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1 Introduction

N = 1 super-Young-Mills (SYM) theories in four space-time dimensions, whose first in-

stances were constructed 45 years ago [1–3], still attract great deal of attention, both as a

base for phenomenological model building and as quantum field theories with a rich vacuum

structure. In particular, an N = 1 SYM theory with a gauge group SU(N) has N degener-

ate supersymmetric vacua associated with different values of the gluino condensate, as was
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first conjectured in [4].1 As such, there should exist domain wall configurations of SYM

fields which interpolate between spatial regions of the theory with two different vacua and

preserve one-half of N = 1, D = 4 supersymmetry (so called 1/2 BPS domain walls) [5].2

The domain walls in pure SYM theories and in super Quantum Chromodynamics (SQCD)

(with F flavours of matter in the fundamental representation of the gauge group) have

been under an extensive study (see [8] for the latest review and developments).

These studies have led to a rather comprehensive understanding of properties of do-

main walls from various perspectives, including construction of SQCD domain wall solu-

tions [9–11] in four-dimensional (Wess-Zumino-like) effective field theories (for review and

references see e.g. [8, 12]) and their dual description as three-dimensional gauge theories on

worldvolumes of D-branes originating from compactifications of M/String Theory [8, 13].

However, still some strokes can be added to make this picture more complete.

One of them is the explicit inclusion into 3d worldvolume theory of SYM and SQCD

domain walls of a Goldstone sector which makes them dynamical objects (membranes)

moving in the four-dimensional bulk. The Goldstone sector should consist of an N = 1,

d = 3 scalar supermultiplet. Its scalar component is the Goldstone of spontaneously broken

translations in the direction traverse to the domain wall and its Majorana spinor component

is the Goldstino associated with the broken half of N = 1, D = 4 supersymmetry. The

spontaneously broken part of N = 1, D = 4 supersymmetry transformations is non-linearly

realized on the Goldstone supermultiplet.

Another open issue is the explicit construction of domain wall solutions in pure

(strongly coupled) SYM theory. Attempts to realize this construction within the Veneziano-

Yankielowiz (VY) effective field theory of N = 1 SYM [14] have been undertaken in [15, 16].

The VY theory is a generalized Wess-Zumino model describing gluino-balls, i.e. a chiral

scalar supermultiplet formed by SU(N) singlets of bi-linears of gluinos and their superpart-

ners. It is not an effective theory in the Wilsonian sense, since it does not describe all light-

est SYM modes, which should also include e.g. other types of glueballs (see e.g. [15, 17–20]

for the discussion of this issue). However, the VY superpotential exactly captures the vac-

uum structure of N = 1 SYM theory and one may also tempt to use it for studying BPS

domain walls separating two SYM vacua [15, 16]. The potential obtained by integrating

out the auxiliary fields in the VY action (amended in [21]) has a “glued” structure with

cusps separating each neighbouring pair of the N SYM vacua. The domain wall tension

(naively) estimated with the use of the VY superpotential was shown [16] to be much

smaller than the exact value of the tension of the BPS saturated domain walls. Ref. [16]

suggested that at the cusp of the potential there should live an object (associated with

integrated heavy modes of the theory) whose contribution restores the BPS value of the

domain wall tension. To our knowledge, this object has not been identified yet.

In this paper we will show that the solution of the first problem, i.e. the construc-

tion of a manifestly supersymmetric and kappa-symmetry invariant action for a dynamical

1To be concrete, in this paper we will deal with the unitary gauge groups G = SU(N), though the

obtained results are valid for a generic simply connected G, in which case the number of SYM vacua is

equal to the dual Coxeter number h(G) of the gauge group G.
2Generic properties of BPS domain walls in N = 1, D = 4 supersymmetric theories (and of other

extended solitons in various dimensions) were considered earlier in [6, 7].
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membrane of a charge k coupled to N = 1, D = 4 SYM, also solves the second prob-

lem. Namely, when the membrane couples to the VY effective theory it sources VY field

equations, separates two distinct SYM vacua and provides the missing contribution to the

tension of the BPS saturated domain-wall configurations. As a result, we obtain explicit

BPS domain wall solutions in the VY theory.

We also show that the worldvolume theory of the static membrane, which is obtained

when the Goldstone field fluctuations are set to zero, is (in the conventions of [8]) an N = 1,

d = 3 SU(N)−k Chern-Simons theory of level k, where 0 < k < N is the membrane charge

inducing the transition from the n-th to the (n + k)-th SYM vacuum on different sides

of the membrane.3 For k = 1, the obtained SU(N)−1 Chern-Simons theory is level/rank

dual [8, 25–27] to Acharya-Vafa (AV) [13] U(1)N worldvolume theory of the k = 1 domain

wall. For k ≥ 1 the Acharya-Vafa theory is a three-dimensional N = 1 U(k)N gauge theory

with the CS term of level N and an adjoint scalar multiplet. Upon integrating out the

heavy adjoint scalar multiplet, in the assumption that its fermionic mass is negative, one

gets the low-energy description of AV theory as a U(k)N− k
2
,N gauge theory which further

reduces (upon integrating out gluini) to a topological U(k)N−k,N CS theory (see [26, 27],

and also [8] for a review). In our case, for k > 1 the level/rank duality [25] maps the

SU(N)−k Chern-Simons theory to a U(k)N,N one, which is different from the low-energy

description of the AV theory.4

This discrepancy may be due to the fact that in our construction we are dealing with

a single membrane of a charge k which does not accommodate all the (non-Abelian) fields

leaving on the k-wall. To incorporate the missing fields, one should regard the membrane of

charge k as the center of mass of k coincident branes of charge 1 and excite relative fluctua-

tions of these membranes around the center of mass, by analogy with the theory of a stack

of k coincident D-branes. The complete structure of such a non-Abelian Born-Infeld-like

action which respects supersymmetry and worldvolume symmetries is yet unknown and its

construction is beyond the scope of our paper. In this respect we would just like to stress

that our model (though not capturing all the details of the worldvolume theory) correctly

reproduces the BPS saturated tension of the SYM domain walls and the corresponding

tensorial central charge (including its phase) in the N = 1, D = 4 supersymmetry algebra.

It also makes possible to explicitly construct BPS domain wall configurations in the frame-

work of the Veneziano-Yankielowicz effective theory. In particular, for membranes with

relatively small charges |k| ≤ N
3 we find regular half-BPS domain walls (with the complex

scalar gluino-ball field being continuous through the membrane), and a half-BPS domain

wall of zero entire tension interpolating between the same SYM vacuum for |k| = N .

In addition, we shall also consider a system of an open membrane with a string at-

tached to its boundary coupled to a massive three-form superfield extension [20, 28] of

3A bosonic membrane coupled to gauge fields via the Chern-Simons term (which is closely related to our

supersymmetric construction) was considered in a widely unknown paper [22] as an effective description

of axionic defects. For even earlier generic constructions of couplings of p-branes to Young-Mills fields in

various dimension see [23, 24].
4Formally, this SU(N)−k Chern-Simons theory seems to correspond to an infrared limit of a different

N = 1, d = 3 theory with a gauge group SU(N)−k and one adjoint scalar multiplet considered in [27].
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the Veneziano-Yankielowicz theory, which may be applied to the study of domain-wall

junctions.

The paper is organized according to its table of Contents. We use the notation and

conventions of [29] (i.e. mostly that of [30] and [31], see also appendix A).

2 Overview of the N = 1, D = 4 SU(N) SYM

The N = 1 SYM multiplet consists of a gauge vector field Am(x) and its fermionic su-

perpartners which, in the two-component Weyl spinor notation, are λα(x) and its complex

conjugate λ̄α̇(x). The SYM multiplet also contains an auxiliary scalar field D(x) to make

the supersymmetry transformations acting on the fields form the closed off-shell superal-

gebra. All the fields mentioned above take values in the adjoint representation of SU(N)

whose indices will be suppressed.

The SYM Lagrangian has the following well-known form

LSYM = − i

2g2
Trλσm∇mλ̄+

i

2g2
Tr∇mλσmλ̄−

1

4g2
TrFmnF

mn +
1

2g2
TrD2

+
ϑ

32π2
Tr
(
εmnplF

mnF pl + 4∂m(λσmλ̄)
)
,

(2.1)

where F2 = dA+iA∧A is the gauge field strength, ∇m = ∂m− iAm, g is the SYM coupling

constant and ϑ is the angle of the topological term.

In the superfield formalism, the SYM Lagrangian is constructed as an F-term, i.e. as

an integral over chiral Grassmann coordinates θα

LSYM =
τ

8π

∫
d2θTrWαWα + c.c. , (2.2)

where τ = iϑ
2π + 2π

g2
and Wα(xL, θ) is the chiral superfield accommodating the SYM field-

strength multiplet

Wα = −iλα + θαD −
i

2
Fmnσ

mn
α
βθβ + θ2σm

αβ̇
∇mλ̄β̇ . (2.3)

The classical U(1) R-symmetry of the SYM action (under chiral rotations λ → λeiϕ) is

broken by quantum anomaly down to a discrete subgroup Z2N . The instanton effects

create a gluino condensate [4] whose value was first computed in [32] (see also e.g. [33])

〈λλ〉 ≡ 〈Trλαλα〉 ∝ Λ3e
2πin
N , n = 0, 1, . . . , N − 1, (2.4)

where Λ3 is a SYM dynamical scale.

The parameter n labels N degenerate supersymmetric vacua of the SYM theory related

by ZN symmetry. In other words the gluino condensate further breaks the Z2N R-symmetry

down to Z2 (λ→ −λ).

