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1 Introduction

Although it is well-known that non-baryonic dark matter (DM) exists in the universe, na-

ture of dark matter is still a mystery of the universe except the fact that its relic abundance

occupies about 26% of the total energy density of the universe [1, 2]. A prominent candi-

date for DM is a stable and non-relativistic particle that has the weak scale interactions.

In this case, the annihilation rate determining its relic abundance is closely correlated with

scattering rates with the Standard Model (SM) particles and production rates at collider

experiments through the crossing symmetry.

Direct detection experiments of cold dark matter explores scattering events between

DM and nuclei. So far, any viable signal of DM has not been found even in recent ton-

scale detector experiments, which leads to the bounds on the interaction between DM and

nucleon. The most stringent upper bound on the spin independent (SI) elastic scattering

cross section between DM and nucleon is given by the XENON1T Collaboration [3], which

is, for example, 4.1× 10−47 cm2 at the DM mass of 30 GeV at 90% confidence level.

The current null results of direct signal of DM motivate us to consider a framework

where the interactions between DM and nucleon are suppressed in non-relativistic limit.

One of the ideas is to consider a pseudo Nambu-Goldstone DM [4] or a pseudo scalar portal

fermionic DM [5–7]. In the former case all the interactions between DM and SM particles

are described by derivative couplings at the tree level, while in the latter case the DM

spinor product for elastic scattering is proportional to the DM velocity in non-relativistic
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limit. As a result, the elastic scattering amplitude is necessarily suppressed by the small

DM velocity at tree level, thus these DM candidates can naturally be consistent with the

strong constraints from the current direct detection experiments.

In this paper we consider a pseudo Nambu-Goldstone DM proposed in ref. [4], and

study the possibility to detect it directly. As stated above, the elastic scattering amplitude

for direct detection is suppressed at the tree level in this model, and it can be exactly zero

in non-relativistic limit. However, the scattering amplitude is expected to be finite at the

loop level. We will perform the calculation at one-loop level for non-QCD part and at

the next-to-leading order level in QCD based on the formalism given in ref. [8] where the

scattering processes with gluon in nucleon, which are sometimes missed in the literature, are

systematically taken into account. Although the next-to-leading order calculation in QCD

is not necessary for a rough evaluation, it gives O(10%) corrections in the amplitude and

the theoretical uncertainty regarding perturbative QCD calculation is reduced significantly.

We explore a parameter space consistent with the observed DM relic abundance, the SM

Higgs boson decay, and the perturbative unitarity bound. We also compare the predicted

elastic scattering cross section with the sensitivity of the future direct detection experiment

DARWIN [9].

2 The model

We consider the SM augmented by a complex scalar field S with a softly broken global

U(1) symmetry. The model is invariant under the transformation S → eiαS with a real

constant α except for the soft breaking term. The scalar potential of the model is given by

V = −
µ2

H

2
|H|2 −

µ2
S

2
|S|2 +

λH

2
|H|4 + λHS|H|2|S|2 +

λS

2
|S|4 −

(
µ′2S
4
S2 + H.c.

)
, (2.1)

where H is the SU(2)L Higgs doublet which couples to the SM particles. The last term

corresponds to the soft breaking term of the global U(1) symmetry. Due to the tachyonic

mass terms for the scalar fields, both H and S acquire vacuum expectation values (VEVs)

in a wide range of the parameter space, which is the situation we are interested in. Then

these fields are expanded around the vacuum as

H =

(
G+

1√
2
(v + h+ iG0)

)
, S =

vs + s+ iχ√
2

, (2.2)

where G+ and G0 are the Nambu-Goldstone bosons associated with the electroweak sym-

metry breaking, v (' 246 GeV) and vs are the VEVs for H and S, respectively. h and

s are the CP even scalar fields while χ is the CP odd scalar field which is the would-be

Nambu-Goldstone boson. Due to the soft breaking term of the global U(1) symmetry,

non-zero mass for χ arises. Even after the symmetry breaking, a Z2 symmetry remains,

which stabilizes χ and makes it a candidate for DM.

