28 <\/Zzz(k1z)g[{g (klz)) (272(2)%(]% (kgz)) (272(2)%]% (ng)) ,

' (2.16¢)
Jjj(kl,k:g,kg)::/%zs (z‘Q(z)%J%(klz)) (2_2(,2)%J% (/@z)) (z_z(z)%J%(k’gz)) . (2.16d)

0



where 28 factor comes from the contraction with the three point vertex V,fﬁg",%. From

. .. jkl :
now on, we will use only use the remaining tensor part VU ka in the expressions.

In terms of these objects, the amplitude for a generic tree level Witten diagram in
eq. (2.15) takes the form!?

wrdwy,

-AWitten = (ei; ‘/z)auan 14021 - And H Dajlajg,aj3a74 / H f(lCKj ij jjj)
7=1

—I— wk
(2.17)

where the function f depends on the topology of the diagram. Here f(KKT, KT T, TITT)
depends on kj ---k,, and wi - --w, where m is the number of external legs and n is the
number of bulk to bulk propagators. Likewise, p; and p; are combinations of external
momenta depending on the topology.'!

As a non-trivial example, we can write the expression for the star-triangle six point
diagram as

) (.1 2 i151k1liming 3 4 igj2kalamana 5 6 i3jzkslamang
Astar-trlangle - ( 11]1 €yl thkz, k1o 622]2 €kaly ng,k4, k34 623]5 €ksls Vk57k36, kse

oo o0
w st 52t283t3kaﬁ 'Dk& Dkﬁ widwi wadws
ki2,k34,ks6 T minisiti T mangsata T mgngssts 0 k%z—l—w%—ie 0 k§4+w%—i6

0 d
></ &KICJ(]%k2,w1)’C’C«7(k3ak4aw2)’CK‘7(k5’kG’w?’)jjj(wl’wz’wg)
0

l<:26+w3 13
(2.18)
where we are using the shorthand notation of [56]:
ki11i12.-~i1n1 02192282 - Im1Tm2 « Imnm J152--Jp Z Zkl b| T Z |k]c
a=1lp=1 (2.19)

Kiig.in = kiy +kiy +---+ k;,

thus, e.g. k‘123 = |k1|+|k2’+|k3’ s klﬁ@ﬁ = ’kl‘-i-’kQ + ki3|—|—|k4 + k5’+’k6’ R k1o = k1+ko.
Even though k12 can also be used to label 12" momentum in a generic calculation, there
will not be room for confusion in this paper.

In this paper, we are focusing on d = 3, and we will need the explicit expressions for

KKJ and KJJ only:
21.3/2 (12 2 2
V2 (R + dkoky + K3 + 13)
2 2 2
((k’l + k)" + k3>
32k3 (koks)®/?

4 2 2\ 7.2 2 22)?
w (k2 (8 + K3) K3 + (3 — 13)%)

%The factor K only appears in three point amplitude hence we ignored the dependence of Awitten

KKJ (ki, ko, k3) =

: (2.20a)

KT T (ky, ko, k) = (2.20b)

on KKK in eq. (2.17). Likewise, the function f may depend on other bulk point integrated objects, e.g.
KKJJ, if we allow interactions beyond cubic vertices.

" Throughout the paper, we refer to expressions for particular Witten diagrams as amplitudes for those
diagrams for brevity. However, one should note that the full amplitudes are sums over various channels and
relevant contact terms.
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Figure 1. The three point graviton amplitude.

3 Amplitudes

3.1 A basic Witten diagram: three point function

As a warm-up, we will compute the three point amplitude. It is a useful exercise as
all the dynamical data in a CFT is actually contained solely in three point correlation
functions [43, 77].12 With the ingredients in eq. (2.3), we can calculate the momentum
space Witten diagram shown in figure 1:

oo

dz ijklmn
As = / thi (R, 2Kz, 2) (g, =)V, (3.1)
0
which then reads
1.2 3 vrijklmn 2 /2 goou
A3:€z’j6kl€mn k1 ko, ks % (k1k2k3)2/2 2 dZK%(k1Z)Kg(kQZ)K%(k3Z). (3.2)
0

In d = 3, the integration becomes

9 3/2 5 klkaSze(_kl_kQ_k3)z
<7Tk31k2k‘3> /Z2dZKg(klz)Kg(kQZ)Kg(k?)Z) - ki + ko + k3

B klkgkfge(_kl_kQ_k3)z B (k‘gk‘g + ]4}1/6‘2 + k’1k‘3) 6(_k1_k2_k3)z B 6(_k1_k2_k3)z
(ki + ko + k3)? ki + kg + k3 -

(3.3)

which yields the regularized result

jkl [ 1R2h3 2k + Rk + 2 (b + ke ks)| - (3.4)

= ele2 3
Az = €ij €k1€mn Vi ko ks (ky + ko + k;3)2 ki + ko + k3

12\We will analyze three point function dual to CFT correlator of stress tensors only; to access full
dynamical data, one of course needs to consider three point function of all multitrace operators built out
of the stress tensor.



Figure 2. The four point graviton amplitude.