– 4 –
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3 Veneziano-Yankielowicz Lagrangian for the N = 1 SYM revisited

The gluino condensate and the N vacua of SU(N) SYM are effectively described by the

Veneziano-Yankielowicz Lagrangian [14]. The chiral superfield S in this Lagrangian acco-

modates a gaugino bi-linear (the gluino-ball) and its superpartners. It is a composite chiral

scalar superfield made of the trace of the bi-linear of the SYM field-strength (2.3)

S = TrWαWα = s+
√

2θαχα + θ2F, (3.1)

where

s = −Trλαλα , (3.2)

χα =
√

2 Tr

(
1

2
Fmnσ

mn
α

βλβ − iλαD

)
, (3.3)

and

F = Tr

(
−2iλσm∇mλ̄−

1

2
FmnF

mn +D2 − i

4
εmnplF

mnF pl
)
. (3.4)

Note that in the VY theory s, χ and F are regarded as elementary colorless fields.

One can notice [28, 34] that the superfield S is a special one of the type first introduced

in [35]. It contains, in its F -component, the field strength of a (composite) three-form, the

latter being the SU(N) Chern-Simons term5

F4 = d4x ImF = −TrF2 ∧ F2 − d4x ∂m(Trλσmλ̄) (3.5)

= −d Tr

(
AdA+

2i

3
A3 +

1

3!
dxkdxndxmεmnkl Trλσlλ̄

)
≡ dC3.

Therefore, the complex field F in (3.1) has the following form

F = D̂ + i∂mC
m, (3.6)

where D̂ is a scalar field and Cm is the Hodge dual of the three-form C3 (see (A.6) for the

definition).

Chiral superfields containing field strengths of 3-form fields among their components

were introduced in [35]. In the case of the single three-form superfield like S, the chirality

constraint D̄α̇S = 0 has the following general solution

S = −1

4
D̄α̇D̄

α̇U, (3.7)

where U is a real superfield prepotential, and D̄α̇ and Dα are super-covariant spinor deriva-

tives.6 The requirement that U should be real rather than complex (which would be the

5Our complex conjugation rules for the fermions are (λ1λ2)∗ = λ̄2λ̄1, so e.g. λσlλ̄ in (3.5) is real.
6One should not confuse U with the real SYM prepotential V appearing in the definition of the field

strength Wα = − 1
8
D̄2(e−2VDαe

2V ).
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case of a generic chiral field) is connected with the fact that the real U contains the real

one-form C1 dual to C3 among its independent bosonic components

U | = u,

−1

8
σ̄α̇αm [Dα, D̄α̇]U | = Cm,

1

4
D2U | = −s̄ = Tr λ̄λ̄,

1

16
D2D̄2U | = D̂ + i∂mCm ≡ F .

(3.8)

We also note that (3.7) is invariant under the gauge transformation

U ′ = U + L , (3.9)

where L is a real linear superfield

D̄2L = 0 = D2L . (3.10)

Therefore the leading bosonic component of U is a pure gauge.

Below we will show that (in view of (3.7)) the treatment of the superfield U rather

than S as the independent superfield in the Veneziano-Yankielowicz Lagrangian requires

the modification of the latter by a certain surface term, whose form is fixed by a consistency

of the variation principle with respect to U (see [36–38] for details and references).

The original Veneziano-Yankielowicz Lagrangian is

LVY =
1

ρ

∫
d2θd2θ̄(SS̄)

1
3 +

∫
d2θW (S) + c.c. , (3.11)

in which the VY superpotential is uniquely fixed by anomalous superconformal Ward iden-

tities of the SYM theory and has the following form

W (S) =
N

16π2
S

(
ln

S

Λ3
− 1

)
, WS := ∂SW (S) =

N

16π2
ln

S

Λ3
. (3.12)

The first term in (3.11) is the Kähler potential

K(S, S̄) =
1

ρ
(SS̄)

1
3 (3.13)

whose simplest form is chosen due to the mass dimension 3 of the superfield S and ρ is a

dimensionless (a priori arbitrary) positive constant. In general, the kinetic part of the La-

grangian is not fixed by anomalous symmetries and can also include higher order terms [17].

One can assume (as in [16]) that ρ should scale with N as ∼ 1
N , then the Kähler

potential term and superpotential would have the same N -dependence in the Lagrangian.

However, we prefer to consider a generic ρ since, as we shall see later, its eventual depen-

dence on N affects the characteristic width of the domain walls.

The treatment of the VY Lagrangian as a conventional Wess-Zumino model has en-

countered a couple of issues [21]. One of them is that TrF2∧F2 is the instanton density and

– 6 –
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the elimination of this component of the auxiliary field FS from the action requires caution.

A recipe of how one can take care of this subtlety by modifying the VY superpotential was

proposed in [21]. The fact that the term in question is actually the field strength of the

(Chern-Simons) three-form, i.e. that the superfield S is special (see eqs. (3.5) and (3.7))

was used in [20, 28] to generalize the VY Lagrangian by terms which make the auxil-

iary components of U dynamical fields describing additional massive glueball states. This

construction was further refined in [39] (see also references therein).

In this paper we would like to elaborate on the role of the special nature of the superfield

S within the original VY Lagrangian. We will see that by treating U as the independent

superfield and modifying the Lagrangian (3.11) with an appropriate boundary term allows

one to consistently eliminate the auxiliary fields by solving their equations of motion and

to get additional contributions to the effective scalar potential of (quantized) numerical

integration parameters similar to those introduced in [21]. This also solves the second

issue with the VY Lagrangian whose superpotential is not single-valued: because of the

presence of the logarithmic term, it gets shifted by the (identical) phase transformation

S(x, θ)→ S′(x, θeπi) = e2πiS(x, θ) , W (S)→W (S)+
iN

8π
S . (3.14)

The addition of the boundary term compensates the shift in the superpotential and makes

the whole Lagrangian single-valued.

The total space-time derivative term in question has the following form

Lbd = −1

8

(∫
d2θD̄2 −

∫
d2θ̄D2

)[(
1

12ρ
D̄2 S̄

1
3

S
2
3

+
1

16π2
ln

Λ3N

SN

)
U

]
+ c.c. (3.15)

For a general class of models involving three-form chiral supermultiplets the boundary

terms of this kind were derived in [37]. Their form is singled out by the requirement that

the variation of U (and hence δCm) is not restricted on the boundary, while δS|bd = 0

and δF4|bd = 0. This requirement insures the consistency of the variational principle when

dealing with the three-form gauge fields in 4D field theories (see [36, 37] for a review of

this issue and references).

It is not hard to see that the Lagrangian

L = LVY + Lbd (3.16)

is invariant under the phase transformation (3.14). Actually, it is invariant under a generic

U(1) R-symmetry rotation. In order to break this symmetry down to Z2N , as it hap-

pens in the SYM due to the chiral anomaly, we will require that the term X(S, S̄) ≡
1

12ρD̄
2 S̄

1
3

S
2
3

+ 1
16π2 ln Λ3N

SN
in the Lagrangian (3.15) satisfies the following boundary conditions

X(S, S̄)|bd = − in
8π , where n = 0, 1 . . . , (N −1) (modN) characterizes the asymptotic vacua

of the theory. Note that with this choice of the boundary conditions the Lagrangian (3.16)

is gauge invariant under (3.9).

Let us now proceed and eliminate the auxiliary field D̂ and the field strength F4 of

C3 by solving their equations of motion. To this end let us set the fermions to zero and

– 7 –
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consider the bosonic part of the Lagrangian (3.16)

Lbos
VY = Kss̄

(
−∂ms∂ms̄+ (∂mC

m)2 + D̂2
)

+
(
Ws

(
D̂ + i∂mC

m
)

+ c.c.
)

+ Lbos
bd , (3.17)

with the boundary term

Lbos
bd = −2∂m (CmKss̄∂nC

n)− i∂m
(
Cm(Ws − W̄s̄)

)
, (3.18)

where S| = −Trλλ ≡ s(x), K(s, s̄) and W (s) are the VY Kähler potential and superpo-

tential (at θ = θ̄ = 0), and we have defined Ks ≡ ∂K
∂s , Kss̄ ≡ ∂2K

∂s∂s̄ , Ws ≡ ∂W
∂s etc.

Varying the Lagrangian (3.17) with respect to D̂ and Cm we get the following equations

of motion

Kss̄D̂ + ReWs = 0 , (3.19)

∂m(Kss̄∂nC
n − ImWs) = 0 . (3.20)

From the first of these equations we get the on-shell value of the auxiliary field D̂

D̂ = −ReWs

Kss̄
=

9ρN

16π2
(ss̄)

2
3 ln

Λ3

|s|
(3.21)

and solving the second we get

∂mC
m =

ImWs − n
8π

Kss̄
= − 9ρN

16π2
(ss̄)

2
3

(
2π

n

N
− arg s

)
, (3.22)

where n is the integration constant parameter compatible with the chosen boundary

conditions.

Substituting these expressions back into the Lagrangian (3.17) we get the effective

potential for the scalar field

V (s, s̄) =
1

Kss̄

[
(ReWs)

2 +
(

ImWs −
n

8π

)2
]

=
9ρN

16π2
(ss̄)

2
3

[
ln2 |s|

Λ3
+
(

2π
n

N
− arg s

)2
]
. (3.23)

When n = 0 the form of this potential coincides with that of the Veneziano and Yankielow-

icz, while for n = 1, 2, . . . it coincides with that of [15, 16].

