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1 Introduction

Soft graviton theorem expresses the scattering amplitude of finite energy external states and
low energy gravitons in terms of the amplitude without the low energy gravitons [1-4]. They
have been investigated intensively during the last few years [5-30] due to their connection to
asymptotic symmetries [31-41]. They have also been investigated in string theory [42-56].
In particular in specific quantum field theories and string theories, amplitudes with several
finite energy external states and one soft graviton have been analyzed to subsubleading
order, leading to the subsubleading soft graviton theorem in these theories. A general proof
of the soft graviton theorem in a generic quantum theory of gravity was given in [55-57]
for one external soft graviton and arbitrary number of other finite energy external states
carrying arbitrary mass and spin.

For specific theories, soft graviton amplitudes with two soft gravitons have also been
investigated in [26, 30, 58-63]. Our goal in this paper will be to derive, in a generic
quantum theory of gravity, the form of the soft graviton theorem to the first subleading
order in soft momentum for arbitrary number of soft gravitons and for arbitrary number
of finite energy external states carrying arbitrary mass and spin. The limit we consider is
when all the soft momenta become small at the same rate. As discussed in section 2.3, in
order to avoid enhanced contribution to loop diagrams from the infrared region, we shall
restrict our analysis to the case where the number of non-compact space-time dimensions
D is six or more. For D < 5 our analysis will be valid for tree amplitudes. We expect that
even in D=5, where the amplitudes are infrared finite, the enhanced infrared contributions
of the type described in section 2.3 will cancel in the sum over graphs and our result will
be valid also for D = 5 to all loop orders. However, we have not proved this yet.



Our final result for an amplitude with IV external finite energy particles carrying polar-

izations and momenta (€;,p;) for i = 1,--- | N, and M soft gravitons carrying polarizations
and momenta (g, k) for r =1,--- | M, takes the form
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gives the amplitude without the soft gravitons, including the momentum conserving delta
function. The indices «, 3,7, § run over all the fields of the theory and J is the (reducible)
representation of the spin angular momentum generator on the fields. The indices a,b as
well as p, v, p are space-time coordinate/momentum labels. We shall use Einstein summa-

tion convention for the indices «, 3, - carried by the fields and also for the space-time
coordinate labels a,b--- and u, v, - - -, but not for the indices r, s, - - - labelling the external
soft gravitons and i, j, - -- labelling the external finite energy particles. For the signature

of the space-time metric we shall use mostly + sign convention.



Figure 1. A leading contribution to the amplitude with two soft gravitons.
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Figure 2. A leading contribution to the amplitude with two soft gravitons.

The rest of the paper is organized as follows. In section 2 we prove the subleading soft
graviton theorem for two external soft gravitons and arbitrary number of external states
of arbitrary mass and spin. In section 3 we carry out various consistency checks of this
formula. These include test of gauge invariance and also comparison with existing results.
In particular we find that neither the first nor the second line of (1.1) is gauge invariant
by itself but their sum is gauge invariant. We generalize the result to the case of multiple
soft gravitons in section 4.

Derivation of double soft theorem from asymptotic symmetries has been pursued
in [64].

2 Amplitudes with two soft gravitons

In this section we shall analyze an amplitude with arbitrary number of finite energy external
states and two soft gravitons in the limit when the momenta carried by the soft gravitons
become soft at the same rate. The relevant diagrams are shown in figures 1-5. We use
the convention that all external momenta are ingoing, thick lines represent finite energy
propagators and thin lines represent soft propagators. e,,k, for r = 1,2 represent the
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Figure 3. A subleading contribution to the amplitude with two soft gravitons. The subamplitude
I' excludes all diagrams where the soft particle carrying momentum ko gets attached to one of
external lines of T'.

polarizations and momenta carried by the soft gravitons subject to the constraint
" eruw =0, kl'er =0. (2.1)

I'®) and I'® denote one particle irreducible (1PI) three and four point functions and I’
denotes full amputated Green’s function. In figure 3, ' denotes sum of all amputated
Feynman diagrams in which the soft graviton is not attached to an external leg via a
1PI three point function. The internal thick lines of the diagrams represent full quantum
corrected propagators carrying finite momentum. For figures 1 and 3 we also have to
consider diagrams where the two soft gravitons are exchanged.

Among these diagrams the contributions from figure 1 and figure 2 have two nearly on-
shell propagators giving two powers of soft momentum in the denominators. For example
in figure 1 the line carrying momentum p; + k1 is proportional to

{(pi+k1)> + M7} = (2pi - k1), (2.2)

using the on-shell condition k? = 0, p? + M? = 0 if the mass of the internal state is the
same as the mass of the i-th external state. Therefore the contribution from these diagrams
begins at the leading order. The rest of the diagrams have only one nearly on-shell propaga-
tor and therefore their contribution begins at the subleading order. The contribution from
figure 5 is somewhat deceptive — it appears to have one nearly on-shell propagator carrying
finite energy giving one power of soft momentum in the denominator and a soft internal
propagator giving two powers of soft momentum in the denominator. However the three
graviton vertex has two powers of soft momentum in the numerator. Therefore the contribu-
tion from this diagram begins with one inverse power of soft momentum and is subleading.

2.1 Expressions for the vertices and propagators

Our strategy for deriving the vertices will be the same as that in [55-57]. We begin with
the 1PI effective action of the theory and use Lorentz covariant gauge fixing conditions
such that the propagators computed from this gauge fixed action do not have double poles.
We now find the coupling of the soft graviton to the rest of the fields by covariantizing this
action. As in [56, 57] we shall assume that all the fields carry tangent space indices so that
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Figure 5. A subleading contribution to the amplitude with two soft gravitons.

covariantization corresponds to replacing ordinary derivatives by covariant derivatives and
then converting the tensor indices arising from derivatives to tangent space indices by con-
traction with inverse vielbeins. For simplicity we shall choose a gauge in which the metric
always has determinant —1 so that we do not need to worry about the multiplicative factor
of v/—det g while covariantizing the action. This is done by parametrizing the metric as

Juv = (62577 n)lw = M + 25w + 29,5, + -y S =S, S =0, (2:3)

where all indices are raised and lowered by the flat metric 1. We also introduce the vielbein
fields

= () = B S, 4L SIS e B () =S A S IS
(2.4)
Covariantization of the action now involves the following step. Let {¢,} denote the set of
all the fields of the theory. We replace a chain of ordinary derivatives dy, - - - 0,4, acting on
a field ¢, by
E/...E} D, ---D,, (2.5)

where 1
Du¢a = 8,u¢a + iwzb(Jab)aﬁ(bﬁ ) (2'6)



Figure 6. A 1PI vertex involving two finite energy particles and one soft particle.

with (Jab)aﬁ representing the action of spin angular momentum generator on all the fields,
normalized so that acting on a covariant vector field ¢., we have

(J) =0 = o'y (2.7)

For our analysis we shall only need the expression for wl‘jb to first order in S,,,. This is
given by!
ab _ abg a ag b
w, =0°S,"—=0"S, . (2.8)
For each pair of covariant derivatives acting on the field ¢,, we also have a contribution
from the Christoffel symbol

p

DuDV¢a:"'_{
v

}Dp Pa (2.9)

where

{Mpy} = 0,5, + 0,5, — 05, + terms involving quadratic and higher powers of S,

(2.10)
and --- terms represent the usual derivatives and spin connection term. Since we shall
compute subleading soft graviton amplitudes we shall only keep terms up to first order in
the derivatives of soft gravitons. Also for amplitudes with two soft gravitons we only need
to keep up to terms with two powers of soft graviton field S,,,. As we shall see, for specific
vertices we can make further truncation of the action.

Let us now derive the form of the three point vertex involving one soft graviton and
two finite energy fields, as shown in figure 6. For this we first express the quadratic part
of the 1PI action as
1 dPq dPqy
2 / (2m)D (2m)D

2m) P8P (g1 + g2)pala1) K (g2) 95(q2) , (2.11)

where we take
K% (q) = KP*(~q) . (2.12)

!Terms involving higher powers of S will give rise to vertices that have two or more soft gravitons, and
a power of soft momentum. Such vertices will not contribute to the amplitude to subleading order in soft
momentum.