This result also appears in [36] where instead of z integral the details appears from the
computation of the time integral. Finally, we also know that,

123 pikimn _ 1 2 3 <(k2)"(k¢3) P () (Rs) ™ l”)
2

€ij€klCmn ky,koks — €ij€klCmn,

4
(k3)® (ky)lg™in"d (kS) (k)™
+€ leﬁg < 4 2
(k)™ (k)" it (ky)™ (ko) n?! 3.5
+6}j6il€%m( 1 - 5 (3:3)

= i [(kzelkg) (6263) + (k362k§1) (6361) + (k1€3k2) (6162)]

1
—3 [(koeieseaks) + (kzeaereskr) + (kieseserka)]
with the shorthand notation (kgep, ... €y, kp) = (kia)“6?111277121365)5147714i5 : ..e?;nili% (kg)i2n

and (eq€p) = e%ezmiknﬂ.
Therefore, the amplitude associated with the three point diagram reads explicitly as

A = [i ((k2e1ks) (eacs) + (ksezkn) (eser) + (kreska) (erca)

1
D) ((k2ereseaks) + (kseaerezkr) + (k163€2€1k2))] (3.6)
x [ o oo - Rike +B0RS |y gy 4k )]
(k1 + ks + k3)? k1 + ko + ks B

3.2 Four point function

In this section, we will step by step compute the amplitude associated with the s-channel
four point Witten diagram shown in figure 2.'* For this topology, eq. (2.17) becomes

o (a i1j1k1liming 3 4 igj2kalamana
Afour point — ( Zl]lekjlll Vkl,k%ku 612]26k2l2Vk3,k4, k12

k1o o0 U.)dw
pke W KK (ky, ke, ) KICT (s, g, w) 3.7
X 1122/0 k%Q_'_wQ_Z j<1 2 ) '.7(3 4W> ( )

130ne can write down expressions associated with other channels in a similar fashion.



We first focus on the scalar factor. From eq. (2.16), it reads as
M /m) WO ke Ty, o ) KT (ks e, 0)
our point = 792 . 9 s 2, ) 4, W
four point ; k%2+w2_26 1, k2 35 R4
/‘d W (K2 + K2 + ki by + w?) (k2 + k2 + dsky + w?) (3.8)
(k1 + ko) 2 + w?) 2 «b+k@2+w%2@ﬁ+w2—k>

We can carry out this integration'® to find

Mionr pornt = 12 ; <2k‘1:’€2k3 (k1+k2+k3)(—kg+k1+3k2) (ki2+k1+k2)
(—kiz+ki+k2)” (ki +ki+k2) (k1+ko+ks+ka)
kskiz (ki2+ks) (—kiy+ki+4koki+K3)  (—kiy+ki+4koki+K3) (ko +K3)
- (kro+ks+ka)? - k12 +ks+k4
N kT (—kio+6ks+k3) — (k3 +k3) (kiz—k2) (kia+ke)+ ki +4kak? +4ka (k3 +K3) kn
ki+ko+ks+ka
+(k:1+kz)k3( K3y + ki +Akoks +K3) +ks (—kF (kiy—6k3) —k3kTo+ kT +4kokd +4k3 k1 +K3)
(k1+ka+ks+ks)®
+l€1k2 (k1+l€2)(*kg+k1+k2)(kg+k1+kz))
(k1+katks+ka)? '

(3.9)

The result seems rather complicated; however it can be put in a simpler and more intuitive
form. For this, we need to make use of the symmetries of the four point exchange diagram.
As we can see from figure 2, the scalar factor Migyyr point should have the symmetries
k1 < ko, ks <> kg, and {ki,ko} <> {ks,ks}, hence we can change variables to those
invariant under these interchanges:

E =k +ky+k3+ky,
a = (k1 + k2)(ks + ka) ,
B = kika + ksky,

v = ki1koksky

o = |ky + ko — ks — k4l ,
A= [kiks — kaka| .

(3.10)

Of course, not all of these parameters are independent; in fact, we have the relations
E? —4a = 0% and 32 — 4y = A\2. With these parameters, the scalar factor now reads as

1 2y <kiz+04> —8vk12+Aok?y+ado
Miour point = 2 B3 - 2F?2 —
(Ekg+kﬁ+a)
k} 5(2a+38) -2 cki2+a 2a+ﬂ

14 As advocated in [56], we use residue theorem to efficiently compute these symbolic integrations. We
numerically verified this result, as well as the other symbolic integrations we compute below.

~10 -



Figure 3. Five point graviton amplitude.

By acting our differential operator in eq. (2.13),

f int .__ _ o:myk12 _
Mﬁllllzfﬁ%l;m T _2ZDm1n1m2n2Mfour point =
(0)k
A 12 (2)k12 a(k%ﬁ‘ko‘)Pmln%ang (k1o
7| kioPmynimony =0 (k12(k12+E)+a)? FPmyny mons (0)k12
12712 4'7kglpmlnim2n2
20 (k2 (kiz+ B) +)”
E2
2 (O)kﬁ (0)]{)12 (2)k12
k12 (kg+20‘+5> Prming,mans B kigpmmfmgm Bk%llpmmfmznz
2 o 3
(k12 (k12+E) +a) (k12 (k12 +E) +a)? 20
=N = (3.12)
(0)k12
a(k%2+a)7)m1njm2n2 (1)k12 2 (2)k12
27 o (;7 (k1 +E)+a)2 +Pm ni,manz _kQ,Pm ni,mong 2 (2)k12
n =S +)‘0kgpm1m,m2n2
o?E3 203
(0)k12
a(k?,(2a+38) -2 ck124+a(2a+8) ) Pm: ri-mon Dk
O£2 ( Q( ) 12+ 2)) 1m1,many +(2Q+B)Pr(n3n1?2m2n2
(k1z(ki2+E)+a) ’
2 (2)k12
i +kg(a(/8_2a) _47)7)7711”1,7712“2
203 F ’
hence eq. (3.7) reads as
S 1 2 i1j1k1liming four point 3 4 i2j2kalamans
Afour point — 5 (61'1]'1 eklll Vkl,k%kQ ) Mmlnlmgnz eizjz Ekzlz ng,k4,—kg . (3'13)

3.3 Five point function

Here we will compute the amplitude associated with the five point Witten diagram shown
in figure 3. Alongside being an interesting computational challange as it contains two bulk
to bulk propagators, this Comb channel is the only diagram one can write without studying
beyond cubic interactions.

