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ABSTRACT: In this paper, we calculate the matrix element and form factors of vector-to-
vector (V! — V") transition within the standard light-front (SLF) and covariant light-
front (CLF) quark models (QMs), and investigate the self-consistency and Lorentz covari-
ance of the CLF QM within two types of correspondences between the manifest covariant
Bethe-Salpeter approach and the LF approach. The zero-mode and valence contributions
to the form factors of V! — V" transition in the CLF QM and their relation to the
SLF results are analyzed, and the main conclusions obtained via the decay constants of
vector and axial-vector mesons and the form factors of P — V transition in the previous
works are confirmed again. Furthermore, we present our numerical predictions for the form
factors of ¢ — (¢,s) (¢ = u,d) induced D* — (K*,p), D¥ — (¢,K*), J/¥ — (D, D*),
B! — (B!, B*) transitions and b — (c, s, q) induced B* — (D*, K* | p), BX — (D ,¢,K*),
B} — (J/¥,D%,D*), Y(1S) — (B}, Bf, B*) transitions, which can be applied further to
the relevant phenomenological studies of meson decays.
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1 Introduction

The mesonic transition form factors are important ingredients in the study of weak and
electromagnetic decays of mesons. There are many approaches for evaluating these non-
perturbative quantities, for instance, Wirbel-Stech-Bauer model [1], lattice calculations [2],
vector meson dominance model [3, 4], perturbative QCD with some nonperturbative in-
puts [5, 6], QCD sum rules [7, 8] and light-front quark models (LF QMs) [9-13]. In this
paper, we will calculate the form factors of V! — V” transition (V' and V" denote vector
mesons) within the standard and the covariant light-front approaches.

The standard light-front quark model (SLF QM) proposed by Terentev and Berestet-
sky [9, 10] is a relativistic quark model based on the LF formalism [14] and LF quantization
of QCD [15]. It provides a conceptually simple and phenomenologically feasible framework
for the determination of nonperturbative quantities. However, the matrix element evalu-
ated in this approach lacks manifest Lorentz covariance and the zero-mode contributions
can not be determined explicitly. In order to fill these gaps, many efforts have been made
in the past years [11-13, 16-19]. In ref. [12], a method based on the covariant LF frame-
work is developed to identify and separate the w-dependent spurious contributions, where
w is the light-like four-vector used to define light-front by w - x = 0 and the w-dependent
contributions may violate the covariance. With such an approach, the w-independent
physical contributions can be well determined, while the effects of zero-mode are not fully
considered. In ref. [13], a basically different technique is developed by Jaus to deal with
the covariance and zero-mode problems with the help of a manifestly covariant Bethe-
Saltpeter (BS) approach as a guide to the calculation. In such a covariant light-front quark



model (CLF QM), the zero-mode contributions can be well determined, and the result of
the matrix element is expected to be covariant because the spurious contributions can be
eliminated by the inclusion of zero-mode contributions [13].

The SLF and CLF QMs have been widely used for the determination of nonper-
turbative quantities, such as form factor, decay constant and distribution amplitude, as
well as the other features, of hadrons, which are further applied to phenomenological re-
searches [20-75]. For the weak decays, the form factors of P — (P,V) transitions have
been calculated within the SLF and the CLF QMs in refs. [20-22] and refs. [13, 69-71],
respectively; besides, the form factors of P — (S, A, T) transitions are studied within the
CLF QM [70, 71]. In addition, the SLF approach is also used to evaluate the form factors
of baryon — baryon processes with help of diquark picture [76-81]. However, the form
factors of V' — V" transition have not been fully investigated. With the rapid develop-
ment of particle physics experiment, some weak decays of vector mesons are hopeful to be
observed by LHC and SuperKEKB /Belle-1T experiments et al. in the future due to the high
luminosity [82-84]. The theoretical evaluation of the form factors of V! — V" transition
can provide some useful references and essential inputs for the relevant phenomenological
studies. In ref. [69], the angular condition for (V”|y#|V') are studied, but only the elec-
tromagnetic transition form factors (V' = V" = p) are obtained. In this paper, the form
factors related to the current matrix elements, (V”|v#|V’) and (V" |y#~5|V'), will be cal-
culated within the SLF and CLF QMs, and moreover, the self-consistency and covariance
of CLF QM and the effects of zero-mode will be analyzed in detail.

The manifest covariance is a remarkable feature of the CLF QM relative to the SLF
QM [13]. However, it should be noted that although the main w dependences are associated
with the C functions! and can be eliminated by the zero-mode contributions, there are still
some residual w dependences due to the nonvanishing spurious contributions associated
with B functions,! which are unfortunately nonzero within the traditional correspondence
scheme between the covariant BS model and the LF QM (named as type-I scheme [85]),
and therefore violate the strict covariance of CLF results [13, 69, 86, 87]. Besides, the self-
consistency is another challenge to the CLF QM. For instance, the authors of ref. [70] find
that the CLF results for fi obtained respectively via longitudinal (A = 0) and transverse
(A = =) polarization states are inconsistent with each other, [fy|o7% # [ fv]éfif, because
the former receives an additional contribution characterized by the B§2) function.

In order to recover the self-consistency of CLF QM, the authors of ref. [85] present a
modified correspondence between the covariant BS approach and the LF approach (named
as type-1I scheme [85]), which requires an additional M — M replacement relative to the
traditional type-I correspondence scheme. Within this modified correspondence scheme,
Aare=[fvlere [85] is obtained. In our previous works [86, 87], the problems of self-

Tn the calculation of a matrix element within the CLF QM, after p|~ integration is carried out, the
terms related to p; in the integrand have to be decomposed in terms of P = p' +p”, ¢ = p' — p” and w,
where p’ and p” are the momenta of initial and final states, respectively [13]. Correspondingly, three types
of coefficients are introduced. The A functions are the coefficients of the terms irrelevant to w, while the
coefficients combined with w include B and C functions, in which only the C functions are associated with
the zero-mode contributions. One may refer to ref. [13] for detailed explanation.



consistency and covariance are studied via fpy 4 and form factors of P — (P, V) tran-
sitions. It is found that such two problems have the same origin, and can be resolved
simultaneously by employing type-II correspondence scheme because the contributions as-
sociated with B§2) and B:(,)g) functions vanish numerically [86, 87]. Moreover, it is also found
that [85-87]

[Q]sLF = [Qval. = [Q]cLF, (1.1)

where Q denotes fpy 4 and form factors of P — (P, V) transitions, the subscript “val.”
denotes the valence contribution in the CLF QM, and the symbol “=” denotes that the
two quantities are equal to each other numerically. The form factors of V/ — V" transition
involves much more B functions and thus may present much stricter test on the CLF QM,
as well as above-mentioned findings. In this paper, these issues will be studied in detail.

Our paper is organized as follows. In sections 2 and 3, we would like to review briefly
the SLF and the CLF QMs, respectively, for convenience of discussion, and then present
our theoretical results for the form factors of V/ — V" transition. In section 4, the self-
consistency and covariance of CLF results are discussed in detail, and the zero-mode and
the valence contribution in the CLF QM and their relations to the SLF results are analyzed.
After that, we present our numerical results for some ¢ — (¢, s) and b — (g, s,¢) (¢ = u,d)
induced transitions. Finally, our summary is made in section 5.

2 Theoretical results in the SLF QM

2.1 General formalism

In this section, in order to clarify the convention and notation used in this paper, we would
like to review briefly the framework of SLF QM. One may refer to, for instance, refs. [20, 21]
for details. The form factors of V' — V” transition can be defined as [88]
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where, P = p' +p", ¢ = p' — p" and €p123 = —1. The main work of LF approach is to
evaluate the current matrix element,

B= (V""" p")@ (KT (K)IVI(E D)), T =507, (2.3)

which will be further used to extract the form factors.
In the framework of SLF QM, a meson bound-state consisting a quark ¢; and antiquark
G2 with a total momentum p can be written as

d®ky A3k
ey= Y [
hihe ! (2m)34/ 2k (2m)3 4/ 2k
x (2m)*0% (P — k1 — k) Wny ny (k1 Ko )lar (kr, b)) |G (Ko, ho)) (2.4)
where, p = (p*,pL) and 151,2 = (k‘ig,klygl) are the on-mass-shell LF momenta,

U o (/;:1,152) is the momentum-space wavefunction (WF), and the one particle state is

defined as |q(k1,h1)) = \/2kF bl (k1)]0) and |Ga(ka, ha)) = \/2kF dl ,(k2)|0). The mo-
menta of ¢; and ¢s can be written in terms of the internal LF relative momentum variables
(x,ky) as

k1+ = $p+ ; le =apL + kL ) k; = a_jp+ ) k2l = jpi - ki ’ (25)

where, z =1 -z, k; = (k*,kY) and p, = (p*,pY).
The momentum-space WF in eq. (2.4) satisfies the normalization condition and can
be expressed as