For grassmann odd fields there will be an extra minus sign in this equation, but it does
not affect the final results. If the soft graviton carries polarization ¢ and momentum k,
then the coupling of single soft graviton to the fields ¢, obtained by covariantizing (2.11),
takes the form [57]

1 dPq1 dPq
SG) = 2/ (QW)IID (2%)37 (2m)P8P) (g1 + g2 + k)

B
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In this equation the first term inside the square bracket represents the effect of multiplica-
tion by B/ = 84" — Sg" in (2.5). The second term is the effect of the spin connection (2.8)
appearing in the definition of the covariant derivative in (2.6) and the third term is the
effect of the Christoffel symbol appearing in (2.9). From this we can derive an expression
for the soft graviton vertex shown in figure 6 to order k:

&3 (e k;p, —p — k)

= % —ew(p+ k)”aiulcaﬂ(—p —k) — ewp”aiulCﬁ"(p)
gk b ) oK (= 8) (7)== by ) K (1)
a ;82]6;225;_ 9 (=pp = kp) (kugup + kl’gup N kaW)
- ;mpp (kpef + kue,l — kPeu) ] : (2.14)

Using (2.12), (2.1), and expanding each term in Taylor series in the soft momentum k, we
arrive at the following expression for the vertex T'®) in figure 6 to order k:

@ (e, k;p,p—k) (2.15)
) OK(—p) 1 ’K(-p) 1 OK(=p) .o 1 w7 OKC(—p)
—i|—eup? T e ke, SRy Sy TP qab g o (e T O TR

Y| EmP Opu 28“ P Fp 0p.0p, +2 “bu Opu 2 gb“( ) Opy,

where we have used a matrix notation and (J%)7T denotes the transpose of J%, i.e.
(I, = (I,

Next we consider the four point vertex containing two soft gravitons and two finite
energy particles as shown in figure 7. Since this vertex appears in figure 4 which begins
contributing at the subleading order, we need to evaluate this to leading power in the soft
momentum. Therefore we can ignore the spin connection and Christoffel symbol terms
in the expression for the covariant derivatives appearing in (2.5), and only focus on the
contribution from the E,” terms. Since we have two soft gravitons, we need to keep terms
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Figure 8. An amputated amplitude with one external soft particle and many external finite energy
particles. We exclude from this any diagram where the soft particle gets attached to one of the
external lines.

quadratic in the soft graviton field S,,. These can come from two sources — either one
power of S from two E,/’s or two powers of S from a single E,". The resulting action is
given by

1 dP dab dPe, dPy
- / N2 B C 2 9y DsD) (g + gy + 01+ L) Da(q1) P s(g0)

2) 2m)P 2m)P (2m)P (27)P
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Using this and the symmetry (2.12), we get the following form of the vertex shown in
figure 7 to leading order in soft momenta, written in the matrix notation:

W (e1, k1, €0, ko p, —p — k1 — ko)
DAY - C R

. v o
=1 [€1,uv€2,p0P P + S \€1, €200 T €2, €100
|: apltapp 2 e sH

Opu
Next let us consider the contribution from the amplitude in figure 8 for off-shell external
momenta qi, - - - ,qy. This can be obtained by covariantizing the truncated Green’s function
[N (qq, - - - qn) without the soft graviton. Since this amplitude appears inside figure 3
which begins contributing at the subleading order, we only need the leading contribution
from this amplitude. This is easily computed using the covariantization procedure, giving
the result [56]

N
_ 0
o aN(é‘,k;(h, .. ‘QN) R E g’w/qfﬁra1 DlN(ql, . ;QN)7 (218)
iv

i=1
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Figure 9. A 1PI vertex involving three soft gravitons.

reflecting the effect of having to multiply every factor of momentum (derivative with respect
to space-time coordinates) by inverse vielbeins as in (2.5).

The next vertex to be evaluated is the three point vertex of three soft gravitons as
shown in figure 9, involving external on-shell soft gravitons carrying momenta ki, ko and
polarizations €1, €2 respectively and internal soft graviton carrying momenta —k; — ko and
polarization labelled by the pair of indices (u,r). This vertex appears in figure 5 which
begins contributing at the subleading order. Therefore we need to evaluate this vertex to
leading order in soft momenta — given by the Finstein-Hilbert action. This is best done
by regarding the external soft gravitons as background field S, so that the vertex can be
regarded as the one point function of the internal graviton in the presence of soft graviton
background. This is proportional to R, — %R g computed from the soft graviton metric.
Evaluating this to quadratic order in S,, we can read out the vertex. Using standard results
on the expansion of connection and curvature in powers of fluctuations in the metric (see
e.g. [65, 66]) we find that the vertex takes the form:

VM(S) (517 kl? €2, k2)
1

= 5 €1,ab€2,cd [{Wuﬁacﬁbdkszp - 277ad770ykl2)k72u - QUCbnayk(liklu + 277ad770yk1,ukg

+ 200 kel ko, — 200"k ko, — A%, n° kTS + 20° i KSKS + 277“unbyki’k‘f}

+{p <+ u}] . (2.19)

We now turn to the computation of the propagators. In the normalization in which
the three point vertex of figure 9 is given by (2.19), the soft graviton propagator in the de
Donder gauge takes the form:

1 2 i
Gv,po (k) = D) NupMve + NMvplpe — mmﬂ/”po 52’ (2.20)
where u, v are the indices carried by one of the gravitons and p, o are the indices carried
by the other graviton.



The final ingredient is the propagator for an internal finite energy line carrying mo-
mentum ¢. This is given by le;é (q). We define

Zs(a) = ik 5(a) (¢ + M), (2.21)
where M; is the mass of the j-th external state. Then the propagator can be expressed as
Alg) = (¢* + M;) "= (q), (2.22)

where we have adopted the matrix notation dropping the indices «, 5.
Now from (2.21) we have

K(q) E'(q) = i (¢* + M7). (2:23)
Taking derivatives of this with respect to momenta we arrive at the following relations:

OK(—p) —; E'(—p)

E(—p) = —K(—p)——= +2ip", 2.24
o (p) = KD (2.24)
*K(=p) = OK(—p) 0='(-p)  9K(—p) O='(-p) PE(=p) | ..
EZ — = — —_ _ ,C _ + 24 g ,
on, - P, an  om ome P apan, T
Finally rotational invariance of X implies the following relations:
OK(-p)  ,9K(-p)
Jab TIC ) = —K(— Jab +p® b ’
(J*) K(=p) (—=»p) P o P T ap
. » = (—p) 0= (—p)
Jab = — _=i(_ Jab T .a + b ] 2.95
(—p) (=p)(J*)" —p o P ap (2.25)

2.2 Evaluation of the diagrams

We begin with the evaluation of figure 1. Even though we can use the form (2.22) for the
internal propagator for any j, (2.22) being independent of j due to (2.21), we shall use the
form (2.22) with j = ¢ when the soft gravitons attach to the i-th external line. In this case
the propagator carrying momentum —p; — k for some soft momentum k takes the form

A(—pi —k) ={(pi + k)* + M} "2 (—pi — k) = 2ps -k + k*) ' E(—pi — k). (2.26)
We now define

N
]‘_‘?ZZ) (pl) = { H ej,Oéj } perman (plu o )pN) 3 (227)

j=1
i

with the understanding that F‘(J;Z) (pi) also implicitly depends on the p;’s and €;’s for j # i.
Using this we can express the contribution from figure 1 as

N
A= @2pi k)T @i (ky 4 ko) + 2k - ko) T el T (1, kyspi, —pi — 1) 2 (—pi — k)
i=1
T (ea, ks pi + k1, —pi — k1 — ko) EX(—p; — k1 — ko) Liy(pi + k1 + k2) (2.28)

where we have summed over soft graviton insertion on different external legs. We now use
the expression (2.15) for I'® and manipulate this expression as follows:

~10 -



1. Take all the J% factors to the extreme right using (2.25) and their derivatives with
respect to pH.

2. Expand K, = and I'(;) in Taylor series expansion in ki, k2, and keep up to the first
subleading terms in soft momenta.

