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1 Introduction and summary

Black holes are important laboratories for studying quantum gravity. The usefulness of
these objects comes from combination of the rich phenomena associated with them and
a relative simplicity of the underlying geometry. For example, dynamics of various fields
in the background of the Schwarzschild black hole is fully understood, and yet it leads to
the Hawking radiation [1] and to the black hole information paradox, one of the major
challenges facing theoretical physics. Scattering from the higher-dimensional counterparts
of the Schwarzschild black hole and from D-branes has also been studied in detail [2-§],
and important lessons extracted from such investigations inspired the formulation of the
AdS/CFT correspondence [9-11]. Static black holes built from the D-branes have played
the crucial role in the microscopic explanation of the Bekenstein entropy [12], a major step
towards resolving the information paradox.

The rotating black holes are also relatively simple, but study of their dynamical prop-
erties is not as straightforward as in the static case. While the Schwarzschild geometry
and its higher-dimensional generalizations have sufficient numbers of isometries to guaran-
tee the full separation of variables in equations for all dynamical fields, this not the case
even for the four-dimensional Kerr metric [13]. The problem can be seen already at the
level of probe particles: the R x U(1) isometry of the Kerr solution leads to two conserved
quantities (energy and angular momentum of the probe), which are not sufficient to fully
characterize motion in a four-dimensional space. However, particles in the Kerr geometry
posses a third conserved quantity which cannot be attributed to a Noether charge asso-
ciated with isometries [14]. All such Noether charges come from Killing vectors of the
background geometry, while Carter’s integral of motion is associated with an irreducible
rank-two Killing tensor! [14-16]. This tensor also ensures full separation of variables in
the Klein-Gordon equation.

Since separation of variables in the Schwarzschild geometry follows from isometries,
the decomposition into spherical harmonics persists for fields of arbitrary spin. In contrast,
for the Kerr geometry, separation of variables for various fields has been worked out only
on a case-by-case basis. For spinors, such separation of the Dirac equation follows from
the existence of an anti-symmetric Killing-Yano tensor [17-23]. For the electromagnetic
field and for gravitational waves, the separation was demonstrated in the classic work by
Teukolsky [24, 25], which did not rely on the Killing(-Yano) tensors encoding the hidden
symmetries of the Kerr geometry. The main goal of this article is the construction of
separable electromagnetic waves in the higher-dimensional generalizations of the Kerr ge-
ometry, and as a byproduct of our general approach, we will clarify the relation between
the Teukolsky’s ansatz and the Killing(-Yano) tensors of the Kerr metric. We will also
propose a modified ansatz for the gauge field, which leads to full separation of Maxwell’s
equations in four dimensions, even beyond the single polarization discussed in [24, 25].

The main motivation for studying black holes in higher dimensions comes from string
theory, which has been very successful in counting microscopic states [12, 26], computing
scattering amplitudes [2-8], and getting insights into various quantum properties of black

'The Kerr metric also admits several reducible Killing tensors constructed as products of Killing vectors.



holes [27-34] in D > 4. For the Schwarzschild-Tangherlini geometry [35], separation of the
Klein-Gordon and Maxwell equations is rather straightforward,? but the study of gravita-
tional waves in such backgrounds is an active area of research [36-41]. In contrast, the vast
majority of efforts in studying rotating geometries has been dedicated to scalar and spinor
fields [42-56] with a few notable exceptions [57-60]. Unfortunately, in this case, the full
description of the Maxwell’s equations, let alone gravitational waves, has been missing, and
the goal of the present article is to close this gap in the literature on electromagnetic waves.
A better understanding of the black hole excitations will give new handles on probing these
fascinating objects.

The approach pursued in this article is based on utilizing hidden symmetries of rotating
black holes in higher dimensions. Such symmetries encoded in the Killing-(Yano) tensors
have been explored in the past, both in higher-dimensional general relativity [42-56] and in
string theory [61-71]. This paper will connect the properties of such tensors, in particular,
their eigenvectors, to separation of the Maxwell’s equations in an arbitrary number of di-
mensions. While most of this article focuses on electromagnetic waves in the background of
the Myers-Perry black hole [72], the extensions of our results to the GLPP geometry [73],
which generalizes MP solution to non-zero value of the cosmological constant, is straightfor-
ward, and such extensions are presented in the appropriate sections. The scalar and spinor
excitations of the GLPP black holes have been subjects of intensive studies [42-56],% and
the results are summarized in a very nice recent review [78]. Under very mild assump-
tions, the GLPP solution with added NUT charge is the most general geometry admitting
separation of variables in the wave and Dirac equations [79-82], and the same uniqueness
property is expected to hold for the Maxwell’s equations discussed in this article.

This paper has the following organization. In section 2 we review Teukolsky’s classic
construction of electromagnetic field in the background of the Kerr black hole and use these
results as an inspiration for formulating a new ansatz suitable for generalizations to higher
dimensions. Teukolsky’s equations [24, 25] are the necessary conditions for a specific ansatz
to solve Maxwell’s equations, and they appear to describe two polarizations. However, it
turns out that one of such polarizations is completely determined in terms of the other
(see [83] for a detailed discussion of this point), so only one configuration is independent.
The second polarization of the electromagnetic field is governed by a scalar function that
satisfies a non-separable partial differential equation. While Teukolsky’s equations are
extremely useful for getting insights into the dynamics of electromagnetic fields, it might
be desirable to describe both polarizations of photons by separable equations, and we
accomplish this goal in section 2 by proposing a new ansatz for the gauge potential in the
Kerr geometry.

The main results of section 2 are the reformulation (2.15) of the Teukolsky’s construc-
tion and derivation of the new solution for the electromagnetic field (2.18), (2.57)—(2.60)
inspired by it. Specifically, we use the form (2.15) to motivate a new ansatz (2.18) for the
vector potential and derive the most general solutions of the Maxwell’s equations consis-

2We briefly discuss Maxwell’s equations for such space in the appendix D.
3See also [74-77] for a general discussion of the GLPP black holes and their properties.



tent with such ansatz. All configurations naturally split into two classes, which we label
as “electric” and “magnetic” polarizations, even though generically all fields are excited
in both cases. Such separation into two distinct classes persists in all dimensions. The
resulting configurations of the electromagnetic fields, which cover all photon polarizations,
are summarized in section 2.3.1, where we also discuss a close similarity between separable
solutions of the Maxwell’s and Klein-Gordon equations. These observations might help in
applying the constructions presented in this article to gravitational waves. We conclude the
discussion of the four-dimensional geometries by generalizing all results to the Kerr-(A)dS
black holes in subsection 2.4.

Sections 3-5 of this article are dedicated to extending the success in separating the
Maxwell’s equations to higher dimensions. We begin with reviewing rotating black holes
and their symmetries in section 3. In particular, we stress the importance of the Killing(-
Yano) tensors and their eigenvectors, which play crucial role in the subsequent construc-
tions. Since both the Myers-Perry [72] and the GLPP [73] black holes have different
structures in even and odd dimensions, the four-dimensional pattern discussed in section 2
is applicable only to half of the cases. To have a sample for the other half, we dedicate sec-
tion 4 to the detailed discussion of the Maxwell’s equations in five dimensional geometries,
and we explicitly construct all three polarizations of a photon. Apart from serving as a
starting point for describing electromagnetic waves in odd dimensions, the five dimensional
black hole is important for the role it has played in addressing the black hole information
paradox [12, 26-34], so the results of section 4 might be very useful in their own right.

The final section of this paper uses insights from four and five dimensions to propose
a separable ansatz for electromagnetic field in the Myers-Perry geometry and to derive
the resulting equations (5.12)-(5.13), (5.17)-(5.20). As demonstrated in subsection 5.4,
these systems describe (D — 2) independent polarizations of a photon in D dimensions,
so any electromagnetic wave can be approximated by a linear combination of separable
solutions constructed in this paper. The minor modifications in the gauge field caused by
the cosmological constant in GLPP geometry are discussed in section 5.3. As in four and
five dimensions, there is a remarkable similarity between equations governing dynamics of
photons and scalar particles, so perhaps the structures discussed in this article can accom-
modate gravitational waves as well, as it happened in the case of the Teukolsky’s system.

2 All excitations of the Kerr black hole

Before analyzing rotating black holes in higher dimensions, we will review the well-known
facts about solutions of the Maxwell’s equations in the background of the Kerr black
hole [13] and reformulate them in a form suitable for making generalizations. The main in-
sight into electromagnetic waves in the Kerr geometry was gained in 1972, when Teukolsky
demonstrated separability of Maxwell’s equations [24, 25], and the full expressions for the
gauge fields were obtained soon after this remarkable discovery [84-89]. While reviewing
the Teukolsky’s ansatz in section 2.1, we will see that some details of this construction
crucially rely on the number of dimensions, so in section 2.2 we will rewrite the Maxwell
fields in terms of new variables, which allow extension to the general Myers-Perry black



holes. As an added bonus, the new ansatz leads to full separation of the Maxwell’s equa-
tions, while in the past this was demonstrated only for one polarization. Moreover, the
new variables give simpler expressions for the gauge fields by removing various constraints,
which were implicit in Teukolsky’s construction.

We begin with reviewing Teukolsky’s classic construction in section 2.1 and observing
an interesting separation pattern for the gauge potentials (2.15), which has not been dis-
cussed in the literature. Using this feature as an inspiration, in section 2.2 we formulate a
new ansatz (2.18) for the gauge field and find the most general configurations fitting such
separation of variables. In section 2.3 the answers are compared with known results, in
particular, we find that the electromagnetic fields and scalar excitations can be described
in a unified fashion by a system (2.57)—(2.58). This suggests that gravitational fields might
follow the same pattern, although a detailed discussion of gravitational waves is beyond the
scope of this article. Finally, section 2.4 extends the results to the Kerr-(A)dS black hole.

2.1 Review of the known results

In this subsection we review the Teukolsky’s construction following the original articles [24,
25] and a nice pedagogical exposition presented in [83]. Study of electromagnetic and
gravitational waves in four dimensions has been mostly carried out using the Newman-
Penrose (NP) formalism [90], in particular, applying this framework to electromagnetic
fields, Teukolsky discovered separation of variables in a large class of backgrounds [24, 25].
Thus we begin with recalling the description of electromagnetic field in the NP formal-
ism, then we review Teukolsky’s construction for the Kerr geometry, rewrite it in a more
transparent form, and use the result as an inspiration for a better ansatz introduced in
subsection 2.2. The technical details are presented in the appendix A.

In this section we will mostly focus on electromagnetic fields in the background of the

Kerr black hole, [13]

1 d 2
ds? = i{ — Aldt — asjdd)? + s[(r* + a?)dp — adt]2} + 3 [g + d92] , (2.1)
and the extension to AdS-Kerr space will be briefly discussed in subsection 2.4. Functions

A and Y are defined by
A=r>4+a®>—2Mr, =1+ (ac)’ (2.2)

While separation of variables in the Klein-Gordon equation in the geometry (2.1) is rather
straightforward, the very meaning of separation for the fields with higher spin requires
a clarification: which degrees of freedom should separate? For Maxwell’s equations in
the geometry (2.1) the answer to this question was discovered by Teukolsky [24, 25], who
showed that the relevant variables are the components of the field strength used in the
Newman-Penrose formalism [90].

In this formalism one begins with defining a vierbein of null vectors (1,n, m,m) [90].
All products of these four vectors vanish, with two exceptions:

it =-1, m,m" =1 (2.3)



The metric is written as
G = —lyny, — luny, +mym, +mymy, (2.4)

and all dynamical fields are expanded in the (1,n, m, m) basis. For example, the six compo-
nents of the electromagnetic field tensor are encoded in three complex scalars (¢o, ¢1, ¢2) as

F, =2 [¢1 (n[ul,/] + m[umy]) + qbgl[umy] + Qﬁom[un,/]] + cc. (2.5)

To clarify the physical meaning of the functions (¢o, ¢1, ¢2), we look at the combinations
of F' and its dual:

FtixF = 4ol + dompuny| + 41 [nly) — mpm]
F—ixF =14 [‘521[,um1/] + &om[unyﬂ + 40, [n[ulu] - m[“ml,]] .

Thus complex functions (¢g, ¢1,¢p2) describe the imaginary-self-dual part of the field
strength, while (¢g, @1, ¢2) parameterize the anti-self-dual part. Note that this construction
is specific to four dimensions, where forms I’ and xF' have the same rank.

As demonstrated by Teukolsky, variables ¢y and ¢s decouple in Maxwell’s equations
for any type D vacuum metric, moreover, the resulting scalar PDEs admit separation of
variables for the Kerr geometry if one chooses the “canonical tetrad”:

2 2 2 2 A
wmzr+a@+&+%%, 0 A L, et S

A 2% > ey
1 .
mt'o, = pr iasgOy + O + ;—98(;5 ; p=r-+iacy, L =pp, A=r>+a®—2Mr.

Specifically, introducing new functions

0y, (2.6)

w'f‘ = (bﬂu ¢— = ﬁQ¢2 3 (27)

writing them as*

Y = MO R(1)S(6), (2.8)

and substituting the result into some of the Maxwell’s equations, one finds a system of
ODEs with a separation constant X\ [24, 25]:

1 R K(K—-2 2isM K
—j [AS'Hd ] + [ ( isr) +2is —4iswr—A—(aw—|—m)2+m2] R =0,
”

AS dr A
1d as 5 (m+scp)?
R P _MESG) -5 +AlS =0, (2
o 0 [sede]—i-[(awce—i-s) p +s(1—s)+A|S=0. (2.9)

Here parameter s takes values +1 for functions 14 defined by (2.7). Function K was
defined in [24, 25]:
K = (r* + a®)w — am. (2.10)

“Throughout this article we choose the sign of w using the conventions of [83].



Note that equations (2.9) also apply to massless scalar fields for s = 0, as well as to spinors
and gravitons for s = :l:% and s = +2. The discussion of spin-half and spin-two fields is
beyond the scope of this article.

While equations (2.9) are remarkably simple, unfortunately they describe only one
of the two possible polarizations. The remaining mode is governed by ¢;, and equation
for it appears to be non-separable [24, 25]. Moreover, functions (S4, R+ ) defined by (2.8)
and (2.7) are not independent, but rather they are subject to complicated differential
constraints (A.10), and we refer to appendix A for the discussion of this issue. Thus it is
desirable to rewrite the expressions for the Maxwell’s fields in terms of unconstrained vari-
ables which cover all independent polarizations. We will present such reformulation in the
next subsection, but to motivate that ansatz, we need the explicit expressions for the gauge
potential in Teukolsky’s variables. This result exists in the literature, and it is quoted in
the appendix A. Unfortunately, the final expression (A.12) is not very illuminating, but we
found the frame components of the gauge field to be rather simple. Specifically, multiplying
equations (A.12) by vectors (2.6) and performing some algebraic manipulations, we found

2ia _ » wa
P Ay = Py i+ 200, WAy, = =GP 2O, H
2 2
mbA, = —\pfg+5+ +omrOHy,  mPA, = —\gg_s_ FomroH- . (2.11)
Here functions
g = €“TM0gu(r) and  fi = MO FL(0) (2.12)

are solutions of the first-order ordinary differential equations (A.14),°

V2pmFo,fy = coSy, V2o, f- = coS-,
AIM9,G. = rPy, —2%n10,§- = rP- (2.13)

and Hy satisfy the second-order PDE (A.15). Furthermore,
P.=R_, P,=AR,. (2.14)

Substitution of (2.13) into (2.11) leads to our main result in this subsection:

A, = %wa,l[ewﬂm% o] + 2040, H
nt'A, = %n“@u [eWtTimog f | 4 2nko,H_ (2.15)
21 . .

mtA, = —— “ mh ), [T f g ] + 2mi0, H
(iacy)

mrA, = — 2ia mto [eiwt+im¢f — I

nw — . o —g—] + 2m aHH_

(iacy)

Although this is just a reformulation of the known expressions (A.12), a very suggestive
form of (2.15) will serve as an inspiration for the new constructions developed in the rest
of this article.

5We also used relations (A.2) to eliminate operators (%, .@g,fg,fg) from (A.14). Furthermore, we
defined Sy = e™ttimeg, P, = cwttimép,



We conclude this subsection with comments about various ingredients appearing
in (2.15). To determine fi and g4, one should begin with solving Teukolsky’s equa-
tions (2.9) for Sy and R and substitute the results into (2.14) and (2.13). Although a
similar procedure can be repeated for f_ and g_, generically it would lead to an inconsis-
tent result since the constraints (A.10) would be violated. Thus a better option is to solve
the constraints (A.10) instead, even though this breaks the symmetry between the modes
with s = +1. Thus to recover solution (2.15), one should implement the following sequence:

(2.9)+ = (S+, Ry) = (f4.94) = (IFA,,mMAL)
! (2.16)
(S—,R_) = (f-,9-) = (n*A,,m"A,)

Unfortunately this construction recovers only one polarization. The second polarization
should come from functions (Hy, H_), which satisfy a second-order PDE (A.15)¢

Ay H LTH
@g% +$1 07 *

72

ADIH_ H_
A @;’2 —~ 1*"%(/’)2 = 0. (2.17)

It is not clear how to construct the mode corresponding to Hi polarization. Note that
according to (2.15) solutions with Hy = H_ correspond to a pure gauge, so to find a
physical mode we can set H_ = —H_ in (2.17). Solving the resulting PDE for one function
is still a challenge, and we will avoid it by introducing a new ansatz for the gauge field in
the next subsection. In the subsequent sections we will also extend this new construction
to higher dimensions.

2.2 New ansatz for the gauge field

In this subsection we will introduce a new ansatz for the gauge field that cures the problems
encountered in the standard construction: the missing polarization corresponding to the
fields Hy and a rather convoluted path (2.16) for recovering the one known polarization.
Specifically our ansatz will lead to separable equations for both polarizations of the elec-
tromagnetic wave, and in contrast to the modes described by Teukolsky’s equations (2.9)
with s = £1, ours will be unconstrained.

The inspiration for our ansatz comes from the expression (2.15): we will require that
each mode can be separated as

MA, = Gy (r)IM,V, A, = G_(r)n"d,V, (2.18)
mtA, = Fy(0)m"o,V, mt A, = F_(0)m"0,7, U = WHHmOR(1)S(6).

At first sight this ansatz appears to be more restrictive than (2.15) since we used only one
set of functions (R, S) instead of two ((f+,9+) and (f—,g-)). However, as we discussed
in the last subsection, functions (f_, g—) are uniquely determined in terms of (f4,gy) via
some non-local relations, so the ansatz (2.18) seems to be the most natural way of avoid-
ing complicated differential constraints. One can hope that introduction of undetermined

SWe quote this equation only for completeness, see appendix A for the detailed discussion of notation.



functions (F, G4 ) makes the ansatz (2.18) sufficiently general. Note that the differential
operator [*0,, does not depend on 6 (see (2.6)), so the requirement JgG 1 = 0 seems rather
natural. Similarly, the §-dependence in n*9, cancels between the two sides of the second
equation in (2.18), suggesting the condition d9G_ = 0. The requirements 9, F+ = 0 appear
to be natural for the same reason.

Before analyzing the general properties of the ansatz (2.18), it might be instructive to
look at solutions without (¢, ¢) dependence:

w=0, m=0. (2.19)

Although they don’t describe physically interesting waves, such simple configurations lead
to insights into the structure of functions (F4, G4 ). The lessons from configurations (2.19)
extracted in subsection 2.2.1 will be used in subsections 2.2.2 and 2.2.3 to find the
most general solution consistent with the ansatz (2.18). We go through some details of
derivation to stress the uniqueness of the resulting solution, and readers not interested
in these arguments can go directly to section 2.3, where the results are summarized by
equations (2.57) and (2.58).

2.2.1 Electro- and magnetostatics

In this subsection we focus on the special configurations (2.19),
w=0, m=0, (2.20)

and demonstrate that the separable ansatz (2.18) leads to only two types of solutions. As
we will see, in the @ = 0 limit one of these branches describes an electrostatic configurations,
while the other one corresponds to a magnetostatic case. To distinguish between the two
types of solutions, we will call them “electric” and “magnetic” polarizations, even though
in the presence of (a,w,m) electric and magnetic fields are switched on in both cases.
These two branches have different functions (G4, F4 ), so their combinations do not fit into
the ansatz (2.18). However, the separable “electric” and “magnetic” configurations form a
basis in the space of static electromagnetic fields.

In the special case (2.20), the two pairs (A,, Ag) and (A, Ay) decouple in Maxwell’s
equations, so we analyze them one-by-one. The first pair enters only through Fj9, which
satisfies two equations:

Asy

Asg B B
87- |:2Fr0:| - 0, 89 |:2Fr9:| - 0 (221)

We used the metric encoded by (2.4), (2.6), as well as the expression for its determinant
V=g = (r* + a*c})se.

Equations (2.21) have only one-dimensional space of solutions parameterized by an arbi-

trary constant C:

b
Frg=C— 2.22
r0 CAS@ ) ( )



so (A,, Ag) come either from integrating this expression or from a pure gauge:
mA, =1"0,¥, nt'A,=n"0,¥, mlA,=m"'o,¥, m'A,=mt'o,Vv. (2.23)

Solutions described by (2.22) and (2.23) do not describe physical excitations with separation
parameters, such as the order of a spherical harmonic, so in the special case (2.20) one
should set

A, =Ay)=0, A=Adt+ A¢d¢ (2.24)

Substitution of this expression for A into the left-hand side of (2.18) leads to two restrictions
on four functions (Fly, G4 ):

F_ — —F+, G_ — —G+. (225)

To find further constraints on functions (Fl,G4), we begin with looking at a special case
of the Schwarzschild black hole. As we will see, the extension to the rotating case would be
rather straightforward, although the intermediate formulas are complicated. Introducing
a convenient notation for the components of the Maxwell’s equations,

—iwt—imeo
M = eﬁay [V=gF*], (2.26)

and setting a = 0, we find

1 . N/ d2 .
M= —— G+R(595) +rS-=[(r—2M)GLR] ;|
r So d’l"2

¢:_L QS’Fi ﬂ}g Ri lad F.S 2.97
A risg {r tdr r + dd | se dé?(sa e (2.27)
Here and below prime denotes the derivative with respect to 6, and dot denotes the deriva-

tive with respect to 7. Assuming that G # 0,7 we conclude that equation .#Z* = 0 reduces

to two ODEs:

(895'/)/ d2
=-\9 —

S 2 T2

Dimensional analysis ensures that introduction of a rotation parameter a does not modify

ME=0: [(r —2M)G4+R] = MG, R. (2.28)

the first equation,® thus we must impose the relation
(565") 4+ X188 =0 (2.29)

even for the rotating geometry. Although the counterparts of (2.27) for the Kerr metric

are rather complicated, repeated use of equation (2.29) leads to drastic simplifications in

one combination:?

~ 2a8'

ZH%H S—o ? |:ZRC

o d Fy

9@5 + SQR(CLC@G+ - iT‘F+) =0. (230)

"We will come back to the option G4+ = 0 after equation (2.33).

8The only possible correction is an expansion in powers of a/M, but such terms become singular in the
M = 0 limit corresponding to the flat space.

9Since function S satisfies only the second-order differential equation (2.29), coefficients in front of S
and S’ must vanish independently. Also, S’ = 0 is not an interesting option, so the square bracket in (2.30)
must vanish.

,10,



For every value of the separation constant A; in (2.29), function R should satisfy a second
order differential equation, a radial counterpart of (2.29), and this should be the only
restriction on the radial profile. In particular, the coefficients in front of R and R in (2.30)
must vanish independently, then

Fy = —iCacy, G4 =Cr (2.31)

with some constant C'. Without loss of generality, we can set C' = 1. Note that a priori
the over-constrained system of two equations coming from (2.30) is not guaranteed to
have solutions for F () and G4(r), so existence of the solution (2.31) serves as a highly
nontrivial consistency check for our ansatz (2.18). Substituting (2.29) and (2.31) into the

remaining Maxwell’s equations, we find only one additional relation:'?
d .
—I|AR] -\ R=0. 2.32
o AR =M (2.32)

To summarize, we found that the static electromagnetic field (2.20) in the Kerr geome-
try (2.1) admits a separable solution:

Z“A/(fl) =], n“Al(fl) =—rnVv, m“Al(fl) = —iacgmV, m“Al(fl) =iacom¥,
d .
U= R(r)S(0), (565") + A159S =0, E[AR] — A\ R=0. (2.33)

To simplify this and subsequent formulas, we introduced a convenient notation v for a
differential operator corresponding to any vector v*:

WS b=k, (2.34)

The polarization (2.33) will be called “electric” just to distinguish it from the alternative
option (2.41), which is discussed below. The bifurcation into two branches, the counterparts
of (2.33) and (2.41), will persist in all dimensions, and the names “electric” and “magnetic”
are given just keep track of these polarizations. While (2.33) describes a pure electric field
for a = 0, and (2.41) gives a pure magnetic field in the same limit (see equations (2.42)),
for generic values of (a,w,m) both polarizations have nontrivial E and B, so the words
“electric” and “magnetic” should be viewed only as labels.