‘I[hl,hg(xakJ_) — Sh1,h2(makL)w(1}7kJ—) ) (26)

where, 9 (x, k] ) is the radial WF and responsible for describing the momentum distribution
of the constituent quarks in the bound-state; Sp, p,(x,k ) is the spin-orbital WF and
responsible for constructing a state of definite spin (5, S;) out of the LF helicity (h1, ha)
eigenstates. For the former, we adopt the Gaussian type WF

3
w4 |0k, k2 + k2
Vs(z, k) = 4—6% B exp [_252 ] , (2.7)

where, k, is the relative momentum in z-direction and can be written as

1 m3 —m?
k, = (x — =)My + —2—-2 2.8
. . . ) m%—l—ki m%—i—ki . .
with the invariant mass My = ———+ + —22 Besides the Gaussian type WF, there

are some other choices, which will be discussed later. The spin-orbital WF, Sy, p,(z, k),
can be obtained by the interaction-independent Melosh transformation. It is convenient to
use its covariant form, which can be further reduced by using the equation of motion on
spinors and finally written as [21, 70]

’L_L(k'l, hl)F’v(kg, hg)
Shihy = NoIT: ;
0

(2.9)



where, Mg = MZ — (m1 — mg)?. For the vector state, one shall take

€ (k1 —k
’v=—€+M, Dyir = Mo +my +ma, (2.10)
Dy rr
where,
. 1 —M¢ + p?
el;\:(] = ﬁo <p+7 Op_i_J_apJ_> ’ (211)
. 2 1,4
elizi = (0? FGJ_ : pJ_>€J_> 5 €| = :F( \/§ ) . (212)

In practice, for the V'(p') — V" (p") transition, we shall take the convenient Drell-Yan-
West frame, ¢t = 0, where ¢ = p/ — p” = k| — k{ is the momentum transfer. In addition,
we also take a Lorentz frame where p/, = 0 for convenience of calculation. In this frame,
the momenta of constituent quarks in initial and final states are written as

K= (zp't X)), K = (@pt,2p| +X1), ko= (zp",-K\)= (3", 7p] - k),
(2.13)

where, p’l = —q and k'] =k/, —zq,.
Finally, equipping eq. (2.3) with the formulas given above and making some simplifi-
cations, we obtain

dz d?K’ g
BsLr = Z /27r 32;1/1” kli)ﬂ”(%kl)szi (@ KTD) Cry gy (2, K KT Sy, (2K )
h/ h//

(2.14)
where Cpr pr (2, K, K ) =ty (2, K )Tupyy (2, K ).

2.2 Theoretical results

Using the formulas given in the last subsection, one can obtain the expression of B i for
the V' — V" transition. In the SLF QM, in order to extract the form factors, one has to
take explicit p, A’ and \”. In this work, for convenience of calculation, we take the strategy
as follows: (i) We take y = + firstly and then use Bd;p with (N, \") = (—,+), (+,+),
(4+,0) and (0,+) to extract V3, Vi, V5 and Vg, respectively; (ii) We multiply both sides
of eq. (2.1) by €#*, and then use Bspp - €* with (M, \’) = (—,+) and (+,+) to extract
Vy and Vs, respectively. (iii) For Ay, Ay, A3 and Ay, we take N = X’ = £, and multiply
both sides of eq. (2.2) by ¢*, P, €’* and €', respectively. After some derivations and
simplifications, we finally obtain the SLF results for the form factors of V/ — V” transition
written as

d$d2k/ w/,*(ﬂf,k”)wl(ﬂ?,k, ) .
[f(qQ)}SLF:/(%)gQ; 2]\231\26/ L WK %), (2.15)




where, F denotes V;_g and A;_4, and the integrands are
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3 Theoretical results in the CLF QM

3.1 General formalism

The theoretical framework of CLF QM has been developed by Jaus with the help of a
manifestly covariant BS approach as a guide to the calculation [13, 69]. One can refer
to refs. [13, 69, 70] for the detail. In the CLF QM, the matrix element is obtained by
calculating the Feynman diagram shown in figure 1. Using the Feynman rules given in
refs. [13, 70], the matrix element of V' — V"’ transition can be written as a manifest

covariant form,

d4k:/ HV/HV//
B=N, i 3.1
/ )4 N/ N/ N, (8-1)

where d*k] = 1dk{"dki*d*K/ , the denominators Nl(/’”) = k‘gl’”ﬂ — mg/,//)z + ie and Ny =
k3 — m3 + ie come from the fermion propagators, and Hy: i are vertex functions. The
trace term Sp associated with the fermion loop is written as

S5 = T [T (J§ +mh) (iTv:) (= o +ma) (19T (] + )] (32)



S

Figure 1. The Feynman diagram for the matrix element B.

where I'y,.) is the vertex operator written as [70, 85]

ki — ko)*

iy =1 |:’y‘u — ( :| , DV,con =M+mi+mo. (3.3)

DV,con

Integrating out the minus components of the loop momentum, one goes from the
covariant calculation to the LF one. By closing the contour in the upper complex k'l_
plane and assuming that Hy- y» are analytic within the contour, the integration picks up
a residue at k3 = k3 = m3 corresponding to put the spectator antiquark on its mass-shell.

Consequently, one has the following replacements [13, 70]
Ny — Ny = o (M? — M3) (3.4)
and
xv =Hy/N = hy/N,  Dyeon— Dvir,  (typel) (3.5)

where the LF form of vertex function, hy, is given by

- 1 T

hy /N = \/TM\/;MO. (3.6)
The eq. (3.5) shows the correspondence between manifest covariant and LF approaches. In
eq. (3.5), the correspondence between y and 1 can be clearly derived by matching the CLF
expressions to the SLF ones via some zero-mode independent quantities, such as fp and
ff ~P(¢?) [13, 70], however, the validity of the correspondence for the D factor appearing
in the vertex operator, Dycon — Dy, has not yet been clarified explicitly [85]. Instead
of the traditional type-I correspondence, a much more generalized correspondence,

xu = Hy /N = hy/N, M — M, (type-II) (3.7)

is suggested by Choi et al. for the purpose of self-consistent results for fa 1 [85, 86]. Our
following theoretical results are given within traditional type-I scheme unless otherwise
specified. The ones within type-II scheme can be easily obtained by making an additional
replacement M — M.

After integrating out k7, the matrix element, eq. (3.1), can be reduced to the LF form

~ dCL'de/ th’hM” ~
B =N, / L Sg. 3.8
2(2m)® zN| NY s (38)

~10 -



It should be noted that B receives additional spurious contributions proportional to the

light-like vector w# = (0,2,0, ), and these undesired spurious contributions are expected

to be cancelled out by the zero-mode contributions [13, 70]. The inclusion of the zero-mode

contributions in practice amounts to some proper replacements in Sp under integration [13].

In this work, we need

K HP“A&” + q"Agl) ,
iy g AR 4 prpra?
PEOY +wHPY (9
- T B
w-P Lo
TR e
+ PrpYPAY)

+ (¢"q"P® 4+ ¢"P"q* + P"q"q

v (0% (0% 1% ro 3
— (g™ P + gho P + gropry AP 4

1
+ =5 (P!PYw® + PIw!P* + wh P"P) BW
w .

L1
w- P

. P
KNy gt (A<1>Z + LA >> ,

- P
k/uk/uN _>g/wA( )22 + qu v <A4(12)Z2 + 2Qq2 Agl)A?)) +

R RV R Ny — (9" + g"q” + g"%q )(Aé

1

+w~P

where A and B functions are given by

PHw” + wH P

+ (P,uqu + q”P”)Agz) + quuA‘(f)

(;wa_’_g,uau_‘_gq)A(?’)
+(P;J,Puqa+PquPa+unVPa)AEl3)
a) Aé?)) + qHQVQ(xAéS)

[(Pq"+ q"P") w*+(P*q" + ¢"P*)w” + (P*¢" + ¢*P*)w!] By” | (3.11)

(3.12)

B, (3.13)

w-P

1>)+ququa (A< 1z, 430 L A(4>>

[(PHg” + " P*)w® + (P'g™ + ¢"P*)w” + (P°q” + q" P) "] Bé‘“ (3.14)

e g AW = “; k'lq'QqL , (3.15)
Agz) - _k? (K, (‘JZQL) ’ A;Q) _ (Agl))2’ Aéz) _ Agl)Aél)’ Az(f) _ (Aél))Q; (3.16)
A® Z A 4D 4B _ 4O 4B g 4B 46 4D 4@
AP = AP AP AP = A AP - %Ag”A?) ; (3.17)
AWM = A AP (3.18)
BY? = gzz — AP, (3.19)
Bég) _ gZ2Aél) +A§1)A§2)% -~ Aél)A?)’ B§3) _ B§2)Zz + <P2 _ (g '(15)2) Agl)Agz); (3.20)
B®W = Z AP — A4 g~ BBz, 4 qq'—QPBY*) +|P2- (q'qf)Q AW (3.21)
Zy = Nj +m —mi+(z—x)M"? + (q2+q-P)k/iq'2‘h. (3.22)

- 11 -



In these formulas, the w-dependent terms associated with the C functions are not shown
because they can be eliminated exactly by the inclusion of the zero-mode contributions [13].
It should be noted that there are still some residual w-dependences associated with the B
functions, which can be clearly seen from eq. (3.9)—(3.14). As illustrated in ref. [13], the B
functions play a special role since, on the one hand, it is combined with w*, on the other
hand, there is no zero-mode contribution associated with B due to Ny = 0. Therefore, a
different mechanism is required to neutralize the residual w-dependence.