Due to the symmetry breaking, the CP even states h and s mix via the Higgs portal

coupling λHS. We will derive the mass eigenstates h1 and h2 at one-loop level. As mentioned

in Introduction, χ-q scattering amplitude vanishes at the tree level. Therefore, one-loop
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corrections are necessary for studying direct detection of χ DM. To this end, we execute the

calculation following ref. [10]. In the literature, the inverse propagators for the scalars are

calculated diagramatically. Then the mass matrices for the CP odd and even sectors are

defined by taking zero external momenta. That corresponds to the one obtained from the

effective potential. Then the mass eigenstates are given by diagonalizing the mass matrices.

In the following calculation we adopt Landau gauge and MS renormalization scheme as in

the literature. All couplings, scalar fields, and VEVs are renormalized values. We will see

that the renormalization scale dependence is cancelled in the amplitude as expected.

The mass matrices for the CP even and CP odd sectors are given by

M2
even =

(
λHv

2 + Th
v λHSvvs

λHSvvs λSv
2
s + Ts

vs

)
≡

(
M2
hh M

2
hs

M2
hs M

2
ss

)
, (2.3)

M2
odd =

(
Th
v 0

0 µ′2S + Ts
vs

)
≡

(
M2
G0G0 0

0 M2
χχ

)
, (2.4)

where Th and Ts are renormalized tadpoles for h and s, which satisfy the stationary con-

ditions:

µ2
H − λHv

2 − λHSv
2
s +

2Th
v

= 0 , (2.5)

µ2
S − λSv

2
s − λHSv

2 + µ′2S +
2Ts
vs

= 0. (2.6)

Then, the inverse propagators are given as

Γij(p
2) = δijp

2 −M2
ij + Πij(p

2)

= δijp
2 − M̄2

ij + ∆Π2
ij(p

2) , (2.7)

where indices i, j represent h, s (or h1, h2), G0, χ, and Πij(p
2) correspond to the renormal-

ized self-energies with the external lines i and j. The concrete expressions for Πij(p
2) are

collected in appendix. Here we have introduced the quantities ∆Πij(p
2) defined by

∆Πij(p
2) ≡ Πij(p

2)−Πij(0) , (2.8)

and the definition of M̄2
ij in eq. (2.7) follows accordingly. Note that M̄2

ij correspond to the

mass matrices derived from the effective potential, i.e., zero external momenta. Since the

mass matrix M2
odd is diagonal, the physical (pole) masses for the CP odd fields are simply

given by ΓG0G0(0) = 0 and Γχχ(m2
χ) = 0 where mχ is the pole mass of χ, i.e.,

0 = M2
G0G0 −ΠG0G0(0) , (2.9)

m2
χ = M2

χχ −Πχχ(m2
χ) . (2.10)

The CP even sector, on the other hand, needs to be diagonalized. Following ref. [10],

we derive an eigenstate basis with one-loop correction by diagonalizing M̄2
ij . Using the

equations given above, M̄2
ij in the CP even sector are rewritten as

M̄2
hh = λHv

2 + ∆11 , (2.11)

M̄2
hs = λHSvvs + ∆12 , (2.12)

M̄2
ss = λSv

2
s − µ′2S +m2

χ + ∆22 + ∆Πχχ(m2
χ) , (2.13)
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where

∆11 ≡ ΠG0G0(0)−Πhh(0) , (2.14)

∆12 ≡ −Πhs(0) , (2.15)

∆22 ≡ Πχχ(0)−Πss(0) . (2.16)

Then the mixing angle for the diagonalization is obtained by

OT

(
M̄2
hh M̄

2
hh

M̄2
hs M̄

2
ss

)
O =

(
m̄2
h1

0

0 m̄2
h2

)
, (2.17)

with

O =

(
cos θ sin θ

− sin θ cos θ

)
, tan 2θ = −

2M̄2
hs

M̄2
hh − M̄2

ss

. (2.18)

The eigenstates h1 h2 are then given by (h1, h2)T = OT (h, s)T . We define h1 as the lighter

field, which is identified as the observed Higgs boson. Their physical masses are then

derived straightforwardly as

m2
hi

= m̄2
hi
−∆Πhihi(m

2
hi

) . (2.19)

Using the mass eigenstates, the scalar potential can be expanded around the VEVs.