Recall that to derive (2.33), we assumed that in the non-rotating limit, a = 0, this
solution gives a nontrivial G;. This assumption is justified by the final answer, but we also
notice that in the non-rotating limit solution (2.33) gives F; = 0, so the second component
of (2.27) vanishes trivially. It is natural to expect existence of a second polarization with
nontrivial F';, and we will discuss it next.

If G, = 0 in the non-rotating limit, then equation .Z' = 0 in (2.27) is trivially
satisfied, but the ansatz (2.18), (2.25) implies that F'; cannot vanish, so functions (R, S)
are constrained by the second equation in (2.27). For configurations with Fy # 0, the
Maxwell’s equation .#? = 0 reduces to a system of two ODEs:

d[1d d [r—2M .
¢—0. —|=—% 2 = —X\2R. 2.
oo L]LL PLIDE k)

do

(50F+5/)] =N F, S, .

0The fact that 6 does not appear in equation (2.32) is an additional nontrivial consistency check of the
ansatz (2.18).
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Once again, the scaling argument implies that the differential equation for S(#) remains
unchanged, even for non-zero a. Unfortunately, in the present case, S’ satisfies a third-
order differential equation, which can be used to eliminate only S" from {,.#", while the
remaining entries (5, 5’,5”) are not expected to be independent. Thus a simple argument
that led to (2.29) does not apply. However, after elimination of S”, we have two equations

M =0, M =0

for three variables (S, 5", 5”), and eliminating S”, we end up with one equation for two in-
dependent functions (S, S’). Long but straightforward manipulations lead to the conclusion
that the coefficient in front of S cannot vanish unless

C
F=— (2.36)
Co
for some constant C'. Angular equation from (2.35) with this value of F'; has three linearly-
independent solutions: two of them satisfy a second order equation
2
cg d |sg
02 |120g XS =0, 2.37
s do [03 } T (2:37)
and the third one is constant S. The latter case leads to ODEs without a separation
constant, similar to the one encountered in (2.21), so the angular equation in (2.35) can
be replaced by (2.37).
Equation (2.37) is analogous to (2.29), and repeating the logic applied to the latter
equation, we arrive at a counterpart of (2.30):

2rS'R .
Lt o 32 (iCa+rG4) tang = 0. (2.38)
This determines O
G, =--2 (2.39)

r

and the remaining Maxwell’s equations reduce to one relation

d [A .
2

Collecting all relevant formulas, we arrive at a “magnetic” counterpart of (2.33):

i AGman) — iy i gman) — e gmen) — Lo gmen) — L s g

o ro e r ’ o cy ’ 1z co ’
02 d So d |A .

U=R(r)S(0 |28 +A8=0, r*— | SR|-X\R=0. 2.41

(r)S(6), sedeLg ]+2 ,rdr[r2] 2 (2.41)

As before, the fact that all Maxwell’s equations have consistently reduced to a system of two
ordinary differential equations is a highly nontrivial feature of our separable ansatz (2.18).

To summarize, we have shown that application of the ansatz (2.18) to static configu-
rations (2.20) is consistent only in three instances ((2.23), (2.33), (2.41)), and the first case
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corresponds to a pure gauge. The interesting solutions, (2.33) and (2.41), describe two
independent polarizations of the static field, and in the limit of Schwarzschild geometry
(a = 0), they give rise to electrostatic (2.33) and magnetostatic (2.41) configurations:

A :
a=0: A(el):?aT(RS)dt, (505") +A159S =0, %[AR]—MR:O. (2.42)
‘ 2d [s d[A
A(mgn) — _¥50 S — 24 125 —0.
” dp(RS)do, o d0 035 +X25=0, r 0 TQR M R=0

Since such separation into two branches persists even for time-dependent fields, we will
refer to the counterparts of (2.33) and (2.41) as electric and magnetic polarizations, even
though generically both electric and magnetic fields are excited. The two polarizations will
be discussed separately in the next two subsections.

2.2.2 Electric polarization

In this subsection we will extend the solution (2.33) to arbitrary values of (m,w), relaxing
the constraint (2.20). Already in the special case (2.20), the separable electromagnetic
field (2.18) splits into two distinct polarizations (2.33) and (2.41), so this feature must
persist also for generic values of (w,m). It is convenient to analyze the two branches
one-by-one. Here we focus on extending the electric solution (2.33), and its magnetic
counterpart will be analyzed in section 2.2.3.

The detailed derivation of the equations for the electric polarization is rather technical,
and it is presented in the appendix B.1. Here we just summarize the main logical steps to
emphasize the uniqueness of the final result (2.47).

1. To make the expressions more transparent, we first set M = 0. Then the met-
ric (2.4), (2.6) describes flat space in unusual coordinates, but remarkably, even in
this case the separable ansatz (2.18) leads to the unique set of equations for the
electric polarization. A failure to add mass to this result would have indicated incon-
sistency of the proposal (2.18), but fortunately the extension to black hole geometry

is rather straightforward, and it is unique (see item 6).

2. To distinguish between electric and magnetic branches in the geometry with M = 0,
we observe that the electric solution (2.33) has F = 0 if a = 0. In the appendix B.1
we argue that the same property must hold even once w and m are switched on, and
this leads to a simpler ansatz for the gauge field in the M = a = 0 geometry:

A, = G (r)T, nlA, =G_(r)n¥, mtA, =m'A, =0. (2.43)
Recall that ¥ = e +imo R(r)S().

3. Substitution of the ansatz (2.43) into the Maxwell’s equations in the M = a = 0
geometry leads to an overly-constrained system of differential equations for functions
(G4, R,S). In particular, there is only one function of angular variable, S(#), and
consistency of Maxwell’s equations immediately leads to relation (B.5). Further anal-
ysis leads to the unique expressions for G+ and the unique equation for R(r). In the
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appendix B.1 we also extended this result to the Schwarzschild black hole, and the
result is given by (B.10).

4. To turn on parameter a, while still keeping M = 0, we observe that, in the absence
of mass, the metric (2.4), (2.6) has a Zs symmetry interchanging radial and angular
coordinates (r <> iacg). Requirement for the separable solution (2.18) to transform
covariantly under this symmetry determines F'y and G4 for arbitrary values of a.

5. Once functions (Fi,G+) are determined, substitution of the ansatz (2.18) into the
Maxwell’s equations gives an over-constrained system for (R(r),S(#)). Although a
priori existence of non-trivial solutions is not guaranteed, we found that all Maxwell’s
equations follow from a system of two ODEs with one separation constant. This is a
highly nontrivial consistency check for the ansatz (2.18).

6. Once the unique system of equations for M = 0 case is derived, the mass is added
by a simple modification of the radial equation. We expect that such modification is
also unique.

The detailed implementation of these six steps is presented in the appendix B.1, here
we just quote the result. To write it in a compact form and to compare with higher
dimensions in subsequent sections, it is convenient to introduce a more symmetric notation
for the standard frames (2.6):

=1 1 =—-""nk mh = V2emt, mt = V2t (2.44)
The great advantage of these objects is the full separation of variables: 6 does not appear
in [+, and r does not appear in m4.:

r? 4 a? a

o, =0, x 8t+A

8¢ , mi@u =0yt |:ia898t + ;8¢:| . (2.45)
%

The small price to pay for this convenience is a more complicated form of the metric (2.4),
1
S 2y

v

gt (AU + AT 4 mim” 4+ mfm! ] (2.46)

but the advantages are more significant, especially for extending the construction (2.18) to
higher dimensions. In the frames (2.44), the main result of the appendix B.1 becomes

Al — 4 r R poglel) — tacy U — piwttimé 9

£ 1+ipr 5 My 1+ pacy M ¢ R(r)S(6),

Eyg d [sg 2A 5  m?

—— =5 - ———-C>S5=0 2.47

S df [Eg :| +{ Eg + (awce) Sg ’ ( )
d A . 2A (am)?  2Mrw?Ay = 4AMarwm

E.— | = — 2 =
o [ETR}+{ET+(WT) + A + A + A +C,R=0

Here we defined convenient functions

E, =1+ (ur)?, Ep=1—(pacy)®, A=r>4a®>—-2M, Ag=r1r>+d% (2.48)
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and introduced two separation parameters:

A=ap [m +aw — afzdﬂ} , C=—A+2amw + (aw)? (2.49)
Note that separation of variables is governed by one constant p, which appears in several
places. The angular equation is more traditional in the Schwarzschild limit (B.10),
although even in that case the separation constant A\; = % enters the radial equation in a
complicated fashion.

Interestingly, electrostatic configurations can be recovered in two distinct limits: as w
goes to zero, one can either keep p fixed or scale it as p = Aw. The latter case gives

1
A )

and in particular, it reproduces the previously found solution (2.33) if m = 0. Fixing p

LA, = +rl, U, mh A, = Fiacgms VU, C=-A= (2.50)

instead, one finds

PA, =d+— [0, mhA, =5

——my ¥, C=-A= . 2.51
1+ pacy T apm (2:51)

1£+our
In the m = 0 limit this solution loses a separation parameter in equations for R and S, so
it is not very interesting, even for m 0.1

To summarize, in this subsection we outlined the derivation of the unique separable
solution (2.47) for the electric polarization. For fixed m and w, the system (2.47) represents
an eigenvalue problem for u, but the full analysis of the resulting modes is beyond the scope

of this article. In the next subsection we will discuss the magnetic polarization.

2.2.3 Magnetic polarization

The derivation of the magnetic polarization closely follows the six steps outlined on page
13, and the details are given in the appendix B.2. The final result reads

j . 1 o
A =+ g Al = neW, W= WO R() S (6
+ 12 T:l:’i,ua + ) m:l: 12 :FC@:F,LLm:t ) € (T) ( )7
My d | sg m? 2A 9
—— |—pS - = — —CyS=0, 2.52
L eS|+ { T - 3+ () (252
d [ A 2Aa?  (am)? 2Mrw?lAg  4Marwm
M, — R — 2 CrR=0.
Tdr[Mr ] { 7 Gy S S }
As in the electric case, we defined convenient functions
M, =12+ (pa)?, My =cy—p?, A=r’+d®—2M, Ag=1"+d°, (2.53)
and introduced two separation parameters:
A
A = pfaw +m — awp?] C = — + aw[aw + 2m] . (2.54)
1

The solution (2.52) simplifies in the Schwarzschild limit, and the result is given by (B.26).
As in the electric case, the system (2.52) should be viewed as an eigenvalue problem for p.

"Recall that we have already encountered a similar situation with configuration (2.22).
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2.3 Summary and comparison to the known results

In this subsection we will compare the new solutions (2.47) and (2.52) with various existing
results. We begin with discussing similarities between the new eigenvalue problems and the
wave equation, then in subsection 2.3.2 we will compare the new ansatz with Teukolsky’s
approach.

2.3.1 Electromagnetism and the wave equation

Teukolsky’s construction found striking similarities between equations for some compo-
nents of electromagnetic field and the wave equation. Since these parallels also persisted
for gravitons and neutrinos, it might be interesting to find similar patterns for the new
ansatz (2.18), even though a detailed discussion of spin-2 and spin—% particles is beyond
the scope of this paper.

The wave equation in the Kerr geometry was studied by Carter [14], and this work led
to discovery of hidden symmetries parameterized by the Killing tensors. This symmetry
structure will be discussed in detail in section 3.1, here we just observe that the wave

equation in the metric (2.6) separates between r and 6 coordinate. Specifically, equation
V., VAU =0, W =e“TmoR(r)S(0) (2.55)

reduces to a system of ODEs with one separation constant A:

1d / m’ 2 —

oo d0 [s95'] + {_33 + (awcy)” — )\} S =0, (2.56)
d . (am)? 5 2Mrw?Ag  AMarwm B
CZT[AR}JF{ T+ )+ = A R = 0.

Comparing this with (2.47) and (2.52), we conclude that all three systems can be written
in a compact form

D@ d S 2A 2 m 2
A 2 e A _
sp d0 [Dg 895] + { Da (CLSQ) w + asg + S =0,

d[A 2A  (r? +a?)? am 12
o St Rl /) D Jnci I U S0 L By ) 2.
o [DTR] +{Dr+ A [w+r2+a2} R=0 (2.57)

The difference between excitations appears only in the factors (D,, Dy) and in the expres-
sion for the parameter A:

scalar : D, =1, Dy =1, VA;
electric: D, =1+ (ur)?, Dg=1— (pacy)®, A=apu [m + aw — wQ} ; (2.58)
ap
. r? & 1 2
magnetic: Dy =1+ _—=, Dp=1--7, A:——[awﬂ—m—aw,u}.
(na) I I
The equations for the electric and magnetic excitations are interchanged under duality

1

w— ——. (2.59)
ap
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To complete the summary, we recall that the gauge fields are given by the first lines
in (2.47), (2.52):

i A(el) -4 r Z ] MA(el) _ tacy . U, U = witimé 9):

+44 1 Eipr ¥, my A, $1:|:ua09mi ) € R(T)S( )7
oAlmgn) — M R A(mgn) _ WU, U= @MOR(1)S(6), (2.60
+p r+ipa ¥, miAa, :FCOZF,Uzmi ) € (’I”) ( )7 ( )

but unlike equations (2.58)—(2.57), these relations do not transform in a simple way under
the duality (2.59).

It is natural to expect that the “master equations” (2.57) would hold even beyond
scalar and vector fields, and that the spin would be encoded in functions Dg and D,.. We
leave exploration of this conjecture for future work. Regardless of the outcome of this
investigation, the similarity between (2.56) and (2.47), (2.52) is rather striking.

2.3.2 Comparison to the Teukolsky’s ansatz

Let us now compare the new systems derived in section 2.2 with the classic solutions by
Teukolsky [24, 25]. We will demonstrate that when the two ansatze overlap, they give
identical results.

To derive separable expressions for the electromagnetic fields, Teukolsky worked in the

first-order formalism and considered equations'?

dF =0, d*F =0, (2.61)

Then separation of variables was imposed on particular components of the field strength in
the basis (2.6). To compare our new results with this classic discussion, we compute some
components of F},, in the improved basis (2.45), where

1 o,my =1"9,m4 =0, mi ol =mto,ll =0. (2.62)
Starting with expressions (2.18), we find

Wmi F,, = 110,(mYA) —mid,(ILA) = (Fr — Gy)lima W,

FmiFy = (Fy — G_)l e 0. (2.63)

The remaining two components of the field strength are rather complicated. To proceed, we
evaluate various combinations of the prefactors for the electric and magnetic polarizations:

—7r F 1acy I o — r F tacy
(1% pace)(L+ipr)” ~5 77 7 (1 pacg)(1 = ipr)’
r:l:iacel ’ oG = r$iace. ‘
(1 F co)(r + ipa) (1 F co)(r — ipa)

electric: Fy — Gy =

magnetic: Fy — Gy = (2.64)

20ur discussion after expression (2.5) suggests that equations for (¢o, ¢2) follow naturally from combin-
ing (2.61) into relations for F' 4+ ¢ x F'.
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We conclude that the ansatz (2.18) leads to multiplicative separation of the following

expressions: 3

1 1 1 1
Py = ;limiF;w, Py = ;l’imlij, Pz = ElimiFlwv Py = ;lﬁmiFMV' (2.65)
Teukolsky’s classic solution imposed a separation of ®y; and P,
D)= R (1S (O) M, By = R_(r)S_(0) M,

and treated the resulting four functions (S, S_, Ry, R_) as independent. As the result of
this construction, no statements could be made about separation of

1Y Fp, miym? F,. (2.66)

In contrast, our ansatz (2.18) parameterizes the full configuration in terms of only one pair
(S, R), so even the non-separable components (2.66) are written in terms of these functions,
although the expressions are not very illuminating. Equations (2.63) and (2.64) lead to
explicit relation between our variables and the separable components used by Teukolsky:

(el) [y W (el) [ W
0" = T+ pacy) (1 + i) 2 S U pac) (=) 9
(I)(mgn) _ l+m+\:[} (I)(mgn) . I_m_W

0 2 -

(1 — co)(r +ipa)’ (1 + co)(r —ipa)

It is clear that separable ¥ produces separable (®(, ®2). Note, however, that the map (2.67)
becomes useful only for configurations for which the ansatze (2.18) and (2.15) overlap.

2.4 Extension to the Kerr-(A)dS geometry

The results obtained in this section can be easily extended to four-dimensional rotating
black hole in the presence of the cosmological constant. Away from the sources, such
geometry solves Einstein’s equations

R,Lu/ = 3Lg,uzn (2'68)

where L is related to the cosmological constant.'® The resulting Kerr-(A)dS metric is [15]'°

2
7’2+a2

1+ La?

s3ldp — Ladt)?® +

oM 206
ds* = gudt* + ! 5 [ asgdo

1+ La2

r2 4+ a?c;
dr? n d6?
A—Lr2(r2+a?) 1+ La2cg ’
(1+ La*c3)(1 — Lr?)
1+ La? ’

+(r? + a*cj) (2.69)

gt = — A=7r>—2Mr+a>.

3Recall that according to (2.6), p = r + iacs. Also note that real field configurations have ®3 = o,
Py = Do

We reserve symbols X and A for the eigenvalues associated with Maxwell’s equations.

5To compare with higher dimensions in subsequent sections, we use notation of [73].
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Regularity of this metric near # = 0 implies that coordinate ¢ has a standard periodicity
(0 < ¢ < 2m), but to simplify some formulas below and especially to compare with higher
dimensions in section 5.3, it is convenient to rescale the angular coordinate:

¢ =1+ La2p, 0<¢<2n\/1+ La?. (2.70)

To apply the ansatze (2.47) and (2.52) to electromagnetic waves in the geometry (2.69), we
need the counterparts of the special vielbeins (2.45). The general method for constructing
such objects will be discussed in detail in section 3.3, here we just quote the result:

118, = Q,0, + Ql [

Factors (@, Qg) are defined by

r? + a? a u 1 1
+ — = +— | + — .
Oy 84 , mio Qo0 , [2&39@ s 8¢]

2 o2
QTZ\/l—LT’Qr Za . Qo =+/1+ L(acy)?, (2.71)

and the metric is still given by equation (2.46).

Imposing the ansatze (2.60) for the electric and magnetic polarizations, as well as sep-
aration (2.55) for the scalar, and substituting the results into Maxwell and wave equations,
we arrive at a counterpart of the “master equations” (2.57):

Dy d [Q3sp 2A  (asp)? m 1?
el - - A = 2.72
sp d0 [ Dy 0pS | + Dy o w+as§ +A;S =0, (2.72)
d [Q2A 20 (r? + a?)? am 1? B
Drdr[Dr R]*{g*ag,m e TR0

Functions (D,, Dy) and parameter A are still given by (2.58). Note that the separation
ansatz

U = WMo R (1) S(6) (2.73)

contains the angular coordinate ¢ with a non-standard periodicity (2.70), so m appearing
in equation (2.72) is not an integer, but it still takes discrete values.

This concludes our discussion of the four-dimensional black holes. To summarize,
we have reviewed Teukolsky’s classic construction and rewrote it in a very suggestive
form (2.15). This formula was used as an inspiration for the new ansatz (2.18), which, in
contrast to the classic construction, covers both polarizations of photons. We have demon-
strated that the ansatz (2.18) leads to only two options for the gauge potential, (2.47)
and (2.52), which we labeled as “electric” and “magnetic” polarizations. Furthermore, we
rewrote equations governing these polarizations, as well as massless scalar, in the unified
form (2.57)-(2.58), and this suggests that similar relations may hold for particles with
higher spins. Finally, in subsection 2.4 all these constructions were generalized to de-
scribe the Kerr-AdS metric. The rest of this article is dedicated to extension of the results
obtained in this section to rotating black holes in arbitrary dimensions.
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3 Mpyers-Perry black hole and its symmetries

To extend the results obtained in the last section to rotating black holes in higher di-
mensions, we have to identify the key ingredients of the ansatz (2.18) and uncover similar
structures for other systems. In four dimensions, the ansatz (2.18) for the gauge field
relied on existence of a very special vierbein (I#, n*, m*,m*), so to extend the success of
the construction introduced last section, it is important to find the counterpart of the ex-
pressions (2.6) in arbitrary dimensions. While it is possible to just guess the appropriate
vielbein, a more constructive approach is based on characterizing the frames (2.6) by their
algebraic properties and finding the generalization by solving appropriate equations. Such
approach to special vielbeins was developed in [71] based on earlier work [42-44, 46-56], and
in this section we will review the appropriate construction. Specifically, we introduce the
geometry of the Myers-Perry black hole [72], discuss it symmetries encoded in Killing-Yano
tensors, and demonstrate that the higher dimensional counterparts of the vierbein (2.6) are
uniquely determined by solving equations for such tensors. The resulting vielbeins, first
constructed in [71], will then be used in subsequent sections to separate Maxwell’s equations
in higher-dimensional black holes. In section 3.2 we will also review separation of variables
in the wave equation, which will be used later in the paper. Finally, in section 3.3 all these
constructions will be extended to the GLPP black holes [73] which generalize the Myers-
Perry geometry to solutions of Einstein’s equations with non-zero cosmological constant.

3.1 Killing-Yano tensors for the Myers-Perry black hole

To extend the construction discussed in the last section to higher dimensions, we recall
the higher-dimensional generalization of the Kerr geometry. The form of such Myers-Perry
black hole [72] differs between even and odd dimensions, so we begin with quoting the
solution in even dimensions (d = 2n + 2) [72, 91]:

Mr < > FRdr?
ds? = —dt? + = at p2deg; ) + =2 2 2(d2 ?d2>.
s +FR< +;azul ¢ +R_Mr+i:1(r + a?) (dp? + p2de?
+r2da?. (3.1)
Here variables (u;, a) are subject to a constraint
o+ pl =1, (3.2)
i=1

and functions F', R are defined by

n n

F=1-% Gk g [T +ad). (3.3)

2 2
T a
k=1 +a k=1

To recover the standard Kerr geometry from the solution (3.1) one should set n = 1 and
make replacements
M — 2M, a; — —a. (3.4)

Let us now discuss the symmetries of (3.1) following [71].
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The metric (3.1) has an explicit R x [U(1)]"™ isometry which acts by constant shifts of
t and ¢;:
= ot + eVH, V#9, = B'o, + Z Bi8¢i, B" = const, (3.5)

and one can show that these symmetries exhaust all vectors satisfying the Killing equation
V.V, +V,V, =0. (3.6)

Although all geometric symmetries are encoded in Killing vectors satisfying (3.6),'6 equa-
tions for particles and fields can have some “hidden” symmetries not covered by (3.6). For
example, it is such hidden symmetry that is responsible for separation (2.8)—(2.9) of the
wave equation in the Kerr geometry into functions of r and 6.

Study of hidden symmetries in general relativity was initiated by Carter [14, 15], who
demonstrated that separation (2.56) follows from existence of a symmetric Killing tensor
of rank two, which satisfies a differential equation generalizing (3.6):

V(MKV)\) =0. (37)
While some such tensors can be constructed by combining two Killing vectors (V, W),
K, =VW,+V,W,, (3.8)

the Kerr geometry also admits an irreducible object, which cannot be written as (3.8). To
present the explicit expression for the Carter’s tensor, we introduce convenient frames:

ds? = —e + €2 + e} +eé,

VA s

o= 2 —ashie), o= [0+ )0 adt], e =Lt eo= pd,

VA
A =7r%+a®—2mr, p* =12 +a’ck, cy=cosh, sy=-sind, (3.9)
in which the Killing tensor becomes diagonal:

K =r*[e} + €] + (acy)® [ef — €2] . (3.10)

While a Killing tensor has a freedom of shifting by “trivial” terms (3.8), the Kerr black hole
also admits a more robust object, which is uniquely defined. A Killing-Yano tensor (KYT)
is an anti-symmetric generalization of the Killing vector (3.6), with defining relation

VMYVl...l/p + VVIYMVQ---V;D =0. (311)
The Kerr black hole admits the unique rank-two KYT":

Y =reg Aeg + (acp)e, A ey, (3.12)

160ne can also consider conformal Killing vectors, but they don’t lead to new symmetries for the met-
ric (3.1). However, the conformal Killing(-Yano) tensors play important role in the dynamics of particles
and field in the backgrounds of charged black holes. We refer to [71] for the detailed discussion.
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and once again the frames (3.9) are very special: they are the closest analogs of eigenvectors
that one can define for an antisymmetric tensor.