3. Use the relations (2.24) to move all momentum derivatives to the extreme right to
the extent possible.

4. Finally use the on-shell condition
e K(—p) =0, (2.29)
to set all terms in which the left-most X does not have a derivative acting on it to zero.
While these steps are sufficient to arrive at the final result given in (2.33), for the analysis of

section 4 we shall need some of the results that appear in the intermediate stages. For exam-
ple, Taylor series expansion in k, together with the use of (2.24), (2.25) leads to the result

: 0= (—
T® (e, kip,—p— k) ' (-p— k) = [2 " pupy + ieﬂup”lC(—p)aj(gm +2 epukiap (J)T
m
+ K(-p) Q(p. k) (2.30)
to subleading order. Here
i =(-p) | . 9Z(=p) | abyT
=_k- =7 o 2 (T 2.31
Q(p7 k) 2k yZm 31?#61% "‘Zgbuk 8}9# (J ) ( 3 )

denotes a term that receives contribution from subleading order in soft momentum. We
shall see that its contribution to the amplitude vanishes due to (2.29). Using (2.30) we can
express the amplitude (2.28) as

N

Ar =" "2pi - k) @i - (B A+ ko) + 2k - ko)
i=1
el'lo . n. ; V]C_.w 92 kv P (TN £ (=, L
3 1 PipPiv T 1€1,0D; ( p’L) 8]%'# +2 e 1api( ) + ( pz) Q(pz, 1)
2 po . o o Ei(_pi _kl)
€y (Pip + k1p)(Pic + k15) + i €250 (P] + kT)K(=pi — kl)T
ip

+2 e94p kae (0] + KY) (JYT + K(—pi) Qpi, k2) | Tiiy(pi + k1 + k2) (2.32)
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to first subleading order. Expanding the terms inside the second square bracket and I ;) in a
Taylor series expansion in k1 and kg, and using (2.29), (2.25), we get, up to subleading order,

N
A= Z(pz' k)M pi - (k4 ko) 4+ k1 ko) e lszpiapir e2uwpi Py Ty (pi)
i=1
+ 25(177171'01%7 EQ,[J,Vki/ pél I‘(z) (pz) + ETTpiapiTkQaEZ,b,upg(Jab)TF(i) (pz)
Ty (pi)
+ e1pok1apf e2,wp) PE (T Ty (0) + €77 Piopir €2,4wpl DY (k1 + k2), %
ip
L. 3’C(*pi) aEi(*pi)
+ =i (k1 - pi) €1,p0 €2,00 DS D§ Ciyvpi)]| - 2.33
2 ( ) 2 P 8}%‘# apip ( )( ) ( )

To this, we also need to add an expression in which we interchange (k1,¢1) > (k2,£2). This
gives the amplitude

N
Ay = Z(pz k) M (pi - (ko + ka) + 2ko - k1) le] [‘SngiapiT 1P} P; Ty (pi)
i=1
+ 265" piopir €1,40ks P Ty (pi) + 5ngiapiTk1a51,b,upéL(Jab)TF(i) (i)

AL ;) (pi)
+ 52,bak2apg 817,“/])21-/ p?(,]ab)TF(i) (pl) + 5ngiapi‘r 51,/wp;'/ pf (k2 + kl)ﬂ %
ip

1 OK(—p;) O (—p;)
Zilko - s Ll Y

L) (pi)] : (2.34)

The contribution from figure 2 can be evaluated by knowing the result for single soft
graviton insertion since the two parts of the diagram on which the two soft gravitons are
inserted can be evaluated independently. We shall express this as

(2p; - k1)~ (25 - ko) " T T (e, kus pisy, —pi — k1) EN(—pi — 1)}
® {e] T'® (e9, kas pj, —pj — k2) B9 (—pj — k2)}T(ig) (pi + k1, pj + k2) | (2.35)

where T’ ZZ?)’ is defined in the same way as I'(;) except that we now strip off both the
polarization tensors of the i-th and the j-th leg:

N

0 (pispy) = { 11 Ge,ag} TN (py, -+, py) - (2.36)
=1
(i,

It is understood that in (2.35) the terms inside the first curly bracket contracts with the first
index «; of I'j; ;) and the terms inside the second bracket contracts with the second index
aj of I'(; ). By manipulating the matrices acting on the i-th and the j-th leg independently
in the same way as before, using the results

«
emF .

O wipy) =T0(p), €8T (pispy) = Ty (pi), (2.37)

- 12 —



and summing over insertions on all external legs, we arrive at the following result for the
amplitude up to first subleading order:

N
A= (pi-k1) ' (pj-ka) " er wpl' DY 2, 0ol P]T (€1, k1, €2, k2i€1,p1, €N, PN) (2.38)
z,i]#:jl
(i) (pi)
+ Z (pi-k1) ™ (pj-k2) " €2 000Dl €] [q,uypz i kh#Jrkm& b (J“b)TT(Z)(pz)}
zi;jl
i) (i)
+Z i kQ p] kl) €1 PUp]p] 7 |:62,/Wpélp;'/k278(2'1+k2a52,bupét(<]ab)TF(i)(pi):| .
i1 T
i

Next we consider the contribution from figure 3. The contribution from this term has
at most one pole in the soft momentum and therefore begins at subleading order. Therefore
we only need the leading contribution from this diagram. For this we use the result (2.18)
for the off-shell amplitude shown in figure 8. This gives the following expression for the
contribution from figure 3:

N ' N P
Az =— Z(2pi K1) Ll T (61, ks piy —pi — k1) E N (—p1 — ki) €]T€§ijuwr(i,j)(pi,pj) ;
i=1 =1 J
’ (2.39)
where again we have summed over the insertion of the first soft graviton on all external
finite energy states. We can now manipulate this using the form of I'®) given earlier. This

leads to
N

A3 = — Z( k;]_ 81 pzppzo' ZEJ 62 pjua v () . (240)

i=1

The diagram obtained by interchanging (k1,e1) <> (k2,£2) gives
N N 9
Ag = — Z(pZ : ]{32)_1 e’:‘gapippw efa’f”pjuwl“(j) . (2.41)
i=1 j=1 J
Figure 4 also begins contributing at the subleading order. Therefore we only need its
leading contribution, which is given by

Ay = Z {(2p; - (k1 + ko) } el TW (e, k1, €0, ks piy —pi — k1 — ko) E'(—ps — k1 — k2) Ty (ps) -
i=1
(2.42)

This can be evaluated using the expression (2.17) for the vertex I'® shown in figure 7
and manipulating the resulting expression in the same way as the previous diagrams. The

result is
N
Ag =y {pi- (ki +k2)} '] [—281#”82#,)1?5192‘
i=1

OK(—p;) O (—p;)
Ty (pi) - 2.43
I, vn (@) (pi) (2.43)

1
2 (51,;L0'€2,pl/p7, pz + 51,p052,;wpz pz )
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Finally we turn to the computation of the diagram shown in figure 5. Its contribution

is given by

N
As = V(g)’w(éh k1,e2,k2)G v po (k1 + k2) Z ‘fiT T®)eo) (k1 + k23 pis —pi — k1 — k2) Ty (pi)
i=1
(2.44)

where V® and G, ,» have been defined in (2.19) and (2.20) respectively, and T3)(»7) is
defined via the equation

TG (e, k;p,—p— k) = £, T (ks p, —p — k) . (2.45)

Using the leading order expression for I'®) given in (2.15), and the relations (2.24), (2.25),
(2.29) this can be brought to the form

N
As= Z{Pi'(k1+1€2)}_1(k¢1'k2)_16? —(ka-e1-e2-p;) (k2 p;) — (k1-e2-€1-pi) (k1-pi)
i=1

+(ko-e1-e2-p;) (k1 -pi) + (k1 -e2-€1-p;) (ko pi) — 5%, cq (k1-pi) (ka2 pi)
_2(pi‘51'kQ)(pi‘EQ'k1)+(pi'52‘pi)(k2'€1‘k2)+(pi'51'pi)(k1'52'k1)}F(i)(pi) (2.46)
The full amplitude is given by

A=A+ A+ Ao+ As+ AS+ Ay + A5

N
{ (prkl)lel,/wpé‘p’{}{z pj-ka)” ez,papﬁpi}F(el,plw' LEN,PN)

=1
N N
" ] 2T o) O w(i) .,
+{Z(p] ko)~ 152p0p§pj}2(pi'k1) e1,bpk1ap! T[pz ép( )_ ; E()zi-(b +(J b)TFm(pi)]
j=1 i—1 ia %

N
ar'; (pz) 3F(‘)(Pi)
(pi-ka) " eaukaape] [P} —5—=—pf — I (p
(pi-k2) 'eapukoapl e [Pz i D; b () Ty (pi)

Mz

(pj kl 51 po'pjpj }

gt

=1 =1
N
+{ Z{ "(k1+k2)}1/\/1(]91‘;51,k1,52,k2)}r(€1,1917"' JEN,DPN), (2.47)
=1
where
M(pi;er, k1,69, ko) = (pi-k1) H (pi-ka) ™ { —(k1-k2)(pi-e1-pi)(pi-e2-pi) (2.48)

+2(pi-k2)(pi-e1-pi)(pi-e2-k1)+2(pi-k1)(pi-e2-pi) (pi-€1-k2)

—2(pi-k1)(pi-k2)(pi-e1 '52'pi)}

+(k1-ko) 7! { —(ko-e1-€2-pi) (k2 -pi) — (k1-€2-€1-pi) (k1-ps)
+(ko-e1-e2-p;) (k1-pi) + (k1 -e2-1-p;) (ko -pi) — 5% ca(k1-pi) (k2 pi)

—2(pi-e1-k2)(pi-e2-k1)+ (pi-e2-pi) (ka-e1-ka)+(pi-e1-pi) (ka -62-k1)} :
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Figure 10. A possible subleading contribution in five non-compact dimensions.