In the mass eigenstate basis, the coefficients for scalar cubic and quartic couplings, which

are relevant for our discussion, are expressed as

V ⊃
∑
i

(cχχhiχ
2hi + cG0G0hiG

02
hi) +

∑
i≤j≤k

chihjhkhihjhk

+ dχχχχχ
4 + dG0G0G0G0G04

+ dχχG0G0χ2G02

+
∑
i≤j

(dχχhihjχ
2hihj + dG0G0hihjG

02
hihj) +

∑
i≤j≤k≤m

dhihjhkhmhihjhkhm , (2.20)

where i, j, k,m are 1 or 2. Additionally, the Yukawa couplings to quarks are given by

LYukawa ⊃ −
∑
i

yqqhihiq̄q , (2.21)

where q are quarks.

3 Scattering cross section

In this section we compute the SI cross section of χ DM with nucleon. To avoid confus-

ing readers, we clarify some terminology related to our calculation. We will perform the

calculation literally at one-loop level for non-QCD related part. For QCD part, on the

other hand, the amplitude is derived at the next-to-leading order (NLO) level. Throughout

this paper we use the term NLO or leading order (LO) in terms of order of QCD strong

coupling αs. For example, LO contains one-loop diagrams for χ-g scattering. However,

the gluon contributions to the effective scalar coupling are O(α0
s) [8, 11, 12]. That is why

we use the term LO for such χ-g processes, and similar discussion is applied for NLO. As

we will see, the gluon contributions become important in some parameter space.
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3.1 Formalism

We briefly summarize the formalism for the calculation of the SI scattering cross section

of a real scalar DM with nucleon based on refs. [8, 13]. Using the formalism in ref. [8], we

calculate the scattering amplitude at the NLO in QCD.

The effective Lagrangian relevant for the scattering process is

Leff =
∑
i=q,G

CiSOiS +
∑
i=q,G

CiTOiT , (3.1)

where CiS and CiT are the Wilson coefficients and the operators OiS and OiT are given by

OqS ≡ mqχ
2q̄q ,

OGS ≡
αs
π
χ2GaµνG

aµν ,

OiT ≡
1

m2
χ

χi∂µi∂νχOiµν . (3.2)

Here Gaµν represents the field strength tensor of gluon field and the quark masses are

denoted as mq. The operators Oqµν and OGµν are the twist-2 operators of quarks and gluon,

respectively, which are defined by

Oqµν ≡
1

2
qi

(
Dµγν +Dνγµ −

1

2
gµν /D

)
q ,

OGµν ≡ Gaρµ Gaνρ −
1

4
gµνG

a
ρσG

aρσ , (3.3)

with Dµ the covariant derivative. Then the SI scattering cross section of χ with nucleon

N is obtained as [8, 13]

σNSI =
1

π

(
mN

mχ +mN

)2 ∣∣fNscalar + fNtwist2

∣∣2 , (3.4)

where mN is the nucleon mass, and fNscalar and fNtwist2 are given by

fNscalar

mN
=

∑
q=u,d,s

CqS(µhad)fNTq −
8

9
CGS (µhad)fNTg , (3.5)

fNtwist2

mN
=

3

4

∑
q

[
CqT(mZ)[qN (2;mZ) + q̄N (2;mZ)]− CGT (mZ)gN (2;mZ)

]
. (3.6)

Here fNTq, f
N
Tg, q

N (2;mZ), q̄N (2;mZ), and gN (2;mZ) are the matrix elements of the effective

operators in nucleon state. µhad is the hadronic scale (i.e., around 1 GeV), and mZ is the

Z boson mass. The numerical values for these quantities are given in ref. [8]1 based on the

QCD lattice simulation [14, 15] and CETEQ-Jefferson Lab collaboration [16]. As we will

see, the contribution to the twist-2 type operators is negligibly small. Therefore, the SI

cross section is determined by the scalar-type interactions.
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χ
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χ
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χ

h1, h2

q

χ
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χ
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χ
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χ
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χ
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χ
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χ

q
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q

χ

q

χ

h1, h2 h1, h2

g

χ

g

χ

(i) (ii)

(iii)

Figure 1. Feynman diagrams for χ-q and χ-g scattering processes.