The potential is invariant under the simultaneous shifts of the ZN R-symmetry

n→ n+ k, arg s→ arg s+ 2π
k

N
. (3.24)

As was argued in [15], the parameter n should be considered as a discrete variable with

respect to which one should take the sum in the functional integral determining the effective

action. This makes the potential a continuous function of the phase of s but having

cusps at the points in which n changes its values (see [15, 16] for more details). The

potential vanishes when the vevs of s take the values of the gaugino condensate 〈s〉 = −〈λλ〉
(see eq. (2.4)).

– 8 –
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4 Supermembranes in N = 1 SYM theory

Now, using the results of [29, 40], we will couple a supermembrane to the N = 1 SYM

(and its Venezian-Yankielowicz effective action) and study BPS domain wall configurations

which it sources in this theory. To our knowledge, the kappa-symmetric action for such

a supermembrane has not been considered in the literature yet.7 The addition of the

dynamical membrane action to the VY action solves a long-standing issue [16] of the

discrepancy between the tension of the would-be BPS domain walls calculated in the VY

effective theory and the actual tension of the BPS saturated domain walls T = 2|W+∞ −
W−∞|, where W±∞ are the values of the superpotential at the two vacua 〈S〉±∞ between

which the domain wall is interpolating.

If in a theory we have only a single special chiral three-form superfield like (3.7), then

the most general action describing its coupling to a membrane in flat N = 1, D = 4 su-

perspace, parametrized by the supercoordinates zM = (xm, θα, θ̄α̇), has the following form

Smembrane = − 1

4π

∫
M3

d3ξ
√
− dethij |kS + c| − k

4π

∫
M3

C3 −
(
c̄

4π

∫
M3

C0
3 + c.c.

)
, (4.1)

where c = k1 + ik2, and k, k1 and k2 are real constant charges characterizing the membrane

coupling to a real three-form gauge superfield C3 and a complex super three-form C0
3 to be

defined below. The normalization factor 1
4π has been chosen to have the canonical form

of the Chern-Simons term in the static membrane action which forces the charge k be

quantized (see section 4.2).

In the Nambu-Goto part of action (4.1) the bulk superfield S(x, θ, θ̄) is evaluated on

the membrane worldvolume zM = zM (ξ) parametrized by ξi (i = 0, 1, 2),

hij(ξ) ≡ ηabEai (ξ)Ebj (ξ), with Eai (ξ) ≡ ∂izM (ξ)EaM (z(ξ)), (4.2)

is the induced metric on the membrane worldvolume and

Ea(ξ) ≡ dzM (ξ)EaM (z(ξ)) = dxa(ξ) + iθσadθ̄(ξ)− idθσaθ̄(ξ) (4.3)

is the worldvolume pull-back of the flat superspace vector supervielbein.

The super three-form C3 is constructed in terms of the real prepotential U (see eqs. (3.7)

and (3.8)) as follows [34, 35]

C3 = iEa ∧ dθα ∧ dθ̄α̇σaαα̇U

− 1

4
Eb ∧ Ea ∧ dθασab α

βDβU −
1

4
Eb ∧ Ea ∧ dθ̄α̇σ̄ab

β̇
α̇D̄β̇U

− 1

48
Ec ∧ Eb ∧ Eaεabcd σ̄dα̇α[Dα, D̄α̇]U .

(4.4)

Note that the last, purely tensorial, term in (4.4) coincides, at θ = θ̄ = 0, with the three-

form component of U in (3.8).

7In D = 4, the supermembranes have been mainly considered with regard to their couplings to N=1,

D=4 supergravity and chiral matter supermultiplets [29, 40–47] which have not included the SYM multiplet.

– 9 –



J
H
E
P
1
2
(
2
0
1
9
)
0
2
1

The associated supersymmetric four-form field strength is

H4 = d C3 =
1

8
Eb ∧ Ea ∧ (dθα ∧ dθβσab α

βD2U + dθ̄α̇ ∧ dθ̄β̇σ̄ab
α̇
β̇D̄

2U)

+
1

48
Ec ∧ Eb ∧ Ea ∧ (dθαεabcdσ

d
αα̇D̄

α̇D2U − dθ̄α̇εabcdσ̄
dα̇αDαD̄

2U)

+
i

8× 96
Ed ∧ Ec ∧ Eb ∧ Eaεabcd[D2, D̄2]U .

(4.5)

The complex three-form C0
3 has the following form8

C0
3 = iEa ∧ dθα ∧ dθ̄α̇σaαα̇ θ

2 − 1

2
Eb ∧ Ea ∧ dθασab α

βθβ , (4.6)

and its supersymmetry invariant field strength is

H0
4 = −1

2
Eb ∧ Ea ∧ dθασab α

βdθβ . (4.7)

4.1 Local worldvolume symmetries of the membrane action

By construction, the action (4.1) is invariant under the worldvolume diffeomorphisms

ξi → f i(ξ) and under the κ-symmetry transformations

δθα = κα(ξ), δθ̄α̇ = κ̄α̇(ξ), δxm = iκσmθ̄ − iθσmκ̄, (4.8)

such that

δκz
MEaM = 0 .

The local fermionic parameter κα(ξ) and its complex conjugate κ̄α̇(ξ) satisfy the fol-

lowing projection condition

κα = −i
kS + c

|kS + c|
Γαα̇κ̄

α̇ ⇔ κ̄α̇ = −i
kS̄ + c̄

|kS + c|
Γαα̇κ

α, (4.9)

where

Γαα̇ ≡
iεijk

3!
√
− deth

εabcdE
b
iE

c
jE

d
k σ

a
αα̇, Γαα̇Γα̇β = δβα. (4.10)

As is well known, the κ-symmetry corresponds to half of the bulk supersymmetry preserved

by a BPS state, the ground state of the extended object [48–50], while another half of su-

persymmetry is spontaneously broken. Namely, due to the worldvolume reparametrization

invariance and local kappa-symmetry, the propagating fields on the membrane worldvol-

ume are a scalar ϕ(ξ) associated with membrane fluctuations in the transverse direction

of four-dimensional space-time (e.g. ϕ = x3(ξ)) and two of four fermionic fields θ(ξ) and

8Note that, by analogy with (4.4) one can regard C03 as the three-form associated to a complex pre-

potential Σ0 = θ2 satisfying the complex linear constraint D̄2Σ0 = 0. Then, by analogy with (3.7), this

prepotential gives rise to a trivial “special chiral superfield” Z = − 1
4
D̄2Σ̄ = 1. The latter constraint can be

interpreted as the gauge fixing condition imposed on a complex three-form conformal compensator superfield

Z which fixes the super-Weyl invariance in the N = 1 supergravity coupled to the membrane. From this

perspective the three-form (4.6) is the flat superspace remnant of a complex gauge-three-superform whose

dual field strength is traded for the complex auxiliary scalar field of old minimal supergravity [29, 45].
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θ̄(ξ). These fields form an N = 1, d = 3 Goldstone supermultiplet associated with a half

of N = 1, D = 4 supersymmetry spontaneously broken by the presence of the membrane.

The broken supersymmetry is non-linearly realized on the Goldstone supermultiplet, and

the membrane action describes its coupling to the special chiral superfield S.

If we set k = 0, the above action reduces to that describing a membrane moving in

empty flat N = 1, D = 4 superspace [7, 51, 52]. The action takes the form

Sfree = −T0

∫
M3

d3ξ
√
− deth− 1

4π

(
c̄

∫
M3

C0
3 + c.c

)
, (4.11)

where T0 = |c|
4π is the free membrane tension, while c

4π = |T0|ei arg c is associated with

the membrane tensorial ‘central’ charge in the N = 1, D = 4 superalgebra generated by

conserved supercharges which can be derived from this action, as in [7, 53, 54].

Applying the technique of [53] to the supermembrane coupled to the superfield S (4.1),

one gets an additional contribution of S to the membrane ‘central’ charge in the anti-

commutator of the supercharges Qα. This can be easily calculated when fermionic Gold-

stone fields are set to zero with the following result

{Qα, Qβ} =

∫
dxm ∧ dxn σmnαβ

c̄+ ks̄

4π
. (4.12)

Therefore the membrane ground state preserving half of the bulk supersymmetry saturates

the BPS bound with this central charge, as we will see below.

4.2 Membrane coupled to SYM

Let us now consider the membrane action (4.1), where S is the composite chiral superfield

of the SYM multiplet (3.1). Now the effective membrane tension is9

TM =
1

4π
|kS + c| . (4.13)

It is tempting to assume that the membrane action (4.1) is associated with an effective

field theory on the worldvolume of a BPS domain wall, including the explicit coupling

to the SYM multiplet of its Goldstone sector associated with spontaneously broken 1/2

supersymmetry.

As a support to this assumption, let us show that, for a static membrane (i.e. setting

to zero the worldvolume Goldstone fields), the action reduces to that of an N = 1, d = 3

SU(N) Chern-Simons theory

Sstatic = − ik

4π

∫
C

d3ξTrψαψα +
k

4π

∫
C

[
Tr

(
AdA+

2i

3
A3

)]
− T0

∫
C

d3ξ , (4.14)

where the 3d Majorana spinor ψα and the worldvolume Chern-Simons field Ai(ξ) form an

N = 1, d = 3 supermultiplet. The action (4.14), with T0 = 0 and k = 1, was obtained

in [8] by inserting an interface operator into the SYM action.10

9Note that since in the SYM case S = WαWα is a nilpotent superfield, the presence of the non-zero

constant c in the membrane tension is essential. If c were zero, the modulus |S| of the nilpotent quantity

would not be well defined. We thank Sergei Kuzenko for having emphasized this issue.
10Because of different conventions for differential forms in our paper and in [8], the sign of our Chern-

Simons term is opposite to that of [8].