Here we have used the shorthand notation p; -1 - p; = 61,Wpf py etc. M receives contribu-
tions from the first two terms in (2.33) and (2.34) and also from (2.43) and (2.46).

2.3 Infrared issues

In our analysis we have assumed that possible soft factors in the denominator arise from
propagators but not from the 1PI vertices. This holds when the number of non-compact
space-time dimensions D is sufficiently high. However we shall now show that for D < 5,
individual contributions violate this condition due to infrared effects in the loop. Let us
consider for example the diagram shown in figure 10. In the 1PI effective field theory,
this corresponds to a graph similar to one shown in figure 3, but with both soft gravitons
connected to the vertex I. If there is no inverse power of soft momenta from [ then
this contribution is subsubleading and can be ignored. However let us consider the limit
in which the loop momentum ¢ in figure 10 becomes soft — of the same order as the
external soft momenta. In this limit each of the propagators carrying momenta p; + ¢,
pi + L+ ko, pj — ¢ and p;j — £ + k; gives one power of soft momentum in the denominator
and the soft propagator carrying momentum ¢ gives two powers of soft momentum in
the denominator. On the other hand in D non-compact space-time dimensions the loop
momentum integration measure goes as D powers of soft momentum. Therefore the net
power of soft momentum that we get from this graph for soft £ is D — 6, and in D = 5 this
integral can give a term containing one power of soft momentum in the denominator, giving
a subleading contribution. Since we have not included these diagrams in our analysis we
conclude that for loop amplitudes our result is valid for D > 6. It is easy to see by simple
power counting that higher loop amplitudes do not lead to any additional enhancement
from the infrared region of loop momenta.
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Similar analysis can be carried out for multiple soft graviton amplitudes of the kind
described in section 4. As we connect each external soft graviton to an internal nearly
on-shell line carrying finite energy, the number of powers of soft momentum in the denom-
inator goes up by one. However the required number of powers of soft momentum in the
denominator of the subleading contribution also goes up by one. Therefore the result of
section 4 continues to be valid for loop amplitudes for D > 6, irrespective of the number
of external soft gravitons.

Even though this analysis shows that individual diagrams can give contributions be-
yond what we have included in our analysis for D < 5, we expect that for D = 5 such
contributions will cancel when we sum over all diagrams. This expectation arises out of
standard results on factorization of soft loops [67, 68] that tells us that after summing over
graphs, the contribution from the region of soft loop momentum takes the form of a product
of an amplitude without soft loop and a soft factor that arises from graphs like figure 10
without the external soft lines. Since the graphs like figure 10 without soft external lines
do not receive large contribution from the small ¢ region, and are furthermore independent
of the external soft momenta, their contribution may be absorbed into the definition of the
amplitude without the soft gravitons. Therefore we conclude that the contribution from
the loop momentum integration region for small £ in graphs like figure 10 must cancel in the
sum over graphs. Nevertheless since our general analysis relies on the analysis of individual
contributions of different graphs of the type shown in figure 1-5, and since the coefficients
of Taylor series expansion of these individual contributions as well as those not included in
figure 1-5 (like figure 10) do receive large contribution from small loop momentum region,
we cannot give a foolproof argument that our general result is not affected by infrared
contributions of the type described above.

Note that similar infrared enhancement also occurs for amplitudes with single soft
graviton, but by analyzing the tensor structure of these contributions it was argued in [57]
that gauge invariance prevents corrections to the soft theorem from such effects to sub-
subleading order for D > 5. Similar argument has not been developed for multiple soft
graviton amplitudes.

This problem of course does not arise for tree amplitudes where the vertices are always
polynomial in momenta. Therefore for tree amplitudes our results hold in all dimensions.

3 Consistency checks

In this section we shall carry out various consistency checks on our result. First we shall
check the internal consistency of our result. Then we shall compare our results with the
previous results derived for specific theories.

3.1 Internal consistency

The first internal consistency check of our result comes from the requirement of gauge
invariance. This means that if we make the transformation

Erpy —7 kru Erv + kry gr/ﬁ ) r=1,2, (31)
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for any vector &, satisfying k, - & = 0, the result (2.47) does not change. Checking this
involves tedious but straightforward algebra, and needs use of the equations

N
D pip TN =0, (3.2)
=1
and N
preron areron . o
2 [pi’ opn P gy TSI =0, (33)
a (2

i=1
reflecting respectively translational and rotational invariance of the amplitude without the
soft graviton. While making this analysis we also need to be careful to ensure that while

passing p;,, through 0/0p;, in order to make use of (3.2), we have to take into account the
150,
of (2.47) are not gauge invariant by themselves — their gauge variation cancels against

extra terms proportional to ¢ For this reason the terms in the third and fourth lines
the variation of the term in the last line of (2.47). More specifically if we denote by 4, the
gauge variation:

op : Erpuv — Eruv T+ k‘r,ugmx + k’rv&ry ) (3'4)

for some vector &, satisfying k, - £, = 0, then under 0; the term in the third line of (2.47)
remains unchanged, but the term in the fourth line changes by

N
=2 ) (pi-k2) ™! o Pl ko & €l Ty (3.5)
i=1
On the other hand we get, after using momentum conservation equation Zjvzl il =0,

N N
D Api (ki ko) } P M (piser, kisea ko) € Ty =2 ) (pi-ka) ™" eapu PP k261 €/ Ty -
=1 =1

(3.6)

Using this one can easily verify that the §; variation of the fourth line and the last line
of (2.47) cancel. A similar analysis shows that the dy variation of the third and the last
lines of (2.47) cancel, and that the fourth line of (2.47) is invariant under ds.

The second consistency requirement arises from the fact that individual terms in (2.47)
depend on the off-shell data on I'***N while the actual result should be insensitive to such
off-shell extension. For example if we add to I'**""*N any term proportional to p? + MZ2 ,
it does not affect the on-shell amplitude without the soft gravitons since it vanishes on-
shell. However 9I'“t"*N /Jp;, receives a contribution proportional to pl’ that does not
vanish on-shell. We note however that in (2.47) the derivatives of I'**""*N come in a very
special combination that vanishes under addition of any term to OI'/Op;, proportional to
pl'. Therefore (2.47) is not sensitive to such additional terms in I'.

More generally we can add to I'*'"®*N any term proportional to ICaiﬁ(—pz-)
le"'ai‘lai“ma]v for any function G, since its contribution to on-shell amplitudes with-
out the soft gravitons vanishes due to (2.29). Using (2.29) and the rotational invariance of
KC described in (2.25), is easy to see however that the addition of such terms to I' does not
affect (2.47).
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3.2 Comparison with known results

In order to compare the amplitude with known results, it is convenient to rewrite the
amplitude (2.47) as a sum of two terms A; + A by adding and subtracting a specific term
given in the last two lines of (3.7):

N
A= { Z(m-h)_l&,ﬂ,}pﬁ‘p?}{z pj-k2) " €200 D }F(el,phm JEN,PN)
i=1 j=1

N N
_ - b)) Ol () o,
{Z pj k) 152,/)01751%}2 pick) " erpukapl'c; {Pv W pe (g b)TFm(Pi)}
i=1
N

1 apza 8pib

.

N
ol (pi) 3F(')(pi)
]{i Up_q zk kalTl? (3) _ e g JabTFi i
{1_1 prrk) 817{) pjp]}z_1 poka) e nzebie [pz Opia b Ipiv I T (p)

N
+(k1-k2) ™" Z(pi'kl)_1<pi'k2)_l{(kl‘Ez'kl)(pifl'pi)(pi'kZ)
+(k2-e1 'k’2)(pi'52'pi)(pi'k1)}€iTF(i) (pi), (3.7)

N
AQ = {ZN(pi;€1’k1752,k2)}F(€17p1;"' 76NapN)7 (38)

i=1

where

N (piser, ki,e2,k2) = {pi- (k1+k2)} " M(piser, ki, ea, k)
—(k1-k2) "t (pi-k1) "t (pi-ko) 7t

X{(kl‘EQ'kl)(pi‘El'pi)(pi'k2)+(k2'51'k2)(pi'52'pi)(pz"kl)}7 (3.9)

M being given in (2.48). With this definition A; and A2 can be shown to be separately
gauge invariant.