3.2 Theoretical results

Using the formalism introduced in the last subsection, we can obtain B¢ . for the V' — V"
transition. Then, matching Bfy p(I' = 4*) and By p(I' = ~"75) to the definitions of form
factors, eq. (2.1) and eq. (2.2), respectlvely, we can extract the CLF results for the form
factors of V' — V" transition directly. They can be written as

dzd?k’
F(@)cwr = N / vafoCLF( g (3.23)

where, the integrands are

~ 1
VLE :2{x(m'1 +my)mo+ = (k/f +a?m3) K| - q+zmim] +8A%

2
o [ (AP +4487) 4l AP +4m, A

2
//
DV con

4
D//

V,con

(5 AP +mf (~AP +440) +4mz 4|

-5 AP | L0 )b oot +nyma | 321
V,con
172CLF:2M’2—2(m1—m2)2+(m’1—m’1’)2—qQ—N{+N{/—2Z2—16AgS)
M’27M”2
+2 [Q(mg—m'l)(mgfmlll)—M’2fM"2+q2+222} A(21)+4 <2+q2> Agz)

o (449342 i AP 52, (245 AP

DQ/COH
4
+D// {_mlA(z)‘Fm (4A A§2)> —|—2m2 (QAgg)—A?))}
V,con
4 2 2, 2, xXr_NTH
D’ D —2M'"—(m} —m{)?+2(m}] —mg)*+¢*+ N| = N{'+27,
V,con"~V,con
M'sz"
(3q2)A(12)}A§2’+2 [M’2+M”22(m’1+m2)(m’1’+m2)q2222}4?)} , (3.25)

VO = (M- ) {4 (49— AP+ AP - a0)

+

o |@=2ymi (AY AL - AP+ AP ) 4t (4P 24P +42)

V,con

+ams (AP - A —240 +240) |

~12 -



+r— [mg (:f—zAg” + AP 4242 +A§f>) +(a—F)m! (Agn — A AP +A£f>)

V,con

+2my (AP +A48 340 ~240) +24() |

2
/ 1" (Agl)_Agl)_Agz)—’_Az(f)) [ (k/ 2+:L’ mZ) k/
DVconDVcon
+amtnd —am- ] . (3.26)

VoL — 4q2{2 (A + a0+ 4P 4240 340 —240 +24{)

| mi (340 =348 =348 —44P 4+ 74P 447 —440")

V,con

+mf (49 -240+ AP ) —2m, (AP +4P —240 —24 1240 |

1
+= [ / (f:f+2A(21)—AéQ)—2A:(32)—Af))er’l' (AﬁlLA(;LASLALAg”

D(;Con
+549 +44 —4A0 ) +2m, (40 -240 - AP - AP 144D 424 ~240") |
1
D’ 7 [2 (M'2+M”2—2(m'1—|—m2)(m’1’—|—m2) ) (A(z) A(2 —|—A(3) A 3))
V,con"~V,con

(2M’2 (m m1)2—2(m’1+m2)2—q2—N{+N{’) (AQ)_A;“_Ag%Af))

Q(M'Q*M"Q) 2 1) 42 )43 2,
= (4 —6450 A +648) A oA )?)

+ 7, (zAgl) —64'? +4Ag3>) } }+I730LF(x, K\ ,q%), (3.27)
veLr :2{M'2—(m’1—m2)2—1\7{—Z2—8 (4 -48)
[ M2 o )~ 28] (A~ 400

T [t (7 =i =3 = N7) (A - AL) +4(AF) - AD) + 2, 48"

D§/C0n
MM (2) 1" ’2 ’2 2 _ A/ (1) 1) (1) M- M" (2)
A )—ml((M —m?—mZ—N]) (AP — AL 4 2, A A )
—mo (4Ag3)—4A53)) —ma ((m’l—m’{)Q—qQ—i—Z\Af{—i—]\Af{') (A(l )}
2
—— [2mi A —aml (AP - AD) —2m, (40 240 —240) |
DVCOn
4 72 12 / " 2 (3) (3)
Dy (MM 2l o)) (47 457)
M/2_M1/2 2
+2ZQA§3>+(3(12)(A§2>> }} (3.28)

v =2{M’2—<ma—ma’>2—<ma—m2>2+q2—2N{—N{’—Zz+8 (AP A - af)

+ [M”Q—M’2+2(m'1 —mf)(my—ms) —q2—|—2]§7{} (Agl) —|—Agl)>

~13 -



+

+

2
D/

D//

[4mf (AP 448~ 4P) —2mi AP —2m, (4P -24( -24") |
V,con
MEMZ )

o (M2 i - 57 73 2 M

V,con

i (ml*mi— M4 K (AP +AS )+t (M2 =i = -7 (A +8Y)

~ M/2—M”2
+m <m’12+m§—M'2+N{+Zg—4A§2)+4A§3)+4A§3>—ZQAQ)—()A§2>>

i ((my—mi)2 =+ N+ N) (1= AN = A0) 4 dmy (- AP 44 +A§3))}

4 .
+D/ D [(—M/Q—M//2+q2—|—2(m/1—|—m2)(m/1'—|—m2)) (Agz)_A(ld)_Agg))
V,con""V,con
oM —M"?
+27,(AP - Ag:%))_(gcﬁ)( A(12))2} } : (3.29)

ACLF __
ACLF —
ACLF __
ASLF —

+

Zg}LF __
+
+
A:(LJLF __
+

+

the results

(=) 4% = N{ = N{ +8A 2| M4+ M" 42} —ms) (ma—mi) —¢?| A"

1 1 2)
Amh+m!) | =—+ AP (3.30)
D%/,COI] D&C()n !
¢ 2 2 2 2 S S

M,Q_M,,g{(mﬁ—m/f) —2(ma—m))*+2M'" —q*~2Z;— N +N{
A(M"”?—M"
AMT—MT) - ) A® 49 {Q(mg—ma)(mz—m'{)—M'Q—M”2+q2+2Z2} ne

4 / " (2) 4 / " (2) ACLF )
o (mj—mi+2m2) A} D7 (mj—mi —2mg) A" p+ A7 (2,K',¢°), (3.31)

V,con V,con

A(M"?—M") {A§1> A AP AP

1
s [t (e 2480 - AP 240 AP i (AP + AP 4 4P D)
V,con
2my (A7 + 49+ 4] | b2 (AR AP AP (3.32)
2 1 2 3 D{/ D(} 1 1 2 s .

A(M"?—M") {Agw A AP AP

S [ (A= AL+ AP AP ) bt (AP 4242 AP ) 2, (4P - AP |
V,con
o (VAT | @w

It should be noted that the contributions related to the B functions are not included in

given above. These contributions result in the self-consistence and covariance

problems, and will be given and analyzed separately in the next section.
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Ref. [89] Ref. [49] Ref. [49] Ref. [38] Ref. [70] Ref. [71] This work
my 205 220 250 251 260 260 230+ 40
ms 380 450 480 445 370 450 430+ 60
me 1750 1800 1800 1380 1400 1400 1600 + 300
my 5150 5200 5200 4780 4640 4640 4900 =+ 400

Table 1. The values of quark masses (in units of MeV) suggested in the previous works and used
in this work, where ¢ = u, d. See text for explanation.

5(16 /Bsq ﬁsE /Bctj ﬁcE
31246 313+10 348+6 429+13 530+19
Bez Brg Brs Brz Bp
7037 5H516+15 568 10 876+20 1390+ 12

Table 2. The values of Gaussian parameters 8 (in units of MeV).