The eigensystem of K and Y played an important role in constructing the higher-
dimensional generalizations of the Killing(-Yano) tensor [71],}” and it will be crucial for
extending the construction of section 2 to higher dimensions. The ansatz (2.18) relied on
the particular frames (2.6), and now it is clear what made them special: (I#,n*) are the
“light-cone versions”of the eigenvectors (e, e,, g, €4):

r? + a? a r? 4+ a? A a
l’uau — A at + 87“ + Zaqﬁ, n'“@u = Tat — ﬁ&r + ia(ﬁ, (313)
1 )
mto,, = \fT [ms@at + 0p + Z(%] , p=r+iacy, X =pp, A=r>+a%—2Mr.
p S0

Thus to extend the ansatz (2.18) to the Myers-Perry black hole, we should first find the
eigenvectors of the Killing-Yano tensors in higher dimensions. Fortunately this problem
was solved in [71], and the answer reads'®

R? ag R— Mr
“= "\ FrR(R — Mr) [atzk W%] S e U

H; H;
PR o — , R . —_ T 3.14
‘ di(r? + 2?) zk: z? ] Cai di(r? +22) " (3.14)

Here we defined convenient expressions

di = [[(} — 27), Hi=]](a} - 27), Gi=]](a? = 27), & =[](a} —a}). (3.15)
k k

ki ki

In terms of the new coordinates (r, x;), functions F' and F'R entering (3.14) become

R= H(r2 +a?), FR= H(r2 + 22). (3.16)
k k

For completeness we also write the relation between the elliptic coordinates {zj} and the
original variables {py}

1 n
(@ip;) ——2||a—a:k O<zi<a1 < --<xp<ay. (3.17)
Ci 21

Note that, apart from the common overall factors, the components (e}, el') of the frames
depend only on r, while the components (¢!, e,) depend only on z;. As we will see, this cru-
cial fact is responsible for separation of variables in Klein-Gordon and Maxwell equations.

7 An alternative approach, applicable only to neutral black holes, was introduced earlier in [42-44, 46-56].
This work is summarized in a very nice recent review [78].

18For compactness we write only the frames with upper indices €'y, which will be used in the subsequent
sections. Explicit expressions for ef} can be found in [71]. To simplify expressions encountered in this article
we made a replacement z; — —x7 in comparison with [71].
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In terms of the frames (3.14) the metric and the Killing tensor become
ds? = —(e)? + (¢")? + ) _[(€™)? + ()],
k

KavdaMda™ = A, [—(e")? + ()7 + 32 Ael(€™)” + ()7, (3.18)

where A, (r) and Ag(xj) are symmetric polynomials. The Killing-Yano tensors are sum-
marized by a very nice formula!®

Y2k — [/\hk] . (3.19)
Here h has a very simple expression in terms of frames (3.14) [71]:
h=re" Ael + Z zie"i A€ (3.20)
i
We refer to [71] for further discussion of the Killing-Yano tensors and a special role played
by their eigenvectors. It is important to stress that uniqueness of the KYT (3.19)—(3.20)
also guarantees the uniqueness of the special frames (3.14).

We conclude this subsection by a brief discussion of the Myers-Perry black hole in odd
dimensions. Instead of starting with (3.1) one should begin with

2
FRdr?
ds® = —dt* + R <dt + Zaz,ufdgbl) = ]\; 5+ Z r? +a? (dﬁ% + u; ddh) (3.21)

In this case the special frames are given by [71]

R? a R— Mr?
S S D P p = 0,
“ FR(R — Mr?) [ ' zk: 2 + a2 ‘f’k] © FR

H;
widi(r? + 7)

_ IMa 1
G = r]] zk O zk:aka¢k

ay H;
e ) o B R —
t p ai—x% ¢k] i z2d;(r? + 2?) i

(3.22)

The relation (3.17) between Myers-Perry and ellipsoidal coordinates, as well as expres-
sion (3.16) for function FR are modified:?°

n

=
2 =2 H (a? — z3), H(TQ—i—ai), FR =12 H(T2+x%). (3.23)

k k

The remaining relations (3.15) still hold. As in the even-dimensional case, we emphasize
a very special form of the relative coefficients in frames e,: they depend only on r in e,

YFor the Myers-Parry black hole this compact result was first derived in [46-56] without relying on
frames (3.14), and in [71] it was extended to charged geometries.

20T contrast to the even-dimensional case, where p; were not constrained, now there is a relation > ur =
1, and, as a consequence, there only n — 1 coordinates x;.
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only on z; in e;, and they are constant in e,. The Killing and Killing-Yano tensors still
have the form (3.18), (3.19)—(3.20), although the metric acquires an extra term (e,)?, and
we refer to [71] for the detailed discussion.

In the remaining part of this paper the special frames (3.14) and (3.22) will be used
to solve Maxwell’s equations in the background of the Myers-Perry black hole, but before
starting this discussion it is useful to review the separation of variables in the wave equation
to stress some peculiarities associated with higher dimensions.

3.2 Separation of the wave equation

In this subsection we will analyze the wave equation in the Myers-Perry geometry, and the
difference in the structure of frames (3.14) and (3.22) suggests to separate the discussion
of even and odd dimensions. We begin with the even-dimensional case.

The goal of this subsection is to study the wave equation:

1
——0, [V—g9g"0,¥| = 0. 3.24

=5 Al V] (3.24)
While the expression for the matrix ¢g" is trivially encoded in the frames (3.14), the
evaluation of the determinant requires some algebra, and the result is

FR d;
Vo= qraylle o

A full separation of variables in (3.24) is guaranteed by the existence of the family of the
Killing tensors (3.18), and we refer to [71] for the detailed discussion of this approach based
on symmetries.?! To compare to electromagnetic field in subsequent sections, we need the
explicit form of ordinary differential equations for various pieces of ¥, and although such
expressions can be extracted from the conserved quantities associated with Killing tensors,
it is easier to construct the equations directly from (3.24).

We begin with rewriting the frames (3.14) as

ét ér éz éxl
et:_iv 67‘277 ei:_—7 eaii:—'
VER VIR \/di(r? + 22) \/di(r? + 22)

The coefficients in (€, é,) depend only on r, while coefficients in (&;, €;,) depend only on

(3.26)

x;. The inverse metric becomes

wmnggwm+@ﬂ+2dﬂ1@wm+@f1 (3.27)

v ~ALV
Rgr Ol + ) 5o r2+x 3,0 .

Upon multiplication of this expression by /=g, the factor in front of g, = [—(&;)?+(&,)?] be-

comes r-independent, and the factor in front of §; = [(&;)?+ (€., )?] looses the x;-dependence.

21See also earlier mathematical work [92-96] for the general discussion of the relationship between Killing
tensors and separation of variables in the wave and Klein-Gordon equations.
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This is one of the key properties leading to separation of the wave equation (3.24), which
can be written as

5 FR d . ..
\/m gﬁaqwrz \/JT (31 8,%] = 0. (3.28)
Note that /][ d; is a polynomial of degree n — 1 in all (x4)?, and
FR\/Tdx
di(r? + z3)
is a polynomial of degree n — 1 in r? and in all (x3)? with the exception of k = i. If we
impose a separable ansatz,
U= Ed(r [HX ; ] . E=ewttiXmie (3.29)
then consistency of equation (3.28) implies that
0ulgt” 0, (E®)] = Por[r°] ED, (3.30)

where P, is an arbitrary polynomial of degree n — 1. For n = 1, P,_1 reduces to a
familiar separation constant, and this case was discussed in section 2.3.1: the parameter A
appearing in (2.56) is a four-dimensional version of the polynomial P, ;.

Equation (2.56) also implies relations similar to (3.30) for functions X, and it
constrains the coefficients of various polynomials. A detailed analysis presented in the
appendix E.1 shows that P, _1[r?] remains free, while all other polynomials are determined
in terms of it:

Oulgy” 0y (EXy)] = —Po1[-37]EX . (3.31)
For future reference we rewrite equations (3.30) and (3.31) in a more explicit form:
2
d dd R? apmy 9
M -y =P, ¢
dr [(R r)d} R— Mr Zk:TQ—}-ai n-1 (1)@,

2
d dX; agmy 2
i, [H dwi] — H; [w—z 5 2] X; = —P, 1 (—z)X;.  (3.32)

The set of equations (3.32) should be viewed as an eigenvalue problem for the coefficients
of the polynomial P,_;. Separation of the Klein-Gordon equation is obtained as a
straightforward extension of (3.32), but we will not need these more cumbersome formulas.

We conclude this subsection by a brief discussion of the wave equation in odd dimen-
sions. Using the frames (3.22), we find a counterpart of relation (3.27):

1 1 1
o0, = —agto,0, 50t OOy + —5=—53,, OuOy , 3.33
g w FRgr © +Zdl(r2+x) + [Hx] ( )
where §ZV is a constant matrix with indices along (¢, ¢;). Using the expression for the
determinant of the metric,

FR x2d;
V=g=— || i 3.34
r 2’ ( )

7
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and repeating the steps leading to (3.32), we find

d [R Mr? d@] R?

dr r dr R — Mr2

s
[

2
d [H;dX; - 2

ol el Ikl P ORNCY

e [% dﬂﬂi] [w Z a2 — 2 (=] (3.35)

In contrast to the even-dimensional case, the polynomial P, has degree n, but it is subject

Al = [[To] o~ 32

We refer to appendix E.1 for details. Equations (3.35) should be viewed as an eigenvalue

to one constraint: )

(3.36)

problem for the coefficients of the polynomial F,.

3.3 Extension to the Myers-Perry-(A)dS geometry

The results reviewed in this section can be easily extended to higher-dimensional solutions
of Einstein’s equations in the presence of the cosmological constant. Construction of such
geometries was a result of a very impressive work [73],22 but once the final Gibbons-Lu-
Page-Pope (GLPP) metrics are written, their form suggests that the separable frames can
be obtained by a simple modification of (3.14) and (3.22). In this subsection we present
the resulting frames (3.40), (3.44) and derive the systems of ODEs (3.42), (3.45) governing
the dynamics of separable solutions of the wave equation.

The GLPP solution describes rotating black holes in the presence of the cosmological
constant, so away from the sources the metric solves the Einstein’s equations

R, = (D — 1)Ly, (3.37)

where L is related to the cosmological constant.?> As in the Myers-Perry case, one should
study the even and odd dimensional cases separately, and in D = 2n + 2 dimensions, the
GLPP solution reads [73]*

2
n a? 2 M a;p2de;
2 2 ] . IRy
ds® = —W(1 — Lr?)dt z:: Ea 7 |4, — Aazat| "+ o |dt - ; o
2
+7§ r? + a3 L Til (r* + a3 pjdpy; Udr? (3.38)
1+L2 W(1—Lr2) = 1+ La? VM’ ‘
Here functions (U, V, W) are defined by
n+1 n 1— Lr2 n n+1
U= = W =
r ;7"2—#% UT +a3) . ]1_[1( +aj) Zl+Lak

*2The five-dimensional Kerr-AdS solution was found earlier in [97].

ZWe reserve symbols A and A for the eigenvalues associated with Maxwell’s equations.

2*We made replacements M — M/2 while quoting equations (3.1) and (3.5) of [73] to agree with the
Myers-Perry notation.
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Angular coordinates ¢; entering (3.38) have the standard periodicity, but to simplify expres-
sions associated with electromagnetic field, it is convenient to define rescaled coordinates ¢;:

¢i =\/1+ La2p;, 0<¢; <2m\/1+ La?. (3.39)

The easiest way to find the counterparts of the special frames (3.14) for the geometry (3.38)
is to separate the wave equation.?> We refer to [71] for the detailed discussion of this
approach. The resulting special frames are related to (3.14) by a very simple transformation

1 R? ar R— Mr
“= Q| FR(R—Mr) [&f - Zk W%] e =@ O
Qg Hi
O — E —=0 e = Qi | ————-0:, . (3.40
LS a -] %]7 o Q\/dz‘(r2+l‘?) o B

The dependence on the cosmological constant comes only through the “dressing factors”
(Qr,Q;), which are defined by

R
Q, = \/1—Lr2w, Qj =\/1+ La3, (3.41)

and the remaining notation used in (3.40) is described in section 3.1. Separation of the

1 H;
€ = ——

Qi \| di(r? + 22)

wave equation leads to a minor modification of (3.32):

2
® =P, (r)®, (3.42)

d dd R? agmy
— (R = MrO*== _ — |w- E
dr [( e dr] Q%*(R— Mr) [w p rZ + a%

2
d 24X, H; aEmy, o 2\ v
i [P - [“’ 2 2] B

As in the case of the frames (3.40), the cosmological constant enters the wave equation
only through the “dressing factors” (Q,,Q;).

In odd dimensions, the GLPP solution is still given by (3.38), but now the variables
i are constrained by the relation

n
D=1,
j=1

and the expression for the function V' is modified:

T

1—Lr? &
V= CII0 +ad). (3.43)
j=1

Both features have been already encountered for the Myers-Perry black hole.

*One can also find the eigenvalues of the Killing-Yano tensors constructed in [46-50].
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The special frames are obtained by a slight modification of (3.22),

1 R? a, R — Mr?
et“@\/wlat—;w%l’ =@\ g O
1 Hz ag I‘IZ
i = ——— | 5 | O — 04, | s  €x, =Qiy| —5——5—5-04,,
SR e L D ‘”] O g ™

a; 1
ey = _7«% o [at -3 ak%] : (3.44)

k

and the wave equation reduces to (3.35) with some additional factors of (Q,,@;) as in the
even-dimensional case (3.42):

2
. r P J— = Pn @’ A == - M 5
rdr [ r dr] Q2A v zk:r2+az ] i "
2
d [H;Q?dX; H; apmp 5
i : ——5 |w— X; = —P[—x;]1X; . 3.45
i [AE XL [w > - (3.15)

Although in this article we will mostly focus on the Myers-Perry metric with L = 0, we
will comment on Maxwell’s equations in the GLPP geometry in section 5.3.

To summarize, in this section we have reviewed the structure of the Myers-Perry black
hole and its symmetries. In particular, following [71], we have introduced the special
frames (3.14) and (3.22), which will play the central role in the rest of this article. We have
also separated the wave equation in the background of the Myers-Perry black hole, and the
final results (3.32), (3.35) will serve as a guide for separating the Maxwell’s equations.

As we have seen, the symmetry structure of the Myers-Perry black hole differs between
the even and odd dimensions, so these two cases should be discussed separately. The solu-
tions for the even dimensions will be obtained by generalizing the construction presented
in section 2.2, and in the next section we will discuss the five-dimensional black hole, which
will serve as a similar starting point for odd dimensions. We will come back to the general
Myers-Perry black hole in section 5.

4 All excitation of the five-dimensional black hole

In this section we will demonstrate separation of variables for Maxwell’s equations in the
background of a five-dimensional black hole and construct all three polarizations of the
photons. Following the conventions of section 2.2, we separate polarizations into “electric”
and “magnetic’, depending on their limit at w = 0. As expected from the general properties
of electromagnetic fields reviewed in appendix D, there is one electric polarization (which
reduces to A; in the static limit), and two magnetic ones.

The rotating five-dimensional black holes have been extensively used in the context
of string theory [26-29, 61-67], and in this special case the most common notation in the
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literature differs from the general parameterization (3.21). Specifically, instead of using
two constrained variables (j1, p2), one introduces a free angle 6:

H1 = S0, H2 = Cg, (41)
and uses special symbols for the coordinates (¢1, ¢2,a1,as):
¢1=9¢, ¢2=1, a1=-—a, ay=-b. (4.2)

Note that in the five-dimensional case, there is only one x coordinate in (3.22), which is
related to 0 in a simple way (see (3.23)):

x1 = +/(acp)? + (bsp)? . (4.3)

To connect to the existing literature and to simplify the limits of vanishing a and b, we will
use 0 instead of x;. Then the frames (3.22) become

R ak A 1
= a — 76 5 r = 78’,~, == 78 5 4.4
“ EA | ; 2+ a; ¢’“] ¢ r2y 0 N (44)
R P 1
e = @\/i [(a b )Ot + Sg 6¢ 6384 , €y = 0 [ab@t + b0¢ + a&/,] .

To make these and subsequent formulas more compact, we flipped signs of some frames
and introduced notation inspired by the four-dimensional case (2.6)

A=R—-Mr? Y=1r2+(acy)?®+ (bsg)?, © =/(acy)? + (bsg)?. (4.5)
Recall that in five dimensions the general definition (3.23) gives
R = (r* +a®)(r* + b%). (4.6)

Mimicking the expression for the four-dimensional canonical vierbein (2.6), we combine the
frames corresponding to r and € coordinates and define

li:m(eﬁief), mi:\/i(egiie‘f), n“:r@ei. (4.7)

From now on we will work only with frames (4.7), so there should be no confusions between
the frame and the space-time indices. In the rescaled frames (4.7), the inverse metric
becomes

1 1 1
ﬂlili@ﬁy + imimiﬁuay + @n”n”@#&, ) (4.8)

Note that components of I} depend only in r, m/, are functions of 6, and n* are

GOty =

constants. Thus, using (2.18) as an inspiration, it is very natural to propose the following
ansatz for the gauge field:

WA, =Gi(r)llo,T, mh A, = Fr(0)m! 0, ¥, n'A, =T, (4.9)
where V¥ is a separated scalar function
U = WHHmotinv g (1) 5(9). (4.10)

The rest of this section is dedicated to exploration of the ansatz (4.9). As in the four-
dimensional case, we will demonstrate that Maxwell’s equations uniquely determine the fac-
tors (G (r), F(0)) and lead to very simple equations for functions (R, S). Readers not in-
terested in justifications can go directly to the subsection 4.3, which summarizes our results.
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4.1 Electro- and magnetostatics

Following the logic of section 2.2, we begin with applying the ansatz (4.9) to the special
configurations with
w=0, m=n=0. (4.11)

In this subsection we will derive the most general expression for (Fy,G4) and equations
for (®,5), and demonstrate that separable configurations in the special case (4.11) must
reduce to one of the two branches, (4.21) or (4.27). Then in the next subsection the
restrictions (4.11) will be relaxed following the logic outlined on page 13, resulting in the
final expressions (4.31) and (4.36) for the two branches.

In the special case (4.11), A, and Ay decouple from the remaining components in
Maxwell’s equations, and using the determinant of the metric,

V=g = rsgce, (4.12)

we find the unique expression for F":
o _ const  const
/=g rspepy’

Solutions of this type do not allow separation constants, so dropping a pure gauge, we can
set A, = Ap = 0. This implies that in the special case (4.11), the ansatz (4.9) has

(4.13)

G_=-G,, F_=-F,. (4.14)

As in section 2.2, we define the components of Maxwell’s equations by a counterpart
of (2.26):

—iwt—imeop—iny
V=
Then looking at the special case (4.11) and setting a = b = 0, while keeping the ratio a/b

fixed, we find

Y {G+<i>(8205,)/ +rsd <1d[(7’2 _ M)G+<i>}> } . (4.16)

r2 590 dr \rdr

e

M Oy [V—gF"] . (4.15)

For configurations with G, # 0, Maxwell’s equation .#Z! = 0 reduces to two ODEs:26

(5205") Y Ti <1d[(T2 _ M)G+<i>]) =\ G . (4.17)

HE=0:
S2¢ dr

Interestingly, the ratio a/b does not enter these equations, as we will see, this is a peculiar
feature of the electric polarization, which is not shared by its magnetic counterpart. As in
section 2.2.1, dimensional analysis ensures that the angular equation is not modified in the
presence of rotation parameters, this leads to applicability of equation

(5295") 4+ A\1529S =0 (4.18)

263olutions with G+ = 0 will be discussed after equation (4.22).
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to all electric modes without dependence on cyclic coordinates (see (4.11)). Turning on
the rotations and using relation (4.18) to eliminate S” and S” from Maxwell’s equations,
we arrive at the five-dimensional counterpart of (2.30):

3 d Fy

[2 PO® — = 4 (a® — b)) 599 P(OG L —irF, )| =0.  (4.19)

2RS’
po_ e
(5 =10 i)

Mls—o  rON2

As in four dimensions, by requiring function ® to satisfy a second-order differential equation
with separation constant A1, we conclude that coefficients in front of ® and ® in (4.19)
must vanish, leading to a counterpart of (2.31)%"

F+ = —i@, G+ =T (420)

Substitution of (4.18) and (4.20) into Maxwell’s equations leads to the unique solution for
the electric polarization of the special configurations (4.11):

A = £rl, 0, miL A = FiOm. T, A =0, T =a(r)S(9),
1d [A
(SQ@S,)/ 4+ A18995 =0, T'dd’r’ |:R:| - MR =0. (4.21)

While the electric polarization is very similar in even and odd dimensions, the structures
of magnetic polarizations for these two cases are very different, and we will now discuss
such modes for the five-dimensional black hole.

We recall that the solution (4.21) has been rigorously derived from equation (4.18),
which was based on only one assumption: G # 0 in (4.16). Thus to describe the magnetic
polarizations, we must require G to vanish in the non-rotating limit:

a=b=0 = G4=0. (4.22)

We also set M = 0. Nontrivial solutions with vanishing G4 must have non-zero F, and
for such configurations one combination of Maxwell’s equations is especially simple:

bsg o o p 2000 d [s39F S AS d o XD d 599, | ANab’SP
7'//[ +ep T = 509 d © W%[r I+ artsqy df [@S} (re)?
(4.23)

Although the last expression contains a and b, it is applicable only to the non-rotating
limit with an arbitrary ratio b/a. The definition (4.9) of the constant A implies that A ~ a
in the non-rotating limit, so all terms in the right hand side of (4.23) approach finite values
as a goes to zero. Consistency of separation leads to equations

sopdf | © 02 of — 7
1
7

21b d [soeF. S’ MaS  AO? d 99 ., A ab*S
+ &)+
a as9g do

[rcb] = \O. (4.24)

&‘&

The second relation is expected: since the limit a = b = M = 0 removes all length scales
from the metric, only the power law solution for ® is possible.

*"In the degenerate case a = b some freedom in G still remains, but we will not discuss it here.
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Using the first equation in (4.24) to eliminate S” and S” from .#?, and recalling that
coefficients in from of S and S’ must vanish separately, we find an over-constrained system
of differential equations for F';. Although the algebra is tedious, the result is very simple:
up to an irrelevant multiplicative constant,

B
F.=2, B=Va+ (4.25)

Parameter B is introduced just to keep F finite in the non-rotating limit. KEquation
M? =0 also determines Ay in terms of A and B, so equations (4.24) become

1d

2\ab 14,
r3dr

@2

- A
rd] = \?®, A= 5 (4.26)

0% d (s, 12 _
329d0[@25} AT+ §=0,

This completes our discussion of the a = b = 0 case.

To turn on the rotation parameters, while still keeping (4.11) and M = 0, we observe
that on the dimensional grounds, equation for S(¢) can depend only on the ratio a/b. This
implies that the angular equation in (4.26) and F; are not modified, then by substituting
S” and S” into Maxwell’s equations, we find an over-constrained system of ODEs for G
and ®. Similar systems were discussed in section 2.2.1, so here we skip the intermediate

formulas and write the final result:28
B - B
1Al = £, miL A = i%mi\l/, nt A = BAW, W = R(r)S(0),
©2 d rsy 2 ab d [A . A2 2)Xab
— S|+ |2 S=0 — = - | &= - o =0. (4.27
S99 dO [@2 } [ t e ] ' dr {7‘3 } [7‘ 2 } (4:27)

Scale B is introduced to ensure a smooth limit as a and b go to zero, later we will remove
this unnecessary parameter.

We stress that our derivation ensures that in the special case (4.11), any nontrivial
solution?” of the form (4.9) must reduce to either (4.21) or (4.27), and a direct check shows
that both systems work even for the black hole geometry, i.e., for arbitrary values of M.

Although we encountered only two systems, (4.21) and (4.27), they describe three
different polarizations. To see this, we write more explicit expressions for the gauge field
in Schwarzschild geometry and compare the results with the general analysis presented in
the appendix D. Setting a = b = 0 in (4.21) and (4.27), we find electrostatic,

!
AleD = a (®S)dt (5205} +aSs—0, 14 [A } —\® =0, (4.28)
S99 rdr
and magnetostatic,
B B
Almgn) — BA (bs2de + ac2d)®S + —2 (bdip — ad)dp(®S), (4.29)

o2 202

0% d rsup ,  2)\ab dTA.T A
O d 152 =0, o |56l Te=0
T [@2S}+ Mgz [0 Gl 0

configurations.