– 11 –



J
H
E
P
1
2
(
2
0
1
9
)
0
2
1

In order to arrive at (4.14) starting from (4.1), let us regard the fields λ, Am and D

inside S as dynamical and set the worldvolume Goldstone fields to zero. In other words,

we consider the membrane to be static, located at x3 = 0 and set xi = ξi, θ = θ̄ = 0.11

Then the action (4.1) reduces to

Sstatic = − 1

4π

∫
C

d3ξ
(
|kTrλλ− c| − kTrλσ3λ̄

)
+

k

4π

∫
C

[
Tr

(
AdA+

2i

3
A3

)]
. (4.15)

Now we may consider the equations of motion of θ(ξ) and θ̄(ξ) [40], in which we should set

all the worldvolume fields to zero. These impose the kappa-symmetry projection condition

on the fermion χ (3.3) with the same sign as that in (4.9)

χα = −i
ks+ c

|ks+ c|
Γαα̇χ̄

α̇ = − kTrλλ− c
|kTrλλ− c|

σ3
αβ̇
χ̄β̇ . (4.16)

From the very definition of χ in (3.3), the previous condition translates into the following

general constraint on λ

1

2
Tr

[
Fijσ

ij
α
β

(
λβ +

kTrλλ− c
|kTrλλ− c|

σ3
αβ̇
λ̄β̇
)]

= Tr

[(
iDδα

β − Fi3σi3α β
)(

λβ −
kTrλλ− c
|kTrλλ− c|

σ3
αβ̇
λ̄β̇
)]

.

(4.17)

If we consider a particular solution of (4.17) such that λ is subject to the same projection

condition as χ, namely12

λα = − kTrλλ− c
|kTrλλ− c|

σ3
αβ̇
λ̄β̇ , (4.18)

then (4.17) implies that on the membrane worldvolume

F3i|C3 = 0 = D|C3 . (4.19)

If λ satisfies (4.18), then we have

Trλλ = Trλσ3λ̄ eiα, (4.20)

where α = arg(−kTrλλ+ c). From (4.18), upon some algebra, we also have

|kTrλλ− c| = ±|c| − kTrλσ3λ̄ . (4.21)

Note that only the upper sign solution is consistent with the limit in which λ→ 0. Hence,

we pick this one.

11If, instead, we put to zero only the background fermions λ and the worldvolume goldstini θ and θ̄, the

supermembrane action (4.1) reduces to the “axionic” membrane action of [22].
12Another possible solution is to assume that λ is restricted by the condition with the opposite sign with

respect to (4.18). For this solution, from the definition of χ it will follow that on the static membrane

Fij = 0. Then the Chern-Simons term trivializes and one finds that the static membrane action reduces to

∼ const
∫
M3

d3ξ.
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Substituting (4.20) into (4.21) we find that for the plus-sign solution the arguments of

α and c are related as follows

arg c = α+ 2πn . (4.22)

This implies that α should be constant on the static membrane.

Due to the projection relation (4.16) the independent components of λα are

λ1 =
1

2
(ψ1 + iψ2), λ2 = eiαλ̄1 =

eiα

2
(ψ1 − iψ2), (4.23)

where ψα = (ψ1, ψ2) is a real SL(2,R) spinor. Hence, we finally have

|kTrλλ− c| = |c| − kTrλσ3λ̄ = |c|+ ik

2
Trψαψα . (4.24)

On the other hand, at x3 = θ = θ̄ = 0 the membrane bosonic equations of motion reduce to

∂x3(|kTrλλ− c| − kTrλσ3λ̄) = kεijk3 TrFijFk3 + k∂i(Trλσiλ̄). (4.25)

The conditions (4.19) and (4.23) imply that the right hand side of the above equation is

zero, and taking into account (4.21) we get

∂x3(Trλσ3λ̄)|C3 = 0, (4.26)

that is, on the membrane worldvolume the derivative of Tr λσ3λ̄ along the direction trans-

verse to the static membrane should vanish. Note that (4.19) and (4.26) imply that the

fields Ai and λ get localized on the membrane.

Finally, substituting the relation (4.24) into the static membrane action (4.15), we get

the N = 1, d = 3 SU(N) Chern-Simons action (4.14) of level −k. The term containing

the constant tension T0 completely decouples and can be removed by sending T0 → 0. As

we have already mentioned in the Introduction, for k = 1 the obtained action is level/rank

dual [8] to the Acharya-Vafa [13] worldvolume theory of the k = 1 domain wall, but differs

from the latter for k > 1. Our action does not take into account additional worldvolume

fields associated with relative fluctuations of a stack of k coincident D-branes in the stringy

construction of Acharya and Vafa. Nevertheless, the account of the effects of the membrane

of charge k (or of a stack of k parallel membranes of charge 1) allows one to consistently

derive the BPS domain wall tension and explicitly construct k-walls in the Veneziano-

Yankielowicz effective theory, as we shall discuss in the next section.

5 SYM BPS domain walls sourced by membranes

We shall now apply the analysis of [29] to elucidate properties of BPS domain walls in

the Veneziano-Yankielowicz effective theory coupled to the membranes described by the

action (4.11). In [29] we dealt with N = 1, D = 4 supergravity theories whose superpo-

tentials experienced a jump at the position of the membrane separating two vacua. We

will show that, similarly, the inclusion of the membrane in the VY theory is necessary to

induce and take care of the discontinuity of the VY superpotential and the corresponding
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cusp of the VY potential reviewed in section 3. At the same time the contribution of the

membrane tension to the overall energy density of the domain wall configuration makes it

saturate the BPS bound, the missing ingredient which was sought in [16].

Since we are interested in 1/2 supersymmetric BPS domain walls interpolating between

two supersymmetric vacua of the VY effective theory, we shall set the fermionic field χα of

the special chiral supermultiplet S (3.1) to zero and require that there is a residual 1/2 of

N = 1 supersymmetry under which the variation of χ vanishes.13 We will also assume that

the membrane which sources the VY domain walls is static. Namely, it stretches along

the space-time directions x0, x1 and x2 and sits at the origin x3 = 0 of the space-time

coordinate orthogonal to the membrane. The action describing the coupling of the scalar

sector of the VY effective theory to the static membrane has the following form

S =

∫
d4xLbos

VY −
1

4π

∫
d3ξ

(
|ks+ c|+kC3

)
, (5.1)

where Lbos
VY has bee defined in (3.17) and (3.18).14

Varying this action with respect to s we find the equation of motion of the scalar field

sourced by the membrane

�sKss̄ + ∂ms∂
msKsss̄ + FF̄Kss̄s̄ + F̄ W̄s̄s̄ =

k

8π
δ(x3)

ks+ c

|ks+ c|
, (5.2)

where F = D̂ + i∂mC
m.

The equation of motion of the auxiliary field D̂ is the same as (3.19), while the three-

form equation (3.20) acquires the membrane source term

∂m(Kss̄∂nC
n − ImWs) = − k

8π
δ3
mδ(x

3). (5.3)

The solution of (3.19) and (5.3) expresses the auxiliary field F as a function of the scalar

field s, the membrane charge k and the integration parameter n

F = D̂ + i∂mC
m = −16π2W̄s̄ + i(2πn+ 2πkΘ(x3))

16π2Kss̄
, (5.4)

where Θ(x3) is the step function. The right hand side of the above equation prompts us

to introduce the discontinuous superpotential

Ŵ (s) ≡W (s)− i

8π
(n+ kΘ(x3)) s . (5.5)

It “jumps” at the position of the membrane and thus its local minima describe two SYM

vacua, one on the left of the membrane labeled by n and another one on the right labelled

by n+ k.

13Note that since we are now dealing with the VY effective field theory and not directly with the SYM,

the components of the special (three-form) chiral superfield S (3.1) are regarded as independent space-time

fields. In particular, S is not nilpotent anymore.
14Though our main interest is the domain walls sourced by the membranes in the VY effective theory,

the consideration of this section is applicable to Wess-Zumino-type σ-models for a single three-form chiral

superfield with a generic Kähler potential and superpotential. It can also be extended to several three-form

chiral superfields as in [29].
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In addition to the above bulk field equations, we should also take into account the

equation of motion of the membrane field x3(ξ), which for ∂ix
3 = 0 reduces to

(∂3|ks+ c|+ k∂mC
m)|x3=0 = 0. (5.6)

We are interested in 1/2 supersymmetric BPS domain wall configurations interpolating

between two vacua at x3 → −∞ and x3 → +∞ separated by the membrane, i.e.

〈s〉−∞ = Λ3e
2πin
N and 〈s〉+∞ = Λ3e

2πi(n+k)
N .

According to general properties of such domain walls (see e.g. [5, 7, 12]), the domain wall

profile is determined by the x3-dependence of the scalar field s(x3) which is constant in the

other space-time directions. Under these assumptions the supersymmetry variation of the

fermionic field χ takes the form

δχα =
√

2iσ3
αα̇ε̄

α̇ṡ+
√

2εα F , (5.7)

where εα is the supersymmetry parameter and ṡ ≡ ∂s
∂x3

. The variation should be zero under

1/2 supersymmetry preserved by the membrane supporting the domain wall solution in

question.