4 Numerical results and discussion

Based on the theoretical results given above, we then present our numerical results and
discussions. The constituent quark masses and Gaussian parameters 3 are essential inputs
for computing the form factors. Thus, firstly, we would like to clarify their values used in our
calculation. The values of constituent quark masses suggested in the previous works based
on the LFQMs and Gaussian type WF are collected in table 1, in which, the second column
is the result obtained via variational analyses of meson mass spectra for the Hamiltonian
with a smeared-out hyperfine interaction [89]; the third and fourth columns are the values
obtained by the variational principle for the linear and harmonic oscillator (HO) confining
potentials, respectively [49] (some similar analyses are made also in refs. [30, 35]); in the
fifth column, the light quark masses are fitted by using decay constants f;, fx and the
mean square radii (r2,), (r%.,), and the heavy quark masses are determined by the mass of
the spin-weighted average of the heavy quarkonium states and its variational principle [38];
the sixth and seventh columns are some commonly used values in the LFQMs [70, 71]. The
quark masses suggested in the other previous work are generally similar to one of them.
From table 1, it can be easily found that the quark masses are model dependent, and their
values obtained in the previous works are different from each other more or less. In this
work, we take a moderate choice for the default inputs (central values) of quark masses,
which are listed in the last column of table 1. In addition, we assign a conservative error to
each quark mass, which covers properly the other values listed in table 1 and therefore can
reflect roughly the uncertainties induced by the model dependence of quark mass. Then,
in order to determine parameters 3, we make fits to the data of fy collected in ref. [86]
following the same way as refs. [86, 87] but with the default values of quark masses listed
in table 1 as inputs. The fitting results for 8 are listed in table 2. In addition, the type-
IT correspondence scheme is employed in the fits, while the fitting results do not affect
following comparison between type-I and -II schemes.
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As has been mentioned in the last section, the contributions associated with B func-
tions are not included in the CLF results, eqs. (3.24)-(3.33). These contributions to the
matrix elements can be written as

2k/
=N, /dxd iXV V&, (4.1)

where,

~ B(Z) Il 9
BE(F = 7“75) :_4iew/aﬁ6/llpaqﬁ (w X 6”*) 1 1+ my—my meo

w-P {;',Con
" B ( ) B§2) mll 1+ 2my
— di€yape VP (w- € 1—
w- P (/,con
BY my +m]
+ di€,ape” POwWP (q-€™) — J— 1
e w- P (//,con
woa B 1% B§2) m m/ll — 2mg
+ di€ypape q"w (q € )w-P 1+ i
V,con
B(Q) "
+ 4Z€uua[3€”*ypaw’3 (q 6/) .1P 1 my /+ my
V,con

— dieyape" WP (q-¢€)

S
)

+ 8iﬁuyaﬁwypaq6 (q . 6/) (q . 6”*) P DI D )

V,con""V,con

and

_ 4 . —mf{  mi+m]—-2m
By(r =) = 1 pn? (¢ ey pr TR T = 2

D{/ con De con
1
+ g (= m)? = ? = {4 )
V,con""V,con

+(6/'W)< 1 )Pu|:3_3m1+m +2m2_5m + 4dmy

/ "
V,con V,con

1 N -
— o MP42M" + (my—mi)? = A(m]+ma) (m + m) + 3q2+N{+N{’)]
V,con""V,con
. . —Am, + m! —2m my + 2m
() - ()] [24 T2 A,
V,con V,con
1 - R
T i (—2M" +2m3 + mf —mi? + 2m) (m{ + 2ma) + ¢ + N —N{/)}
V,con""V,con
. amfi +2mf +2me  m) +4mf —2m
+kﬂ@&"-QW{—3+ s L
V,con V,con
2 2 "2 / " 2
V,con""V,con
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16 (3){ / " ' I my +mg | mi +mg
+ —BOL P W) ) — (¢ ) w)] | -1+
w-P D /V,con D &con

1
+ 2D! D

V,con""V,con

+ (€ - @) (" - q)w* [ -1+

(M + M" —2(m)y + ma)(m/ + mgy) — qz)]

mi +ma  m{ +mo
D/ D//

V,con V,con

1
Topr i (M + M"™ = 2(m} + ma)(mf + mz) — QQ)] }
V,con""V,con
16 mi +m my +m
+WP$*AquWT4+5,2+5,2
V,con V,con
1
Top i (M + M"™ = 2(m} + ma)(mf + mz) — QQ)]
V,con""V,con
mi +ma  ml 4+ mo
+(e"w)(e”*‘Q)qu[—1+ 5/ 11)//
V,con V,con

1

+op (M M = 2(m) + ma) (i + ma) — qz)]}

2D{/,COHD{//,COH
+ 16 B§3) {( / )( /% )Plj, + 1 |:( / )( 1% ) ( / )( 1% ) )2

€ -w)e q —1(€ -w)e™ -q)—(€ -q)e -w)|q

w- PD?/,COHD&COH 2

()" W}
16 Bé4) { / 1 / 1

+ — (€ @) q) + (¢ ) w)| P

W - PD{/,COHD{,/,COH

_% (e’-w)(e”*-q)—(e’~q)(e”*-w)}q“}- (4_3)

They may present nontrivial contributions to the form factors and lead to the self-
consistency and covariance problems of CLF QM. Then, the full results for form factors in
the CLF QM can be expressed as

[ = [FIO 4 [P (4.4)

Based on these formulas, we have following discussions and findings:
e In eq. (4.2), the first and the second term presents contribution to Az and Ay, respec-
tively; the other terms correspond to the unphysical form factors. For convenience of

discussion, we take the first term as an example and name it as [lg’g (T' = v*5)]term1-
It can be easily found that A3 could receive the contribution from [B’E‘;(F = 7*95)]term1

written as
_ M2 — M" o "™ m: —m" —2m
B 2 2
AP = a—r B (1 , (4.5)
q w V,con
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[A3]§/L:F/\":i [A3]§/L£0,>\”:i [A3]f\l}£i,>\”:0 [A3]§\l}£/\”::l: [Ag]¥h [AS]CLF
@ =0 type-1 0.067 0.071 0.058 0.068 0.069  0.068
L type-11 0.067 0.067 0.067 0.067 0.067  0.067
Q@ =2 type-1 0.060 0.063 0.051 0.061 0.062  0.061
L type-11 0.060 0.060 0.060 0.060 0.060  0.060
@ =4 type-1 0.054 0.057 0.046 0.055 0.056  0.055
L type-11 0.054 0.054 0.054 0.054 0.0564  0.054
2 g type-1 0.042 0.045 0.035 0.043 0.044  0.043
L= type-11 0.042 0.042 0.042 0.042 0.042  0.042

Table 3. Numerical results of form factor A3(q? ) at q> = (0,2,4,9) GeV? for B* — D* transition.
See text for further explanation.

which is dependent on the choice of M, i.e.,

MM p(2) my—m/—2mg n_
o [P () 0,

V,con

0. =+

Further considering the fact that FCIF is independent of the choices of X'*", it can be
found that As in the CLF QM suffers from the problem of self-consistence, [Ag]g\‘}}lzo #*
[Ag]fi}}l: 4, except that A? vanishes at least numerically which is equivalent to the

condition

dad®K X\ 2 dad?’k, xii) By
20 @ 0 2007 7 D .7

In order to show clearly the performance of type-I and -II correspondence schemes,

we take B* — D* transition as an example, and list the numerical results of [A3]%U1L |

[A3]uL | and [A3]“M at g2 = (0,2,4,9) GeV? in table 3. In addition, we define the

difference,
dlF)ul,  dlFL
Afa(z) = d:/)\: =0 — d/; =, (4.8)

21,/ / 1 ~.
which is equal to N, [ 261(21733 XXV AB for Ag, and show Ap3(z) for B* — D* and

D* — p transitions in figure 2 (a) and (d). From these results, it can be easily found

that such self-consistence condition is violated in the traditional type-I scheme, but
can be satisfied by using the type-II scheme. Moreover, we have checked that all
of the contributions of B functions in egs. (4.2) and (4.3) vanish numerically within
type-II scheme.

Therefore, it can be concluded that the CLF results for the form factors of V/ — V"
transition have the self-consistency problem within the type-I correspondence scheme,
but it can be resolved by employing type-II scheme and moreover the unphysical form
factors (for instance, the one corresponds to the third term in eqs. (4.2)) vanish.
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(x)

A1 B*-D*
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(a) (b) ()
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001
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Figure 2. The dependences of Aﬁj’l(a:), AQE'F(JZ) and d[As],.m./dz on z for B* — D* transition
at g5 = (0,9) GeV? and for D* — p transition at g3 = (0,4) GeV2. See text for the detailed
explanations and discussions.

e In fact, the way to deal with the contributions of B functions is ambiguous. For
instance, instead of the treatment on [B’é(l“ = Y"v5)]term1 in the last item, we can
also decompose [BY(I' = 7"75)]term1 by using the identity

€W e w-e€ wH q-P P?
PH = #77(, —qg-P >f P—e.g— — €.
w-P € q? AT LTP w-P[E quQ “YoP
- P)? i\ e
e By - (4.9)

where, € = €”*. In eq. (4.9), the second term vanishes in [lgg,(l1 = Y"75)]term1, and
the last two terms would introduce more unphysical form factors. While, in this
way, Az does not receive the contribution from [Bg(l“ = 7"75)]term1 anymore; such
contribution, as well as the corresponding self-consistence problem, transfers from Ag
to Ag via the first term in eq. (4.9).

Therefore, it is hard to determine which form factor the [g%(F = Y"95)}term1 con-
tributes to. This ambiguity results in significant uncertainty of CLF prediction, and
thus is unacceptable. Fortunately, this problem exists only in the type-I scheme, and
becomes trivial in the type-II scheme because all of the contributions related to B

functions vanish numerically.

e Besides of the self-consistency, the contributions of B functions also result in the
covariance problem because many terms in Ejg(r = Atv5) and g’é(F = A") are
dependent on w, which violates the Lorentz covariance of B*. It can be clearly seen
from egs. (4.2) and (4.3). The covariance problem caused by B function contributions
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can not be avoided in the type-I scheme, but does not exist in the type-II scheme
since, as has mentioned above, B function contributions exist only in form and vanish
numerically.