28To simplify notation, we replaced A by A.
29We excluded the pure gauge: Gu = Fi, A = 0.
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The solutions of the eigenvalue problem for the angular equation in (4.28) are param-
eterized by a positive integer k, and the profiles are given in terms of the hypergeometric
function F:

2
A = dk(k + 1), SZF[—k,k+1;1;cg], <I>~F[—k:,/~:+1;1;;4. (4.30)

For M = 0 the regular radial function reduces to ® = r?*. Every value of k leads to the
unique angular and radial profiles, so equation (4.28) describes one mode.

In contrast, the magnetic modes (4.29) describe two different polarizations for every
allowed radial profile. The angular equation has a Zs symmetry (a, A\) — (—a, —\), which
implies that all eigenvalues come in pairs (A, —A). Of course, the corresponding profiles, Sy
and S_), are different, but they are related by a formal replacement a — —a. Eigenvalues
(A, —\) have identical radial profiles, but the structures of the corresponding A9 are
very different, so the system (4.29) describes two distinct magnetic polarizations. The same
is true even for the full solution (4.27), although the analysis is less transparent.

To summarize, we have shown that in the special case (4.11), the ansatz (4.9) admits
only two classes of solutions, (4.21) and (4.27). These systems describe three independent
polarizations, as expected from the general analysis presented in appendix D. In the next
subsection we will relax the (4.11) and present full solutions for three polarizations of
electromagnetic field in the background of a five-dimensional Myers-Perry black hole.

4.2 General electromagnetic field in five dimensions

The results of the last subsection can be extended to the general electromagnetic field
satisfying separability condition (4.9) by implementing the steps outlined on page 13. In
comparison to the four-dimensional case, the algebra is slightly more involved, and some
details are presented in the appendix C. Here we just stress the uniqueness of the resulting
solution and present the final expressions.

The separable ansatz for electromagnetic fields (4.9) leads to two types of solutions,
and following the established notation, we will call them “electric” and “magnetic” polar-
izations. The electric solution reads

1AD = - ;Wz;q/, mi A = - f; 5, nt A = o,
f;;jg F;E?zs] + [QE/: w0 - Z; - ’Z; + C]S — 0, (4.31)
%d% Lér(b] [— Z: + (wr)? + m;j“ + n;(;lb + M}ZWQ - C}(I) =0
Here we introduced convenient functions
E, =1+ (ur)?, Ep=1-(u0)? W:w+‘g+2, R.=12+c%. (4.32)
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Recall that function ¥ is given by (4.10), while A and R are defined by (4.5) and (4.6).
We also introduced parameters d, and dp,

dy = —dy = a® — b, (4.33)

which will simplify the comparison of (4.31) with its higher-dimensional counterparts.

Equations (4.31) contain two constants (A, C), which are completely determined by
the separation parameter p. The limit of vanishing w requires careful treatment, and to
make this case more transparent, we present (A, C) in terms of a new parameter A, which
remains finite in the limit:

1 2

abmnw

A= g [V = (aw)? — awm] [3 — (bw)? — bun] — =5, (4.34)
w2 2 2 2 w
C:ﬁ(abw+bm+an) —w [w(a® +b°) + 2am + 2bn] /\:;
For w = 0 we find
p=0, A=X C=0. (4.35)

The angular equation in (4.31) should be viewed as an eigenvalue problem for p, then
equation for ® gives the appropriate radial profile.

Detailed analysis of the magnetic polarization presented in the appendix C.2 leads to
the unique extension of the special solution (4.27):

mgn L s mgn i A mgn
1 Almem) = ir:l:iuli\l/’ miL A = immixy, nt A = AT,
My d |s2 ., 2A 9,9 m?2  n?
— | =5 — 0" — 5 —-—=5+C[5=0 4.36
Sog df [Mg + My tw 33 cg + o )
M, d [ A . 2A m2d, ~ n2d, MRW?
T — d - - 4= 2 d=0.
rdr[er]+[ i, “TR, TR, "W)X ] 0
Here we used the expression (4.10) for function ¥ and defined
b
My=0%— 12, M, =—(r2+ 1), W:w+2—m+§”. (4.37)
a b

The constants (A, C') appearing in (4.36) are expressed in terms of (p, A) as
C = N2 = 2w(am + bn) — w?(a® + b?),
A = ab) + wp? — plam + bn + (a* + bv*)w)], (4.38)
and p is given by
= % [abw + an + bm] . (4.39)

As before, for fixed values of (w,m,n), the angular equation in (4.36) should be viewed as
an eigenvalue problem for A\, then equation for ® gives the corresponding radial profile. A
straightforward modification of the arguments presented after equation (4.29) leads to the
conclusion that solution (4.36) describes two magnetic polarizations.

Equations (4.31) and (4.36) constitute our main result for the five-dimensional black
hole, and they describe all three polarizations of photons in the Myers-Perry geometry.
There are striking similarities between differential equations appearing in (4.31) and (4.36),
and in the next subsection we will demonstrate that the wave equation fits the same pattern.
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4.3 Summary and comparison to the wave equation

Let us now summarize the results of this section. Differential equations appearing in (4.31)
and (4.36) can be written in a uniform fashion:

Z;;{g?@4—Ei+w%ﬂ—zg—zg+c}szo,(4@)
Drrci[rf)r(b] + [— Z[: + (wr)? + m;f“ +i?’ -C+ M}ZWQ]cI) =0
Here d, = —dj, = a® — b?, and various functions are defined by
R.=12+¢, R=R.Ry, A=R-—M? W:w+cg:+g. (4.41)

Electric and magnetic polarizations differ by the explicit form of the functions (D, Dy)
given by (4.32), (4.37), and by the expressions for the constants (A, C) in terms of the
control parameter A (see (4.34) and (4.38)). In this short subsection we will demonstrate
that the wave equation fits the same pattern (4.40). Our final result is summarized by the
system (4.40), (4.41), (4.47)—(4.50).

Separation of the wave equation in the Myers-Perry geometry was discussed in sec-
tion 3.2, and for the odd-dimensional spacetime the result is given by (3.35). In five di-
mensions, there is only one angular coordinate x1, and it is related to € by equation (4.3).
Substitution of x; in terms of 6 into (3.35) leads to a system of ODEs governing the
dynamics of a massless scalar:

d [Ad® R2W?
— = o = P[r?|® 4.42
Tdr{r dr}+ A 1], ( )
d H1 dX1 am bn 2 5
| X, = —P[-22X; .
xldxl [m dxl] ! [w+ (a2 — b2)s2 + (b2 — az)cg] 1 1[—21] X0

The linear polynomial P; is subject to the constraint (3.36),

HMzMF@+%+ﬂ{ (4.43)

so it is convenient to write it as Pj[z] = 0z+ P;[0], where o is arbitrary parameter. Recalling
the expression (4.3) for x; in terms of 0, as well as definition of Hj,

Hy = (a® — 1) (b - 27) = —(a® — 1*)*sjcj,
equations (4.42) can be rewritten as
i [Ade] 1 (R
rdr | r dr A

- - 1 2 2 2 2 am  bn]?
+ - — bVt —— =] —P0] X = — )
S99 db [829 do ] x% { 56 [(a Jw Sg Cg 1[0] 1 o Xy

- P [0]} ® =od, (4.44)

r2
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To compare this with the system (4.40) describing electromagnetic field, we expand the
brackets in the differential equations (4.44) and isolate all poles and residues:

1d[AdP 5 m2d, nPd, MRW?* _
—— | —— — b =00
rdr[rdr} {(W) “m TR T a ¢ 7
—— — -— - — X| = —0X1. 4.4
s9p d0 {329 d6}+{w® 52 c§+c 1= ok (445)
Here C' is a constant defined by
C = —w?(a® 4+ b?) — 2w(am + bn). (4.46)

We conclude that equations (4.45) fit the pattern (4.40) with D, = Dy = 1 and an
arbitrary A.
To summarize, the ODEs governing the separable solutions of the wave and the

Maxwell’s equations have the form (4.40), and various polarizations are specified by func-
tions (D,,, Dg) and parameters (C, A, \):3°

scalar: D, =1, Dy=1, VA, VC;
1+ (:ur)za Dy=1- (M®)27 C= (Mabﬁ)2 + é?

electric: D,

1 1 3
A = wp? (2—m—“2> <2—bn—b2> —M; (4.47)
H w 1% w w
’ 2 bQ)?2 -
K 0 7 )
Y (S )
I w w oW I

Here C is given by (4.46) and Q is defined by

Q:w—i-m—i-ﬁ
a

. (4.48)

S

To complete this summary, we recall that the gauge fields are given by the first lines in
equations (4.31) and (4.36):

. 1e)
A =+ ¢ HAC = 52, @ RAWED —
=h TEipr MR =T et AT =0,
HpA(mgn) _ 7 Hog(mgn) _ i S mgn) __
liAL gn) _irj:i,uliqj’ miAL gn) _i@Iumiqj’ ”MA,(L 9 = AU, (4.49)

and separable solutions have
U = WHHimotinu g (1) 5(9). (4.50)

As we already mentioned in the four-dimensional case, it would be interesting to see if the
“master equations” (4.42) would hold for the fields with spin higher than one. Note that

30We simplified the expressions (4.31)—(4.34) and (4.36)—(4.39) for the electric and magnetic polarizations.
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extension of equations (4.42) to the Kerr-AdS case is rather straightforward: one has to add
factors @, and Qg as in equations (2.72). To avoid repetition, we postpone the discussion of
the Kerr-AdS metrics until section 5.3, where the result will be written for all dimensions.

While in this article we are focusing on studying Maxwell’s equations, the results
obtained in this section might also be useful for analysing vector fields in gauged super-
gravity.3! For example, the minimal 5D gauged supergravity contains a vector field obeying
a non-linear equation [98]

2VGn
V3

Note that F' is normalized canonically, in contast to the standard SUGRA notation
(Fsugra = VGNF). The Newton’s constant in equation (4.51) indicates that the F2
term disappears in the probe approximation, so the results obtained in this section apply

dxF +

FAF =0, F=4dA. (4.51)

to (4.51) in this limit. Separation of variables does not persist beyond the probe approxi-
mation since one has to solve nonlinear relations (4.51) along with Einstein’s equations.

To summarize, in this section we derived the most general separable solution of
Maxwell’s equations in the background of the five-dimensional black hole. The final result
is given by the system (4.40), (4.41), (4.47)—(4.50). In the next section we will use the
five-dimensional answers to guess the solution in all odd dimensions and check that the re-
sulting ansatz indeed satisfies the Maxwell’s equations. The solutions derived in section 2.2
will be used as a similar starting point for the even-dimensional case.

5 Electromagnetic waves in the Myers-Perry geometry

After deriving the expressions for separable electromagnetic fields in four and five dimen-
sions, here we will use the resulting expressions to guess the answer for higher dimensions
and check it. Note that, unlike the results of sections 2 and 4, solutions discussed here
are not claimed to be unique, but we will see that they reproduce all (D — 2) independent
polarizations in D dimensions, at least in the static limit.

As we saw in section 3, the structures associated with the Myers-Perry black hole in
even and odd dimensions are rather different, so it is natural to discuss these two cases
separately. We will use the electromagnetic waves found in section 2 as a motivation for
the ansatz in even dimensions, and the solutions found in section 4 will serve as a guide
for the odd-dimensional case.

5.1 Even dimensions

We begin with recalling the ansatz (2.18) used in four dimensions. In section 2.2 we
imposed this form of the gauge field and derived the expressions for (G, Fy) and
differential equations for functions R and S. To extend the ansatz (2.18) to higher
dimensions, we recall that each of the rescaled frames &} defined by (3.14) and (3.26) is

3'We thank the referee for suggesting to add these comments.
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a function of only one argument:

~ R?
“=\E-ar

€ = \/E [at - Z a?a_k23¢k] ) Cx; = V/ Hi0y, .

k k i

Qg -
8t—z7w8¢k] 5 €r = R—MTar,
k

To mimic the ansatz (2.18), we define the “light-cone” combinations:

H _
110, = \FR {ARGT +

m$)" o, = @{axj +i

Qg
8t—z?wa¢k]}, A:R—Mr,
k

at—za;fxz%”. (5.1)

Eook T

Then the natural generalization of the ansatz (2.18) is

N M . N
A, = Ge(r)ho, v, [mm] A, = F9(x)) [mgﬂ 9,0, (5.2)

where V is taken to have the form
U = W imti g (r) [ [ X;(a)). (5.3)

Rather than undertaking a general study of the ansatz (5.2), we use the four-dimensional
results to guess the form of (G4, Fj([] )) and the differential equations for ® and X;. We
then check that the resulting system solves Maxwell’s equations in the metric (3.1) for
all even dimensions. As in the four-dimensional case, the results split into electric and
magnetic polarizations.

The electric polarization in D = 2n+2 dimensions is specified in terms of one separable
scalar function ¥ as3?

wogle) _ P 5 D glel) — 4 T ()

and Maxwell’s equations reduce to a system of ODEs?3

d | Hj A 2 2 20: . \2n
Ejidﬂ?j |:Ej X]/:| + {E’] — Q[—JIJ-] + Pn_l[—a:j] —w (m:j) Xj = 0, (55)
d [ A . A MrRW?
Eri =pl - = — 2 Pn— 27,2 2n ST AVPE d = 0.
dr [E ] {E QU+ Paalr] —wir A } 0

32Note that we made a replacement p — % in comparison to the electric polarization in four dimensions
defined in (2.60). Such modified notation ensures that the electric and magnetic polarizations are described
by the same differential equations.

33In practice, an alternative form (5.12)-(5.13) of the system (5.5) might be more useful, but expres-
sions (5.5) stress the structure of poles in differential equations, and they arise naturally in the process of
derivation.
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Here we defined four functions

Xi 2
E;j=1- J)
’ <u

T 27
e ()

"

and one separation constant A:
2 a;m;

A:——[ A} g S

2 Ma] [ 2

|
Parameters ¢, entering (5.6) are given by3*

& = ] (a2, — ad). (5.8)

m#£k

D A Ll R i (5.6)
k

2 2
a; +y r? +aj

Il
S

32 — . (5.7)

Polynomial P,_; appearing in (5.5) has degree (n — 1) in its argument, and n coefficients
of this polynomial are subject to one linear constraint which will be discussed below. The
separation constants are the free coefficients of the polynomial P,,_1[y] and the parameter
1, so as expected, there are n free coefficients.

The magnetic polarization is parameterized by a scalar function ¥
1

; (G)1u g(mgn) _ L)
Tiwli\y, [y Al = my'w, (5.9)

e Aman) _
T kp

i

whose coordinate dependence is given by (5.3). The dynamics is still governed by the sys-
tem (5.5) with various ingredients defined by (5.6)—(5.8). As in the electric case, the coeffi-
cients of P,,_1 are subject to one constraint, which will be discussed below. Verification of
the solutions (5.4) and (5.9) with differential equation (5.5) is straightforward but tedious,
and in the appendix E.2 we outline the procedure focusing on the special case w = m; = 0.
Note that for generic values of p, the ansatze (5.4) and (5.9) are related by a gauge
transformation and rescaling of A,. To see this, we rewrite (5.4) as
2 )
1AED — [m +- i w} v, Al = [m ¥ a:]wi/J . (5.10)

The constant terms in the square brackets correspond to a pure gauge, and the remaining

fractions give the rescaled version of (5.9). In spite of this equivalence, it is convenient to
keep both (5.4) and (5.9) for making comparison with four dimensions and for taking the
limits ¢ — 0 and p — co. The first limit is simple in (5.9), while the second limit is more
natural in the “electric gauge” (5.4).

We conclude the discussion of the even-dimensional case by comparing the system (5.5)
with differential equations (3.32) originating from the wave equation

2
d dX; apmy 2
H; —Hi|w—S" SR X = P[0, 5.11
dzx; [ dxz‘] [w ;a%—xg ! =il (5.11)
d [ db] R2W? )

34These parameters are related to ¢, introduced in (3.15) by é, = £ck, where sign depends on the number
of dimensions.
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Here P,_; is a polynomial with arbitrary coefficients. To compare (5.11) with (5.5), we
analyze the poles and residues of two expressions appearing in (5.11):

2
~ 2
apny , ¢ (apmy, .
—H; lw — g 5 2] = —w2(w§j)2” - g 7(2 2) —I-Pn_l[—z?],

—~ aj, — Ay — T
R2W?  MrRW? 5,  MrRW? arlapme)? | - 2
A +Z 242 Tl

These two expressions contain the same polynomial Py_q of degree (n — 1). Shifting the
polynomial P,,_; appearing in (5.5) by P,_1, we can rewrite the systems (5.5) and (5.11)
in the unified form:

d H 2A
d [A . 2A 2wk
D [D(I)] - {D - RZVT A+ RalID, @ =0 (512
m;a; mag mrag
Q = —_ . = —_ r = —_ _—
w A, W;=w 22 —$§ W, =w 412

The difference between two polarizations of the electromagnetic field and the scalar equa-
tion appears only in the expressions for functions (D;, D,) and for parameter A:

scalar: D, =D; =1, VA;

vector :

QO
u A:EHAka A = (a? — ). (5.13)

The expressions for the gauge field are given by (5.4) and (5.9), and the separation of
the “master function” ¥ is given by (5.3). The vector version of equations (5.12)—(5.13)
describes both for the electric and the magnetic polarizations.

Note that the constraints on polynomials P, mentioned earlier are already taken into
account in (5.12): they imply that the last terms in equations for X; and ® are proportional
to Dj and D,. Thus the free parameters in (5.12)—(5.13) are p and (n — 1) coefficients of
P, 5. As expected, this leads to n arbitrary separation constants.

To summarize, separation of variables for the electromagnetic field and for the massless
scalar in even dimensions is described by (5.12)—(5.13) with free polynomial P,,_s and with
gauge potential given by (5.4) and (5.9).

5.2 0Odd dimensions

The waves in odd dimensions are expected to follow the pattern discussed in section 4,
and to extend this construction, we need to generalize the ansatz (4.9). We begin with
extending (4.7) to higher dimensions by defining the counterparts of the special frames (5.1)
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as linear combinations of (3.22):

H —_ )=
liau— f{R(?T:I:

m$" o, = \/Fj{axjii

1
ntd, =0 — ) s,
k

Qg
at—zr“aia%]}, A=R— M,
k

a
o—> an’an(,,k] } : (5.14)

koK J

In terms of these frames the inverse metric is
m(j)] [m(ﬂ):| aﬂay

x?di(rg + x?)

L

pv —
9" 0u0 = T

(5.15)

2
v 0,0, + | L9 g0, + 3 |
40Oty 12 nOv :

A natural generalization of the ansatz (4.9) is
WA, = Go(r)iho,v, [mg)}“Au = F9(z;) [m(ﬁ]“ 0,0, nfA, =AU (5.16)
with separable function W:
U = WMtk g () HXj(:Uj).

As in the even dimensional case, we will not look for the most general solution of the
form (5.16), but rather guess the expressions for (G, F'y) using the five-dimensional case as
a guide, and check all Maxwell’s equations. Some details of such verification are presented
in the appendix E.3.

The five-dimensional example suggests a separation into electric and magnetic modes
with the gauge potential given by3°

pogle) — 4 P iy (e gle) — :I:M 5. g 1Al — . 1
LAy u$irli ; [mi’ " A uixjmi A =0, (5.17)
mgn L) ()1 g (mgn i) o
BA = £ LW, PP AT = F D AT = 2.

Rewriting the electric polarization as in (5.10), we conclude that for generic values of p,
the two ansatze (5.17) are equivalent up to a gauge transformation and a rescaling. The
analysis of Maxwell’s equations is very similar to the one discussed in the last subsection,
so we present only the final result. The gauge fields (5.17), as well as the massless scalar
field, are described by the system of ODEs

D, d [ H; oA H;W? @D, -
— { J X]’-] + {—”+J§22+Pn_2[—x§]Dj} =0,

, . . ) 2 2
x; dx; |z;D; D; T 3

D, d A(i) %JFR?WE_MDT
r dr |rD, D, rZA 72

Q% + Pn_Q[T‘Q]DT} =0 (518)

35As in (5.4), we made a replacement p1 — i in comparison to the electric polarization (4.49) in five

dimensions. This ensures that the electric and magnetic polarizations are equivalent for p # 0, co.
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Here functions (W;, W,) and constants (<7, Q, Q) are given by

mrag mrag
Wj:w—g 5 55 W, =w— 5 (5.19)
B ap — T . ap,+r
2 kaak ~ m,
JZ{:[HO/]C} N Q:w— Ak y Q:UJ— aik
k k

As in even dimensions, the difference between scalar and vector excitations is encoded in
functions (Dj, D,) and parameters (A, A;):

scalar: D, =D; =1, VA, (5.20)
2
1% 0
vector : LI L, A== HAk’ A; = (a? — p?).
D, =1+ H
o

Magnetic polarization (5.17) also has a parameter A, which is given by

=

= |2

(5.21)

The last relation implies that AW = —in“@u\P, so the two branches described by (5.17)
are indeed related by a gauge transformation.

Note that, in spite of appearance, the curly brackets in (5.18) are regular at z; = 0
and r = 0. For example, as r approaches zero, we find

R'W? @Dyoy 1[, R« oD,

rZA r2 r2 R — Mr? r2

Q%+ 0(r?)| .

Recalling the expression (3.23) for R, we conclude that the last line is indeed finite.

Although the ansatz (5.17) depends on a continuous parameter p, it can describe at
most D — 2 independent polarizations of electromagnetic field in D dimensions, and other
values of ;1 must correspond to linear combinations of such building blocks. In section 5.4
we will demonstrate that all D — 2 independent polarizations are indeed recovered, at least
in the non-rotating limit.

5.3 Summary and extension to the Myers-Perry-(A)dS geometry

To summarize, in the last two subsections we have constructed various configurations of
the electromagnetic field specified by parameter p, and in the next subsection we will
demonstrate that these ansatze reproduce all (D — 2) independent polarizations in an
arbitrary number of dimensions. Here we summarize the results of the last two subsections
and extend the construction to the Myers-Perry-(A)dS geometry.

The final answer for even dimensions is given by the ansatze (5.4) and (5.9), as well
as the “master equation” (5.12) with ingredients defined by (5.13). The extension to
the Myers-Perry-(A)dS (GLPP) geometry discussed in section 3.3 is straightforward: one
should start with ansatze (5.4) and (5.9) using the frames (3.40) and their “light-cone”
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combinations:

R [QA 1
M _
lia“_\/x{ o

[mgz)]uau = \/E’{Qja’rj + C;J

ag
- =8, |, A=R-—Mr
a
atE:QQ_’“mZam”. (5.22)

k k J

Then the Maxwell’s equations and the wave equation reduce to a simple modification of
the system (5.12):

Q2
Djdﬂj‘[ Dj XJ

+{— L L A+ P, o[-z ]D}X—o

D, Q2
D,— Q2A<p 28 BWE A+ Py s[rY]D, 3 ® =0 (5.23)
"dr | D, D, QA n=2l ) Ee e T = ‘

Various ingredients appearing in these equations are still given by (5.13) and the last line
of (5.12). These results can be verified applying the procedure used for the Myers-Perry
black hole in section 5.1.

The final answer for odd dimensions is given by the ansatze (5.17) and the “master
equation” (5.18) with ingredients defined by (5.19) and (5.20). The extension to the GLPP
geometry is again straightforward: the frames used in (5.17) should be replaced by the
linear combinations of (3.44):

QrA
liauz\/z{ R [at Z 2+a2 ¢k]}7 A:R_MT2’

[mg)raﬁt = \/Fj{Qjaxj + C;J O — Z Cﬂa_kx?a‘m] } ’ (5.24)

koK J
||CLZ' 1

l’l’ = — —

n*d, o O Ek:akam :

The Maxwell’s equations and the wave equation reduce to a modified version of the sys-
tem (5.18):

D; d | QH | J2A WS oD
ijj Dj x?QQ x]

QQA(I) 2A N R2W}2 MD
r dr rD, D, ' r2Q2A

O+ Pys[-23]1D; b =0
xjdg;j + Pro[—= ]]} :

"Q% + P, _5[rYD, }<1>_0. (5.25)

The definitions (5.19) and the identifications (5.20) still hold.

5.4 Reduction to the Schwarzschild-Tangherlini geometry

In this subsection we consider the waves in the non-rotating black holes by taking the
appropriate limits of various solutions derived earlier in this section, and compare the
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results with the general discussion presented in the appendix D. In particular, this will
clarify the interpretation of the polarizations covered by the ansatze (5.4), (5.9), (5.17).
Since the discussion of the appendix D treats odd and even dimensions on the same footing,
to establish the relation to this description, it is sufficient to look at one of the cases, and
we will focus on even dimensions.