In section 4.2 we have shown that, when a static membrane is coupled to the VY

Lagrangian, half of the N = 1 supersymettry is preserved provided that the fermionic field

χα satisfies the condition (4.16), determined by the conditions on the kappa-symmetry

parameters (4.9) for the static membrane configuration. The corresponding supersymmetry

parameter is subjected to the same condition

εα = eiασ3
αα̇ε̄

α̇, (5.8)

where α is constant in the bulk and coincides with the argument of (ks+ c)|x3=0 on the

membrane surface

eiα :=
ks+ c

|ks+ c|

∣∣∣
x3=0

. (5.9)

Then, the requirement that the variation (5.7) vanishes on the domain wall solution implies

that

ṡ = ieiαF = −ieiα Ŵ s̄

Kss̄
, (5.10)

in which we substituted the on-shell value (5.4) of F .

It can be easily checked that the relation (5.10) solves the field equation (5.2). It

determines how the profile of the scalar field varies along the transverse direction for the

given superpotential and Kähler potential.

A particular choice which makes the equations (5.6) and (5.10) mutually consistent

is that on the membrane ks(0) + c, ks(0) and c have the same phase α (modulo 2π).

This is what we got by analyzing the fermionic field equations on the static membrane in
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section 4.2 (see (4.22)).15 If we make this choice, from (5.10) it follows that

d

dx3
Re(Ŵe−iα) = 0 , (5.11)

that is

Re(Ŵe−iα) = const (5.12)

at each point along x3 including the position of the membrane (x3 = 0).

We are now ready to compute the energy density (namely, the tension) of the domain

wall configuration sourced by the membrane. It is determined by the on-shell value of the

action (5.1)

Son-shell ≡ −
∫

d3ξ TDW , d3ξ := dx0 ∧ dx1 ∧ dx2 . (5.13)

Substituting into (5.1) the solution (5.4) of the auxiliary field equations, assuming that s

only depends on x3 and taking into account the form of the boundary term (3.18) we get

S =

∫
d3ξ dx3

(
−Kss̄ṡ ˙̄s− 1

Kss̄
Ŵs

¯̂
Ws̄

)
−
∫

d3ξ dx3 δ(x3)TM , (5.14)

where

TM =
|ks+ c|

4π
(5.15)

is the membrane tension. The action (5.14) can be more elegantly written in the BPS -form

S =

∫
d3ξ dx3

[
−Kss̄

(
ṡ± ieiβ ¯̂

Ws̄/Kss̄

)(
˙̄s∓ ie−iβŴs/Kss̄

)
∓ i
(
ṡ Ŵse

−iβ − ˙̄s
¯̂
Ws̄e

iβ
)]
−
∫

d3ξ dx3 δ(x3)TM

(5.16)

where β is an arbitrary phase.

If we take β = α, then the first term of (5.16) vanishes due to (5.10) for the upper

sign, and we get the following on-shell value of the action

S =

∫
d3ξ dx3 2Im

(
ṡ Ŵse

−iα
)
−
∫

d3ξ dx3 δ(z)TM . (5.17)

Now the integration along the transverse direction may be easily performed by noticing

that, due to the form (5.5) of Ŵ ,

ṡ Ŵs =
d

dx3
Ŵ +

ik

8π
s δ(x3) (5.18)

15In general, the consistency of the equations (5.6) and (5.10) allows for different, but still related, values

of the phases of ks(0) + c, ks(0) and c. For simplicity we will not consider this more general situation, since

in the end we will set c = 0 anyway. The cases with c 6= 0 should be important for studying domain walls

sourced by membranes in N = 1 SYM theories coupled to supergravity along the lines of [29], but this is

beyond the scope of this paper.
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and we arrive at

S = −
∫

d3ξ

(
TM −

1

4π
Re(ks(0)e−iα)

)
−
∫

d3ξ 2 Im
[
(Ŵ+∞ − Ŵ−∞)e−i(α−π)

]
. (5.19)

In view of (5.12) and requiring the non-positive definiteness of the second term of (5.19),

we find that the phase of Ŵ+∞− Ŵ−∞ coincides with α− π
2 ( mod 2π), and (remembering

that on the membrane arg(ks(0)) = arg c = α) we see that the energy per unit area of this

system is

T = 2 |Ŵ+∞ − Ŵ−∞|+
|c|
4π
. (5.20)

The first term of this expression

TDW = 2 |Ŵ+∞ − Ŵ−∞| (5.21)

is the tension of the domain walls saturating the BPS bound (see, for example, [5, 7, 12]).

The second term is the contribution of the free membrane of tension T0 = |c|
4π . For T0 = 0,

the contribution of the membrane tension TM completely cancels the ‘jump’ |ks(0)|/4π of

the superpotential along x3 in (5.19), and (5.20) reduces to (5.21). We will then set c = 0

by now. As we have already mentioned, the membranes with non-zero c should play a role

in studying supergravity domain walls (see [29] for a review and references).

On the other hand, if the membrane were not present, i.e. TM = 0, and the superpo-

tential is discontinuous at x3 = 0 then from (5.19) we would get the tension

T = TDW −
|ks(0)|

4π
(5.22)

whose value is less than that of the BPS bound and can even be not positive definite.

This discrepancy was found in [16] for the Veneziano-Yankielowicz superpotential (3.12)

interpolating between two vacua (as in (5.5)). In [16] it was suggested that at the cusp

of the VY potential there should leave an object, associated with integrated heavy modes

of the theory whose tension compensates the above negative contribution and restores the

BPS value of the domain wall tension. As we have just shown, this object is the dynamical

membrane, described by the action (4.1), which sources the domain wall solutions. We

have thus shown that the tension of the BPS domain-wall+membrane configurations in-

terpolating between two supersymmetric vacua (2.4) in the VY effective theory coincides

with the value of the tension of the BPS domain walls in N = 1 SYM [5], i.e.

T
SYM

DW =
NΛ3

8π2

∣∣∣e2πin+k
N − e2πi n

N

∣∣∣ =
NΛ3

4π2

∣∣∣∣sin πkN
∣∣∣∣ . (5.23)

Let us also remind that the membrane’s own tension is

TM =
|ks(0)|

4π
.

This result is in agreement (for c = 0) with the calculation (based on the techniques

of e.g. [53, 55, 56]) of the total tensorial central charge of the N = 1, D = 4 superalgebra

generated by the domain-wall+membrane system

{Qα, Qβ} =

∫
dxm ∧ dxn σmnαβ

[
2i(W+∞ −W−∞) +

c̄

4π

]
. (5.24)
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5.1 Multiple membranes and k-walls

Let us now consider the case in which instead of the single membrane of charge k we have

k parallel membranes of charge 1 located at different points along x3. We will show that

when all these membranes preserve the same 1/2 supersymmetry, i.e. when the phase of

the field s is the same on all the membranes, the overall tension of the domain k-wall

configuration created by these branes is equal to the domain-wall tension (5.23) sourced

by the single membrane of charge k. In the same way and with the same result one could

consider the case of several membranes of different charges kI whose sum is equal to k, but

we will not do it to make the presentation simpler. Because of the same reason, in what

follows, we will also set the bare tension T0 = |c| of the membranes to zero.

Let us assume that the k parallel static membranes of the three-form charge 1 are situ-

ated at the points yI (I = 1, . . . , k) along the transverse direction x3. Then the action (5.1)

gets modified as follows

S =

∫
d4xLbos

VY −
1

4π

k∑
I=1

∫
d4x δ(x3 − yI)

(
|s|+ C3

)
. (5.25)

The solution of the equations of motion of the fields D̂ and C3 results in the following

“jumping” superpotential

Ŵ (s) = W (s)− i

8π

(
n+

k∑
I=1

Θ(x3 − yI)

)
s , (5.26)

and

F = D̂ + i∂mC
m = − Ŵ s̄

Kss̄
. (5.27)

Moreover, the s-field equation of motion takes the form

�sKss̄ + ∂ms∂
msKsss̄ + FF̄Kss̄s̄ + F̄ W̄s̄s̄ =

1

8π

k∑
I=1

δ(x3 − yI)
s

|s|
. (5.28)

One can see that this equation is consistent with the 1/2 BPS equation (5.10) if the values of

the phases of the field s(yI) on each of the membrane are the same. Otherwise, generically,

the supersymmetry would be completely broken and no BPS domain walls would form.

As in the previous section, the calculation of the tension of the domain wall configura-

tion sourced by the k parallel membranes and interpolating between the n-th and (n+k)-th

vacuum gives

TDW = 2Im
(

(Ŵ∞ − Ŵ−∞)e−i(α−π)
)

+
1

4π

∑
i

(
|s(yI)| − Re(s(yI)e

−iα)
)
. (5.29)

Since the phases of s(yI) are equal to eiα, the terms under the sum in (5.29) cancel each

other, and taking into account (5.23) we again get the correct tension of the BPS k-wall.

However, though the above general consideration points at a possible existence of BPS

domain walls sourced by multiple separated membranes, as we will see, these are not

realized (as regular solutions) in the case of the Veneziano-Yankielowicz model.
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6 BPS domain-wall solutions in the Veneziano-Yankielovicz effective

theory

Let us now analyze solutions of the BPS equation (5.10) describing domain k-walls in

the VY theory. Remembering that the VY Kähler potential K and superpotential W

have, respectively, the form (3.13) and (3.12) and Ŵ was defined in (5.5) we rewrite the

equation (5.10) in the following form

ṡ = 9iρN(ss̄)
2
3 eiα

(
ln

Λ3

|s|
+ i arg s− 2πi

N
(n+ kΘ(x3))

)
, α = arg(ks(0)). (6.1)

In addition we should take into account (5.12) which is the consequence of (5.10). For the

case under consideration it follows from (6.1) and takes the form

Re

[
e−iαs

(
ln

Λ3N

|s|N
+N + i(2πn+ 2πkΘ(x3)−N arg s)

)]
= C. (6.2)

The values of the constants α = arg(ks(0)) and C are found by imposing the asymptotic

conditions describing domain wall solutions interpolating between the n-th and the (n+k)-

th SYM vacuum, i.e. Ŵ s̄|x3=±∞ = ṡ|x3=±∞ = 0 and

s−∞ = Λ3e2πi n
N , s+∞ = Λ3e2πin+k

N .