Analogous to the four point diagram, we can write down the five point amplitude as

— 1 2 t1j1kiliming 3 P1T143J3P2T2 4 5 i2j2kalamong
Aﬁve point — <6i1116k111Vk1,k2,k2 ) <6i3j3V_k27k37_k£) (612j26k212vk4,k5,k£
k1o kus
X Dmlnlpﬂ’l szTLQPQTzMﬁve point » (3.14)
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where we define the five point scalar factor

M o /OO wlwgdwldwg
et =, <k2 +w? - z‘e) (k2 +wd— ie)
12 1 45 2
X ICICj(kl, k?g, wl)leJ(kzg,wl, wg)K,CJ(k4, k5,&)2) . (315)

Such scalar factors can be calculated in a symbolic calculation program such as
Mathematica, especially by taking advantage of the residue theorem as we demonstrated
in our previous work. The result takes the following nice form

9
;0 kS (i + (k12 — kas)d;) (3.16)

T P OOy S

By using an appropriate set of variables analogous to eq. (3.10) we can write the coefficients
¢;,d; in a simpler form; however, they are still rather complicated so we list the explicit
expressions in appendix A. The reader can also refer to the Mathematica file attached
to this paper as supplementary material, where the result is presented in terms of the
conventional variables k;.

With Mie point, One can straightforwardly obtain Agye point 88 We have demonstrated
above for four point amplitude. Even though the result looks quite complicated, it can
simplify in certain limits and the commutation of the limiting procedure with the act of
differential operators is one of the main strengths of our formalism since it allows us to
obtain final elegantly simple results in a relatively easy computation. We will discuss two
such limits in the next section.

4 Flat space and collinear limits

Flat space limit. As mentioned in the introduction, it has been known that Witten
diagrams reduce to scattering amplitudes in an appropriate flat space limit [34-37]. One
of the advantages of using momentum space is that this procedure becomes almost trivial.
In [34], the author derives the relation that extracts the flat space amplitude from the AdS
correlators. For tree-level graviton diagrams in AdSy, the relation simply reads as

n—1

Aﬁat space _ i

ot = —poi 4.1
n—point ES0 F(n _ 1) H;L:1 k; A, point ( )

for E=ki+ -+ ky.
Let us apply this formula for the amplitudes that we examined above. In the case of
three point diagram, we can immediately read off the result from eq. (3.6):

Ag™ TP = i ((kae1ks) (e2es) + (ksezkr) (ese1) + (kieskz) (e1€2))
(4.2)

1
-5 ((kaereseaks) + (kseaereskr) + (kieseacika))
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The transition to flat space limit is also quite transparent for four point diagrams. In
particular, in the parameters that we introduced in eq. (3.10), eq. (4.1) becomes

3
flat space
Afour point hmo 27 ——Afour point - (43)
Inserting eq. (3.13) into this, we obtain the simple result
flat space __ L1 o i1j1k1liming 3 4 iajakalomaons
’Afour point — 5 ( 11]16k111Vk1,k2,k12 612J26k212Vk3,k4, kis

(0)k12 (1)k12 (2)k12

% mini,manz Pm1n1,m2n2 _ k 2Pm1n1,m2n2 (4 4)
kiy + e a? :

By inserting the explicit expressions for P and V, one can reduce the result to product of
momenta and the polarization vectors; for example,

1 i151k1l1ming (2)k12 3 4 igj2kelomang | __ 1
( leleklh Vkl k:27k12 7DTnlnlyTnQWQ elzjgekglgvk37k47 k:12 - _16k4 (45)

[(klgelk )(klgegkl) (k 12€ k )(k1261k2)+k1 kl (k 72( €1€ 2)—2(k126162k12)—Q(kgelegkg))]
x [(k12eakr2) (k12esks) — (kizeskiz) (kizeaks) +ks kg (ka-ki2(eses) +2(kizeseskin) —2(kaeseskiz))]
with the shorthand notation used in eq. (3.5).