Besides of the CLF QM, the SLF QM also suffers from the problem of self-consistency.
Again, we take A3 as an example. In the section 2.2, A’ = \” = & is taken in the calculation
of Ag, and the result of [A3]3MF,,_ given by eq. (2.24) is obtained. Instead of such choice,
one can also take A’ =0 and \” = 4. In this way, we can obtain

. _2(M12_M//2) (k/ . QL)Q
ASUR = k2 +7K' —o—L 2 (K M/?
N=0N'=£ " " N M +zk’| -qy £ (K7 +zm+ams+zz M)
1 k/ . 2
+ o {(2( e 2(1L) —K? - 7K/ - QJ_> ( (my+m7) ( + zm3 + Em’lmlll—i-xiMéQ)
V,LF a;
+ Zmam’E — zmom/2 + (m'l —my) qi) + 27K K[ q? (m} —ma)

— K[ - qu [mi kT + (@m) + ama) (myma + 22 M)]

K, -q)

— 7 () — my) (4(12‘1” — K[ quk? 2K - q K7 27 (K - qﬁzﬂ
1

1

- =1/ 1"
222Dy, 1 5 Dy g

[(z — 7) kK? — zmP 4+ xm3 — 27 (Z — x) M(')Z] [k'j_ QL (xk’f

2

K, -qi)’
—B2mP 4 m2>+4_7( qu) — 272 (K - qu)’ — 27K, K| q2 — 7K/ - q k2
1

27K, - 2(kl'<h)2 K2 — 7K 2 = n2 =2 2

z KT + P T2k -qi ) (#mf —2m]® —7%ql) | ¢
1

(4.10)

Comparing eq. (2.24) with eq. (4.10), it can be found that [43]5%F,,_, and [Ag]igov/\,/:i are
different from each other, which implies that the problem of self-consistency exists possibly
also in the traditional SLF QM. In order to verify that, we take B* — D* transition as
an example and list the numerical results of [A3]3MF,,_, and [Ag]EP:FO,)\,/: 4 in table 3;

meanwhile, we also show the difference, A;?LF( ), defined as

d[A3})\/ 0N/=+ d[Ag]?\PE)\N:i
dx dx ’

Affp(a) = (4.11)
for B* — D* and D* — p transitions in figure 2 (b)and (e). Form these results, it can
be easily found that [A3]5HF,, [A3]§,L:FO’A,,: 4 in the traditional SLF QM (named as
type-I SLF QM for convince of discussion ); and meanwhile it is interesting that the self-
consistence can be recovered, because [A3]3ME,,_, =[A3]5EEF 0 yv—y humerically, when an
additional replacement M — My (named as type-II SLF QM) is taken. Such replacement
is also the main difference between type-I and -II correspondence schemes in the CLF QM.

Combining the findings mentioned above, we can conclude that the replacement M —
My is necessary for the strict self-consistency and covariance of the CLF QM, as well as
for the self-consistency of the SLF QM. This implies possibly that the effect of interaction
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has not yet been taken into account in a proper way at least in the SLF QM, which is easy
to be understood since M2 = Mg +1 (M and I denote mass and interaction operators,
respectively) in the LF dynamics. Therefore, the formulas for form factors with M — M)
should be treated as the results only at “leading-order” approximation or in the zero-
binding-energy limit with “dressed” constituents [55-57, 85]. Further, mapping the CLF
result to the corresponding SLF one, the type-II correspondence scheme is expected to be
obtained,? which will be checked in the following. In the mapping, in order to obtain the
complete correspondence and avoid the effects of zero-mode contribution, one should use
the valence contribution, [F]"al', in the CLF QM instead of choosing only some special
zero-mode independent quantities.® Here, we take A3 as an example again. Its valence
result can be written as

" kl/ . k12 2
AL :4{ Lo ( Ltma —a_cM’2> —K, K|+

1
B KoK

qﬁ_ T D V,con

K" . k/2 2
_ ingL ( L —;mQ (m’l + m’l') + (acmg — i‘m’{) M"? — (fm'l + :vmz) M"Z) ]
L
1 k/2 +m2 ~ K" . ql

_D/ 7 [kﬁ_klj_< L - 2_$M/2>+ LQ k/f (MIQ_M//Q)

V,con""V,con T qa;

_ 2 _
+2z (K| -q1)” —zk?q] — K| - qu’f] } : (4.12)

Then, comparing [A3]5FF with [A3]"3 (i.e., eqs. (2.15), (2.24) with eqgs. (3.23), (4.12)),
the type-II correspondence can be easily obtained. In other words, one can find that
[A3]SPF = [A3]¥2) in form within type-II correspondence scheme. This confirms again the
finding,

[O]5YF = [o]* (4.13)

obtained via fy, 4 and form factors of P — V transition in our previous works [86, 87].
The zero-mode contributions to a form factor can be obtained via [F]°MF = [F]val +
[F]*™. In order to clearly show the effect of zero-mode contribution, we take Af*HD* D7=p
as examples and plot the dependence of d[F]*™ /dz on x in figure 2 (c) and (f). It can be
seen from these Figs that zero-mode presents nonzero contributions within the traditional
type-I correspondence scheme; while, in the type-1I correspondence scheme, these contribu-
tions, although existing formally, vanish numerically, i.e., [43(¢?)],.m.=0 (type-1I), because

the contribution with small x and the one with large x cancel each other out exactly at

2The CLF vertex obtained by mapping to the SLF QM is not the only choice for the CLF QM, while,
if such vertex is used, the other correspondences should be applied simultaneously for consistence. At this
moment, the CLF QM can be treated as a covariant expression for the SLF QM but with the zero-mode
contributions taken into account.

3The traditional type-I correspondence is obtained via zero-mode independent fp and/or ff ~P . The
LF results of these quantities are very simple and their integrands are irrelevant to M; as a result, the
traditional type-I scheme limits M — My only in the D factor, i.e. Dv,con — Dv,Lr, which is possibly
incomplete.
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each qi point. From such finding, one can further conclude that
(o] = [0]9MF, (4.14)

which can also be found from the numerical example given in table 3. This confirms
eq. (1.1) mentioned in the introduction.

Using the values of input parameters collected in tables 1 and 2 and employing the type-
IT scheme, we then present our numerical predictions for the form factors of D* — (K*, p),
D - (¢,K*), JJV — (D:,D*), B — (B?,B*) transitions induced by ¢ — (q,s),
where ¢ = w and d, and B* — (D*,K*,p), B — (D},¢,K*), B — (J/¥,D¥, D*),
Y(1S) — (B}, B!, B*) transitions induced by b — (g¢,s,c). It should be noted that the
theoretical results given in the last sections are obtained in the g™ = 0 frame, which implies
that the form factors are known only for space-like momentum transfer, ¢°> = —qi <0,
and the results in the time-like region need an additional ¢ extrapolation. To achieve this
purpose, the three parameters form [90]

F(0)
1—a(q?/M}, ) + b(q? /M3, )2

is usually employed by the LFQMs. Here, Mp p is the mass of the relevant B and D

Fle?) = (4.15)

mesons, i.e., Mg, and Mp,, for b — (q,s,¢) and ¢ — (q,s) transitions respectively; a
and b are parameters obtained by fitting to the results computed directly within LEMQs.
Our results for the form factors based on eq. (4.15) are collected in appendix. From these
results, it is found that the LFQMSs’ results obtained in the space-like region (dots in
figures 5 and 6) can be well reproduced via eq. (4.15); however, for the case of b — light-
quark transition with a heavy spectator quark (for instance, B} — D*), the fitting results
for b are very large, b ~ 10, which result in the non-monotonic ¢ dependences of some
form factors in the time-like region. It can be clearly seen from figure 6.