We thus get

arg(ks(0)) = α = πm+
π(2n+ k)

N
, m ∈ Z, (6.3)

and

C = NΛ3 Re ei(2π n
N
−α) = (−)mNΛ3 cos

πk

N
. (6.4)

Let us now remember that, as follows from (5.19), the quantity 2Im(Ŵ+∞−Ŵ−∞)e−i(α−π)

must be non-negative. This imposes the following condition on m in (6.3)

(−)m sin
πk

N
≥ 0. (6.5)

So, we should take

m = 2l for 0 < k < N (6.6)

and

m = 2l + 1 for −N < k < 0, l ∈ Z. (6.7)

Substituting (6.3) and (6.4) into (6.2) we get

|s|
(

ln
Λ3

|s|
+ 1

)
cos

(
β − πk

N

)
− |s| sin

(
β − πk

N

) (
2πk

N
Θ(x3)− β

)
= Λ3 cos

πk

N
, (6.8)

where β(x3) ≡ arg s− 2πn
N . In view of the relation (6.3) and the conditions imposed on m

by (6.5) for 0 < |k| < N we have

β|−∞ = 0, β(0) =
πk

N
+ 2πl, β|+∞ =

2πk

N
. (6.9)
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We will see that for having continuous domain wall configurations the natural choice of the

value of l in β(0) is l = 0.

For |k| = N (the case in which the membrane separates the same vacuum and the

overall tension is zero) eqs. (6.2) and (6.5) do not impose any restriction on the value of α,

and C depends on α as follows

CN = NΛ3 cos

(
2πn

N
− α

)
. (6.10)

The |k| = N case will be considered in section 6.3.

Using eqs. (6.3), (6.6), (6.7) and (6.8) one can show that the complex equation (6.1)

reduces to the following independent real ordinary differential equation for 0 < |k| < N

k

|k|
β̇

9ρNΛ
= −

(
|s|
Λ3

) 1
3

cos

(
β − πk

N

)
+

(
|s|
Λ3

)− 2
3

cos
πk

N
. (6.11)

We will now study the solutions of the equations (6.8) and (6.11) for different values of k

and N . As one can see, looking at the left hand side of (6.11), the characteristic thickness

of all the walls is of order (ρNΛ)−1 and decreases at large N . If the parameter ρ of the

Kähler potential also depends on N as ∼ 1
N , the width of the domain walls will not vary

with N .

6.1 π|k|
N

< 1 and |k| = N
3

For closely situated vacua, i.e. when π|k|
N < 1 on the each side of the membrane, the BPS

equations can be solved perturbatively by expanding them in powers of infinitesimal πk
N ,

β (or β − πk
N ), and δ|s|

Λ3 = |s|
Λ3 − 1 which are of the same order. In these cases we should

naturally set l = 0 in eq. (6.9).

To be concrete, let us consider the case k > 0. Then (if we require that s(x3) is

continuous through the membrane), to the second order in β the BPS equations simplify to

δ|s|
Λ3

= ±
(
β + 2Θ(x3)(

πk

N
− β)

)
(6.12)

and
β̇

9ρNΛ
= −δ|s|

Λ3
+

1

6

(
δ|s|
Λ3

)2

−
(
β − πk

N

)(
2πk

N
Θ(x3)− β

)
. (6.13)

The exact solution for these equations which is consistent with the boundary condi-

tions (6.9) exists for the choice of the lower sign in (6.12). For x3 < 0 we get

− δ|s|
Λ3

= β =
πk

N

(
1− πk

N

)((
1 +

1

6

πk

N

)
e−9ρΛN(1−πk

N
)x3 − 7

6

πk

N

)−1

(6.14)

and for x3 ≥ 0

δ|s|
Λ3

+
2πk

N
= β =

2πk

N
− πk

N

(
1− πk

N

)((
1 +

1

6

πk

N

)
e9ρΛN(1−πk

N
)x3 − 7

6

πk

N

)−1

. (6.15)
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Figure 1. Flow of |s|Λ3 (on the left) and the phase β(x3) (on the right) along r = 9ρΛx3 for different

values of N , with fixed k = 1. N are chosen in the interval [3, 12], with darker colors corresponding

to larger N (alternatively, one might keep N fixed and vary k). |s|Λ3 takes the vacuum value 1 at

x3 = ±∞, decreases and has a cusp at x3 = 0 where the membrane is sitting. The flow of β, starts

form β−∞ = 0 on the left, passes through β(0) = π
N on the membrane and reaches β+∞ = 2π

N on

the right. Thickness of the domain wall solutions decreases when N increases. This can be fixed

by choosing ρ = 1
N in the Kähler potential.

Up to the second order in πk
N the above solutions take the following form

β = Θ(x3)
2πk

N
− x3

|x3|
πk

N
e−9ρΛN(1−πk

N
)|x3|

(
1− 7

6

πk

N

(
1− e−9ρΛN(1−πk

N
)|x3|

))
.

The perturbative solutions are in agreement with the corresponding numerical solutions

of the full BPS equations (6.8) and (6.11). This list is enlarged with the case of |k| = N
3

for which β(0) = π|k|
N = π

3 > 1 but is still close to unity.16 The behaviour of the modulus

|s(x3)| and the phase β(x3) for |k| ≤ N
3 are given in figures 1 and 2, and the behaviour of

“jumping” superpotential is given in figure 3.17

As one can see from the plot of |s|
Λ3 , it tends to reach zero for smaller N ≥ 3. As a

result the solution breaks down for N = 2, or equivalently for k = N
2 . So this case should

be considered separately.

6.2 |k| = N/2

Physically, the cases with k = N
2 and k = −N

2 describe the same domain wall system since

the difference between the two is N , which is the periodicity of the SYM vacua. One can

also say that this domain wall system is self-dual under |k| ↔ N −|k|. The equations (6.8)

and (6.11) simplify to

ln
Λ3

|s|
+ 1 = cotβ

(
β − k

|k|
πΘ(x3)

)
(6.16)

16Note that the cases with k ↔ N−k are dual to each other since the sum of the charges of the membranes

with charge k and N − k is N , i.e. equal to the periodicity of the SYM vacua. If k ≤ N
3

then N − k ≥ 2N
3

and the corresponding dual configurations carry large three-form charges, and are strongly coupled in this

respect. For these configurations we have not found non-trivial (continuous) solutions of the BPS equations.
17The profiles of the found SYM BPS domain walls with k ≤ N

3
are similar to those obtained in N = 1

SU(N) super-QCD with Nf ≤ N
3

(where Nf is the number of flavours) in the limit m→∞ of the mass of

the flavour multiplets [57]. We thank Andrei Smilga for pointing this out to us. From this perspective the

membrane may be viewed as an artefact of integrated-out massive flavour modes.
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Figure 2. Behaviour of s along x3 ∈ (−∞,+∞) in the complex plane (for k = 1 and N varying

from 3 to 12). Darker colors correspond to larger N . At the point where the membrane is located,

s(x3) has a cusp.
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Figure 3. Behaviour (for k = 1 and N varying from 3 to 12) of the real and imaginary part of
16π2Ŵe−iα

Λ3 (α = π(1+2n)
N ) along r = 9ρΛx3. Darker colors correspond to larger N . The ‘jump’ of

Im 16π2Ŵe−iα

Λ3 depicted on the right is proportional to the membrane tension (5.15) with c = 0.

and

β̇

9ρNΛ
= − sinβ

(
|s|
Λ3

) 1
3

. (6.17)

Because of the minus sign on the left hand side of (6.17), with the allowed choices of the

β(x3) assimptotic conditions (6.9), the only solution of the above equations (excluding

x3 = 0) is the step function

β =
k

|k|
πΘ(x3), |s| = Λ3 (x3 6= 0) . (6.18)

This is, obviously, not in accord with our initial assumption (when obtaining the BPS

equations) that the field s(x3) is continuous through the membrane. This indicates that

the domain wall induced by the membrane with the large three-form charge |k| = N/2

should be regarded as a strongly coupled system, whose internal structure is not captured

by the VY effective theory.
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6.3 |k| = N

In this case the vacuum on the left and the right hand side of the membrane is the same

and the tension of the whole system is zero. Nevertheless, the membrane breaks half of the

supersymmetry. It is therefore instructive to see the behaviour of the domain wall profile

also in this case. The BPS equations reduce to

|s|
Λ3

(
ln

Λ3

|s|
+1

)
=− |s|

Λ3
tan

(
β−α+

2πn

N

)(
β− 2πk

|k|
Θ(x3)

)
+

cos(α− 2πn
N )

cos(β−α+ 2πn
N )

(6.19)

and

β̇

9ρNΛ
= − cos

(
β − α+

2πn

N

)(
|s|
Λ3

) 1
3

+

(
|s|
Λ3

)− 2
3

cos

(
2πn

N
− α

)
. (6.20)

Though the cases k = N and k = −N are physically equivalent, technically the case

k = −N is simpler. For this case the natural choice of the phase on the membrane is

β(0) = α− 2πn
N = −π. Then the BPS equations reduce to

|s|
Λ3

(
ln

Λ3

|s|
+ 1

)
= − |s|

Λ3
tanβ

(
β + 2πΘ(x3)

)
+

1

cosβ
,

β̇

9ρNΛ
= cosβ

(
|s|
Λ3

) 1
3

−
(
|s|
Λ3

)− 2
3

.