Refs. [26, 30] computed the double soft limit for scattering of gravitons in Einstein
gravity using CHY scattering equations [69-73]. Since our result is valid for general finite
energy external states in any theory, it must also be valid for scattering of gravitons. There-
fore we can compare the two results. The contribution in [26, 30] comes from two separate
terms, the degenerate solutions and non-degenerate solutions. The contribution from the
degenerate solutions agrees with our amplitude As given in (3.8) up to a sign after using mo-
mentum conservation rules (3.2). The contribution from the non-degenerate solutions were
evaluated in [30] to give only the first three lines of (3.7). However the analysis was carried
out in a gauge in which kq -9 = 0 and ko -€7 = 0. For this choice of gauge the contribution
from the last two lines of (3.7) vanishes. Therefore, up to the issue with signs mentioned
above, there is agreement between our results and the results in pure gravity derived from
CHY equations in [26, 30], with (3.7) giving the full gauge invariant version of the contribu-
tion from non-degenerate solutions of CHY equations. By carefully reanalyzing the double
soft limit of the CHY formula for the scattering amplitudes we have been able to show that
the result obtained from the CHY formula actually agrees with ours including the sign [74].

Ref. [59] computed the double soft limit of graviton scattering amplitude in four space-
time dimensions using BCFW recursion relations [75]. This analysis was also carried out in
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the gauge k1 -e9 = 0 and k-1 = 0. In this gauge the subleading contribution to .4; comes
only from the second and the third lines which, written in the spinor helicity notation,
has the standard form involving derivatives with respect to the spinor helicity variables,
called ‘non-contact terms’ in [59]. Therefore we focus on the Ay term. Ref. [30] showed
that the contribution from the degenerate solution to the CHY equations agrees with the
‘contact terms’ computed in [59] using BCFW recursion relations. Therefore our result for
Ay agrees with the contact terms of [59] up to the sign factor discussed earlier. We have
also verified this independently by noting that in the gauge k1 -2 = 0 and ks -1 = 0 many
of the terms in Ay vanish and the remaining terms take the form

N
Z {pi (k1 + k)Y 1| — i k1) (pi - k2) (K1 - ko) (pi - €1 - i) (pi - €2 - i)
i—1

—2(pi-e1-ea-pi) — (ki - ko) e calky - pi) (k2 - pi) [T(er, 1, enypy) - (3.10)
By expressing this in the spinor helicity notation we find that when the two soft gravitons
carry the same helicity (3.10) vanishes. This is in agreement with the result of [59]. On the
other hand when the two soft gravitons carry opposite helicities, A9 gives a non-zero result
that agrees with the ‘contact terms’ of [59] up to a sign. We have not tried to resolve this
discrepancy in sign between our results and that of [59]. However given that we have now
verified that the CHY result for contact terms actually comes with a sign opposite to that
found in [26, 30] and agrees with our amplitude Ay [74], it seems that the difference in sign
between our results and the BCFW results may be due to some differences in convention,

e.g. the difference in the choice of sign of the graviton polarization tensor.?

4 Amplitudes with arbitrary number of soft gravitons

The method described in the earlier sections can now be generalized to derive the expression
for the amplitude with multiple soft gravitons when the momenta carried by all the soft
gravitons become small at the same rate. We shall first write down the result and then

explain how we arrive at it. The subleading soft graviton amplitude with M soft gravitons

carrying momenta ki, --- , kyr and polarizations €1,--- ,e3 and N finite energy particles
carrying momenta pi,--- ,py and polarizations €, --- , €y is given by
M N
A=T] {Z(pi'kr)_lgr,uupfp;‘/}F(617p17 "t EN,DN) (4.1)
r=1 (i=1

M N

_ G (p) O GH(i) | | 4
+ZZ(pj'ks) 153,buksap§‘t€f |:p? (;Zjaj —P; 8]]33‘5] +(‘] b)TF(j)(pj):|

s=1j=1

=1

M N
x {Z(pi-kr)_la,wp’ip?}
rs
M N M N
+ > {Z{Pj'(errku)}1M(Pj%€mkm€uaku)GJTF(j)(Pj)} 11 {Z(Pi'/fs)l&,uupfp?}a

ru=1 | j=1 s=1 i=1

r<u

*We have used the convention that the graviton polarization tensors in four dimensions are given by
squares of the gauge field polarization tensors without any extra sign.
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Figure 11. A leading contribution to the amplitude with multiple soft gravitons.

where M(pj;er, ky, €y, ky) has been defined in (2.48). Independently of the general argu-
ment given below, we have used Cadabra [76, 77] and Mathematica [78] to check (4.1)
explicitly for amplitudes with three soft gravitons.

We begin by reviewing the derivation of the leading term given in the first line of (4.1).
For this note that this term may be rearranged as

N
> 114 T eruwrl®f ¢ 11 k)™ § Tler,pr, -+ sen,p).-
Aq,-Apn; A {1, ,M} =1 'I‘GAi TEAi

AimAj:(Dforz‘;tj;AluA2u~-<uAN:{1,mM}

(4.2)
Physically the i-th term in the product represents the contribution from the soft gravitons
in the set A; attached to the i-th finite energy external line. To see how we get this factor,
let us denote the momenta of the soft gravitons attached from the outermost end to the
innermost end of the i-th line in a given graph by k1, ky. The corresponding polarizations
are denoted by &1,---&,. This is shown in figure 11. The unordered set {12:1, _ ,l;:n}
coincides with the set {ks;s € A;}. A similar statement holds for the polarizations. The
leading contribution from the products of three point vertices and propagators associated
with the i-th line of the graph may be computed using (2.30), (2.29) and is given by

{H ér,wpfpi”} {pi - ki} i (b k2)} e A (ko k) (4.3)
r=1

The total contribution obtained after summing over all permutations of the momenta
ki,--- , ky using (A.1) is given by

{Hér,uupﬁ‘pi”} > {pi-kr} Hpi- (k1 +k2)} ' {pie (k- + ko) }
r=1

permutationsof 12:1 ,I;:n

= {Héﬁl“/pgpzy} {H(le%s)l} = H ET,ul/péLsz'j H (pi'ks)il . (44)
r=1

s=1 reA; SEA;

This reproduces (4.2).
We now turn to the analysis of the subleading terms. For this let us first analyze the
contribution from the products of the propagators and vertices in figure 11 to subleading
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order. Using (2.30) this may be expressed as
~1

{2])1";31}_1{2]%-(;}1 —}-%2)4—2];31 '];52}_1 xx 2p1(%1+ . +§Jn)+2 Z kr%u

ryau=1
r<u
~UV .~ v aEZ — P ~ 7. a 7.
el [2E’f PipDiv+1€1,,D; /C(—pi)a(pm-ﬂq,b#kmpf(t] b)TJF’C(—Pi)Q(pi?kl)}
i
o . 0= (—pi—k
2 i i+ i 4R i) E 2
i
+252,bul~€2apf(Jab)T+/C(pi)Q(pi,];Q)]
. [25%”{pw+l?:m+---+l?:(n1)M}{piy+l%1y+---+l§:(nl),,}
- - - - Ei(—pi—ky—hky— - — ke
+ién,uu(p;‘/+k5+"'+kZ,1)K(_pi_kl_k2_‘"kn—l) ( b 18])‘2 1)
i
+25n,b,ul~§nap5(t]ab)T+’C(_pi)Q(pi7l~fn):| Ty (pitkite+ky). (4.5)

First let us analyze the contribution from the lzz,n . l;:u terms in the denominator. Since
this is subleading, we need to expand one of the denominators to first order in k&, - ky, set
ky -k, = 0 in the rest of the denominators, and pick the leading contribution from all other
factors. This leads to

~ - ! Tz P VT (s
{Z:QTU,ZI bi- k1‘|‘ +l;m)}{Hpi'(];:1+"‘+];Zg)}{81;11€8’uypipl}q P(l)(pl)‘

(4.6)

After performing the sum over all permutations of ki, kn using (A.2) this gives

- H {(pz : ];s)_l gs,;w pfp;j} Z INCT : ifu {pi : (ifr + ifu)}_l . (4'7)
s=1

rau=1
r<u

Next we consider the terms involving the contraction of &, with k, for r < u, coming
from the first term inside each square bracket in (4.5). Since this term is subleading, once
we pick one of these factors we must pick the leading terms from all the other factors.
Again using (2.29) we can express the sum of all such contributions as

n n ) e - n 1
2 Z { H ESaMVpéLpi } gu#l’py kr { H ' (]::1 I ];: )}EzT F(i)(pi)' (4'8)

rau=1 s=1 m=1 pl :
r<u s#u
After summing over all permutations of (ky,&1),-- - , (kn,&,) using (A.3) this gives
n 5 n B
2{H(pi‘ks)1} > Api- (b + k) { H Es,ul/pzpz}
s=1 rau=1 =
r<u s;ﬂ u