3.2 Wilson coefficients

First of all, we derive the effective Lagrangian from full theory by matching at the weak scale

denoted as µW ' mZ . As described in Introduction, the tree-level amplitudes for χq → χq

are cancelled in the non-relativistic limit. Therefore loop-level calculations are necessary

to evaluate the scattering amplitude in the limit. There are three types of diagrams shown

in figure 1; (i) Self-energies, (ii) Vertex corrections, and (iii) Box and triangle diagrams.2

The most part of the computation for the diagrams (i) has already been done in the

previous section. Let us apply the results to the scattering process. The diagrams (i) give

rise to scalar-type interactions. The matching at the weak scale gives

CqS(µW )
∣∣∣
self

= − 1

2m2
h1
m2
h2
vvs

[
∆12(sin2 θm2

h1 + cos2 θm2
h2)

+ ∆̃22 sin θ cos θ(m2
h1 −m

2
h2)
]
, (3.7)

CGS (µW )
∣∣∣
self

= − 1

12

[
1 +

11αs
4π

]
CqS(µW )

∣∣∣
self

, (3.8)

for q = u, d, s, c, b where ∆12 is given in eq. (2.15), and ∆̃22 is given by

∆̃22 =
Ts
vs
−Πss(0) . (3.9)

The computation of the diagrams (ii) is rather simple. These diagrams give vertex

corrections to the χ-χ-hi couplings. Denoting them as ∆cχχhi (collected in appendix), the

1To be strict, fNTq corresponds to f
(N)
Tq in ref. [8] and so on. We have additionally introduced fNTg defined

as (−8/9)fNTg ≡ 〈N |αs
π
GaµνG

aµν |N〉/mN evaluated at three flavors, which leads to fNTg = 1−
∑
q=u,d,s f

N
Tq+

O(αs).
2The NLO diagrams for QCD part are not depicted for simplicity, but these are taken into account in

the numerical study.
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Wilson coefficients are obtained as

CqS(µW )
∣∣∣
vert

=
1

m2
h1
m2
h2
v

[
∆cχχh1 cos θm2

h2 + ∆cχχh2 sin θm2
h1

]
, (3.10)

CGS (µW )
∣∣∣
vert

= − 1

12

[
1 +

11αs
4π

]
CqS(µW )

∣∣∣
vert

, (3.11)

for q = u, d, s, c, b. It is noted that, although both CqS(µW )|self and CqS(µW )|vert have the

renormalization scale dependence, the dependence is cancelled in CqS(µW )|self +CqS(µW )|vert

as expected.

The χ-q scattering process drawn in the diagrams (iii) gives both scalar and twist-2 type

contributions. However, the resultant Wilson coefficients are proportional to y2
qqhi
∝ m2

q

(q = u, d, s, c, b), thus they are negligibly small. For the χ-g scattering, on the other hand,

the top loop diagram should be taken into account since there is no such suppression.

They can be calculated easily in Fock-Schwinger gauge (see appendix for details) and the

resultant expressions are

CGS (µW )
∣∣∣
box+tri

=
1

m4
χ

∑
i≤j

ytthiytthj

[
cχχhicχχhjJ

ij
box +m2

χdχχhihjJ
ij
tri

]
. (3.12)

We refer to the terms proportional to J ijbox and J ijtri as ‘box’ type and ‘triangle’ type,

respectively. Note that there is no mχ dependence in J ijtri/m
2
χ, which is obvious from the

corresponding diagrams. It is found numerically that the contribution to the amplitude

from the box-type diagrams is much smaller than that from the triangle-type diagrams in

the parameter space we are interested in. Here we have ignored NLO contributions and we

will treat it as a theoretical uncertainty as in ref. [8]. This is because it is expected to be

suppressed compared to the other NLO contributions.