We can similarly calculate the flat space limit for five point diagram. For brevity,
we will only provide the flat space limit of Mgye point; One can obtain the full flat space
amplitude Agye point Dy acting with the differential operators and carrying out the relevant
contractions as we demonstrated above for the four point case. We emphasize that the

flat space limit commutes with the differential operators, thus this procedure is valid. The
result simply reads as

‘ ki 1
Mﬂat sbace _  {im AM ve point — : 4.6
five point k123450 6k1 kokskaks five polnt (k k )(k123 k123) ( )

At the level of scalar factors, the flat space limit for four point function takes a similar
form

k3 1
Mﬂat space s 1234 M " boin ) )
four point k12g1n—>0 2k31]€2 k3 k‘4 four point = k‘ k‘ (4 7)

In fact, looking at these results, we may generalize the flat space limit of scalar factors for
higher point comb-like diagrams as

flat space _ 1
Mn—point comb-like diagram — 5 2 . 2 :
n— i 4.8
(|2 m| - (2 |kj|> s
i=1 j=1
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Collinear limit. Another interesting limit that we may manifestly take in our formalism
is the collinear limit, e.g. when vector sum of the momenta of two external legs approaches
zero. In most of the cases, our relations do not provide an immediate simplification albeit
they are perfectly suitable for the calculation. However, in the cases where the chosen
external legs directly interact in the chosen Witten diagram, we may drastically simplify
the calculation by commuting the collinear limit with the differential operator for the
relevant bulk to bulk propagator.

We can see this simplification as follows. Let us consider the collinear limit of a generic
Witten diagram

n
élg%) -AWitten = élir(l) (Ei, W)a11a12‘..a14a21...an4:| ;% H Dapjl(ljg,(ljgaj4-/\/l , (4_9)

j=1
where q is the vanishing momentum in the chosen collinear limit, p; is sum of some bulk
to boundary momenta depending on the topology of the diagram and M is the scalar part

of the amplitude. If q € {p,}, taking p, = q, we see that

i

‘llli% Awitten = _5 (77an1an377an2an4 — Nanian2Manzans T 77an1an4"7an2an3)
n—1
X |lm (e, V;)0roizeaasozetnt | TT DRI o (B M) . (4.10)
q—0 1 qg—0
]:

This follows from the identity

Nacbd — 77ab7?bd + NadMbe lim M
21 k—0

Lm DfycaM = 7 (4.11)

which can be easily verified with eq. (2.13).
We can see this at work by analyzing the collinear limit k1o — 0 for the four point
amplitude in eq. (3.7) where the drastic simplification in eq. (3.12) reads as

(4’y—|—2aE2+ﬁE2 —E)\U)

kgrgOva?llfzfr?z?ﬁg = 203 (77m1m277n1n2 —Nming Tmana +Nmang nmznl) .
B (4.12)
This leads to
lim  Afour point = z% cos(20)(e1e2)(es€q) , (4.13)
ka0 4096

where we took {E,, 3,7,0, A} — {4k, 4k% 2k? k* 0,0} and defined k; - k3 = k? cos(6) for
k1| = |ks| = k.

We note that flat space limit and collinear limit do not commute! For instance, taking
the flat space limit after the collinear limit kills the four point amplitude whereas we get
a finite result in the reverse order:

2

. flat space __ L
kiﬁo Afour point = ¢ 198 cos(260)(e1€2)(es€a) - (4.14)
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5 Conclusion

In this paper, we have studied graviton propagating in AdS4. As a continuation of our
previous work with the gluons, we aimed to adapt and further develop the existent mo-
mentum space technology to graviton interactions, and to provide explicit results for tree
level calculations. For this, we rewrote the graviton propagator in a way that reduced the
complexity of the problem significantly. Explicitly, we managed to reduce the bulky part
of the computation for any diagram to the calculation of a scalar factor. This rearranged
form of the amplitudes may lead to a more systematic and overarching study of AdS cor-
relators in momentum space. For instance, it is conceivable that these objects have similar
recursive structures as the gauge theory correlators computed in [38]. Finding an analo-
gous algorithmic method to compute the graviton interactions is an open problem which
we hope to address in the future.

Our formalism has also practical importance in addition to being a possible step to
a more systematic study of momentum space AdS correlators. In a standard calculation,
one needs to carry out bulk point integrations whose number increases exponentially with
the number of bulk to bulk propagators. In our settings, there is only one scalar factor
per diagram, hence we need to carry out only one integration for any diagram.'® As the
integrands consist of several Bessel functions, this is a rather important simplification which
enables the calculations of higher point functions in practice. We demonstrated this utility
by computing four and five point Witten diagrams. While these expressions are naively
complicated, exploiting the symmetries of the diagrams simplifies the results considerably.
We have provided a Mathematica file with the four and five point results; we hope that
our results may serve as data points from which further insight can be obtained.

In the last part of our paper we discussed the flat space limit of our results. It is a
nice feature of the momentum space formalism that this limit can be taken rather easily,
and it is natural to wonder if such a transparent limit can help us find analogous struc-
tures between graviton and gluon to those found in flat space scattering amplitudes. For
instance, KLT-like relations have been carried out in the context of cosmology [78]. Simi-
larly, double copy like relations have been explored and are successfully realized for three
point CFT correlators [79]. It is an interesting question whether these analyses can be
further developed for holographic settings, and we hope that our work can assist in this
direction.