The non-rotating limit of the frames (3.14) requires some care. It is clear that the
Schwarzschild-Tangherlini geometry is obtained by sending all rotation parameters to zero,
and given the ranges (3.17), coordinates z; should be sent to zero as well. Thus we will write

a; = )\bi, T; = )\yi, (526)
and send A to zero while keeping (b;,y;) fixed. This leads to an apparent problem in mg)
defined by (5.1), and to cure it, one needs to recall the inverse metric in terms of the
frames (5.1):

DI T 0)
70 ay_fmva 8, +Z[ J} Lﬂ])aua,,' (5.27)

Then the relevant limits are

Mo, — —— { or + at} A=R—-Mr, R=FR=1r", (5.28)
[ (y)} [m; ] 1 Hz] {a 3 e 4 }
m = - vi T2 32— 2% (-
r A\ o Sl T 4

The square bracket in the last expression remains finite in the limit.

Electric polarization. In the A = 0 limit, the ansatz (5.4) for the electric polarization

becomes?6
l# A(el) - 4
£ 1 ¢ i

To compare this with the general electric solution (D.15) in the Schwarzschild-Tangherlini

v, [mPpraAld =o. (5.29)

geometry, we rewrite (D.15) in a different gauge:

AN = () —iwg(r)] Y, ALD = w2ty (r)y, A =0, (5.30)
1 - r . 1 A \w?
. iV — _ e __T Zoqdf A AWy
\/ga’[ﬁh oYl ==Y g=-3/ =g = Seg =0

Observing that in the A = 0 limit the angular “electric” factors in (5.12)—(5.13) reduce to
D; =1, we conclude that the angular equation (5.12) is the same as in the scalar case, in
full agreement with equation (5.30) for Y. The radial equations also agree between (5.12)
and (5.30), and for transparency we focus on w = 0. In this case p = oo and the radial
equation in (5.12) becomes

d

— [A@} — [A+ P, oY) @ =0. (5.31)

35In contrast to the magnetic polarizations discussed below, here we do not send j to zero in the A = 0
limit.
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Moreover, A = 0, and in the absence of scales associated with a;, the polynomial P, o
must have the form
P, _o[r?] = ar?("=? (5.32)

with constant a.. Substitution of (5.30) into (5.4) gives the relation between f and ®:

iwt,.2n
Y - VROY = fo D
T

2n—1

HAE = 4
+ \/Z

Recalling that H =1 — Tfl\{ T = 1% and d = 2n, we find two ingredients appearing in the

(5.33)

radial equation in (5.30):

1d ,, 1d, d, . 1[4 ,
SO = 0 S AD) — (d—1)AD] = = |r L — (d=2)| Py _o[r2]®
S ) = (o) — (- )ad] = L[ - - 2)| ol
1d [P, o[r?
= —_-— 7¢)
rdr[ rd—2 ’
f B Td_Q-_?
r2H g2l g

Combination of the last two relations leads to the equation for f expected from (5.30):

af B
r2H

1 .
TTlaT [Tdf] -

0. (5.34)

The case of nonzero w works in a similar way, although the algebra is more involved. Thus
the electric polarization in the Schwarzschild-Tangherlini geometry is fully recovered form
our ansatz (5.29).

Magnetic polarizations. For the magnetic polarization, the A = 0 limit with (5.26)
leads to nontrivial configurations only if 1 goes to zero. Defining v = (u/)), we find

Am — o, [RPpam — ¢ Py, (5.35)
y; v
To compare this with the discussion from appendix D without writing complicated formu-
las, we focus on the special case w = m; = 0, although similar relations hold in general.
The first equation in (5.35) leads to the expected result for the radial and temporal
components of the gauge field,

Alman) — Ag(!:ng") =0, (5.36)

while the other projections require additional analysis presented in the appendix F. Here
we just summarize the results.

The non-rotating limit of the Myers-Perry solution is obtained by introducing the set
of coordinates & by

i =0b; — (by —bp_1)&, bo =0, (5.37)

and taking a series of limits in the following order:

bn — bnfl, bnfl — bn,Q, e b2 — b1 =b. (538)
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In this limit, the relation (3.17) defining ellipsoidal coordinates becomes

J
(1) = (1= &4y H : (5.39)

In equation (5.35), the limit (5.38) can be taken in several non-equivalent ways, and, as
demonstrated in the appendix F, there are 2(n — 1) discrete options,

i 1-¢7 1
v = :|:bc : AS:)’C — iBNj’C 85].\11, A¢p,c — Z br2j H ? anj,ch,p gjagj‘lf

j k<j >k

(5.40)
and a family depending on a continuous parameter v # =+b:
A w AP 2 1 b?
&= 1720, = Z — 11 e|liw L;p&0e, . (5.41)
k<j

Functions (Nj¢, L;p,n;) entering (5.40)—(5.41) are defined by (F.20), (F.33), (F.35), and
their explicit form will not play any role in our discussion. The label ¢ in (5.40) takes val-
ues ¢ = {1,...,(n—1)}. We will now demonstrate that there are only (2n — 1) dynamical
magnetic polarizations: they are given by (5.40) and by (5.41) with v = 0. Any magneto-
static configuration can be constructed by taking linear combinations of these independent
separable solutions.

We begin with demonstrating that for v # {0, +b}, the polynomials containing sepa-
ration constants disappear from equations (5.12). The easiest way to see this is to observe
that a gauge transformation with

v

A= -t

leaves A% and A; unchanged, but leads to non-cyclic components

A =0, A, = 71)22_7””25;\1/, v =a(r) []5() (5.42)
It is clear that Maxwell’s equations completely determine all functions =;(&;), and there
are no separation constants. The resulting solution is analogous to the configuration (2.22)
encountered in four dimensions. This argument breaks down for v = +b,, i.e., for the
2(n — 1) polarizations (5.40), and for v = 0.

Let us now discuss the configurations (5.40) with v = +b.. To arrive at differential
equations for various parts of ¥ (specifically, for functions ®(r) and X;(§;)), we begin with
setting w = m; = 0 in (5.12) and sending A to zero:

dr | r2 1/2

y2 2 [Acb] 5 an—2g _ 0, (5.43)

v? —y?
+ 2 s Qn72[_y32'}Xj =0

d H(bi —vy?) dX;
vi—y?  dy;
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Here we defined

1 1 P [T2]
( ? 2] = 1 - _)\2,2 _ . n—2
n—2[ yﬂ /l\lm — Pn_g[ A yj], 8= 2(n2) im}) 2

The last expression agrees with the static limit (5.32) of the polynomial P, s[r?] upon
rescaling o as o = A\2f3 to avoid singularities in the radial equation. Note that Q,_» is a ho-
mogeneous polynomial of degree (n—2) in variables (y2, b2, ..., b2), which also contains sep-
aration constants. As we have argued before, all such constants disappear when y; and by, go
to the same value b via (5.37), if v # (0, £b). For v = £b,, the limit (5.37)—(5.38) in (5.43)
leaves nontrivial separation constants, and the result should be compared to the general

magnetic polarization in the Schwarzschild-Tangherlini geometry (D.12) with w = 0,

Agmgn) =0, A’S‘mgn) _ 0’ Agmgn) _ g(T)YZ'
1
Vh
1 _
—dar[rd 2HO,g] —

r rd

g 1 . g
&;[VhhY;] = 0, ﬁam[\/ﬁy"“] = —\3hY;, (5.44)

T

Vector Y; for the most general configuration (5.44) is presented in the appendix D. Iden-
tifying function ® with ¢ and recalling that d = 2n, we conclude that the radial equa-
tion in (5.43) is indeed reproduced. Then equations of motion guarantee that configura-
tion (5.40) satisfies the remaining relations in (5.44), and the corresponding vector Y; can be
extracted from the static limit of (5.40). The resulting expressions are not very illuminating.

Finally, let us consider v = 0. In this case the limit m; = w = 0 in equations (5.12)
requires some care since one encounters 0/0 ambiguity. Rather than analyzing such a limit,
we just take the equations for m; = w = p = 0 directly from the appendix E.2, where they
were originally derived:

+ Pnfl [_:CQ

i

A dd
2d{ d X;=0 (5.45)

5 5 —Pn, Q(PZ ) 1 1
T |2 dr] 1lr’] 0 xjdz:j

, [ H;dX;
I‘? d:l?j

Note that, in contrast to (5.12), these equations contain an arbitrary polynomial of degree
(n — 1). Dimensional analysis ensures that, after the rescaling (5.26), this polynomial can

be written as
n—1

Py qlz] = az"1 + Z cpNFF ok
k=1

where coefficients ¢, depend on the values of b,. In particular, the A = 0 limit in the radial

equation in (5.45) gives
24 [Ad‘p
dr |r? dr
in the perfect agreement with the equation for g from (5.44). Furthermore, it is clear that
the configuration (5.41) with v = 0 satisfies the constraint V/Y; = 0 from (5.44), then the

equation for Y™ follows from the ODEs on X j

To summarize, in this subsection we have demonstrated that in the static limit, which
involves taking A to zero followed by (5.37)—(5.38), the separable solutions (5.4), (5.9)

} —ar?(rDp =, (5.46)
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lead to D — 2 non-equivalent branches. The limit (5.29) reduces to the electric polariza-
tion (5.30), while the limits (5.40) and (5.41) with v = 0 reproduce all 2(n—1)+1=D—3
magnetic polarizations (5.44) constructed in the appendix D. Although we focused on even
values of D, similar arguments are applicable to the odd-dimensional case as well, so solu-
tions {(5.4), (5.9), (5.12)—(5.13)} and (5.17)—(5.21) cover all (D — 2) polarizations of the
electromagnetic field in an arbitrary number of dimensions.

6 Discussion

In this article we have demonstrated separability of the Maxwell’s equations in the
background of the Myers-Perry black hole and derived the systems of ODEs governing
separable solutions. In four dimensions our ansatz differs from the classic solution by
Teukolsky, and this modification allowed us to construct separable solutions for both
polarizations of photons (2.57)-(2.60). In higher dimensions, we have constructed all
independent polarizations of the electromagnetic waves, and our results are summarized
in section 5.3. We have also clarified the relation between separation of variables in
Maxwell’s equations and symmetries encoded in the Killing(-Yano) tensors.

This work has several implications. First and foremost, separation of Maxwell’s equa-
tions should allow one to study electromagnetic excitations of higher dimensional black
holes, both for understanding the scattering of waves from such objects and for getting
new insights into Hawking radiation. By adding D-brane charges to the systems discussed
in this article, one can also use the results derived here to get a better understanding of
AdS/CFT correspondence for systems originating from rotating branes. It would also be
very interesting to use the framework introduced this article for extending our results to
particles with higher spin, in particular, to gravitational waves.
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A Teukolsky’s solution for the Kerr geometry

As discussed in section 2.1, equations for some components of the Maxwell field separate in
the Kerr geometry, and the ansatz (2.8) results in equations (2.9) [24, 25]. This appendix
will present some details of the analysis leading to (2.9) and (2.11), and we will mostly
follow the nice pedagogical discussion of [83].

To apply the Newman-Penrose formalism to Maxwell field in the Kerr geometry, it is
convenient to introduce differential operators constructed from the frames (2.6):

1K r—M 1K r— M
= —_— T: —_
D 8”+A+2n A D) =0, A+2n N
% =09+ Q + ncoty, L1 =9y — Q + ncoty, (A1)
K = —i(r? + a®)d, — iady Q:—ias(;ﬁt—si@d).
0
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The relationship between operators with subscript zero and frames (2.6) is especially simple:

23
Do =110, D} = N L= V2pm*, . (A.2)

We will be interested in applying differential operators (%, -%,) to functions with a specific
dependence on the cyclic coordinates:

D(r,0,t,¢) = TP (1 0). (A.3)
Then functions K and ) become

K= +d)w+am Q= awsy+ U (A.4)
s

Substituting the field strength (2.5) into Maxwell’s equations (dFF = d x F' = 0) and
contracting the results with frames, one finds [83]

. ; 1

[gl _ Z“f"] Do — [@0 + 1_} o1, [zg " “”9] Dy = —A [@I - ] Do, (AS)
p p p p

L A N T N

To make these equations more symmetric, some components of (2.5) were rescaled as
O = o, D1 =V2p1p, Dy =20p". (A7)

Commutativity of various operations appearing in (A.5) allows one to eliminate ®; from
these equations, then further simplifications lead to the final equation for ®( [83]:

ADLD] + LA — 2iw(r + iace) | Do = 0. (A.8)
Similar manipulations with equations (A.6) give

®y = 0. (A.9)

ADL Dy + Lo L] + 2iw(r + iacy)
Equations (A.8), (A.9) separate in the (r,6) variables, and the ansatz (2.8) leads to the
Teukolsky equations (2.9). However, equations (A.5)—(A.6) make it clear that modes ®q
and ®9 are not independent, so functions (Sy, Ry) appearing in (2.9) are subject to various
constraints. The relations between (St, Ry) were worked out in a series of articles [84-89],
and the results read [83]

ADyDoR- = pARy, ADDIAR, = puR_, LASy =pS_, LLTS = pus. .
(A.10)
Here

1/2

= [)\2 — 4(aw)(aw + m)] (A.11)

Relations (A.10) do not diminish the value of equations (2.9), they just mean that the modes
with s = 1 are not independent, and once a solution for s = 1 is chosen, its counterpart for
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s = —1 is completely determined by (A.10). In other words, relations (2.9), (A.10) describe
only one polarization of the electromagnetic wave, and to recover the second polarization,
one must look at ®;. Unfortunately, equation for this function does not separate.
We conclude this appendix by quoting the expression for the gauge potential given by
equations (8.90)-(8.93) of [83]:37
ia
Ar = NP fe + Pof-]+ | DoHy + .@SH_] :
Ap = —[9+S+ +9-S )+ [LHy + LH ),
1a
A= W[P+f+ — P_f_s9(g+5+ — g-5-)]
1 .
tom [A(_@Om ~ G H) +ial LT H, — .,%H_)SH} , (A.12)
Ay =~ [(Pofs — P_f )52 — (1 + S, —g.S
} |p|2[a ( +f+ —f—)SH (7“ +a )89(g+ + — g- —)]

- [asgA(%m — P H ) +i(r? + ) (L H, - ,,%H,)s@} .

Here
P_.=R_, P,=ARy, (A.13)

and functions (f4, g+, Hy) are determined by solving differential equations
3on+ =cpSy, Lf-=cpS-, ADygy =rP4, A@gg, =rP_, (A.14)

and

gt A% L,
0 =2 P

AD{H  LoH -
p2 -2 -2 1 22

p

+.94 D =0. (A.15)
The last equation does not appear to be separable. In section 2.1 we rewrite the expres-
sions (A.12) in a more suggestive form (2.15), and in section 2.2 we use this result as a

motivation for a better ansatz that makes equations for all polarizations separable.

B Derivation of the new equations for the Kerr geometry

In section 2.2 we introduced the new separable ansatz (2.18) for the gauge field in four
dimensions. While derivation of the resulting equations is rather straightforward in the
non-cyclic case (w = m = 0), extension to nontrivial time and angular dependence requires
some work, and the details are presented in this appendix. As we saw in subsection 2.2.1,
the separable solutions are divided into two branches already in the static case, so the
same property must persist for nonzero (w,m). The resulting “electric” and “magnetic”
branches will be discussed in subsections B.1 and B.2. Both analyses follow the logical
steps outline on page 13.

3"We multiplied the entire gauge field by v/2 to remove the unnecessary irrational factors.
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B.1 Electric polarization

[114

In this subsection we will derive the “‘electric solution” (2.47) by starting with w =m =0
configuration (2.33) and adding the dependence on (t, ¢) coordinates. The discussion will
follow the steps outlined on page 13.

Although eventually we are interested in waves in the black hole geometry, it is in-

structive to begin with flat space in spheroidal coordinates:
2 2y 2 2 dr? 2 2 2\ 2742
ds® = —dt* + (r* 4+ a*c}) g — 5 +d07| + (1" + a”)spdd”. (B.1)
r2

This metric is obtained from (2.1) by setting M = 0. As we already observed in the
static case (2.33), the mass appears only in the equation for the radial profile R, not in
equation for S or the prefactors (Fy,G1). We will see that this property persists for the
general waves as well, so by solving Maxwell’s equations in the metric (B.1) we will be able
determine five out of six ingredients (Fly,G4, S, R) of the electromagnetic configuration.
Then finding the last equation for R would be rather straightforward.

Although in principle one can repeat the analysis of section 2.2.1 to argue for
separation into two branches (the counterparts of (2.33) and (2.41)), such approach
requires complicated algebraic manipulations. As an alternative, we observe that since
the branches (2.33) and (2.41) are already distinct in the special case (2.20), they
must be disconnected for the generic values of (m,w). The distinction between the two
branches (2.33) and (2.41) becomes especially transparent at a = 0, when the electric
solution has Fy = 0, and it is natural to insist on this property even for arbitrary (w,m).
In other words, we begin with imposing the ansatz

FA, =GV, n'A, =G nl, mlA, =mlA, =0, U=c“TmR(r)5(0) (B.2)

in the flat space (B.1) with a = 0. Defining the components of Maxwell’s equations
by (2.26), we find

1 mS 1 mS
MP = — S'—— N, mu " =— S+ )JV,
T 2V/2r ( S0 ) e 2V2r (
d A . .
N = (G + GOR| +0? (G + G)R+ (G — GOR. (B.3)

The remaining components are more complicated, so we are not writing them here. The
Maxwell’s equations require .4 to vanish,*® this allows one to express R in terms of
(R, R,Gy, Gi) and substitute the results into the remaining Maxwell’s equations.?* Note
that after such substitution R and R must be treated as independent variables, %0 so we

38The alternative, S = 0 leads to trivial gauge field.

39The degenerate case, G_ = —G; requires a separate analysis, and the results are consistent with our
final conclusion (B.5).

40 Any relation between R and R would lead to a first-order equation for the radial profile, which is more
restrictive that the second order equation (2.33) which we have encountered in the special case.
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get two equations for every component of .Z. One combination looks especially simple:

g 2iwr2(G+G_G_G+)

Al, — 2% # = S
(Al o)A R=0 Gy +G_
: 1 2s
—R(Gy +G) | —(s5") — 2| (B.4)
So 55
Consistency of separation leads to a differential equation for S:
1 28
—(505") — 52 + MS =0, (B.5)
S 55

which generalizes its counterpart from (2.33). Substitution of S” into the remaining
Maxwell’s equations also eliminates S’, leading to a system of linear algebraic equations
for (R, R) with coefficients involving (G4,G+,G+). Existence of solutions for (R, R)

implies that
T AT

— . Gy= i

1+Cr + A1+ (2iw + CAy)r
with an arbitrary integration constant C'. We choose this constant to have some symmetry
between G4 and G_:

(B.6)

)\17“ )\11"

G- = SN —iwr Gy = A+ dwr

(B.7)

Note that equation (B.6) with w = 0 leads to relation G4 = —G_ invalidating the steps

41 A separate analysis of this degenerate case still leads to

following equation (B.3).
equation (B.5), although G remains unconstrained. While it is possible to determine this
function for arbitrary values of m following the steps used in section 2.2.1 for m = w = 0,
here we will focus on non-vanishing w and recover the degenerate case by taking a limit.

Substituting (B.7) into (B.3), we find a differential equation for R:

d [r?. 223
E,— |—R A 2_CLIR=0. B.8
Td?" |:ET :| + |: 1 + (UJT) ET ( )
Here we introduced a convenient notation
E, =X\ + (wr)?, (B.9)

which is used throughout this article. Before turning on the rotational parameter a, we
observe that the solution (B.2), (B.5), (B.7), (B.8) works even for Schwarzschild geometry
after a minor modification of the radial equation:

Aros AL
el) 1 el) 1 ~ el) _ - el)
l'uA/S ) = ml@, n”AL ) = —mn\y, mIJAL ) = m”AL ) = 0,
1 m?2S
Q(SQS,)/ - ? + )\15 = 0, (BlO)
d [A . o 20 2Mwd]

“IThis is especially clear from equation (B.5), where (G4 + G_) appears in the denominator.
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The same pattern for introduction of mass will persist in the Kerr geometry and in its
higher-dimensional counterparts: once the equations for massless case are found, M can
be added by a simple modification of the radial equation.

Let us now discuss the Maxwell’s equations in the metric (B.1) containing the rotation
parameter’? a. In section 2.2.1 we have rigorously derived the solutions (2.33), (2.41),
and in this appendix the derivation was extended to the full electric polariza-
tion (B.2), (B.5), (B.7), (B.8), even with no-zero (w,m). This strongly suggests that
even in the rotating case, there should be a unique “electric” configuration for every set of
(w,m) and every allowed value of the separation constant ;. Assuming such uniqueness,
we can use the result (B.7) to guess the form of (F,G) for the general case, and find the
resulting equations for R and S. A consistency of the final system will serve as a highly
nontrivial confirmation of the guess.

Assuming that the structure (B.7) is preserved even in the presence of rotation, we

impose an ansatz
T r

G_=- , Gy = -
1 —aur + 14 ur

(B.11)

with constant p. Since we are no longer starting from equation (B.5), parameter A; no
longer plays a special role, so we replaced w/A; by a new constant p to simplify the
relations (B.11). In the presence of the rotation parameter a, prefactors (F., F_) will be
turned on as well (cf. the special solution (2.33)), and to guess their form, we observe that
the metric (B.1) is invariant under a Zy symmetry:

T 4> dacy. (B.12)
and its analog with a different sign. To make the ansatz (2.18) covariant under this sym-
metry, the transformation (B.12) must interchange (G4, G_) with (Fy, F_), so we find

1acy 1acy

F, = (B.13)

14+vacy’ =~~~ 1—wvacy’

The symmetry predicts that ¥ = +p, and the correct sign is determined from the consis-
tency of Maxwell’s equations:
V= L. (B.14)

Next we look at a particular component of the Maxwell’s equations .Z* = 0:

0 = V2(pmy, + pmy,). 4"

2 , a’QpE,s9 d [r?+a? . - P
= — — 5| = 0 B.1
Ey wS" + 5 S o E R| +R%(r,0,8,5,5"), (B.15)
Qyp = w+ EQ .
as

Here E, and FEjy are the analogs of the function (B.9) encountered before:

E, =1+ (ur)?, Ep=1— (pacy)?. (B.16)

42We recall in spite of parameter a, the metric (B.1) describes flat space without rotation.
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The second term (R.Z) in equation (B.15) is rather complicated, but it does not contain
derivatives of R, then consistency of the relation (B.15) implies that

dr

d [T2;a2 R] +g(rR=0 (B.17)

for some function g(r). This is the main differential equation for R, which in special cases
should reduce to (2.32) and (B.8) discussed earlier.

Similar manipulations with Maxwell’s equation

0 = (Al, — 25n,,).4"

2i(r? + a?) O Egr | d [se, N oo
_ ~ | s 0 B.1
PR TSR] g | S |+ SF AR R R), (BIS)
am
O =wt
w+7“2—|—a2

lead to the main differential equation for S

je {zs’} +1(0)S = 0. (B.19)

Substitution of (B.17), (B.19) and their derivatives into Maxwell’s equations leads to a
system of algebraic equations for (R, R,S, S ), where all four objects should be treated
as independent variables. This gives many differential constraints on functions (g, h) and
their derivatives, and a priori the resulting over-defined system is not guaranteed to have
nontrivial solutions. Remarkably, there is a unique solution, and this fact provides a highly
nontrivial consistency check of our ansatz (2.18). Substituting the expressions for g and
h into (B.17) and (B.19), we find the final expression for the photons with “electric”
polarization in the flat geometry (B.1):

r iaCQ 2 2
G, =+ Fp=7—""2 B =1 Ey=1-—
+ T F1 e O + (ur)*, Ep (pacy)
Eyg d [sg 2A 5 m?
S0 g _ A _ _eols=0 B.20
s dO [Eg g, T awe) 52 ’ (B-20)

A=ap [m+aw—w], C = —A + 2amw + (aw)?,

au?
d [r*+a® . 2A 5 (am)?
dr{ & R:|—|—{ET+(¢U7“) +r2+a2+C}R_O‘

To extend this result to the Kerr black hole, we observe that in the special cases (2.33)

E,

and (B.10) the mass M appears only in the differential equation for R, while all other
relations remain the same as for M = 0. Assuming that this property persists in the
general case, we impose all relations in (B.20) with the exception of the last equation. The
resulting system of Maxwell’s equations turns out to be solvable for R(r), and the unique
result is given by (2.47).
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B.2 Magnetic polarization

The analysis of the magnetic polarization follows the same steps as the electric case, so this
subsection we will be very brief. The goal of this presentation is to stress the uniqueness of
the magnetic polarization, the fact that will be very important in the discussion of black
holes in higher dimensions.