To summarize, the weak scale matching gives

CqS(µW ) = CqS(µW )
∣∣∣
self

+ CqS(µW )
∣∣∣
vert

, (3.13)

CGS (µW ) = CGS (µW )
∣∣∣
self

+ CGS (µW )
∣∣∣
vert

+ CGS (µW )
∣∣∣
box+tri

. (3.14)

The Wilson coefficients at the hadronic scale µhad are obtained by the renormalization

group equations, along with the matching at bottom and charm mass scales, consistently

at the NLO in QCD [8].

3.3 Numerical results

Now we are ready to show the numerical results. The SI cross section of χ DM with proton

is plotted in figure 2. We have computed the SI cross section at the NLO in QCD. For

comparison, the results at the LO in QCD and the results obtained by an approximate

expression for fNscalar given by

fNscalar/mN ≈

2

9
+

7

9

∑
q=u,d,s

fNTq

CqS(µW )− 8

9
fNTgC

G
S (µW )

∣∣∣
box+tri

, (3.15)
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(mh2 , v /vs) = (1 TeV, 0.5)
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σ
�
��
[�
�
�
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sinθ = 0.1

Aprx

LO

NLO

�� ��� ��� ���
��-��

��-�

��-�

��-�

��-�

�χ [���]

-
� �
�
�
��
�

�
[�
�
�
-
�
]

Figure 2. (Left) Spin-independent cross section of DM with proton for two sample parameter

points, (mh2
, v/vs) = (300 GeV, 1.5) and (1 TeV, 0.5), for sin θ = 0.1. The numerical evaluations

with the approximate expression eq. (3.15), LO and NLO in QCD are shown as ‘Aprx’ (green

dotted), ‘LO’ (blue dashed), and ‘NLO’ (red solid). For LO and NLO results, the perturbative

errors are also shown in shaded region. (Right) (Minus) scalar-type effective coupling fpscalar for the

same sample parameter points. The line legends are the same as left figure.

are shown as well. Here fNTg is given at the LO. The deviations of the LO and the approxi-

mate results from the NLO results are both O(10%).3 Perturbative errors at the LO results

are O(10%), which are reduced to a few % at the NLO level as expected. We have also

checked that the errors due to the input parameters are O(10%), and that the uncertainty

due to ignoring the NLO contribution in the diagrams (iii) is less than 1%. The behav-

ior of the cross section is understood from the scalar-type effective coupling fNscalar, which

is plotted in the right of figure 2. It is found that in large mχ region the contributions

from the diagrams (iii) are subdominant in fNscalar, consequently, the effective coupling is

determined by the diagrams (i) and (ii), i.e., the self-energies and vertex corrections that

have a logarithmic dependence on mχ for large mχ (see eq. (A.16) in appendix). Thus

|fNscalar| increases as logmχ+const. In small mχ region, on the contrary, the diagrams (iii)

dominate over the diagrams (i) and (ii) which are suppressed by m2
χ (see eq. (A.15) in

appendix). This is why the cross section is not suppressed in small DM mass region. This

turn-over in the effective coupling happens roughly around mχ ∼ O(10 - 103 GeV).