Lastly, we hope our investigation can connect with cosmological bootstrap program as
AdS and dS correlators are closely related. For instance, in [80, 81] authors propose a
framework for the computation of late-time correlators in de Sitter space and bridge the
gap with the boundary correlators in anti-de Sitter space. Moreover, it has been shown
that the wave function of the universe for conformally coupled scalar theories in dS4 can be

15Technically, there are 3" multiple integrals of n variables in standard approach where n is the number
of bulk to bulk propagators, and there is only one multiple integral of n variables in our approach. Not all
3" of these integrations are independent, and in fact one can reduce the number of integrations significantly
by using the symmetries of the diagram. Nonetheless, we bypass any such additional analysis and reduce
the number for any diagram.
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expressed as volumes of polytopes in the same spirit as the amplituhedron [82-84]. Since,
the structures that we have calculated have a similar flavor, it is possible that they have a
polytopic interpretation. It would be interesting to explore these connections.
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A Scalar factor for five point diagram

The scalar factor of the amplitude takes following form

9.
Z /{% (Ci + (kQ — ]{5475)6@)

)

2 2 2 3 3 4
2k12gk45@kg3@k123§kgg45 k19345

where ¢; (d;) carries the even (odd) part of the amplitude under the exchange
{k1,ko} <> {kq,ks}. We can succinctly express these factors in parameters manifest under

this symmetry:
e=ki+ ko +ka+ ks,
a= (ki + ka)(ka+ ks) ,
B = kikg + kaks
Y = kikokaks ,
o= lki+ ko — ky — ks,
A = |kiko — kaks]|,
p = kia + kus
0 = kigkus ,
K= ‘k:g — k£| .

In these parameters ¢; and d; read as follows:

co= %ep(Q(a+5)+ep) (47;; ((a—08)*+ap®) +25¢”(B+8)+e* (26(p(2(a+pB)+68) — o) +abp)

+é° (26 (a2 —2a(,6’+5)+265+47+52) +20° (6204 8) +a(a+ ) —apo—45Apo)
+e’p(2a° —a® (B+46—2p%) +a (28(5— B) +Bp” +4y—2Xpo ) +8(3B5+167—2\po) )

—ep (a2>\a+oz (Ao (p2 —26) —8yp) +6(6Xa—8vp)) )
c1=(4p (a+5+62) +2e(a+6)+56p2) (4’7,0 ((a76)2+ap2) +26e° (B+6)+e*(26(p(2(a+B)+8)— o) +afp)

+é* (26 (a2 —2a(,8+5)+2ﬂ5+4’y+62) +2p° (6204 8) +a(a+ ) —aXpo—45\po)
+62p(2a3 —0® (B+45—20%) +a (26(5— B)+Bp* +4v—2\p0) +5(3ﬁ5+16772/\p0))

—ep (a2/\0+a (Ao (p2 —26) —8yp) +6(6Aa—8vp)) )
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e = % (2((B+38)p* +20(48 4 58)) " + (9aBp + 2 (3(c + B+ 28)p> — Aop® + 5(25a + T4B + 620)p — 85A0) ) €°
+ (6(2a + B)p* — 6X0p® + 8 (40 + 9Ba +7) p? — Yadop — 1485Aap + 528° + 2028 + 262 (85p? — 2a + 363)
+ 26 (3p* + (127a + 1548)p? + 12a° + 5a8 + 327)) €5
+ (26pa® + (136p° + 158p + 1245p — 2X0) a? + (6p° + (1458 + 3226)p® — T6X0p® + 367p — 26(558 + 238)p — 42670 @
+1528%p + 82 (66p° + 3278p — 32X0) + 8p (2338 — 296)A0p + 5927) + 2p° (Bp® — 3Aop + 127)) e*
+ (=2X0p® + 5786p* — 21560 + 33288%p? — 10582 Xop + 4a’t + 328% — 203 (—66p% + B — 146) + 108 (8p> + 78)
+ 8y (3p* + 1436p? + 2062) + o (158p* + 85p* — 33Xop — 3662 + 8y — T0B6)
+ a (1078p* — 145X0p> + 3047p? — 866Xop — 286% + 262 (58p% + B) + 26 (590 — 548p% + 847))) €3
+ (87p° + 36(260y — 17Apa)p? + 320t p + 246%p + 62 (898p> — 124)ap + 4207) p + 52(968p — 2)0)
—2a (=53p3 +88p+46p+A0) +a (258p° — 101Xop? +2(2807 +5(495 — 33)) p> — 166 A0 p> +85(43v+8(28+8)) p+262 o)
+ a2 (—56p5% + 2 (Ao — 6p (p* +88)) 6 + p (54p" + 58p* — 92Xap + 1327))) €2
+ (=23aXap® + 2 (100> + (38 + 108)a? + (1827 + 388)a + 8274) p* — 55a%Aap® — 39862 Map? — 228X p®
+ 2 ((10a + 138)8% + (—10a2 + 7Ba + 2167) 6% — a (1002 + 13Ba + 4v) § + a? (10a® — 7ha + 1807)) p? — 16a3Aap
— 1683 Aop + 1662 Xop + 16026Xop + 8y(a — §) % (a + 8))e+2p ((327 —3\po)a® + ('y (80p2 —326) 4+ 3Xp (5 — p2) 0') o?
+ (307p (6 — p?) o — 4y (—9p" + 40p° + 86%)) o + 6 (48yp* — 30Aap + 3276)))
es=p(p® +B+28)e” + (2p* + (5a + 108 + 226)p? — Aop + 566 + af + 10ad + 5435) €°
+ (p° + (25a + 218 + 318)p® — 10Aop? + (11a? + 31Ba + 1605a + 19562 + 4y + 27438) p — ado — 546X0) €°
+ % (318p* + 226p* — 38X0p® + 38462 p + 80vp? + 80885p> — 5406Xcp + 8a® + 14863 + 266852 + 4326
+2a? (104p? + 58 + 508) + 2a (28p* + (1278 + 4028)p? — 33Xop + 4y — 25(258 + 328))) e

+ (66pa3 + (207p% + 58p + 520p — TAc) & + (—137Aap? + 2 (4p" + (858 + 1668)p? + 66y — 6(116 + 375)) p — 380A0)
. 1
+1408%p + 6% (51p° + 3838p — 27A0) + 48p (538> — 91op + 2587) + 5pi” (780> — 25X 0p + 1527)) &3

+ = (=5Aap® + 4 (7202 + 398a + 257) p* + 8(19a + 88)dp* — 324adap® — 352000 p® + 4a (6502 — 148 + 2627) p?