Besides of the three parameters form given by eq. (4.15), in order to avoid the abnormal
q? dependence mentioned above, we also employ the z-series parameterization scheme [91].
For the phenomenological application, we adopt

Fla*) = 1 7(0) {1+Zbk[ a2 to) —z(o,to)ﬂ}, (4.16)

— aq?/Mp-~ p-

where, z(¢?,to) = ﬁ; IeTlo 4 = (M’ 4+ M")2. Tt is similar to the BCL version of

the z-series expansion [92, 93] but an additional parameter a ~ 1 is introduced to improve
the performance of eq. (4.16). In the practice, we will truncate the expansion at N = 1. In
addition, since Mpx hasn’t been measured yet, we take Mp: — Mp, = 54 MeV predicted by
lattice QCD [94]. Then, we collect our numerical results for F(0), a and b; in tables 4, 5
and 6. The ¢* dependences of form factors are shown in figures 3 and 4. From these
results, it can be found that the LFQMs’ results obtained in the space-like region can be
well reproduced via the eq. (4.16), and the ¢*> dependences are monotonic in the whole
allowed ¢? region. In addition, our results for all of transitions respect the relations

V3(0) = V4(0), A1(0) = A2(0), (4.17)
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Figure 3. ¢? (in unit of GeV?) dependence of form factors of ¢ — (s, q) induced D* — (K*,p),
D — (¢,K*), J/U — (D¥,D*), B — (B¥,B*) transitions with the parameterization scheme
given by eq. (4.16). The dots in the space-like region are the results obtained directly via LEQMs,
and the lines are fitting results.

which are essential to assure that the hadronic matrix element of V' — V" is divergence
free at ¢> = 0. These results can be applied further in the relevant phenomenological
studies of meson decays.

w.sc — V transitions are studied within the

BS method [95], but the relevant form factors are not given. The form factors of J/¥ —
(D%, D*) transition have also been evaluated by other approaches, for instance, the QCD
sum rules (QCD SR) [88], a covariant constituent quark model (CCQM) [96] and the BS
method [97]. These theoretical predictions are collected in table 7, in which the convention
for the definitions of form factors in refs. [88, 96] is used. The LF form factors (Vi_¢ and
Aj_4) defined by egs. (2.1) and (2.2) are related to the ones (V{_g and A)_,) defined in
refs. [88, 96] via

Some semileptonic decays induced by B

Viie=Vis, A/LQ = A2, A§74 =2A34; (4.18)
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the parameterization scheme given by eq. (4.16). The other captions are the same as in figure 3.

and the form factors (¢1_¢ and h3_g) in the BS method [97] are related to V/_4 and A]_, via
22 2

ts +1 te — 1 M
W:%a Vzlz%a Valz(tl‘i‘b)wa Vi:Vg/‘i'(tl—h)ﬁa
he — hs ¢*(he + hs) M"? — M"
V5/,6:t4737 /1:77 AlzzAll—ma §=h3T7
M2 — M2
Ay = —hy————. (4.19)

M/2

— 24 —



]:(0) a b1 ]:(0) a b1
D*5p +0.0140.09 +0.01+0.28 +0.034-0.02 D* SK* +0.0140.09 +0.0140.35 +0.0140.42
Vi 0657001 0.00 0967002 023 —2405003 0,03 | V1 0747002 010 0871001 023 —24850,01  0.54
D*—p +0.024-0.03 +0.014-0.37 +0.044-0.11 D* S K* +0.0340.03 +0.0240.21 +0.054-0.33
Va 05170 02 0.0a 107500015030  —2-31 5704 0l06 |V 04370 03 0,08 0935003 020 —2-3310.07 0.32
D*—p +0.00+0.03 +0.0140.31 +0.024-0.30 D* S K* +0.0140.02 +0.02+40.20 +0.12+40.41
Vs 02975100 0,08 111 000 020 =335 002 017 |V 0265701 20,02 09810001 0.26 —3-46 014 0045
D*p +0.00+0.03 +0.01+40.31 +0.1740.61 D* 5 K* +0.0140.02 +0.02+4-0.47 +0.09+0.62
Vi 02975100 0,08 13250012020 —494 017 056 | Va 0267001 0,02 1115002 0130 —41470710 0,74
D*—p +0.02+40.17 +0.01+0.26 +0.064-0.18 D* 5 K* +0.02+40.12 +0.0140.05 +0.03+0.15
Vs 1427505 07 094 0005022 —2:085004 012 | Vs 1.50%50350.16 0-85 01002 0.03 —2-19%0.03 0,12
D*—p +0.01+0.17 +0.01+40.31 +0.05-+0.26 D* 5 K* +0.02+40.23 +0.02+40.25 +0.02+0.29
Ve 06875101 017 086000 022 —210 504 031 | Ve 0.7870 02 017 0827002 018 —2-1970102 035
D*—p +0.01+0.07 +0.01+0.23 +0.03+0.06 D* 5 K* +0.0140.08 +0.0140.10 +0.02+0.07
Ay 0597501 0.07 0950012022 =230 0103 0106 |41 0697001 0,00 087001 011 —24070.02 0 07
D*—p +0.01+0.07 +0.05+0.08 +0.2540.52 D* 5 K* +0.0140.08 +0.05+40.07 +0.0340.53
Ay 05970012007 1725005007 120850731 040 | A2 0697001 0,00 1047003 0,06 64770105 050
D*—p +0.01+0.03 +0.01+0.43 +0.11+0.50 D* 5 K* +0.0140.02 +0.0340.22 +0.11+0.25
Az 0227501 0008 12750010035 —38410712 0139 |43 0.15%5751 50,00 1:09507053 019 —3-78 01310124
D*—p +0.01+0.06 +0.02+40.41 +0.03+0.23 D* 5 K* +0.0140.05 +0.02+40.21 +0.12+40.51
Ay 0247001 0,04 1237001 03s  —378 005032 |47 022701 0,03 10770002015 —3-937012 0,42
D —K* +0.02+0.10 +0.014+0.29 +0.03+0.15 Di—¢ +0.014+0.09 +0.01+0.11 +0.07+0.14
vie 0587002 000 0985001 021 3351005 000 | V1 ° 0717001 010 09450015011 —3-2550,07 0,00
Di—K* +0.04+0.02 +0.0240.33 +0.09+0.30 DI —¢ +0.034-0.04 +0.044-0.04 +0.12+0.28
Vy e 042705 04 0,08 1065003 027 —3-1255731 5022 |Va 0.38Z5.0320:11 0981005 0,06 —3-001¢ 12 0125
D;—K~" +0.0040.03 +0.02+0.34 +0.12+40.33 Di—¢ +0.0140.02 +0.04+0.30 +0.14+0.43
Vs 0307501 0,08 1-06Z002 027 =377 g0 0025 |Va © 0287001 0,02 1005004 025 —3-7610714 0.34
D —-K~" +0.0040.03 +0.03+0.30 +0.45+0.49 Di—¢ +0.0140.02 +0.04+0.39 +0.3540.47
Vyi® 03070101 0,08 1-24 001032 —4206 051 037 |Va * 0287001 0,02 1135006 030 —39870748 0 36
D;—K~" +0.0440.19 +0.0140.27 +0.05+0.28 Di—¢ +0.02+0.16 +0.014+0.23 +0.09+0.43
Vs ® 136004020 095 0012020 —2:871¢g05 022 |V5 ° 1.54%5 03016 09101017018 —2-827¢ 08 049
D;—K~" +0.03+0.21 +0.0240.30 +0.0340.45 Di—¢ +0.02+0.25 +0.03+0.25 +0.1840.33
Ve ® 06875103 015 091 002 023 —289 0105 0146 | V6 ° 08670 02" 019 0917003 023 —2-7074118 0 35
Di;—K™ +0.0240.07 +0.0140.28 +0.0440.20 Di—¢ +0.0140.08 +0.0140.17 +0.0740.17
Are 0527502 0108 0985001 021 —3-25 0004 012 |41 0657001 0.00 09470 0170.16 =317 007 0,11
DK™ +0.0240.08 +0.0140.03 +0.1940.87 Di—¢ +0.0140.08 +0.04+0.14 +0.09+0.15
Ay 0.52Z502 0,08 0-05Z0 0120004 =307 g1 070 |42 06570 01 0.00 1067005 016 61770712 0117
DK™ +0.0240.03 +0.03+0.36 +0.1540.40 Di—¢ +0.0140.02 +0.05+0.07 +0.1440.20
Az 02005 02 0108 1-21 005 03a  —4220017 0laa |43 0167001 0,05 1107007 0,07 —4-047051 70 76
D;—K”™ +0.0140.04 +0.0340.30 +0.2340.27 Di—¢ +0.0140.05 +0.05+0.39 +0.0740.40
Ay 0287001 0.05 1162003 024 —4281055 025 |44 0277001 0.0a 11270006 0.31 —41070710 0,58
J/p—D* +0.02+0.12 +0.0240.13 +0.26+0.53 J/b—D} +0.014-0.12 +0.0340.18 +0.544+1.26
Vi 0557002 012 1095002 015 —13- 715055 066 | Vi ® 0725502 015 097503 01y —1144 75 5571730
J/p—D* +0.05+0.15 +0.024-0.47 +0.05+2.59 J/p—D} +0.064-0.14 +0.0340.35 +0.5142.97
Vi 0607005 010 137003 041 —14-805005 317 |Va 7068506 0,11 12350003 0.36 —12:99 0153 317
J/p—D* +0.014-0.03 +0.0240.34 +0.5242.22 J/b—D} +0.0140.01 +0.024-0.40 +0.354+2.15
Vs 0.36 5101 0,08 1-2050.02 032 —12:6674 73575753 |V 70361001 20,02 117 1gl02 0032 —11:5920735 7 4
J/p—D* +0.014-0.03 +0.024-0.42 +0.3142.31 J/b—D} +0.0140.01 +0.024-0.36 +0.064-2.57
Vi 0.36 0101 0,08 1-3720l02 036 —14:0275734 570 |Va 7 0.3615,01 20,02 1-3350.02 0.36 —14-3310.04 182
J/p—D* +0.0540.52 +0.02+4-0.27 +0.2141.75 J/b— D} +0.04+40.51 +0.034-0.30 +0.2642.28
Vs L7970050'33 106 0,02 0727 —12:487055 1705 | Vs 72161504036 0961002 22 —10.41557571579
J/p—D* +0.044-0.53 +0.06+4-0.32 +0.3541.43 J/b—D} +0.044-0.58 +0.034-0.31 +0.3042.40
Ve 1237505 034 13350052030 — 7225050 172 | Ve * 1.58%5 04 040 0-8910 02 022 —10-5047557 5737
J/p—D* +0.014-0.09 +0.034-0.08 +0.264-0.52 J/b— D3 +0.014-0.08 +0.034-0.17 +0.3141.12
Ay 04775101 0,00 11020003 0106 —13-601075¢ 0170 |41 ®0.62%0 101 010 0-98T003 015 —11:3570 55 g.73
J/p—D* +0.014-0.09 +0.024-0.18 +0.2341.30 J/b— D} +0.014-0.08 +0.094-0.27 +1.1945.33
Ay 0477501 000 0725002 017 T 171019 1718 | A2 0.627575120:10 0-50 5,09 0121 20-6977 7577502
J/p—D* +0.0140.11 +0.0140.34 +0.05+2.84 J/b— D} +0.0140.07 +0.01+0.35 +0.21+43.12
Az 03870101 0,08 141 0012030 —14.6955008 5751 |43 0357001 0.06 1-3970.01 027 —13-697055 2 84
J/p—D* +0.014-0.15 +0.02+4-0.26 +0.284-2.55 J/b— D} +0.01+0.13 +0.02+0.45 +0.20+2.49
Ay 04570101 011 1320003 027 —14.005573375755 [ Ay 04570701 0.00 1-2670.03 035 —12:917¢736 5 79
B! —B* +0.02+0.11 +0.03+0.24 +0.23+2.13 B! —B} +0.0140.12 +0.01+0.23 +0.58+1.31
Vie 0527002 011 11850003 076 —92661055 705 (Vi © ¢ 0.63T001 0112 117002 0117 —86-23T061 14
Br—B* +0.134-0.30 +0.034-0.46 +0.14414.65 | {,Be— B} +0.1140.20 +0.0340.55 +0.9841.92
Vy© L18% 513 028 163 0103 0138 —109-58 510 1401 V2 © 7 106557117040 174 0003 0as —96-2007 657155
B! —B* +0.0140.03 +0.04+0.34 +0.53+2.47 Bl —B} +0.0140.01 +0.03+0.33 +0.68+3.56
Ve 04075101 0,02 13050004 026 —81.00 0759 5730 |Va© ° 0407510 g5 1-33T0l03 0,27 — 770814773 5707
Bl —B* +0.0140.03 +0.03+0.41 —0.6143.25 Bl —Bj +0.0140.01 +0.024+0.34 +1.49+6.00
Vy© 04070101 002 1405005 057 —8444 0755 5001 |V ¢ T 0407570, 0008 1425002 026 —80-47 157 581
Bl—B* +0.10+1.12 +0.02+0.29 +0.04+8.03 Bl —B; +0.06+1.12 +0.01+40.28 +0.85+8.23
Vs © 315 011 02 1165002 051 88435004 582 (Vs © ¢ 3520006 0is7 1-16T0 021021 —82:15 055 510
Bl—B* +0.10+1.11 +0.0340.29 +0.24+7.69 Bl —B; +0.06+1.15 +0.014+0.29 +0.64+8.16
Vs © 26610710 070 11400035021 —8998T051 g0 [Vs ¢ ¢ 30215006 085 1-13T0l02 021 —834310 66 6.58
Bf—B* +0.0140.07 +0.0240.16 +0.25+1.99 B} —B} +0.0140.08 +0.0140.25 +0.66+1.36
Ape 0.4375 02 0,08 118 003 017 —92:23T0759 502 [A1° T 0530101 000 11700012017 =89 771070 1 03
Bf—B* +0.014-0.07 +0.0140.25 +0.06+7.01 B} —B} +0.0140.08 +0.09+0.25 +2.42+8.44
Ay© 04370 02 0,08 066 001 024 371410007 722 |4z 0537001 0.00 067008 017 71557780 7,33
Bf—B* +0.0340.25 +0.0140.40 +0.73+7.38 B} —B} +0.02+0.16 +0.01+0.41 +1.90+6.86
Az 08175103 0120 1962001 035 —94.78 560 514 |43 0737002 015 1597001 037 —88.5671 59" 5 53
B;—B* +0.02+0.32 +0.04+40.45 +0.91+47.77 BY—B} +0.0140.25 +0.10+4-0.32 +1.5749.02
Ay 08970102 024 149 0l04 033 —93.00109, 558 |As° 08570 01 0.20 160707157033 —80.2277 759 5 99