Figure 3 shows various constraints on the model. The purple region is excluded by

the constraint from the SM-like Higgs decay where the Higgs signal strength at the LHC

µ = 1.09+0.11
−0.10 has been translated into the constraint on the Higgs invisible decay as

Br(h1 → inv) ≤ 0.11 [18]. The grey region is excluded by the perturbative unitarity bound

λS ≤ 8π/3 [19]. The red band represents the parameter space which can reproduce the

observed DM relic abundance within 3σ range of the PLANCK Collaboration data [2] in the

thermal freeze-out scenario. It has been found that since the SI cross section is suppressed

3For example, the deviation of the LO and the approximation is 9% and −14%, respectively, for

(mh2 , v/vs) = (1 TeV, 0.5), sin θ = 0.1 and mχ = 1 TeV. Such behavior is observed in a similar DM

model studied in ref. [17].
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Figure 3. Exclusion limits on the model from the Higgs decay (purple) and the perturbative

unitarity (grey). The red band represents the parameter space which can reproduce the observed

relic abundance in the thermal freeze-out scenario. The future prospect of the DARWIN experiment

is also shown as the orange dot-dashed line [9] (region above the line can be probed).

in a wide range of parameter space, there is no substantial constraint on the model from

the current experimental limit of the XENON1T experiment [3]. To be concrete, the region

excluded by XENON1T is always in the unitarity bound. In the plots, the future reach of

the DARWIN experiment [9] is also shown in the orange dot-dashed line, assuming that

all the DM abundance is composed by χ. It indicates that a part of the parameter space

(70 GeV . mχ . 100 GeV) can be probed by the DARWIN experiment, where the thermal

relic DM scenario can reproduce all the DM abundance. We have seen a similar indication

for larger sin θ values. Therefore the future direct detection experiments will be able to

probe a part of the thermal freeze-out scenario with mχ ∼ 100 GeV.

4 Conclusion

We have studied the detectability of DM in a model where a complex singlet scalar is added

to the SM. In the model, a softly broken global U(1) symmetry has been assumed, and

a would-be Nambu-Goldstone boson χ becomes a candidate for DM due to a remnant Z2

symmetry. Since χ interacts with the SM particles via so-called Higgs portal coupling, it

would be possible to directly detect χ DM via χ-nucleon scattering. It is known, however,

– 9 –



J
H
E
P
1
2
(
2
0
1
8
)
0
8
9

that the tree-level scattering amplitude vanishes in non-relativistic limit. Thus we have

taken into account the scattering process at one-loop level for non-QCD part. For QCD

effect, on the other hand, the scattering amplitude has been calculated at the next-to-

leading order in QCD strong coupling systematically to reduce the theoretical uncertainties.

It has been found that the predicted SI cross section is so small in a wide range of the

parameter space of the model that there is no substantial bound from the current direct

detection experiments. However, a part of the parameter space, which includes canonical

thermal relic scenario accounting for the present DM abundance, will be probed in the

future direct detection experiment DARWIN.
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Note added. While completing our paper, we found that ref. [21] studied the direct

detection of dark matter in the same model. We agree qualitatively with their results

in large dark matter mass region, as well as in the other dark matter mass region if the

diagrams (iii) are ignored. On the other hand, we have seen a different behavior in low

dark matter mass region. This is due to the diagrams (iii), which are discarded in their

study. Although these diagrams are irrelevant for the estimation of the current bound from

the XENON1T experiment, it will be important for the future study of this model in the

direct detection experiments.

A Loop functions

The loop functions are basically expressed by so-called A0 function and B0 function (and

their derivatives),

iA0(m2) =

∫
dDq

(2π)D
1

q2 −m2
, (A.1)

iB0(p2;m2
1,m

2
2) =

∫
dDq

(2π)D
1

(q2 −m2
1)((q + p)2 −m2

2)
. (A.2)

iCij =

∫
dDq

(2π)D
1

((q + P )2 −m2
χ)(q2 −m2

hi
)(q2 −m2

hj
)
, (A.3)

iCχi =

∫
dDq

(2π)D
1

((q + P )2 −m2
hi

)(q2 −m2
χ)(q2 −m2

χ)
, (A.4)

where P 2 = m2
χ in the last two functions. Here the divergent pieces are subtracted in

the MS renormalization scheme implicitly. We use the analytic expressions for the loop

functions, which are numerically checked by using LoopTools [20].
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A.1 Tadpoles

The tadpoles Thi are given by A0 function as,

Th1 = 3ch1h1h1A0(m2
h1) + ch1h2h2A0(m2

h2) + cχχh1A0(m2
χ)− ytth1mtA0(m2

t ) , (A.5)

Th2 = 3ch2h2h2A0(m2
h2) + ch1h1h2A0(m2

h1) + cχχh2A0(m2
χ)− ytth2mtA0(m2

t ) . (A.6)

Then Th and Ts are obtained by rotating with the orthogonal matrix O given in eq. (2.18)

as (Th, Ts)
T = O(Th1 , Th2)T .