N | =

— 4 (4302 + 66Ba — 6047) §p* — 1020 Aop — 1866%Aap — 8adrop + 485* + 8a? (20 — Ba + 7v)
+ 8ar (402 — 1580 + 387) 6 + 45 (21p% — 8a + 308) + 462 (—16a” + 49p%a + 280 + 1208p> + 867)) €
+ (107p° — 245(Apo — 207)p® + 20atp + 85%p + 62 (338p2 — T2Xap + 3087) p + 63(428p — 4)0)
—2a® (=26p% + 78p + 65p + 2)0) + a? (28p° — (98 + 208)p® — 6470 p? + 1967p — 148(35 + 28)p + 46)0)
+ a (98p° — 68Xap* + 4(1317 + 5(106 — 38))p® + 4050 p® + 25(5(78 + 65) — 28v)p + 45%X5)) e
+4a%p? + a? (46p* — 1500p® — 4(6(B + 8) — 407)p? + 68Aap — 1679)
+20° (8v+p (20° — 2(8+8)p — 3X)) + 6 (8 (5p* + 2000 + 26%) + Sp (—9Acp? + 4B5p — 6670 ))
+a(p (=Trop? + 46200 + 46%(B + 6)p + 65%A0) — 167 (—10p" + 105p* + §2))

T % (2 (p*—26) " +2p (2a+78+8 (p*+5)) €®+2 (10p* + (3la+388+635)p> — TAop+2a° + 1345 + Taf+66ad + 1525) €
+ (=72X0p? + (6p* + 2(69a + 56 + 656)p> + 1300 + 67052 + 17603 + 567 + 878a:d + 103758) p — ldado — 312600 ) e*
+ (538p* + 308p* — 84X0p> 4 47852 p% + 110185p> — 10036 Aap + 400> + 22863 4 504852 + 8 (35p% 4 148)

+ 2a? (25902 + 98 + 686) + o (84p* + (4318 + 13626)p? — 196X p + 56 — 65(618 + 506))) €3

+(242pa® — (—588p> +47Bp+1245p+38\0) a2 + (=457 ap? +2 (5p* + (1808 +3618)p? + 374y — 695 (58 +8)) p—220)0)
+ 2685 p + 62 (80p° + 9138p — 56X0) + 6p (3758p> — 90TAap + 31967) + p°® (68p — 31hop + 3127)) €2

+ (=2X0p° + 1007p* — 265600 p> 4 8 (298p% + 21967) p? — 17562 Aap + 200 + 328* + 663 (7p° + 15p)

+ 20 (110p? — 78 + 65) + 862 (398p> + 447) + o2 (236p* — 2(498 + 1218)p? — 123X\op + 144y — 25(458 + 260))

+ o ((838 + 908)p* — 314X p® + 25(825 — 1018)p? + 1300A0op + 2(78 — 66)52 + 4 (349p% + 45))) e + 16a’p

—2a® (—18p> + 88p + 65p + 3Aa) + 202 (—29Xcp? — 2 (=5p* + (48 + 58)p* — T2y + 6(68 + 56)) p + 36)0)

+ a (289° — 61x0p* + 8(757 + 3(35 — B))p> + 665Aap? + 46(3(48 + 35) — 1007)p + 65%\o)

+ 8 (—15X0p* + 16(257 + 8)p® — 600X p? 4 45(927 + 5(65 + 8))p — 652X0))
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c5 = % (462 (—4a® + 2aB + 13ap? + 188p? + 407) + 45 (—2p? (12 + 5a8 — 987) — 2a(3aB + 16v) + p*(5a + B))
+4a (p? (170 — 1208 + 1527) + 2a (o — aB + 127) + 2p* (9a + B)) — 5002 Apo + 84adApo — 110aAp>o
+ 833 (38 + p?) + 88 — 6662 \po — T66Xp3 0 + 1265 (p? — 26) + 2e%p (12a + 208 + 136 + 23p?)
+ e (2402 + p? (144 + 1398 + 1945) + 8a(5p + 468) + 268(175 + 148) — 40 po + 36p%)
+€® (2p (14902 + 12208 + 674ad + 54988 + 767 + 34552) + p3 (156 + 1335 + 1386) — 40a\o — 4866 Aa — 117Ap?0 + 6p7)
€% (7203 + a? (68 + 526 + 624p%) + 2a (3p%(598 + 2226) — 26(1198 + 728) + 76y — 140 po + 16p*) + 518882
+ 80883p> + 338p" + 151273 + 388vp> + 1966° + 3325%p% — 10305 p0 + 183p" — T10p30)
+ e (20° (19902 + TTaB + 202a8 + 7685 + 987 + 156%) — 420° Ao
+2p (9603 — (438 + 1120) + 20 (—10336 + 210y — 852) + 6 (26585 + 11727 + 646%)) + p°(8 — 4a) + 52ad)c
— 354a)p?o — 426% o — 5760 \p2 0 — 7)\p4a) + )\psa)