As in the electric case, we begin with analyzing the waves in the flat geometry (B.1),
and our starting point is the application of the ansatz (2.18) to the metric (B.1) with a = 0.
As in the electric case, expression (2.41) suggests that the non-rotating geometry would
give G4 = 0, thus in the present situation, the relation (B.2) is replaced by

MA, =ntA, =0, mr'A, =F.n¥, mlA,=F-mV¥, U= “4MR(r)S(0).
(B.21)
Then it is natural to look at the components of the Maxwell’s equations, which are com-
plementary to (B.3):

L A" = _zlgg (R + in) N, A" = _43152 (R . in) Ve

d
N = S@@ [89(F+ + Ff)Sl] — m2(F+ + F,)S — m(F_’i_ — F/_)SQS (B22)
Similar to the electric case, the projection

(o, + ﬁmu)//ﬂ“sio ~0 (B.23)

leads to the equation for R, a counterpart of (B.5),
Y
r

which generalizes the last equation in (2.41) (recall that we are working in the limit a =
M = 0). Repeating the steps which led to (B.6), we find

)\2 >\2

Fp=-"  p=_"2
* Aacy + C Aacp — 2m + C

A symmetric choice of the integration constant C' gives the counterpart of (B.7):

)\2 /\2

Fr=——— F =—
+ Xocg +m’ Xacg —m

(B.25)

As in the electric case, these functions lead to the unique differential equation for S, and
we conclude the discussion of the a = 0 limit by extending the result from flat space to the
Schwarzschild geometry:

A2 A2 A

MA, = ntA, =0, mlrA, = —— "2 R0, @mlA, = S0
w = r A )\269+mm’ e )ngg—mm’
My d | 59 , m?  2\om? 9 9
sede[M,gs Tt sg+ v, |00 0= (hacg)” —m”, (B.26)
. A 2Mw?
R+w’R-22R+ =2 R=0.
r A
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As before, we observe that M-dependence is introduced by a simple modification of the
radial equation.

Let us now discuss the magnetic branch in the metric (B.1) containing a rotation
parameter a. As in the electric case, we make a guess for (Fy,G1) and solve the resulting
equations for R and S. Specifically, we assume that function F and F_ maintain the
structure (B.25) even in the rotating case:

1 1
F_|_:— 3 F_: .
Co — Co+

Then the symmetry (B.12) can be used to argue that functions G+ have the form

G=—2 G .=-—"1 (B.27)

r—+iav’ r—iav

As in the electric case, the Zy symmetry (B.12) ensures that v = +pu, and the correct sign
is determined for the consistency of Maxwell’s equations:

v =p. (B.28)

Analyzing various components of Maxwell’s equations, as in subsection B.1, we arrive at
the counterparts of (B.17) and (B.19),
d {7’2 +a? . d

i R] +9R=0, - [;;95] +h(0)S =0, (B.29)

dr

with undetermined functions ¢(r) and k(). Here M, and My are the magnetic counterparts
of the electric functions (B.16):

M, =714 (pa)?, My=cj—pu?. (B.30)

This is the main differential equation for R, which in special cases should reduce to (2.40)
and (B.24) discussed earlier.

Substitution of relations (B.29) and their derivatives into Maxwell’s equations leads to
an over-constrained system of differential equations for f and g, and as in the electric case,
this system admits a unique solution, which provides a highly nontrivial consistency check
of our ansatz (2.18). The final expression for the photons with “magnetic” polarization in
the flat geometry (B.1) reads

ia 1
=+ FL = M, = r? 2 My =2 — 2
G:I: T:l:iluav + :FCQZFH, r —|—(/.,L(l) P 0 Cp JV
My d | sy m?  2A 9
—— | — S —_— = — —-C:S=0
s do |:M9 o ] +{ 2 My + (awey) ’
d [r?+a? 2Aa®  (am)?
M, — ! — 2 = B.31
dr[ M, R}Jr{ M, Pt +C}R 0, (B.31)

A = pfaw+m — awp?], C:é—l—aw[aw—i-Qm].
i

The extension to the Kerr black hole is accomplished by modifying the radial equation,
and the final result is given by (2.52).
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C Maxwell’s equations in five dimensions

In this appendix we will derive the systems of ordinary differential equations associated
with separable solutions of Maxwell’s equations in the background of a five-dimensional
rotating black hole. Although the logical steps will be very similar to the one encountered
in the appendix B, the resulting four- and five-dimensional solution will have very different
structures. The main goal of this appendix is to demonstrate that the five-dimensional
solutions (4.31), (4.36) are unique, and in section 5 the results are extended to black holes
in all odd dimensions.

C.1 Electric polarization

In this subsection we will derive the “electric solution” (4.31) by starting with w = m =
n = 0 configuration (4.21) and adding dependence on (t, ¢, 1) coordinates. The discussion
will follow the steps outlined on page 13.

Although eventually we are interested in waves in black hole geometry, as in the four-
dimensional case, we begin with flat space in spheroidal coordinates:*3

r2dr?
Ag
Y=+ azcz + b2s§, Ay = (7“2 + a2)(r2 + b2).

ds? = —di2+ % [ + dGQ] + (% + a®)s3de? + (r? + b?)cEdi?, (C.1)

As demonstrated in section 4.1, in the special case (4.11) the electromagnetic field splits into
two distinct branches, (4.21) and (4.27), then continuity implies that these polarizations
remain separate for generic values of (m,n,w). In this subsection we focus on generalizing
the electric solution (4.21).

Comparing the special solution (4.21) with the general ansatz (4.9), we observe that
in the non-rotating case (a = b = 0) functions F(f) and constant A vanish. By relaxing
the assumption (4.11), we add dimensionless parameters (m,n) and frequency w that has
a dimension of inverse length. Since it is impossible to build Fl(#), which has dimension
of length, from these objects, we conclude that Fy(0) = 0 if @ = b = 0, even when the
assumption (4.11) is relaxed. The same dimensional analysis implies that A = 0, so the
electric solution for a = b = 0 must have the form

WA, =Gy(r)eY, mhA, =0, ntA,=0, U= WHmotnvpiyg@).  (C.2)

More explicitly, we find

eiwt—l—imqﬁ—l—ind)

A= [(G+ + G_)(Rdr + iwRdt) + (G4 — G_)(Rdt + iwRdr)| S.  (C.3)
Defining the components of Maxwell’s equations by (4.15), we find
(m" +mh )., = —S’Qﬁs’w, (mt — m!). ), = “mcg@_bmgsw,
N = 7“26% (G4 + G_)R] +w*r3(G4 +Go)R+ iwerii[r(G.Jr —G_)JR. (C.4)

43This metric is obtained from (4.8) by setting M = 0.
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Note that even though a and b appear in these expressions, the equations work only in the
limit where a goes to zero while a/b is kept fixed. We also recall that

© = /(acy)? + (bsp)?. (C.5)

Solving equation .4 = 0 and substituting the result into the remaining Maxwell’s equa-
tions, we can eliminate second and third derivatives of R. Then R and R should be treated
as independent variables, and we look at a particular combination of Maxwell’s equations:

., o r*GLR [2;0[8295"} —m?cotd S — n®tan? S} — f(r)s29SR =0, (C.6)

where f(r) is some complicated combination of functions G4 (r) and their derivatives.
Consistency of the last relation leads to an ODE for function S:

1 d , m?  n? B

Substitution of S” into the remaining Maxwell’s equations also eliminates S’, leading to
a system of linear algebraic equations for (R, R) with coefficients involving (G, Gy, G).
One projection looks especially simple:*4

v (R +iwR)r
U+t = e ey
_Z(R —iwR)r*

2G4 +G_)

The square brackets in both lines of this expression must vanish separately leading to two

S99S [2r2wG+G, + (rw+ i) GG (rw — i)\l)Gﬂ

5205 [2r2wG_G+ + (rw —iA) GG _(rw + i/\l)G%} .

differential equations for functions (G4, G_). The first line gives an algebraic equation for
G_ in terms of (G4, G ), and substitution of the result in the second line leads to a linear
ODE for g = G;lz
r?(A\1 + iwr)j + Airg — Arg = 0. (C.8)
The most general solution of this equation is
=+ Gir .
A £ 2iwr + Cor?

Rescaling of the gauge field leads to simpler expressions:

G4

r
Gy=4————. C.9

= 1+ipr + vr? (C.9)

Although we focused on M = 0 to simplify the intermediate expressions, the same deriva-

tion applies to the five-dimensional Schwarzschild black hole, where the ansatz (C.2) leads

to (C.9) and to differential equations

1 d 2w  m?  n?
mw+[—2—ghza
Sop df 1 s5 c;
E.d [ A . 2w o 2pwri(l—wr?)  Muw?r?
—_—— R i R = 0. C.10
rodr |:’I“E7~ ]+[ lwr)”+ E, N A ( )
#The case G4 = —G_ should be considered separately, and it does not lead to nontrivial solutions unless
w=0.
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Here we defined
Ey=(14vr?)?+ (ur)?, A=rt— M (C.11)

Note that equations (C.10) contain one separation constant, w/u, while v is a free parameter
that does not affect the spectrum.

Let us now discuss Maxwell’s equations in the metric (C.1) containing rotation pa-
rameters a and b. We begin with rewriting the metric in terms of a new coordinate?

© = /(acy)? + (bsg)?:

r2dr? 02402 (r? 4+ a?)(0?% — a?) 9 (r? 4 b%)(02% — b?) 9
Ay  E ]+ b? — a? ag” + a? — b? &

Y =r240% Ag=(?+d)(r?+b?), Z=(07-d}) (0% -1v?).

ds® = —dt> + % [

It is clear that this geometry has a symmetry

r— —i0, © —ir, (C.12)
so in the presence of rotation parameters the factors (C.9) and their counterparts F are?6
r 10
Gy=t—-—7-—, Fr=F——.
* 1+ipr+vr? * :Fl:I:,u@—V@2

To determine the value of the parameter v, we look at equation n,.Z" = 0. It contains
only (S,5'S”, @, P, <'I'>), and separation of variables leads to second order ODEs for S and
®. Substitution of the results into the remaining Maxwell’s equations leads to the relation
v = 0. This argument breaks down for a = b = 0, when some of the equations disappear,
then the parameter v remains undetermined, as in the non-rotating case.

To summarize, in the presence of rotation, the factors (G, Ft) must be given by

r 10
Gy =+ F
* 1+ipr’ 1+p0’

(C.13)

and our next task is to find the differential equations for (S, ®). We begin with looking at
equation n,.Z" = 0. Explicit calculations give

Ay®
rE,

pr?(abw + an + bm) — 2ab d

5 o 5008 + O.F(r,0,8,5,8") =0. (C.14)

wo_
ny A" =

To simplify this and subsequent expressions, we define “electric factors”
E, =1+ (ur)?, Ep=1-—(u0)>. (C.15)

Function % entering (C.14) is rather complicated, but even without seeing its explicit
form, we conclude the consistency of this equation leads to an ODE for function &:

Ay®
rE,

d

dr

+g9(r)®=0 (C.16)

45The definition implies that a < © < b for ¢ < b and a > © > b for a > b.
46The symmetry determines Fiy up to a sign, which is fixed by the electrostatic solution (4.21).
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with some function g(r). A different arrangement of terms in n,.#Z" = 0 leads to an

alternative form of this equation:

d ~ . .
ny " = (ab+ pasy + peg)rd—, E’QQS/} +S87(r,0,R,R,R) =0,
6

where o and  are complicated combinations of (a,b,w,m,n). Consistency of the last
equation leads to an ODE for S(6):

4152 gl 4 pg)s =0 (C.17)

do | Eg ' ’
Maxwell’s equations give an over-constrained system for two unknown functions,
(g(r),h(0)), and existence of solution is a highly nontrivial confirmation of our ansatz.
Straightforward but tedious manipulations lead to the unique final answer for the “elec-
tric” polarization in the flat geometry (C.1):

) 0
PA, =+ 0, mlA, =F— " s, nMA, =0
o T MRS T g A=
Ey d |52 2N | g P W
Lo 4|52 o 2ot L ols=0, (C18
529d0[E9 TlE T g 8" O
E.d[ A . 2A m2(a® —v?)  n2(b? — a?)
or =2 P - 2 - C|® =0.
r dr |:7“E7« } [ ET+(WT) * r2 4+ a? 72 4 b2 C] !

The expressions for A and C' are given by (4.34).

To extend this result to the black hole geometry, we observe that in the special
cases (4.21) and (C.10) the mass M appears only in the differential equation for R, while
all other relations remain the same as for M = 0. Direct calculation shows that this fea-
ture persists in the general case, and the final answer for the electric polarization of the
electromagnetic field is given by (4.31).

C.2 Magnetic polarization

Let us now discuss the magnetic polarization. As in the electric case, we begin with ana-
lyzing the waves in the flat geometry (C.1), and our starting point is the application of the
ansatz (2.18) to the metric (C.1) with a = b = 0. As in the electric case, expression (2.41)
and dimensional analysis imply that the non-rotating geometry would give G+ = 0 even
for arbitrary (w,m,n), thus in the present situation, the relation (C.2) is replaced by

MA, =0, mhA,=FL(0)yme¥, n'A, =¥, U= WTmetintg)gg). (C.19)

Note that as a and b go to zero, parameter A should scale like a. The gauge potential
becomes
eithrimd)Jrinw

A= [)\(bsgdqb + acdy) + F+{®25’d9 +iS(amc2 — bns2)(adg — bdw)}

—OF_ { (amci — bns%)%d@ + isgceS' (adp — b)) H R, (C.20)
0co
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where

~ FL+F
One component of Maxwell’s equations looks especially simple:
d .
nt M, = \r*spcyS [d(rQ)) + rw2<1>} +r®7 (S, 8, 8" F,F_,0) =0. (C.21)
r

As discussed in section 4.1, parameter A is not equal to zero even for vanishing (w, m,n),
this leads to an ordinary differential equation for ®(r):

d .

ro-(rd) + [(rw)® + M\ ] @ =0. (C.22)
r

Here A\ is a separation constant. Solving this equation for $ and substituting the result

on Maxwell’s equations, we find an over-constrained system of algebraic relations between

® and ®. Requiring the coefficients to vanish, we arrive at a system of ODEs for S and

Fy. Manipulations with this system lead to a counterpart of (C.9):

7

L=+ . C.23
T (C.23)
However, p is no longer a free parameter, but rather it is determined in terms of other
ingredients:
b
= erm . (C.24)

Maxwell’s equations also lead to an ODE for function S, and we conclude the discussion of
a = b = 0 case by quoting the full solution for the five-dimensional Schwarzschild geometry:

HA, =0, mhA, = iﬁwmiw, A, = ‘mzbm\l;
My d [ss ., an+bm\2 o m? n?
S0 122 o)y 20 Tis=o C.25
Sop dO |:M9 W T My 53 Cg ’ ( )
d[A . an +bm\ 2 9 Mriw?
L2 4| - (o o =
Tdr[r?’ ]—i—[ < p ) + (wr)* + A ] 0
Here we defined b
My =012 a= aban+7m — plam + bn]. (C.26)
1

Addition of the rotation parameters follows the pattern familiar from sec-
tions B.1, B.2, C.1. First we use the symmetry (C.12) to determine functions (Fi,G1):
) 1
Fo=mdt— Gi=+
OFu

r4ip
Then rearranging terms in the Maxwell’s equation n,.Z" = 0 as in (C.14) and (C.1), we
arrive at ODEs for ® and S:

M, d |Agd, My d [ sz
My

— v !/ —
o TMTS] to(n®=0, % S] +h(6)S = 0. (C.27)
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Here

My =0 =%, M, = —(r’ +41°), (C.28)

and (g, h) are undetermined functions. Substitution into the remaining Maxwell’s equa-
tions produces an over-constrained system of differential equations for these functions, and
eventually leads to the final answer for system describing the magnetic polarization in the
flat geometry (C.1):

WA, = i li\II mi A, = i@ = Mmi\ll, ntA, = AU
My 520 g 26 m?  n?
me_n - 2
mde[ %[ - Lec]s -0 )
M, d[ A . 2A m2(a® —v?)  n2(b? — a?) 9
r dr[er(I)]+[ M, o r2 + a? r2 + b2 +(wr)]<1>—0

Here constants (A, C, u) are given by (4.38) and (4.39). As we have seen before, extension
from the flat space (C.1) to the black hole geometry is straightforward: it is accomplished
by adding an extra term in the radial equation, and the final answer is given by (4.36).

D Electromagnetic waves in the Schwarzschild-Tangherlini geometry

Although the main goal of this article is the study of equations describing electromagnetic
waves in the background of rotating black holes, to get some intuition, it is useful to review
the separation of variables in the geometries produced by static black holes in arbitrary
dimensions. The details of such construction are discussed in this appendix, and the main
outcome is the explicit form of D — 2 polarizations in D dimensions.

In this appendix we consider a static Schwarzschild-Tangherlini black hole in D = d+2
dimensions [35]:

M

d 2
ds? = —Hdt* + % 20 H=1- 5. (D.1)

Since the radial coordinate plays a very special role, it is convenient to impose the gauge
A, = 0. We are looking for separable solutions forming a complete basis, and as a first
step we separate r and ¢ from the coordinates on the sphere S¢:

A =e“f(r)Y, A, =0, A =e“g(r)Y;. (D.2)

Here Y and Y; are functions of the coordinates x; on the sphere, and latin indices are
going over d values. Without committing to specific coordinates we write the metric on
the sphere as

d02 = h;jdx'da’. (D.3)
Defining various components of Maxwell’s equations by

"= f/_i%a,,[\fGFW], (D.4)
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we find*?

M= =0, [rY . f] + 0iIVhRh19,Y) — O [VhhiY;),
rd [7" f] TQH\/E [ J ] T2H\/E [ ]]
/
= I R — iwf'Y, (D.5)

r2v/h
— M= ﬁ&,[rd 2Hh"Y;0,g] + s \/ﬁam[\/ﬁhmﬂh“fyjk] + g s hV[fO;Y — iwgYj).
Here
Vik = 8]‘Yk — 8ij (D.6)
is the field strength associated with potential Y;.
Separation of variables in equations .Z* = 0 implies several relations between functions
on the sphere:

1 1 3
— i [VhRIY;) = =\, D.7
T Th [ fl 2 (D.7)
O [VRRMIhR Y] = —A3h¥Y; — \h"9;Y.

[VhhI9,Y] = -\,
1

N

Here (A1, A2, A3, A\4) are separation constants, which also enter radial equations. Such

equations will be discussed below. It is convenient to decompose the vector field Y; into a

scalar Z and a “transverse mode” }7; as

1

NG

Such decomposition always exists, but it is not unique: Z can be shifted by a harmonic

Y, = 0;Z +Yj, 8;[VhhIY;] = 0. (D.8)

function on the sphere. Substituting the expression for Y; into the second equation in (D.7)
and comparing the result with the first equation, we conclude that function \Z — Y
must be harmonic, so without loss of generality we can set*® A\Z — X\Y = 0. Then
equations (D.7) and (D.8) become

1

. A ~ 1 s
O[VRRIO;Y] = —\Y, Yy = 0¥ +Y;,  —=a[VhhIY)] =0,

N A1 ﬁ
1 .y . Ao\ -
5 On[VRY™] = “AghUY; - (M + 213> hio,y. (D.9)

The indices are raised and lowered using the metric h;;. Definition (D.8) implies that
Vij = Vij. Substituting (D.9) into Maxwell’s equations .#* = 0 with .#* given by (D.5),
we find several relations between functions of r:

1, 4 Mf o dwhag] Mg H
[Tdar[r Orf] 2t g Y =0, 3 +iwf'|Y =0, (D.10)
~ X 1 d—2 A3g  w?g g iwf?
(Yj " Alajy> [rd@[r HOwg| = "3 + gz | 4 0Y |7 + 2| =0

4TRecall that the square root of the determinant of the D-dimensional metric is v—G = r¢vh. We used
G to avoid confusion with the profile function g in (D.2).

48This argument breaks down only for A\; = 0, which does not lead to interesting solutions. Indeed, if
A1 = 0, then function g can be eliminated from equations .#* = 0, .#" = 0 to yield a second order ODE
for f’ which does not contain separation parameters. Then function g is determined in terms of f.
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We kept functions (Y, }7;) to stress that some radial equations disappear in special cases,
for example, the first two equations disappear if Y = 0. Let us consider several options
depending on the values of Y and :)N/U

If we assume that both 5@- and Y are nontrivial, then coefficients in front of }7] and
0;Y must vanish independently, in particular, this leads to two relations

Xog' H AgH
T

r2

+iwf = 0. (D.11)

Integrability condition®® implies that Ayg = 0, then f = 0. To have a nontrivial solution, we
must require Ao = Ay = 0, arriving at the system describing the “magnetic” polarizations:

Aﬁmg”) =0, Almm =y, Agmgn) = e™lg(r)Y;
1
Vh
1 A3g  w?g

d—2
ﬁ&,[r Ho,g] — Y + 7,2

d;[VhhY;) = 0, O [VRY™] = —\3hVY;, (D.12)

L
Vh
=0.

Note that the scalar function Y does not appear in this system, so one arrives at the same
answer by setting Y = 0 in the beginning. If both Y and )7ij are trivial, then either ¥; = 0
or A3 = 0 in the last system, and the resulting configurations don’t contain separation
constants.

The only remaining option is )j; = 0, then equations (D.7) imply that
Y; = ud;Y (D.13)

for some constant p. The angular equations (D.7) become

L
Vh

The Maxwell’s equations .Z* = 0 with .# given by (D.5) reduce to a system of ODEs

A+ =0, MAp—A=0, [Vhh1 ;Y] = =\ Y. (D.14)

1 AMfo iApwg

d
A0l = gt e =0
Mg H
Mgl e,
T
2 .
B 2 pwig dwf
pa Ol oG+ T+ e = 0,

and the last equation follows from the first two. Furthermore, a rescaling g — 1~ '¢ removes
parameter p from the differential equations and from the expression (D.2) for the gauge
field. Since neither p = 0 nor p = oo lead to nontrivial solutions, we can set © = 1 without
loss of generality. We also observe that for w = 0, function g describes a pure gauge, so it

49We are interested only in solutions where the profiles of f and Jor g depend on separation parameters.
We also assume that w # 0 during the derivation, but the resulting system (D.12) works for w = 0 as well.
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is convenient to introduce another rescaling ¢ — iwg. This leads to the final form of the

system describing the “electric” polarization:

Agd) _ eiwtf(T)K Agel) =0, Agel) - ’L'wethg(T)aiY;
1 ..
SOVINIOY] = A, (B-15)
9 2
/o _ r ! i d _ M — Alw g =
g = )qu7 rdar[r Orf] mH r2H 0.

The system of coupled ODEs for functions (f,g) is governed by a single second order
differential equation for F = f’:

2,2 2

wr
F=0 '=F
o ’ f )

o, [Hﬁr[rdF]] _MF4 F (D.16)

rd—2

We used the labels “magnetic” and “electric” to distinguish between polarizations (D.12)
and (D.15), as well as between their counterparts discussed in the rest of the paper. The
names originate from the fact that in the static (w = 0) limit, the systems (D.12) and (D.15)
describe pure magnetic and pure electric fields. Of course, the wave with w # 0 has both.
Let us briefly discuss the structure of functions (Y,Y;). Although scalar and vector
spherical harmonics are well-known, to count polarizations and to connect with discussion
of the rotating black holes, it is convenient to use an explicit representation of (Y,Y;) in
terms of symmetric polynomials. We begin with observing that the spherical harmonics
appearing in the systems (D.12) and (D.15), as well as the separation constants (A1, Az),
cannot depend on the values of w and M, so to construct these functions one can look at
static problems in flat space (i.e., set w = M = 0). As usual, the spherical harmonics can be
constructed using either the fields decaying at infinity or configurations regular at the origin,
and we choose the second option. Introducing Cartesian coordinates y, = rf,(z) in flat
space, we can expand the gauge fields (D.12) and (D.15) in the Taylor series near the origin:

AD = dty AP Yoy o, AT =N Ay BEL o Yar - Ya, - (D.17)
p=0

p=0

To avoid the A&mgn) component, coefficients Bgﬁ)l_,_ap must satisfy a constraint

B((Jf(z,l...apyayal - Ya, = 0. (D.18)

Each A® and B leads to separation between the sphere and r coordinate, and param-
eters (A1, Az) can be found by substituting the appropriate f and ¢ in the radial equation:

1
YO = ZAD v va f=17 A= p(p+d—1),
1
Y = DB e Y 9= M=+ )prd-2.  (D19)

Maxwell’s equations for potentials (D.17) in flat space impose certain restrictions on
coefficients A®) and BW), for example, the full solution in the electric case is

)\1 = p(p + d— ]-)7 Y(P) — i"4(p) c yapa 5abA(p) =0 (DQO)

rp ar...apYar - abas...ap
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This system describes a single electric polarization. The magnetic case is governed by the
system

. By, =0, 3,BP =0, ,0,B = 0.