A.2 Self-energies

The one-loop contributions to the self-energies Πh1h1 , Πh2h2 , and Πh1h2 are listed below:

Πh1h1(p2) = 2c2
χχh1B0(p2;m2

χ,m
2
χ)+6c2

G0G0h1
B0(p2;0,0)

+18c2
h1h1h1B0(p2;m2

h1 ,m
2
h1)+2c2

h1h2h2B0(p2;m2
h2 ,m

2
h2)+4c2

h1h1h2B0(p2;m2
h1 ,m

2
h2)

+2dχχh1h1A0(m2
χ)+12dh1h1h1h1A0(m2

h1)+2dh1h1h2h2A0(m2
h2)

−4y2
tth1(A0(m2

t )+(2m2
t −p2/2)B0(p2;m2

t ,m
2
t )) , (A.7)

Πh2h2(p2) = 2c2
χχh2B0(p2;m2

χ,m
2
χ)+6c2

G0G0h2
B0(p2;0,0)

+18c2
h2h2h2B0(p2;m2

h2 ,m
2
h2)+2c2

h1h1h2B0(p2;m2
h1 ,m

2
h1)+4c2

h1h2h2B0(p2;m2
h1 ,m

2
h2)

+2dχχh2h2A0(m2
χ)+12dh2h2h2h2A0(m2

h2)+2dh1h1h2h2A0(m2
h1)

−4y2
tth2(A0(m2

t )+(2m2
t −p2/2)B0(p2;m2

t ,m
2
t )) , (A.8)

Πh1h2(p2) = 2cχχh1cχχh2B0(p2;m2
χ,m

2
χ)+6cG0G0h1cG0G0h2B0(p2;0,0)

+6ch1h1h1ch1h1h2B0(p2;m2
h1 ,m

2
h1)+6ch2h2h2ch1h2h2B0(p2;m2

h2 ,m
2
h2)

+4ch1h1h2ch1h2h2B0(p2;m2
h1 ,m

2
h2)

+dχχh1h2A0(m2
χ)+3dh1h1h1h2A0(m2

h1)+3dh1h2h2h2A0(m2
h2)

−4ytth1ytth2(A0(m2
t )+(2m2

t −p2/2)B0(p2;m2
t ,m

2
t )) . (A.9)

Then, Πhh, Πss, and Πhs are obtained similarly to eq. (2.17).

A.3 Vertex corrections

The corrections to the cubic couplings cχχhi are given by

∆cχχhi = ∆cc
χχhi

+ ∆ct
χχhi

, (A.10)
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hi hj

t

hi hj

t

hi hj

t

hi hj= + +

Figure 4. Higgs correlation functions.

with

−∆cc
χχh1 = 6dχχh1h1ch1h1h1B0(0;m2

h1 ,m
2
h1) + 2dχχh1h2ch1h1h2B0(0;m2

h1 ,m
2
h2)

+ 2dχχh2h2ch1h2h2B0(0;m2
h2 ,m

2
h2) + 12dχχχχcχχh1B0(0;m2

χ,m
2
χ)

+ 8dχχh1h1cχχh1B0(0;m2
χ,m

2
h1) + 4dχχh1h2cχχh2B0(0;m2

χ,m
2
h2) , (A.11)

−∆cc
χχh2 = 6dχχh2h2ch2h2h2B0(0;m2

h2 ,m
2
h2) + 2dχχh1h2ch1h2h2B0(0;m2

h1 ,m
2
h2)