c6 = % (5603 p — 8a? (58p + 118p + 220 — 13p°) + « (20®(78 + 468) + 46p(26 — 198) + 3207p + 326Xc — 103\p%c — 4p°)
+43p (p? (58 + ) + 6(298 + 66) + 1807) — 166%Xo — 1516Xp%0 + 28e® (p? — 26) + 2e*p (28a + 288 + 158 + 31p?)
+ €% (p? (15200 + 1258 + 1766) + 56a (v + B) + 56000 + 35458 + 31262 — 56Ap0 + 28p*)
+ €2 (p (3340 + 2p*(24a + 335 + 375) + 163a8 + 123208 + 65985 + 168 + 42652 + 2p*) — 56a\a — 43850 — 83Xp?0)
+ e (5603 — 6a? (28 + 48 — 61p?) + a (p? (1218 + 7168) — 205(138 + 68) + 168y — 191 po — 24p*) + 272382 + 29385p?
+ 58p* + 952768 + 180vp> + 885° + 1185%p? — 5736Mpo + 46p* — 10Mp30) + 5Ap*0)

er = 8a® + a2 (=48 — 86 + 42p%) + « (2p% (2B + 418) — 85(3B + §) + 327 — 25Xpo — 8p*)
+25 (980 + 647) + 462 (78 + 2p?) + 85° — 6951 po + 16e* (p? — 26) + €%p (32a + 198 + 175 + 20p?)

1
+ €2 <32a2 + 5p2(62a + 498 + 906) + 1908 + 24608 + 7786 + 8662 — 19Apo + 4p4)

. 9
+ ~e(2p (9202 + 21aB + 316ad + 10135 + 32y + 7267) + p*(—34a + 98 + 166) — 38adc — 2226Xc — 15Xp%0) + 5)\;)3(7

1
2
g = g (8a2p - 2a (—14§p + Ao+ 2p3) + 46p(B + ) — 1060 + )\p20') +9¢3 (p2 —26)

5
+e?p (18a + 58 + 136 + 5p%) + e (18a2 +a (58 + 1185 — 3p%) + 5p2(ﬁ +48) + 6(158 + 286) — 5)\p0)

co =4(a®+6ad +6 (5 —e?)) +2p% (e — 2a) + 4ep(a + 6)

do= %ep (—4vpo ((a—08)2+ap?®) +25eSX+€® (arp—26(o(B+8) —22p)) —e? (a (Bpo+85A+45pa—27p?) +28p((28+8) — Ap)
—e? (a2 (20’ (6 + p2) + 3)\/)) +a (2,80' (p2 —26) — 4620 + 26p(9X + 2p0) — )\p3) +6 (280 (25 + p2) + 8vyo + §(200 — )\p))
—ée%p (2(130 +a? (B o —0c (B+46 — 2p2)) +a (Bo‘ (p2 — 26) + dvo + 25(80 + 4Xp)) + 65 (3B85 + 167)

— 4ep (a3)\ + a2 (p2 - 26) + a (2'yp0' + 52)\) + 275pa)

di = (e +2p) (—4ypo ((a — 8?2+ ap2) +20e8 X + € (adp — 26(c (B + 8) — 2)p))
— et (o (Bpo + 88X + 43pa — 22p%) + 28p(c(26 + 8) — Ap))
— e (a? (20 (6 + p%) +3Xp) + & (280 (p* — 20) — 46%5 + 26p(9X + 2p0) — Ap®) + 6 (280 (26 + p?) + 8v0 + 6(260 — Ap)))
—e%p (2030 +a? (8hp — o (B+ 45 — 2p%)) + a (Bo (p? — 20) + 4yo + 25(30 + 4Ap)) + S5 (388 + 167))
— 4ep (a3)\ + a2\ (p - 26) + a (2’ypcf +8%x ) + 275;)0))
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dy =

1
dy = =
173

ds =

dg = >

dg =

% (74p (3a3)\p +a? (870 + 3Ap (p2 - 26)) + ('ya (1 lp2 — 166) + 352)\p) + vydo (86 + 3p2)) — 267)\p
+¢€% (aA+2Bpo+206A+65p5 —6X1p?) +€® (o (18Xp—0 (B+26—6p%)) +2 (Bo (3p> —106) — 8525 +285Ap+66p7c —3Xp%))
+e* (=3a% X +a (p (20 (6p% —78) +49Xp) —25(39A+19p0)) +6p (20 (3p% —228) +49Xp) +6Bp 0 +87vpo + 5% (51 — 26p0)
—2xp?) —e?® (2030 +a? (0 (—B+120+16p%) +32Xp) +a (Bo (25p% —348) +4y0 —305%0 +2000Ap+586p> 0 —45Xp° —6p?0)
+ 3586%0 + 3186p?0 — 2Bp*o + 8v0 (108 — 3p?) + 1660 — 862 \p + 106%p?0 — 136Xp>) — €2 (40 (X + 4po)

+a? (p (20 (13p2 —48) +81Ap) —48(2A+5p0)) +a (26p (o (11p2 —208) +77Ap) +158p>0 +407p0 +45% (A—2p0) — 132p*)
+ p (8 (Bo (486 + 7p?) + 35(450 — Ap)) + 8v0 (235 — 3p%)))

— e (203 p(16X + 5p0) + o (p? (o (10 (p? — 28) — 7B) + 64Xp) + 4yo — 645Xp)

+a (p (26p(16Xp — 380) + 3B8p%0 + 26%(16X + 5p0)) — 8o (6 — 10p%)) + o (5% (1386 + 1167) + 4762 — 8vp?)))