{(pi cku) (pi- & pi)(Pi - Eu - Kr) + (P - ky) (i - pi) (D3 Er - %u)}eiTF(i) (p). (4.9)
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We now turn to the rest of the contribution from (4.5) in which we drop the ky - Ky
factors in the denominator and also the terms involving contraction of l;:r with &, in the first
term inside each square bracket. Our first task will be to expand the factors of K and =¥ in
Taylor series expansion in powers of the soft momenta. It is easy to see however that to the
first subleading order, the order k* terms in the expansion of Z¢ do not contribute to the
amplitude. This is due to the fact that once we have picked a subleading term proportional
to kLO2E! / Opf ﬁpf , we must replace the argument of IC by —p; in the accompanying factor
and in all other factors we must pick the leading term. In this case repeated use of (2.29)
shows that the corresponding contribution vanishes. Therefore we can replace all factors of
0= (—p; — k1 — ---)/Op! by 0= (—p;)/dp!. Similar argument shows that all the K(—p;)Q
terms, and the terms involving contraction of &, with l%r in the second term inside each
square bracket in (4.5), give vanishing contribution at the subleading order. This allows
us to express the rest of the contribution from (4.5) as

(2pi - k1) " 2pi - (ka4 o)} {2 - (k4 + Kn) )
6T |:2(c/’1 +2L1 + 251’b#l%1ap5(Jab)T
OK(—pi) BEi(*Pi)

+ 285 pukaapl (%)
apip 8piu 2,bp"2a z( )

|:2(€2 + 252 +1 52 ,uyp;jklp

OK(—=pi) 3Ei(—Pi)

|:25 + 2L, +ié, sz (klp -+ l;:nfl,p) + 25n,bul~€nap?(Jab)T

8pip apiu
Tiypi+ i+ + k), (4.10)
where, A
N . 0='(—pi)
s — e inPivy s — &5 'LW v —Pi) & - 4.11
Es = EL"pipp Ls = 58" piK(—pi) T (4.11)

We now expand (4.10) in powers of soft momenta. Even though L is leading order, its
contribution to the amplitude vanishes by (2.29) unless there is some other matrix sitting
between 6 and L;. The possible terms come from picking up either the term proportional
to OK/0pi, O=/0piy or (J®)T from one of the factors. Both these terms are subleading
and therefore we can pick at most one such term in the product, with the other factors
being given by & + L. Therefore if we expand (4.10) and pick the subleading factor from
the r-th term in the product, then in the product of & + L, we can drop all factors of L
for s < r since they sit to the left of the subleading factor and will vanish due to (2.29).
This gives the following expression for the subleading contribution to (4.10):

(pi-kr) " Hpi- (ki +k2)} 1 i (et En )}

n r—1 )
OK(—p;) 0= (—p;) . - 3
;‘F[Z{Hﬁ } [ Era i (klp+ e 1p) =pi) ( p)+€r,bukrap2‘(t] b)T}

apip 8pz‘u

+<pi-z%1>-1{pi-<%1+%2>}-1---{pz--<z%1+---+%n>}‘1{ﬁ&}fﬁfww]‘ (4.12)

apip
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The last term comes from the Taylor series expansion of I';) in powers of soft momenta.
In the product the (& + Ls)’s are ordered from left to right in the order of increasing s.
We now manipulate the product [];_, . (£ + Ls) as follows. If the subleading factor is the
one proportional to 9KC/0p;, 0=/0p;, then we leave the product of the factors (& + L)
for s > r unchanged. However if the subleading factor is the one proportional to (J)T,
then we expand the product of the factors (€ + L) for s > r as

(gr+1 +£r+1) T (5n+£n) = r+1 g + Z 5r+1 u 1 ﬁ (gqul +£u+1) e (5n+£n) .
u=r—+1
(4.13)

Using this, and combining the contribution from the first term on the right hand side
of (4.13) with the last term in (4.12), we can express (4.12) as

(pi-kn) ™ {pi- (k1 +k2)} o {pi- (ka4 4kn)} (4.14)
- ar,
€ [ { } Erpukral (J°)TT ) (Pi)+ €1 Piypivkr— ()}
s=1 pr
S#ET
n r—1 . n
! OK(—pi) 0= (—pi)
QZ::{};I }5ruvpz k1p+ +kr 1,,0) apip 8]%“ S:];J[rl(gs‘l‘»cs) F(z)
sy r =) [ T
+22 Z HE Erbpkrapz (J ) 5upng’C( ) ap, H (gs+£s) F(z) .
r=1u=r+1 ip s—ut1

s;é'r

We now use (2.25) to move the K(—p;) factor in the last term to the left of (J%)” and
use (2.29). This allows us to express (4.14) as

(i k1) Mpi (k1 + ko)t {pi (k4 + k)bt

)
[Z { H o } {Sr wukrap () Loy (pi) + & Wpi”kmao}
Pip
57£7‘

r=1

..n r—1 ; n
5 ) . _ 0K (—pi) O (—pi
+ % { | | 85}57’,111/2?? (klp + -+ k’/‘—l,p) a( P ) 8( P ) { | | (55 + /-:S)} P(z)
- Pip Piu

s=r+1
i v o OK(—p:) baK(_pi)> Ei(—pz')
+5 5'r ral; 6u oV /3 i
2 T;l { H } b;t Py Eupoli <p i —-Dp O By
r<u s;t'r

{ f[ (5s+cs)} r(i)]. (4.15)

s=u-+1

It is easy to see that terms proportional to p?0K/dpj, in the fourth line of (4.15) cancels
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the terms in the third line of (4.15). Therefore we are left with

(pi- k1) Mpi- (ky+h2)} ' Api (k4 + )} ! (4.16)

Z H = ol
[ { Es } {87’ by Tapz (Jab)TF(z) (pz> + 8 pmpwkrpa()}
Pip
s;ﬁr

» OK(—p;) 0= (—p; -
+ = Z { Hg }pz kz’ 57’ bupl Eu pUpz (9(pr ) ai)zp ){ H (gs +£s)}r(z)] .

rau=1 s=u+1
r<u s;é'r

First consider the term in the second line of (4.16). We sum over all permutations of
(€1, 121), oo (Epy i;:n) After the sum over r is performed, this expression is already invariant
under the permutations of the soft gravitons inserted on the i-th line. Therefore we simply
have to sum the expression in the first line over all permutations using (A.1), producing

the result:
- - T,
{H(pi k) } [Z [1{e pippin} {&bu raPl (T T o) (0s) + &1 pipipivkr 5 ()}]
s=1 r=1 s=1
S#T

(4.17)
Since this is already subleading, we have to pick the leading contribution from all the
other external legs, producing factors of [],. A {(pj . ks)_las,w,p;‘ p;’} after summing over
permutations of the soft gravitons. Finally we sum over all ways of distributing the soft
gravitons on the external lines. The net contribution from these terms is given by

I& ey (1)(1’1) T o 1
ZZ(pl : kr 5r bpkrapz i pz Op: (Ja ) I‘(z) (pz):| H Z(pj 'ks)_ 5s,uup5p;‘/ .

r=1 i=1 s=1 { j=1
S#ET
(4.18)
We now combine this with the contribution from the sum of graphs where one soft graviton
attaches to the amplitude via the vertex I' shown in figure 8 and the other soft gravitons

attach to the external lines. Using (2.18) we get the contribution from these graphs to be

M M N ( )
DR | RO TRLS ey Zsmbp Moes). (4.19)

r=1 s=1 j=1 6p2b

The sum of (4.18) and (4.19) reproduces the terms in the second and third line of (4.1).
Let us now turn to the contribution from the last line of (4.16). We express p; - k,
factor as

pi- (kr4-+ k) —pi- (k1 + - k) (4.20)

so that each term in (4.20) cancels one of the denominator factors in the first line of (4.16).
Now we are supposed to sum over all permutations of the soft gravitons carrying the labels
1,--- n. However instead of summing over all permutations of /;:1, e ,];:n in one step, let
us first fix the positions of all soft gravitons except the one carrying momentum ky, and
sum over all insertions of the soft graviton carrying momentum ky to the left of the one

— 24 —



carrying momentum k. Using (4.20) at each step, it is easy to see that the contributions
from the terms cancel pairwise. For example for three soft gravitons, with 1 fixed to the
left of 3, and the position of 2 summed over on all positions to the left of 3, we have