Table 4. Fitting results for the form factors of ¢ — (g, s) induced D* — (p, K*), D — (K*,¢),
J/U — (D*,D¥), Bf¥ — (B*, B¥) transitions with the parameterization scheme given by eq. (4.16).
The errors are due to parameters 8 and quark masses only (cf. section 4 for a more complete
discussion).
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Table 5. Same as table 4 except for b — (g, s, ¢) induced B* — (p, K*,D*) and B; — (K*,¢,D?)
transitions. The errors are due to parameters 8 and quark masses only (cf. section 4 for a more
complete discussion).

Through comparison of these results listed in table 7, it can be found that they are dif-
ferent from each other more or less but are still in rough consistence within theoretical
uncertainties.

In the most of previous works based on the LFQMs, the theoretical errors are not given
since the error analysis is hard to be made in a systematical way. Finally, we would like to
discuss briefly the possible sources of errors/uncertainties of this work as follows:

e An obvious source of error is the input parameters 8 and quark masses. Especially,
the quark masses are model dependent (for instance, their values are dependent on

— 96 —



F(0) a F(0) a b
VI 00 000 B0 BB o R L0 20
VPSP 0IigOie 0gntOiat _1a It BA0N VEIPE 00 00800 1 001000 1o ast0H0Ts
VP 0os Rt oot 1aort BT U0 01 SRR 000t R 12 0nnp 0
VPP o0 000 BAIOR uaor ST VI oas Ol L0t a0t ELie
VT 0o Lot B 1a0rt B0 00t e L0ttt 1n.e0"Regt
VPP oIS 100 S as ST VT 0 g0 0o oIl g
ATESPT QI0FOBIION 1 g0tI0L 1361183000 AT PT 010 0RO 008t 1o 0rigTisy
AT 0100 000 BAOEL 1030 SR AT T 010% IR 00s I e
ADEOPT 00BN 10RO _asriR et ATEOT 0 10PGIIIO 0 0RtRINE _1asstysrers
AT 000t Lot eI AT T 0on SR 00ttt iyt
VI 0SB LR ss0 g3 T 00n O oas T 0t LY
AL L R St AL g T RS i
VSIS 00PN 1 GTHSIOI0 o rrIent |y XUD BT 0 ogtO0lIans 0,gsta0t00 g gstlIzrals
VP 020 B L 0a B VO 000 g8l Lot a0t LA
VIS AT | riRIn e s prsameiis |UXOSI0B 0 rassietl 1 00t us o6t ZLYOST
VI g L —sos Sl [T 01t 090 g im0t 2UA L
ABIIIY QSAOSLIS | 51BN g gFOSELIG | ATOSISP 0 5HOBLIN 0 o7HBEI0 g0 pytateoe
ATV 0SOBRIIE 00r B o100 BT R | AT 00n oI 0seTp U 161513200
ABIIIY Q10RO | ORI o 5O I8ea0s | ATOSISP g HOBLIN | goFO L0 g p5oatiser
AT 0AC I LT 050 B | AT 0r RioAn! oon U o1t in
R e Rt e U (A RIE T N POET ST e
09 Rl 0ot sas0 SR VIO 0an B 21s G sty 20
VTSI 0,09 BEIH00 1,00STEOLE 50,08 03605 U XUSIB 04 00100 04t0UHO0 _onegta TS
VISP 000100100t 0,09 BSE00 500t L VTSP 020 00100 5 1380800 g1 140904241
VIUSIBT g Ie It | piBIe o0 0r LI |V TOSIOPE 1 a1 Oa O 1 ggHSEIAN o0 0sOTL0T
VEODE 010 0t Lot —s0a0 B O 0o S 102t a2yt
ATOSB 08001100 g5 HRTI0 51?0040 ATHSPE 0,41 O0LION o I0IOD _g0 5st40%0
ATUSIP 05 ¥O0LION 1 g0HRII0 _aggr+00H0n | ATUSIBE 0,41 OBLIOML 1 40T _on 5+l gHoas
ATOTE Qo0 R Lot 520 bR ATOT R 02 0R0GE 2r e s orrplonae
AT 010% B 006108 —s1er R aT0T T 025 ORI 212 R a0t )
Table 6. Same as table 4 except for b — (g, s,¢) induced B¥ — (D*, D%, J/¥) and T(15) —

(B*, B, B}) transitions. The errors are due to parameters 5 and quark masses only (cf. section 4
for a more complete discussion).

the assumptions for the potential), which has been explained at the beginning of this

section. The errors of this part have been evaluated and given above. Numerically,

these input parameters result in about [10, 30]% errors for most of transitions.* More

explicitly, taking D* — p transition as an example, one can find from table 4 that the
errors are at the level of about (15,12, 10, 10, 13, 26)% for V1 _4(0) and (14, 14, 18,21)%

‘For a few form factors of heavy-heavy meson — light-heavy meson transitions (for instance,

yras)—B*
1

(0) = 0.06"
by input parameters can reach up to about 60%.