(D.21)
The corresponding eigenvalue is \3 = (p + 1)(p + d — 2). Although index b in Bép ) takes
D —1 = d+1 values, the constraints BC(Lp )ya =0 and (‘)aBl(lp ) = 0 ensure that there are only
D — 3 independent magnetic polarizations, as expected for the electromagnetic field.

(p)
B
Bt()p) — Blgfja)l...a,,yal o Yays Yj(l’) — T@p

To summarize, in this appendix we have demonstrated that separable solutions of
Maxwell’s equations in the Schwarzschild-Tangherlini geometry must reduce to one of the
two systems, (D.12) or (D.15). The second option describes one electric polarization, and
the corresponding spherical harmonics can be constructed in terms of symmetric polynomi-
als as in (D.20). The “magnetic” option (D.12) describes d — 1 polarizations with spherical
harmonics given by (D.21). In section 5.4 these results are compared with separation of
variables in Maxwell’s equations in the background of rotating black holes.

E Separation of variables in the Myers-Perry geometry

The main result of this article is separation of variables in the Maxwell’s equations in the
background of the Myers-Perry black hole, and in this appendix we will present some details
of the calculations leading to the final answers (5.12)—(5.13) and (5.17)—(5.20). Since the
“master equations” (5.12) and (5.18) cover massless scalars along with electromagnetism,
it is instructive to look at the wave equation first. We will do this in section E.1 before
focusing on electromagnetic field in sections E.2 and E.3.

E.1 Wave equation

As discussed in section 3, the frames associated with the Myers-Perry black holes have very
different structures in even and odd dimensions. Thus it is convenient to discuss these two
cases separately.

In even dimensions the Myers-Perry black hole is described by the metric (3.1), and
the corresponding frames are given by (3.14). Then, as discussed in section 3.2, the wave
equation can be written as (3.28):

VI doulao,v) +Z FRVH‘Z’“ 9" 0, 9] =0, (E.1)

where the individual pieces of the inverse metric are defined by (3.27):

2
R— Mr Mr Za% 72 ¢k] ’

a
o> ag_’“ﬁad,k] . (E.2)

Lk i

39,0, = [R— Mr|o? -
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A separable ansatz for function W,
v = po(r) [[[ Xuw)|,  B=eertinme (E.3)

leads to ordinary differential equations for functions (X;, ®), and the goal of this appendix
is to find such ODEs and to identify the separation constants.
We begin with observing that /][ d; is a polynomial of degree n — 1 in all (z)?, and

PRy

di(r? + 27)

is a polynomial of degree n — 1 in 72 and in all (x;)? with the exception of k = i. Then
consistency of equation (E.1) implies a system of ODEs

Oulgt 0, (B2)] = RUPES, 0,0} 0,(EX;)) = B4 [-af)B®,  (B4)
where Pé’i)l are arbitrary polynomials of degree n — 1. We will now demonstrate that all n
functions Py(lk_)1 [y] must be the same.

Using relations (E.4) to remove derivatives from the wave equation (E.1), we find a
very stringent constraint on the polynomials:

0 .
0%+ 2) &= 2+ ad) [ (e — )
To make this expression more symmetric, we introduce zg = ir. Then the wave equation
becomes
n P(]) [—SIJ2]

S=0, S=) "

The restrictions on Pﬁjf)

function S. As x; approaches x; 1, only two terms in the sum become singular (j = i,i+1),
1

Ti—Tiq1’

; come from studying the analytical structure of the meromorphic

and the singularities must cancel. Computing the residue at the pole we conclude

that the two adjacent polynomials must be identical.
" :
B ad) = PO, -],
Since this relation must hold for all values of i, all polynomials Pygﬁrll) are completely
determined by P, = pY

1 1€,

PO\ [~a?] = P[4, (E.7)

To summarize, we have demonstrated that equation (E.6) implies the relation (E.7), and
now we will show that relation (E.7) is also a sufficient condition guaranteeing (E.6). In
other words, there are no restrictions on coefficients of P, _1.

Using relation (E.7), function S defined in equation (E.6) can be rewritten as

-~ Pooilz] (E.8)
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Clearly S[zg] is a meromorphic function with potential poles at xg = Fx;. Evaluating
the residues, we conclude that S[xg] is regular everywhere in the complex plane and it
approaches zero as xg goes to infinity. The only analytic function with such properties is
S =0, so the wave equation is trivially satisfied for any polynomial P, ;. A more explicit
form of equations (E.4) is given by (3.32).

In the odd-dimensional case the logic is very similar, although the result is somewhat
different. Starting from the metric (3.21) and frames (3.22), we arrive at the counterpart
of equation (E.1):

\/mra 30, ] ZFRVH‘Z’“ 3" 9, 0] + VHd“Waa 0. (E.9)

xid; (r? + r [sz]

We used the expansion (3.33) for inverse metric as well as the expression (3.34) for the
determinant. We will also need more explicit expressions for the components of the reduced

metric:

P00y = G OOy + S 0,0, + 50,0

N O - di(r2+a:) r2[[[x2]7¢ 7
R? ’
~ v _ — Mr216? _ E Mk Ak E.1
.gr 8}1481/ [R r ]87" + R _ MTQ [W - TQ + a% Y ( 0)
H H 2 9 2
~ v 44 2 7 2 : Ay ~ v _ ) . E : mg
gi 8uay = ;12[8931] — 712 w — - az — 1;12] N gw 8Ma,/ = — [H az] [w - 7ak ] .

Here we assumed that all differential operators act on a function that has the form (E.3).
The counterparts of equations (E.4) are

d [R— Mr?dd R? apny
dr[ r alr]JrR—Mr2 [wzk:r2+a%

2
oL [H" dX"] e [w -y g ] X, = —PW[—22X,. (E.11)

Ydr; | x; dx;
Substitution into the wave equation leads to an algebraic relation

P(O) [TQ] P(i) [—xz] B

2
2
n—1 n—1 7 ng
n . —0, B= [ ] N
FR 22d;(r2 +22)  r?]] xi H i [w Zk: ak]

As before, introducing x¢ = ir, we find

S =0, S = ; J — . (E.12)

The pole structure of S ensures that all polynomials P’/ are the same:

n 1

P [—2?] = P,[-23]. (E.13)

— 68 —



The last remaining limit, x; — 0 implies that

P,[0] = B? = [H ai]Z [w - Z:r (E.14)

k
Once the relations (E.13) and (E.14) are imposed, equation S = 0 becomes an identity.

E.2 Maxwell’s equations in even dimensions

In this and next subsections we will discuss separation of variables in Maxwell’s equations.
To avoid cumbersome formulas, we will focus on configurations which don’t depend on
the cyclic coordinates (t, ¢;), although the final results (5.4)—(5.9) and (5.17)—(5.20) work
in the general case. Due to significant differences between the even- and odd-dimensional
cases, these situations will be analyzed separately, and in this subsection we will focus on
even dimensions.

In even dimensions we impose the ansatze (5.4), (5.9) inspired by the gauge poten-
tials (2.60) in the Kerr geometry, and in the absence of (¢, ¢;)-dependence, the electric
polarization of A, is determined by the following projections:

P A = iz v, 1 AD = Lriw, (E.15)

where
U =a(r) [ [ Xi(x).
(i)

The expressions for (my’,ly) are given by (5.1). Note that since differential operators
mgﬁ) and [+ act on functions of (r,z;), the ansatz (E.15) guarantees that the nontrivial

components of the gauge can point only along cyclic directions:

A= Agdt +) Ay de;.

In the absence of (¢, ¢;)-dependence it is convenient to introduce real frames (eV), fU))
instead of the complex objects (m(ij), l4):

) = 6@ £if0), [ = e® 4 fO), (E.16)

In particular, index g in the frames f,(f ) can point only along cyclic directions. In terms of

the real frames, the ansatz (E.15) becomes

[PA@) = z;60) W, ff}))Aél) =reOw, (E.17)

The arguments presented below will be applicable to the magnetic case as well, and to put

the two polarizations on the same footing, we write the last set of relations as

f/gj)A?el) - Sjé(j)\I/, f/SO)AIZel) - STé(O)\II’ Sj=wxj, Sp=r. (E.18)

Next we define the nontrivial components of Maxwell’s equations.

1 g
= = 1000V =9a" P Tif597 0] = fegu " (E.19)
(5)

S0We recall that ¢4¢ = f;:x g is a nontrivial coordinate-dependent matrix since f# are constructed

50

Mc

from rescaled frames (l;,mg?) defined by (5.1).
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Direct evaluation for the configuration (E.18) gives

2 2. g
Mo = VHc [Z To — i Ti {80501602} 0; {I{;SZ&} (E.20)

e |50 @ S a2 —x ;
r?+ i r Scxco RSy g HoSc
a T T — - ‘1},
TR Sr{acr2+m%}a{ T 6}4—80{%60[ rC 50”}
\/E 7“2 + .732 €Ty Sr’l“ stz 7‘2 AST
_ Ve s : - P sl .
My - ; — {8Tr2+:c§}az{ - 8Z}+8T{FR8T[ . &H
Here
g = (r* +xd)d; = (r* + 2?) H(xi —z?), A=R- Mr. (E.21)

Before analyzing the system (E.20), we observe that a similar set of equations emerges
from the magnetic ansatz

. .
mi A, = ;;jmi\y, U A, = £ 0. (E.22)

A counterpart of (E.18) for this case is
fOar = —8;e0w,  fOA =500 §=— & = L (E.23)

and Maxwell’s equations still reduce to (E.20), although with different functions (Sj, Sy).
Note for genetic factors (S5;,S,) the Maxwell’s equations are much more complicated
than (E.20) and they don’t admit separation of variables.

Let us now discuss the system (E.20) and demonstrate that it is satisfied for the
ansatz (E.2), as long as ® and X; obey certain ordinary differential equations. Note that
equations (E.20) contain third derivatives of some functions, while we expect to have second
order ODEs. Motivated by separation of the wave equation discussed in section 3.2, we
impose equations

H;S; S; r AS 1
i —— 0, X; ¢ = —= kX, 0 =0 0= )2k
) { o } - [Eijkxl ] g0 { : a} > [Ek:)\k(zr)

where )\ are arbitrary constants. Substituting relations (E.24) into equations (E.20) and

o, (E.24)

focusing on the coefficient in front of A\, we find

'H 2 2 2k
— ¢ [Z o~ {80 ;90%‘02}%

Ak el W 4qi To — Xy

r? 4+ x% (ir)2k Scxco Sc
) 5 L0 (E.25
+ FR r2 { CT2+$%}+ C{xcqcxc }] ( )

H o220 ()22 g2k
VHe ) g )P (ir) e
o Zo 4 FR qc

Mc

Y
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We used the z¢-independence of the ratios (see definitions (3.16) and (E.21))

2 2 2 2

TE — T8 +

€ i oand ! e
¢ FR

(E.26)

To demonstrate that the right-hand side of (E.25) vanishes, it is sufficient to show the
square bracket appearing in the last line is equal to zero. Using the definition of ¢;, we find

x2k72 (Z"f‘)2k_2

2 Zqz» - FR

i

ka—2 (iT‘)2k—2

IRYGE) | (Cr I et N

The right-hand side of the last expression vanishes, as a special case of equation (E.5), then
we conclude that

Mo =3 Mo| N =0, E.28
c zk: Cl, (E.28)
The relation .#, = 0 for the remaining component of (E.20) can be verified in the same way.

E.3 Maxwell’s equations in odd dimensions

In odd dimensions, equations for the electric and magnetic polarizations are very different,
so they have to be discussed separately. In the absence of (¢, ¢;)-dependence, the ansatz
for the electric polarization of the gauge field is

mh A, = iz, LA, =+rl W, ntA, =0. (E.29)
Introducing the frames (V) f9)) defined in (E.16), we find
A = 260w, fOAr = 1w, nrA4, =0. (E.30)

As before, the gauge field has only cyclic components, so eff)A“ = 0. Substitution of the
ansatz into Maxwell’s equations (E.19) leads to a counterpart of (E.20)%!

_ _VHc vg — 7 e JHi,
Mo = — > {ac . xz}az{xa,} (E.31)

Trc Tigi T — T i

i£C

r? + z2 zZ A zco
 rFR {8Cr2+x%}ar{rar} 80{(1080

H
7030
xc

VR r? + 22 r? H; r A
= |— : T (20 WL ) T opYr | T Ur .
Ao r zl: Tiq; {6T2+$?}8{$i8}+6 {FRa [ra]}
We also find a new component:
1 H; 1 A
no_ _ ) 719, -
nyM" =2 Z -~ d; { . a]} + g0 { . ar} 0. (E.32)

J

*'Expression for ¢; is still given by (E.21), but now A = R — Mr?. Functions (H;, F, R) are defined
by (3.15), (3.23).
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Introducing a separable ansatz,

U =a(r) [] X;(x;), (E.33)

we find that equation n,.Z*" = 0 is inconsistent unless functions (®, X;) satisfy a system
of ODEs

1 H,; i 1
Lo, {x ajxj} = P -21X;, S0, {RMa} o = P\ (]2, (E-34)
j J

T n J
where PT(L]?l are some polynomial of degree n — 1. Substitution into (E.32) gives

n—1 p(J) 2 0) 12
P [—x5] P [r?
m n 7 n—1
ny M = —2 E p — =0. (E.35)

J=1

To make the last expression more symmetric, we introduce a new coordinate x¢ = ir and
recall that

g = (* +27) ] @F =) = — [](aF — o),

k#0,i ki
FR = 1—‘[(7“2 +22) = H(xi — x3). (E.36)
k0 k#0
Then equation (E.35) becomes
n—1 () 2
P —x%
—2 ol 0. (E.37)

=0 Hk;éi(xi —xf)

Analyzing the poles and residues of the last expression as in section E.2 (i.e., taking limits
xj — xj41), we conclude that all polynomials P7(l]_) ; must be the same. After this condition
is imposed, the left hand side of (E.37) becomes a regular function in the complex z-plane
that vanishes at infinity, so equation (E.37) is trivially satisfied.

Thus we have shown that application of the ansatz (E.33) to equation (E.32) leads to
ODEs (E.34) with one independent polynomial P,_1:

1 H,; 1 Ry
;jaj {m;ajxj} = P [-23]X;, ~0, {Tar} ® =P, 1[r?]®. (E.38)

Substitution of these equations into (E.31) gives

/ 2 2 2
Mo = —YHe Z“’C xzpn_l[—xi]{ac “c }

To Py qi :):20—:1:@2
7“2+x% x2 x2
- P,_1[r?]{ 0 ¢ Ic 2P, [-22] | U
FR nl[r]{cr2+x2c}+ C{QC ni[me]

\/ . 2 2
_ HCaC’ LL'% Z-Pn—l[ $z]_Pn—1[T]+Pn—1[ xC]

L2 E.39
qi FR qc ( )
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To go to the last line we used the relations
2 2 2 2
T — X5 r+x
Oo=C—L =0, 0, ¢
= qi © FR

The expression in the square brackets of (E.39) is proportional to the right hand side
of (E.35) (recall than Péj_)l[y] = P,_1[y]), so #c = 0. The remaining equation in (E.31),
My = 0, is verified in a similar way.

= 0. (E.40)

To summarize, Maxwell’s equations for the electric polarization in odd dimensions work
in the same way as the even-dimensional relations discussed in section E.2, and the new
equation n,.Z" = 0 makes the derivation even more straightforward since one no longer
has to assume an existence of second order ODEs, such equations (E.38) are derived.

Let us now discuss the magnetic polarization. The ansatz for the gauge potential is

. L
mh A, = ;%mi\y, U A, = 2100, A, = AT, (E.41)

and in terms of the frames (), fU)) defined in (E.16) it becomes
1

F9 A = Loy, FOAk = -

0w, nrA, = 2T (E.42)
Lj

Substitution into the components of the Maxwell’s equations (E.19) leads to the magnetic
counterparts of (E.31) and (E.32)

JHS 2 _ 2
e = Ve Yyt xl:c?{aCQl }a{HSa} QMCH“Z(% (E.43)

re |27 widi xc—m? TQH.Z‘k

T2+SU% 9 1 M o :UC Heo

— O, — O, g
rF'R ! { CTQ"‘ C} { } { [3% C]}} 7

—ZT2+IZZ$2 P 1 E T RMa
i Tiq; ! " r2+x ? r3
2\ [ a?
[1=3
2-Xe% [ H; 2+ % [Ruy 42 TTa? 1 1
po_ Sy _ i -
el Z o {x?aj}—i_ rFR 8,,{ r3 ar} r2 ]2 22 2

PR A K

Ty

1
e

v,

As in the electric case, we begin solving this system by looking at equation n,.Z*" = 0.
Consistency of this relation for the ansatz (E.33) leads to a system of ODEs:

1. | H; QY [~af] Ry QU7
—0; {xgajxj} = TJXj’ ;a { O, } —® (E.44)

acj j j r

with some undetermined polynomials Q%). Introducing 9 = r and using the identi-
ties (E.36), we find

19— 2a2)QW 22 -1
(2 2a2)QV %] ar[Ta? {2 1

mpdlh = | -3 J J }:7 . (F.45)
' =0 7 ]_[k#(x%—x?) [Tz} =]
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As before, the analysis of poles and residues at x; = x;;11 leads to the conclusion that
equation n,.Z*" = 0 can be satisfied only if all functions QY are the same:

Focusing on such configurations and looking at the right-hand side of (E.45) in the vicinity
of xo = 0, we find

—(2 - A2)Q[—a2] + N[ |1 2
Ryl ~ ( 0)Ql ol [1a; Ly L
[Tkz0 %k To 50 o

+ regular | V.

To avoid singularities in the right-hand side of the last expression, we must requite

Ql =22 - ) [[ af +v*Pu2lyl, (E.46)

where P, 5 is an arbitrary polynomial of degree n — 2. With such function @, the right-
hand side of (E.45) is a regular function in the complex z(-plane, and it vanishes at infinity,
then n,.#" = 0.

Substituting relations (E.44) into the first expression in (E.43), we find

e =Yy, 3 el 2AHG2 Ler Q] g b (E.47)

2 2
xo R r2[lzy  FRr rgqc

Introducing zg = ir, we can rewrite the last expression in a more symmetric form,

_\/7 Q[—z?] 2\ [T a?
e = {[ Z Hk# NENE

z; — x?)

\11} (E.48)

The expression in the square brackets is a meromorphic function of zg, which has no
poles, and which vanishes at infinity. Then the square bracket must vanish, and .Z¢ = 0.
Equation .#, = 0 is verified in the same way.

To summarize, in this appendix we have demonstrated that the ansatze (5.4), (5.9),
and (5.17) lead to separable solutions for function ¥, and the resulting ODEs are given
by (5.12)—(5.13) in even, and by (5.18)—(5.20) in odd dimensions. Although we focused on
configurations without dependence on cyclic coordinates, the general case can be verified
in the same way. The relevant calculations were performed using Mathematica, but we
did not present the intermediate expressions due to their complexity. The final results are
given by equations (5.12)—(5.13) and (5.18)—(5.20).

F Reduction to static configurations

In this appendix we will take the static limit of the solutions discussed in section 5 and
demonstrate that the resulting configurations reproduce (D — 3) magnetic polarizations
in the Schwarzschild-Tangherlini geometry, which were reviewed in the appendix D. The
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results derived here are summarized in section 5.4, which also discusses the electric po-
larization. To avoid unnecessary complications, we focus on solutions with w = m; = 0,
although similar arguments are applicable in the general case.

The static limit of the Myers-Perry geometry (3.1), (3.14)%? is obtained by performing
a rescaling

and sending A to zero, while keeping b; and y; fixed. The resulting metric describes the
Schwarzschild-Tangherlini geometry, but the sphere S”~2 is written in unusual variables,
which are inherited from ellipsoidal coordinates. As discussed in section 5.4 this unusual
parameterization does not affect the analysis of the electric polarization, and the static
limit A — 0 of the system (5.4) reproduces the relevant equations for the Schwarzschild-
Tangherlini geometry. The situation with magnetic polarization is more interesting: an am-
biguity in taking the static limit allows one to recover all (D — 3) polarizations from a single
system (5.9), and this appendix is dedicated to the detailed analysis of this phenomenon.

The magnetic polarizations for the static geometry are obtained by applying the rescal-
ing (F.1) to the ansatz (5.9) and sending A to zero. To arrive at a well-defined limit, we
also have to multiply all components of the gauge field by A\ and rescale the parameter u as

= Av. (F.2)
This leads to the final result
A A(mgn) =0 [m(ﬂ)]uA(mgn) —F { 7%(])\1/ (F3)
4t ’ + i y; + + ’

where frames [fn(ij)]“ are defined by (5.28). As expected, the gauge field (F.3) has
vanishing radial and temporal components:

Almam) — g(mgn) — (F.4)

The remaining components of the gauge field can be naturally separated into the cyclic
and non-cyclic projections, and the relevant parts of the equation (F.3) give

' br; Yj
Almon) — 5 g, Al — Y5 . (F.5)
Yj y]2-—u2 Yj Zk:b%_y? Pk y]2-—I/2 Yj
The rest of this appendix is dedicated to the analysis of the field (F.5), so to avoid
unnecessary clutter, we will suppress the label (mgn).
To proceed, we need to establish the relation between variables y; and the standard

spherical coordinates. The ellipsoidal coordinates x; are defined by equation (3.17),

) = =y L1 ) (F.6)

2In this appendix we are focusing on D = 2n + 2 dimensions, and the odd-dimensional case can be

treated in a similar way.
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while the spherical coordinates & are given by
p1=E&\/1—&, po==E&&/1-6, ... (F.7)
To obtain the last relation from equation (F.6), we write
vi =i — (B — i )&, bo =0, (F.8)
and take limits in the following order:
b — b1, bu1—>bpo, ... by—b=b. (F.9)

To see that this limit gives the desired result, we first rewrite (F.6) as

1
[1v7 = b3)

and then take the limit (F.9) in the following ratios:

(bigus)? = IT (57— 6 + (6} — 62002 (F.10)

b — bR+ (b — bR )& b -0

k>i14+1: bz—b% —>b2_bz:1,
, b2 — b2 + (b2 — b2)ED
kE=i+1: k2(k2 )k—>(1—fz'2+1),
b7 — b2
b2_62 2
k=i Ok = bi 1) ’22 - ’22‘1)5’“ — &2, (F.11)
) k—1
b2 — b7 + (b2 —b2_)ED
lek<i i k:2(k2 kfl)fk%gi,
bi_bkfl
k=1: b2 —b3(1 — €)% — b2el.

The right-hand side of equation (F.10) is the product of the expressions (F.11), so the limit
of (F.10) reproduces relations (F.7) for the spherical coordinates:

j
(1) = (1= &) [[(€)* (F.12)
k=1

We can now take the limit (F.9) in the expressions (F.5) for the gauge field. It is convenient
to analyze A, and Ay separately.

&-components of the gauge field. We begin with discussing the y-components of (F.5):

w
ij = Waij. (F.13)

Performing the change of variables (F.8), we find
1w

Ay = 0. U . F.14
& b? — (b? — b?—l)éjz — .2 & ( )
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For v # b, the limit (F.9) of this expression gives

Ag- w

To obtain the remaining £-polarizations, we have to send v to b at various rates consistent
with the hierarchy (F.9). For example, setting v = +b,,, we find that

1

bbby
so to have a well-defined limit, the gauge field must be rescaled:
A LSl PN T S LN Lt (F.17)
R A s A R '

Such constant rescaling does not affect Maxwell’s equation due to their linearity.