{pi -k} Hpi - (b + k)Y i (kn + ko +E3)} 7 {pi- (b1 + ko) —pi - K}
+ {piko} i - (By + E2) Y Hpi - (k1 + ko + k3)} i - ko)
= {pi -k} {pi - (by + by + k3)} " (4.21)

As a result of this pairwise cancellation, at the end we are left with only one term arising
from the insertion of ];r just to the left of l;:u In order to express the result in a convenient
form we relabel the gravitons attached to the i-th line from left to right, other than the
one carrying momentum l;:r, as

(éla ];11)1 T (éu—27 ku—2)7 (5ua ku)a (éu—i-l’ ]%u-i-l)a Tty (ém kn) . (422)

and sum over all insertions of the graviton carrying the quantum numbers (&,, k) to the

left of (€y, ky). Then for fixed 7, s the result is given by

(pi-kr) ™ i (k) } - {pi- (ka4 hua)}
{pi- (b1t kot e+ k) Y Apis (4 hua bR bRt kg -+ kn)}

. u—2 : n
. A (—p;) O (—p; PO
[ {Hes}gr,wyéu,papz (i) 02 p’{ 11 <ss+cs>}
s=1

Opip Opip Nt

ey, (4.23)

N =

where

~ R ~ 7 o=t —p;
gs = Séwpiupiuu [’5 = 755Vpiulc(_pi) M .

5 5o (4.24)

Next we add to this a term obtained by exchanging the positions of r and u. This is
equivalent to exchanging the p and b indices in (0KC/0p;p)(0Z/0p;,) and gives

(pi-kr) " Hpi- (b +k2)} - {pi- (- k)
(pi-(k1+- A hu—2 ke +h)} i (b1 + A hy—a+ kg +hygn +- k) }

. u—2 ] "
~ | B o_a,c —D; 85@ —pi . R
e [;{H Es}ar,bupfeu,papi (—pi) 9='( p){ 11 (SS—FES)}]F(i)(pi)_ (4.25)
s=1

Ipip i | 2ot

Summing over the remaining permutations corresponds to treating the r-th and wu-th
graviton as one unit sitting together, and summing over all permutations of the n — 1 ob-
jects generated this way. However it will be more convenient for us to first add to this the
contribution from the diagrams shown in figure 12 and figure 13. Since these diagrams are
subleading, we need to pick the leading contribution from all the vertices and propagators.
For the product of any of the I'®) vertices and the propagator to the right of this vertex,
we can use (2.30) to generate factors of (Es + /:'S) in the numerator. Using (2.29) we can
argue that in all such factors to the left of the vertex, where momentum l;:,n + /;:u enters the
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SN

Figure 12. A subleading contribution to the amplitude with multiple soft gravitons.
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Figure 13. Another subleading contribution to the amplitude with multiple soft gravitons.

V<3

finite energy line, we can drop the Es factors. Following analysis similar to the ones leading
0 (2.43) and (2.46), we arrive at the following results for figures 12 and 13 respectively,

(pi-kr) " Hpi (ki +k2)} 1 Api (it +ku—2)}
(pi- (k1A hy—o ke k) } L {pi (b1 A hyma -k F ey kg1 k) }

~ ; OK(—p;) 0= (—p;
E;'T [ H gs } {_25”11511#[)])51)5 2 (87'7,11408“ pypz pz +€7‘,po’<€u,llvp7, b; ) 8(p 'L) a; 7/)
i T w

Ly (pi), (4.26)

(i@'r'l}u)_l (pz kl) {pl (k1+k52)} "{pi'(];:1+"‘+]27u72)}_1
{pi- (k14 Aky_otke+k)} - Api- (b4 +huotkr+kutkus14--+kn)}

u—2
. H U 5’} { = (huep i) (kuepi) = Uir-o-Eopi) (i)

+(l~‘7u'ér'éu'pi)U;r'pi>+<l~fr'§u'5r'pi)(ku pz) 5 gucd(kr'pi)(%u'pi)
*2(291"5r‘/;7u)(pi'5~u'l%r)+(pi‘5u'pi)(ku'ér'lgu)WL(pi‘gr'pi)(]%r‘éu'];r)}

{ 1T (gerEs)} ]F(i)(pi)‘ (4.27)
s 1

=u+

3We could have dropped the L, factors from (4.27) using (2.29), but will postpone this till the next step.

— 96 —



After adding these to (4.23), (4.25) the terms involving derivatives of K and = get can-
celed. Once these terms cancel, we can drop the terms proportional to Ls. The result takes
the form

(pi-kr) " Mpi- (ky+Ea)} 1 Api- (ka4 -+ Eua) } !
{pi.(]%1_|_..._|_]%u_2+]~{r+l~§u)}_l---{pi~(]%1+"'+/A€u_2+l~€r+l~€u+i€u+1+'"‘Fiﬁn)}_l
u—2 n
ek el H 11 gs} { 11 Es} {_2 Forku €y €uwppi D — (Ku-&r-Eupi) (kupi)
s=1 s=u+1
_(];r5u§rpz)(lz7rpz)+(léuéréupz)(];rpz)"i_(lgréuész>(l;7upz)

_ggdéu,cd(kr pz)(kupz) —2(1%' “Ep ku)(pl “Ey kr)+(pz gupz)(kuér ku)

+(Pi'5r'pi)(7;ir‘5u'7;?r)} Ly (pi) - (4.28)

We can now sum over all permutations of the soft gravitons carrying momenta
ki, yky—o, kyt1,- -+ , kn and the relative position of the unit carrying momentum k, + k,,
among these. The only factors that differ for different permutations are the factors in the

first two lines of (4.28). Sum over permutations using (A.1) converts these to

{ 1:[(1%- s)_l} { I1 (pz"]%s)_l} {pi- (ke )} = (i (R k) { I1 (pz"ffs)_l} :

s=u+1 s=1
S#ETU

>

(4.29)
where we have used the fact that the unordered set {l;:r, /;:u, 12:1, cee l%u,Q, ]%u+1, e l;:n} corre-
sponds to the set {151, cee l;n} Using a similar relation for the polarizations we can express
the product of & factors in (4.28) as [, €. We now sum over all possible choices of
r,u from the set {1,--- ,n}, and add to this the contribution (4.7), (4.9). This gives

) { 11 <5é‘”pwpw>}{ 11 <p@--1?:s>—1}{pi-<z%r+z%u>}—1M<pz-;a,é,«,éu,zzu)e?r(i)(pi)

ryau=1 s=1 s=1

r<u SETU s#ETU
- Z { H (5/;'/172‘”}7@'1/)}{ H (pi'ks)1}{pi'(kr+ku)}1M(pi;€T;kmguvku)ﬁzrr(i)(pi)7

TUCA; s€A; sEA;

r<u SFETU SFET,U (430)

where we have used the fact that the set {ky,--- ,ky} corresponds to the set {kq;a € A;},
and that a similar relation exists also for the polarization tensors.
Summing over all insertions of all other soft gravitons on other legs we now get

the result

) i [ﬂ 11 {(pj-m—lsq,wpgfp;}]

Ap,ANs A;C{L, M} i=1 L i=1 qcA;
A;NA;=0forizj; AjUAgU---UAN={1,--M} J#i
Z [{pz : (kr + ku)}_l H {(pz : ks)_l 5s,p,vpé'tp;'j}
rucA; SEA;
r<u Ss#ET, U
M(pi; ery ks €us ku) T(er,pr, - - ,eN,pzv)] : (4.31)
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After rearrangement of the sums and products, this reproduces the terms on the last line
of (4.1). This completes our proof that amplitudes with multiple soft gravitons are given
by (4.1).