0.014-0.03
0.01-0.02
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J)¥ — D* J/U = D

this work  QCD SR [88] CCQM [96] BS [97]| this work QCD SR [96] CCQM [96] BS [97]
Vi 105510057003 0.417001 0.51 0.58 [0.7270057015  0.5470:01 0.60 0.71
V5 10.6010:02 7010 0.637070) 0.39 0.29 |0.68%00670 11  0.6970:02 0.34 0.26
V4 10.3610017005  0.2279-0 0.11 0.35 |0.3670:0;7005  0.2479:0% 0.10 0.36
Vi 10.3610017008  0.2670:02 0.11 0.35 |0.3670:017005  0.2670:03 0.10 0.36
Vi (1790051057 1.371005 1.68 1.66 |2.16700:7058  1.697003 1.84 1.83
Ve (12350021033 0.8710:0% 1.05 1.23 |1.58700:1058  1.14790% 1.23 1.38
AL10.47H0 01009 0.4010 03 0.42 —0.43 [0.6270:01709%  0.5370:03 0.51 —0.56
AL{0.47F0 01000 0.4470:59 0.42 —0.43 (06270017095 0.53190% 0.51 —0.56
A5[0.7615 551022 0.8610 03 0.41 0.14 |0.7079:024013  0.9115:53 0.37 0.25
A}10.9075:0310:30  0.9179:08 0.41 —0.14 |0.9075:03703%  0.91790¢ 0.37 —0.25

Table 7. Theoretical predictions for the form factors of J/¥ — D* and J/¥ — D} transitions at
q> = 0 in this work, QCD SR [88], CCQM [96] and BS method [97].

for A;_4(0). Besides the errors induced by the quark masses and (3, there are some
other sources of errors/uncertainties, which are not fully considered in this work and
will be briefly discussed in the following.

e The WF is also an important input in the LFQMs. In principle, it can be obtained
by solving the light-front QCD bound state equation. However, except in some
simplified cases, the full solution has remained a challenge, therefore we would have
to be contented with some phenomenological WFs. In this work, we have employed
a Gaussian type WF given by eq. (2.7), which is commonly used in the LFQMs. In
addition to eq. (2.7), there are several other popular alternatives, for instance, BSW
WF [1], BHL WF (another Gaussian type WF) [98], power-law type WF [99] and so
on, which have been employed in some of previous works [11, 22, 26, 56, 59, 100].
The different choices for the WF may result in some uncertainties of the theoretical
prediction more or less. For instance, the difference between the predictions for fp-
with Gaussian (G) and power-law (PL) type WFs can reach up to |fE — fS. |/ f5. ~
15% [38] (one can refer to ref. [38] for more examples). For the form factor concerned
in this paper, taking D* — p transition as an example again, we find that \}'PL —
FC|/FC ~ (5,4,1,1,2,1)% for F = Vi_g and ~ (3,3,18,1)% for F = A;_4 at
=05

e The predictions of LFQMs may be affected also by the radiative corrections. The
quark model is an approximation and effective picture of QCD, the soft QCD effects
are expected to be encoded in the WF (vertex function) and relevant parameters,

5Tt should be noted that the values of input parameters are different for different WFs. In the calculation
of FFL(0), the PL type WF given by eq. (4.4) in ref. [38] is employed; and correspondingly, the quark masses
me e = (0.172,1.36) GeV obtained with such PL type WF [38] and B}7.; = (0.292,0.497) GeV updated by
fitting to the decay constants are used.
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while the short-distance corrections are hard to be calculated precisely from the first
principle of QCD in a quark model because the bridge between QCD and quark model
is not fully clear for now. For the SLF QM, the treatment of explicit gluon exchange
between constituent quarks goes beyond the valence quark picture,® which is a basic
assumption of the SLF QM. For the CLF QM [13], the short-distance corrections
can not be calculated directly either when the LF (valence) vertex function obtained
by matching to the SLF QM at 1-loop approximation is used. Interestingly, it is
claimed in ref. [101] that an alternative and more general covariant approach to
treat hadronic matrix elements in the light-front formalism can be established by
combining with the methods developed in ref. [12]. This modified CLF QM is valid for
a general vertex function, and is employed to calculate radiative corrections of O(«)
for pion beta decay, while the gluon exchange diagrams are not calculated directly
but approximated by means of p exchange (vector meson dominance ansatz), and the
correction to pion beta decay rate is very small and can be safely neglected [101]. In
addition, it is expected that the spurious w-dependent contributions associated with
B functions (for instance, R, term in ref. [101] ) can be canceled by higher order
gluon exchange contributions, but it has not been demonstrated. More efforts are
needed still for evaluating the radiative corrections to form factors in a systematical
way within the framework of LFQMs.

e As has been mentioned in the last section, the ¢* = 0 frame is employed in this
paper for convenience of calculation. The form factors are known only for space-
like momentum transfer and the results in the time-like region are obtained by an
additional ¢? extrapolation. Thus, the predictions in the time-like region may have
some uncertainties caused by the extrapolation scheme, which can be clearly seen by
comparing the results in two parameterization schemes given above. Although ones
can take g7 > 0 frame instead of ¢* = 0 frame to evaluate directly the form factors
in the time-like region, the theoretical uncertainties exist still because the nonvalence
contributions from so-called Z graph should be fully considered in such case, and
it is unavoidable to introduce some additional assumptions and/or help from other
models for calculating these contributions.

e Besides, the effect of isospin symmetry breaking is not considered in this work. Such
effect in the LFQMs is generated mainly by quark mass difference Am = mg — my,
which is small enough and can be the neglected except for the case that the quantity
considered is proportional to Am (for instance, the decay constant of scalar meson).

From above discussions and taking D* — p as an example, we can find that the com-
bined errors caused by the input parameters and WFs are about (20,16, 11,11,15,34)%
for V1_6(0) and (17,17,36,21)% for A;_4(0). Finally, further considering that the effect
of isospin symmetry breaking is trivial, and supposing that the radiative corrections are

6As has been shown in ref. [25], it is expected that the calculation of the form factor in the light-front
formalism automatically takes into account a subset of higher-order gluon exchange diagrams.
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not as large as the errors caused by the input parameters and WFs, we may roughly esti-
mate that the total errors are at the level of about [20,50]% for most of F(0) with a few

exceptions?.

5 Summary

In this paper, the matrix elements and relevant form factors of V' — V" transition are
calculated within the SLF and the CLF approach. The self-consistency and Lorentz co-
variance of the CLF QM are analyzed in detail. It is found that both of them are violated
within the traditional correspondence scheme (type-I) between the manifest covariant BS
approach and the LF approach given by eq. (3.5), while they can be recovered by em-
ploying the type-II correspondence scheme given by eq. (3.7) which requires an additional
replacement M — My relative to type-1 scheme. Such replacement is also favored by the
self-consistency of the SLF QM. Within the type-II correspondence scheme, the zero-mode
contributions to the form factors exist only in form but vanish numerically, and the va-
lence contributions are exactly the same as the SLF results, which can be concluded as
the relation [Q]sir = [Q]val. = [Q]cLr. The findings mentioned above confirm again the
conclusions obtained via fy 4 and P — V transition in the previous works [85-87]. Fi-
nally, we present our numerical predictions for the form factors of ¢ — (q,s) (¢ = u,d)
induced D* — (K*,p), D¥ — (¢,K*), J/V — (D},D*), B — (B¥,B*) transitions
and b — (q,s,c) induced B* — (D*,K*,p), B — (D:,¢,K*), B} — (J/¥,D},D*),
Y(1S) — (B}, B}, B*) transitions, which are collected in tables 4, 5 and 6. These results
can be applied further to the relevant phenomenological studies of meson decays.

A Results for the form factors with dipole approximation given by
eq. (4.15)

Using the values of input parameters collected in tables 1 and 2 and employing the param-
eterization scheme given by eq. (4.15), we present our numerical results for F(0), a and b
in tables 8, 9 and 10. Besides, the ¢ dependences of form factors are shown in figures 5
and 6.
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Figure 5. Same as figure 3 except with the parameterization scheme given by eq. (4.15).
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Table 8. Same as table 4 except with the parameterization scheme given by eq. (4.15). The errors

are due to parameters 8 and quark masses only (cf. section 4 for a more complete discussion).
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Table 9. Same as table 5 except with the parameterization scheme given by eq. (4.15). The errors
are due to parameters 8 and quark masses only (cf. section 4 for a more complete discussion).
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Table 10. Same as table 6 except with the parameterization scheme given by eq. (4.15). The

errors are due to parameters 8 and quark masses only (cf. section 4 for a more complete discussion).
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