(6.21)

The behaviour of s(x3) is shown in the figures 4 and 5. The phase β continuously

varies through the membrane in the interval from 0 to −2π and the modulus |s| varies

accordingly, as shown in figure 4. On the complex plane the field s makes a closed loop

(figure 5).

In the k = N case the phase β should vary from 0 to 2π, so the natural choice of its

value on the membrane would be β(0) = α− 2πn
N = π. However, the equation (6.20) is not

consistent with this choice unless we make parity reversal x3 → −x3. Then β and |s| would

vary as in figure 4, but flow from the right to the left. An alternative solution (without the

parity transform) is to take β(0) = α − 2πn
N = −π and allow for β to jump up at x3 = 0

by the 4π period to another Riemann sheet as shown in figure 6. The variation of s on the

foliated Riemann surface is similar to that in figure 5.

It would be interesting to understand stability properties of this |k| = N half-BPS

domain wall system interpolating between one and the same SYM vacuum and thus having

zero tension. Note that the BPS equations do not have non-trivial solutions for k = 0.

6.4 Multiple separated membranes do not form regular BPS domains walls

in VY theory

Suppose, as we discussed in section 5.1, that we have k parallel membranes of charge 1

distributed somehow along x3. For the 1/2 BPS configurations, the phases of the field

s(x) on each of them should be equal. Then, as for the single membrane of charge k, the

properties of the BPS equations tell us that on each membrane the phase β should be equal

to kπ/N (modulo 2π), and not just π/N . This means that the flow of β from the left of
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Figure 4. Case k = −N . Flow of |s|Λ
3

(left plot) and β (right plot) along the direction r = 9ρΛx3

transverse to the membrane. The solid red line denotes the field variation on the left of the

membrane and the dashed blue line on its right.
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Figure 5. Case |k| = N . Variation of the field s with x3 on the complex plane, on the left (red

solid line) and on the right (blue dashed line) of the membrane. The field s starts at s−∞ = 1,

reaches the value s(0) ' −3.6 on the membrane and then flows back to its original value s+∞ = 1.
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Figure 6. Case k = N . Flow of |s|Λ3 (left) and β (right). The solid red line and the dashed blue

line represent the flows, respectively to the left and to the right of the membrane.
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the first membrane should reach β = πk
N already on this first membrane. This is, of course

impossible for k = N
2 , because of the sign of the right hand side of (6.17).

We will now show that also for |k| < N
2 , regular solutions of the BPS equations (i.e.

solutions with β(x3) being a continuous function through the membranes) do not exist

for parallel membranes, unless they are all concentrated at the same point of x3. As an

example, let us consider two membranes with charge 1 each (i.e. k = 2 in total). Then the

algebraic equation (6.8) takes the form

|s|
Λ3

(
ln

Λ3

|s|
+ 1

)
cos

(
β − 2π

N

)
− |s|

Λ3
sin

(
β − 2π

N

) (
2π

N

2∑
I=1

Θ(x3 − yI)− β

)
= cos

2π

N
.

(6.22)

This and the differential BPS equation (6.11) should be solved with the boundary conditions

β(y1) = β(y2) = 2π
N , where yI are the positions of the membranes.

Between the membranes x3 = [y1, y2] the above equation takes the form

|s|
Λ3

(
ln

Λ3

|s|
+ 1

)
cos

(
β − 2π

N

)
+
|s|
Λ3

sin

(
β − 2π

N

) (
β − 2π

N

)
= cos

2π

N
. (6.23)

The derivative β̇ at y1 and y2 should have the following values

β̇(yI)

9ρNΛ
= −

(
|s(yI)|

Λ3

) 1
3

+

(
|s(yI)|

Λ3

)− 2
3

cos
2π

N
=

(
|s(yI)|

Λ3

) 1
3

ln
Λ3

|s(yI)|
. (6.24)

These are determined by the behavior of β(x3) from the left of the first membrane and

from the right of the second membrane which should be in accordance with the plot in

figure 1 for a single membrane of charge k = 2 situated at x3 = 0.

If the smooth solution for β exists, it should have one maximum and one minimum

within [y1, y2] in which β̇ = 0. These points are determined by the following relations

which follow from (6.11) and (6.23)

|s|
Λ3

=
cos 2π

N

cos(β − 2π
N )

, ln
|s|
Λ3

=

(
β − 2π

N

)
tan

(
β − 2π

N

)
. (6.25)

Notice that these equations admit two solutions β± = ±∆ + 2π
N , where ∆ should be deter-

mined by (6.25).

However, eq. (6.25) also tells us that ln |s|
Λ3 should be positive (at least for small ∆)

ln
|s|
Λ3

> 0→ |s|
Λ3

> 1.

Since at x3 = y1 we had |s|
Λ3 < 1, to reach the maximum the modulus should cross the point

|s|
Λ3 = 1. The algebraic BPS equation (6.23) tells us that at this point β should take the

following value

cos

(
β − 2π

N

)
+

(
β − 2π

N

)
sin

(
β − 2π

N

)
= cos

2π

N
, (6.26)

which does not have solutions for N > 2.
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The above analysis can be extended to the case of an arbitrary k ≤ N/3 with the same

conclusion.

This indicates that the continuous solutions for the multiple parallel membranes do

not exist. We can therefore conclude that to induce 1/2 BPS domain-wall configurations

the multiple membranes of the total charge k should form a stack of coincident membranes,

i.e. a (composite) membrane of charge k considered in the previous sections. Or, in other

words, k elementary domain walls of charge 1 should combine into a single 1/2 BPS k-wall,

as has been asserted previously in the literature.

7 Adding propagating massive glueballs and strings to the VY

Lagrangian coupled to membranes

Before concluding this paper, we would also like to briefly consider the generalization of

the VY Lagrangian in which purely gluonic bound states associated with the three-form

field C3 = ∗C1 in ∗F4 = ∂mC
m = −1

4ε
mnpqFmnFpq acquire a mass and become propagating

degrees of freedom in addition to the gluino-balls s(x) (see [20] for details). This is achieved

by adding to the VY Lagrangian the following mass term

L = LVY −
1

δ

∫
d2θd2θ̄

(U − L)2

(SS̄)
1
3

, (7.1)

where δ is a dimensionless parameter and U is the prepotential (3.7) determining the

superfield S.

In the above Lagrangian we have also introduced a Stückelberg linear superfield L,

which satisfies (3.10), to preserve the gauge invariance (3.9) of the original VY Lagrangian.

Under the action of (3.9), L gets shifted by the gauge symmetry parameter L

U ′ = U + L , L′ = L + L . (7.2)

Then one can add to the Lagrangian (7.1) the supermembrane action (4.1).

If the membrane has a boundary, the invariance of the membrane action under (7.2)

gets broken, since its C3 term is only invariant modulo a total derivative, which in the

presence of a boundary does not vanish. To restore the gauge invariance we can assume

that the boundary of the membrane ∂M3 =W2 is the worldsheet of a string. In the case

of c = 0 the kappa-symmetric action of the string has the following form18

Sstring = − 1

8π

∫
W2

d2σ
√
−γ |k(U − L)|+ k

4π

∫
W2

B2 . (7.3)

Here σµ = (σ0, σ1) are worldsheet coordinates, γ is the determinant of the metric γµν
induced on the worldsheet

γµν = EaµEaν

18The action (7.1) with U = 0 can be obtained as a flat superspace limit of the superstring action coupled

to N = 1 4D supergravity and a tensor multiplet considered in [58]. A similar action for a superstring

coupled to an N = 1, D = 2 + 1 supergravity via a real scalar compensator superfield L was considered

in [59].
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and B2 is a two form whose field strength is

H3 = dB2 = iEa ∧ dθα ∧ dθ̄α̇σaαα̇L

− 1

4
Eb ∧ Ea ∧ dθασab α

βDβL−
1

4
Eb ∧ Ea ∧ dθ̄α̇σ̄ab

β̇
α̇D̄β̇L

− 1

48
Ec ∧ Eb ∧ Eaεabcd σ̄dα̇α[Dα, D̄α̇]L .

(7.4)

We see that the interaction of the superstring with the Veneziano-Yankielowicz multiplet

has the form similar to a Fayet-Iliopoulos term for the abelian vector supermultiplet U

containing the three-form dual Cm(x).

The sum of the Wess-Zumino terms of the string and the membrane can be written in

a manifestly gauge invariant way as − k
4π

∫
M3

(C3 − dB2). This produces the contribution

to the κ-symmetry variation of the sum of the membrane and the string action

− k

4π

∫
W2

(iκC3 − iκdB2) ,

where C3 was given in (4.4). This variation is cancelled by the kappa-symmetry variation

of the Nambu-Goto term of the superstring action (7.3) if the fermionic parameters of the

κ-symmetry obey the conditions

κα =
k(U − L)

|k(U − L)|
Pα

βκβ , κ̄α̇ =
k(U − L)

|k(U − L)|
P̄α̇

β̇κ̄β̇ (7.5)

where

Pβ
α =

1

2
√
−γ

εµνEaµE
b
νσabβ

α,

P̄α̇
β̇ = (Pα

β)∗ = − 1

2
√
−γ

εµνEaµE
b
ν σ̄ab

β̇
α̇, (7.6)

P 2 ≡ I.