Finally let us briefly discuss the gauge invariance of (4.1). For this it will be useful to
use the compact notation for the amplitude A as given in eq. (1.1). Let us suppose that
we transform e, by the gauge transformation ¢, defined in (3.4). Then the non-vanishing
contribution to d, A is given by

N M M
{H} Z{ 11 550)}5pS;°>[S§”r]al“% (4:32)

=1 s=1
s#p r#s,p

N M N
O 0 P T TRR P )

Jj=1

The first line of (4.32) can be evaluated using (3.5), and yields the result

N M M
—2 { 11 } > { Sﬁ‘”} SO kg - g TN (4.33)
r=1

i=1 s=1
s#p s
The second line of (4.32) receives contribution from the choices 7 = p or u = p. Since
M(pi; e, kr, €y, ky) is symmetric under the exchange of r and u, we can take u = p and
replace the r < u constraint in the sum by r # p. Therefore the second line of (4.32) takes

the form
N M M N
{H}Z{ 11 Sé(”} {Z {0y (ke - hp)) @M(pj;er,k?«,ep,kp)} pesax.
i=1 s=1 jil

r=1
r SET,P

(4.34)
Using (3.6) we can now express this as

N M M
2 {H} Z{ 11 sgm} SO k, - g, To1oN, (4.35)

=1 r=1
r#p S#ET,P

This precisely cancels (4.33), establishing gauge invariance of the amplitude.
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A  Summation identities

In this appendix we list three summation identities that are used in the analysis in section 4.

n

> [ (@ +aa++am) ™ =[] (@m)™". (A1)

all permutations of subscripts 1,---,n m=1 m=1
n m n
> D bru(ar e tam) [ J(ar 4+ +ae) !
all permutations of subscripts 1,---,n m=271"1 =1
n n
= H (am)f1 Z bm(a,ﬂ—i—au)*1 for bys =bg, for 1 <r<s<n. (A.2)
m=1 rau=1
r<u
n n
Z Z Cur H ay+-- +aé -1
all permutations of subscripts 1,---,n 73! =1
n
= H am)” Z ar—i—au)_l(au Curtar Cry). (A.3)
m=1 T, u< 1

The proof of these identities may be given as follows. Let us first consider (A.1). The
summand on the left hand side may be expressed as

[e.e] o oo
/ dsie 1™ / dsges2(a1ta2) / ds, e snlart+an) (A.4)
0 0 0

Defining new variables
ti=81+s2+8n, la=s2+-+5p,-, tn=5n, (A.5)

we may express (A.4) as
/R dty dty - - - dt,, e trar—t2a2=~tnan (A.6)

where the integration range R is
o>t >te> - >ty 1 >t, >0. (A7)

Summing over all permutations of the subscripts 1,--- ,n can now be implemented by
summing over permutations of t1, - - - t,,. This has the effect of making the integration range
unrestricted, with each t; running from 0 to co. The corresponding integral generates the
right hand side of (A.1).

The proof of (A.3) follows from a simple variation of this. For this note that the
coeflicient of the ¢, term on the left hand side for » < w is given by a sum over permutations
with the same summand as in (A.1), but with the restriction that we sum over those
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permutations in which r comes before u. Translated to (A.7) this means that after summing
over permutations the restriction ¢, > t, is still maintained. Therefore the result is

/ N dtidty ---dt, e tra1—teaz——tnan (A.S)
tr >ty

This integral can be easily evaluated to give
(al s an)_l Ay, (ar + au)_l . (Ag)

This is precisely the coefficient of ¢, on the right hand side of (A.3). Similarly in the

computation of the coefficient of ¢, for r < u we only sum over those permutations for

which u comes before r. This has the effect the changing the constraint ¢, > t, to t, <,

in (A.8) and reproduces correctly the coefficient on ¢, on the right hand side of (A.3).
Finally let us consider (A.2). We begin with a different sum

n ¢ -1
Z H<a1+a2+...+a5—2bru> , (A.lO)

all permutations of subscripts 1,--- ,n (=1 ru=1

r<u

and note that the first subleading term in a Taylor series expansion of (A.10) in powers of
bmn’s give the left hand side of (A.2). We now manipulate this as before, arriving at the
analog of (A.4):

o0 o0 o0 —Sn (al++an_zryl- u=1 bru)
/ dsje 510 / d82€—s2(a1+a2—b12) - / dsye r<u . (A.ll)
0 0 0

The change of variables given in (A.5) converts this to

/ dty dty - - - dt, e 1a1712a2=—lnan
R

n—1 n
exp [(tQ —t3)b12 + (t3 — ta)(b12 + baz + b13) + - - + (tn—1 — tn) Z by + ty Z bry

rau=1 rau=1
r<u r<u
n
:/ dty dts - - - dt, e 1@ —t202 = —tnan oy Z b tu] . (A.12)
R rau=1
r<u

We now expand the last factor of (A.12) in a Taylor series expansion and pick the coefficient
of the b, term. This has the effect of multiplying the integrand by ¢, and restrict the sum
over permutations to those for which r remains to the left of u. However as b,.,, is symmetric
in 7, u, there is also another term related to this one under the exchange of the subscripts
r and u. Therefore the integral is given by

/ dtl dt2 ce dtn e—t1a1—t2a2—...—tnan ty + (7“ PN u) . (A.13)
tr>ty

Evaluation of this integral gives

(al L an)fl Ay, + Qr
(ar +au)?  (ar + ay)?
This is precisely the coefficient of b,,, on the right hand side of (A.2).

} = (al ce an)il (ar + au)il . (A14)

— 30 —



We can also give recursive proof of all the identities without using the integral repre-
sentations. Let us begin with the identity (A.1). Let us suppose that it holds for (n — 1)
objects. We now organise the sum over permutations of all subscripts 1,--- ,n in (A.1) by
first fixing the last element to be some integer ¢, and summing over all permutations of the
subscripts other than i. This gives, using (A.1) for (n — 1) objects,

(a1 @ic1@ip1 -+ an) " (a1 +---an) 7" (A.15)

We now sum over all possible choices of i. This gives

n

Z(al ot Ap—1Q41 7t an)il (a1 + - an)*l . (Alﬁ)
i=1
This can be written as
(al e an)_l(al + -4 an)_l Zaz — (a/l CRCS an)_l s (Al?)
i=1

reproducing the right hand side of (A.1).

A recursive proof of (A.3) can be given as follows. Let us again assume that the
identity is valid for (n — 1) objects. Now for u > r, the coefficient of ¢,, on the left hand
side involves a sum over permutations of the subscripts 1,--- ,n, with the same summand
as in identity (A.1), but with the restriction that r always appears to the left of u in the
permutation. We now organise the sum as follows. First we fix the last element and sum
over permutations of the first (n — 1) elements. If the last element is ¢ with 7 # u, then the
result, using (A.2) for (n — 1) objects, is given by

{ H (am)l} au (ay +a;)7" (a1 4+ -an)™t. (A.18)

m#i

Note that ¢ cannot be r since that will violate the rule that the r always appears to the
left of u. On the other hand if the last element is u then the sum over permutations over
the first (n — 1) elements becomes unrestricted and we can apply (A.1) to get

{ f[ (am)_l} (a1 4 +a,) L. (A.19)

m=1
m#u

Therefore the total answer, obtained by summing over all possible choices of the last element
(other than r), is

i

i#ru \ m=1

Elementary algebra reduces this to

-1

(a1 an) tay (ar +ay) ™, (A.21)
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which is the coefficient of ¢,, on the right hand side of (A.3). The analysis for the case
r > u is identical, with the roles of r and u interchanged.

Finally we turn to the proof of (A.2). By collecting the coefficients of b,,, on both sides
and using the symmetry of b,,, we can write this identity as

n

> Y o+ Fam)  [Jlar - an) !

all permutations of subscripts 1,--- ,n ™2 =1

m>r,u

= (ar + au)_l H (am)_l . (A.22)

m=1
As before, we shall proceed by assuming this to be valid for (n — 1) objects and then prove
this for n objects. Let us first consider the contribution from the m = n term in the sum
on the left hand side of (A.22). The contribution of this term is given by

n—1
(a1 + - +an) "2 > [Jai++a)™. (A23)
all permutations of subscripts 1,--- ,n (=1

We now perform the sum over all permutations by fixing the last element to be some fixed
number ¢, sum over permutations of the rest for which we can use (A.1), and then sum
over all choices of ¢. This gives

(a1 + - +ap)~2 Z { H (am)l} =(a+---+ an)l{ H (am)l} . (A.24)
i=1 m=1 m=1
#i

Next we consider the contribution to the sum in the left hand side of (A.22) for m < (n—1).
This is given by

n—1 n—1
(a1+..._‘_an)*1 Z Z (G1+"'+am)71H(al+~-.—|—a€)71'
all permutations of subscripts 1,---,n %32, =1

(A.25)
We again perform the sum over permutations by fixing the last element to be some fixed
number ¢, summing over permutation of the rest of the objects, and then summing over 3.
Note however that now ¢ cannot be either r or u since then we cannot satisfy the constraint
m > r,u. The sum over permutations can now be performed using (A.22) for n — 1 objects

and gives
(0o Y { HWI} S
s i
= (a1 + - +an) Ha, + au)l{ H (am)l} (a1 + - +an—ar —ay). (A.26)
m=1

Adding this to (A.24) we get

(ar +ay)”" { H(am)—l}, (A.27)

which is precisely the right hand side of (A.22).
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