(=4 (a®p(6X + po) + o (p (o (=B — 26 + p°) + 8Ap) + dyo — 120Xp) + o (2v0o (5p% — 48) + 6p (65X + Spo + 21p?))
+ 0 (6p2(BS + 107) + 4762 — 5vp?)) — 2¢7 X + 2€8 (o (B + 45 + p?) — 10Ap)
+ 2¢° (a(6/\ +5p0) +p (20 (5,8 + p2) — 19)\p) +268(X + po))
+ e (2020 + 20 (0 (=48 — 66 + 27p?) + 50\p) — 36880 + 428p>0 + 80 — 22620 + 1308Xp + 666p° — 250p° + 2p0)
+ €3 (402 (po — 3X) — 20 (p (40 (58 — 8p%) — 103)p) + 385(2) + po)) + 28p (o (11p* — 198) + 43Xp) + 318p>c + 80ypo
+206%(\ — po) — BApt )
—e? (8 +a? (20 (—26+45+11p%) +58Xp) + 2a (B (15p% — 288) + 8y — 20020 + 1226 Ap + 34p% 0 — 69Xp° — 10p )
+6088%0 + 1088p%0 — TBpo + 8v0 (208 — 19p°) + 24630 — 662 Mp + 26%p20 — 1657p?)
)
)

N =

—2e (202 (AX + 5po) + o2 (p (o (12p% — 78) + 40Ap) — 166(\ + po)
a (28p (o (3p% — 78) + 28)p) + 3800 + 28vpo + 262 (4\ + po) — 14Xp*) + po (21852 + 84v5 — 50vp? + 45%))

(=403 (3X + 2p0) + 202 ((12X + Tpo) — 4p (o (p? — B) + 3Xp))
+a(=26p (o (p2 —283) + 14)p) + p2(Bo + 18Ap) — 12ypo — 462 (31 + po)) + po (p2 (B8 4 1007) — 25(6(68 + ) + 267))
+2€%(po —TA) +2¢° (0 (20+TB+8 (36 +p?)) —36Xp) +€* ((60A+66p0) +4p (o (198+5p%) —21Ap) +5(105A+166p0))
+¢e® (10a%0 +a (325Xp — 20 (128 + 155 — 85p2)) — 15880 + 112B8p%0 + 5670 — 6520 + 2275 Ap + 1426p%0 — 310p° + 6p*0)
+ €% (@2 (14po — 13X) + a (p (o (124p* — 558) + 452\p) — 26(65X + 41pa)) + 5p (o (118 + 30p%) + 107Ap) + 538p%c
+ 280vpo + 36%(9X + 2p0) — 2xp*)
+e(—10a%0+a? (o (7844 (§—3p%)) —32Xp) +a (280 (196 — 7p?) — 12v0 + 22620 — 1365 Ap — 385 p% 0 + 189Ap> +22p o)
— 45B8%0 + 11B88p%0 + 68p*o + 4o (78p% — 298) — 16630 + 45%p%0 + 1367p%))

(4030 + 2020 (2(8 + 8) — p?) + 2a (Bo (46 — p?) + 2 (%0 — 26p(4X + po) + 2p° (11X + po))) — 128620 + 685p%c
+ Bpto — 32780 + 1967p%0 — 4830 + 26%p?a + 46Xp> + 2e®(6po — 20)) + e* (20 (12 + 208 + 598 + 23p%) — 117)p)
+ €3 (8a(20X + 21p0) + p (o (1398 + 36p%) — T1Ap) + 145(12) + 19p0))
% (18020 +a (550Ap — 4o (98 4 108 — 62p?)) 4 24880 + 1338p0 + 15270 + 14520 + 2545 Ap 4 1506 p20 — TAp> + 6p0r)
+ e (16a2po — 2a (p (o (198 — 52p%) — 227Xp) + 246(\ + po)) + 25p (30 (58 + 3p%) + 37Ap) + 33Bp>c + 388ypo
+166%(X + po) + Ap*))

1
2

(@®(AX+6po) + a (p (o (32p% — 118) + 166Xp) — 46(2X + 3p0)) + 1186p0 + 58p°0 + 180po + 462X + 6562 po + 205 \p>
+ 45p%0 + 28e*(po — 2)) + €3 (20 (28a + 285 + 775 + 31p?) — 83Xp)

e? (a(223X + 208p0) + p (o (1258 + 28p%) — 10Ap) + 6(171X + 232p0))

+e (1400 +a (0 (278 — 285 +172p%) +445)p) + 27850 +665p>c + 1680 + 14620 + 1516 Xp + 785p% 0 + 5Xp> + 2p*0) )

N |~

(4020 + 2a (o (23p% — 4(B + 8)) + 68\p) + 8850 + 9Bp*c + 64y0 + 4620 + 365Xp + 16520 + 2e®(16pc — 191)

N =

+ €2 (20 (3204 198 + 576 + 20p%) — 15Xp) + € (2(76X + 63pc) + p (o (498 + 8p%) + 9Xp) + 26(46) + 53p0)))
(a(S)\ +6p0) + Bpo + 45(\ + po)) + €2 (9p — BA) + 7e (20 (18 + 58 + 2368 + 5p°) + 5\p)

20(2(a +9) + ep)
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