+ 2dχχh1h1ch1h1h2B0(0;m2
h2 ,m

2
h2) + 12dχχχχcχχh2B0(0;m2

χ,m
2
χ)

+ 8dχχh2h2cχχh2B0(0;m2
χ,m

2
h2) + 4dχχh1h2cχχh1B0(0;m2

χ,m
2
h1) , (A.12)

−∆ct
χχh1 = 12c2

χχh1ch1h1h1C
11 + 8cχχh1cχχh2ch1h1h2C

12 + 4c2
χχh2ch1h2h2C

22

+ 4c3
χχh1C

χ1 + 4cχχh1c
2
χχh2C

χ2 , (A.13)

−∆ct
χχh2 = 12c2

χχh2ch2h2h2C
22 + 8cχχh1cχχh2ch1h2h2C

12 + 4c2
χχh1ch1h1h2C

11

+ 4c3
χχh2C

χ2 + 4c2
χχh1cχχh2C

χ1 . (A.14)

As described in the main text of the paper, the renormalization scale dependence is can-

celled in the Wilson coefficients, CqS(µW )|self + CqS(µW )|vert.

It would be helpful to see how it behaves in small and large mχ limit. For mχ → 0

limit, we have found that it is proportional to m2
χ. For example,4

CqS(µW )|self + CqS(µW )|vert

→


2m2

χm
4
h2

vv2s
sin θ cos4 θ(v cos θ − vs sin θ) (for mh1 = 0)

−
2m2

χm
4
h1

vv2s
sin4 θ cos θ(v sin θ + vs cos θ) (for mh2 = 0)

. (A.15)

In large mχ limit, on the other hand, its absolute value increases logarithmically, e.g.,

CqS(µW )|self + CqS(µW )|vert

→


2
[
log(m2

χ/m
2
h2

)+2
]
m6
h2

vv2s
sin θ cos4 θ(v cos θ − vs sin θ) (for mh1 = 0)

−
2
[
log(m2

χ/m
2
h1

)+2
]
m6
h1

vv2s
sin4 θ cos θ(v sin θ + vs cos θ) (for mh2 = 0)

. (A.16)

A.4 Box and triangle diagrams

To compute the Wilson coefficients induced by χ-g scattering, it is legitimate to derive

Higgs correlation functions shown in figure 4. We denote them as Π̃ij(q
2), which are

obtained straightforwardly by using the formula given in refs. [11, 12] as,

Π̃ij(q
2) = cG(q2;µW )

αs
π
GaµνG

aµν , (A.17)

4We omit the expression for non-zero mh1 and mh2 since it is too lengthy. (It is similar for large mχ

case.)
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where

cG(q2;µW ) = −
cqqhicqqhj

8m2
χ

I(−q2/m2
χ, xt) . (A.18)

Here I(t, xt) is a dimensionless function,

I(t, xt) =
t− 2xt
t(t+ 4xt)

+
2xt(t+ xt)

t2(t+ 4xt)β(t, xt)
log

[
2xt + t(1 + β(t, xt))

2xt + t(1− β(t, xt))

]
, (A.19)

with β(t, xt) =
√

1 + 4xt/t, xi = m2
hi
/m2

χ, and xt = m2
t /m

2
χ. Then, the Wilson coefficients

coming from the box and triangle diagrams are given by the following integrals,

J ijbox =
κij

8(4π)2

∫ ∞
0

dt
tI(t, xt)

(t+ xi)(t+ xj)

(
1−

√
(t+ 4)/t

)
, (A.20)

J ijtri =
1

8(4π)2

∫ ∞
0

dt
tI(t, xt)

(t+ xi)(t+ xj)
, (A.21)

with κij = 2 for i 6= j otherwise 1. As mentioned in the main text of the paper, J ijtri/m
2
χ

is constant with respect to mχ. On the other hand, J ijbox ∝ m4
χ (m3

χ) for small (large) mχ

region. Therefore the contribution from the box diagrams is suppressed as 1/mχ in large

DM mass region while it becomes constant in small DM mass region.
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