Notice that the superstring κ-symmetry conditions (7.5) are apparently consistent

with the supermembrane projection conditions (4.9). However, the presence of the two

projection conditions will generically reduce the preserved supersymmetry by 1/4 so that

the corresponding supersymmetric solution of the interacting equations would describe 1/4

BPS states.

In the case of generic open supermembrane described by the action (4.1) with c 6= 0

the action for the superstring at its boundary is more complicated. We will describe it in

appendix B together with a system of a supermembrane and superstring interacting with

a complex three-form supermultiplet.

The above construction of membranes ending on strings can be used to study inter-

secting membranes and corresponding domain-wall junctions in SYM theories (see e.g. [12]

and references therein) and in D = 4 supergravities. We hope to address these problems

elsewhere.
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8 Conclusion

We have considered the coupling of dynamical supermembranes to N = 1, D = 4 SU(N)

super-Young-Mills and its Veneziano-Yankielowicz effective theory. The presence of the

membrane spontaneously breaks half of the bulk supersymmetry. We have shown that the

membrane with a three-form charge k creates half-BPS domain walls interpolating between

two SYM vacua (the n-th and (n+ k)-th one).

One of the novel results of this paper is the explicit construction, in the Veneziano-

Yankielowicz theory, of BPS domain wall configurations with the tension saturating the

BPS bound (5.23). These configurations consist of bulk scalar excitations of the VY theory

and the membranes which source the BPS domain wall solutions of the scalar field equa-

tions. The VY superpotential is discontinuous along the wall while the effective potential

of the scalar field has a cusp at the position of the membrane. As we showed, without the

membranes such solutions do not exist, thus explaining and overcoming the obstructions

to find pure SYM domain walls within the VY theory encountered in earlier literature.

From this perspective one may regard the membranes as objects modifying the VY theory

(similar to interface defects in Young-Mills theories, see. e.g. [60]), while the entire wall

intrinsically conflates both the membrane and the bulk scalar excitations of the theory.

Results of this paper can be straightforwardly extended to N = 1, D = 4 super QCD

theories containing matter flavours in the fundamental representation of the gauge group

and can be used for studying domain walls within generalized Wess-Zumino models, such

as the Taylor-Veneziano-Yankielowicz effective Lagrangian [61]. One can also study less

supersymmetry preserving BPS configurations, as well as domain wall junctions by intro-

ducing strings along which membranes end or intersect, as briefly discussed in section 7.

It would also be instructive to understand the relation of the membrane worldvolume

action constructed in this paper (for the membrane charge k > 1) with the 3d worldvolume

gauge theories describing domain walls in SYM [13] and SQCD [8]. As was discussed in

the main text, for the case k = 1 our supermembrane action (with the Goldstone fields

switched off) is level-rank dual to the corresponding Acharya-Vaffa theory, while for k > 1

we need to enlarge the action (4.1) with worldvolume degrees of freedom describing relative

motion of a stack of k coincident membranes.
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A Main conventions

The D = 4 Levi-Civita symbol is

ε0123 = ε3210 = −ε0123 = 1 . (A.1)

εm1m2m3m4ε
n1n2n3n4 = −4!δn1

[m1
δn2
m2
δn3
m3
δn4

m4] (A.2)

The 4D volume form is

d4x = dx3 ∧ dx2 ∧ dx1 ∧ dx0 (A.3)

and

dxq ∧ dxp ∧ dxn ∧ dxm = εqpnmd4x = εmnpqd4x (A.4)

Given a p-form ωp

ωp =
1

p!
dxmp ∧ . . . ∧ dxm1ωm1...mp , (A.5)

the components of its Hodge-dual are defined as

(∗ω)m1...m4−p =
1

p!
εm1...m4−pn1...npω

n1...np (A.6)

For instance, the components of a three-form C3 are

C3 =
1

3!
dxp ∧ dxn ∧ dxmCmnp , (A.7)

and its field strength is

F4 ≡ dC3 , F4 =
1

4!
dxq ∧ dxp ∧ dxn ∧ dxmFmnpq, (A.8)

with components

Fmnpq = 4 ∂[mCnpq] . (A.9)

The Hodge-dual of F4 is

∗F4 =
1

4!
εmnpqFmnpq =

1

3!
εmnpq∂[mAnpq] , (A.10)

and

F4 = ∗F4 d4x . (A.11)

In the 3d worldvolume the Levi-Civita symbol is

ε012 = −ε210 = −ε012 = 1 , (A.12)

d3ξ = dξ0 ∧ dξ1 ∧ dξ2 (A.13)

and

dξi ∧ dξj ∧ dξk = εijkd3ξ (A.14)

For sigma-matrices we use the conventions of [30]. However, we define

σmn ≡ σ[mσ̄n] =
1

2
(σmσ̄n − σnσ̄m) . (A.15)

Finally, let us present a useful sigma-matrix identity

(σmnσpq)α
β = −iεmnpqδβα − 2ηm[pηq]nδβα + 4

(
σ[m|[pηq]|n]

)β
α
. (A.16)
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B A system of a supermembrane ending on a superstring coupled to

three-form and two-form supermultiplets

In the case of the open membrane described by the action (4.1) with c 6= 0, to preserve κ-

symmetry we need to add to the membrane action a superstring action whose κ-symmetry

transformation compensates the boundary variation of the membrane action

− k

4π

∫
W2

iκC3 −
1

4π

∫
W2

(c̄iκC0
3 + ciκC̄0

3) .

The problem is that C0
3 is supersymmetry invariant only modulo a total derivative, which

one easily sees from (4.6). As such, the superstring action should also contain corresponding

contributions which are not manifestly supersymmetric. The action takes the following

form

Sstring = − 1

8π

∫
W2

d2σ
√
−γ|k(U − L) + c̄(θ2 − L1 − iL2) + c(θ̄2 − L1 + iL2)|−

− k

4π

∫
M3

H3 +
c̄

4π

∫
M3

H3 +
c

4π

∫
M3

H̄3 . (B.1)

In (B.1) L, L1 and L2 are real linear superfields (i.e. satisfying (3.10)), H3 = dB2 is the

3-form field strength constructed in terms of the real linear superfield L, (7.4), while H3 is

a complex field strength constructed as in (7.4) but with the complex combination L1 + iL2

instead of L
H3 = (H̄3)∗ = dB2 = H3|L 7→L1+iL2

.

The sum of the action (4.1) for the open supermmebrane and (B.1) of the superstring

at its end is invariant under space-time supersymmetry if the real linear superfields are

transformed as follows

δεL1 = θαεα + θ̄α̇ε̄
α̇ , δεL2 = −iθαεα + iθ̄α̇ε̄

α̇ . (B.2)

One can observe that such a transformation does not leave invariant H3 and (H̄3)∗ in (B.1),

but these are compensated by the transformations of the complex 3-form potential C0
3 (4.6).

To understand such a non-manifest form of the supersymmetry invariance, one can

consider Σ0 = θ2 as a particular complex linear superfield (i.e. the superfield obeying

the constraint D̄2Σ = 0). As it was discussed briefly in the footnote 8, Σ = Σ0 can be

considered as a flat-superspace limit of the gauge fixing condition (Z = 1) for a complex

linear prepotential of the chiral conformal compensator superfield Z = −1/4(D̄2 − 8R)Σ̄

(with (D2 − 8R̄)Σ̄ = 0) of a special minimal complex 3-form supergravity (in the notation

of [30]).

Smembrane + Sstring is also invariant under the local fermionic κ-symmetry (4.8) with

the parameter obeying (4.9) and (4.10) on M3 and

κα =
k(U − L) + c̄(θ2 − L1 − iL2) + c(θ̄2 − L1 + iL2)

|k(U − L) + c̄(θ2 − L1 − iL2) + c(θ̄2 − L1 + iL2)|
Pα

βκβ , (B.3)

on the worldsheet W2 = ∂M3, with Pα
β = (Pα̇

β̇)∗ defined in (7.6).
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B.1 String at the end of the membrane interacting with a complex three-form

supermultiplet

The action for the supermembrane has now the following form

Smem = − 1

4π

∫
M3

d3ξ
√
−h|cT | − c̄

4π

∫
M3

C3 −
c

4π

∫
M3

C̄3 (B.4)

where

T = −1

4
D̄2Σ̄, T̄ = −1

4
D2Σ , (B.5)

are speical chiral superfields describing the complex three-form supermultiplet (see [29, 37]

and references therein), Σ is the complex linear superfield and C3 is similar to the three-

form defined in (4.4) but in which the real superfield U is replaced with Σ, C3 = C3|U 7→Σ.

When the membrane has a boundary, to maintain the gauge invariance and the κ-

symmetry, we should extend this action with a boundary term which describes a superstring

on which the membrane is ended

Sstr = − 1

8π

∫
W2

d2σ
√
−γ|c̄(Σ− L− iL̃) + c(Σ̄− L + iL̃)|+ c̄

4π

∫
M3

H3 +
c

4π

∫
M3

H̄3 . (B.6)

Here L and L̃ are two real linear superfields, and

H3 = (H̄3)∗ = dB2 = C3|U 7→L+iL̃ ,

with C3 defined as in (4.4) but in which U is replaced with L + iL̃.

The sum of the above actions is invariant under the κ-symmetry with the fermionic

Weyl-spinor parameter obeying the constraint

κα =
c̄(Σ− L− iL̃) + c(Σ̄− L + iL̃)

|c̄(Σ− L− iL̃) + c(Σ̄− L + iL̃)|
Pα

βκβ , (B.7)

where Pα
β = (Pα̇

β̇)∗ was defined in (7.6).
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