To construct the polarizations with v = £b. for ¢ < n, we again consider a rescaled
gauge field
O, W (F.18)

J

A i [bz—bzﬂ
& T 12 2 2
! b yj_bc

The expression in the square brackets will be encountered for the A4 polarizations as well,
so it is convenient to introduce a special notation NN :

b2, — b b2, — b2
Nj.=lim-© < =lim - - (F.19)
eSSy =M g
Here and below the symbol “lim” refers to the limit (F.9). Direct evaluation gives
0, j=sc
Moo dmet w20
1, j>c+1

Although we focused on v = +b,, it is clear that all values of |v| that lie between b, and b.1
lead to solutions described by NN;., with a possible exception of NC+1’C.53 Furthermore,
Njn—1 is proportional to Nj, from (F.17), so we can keep only (F.15) and (F.19)-(F.20)
withc={1,...,(n —1)}.

To summarize, in the static limit (F.9), the {&-components of the gauge field are de-
scribed by (F.15) and additional 2(n — 1) polarizations:

V= +b, : Ag»c _ i% N0, 0. (F.21)
Although Ag)’c = —Aéj_)’c, such simple relations do not persist for the other components

of the gauge field, so polarizations A(H)¢ and A(-)¢ are linearly independent. We now turn
to the discussion of the ¢-components of the gauge field.

2 2
*3Specifically, ; = lim b;ﬁiuz for v = b2 + o(b2;1 — b?) reproduces N; . = 0,1 from (F.20), but gives
J
_ l1—0o
Newr = =&~
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¢-components of the gauge field. Although the expressions for Ay, can be obtained
by inverting the second set of equations in (F.5), the results are rather complicated. This

problem can be traced to a more involved form of the frame components [m(ij )]  in compar-

ison with [m U )]“. This suggests that the expressions for A% could be more transparent,
and the indices can be lowered after taking the limit (F.9). Recall that the relevant part
of the metric is
=17 Y s}
with p; given by (F.12).
To proceed, it is convenient to decompose [+ and mg) as in (E.16):

~

A =) xf0) | [, =e© £ O (F.22)

and to write the A = 0 limit of the metric (5.27) as

n

g = r% [e(O)Me(O — fOr (0 } Z [ ey 4 fGm £() (F.23)
j=1
Recall that, according to (5.28),
1/2
e(j)uau: 1[ ;. ) _:1 (bz_yz)Hai—y? / Oy s
LR NS R 7 S B
. o2
fOrg, = _% (b2 —y?) g Zg : ‘;j% Z %8% (F.24)
J

Vectors f@H form a basis for the ¢-components of the gauge potential, so ignoring Ay,
components for a moment, we can write:4

= Al (F.25)
Coefficients A, are determined by multiplying the last relation by f), and using (F.3):
Yj ol
J

Combining the last two equations, we find

Al(ié)a“ - Z j H V2 2 — 1/2 Z b2 ayg V)0, -

j ki kY5 | )

Index g in the left hand side goes only over ¢ coordinates. The last relation can be
rewritten as a set of expressions for A%:

_ Yj by
AP — _ Z H . y2 R e Dy, V. (F.27)
J k;éj J J’p J

54We use notation A*

(%) in (F.25) to stress that this relation applies only to ¢-components of the gauge field.
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The gauge potentials for various polarizations are obtained by taking the limit (F.9)
n (F.27). As in the case of the A, polarizations discussed earlier, the limits depend
on the scaling of v relative to the sequence (F.9). Before discussing individual cases, we
make some general simplifications in (F.27).

The product appearing in the square bracket in (F.27) does not depend on v, so we
begin with evaluating this bracket. Using relations (F.8), we find

H Zl/a - bk: _ H b¢21 - bi - (bg - 5271)5621
ba — b — (0 — Vo1& + (B — bE )&

k;éa k’ k#a @

(b — bz _)(1 - &) by — b, F 98
T - I eprmw e (F-28)

(ba_1 —ba2)Si1 2o, + (b, = b1 )&k
b (- &) bpir — bk -7 biy1 — b

(bg—l - bg—z) 3—1 k<a_1 (bi o bi_l)fi ‘ k<a (bi - bi—l)éi
=& — b3 ) 11 1

o L

Symbol ~ here refers to the leading contribution in the limit (F.9). Furthermore, conversion
from 0y, to J, also does not depend on v:

2 _ 12 2
y; —bj ) —b
J ]ay] = §j8§j, 7> 1; 1

1
] 8?11 = bzéh%*ayl = glaﬁl : (F~29)
J Y1
Substitution of (F.28) and (F.29) into (F.27) leads to the final expression for A® which
is applicable to all values of v:
b2

(1-&)b; —b7y) 1l v b
A% = S T T o | 60, W (F.30)
j b el R L A

Let us now construct various polarizations by taking the limit (F.9) in (F.30), while scaling
v in an appropriate fashion.

As in the case of A¢ components, we begin with polarizations A% for v # b, the cyclic
counterpart of (F.15),

1-¢& 1|
Pp — J . e
A% =% 2 11 el Ljp&oe, V. (F.31)
J k<j
Here coefficients L;, are defined by
b2 — P2 1
Ljp = lim -5— | (F.32)
b5 —Y;
and a direct evaluation gives
o I
J
Lip={ g, =p+1; (F.33)
J
0, j>p+ 1.
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Additional polarizations are obtained by sending v to b at various rates. In particular,
for v = +b., the gauge field has to be rescaled by b%(bg —b%,) as in (F.18):

¢ : 1_32‘ 1 b?—bgﬂy?
A = —tim} | == 1 | iz, plirti%Y
j kej Sk | Ve T Yj
1-— j2 1
== b2 ng njNjeLjp &gV - (F.34)
J k<j >k

Here Nj . is given by (F.20), and we also defined

2 .
Y 1, 7> 1

This concludes evaluation of the gauge field in the static limit, let us now summarize the
results.

Summary. In this appendix we have demonstrated that the static limit (F.9) of the sepa-
rable solution (5.9) leads to several magnetic polarizations in the Schwarzschild-Tangherlini
geometry. The physical consequences of this fact are discussed in section 5.4, here we just
summarize the technical results. Keeping v # b in the limit (F.9), one arrives at the
polarization (F.15), (F.31):

4 iv At 1-¢& 1] v
&= 20 =2 5= |1l | —plinti% T (F.36)

J k<j

Alternatively, setting v = +b. and performing an appropriate rescaling of the gauge po-
tential, one arrives at polarizations (F.34)

; 1
TN O, W, A= 3"
j

1
11 5 | niNjeLjp &0, ® .

_ g2
J
2 2

”
k<j 3

v=tho: AZC— 4 ;

& b

(F.37)
Functions (N, Ljp,nj) entering (F.36)—(F.37) are defined by (F.20), (F.33), (F.35), and
label ¢ takes values ¢ = {1,...,(n —1)}.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] S.W. Hawking, Particle creation by black holes, Commun. Math. Phys. 43 (1975) 199
[Erratum ibid. 46 (1976) 206] [INSPIRE].

[2] S.S. Gubser and L.R. Klebanov, Emission of charged particles from four-dimensional and
five-dimensional black holes, Nucl. Phys. B 482 (1996) 173 [hep-th/9608108] [INSPIRE].

— 80 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/BF02345020
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,43,199%22
https://doi.org/10.1016/S0550-3213(96)00496-8
https://arxiv.org/abs/hep-th/9608108
https://inspirehep.net/search?p=find+EPRINT+hep-th/9608108

[3] S.S. Gubser and L.R. Klebanov, Four-dimensional grey body factors and the effective string,
Phys. Rev. Lett. 77 (1996) 4491 [hep-th/9609076] [INSPIRE].

[4] LR. Klebanov and S.D. Mathur, Black hole grey body factors and absorption of scalars by
effective strings, Nucl. Phys. B 500 (1997) 115 [hep-th/9701187] [INSPIRE].

[5] LR. Klebanov, World volume approach to absorption by nondilatonic branes,
Nucl. Phys. B 496 (1997) 231 [hep-th/9702076| [INSPIRE].

[6] S.S. Gubser, I.R. Klebanov and A.A. Tseytlin, String theory and classical absorption by
three-branes, Nucl. Phys. B 499 (1997) 217 [hep-th/9703040] [INSPIRE].

[7] M. Krasnitz and I.R. Klebanov, Testing effective string models of black holes with fized
scalars, Phys. Rev. D 56 (1997) 2173 [hep-th/9703216] [InSPIRE].

[8] S.S. Gubser and I.R. Klebanov, Absorption by branes and Schwinger terms in the world
volume theory, Phys. Lett. B 413 (1997) 41 [hep-th/9708005] InSPIRE].

[9] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity,
Int. J. Theor. Phys. 38 (1999) 1113 [hep-th/9711200] [INSPIRE].

[10] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical
string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [INSPIRE].

[11] E. Witten, Anti-de Sitter space, thermal phase transition and confinement in gauge theories,
Adv. Theor. Math. Phys. 2 (1998) 505 [hep-th/9803131] [INSPIRE].

[12] A. Strominger and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy,
Phys. Lett. B 379 (1996) 99 [hep-th/9601029] [INSPIRE].

[13] R.P. Kerr, Gravitational field of a spinning mass as an example of algebraically special
metrics, Phys. Rev. Lett. 11 (1963) 237 [INSPIRE].

[14] B. Carter, Global structure of the Kerr family of gravitational fields,
Phys. Rev. 174 (1968) 1559 [INSPIRE].

[15] B. Carter, Hamilton-Jacobi and Schrédinger separable solutions of Einstein’s equations,
Commun. Math. Phys. 10 (1968) 280 [INSPIRE].

[16] M. Walker and R. Penrose, On quadratic first integrals of the geodesic equations for type [22]
spacetimes, Commun. Math. Phys. 18 (1970) 265 [INSPIRE].

[17] K. Yano, Some remarks on tensor fields and curvature, Ann. Math. 55 (1952) 328.

[18] S. Tachibana, On conformal Killing tensor in a Riemannian space,
Tohoku Math. J. 21 (1969) 56.

[19] T. Kashiwada, On conformal Killing tensor, Nat. Sci. Rep. Ochanomizu Univ. 19 (1968) 67
[INSPIRE].

[20] G.W. Gibbons, R.H. Rietdijk and J.W. van Holten, SUSY in the sky,
Nucl. Phys. B 404 (1993) 42 [hep-th/9303112] [INSPIRE].

[21] J.W. van Holten, Supersymmetry and the geometry of Taub-NUT,
Phys. Lett. B 342 (1995) 47 [hep-th/9409139] [INSPIRE].

[22] D. Kubiznak and P. Krtous, On conformal Killing-Yano tensors for Plebanski-Demianski
family of solutions, Phys. Rev. D 76 (2007) 084036 [arXiv:0707.0409] INSPIRE].

[23] M. Durkee, Geodesics and symmetries of doubly-spinning black rings,
Class. Quant. Grav. 26 (2009) 085016 [arXiv:0812.0235] INSPIRE].

[24] S.A. Teukolsky, Rotating black holes: separable wave equations for gravitational and
electromagnetic perturbations, Phys. Rev. Lett. 29 (1972) 1114 [INSPIRE].

— 81 —


https://doi.org/10.1103/PhysRevLett.77.4491
https://arxiv.org/abs/hep-th/9609076
https://inspirehep.net/search?p=find+EPRINT+hep-th/9609076
https://doi.org/10.1016/S0550-3213(97)00287-3
https://arxiv.org/abs/hep-th/9701187
https://inspirehep.net/search?p=find+EPRINT+hep-th/9701187
https://doi.org/10.1016/S0550-3213(97)00235-6
https://arxiv.org/abs/hep-th/9702076
https://inspirehep.net/search?p=find+EPRINT+hep-th/9702076
https://doi.org/10.1016/S0550-3213(97)00325-8
https://arxiv.org/abs/hep-th/9703040
https://inspirehep.net/search?p=find+EPRINT+hep-th/9703040
https://doi.org/10.1103/PhysRevD.56.2173
https://arxiv.org/abs/hep-th/9703216
https://inspirehep.net/search?p=find+EPRINT+hep-th/9703216
https://doi.org/10.1016/S0370-2693(97)01099-X
https://arxiv.org/abs/hep-th/9708005
https://inspirehep.net/search?p=find+EPRINT+hep-th/9708005
https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://inspirehep.net/search?p=find+EPRINT+hep-th/9711200
https://doi.org/10.1016/S0370-2693(98)00377-3
https://arxiv.org/abs/hep-th/9802109
https://inspirehep.net/search?p=find+EPRINT+hep-th/9802109
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://arxiv.org/abs/hep-th/9803131
https://inspirehep.net/search?p=find+EPRINT+hep-th/9803131
https://doi.org/10.1016/0370-2693(96)00345-0
https://arxiv.org/abs/hep-th/9601029
https://inspirehep.net/search?p=find+EPRINT+hep-th/9601029
https://doi.org/10.1103/PhysRevLett.11.237
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,11,237%22
https://doi.org/10.1103/PhysRev.174.1559
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,174,1559%22
https://projecteuclid.org/euclid.cmp/1103841118
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,10,280%22
https://doi.org/10.1007/BF01649445
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,18,265%22
https://doi.org/10.2307/1969782
https://doi.org/10.2748/tmj/1178243034
https://inspirehep.net/search?p=find+recid+1236279
https://doi.org/10.1016/0550-3213(93)90472-2
https://arxiv.org/abs/hep-th/9303112
https://inspirehep.net/search?p=find+EPRINT+hep-th/9303112
https://doi.org/10.1016/0370-2693(94)01358-J
https://arxiv.org/abs/hep-th/9409139
https://inspirehep.net/search?p=find+EPRINT+hep-th/9409139
https://doi.org/10.1103/PhysRevD.76.084036
https://arxiv.org/abs/0707.0409
https://inspirehep.net/search?p=find+EPRINT+arXiv:0707.0409
https://doi.org/10.1088/0264-9381/26/8/085016
https://arxiv.org/abs/0812.0235
https://inspirehep.net/search?p=find+EPRINT+arXiv:0812.0235
https://doi.org/10.1103/PhysRevLett.29.1114
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,29,1114%22

[25]

[39]

[40]

S.A. Teukolsky, Perturbations of a rotating black hole 1. Fundamental equations for
gravitational electromagnetic and neutrino field perturbations, Astrophys. J. 185 (1973) 635
[INSPIRE].

J.C. Breckenridge, D.A. Lowe, R.C. Myers, A.W. Peet, A. Strominger and C. Vafa,
Macroscopic and microscopic entropy of near extremal spinning black holes,
Phys. Lett. B 381 (1996) 423 [hep-th/9603078] [iNSPIRE].

C.G. Callan and J.M. Maldacena, D-brane approach to black hole quantum mechanics,
Nucl. Phys. B 472 (1996) 591 [hep-th/9602043] [INSPIRE].

G.T. Horowitz and A. Strominger, Counting states of near extremal black holes,
Phys. Rev. Lett. T7 (1996) 2368 [hep-th/9602051] [INSPIRE].

J.M. Maldacena and L. Susskind, D-branes and fat black holes,
Nucl. Phys. B 475 (1996) 679 [hep-th/9604042] [INSPIRE].

O. Lunin and S.D. Mathur, AdS/CFT duality and the black hole information paradoz,
Nucl. Phys. B 623 (2002) 342 [hep-th/0109154] [INSPIRE].

S.D. Mathur, The fuzzball proposal for black holes: an elementary review,
Fortsch. Phys. 53 (2005) 793 [hep-th/0502050] [INSPIRE].

I. Bena and N.P. Warner, Black holes, black rings and their microstates,
Lect. Notes Phys. 755 (2008) 1 [hep-th/0701216] [INSPIRE].

K. Skenderis and M. Taylor, The fuzzball proposal for black holes,
Phys. Rept. 467 (2008) 117 [arXiv:0804.0552] INSPIRE].

S.D. Mathur, Fuzzballs and the information paradox: a summary and conjectures,
arXiv:0810.4525 [INSPIRE].

F.R. Tangherlini, Schwarzschild field in N dimensions and the dimensionality of space
problem, Nuovo Cim. 27 (1963) 636 INSPIRE].

H. Kodama and A. Ishibashi, A master equation for gravitational perturbations of mazximally
symmetric black holes in higher dimensions, Prog. Theor. Phys. 110 (2003) 701
[hep-th/0305147] [INSPIRE].

A. Tshibashi and H. Kodama, Stability of higher dimensional Schwarzschild black holes,
Prog. Theor. Phys. 110 (2003) 901 [hep-th/0305185] [INSPIRE].

H. Kodama and A. Ishibashi, Master equations for perturbations of generalized static black
holes with charge in higher dimensions, Prog. Theor. Phys. 111 (2004) 29 [hep-th/0308128]
[INSPIRE].

A.S. Cornell, W. Naylor and M. Sasaki, Graviton emission from a higher-dimensional black
hole, JHEP 02 (2006) 012 [hep-th/0510009] [INSPIRE].

V. Cardoso, M. Cavaglia and L. Gualtieri, Black hole particle emission in higher-dimensional
spacetimes, Phys. Rev. Lett. 96 (2006) 071301 [Erratum ibid. 96 (2006) 219902]
[hep-th/0512002] [INSPIRE].

0.J.C. Dias, G.T. Horowitz, D. Marolf and J.E. Santos, On the nonlinear stability of
asymptotically anti-de Sitter solutions, Class. Quant. Grav. 29 (2012) 235019
[arXiv:1208.5772] [INSPIRE].

7Z.W. Chong, G.W. Gibbons, H. Lii and C.N. Pope, Separability and Killing tensors in
Kerr-Taub-NUT-de Sitter metrics in higher dimensions, Phys. Lett. B 609 (2005) 124
[hep-th/0405061] [INSPIRE].

— 82 —


https://doi.org/10.1086/152444
https://inspirehep.net/search?p=find+J+%22Astrophys.J.,185,635%22
https://doi.org/10.1016/0370-2693(96)00553-9
https://arxiv.org/abs/hep-th/9603078
https://inspirehep.net/search?p=find+EPRINT+hep-th/9603078
https://doi.org/10.1016/0550-3213(96)00225-8
https://arxiv.org/abs/hep-th/9602043
https://inspirehep.net/search?p=find+EPRINT+hep-th/9602043
https://doi.org/10.1103/PhysRevLett.77.2368
https://arxiv.org/abs/hep-th/9602051
https://inspirehep.net/search?p=find+EPRINT+hep-th/9602051
https://doi.org/10.1016/0550-3213(96)00323-9
https://arxiv.org/abs/hep-th/9604042
https://inspirehep.net/search?p=find+EPRINT+hep-th/9604042
https://doi.org/10.1016/S0550-3213(01)00620-4
https://arxiv.org/abs/hep-th/0109154
https://inspirehep.net/search?p=find+EPRINT+hep-th/0109154
https://doi.org/10.1002/prop.200410203
https://arxiv.org/abs/hep-th/0502050
https://inspirehep.net/search?p=find+EPRINT+hep-th/0502050
https://doi.org/10.1007/978-3-540-79523-0_1
https://arxiv.org/abs/hep-th/0701216
https://inspirehep.net/search?p=find+EPRINT+hep-th/0701216
https://doi.org/10.1016/j.physrep.2008.08.001
https://arxiv.org/abs/0804.0552
https://inspirehep.net/search?p=find+EPRINT+arXiv:0804.0552
https://arxiv.org/abs/0810.4525
https://inspirehep.net/search?p=find+EPRINT+arXiv:0810.4525
https://doi.org/10.1007/BF02784569
https://inspirehep.net/search?p=find+J+%22NuovoCim.,27,636%22
https://doi.org/10.1143/PTP.110.701
https://arxiv.org/abs/hep-th/0305147
https://inspirehep.net/search?p=find+EPRINT+hep-th/0305147
https://doi.org/10.1143/PTP.110.901
https://arxiv.org/abs/hep-th/0305185
https://inspirehep.net/search?p=find+EPRINT+hep-th/0305185
https://doi.org/10.1143/PTP.111.29
https://arxiv.org/abs/hep-th/0308128
https://inspirehep.net/search?p=find+EPRINT+hep-th/0308128
https://doi.org/10.1088/1126-6708/2006/02/012
https://arxiv.org/abs/hep-th/0510009
https://inspirehep.net/search?p=find+EPRINT+hep-th/0510009
https://doi.org/10.1103/PhysRevLett.96.071301
https://doi.org/10.1103/PhysRevLett.96.219902
https://arxiv.org/abs/hep-th/0512002
https://inspirehep.net/search?p=find+EPRINT+hep-th/0512002
https://doi.org/10.1088/0264-9381/29/23/235019
https://arxiv.org/abs/1208.5772
https://inspirehep.net/search?p=find+EPRINT+arXiv:1208.5772
https://doi.org/10.1016/j.physletb.2004.07.066
https://arxiv.org/abs/hep-th/0405061
https://inspirehep.net/search?p=find+EPRINT+hep-th/0405061

[43] M. Vasudevan, K.A. Stevens and D.N. Page, Separability of the Hamilton-Jacobi and
Klein-Gordon equations in Kerr-de Sitter metrics, Class. Quant. Grav. 22 (2005) 339
[gr-qc/0405125] [INSPIRE].

[44] W. Chen, H. Li and C.N. Pope, Separability in cohomogeneity-2 Kerr-NUT-AdS metrics,
JHEP 04 (2006) 008 [hep-th/0602084] [INSPIRE].

[45] H.K. Kunduri and J. Lucietti, Integrability and the Kerr-(A)dS black hole in five dimensions,
Phys. Rev. D 71 (2005) 104021 [hep-th/0502124] [INSPIRE].

[46] V.P. Frolov and D. Kubiznak, Hidden symmetries of higher dimensional rotating black holes,
Phys. Rev. Lett. 98 (2007) 011101 [gr-qc/0605058] [INSPIRE].

[47] D.N. Page, D. Kubiznak, M. Vasudevan and P. Krtous, Complete integrability of geodesic
motion in general Kerr-NUT-AdS spacetimes, Phys. Rev. Lett. 98 (2007) 061102
[hep-th/0611083] [INSPIRE].

[48] P. Krtous, D. Kubiznak, D.N. Page and V.P. Frolov, Killing-Yano tensors, rank-2 Killing
tensors and conserved quantities in higher dimensions, JHEP 02 (2007) 004
[hep-th/0612029] [INSPIRE].

[49] V.P. Frolov and D. Kubiznak, Higher-dimensional black holes: hidden symmetries and
separation of variables, Class. Quant. Grav. 25 (2008) 154005 [arXiv:0802.0322] INSPIRE].

[50] P. Krtous, V.P. Frolov and D. Kubiznak, Hidden symmetries of higher dimensional black
holes and uniqueness of the Kerr-NUT-(A)dS spacetime, Phys. Rev. D 78 (2008) 064022
[arXiv:0804.4705] [INSPIRE].

[51] M. Cariglia, P. Krtous and D. Kubiznak, Commuting symmetry operators of the Dirac
equation, Killing-Yano and Schouten-Nijenhuis brackets, Phys. Rev. D 84 (2011) 024004
[arXiv:1102.4501] [INSPIRE].

[52] M. Cariglia, P. Krtous and D. Kubiznak, Dirac equation in Kerr-NUT-(A)dS spacetimes:
intrinsic characterization of separability in all dimensions, Phys. Rev. D 84 (2011) 024008
[arXiv:1104.4123] INSPIRE].

[53] D. Kubiznak and M. Cariglia, On integrability of spinning particle motion in
higher-dimensional black hole spacetimes, Phys. Rev. Lett. 108 (2012) 051104
[arXiv:1110.0495] [INSPIRE].

[54] D. Kubiznak, H.K. Kunduri and Y. Yasui, Generalized Killing-Yano equations in D =5
gauged supergravity, Phys. Lett. B 678 (2009) 240 [arXiv:0905.0722] INSPIRE].

[55] T. Houri, D. Kubiznak, C.M. Warnick and Y. Yasui, Generalized hidden symmetries and the
Kerr-Sen black hole, JHEP 07 (2010) 055 [arXiv:1004.1032] [INSPIRE].

[56] D. Kubiznak, C.M. Warnick and P. Krtous, Hidden symmetry in the presence of fluzes,
Nucl. Phys. B 844 (2011) 185 [arXiv:1009.2767] [INSPIRE].

[57] P. Krtous, Electromagnetic field in higher-dimensional black-hole spacetimes,

Phys. Rev. D 76 (2007) 084035 [arXiv:0707.0002] [INSPIRE].

[58] M. Durkee and H.S. Reall, Perturbations of higher-dimensional spacetimes,
Class. Quant. Grav. 28 (2011) 035011 [arXiv:1009.0015] INSPIRE].

[59] 1. Kolar and P. Krtous, Weak electromagnetic field admitting integrability in
Kerr-NUT-(A)dS spacetimes, Phys. Rev. D 91 (2015) 124045 [arXiv:1504.00524]
[INSPIRE].

[60] V.P. Frolov, P. Krtous and D. Kubiznak, Weakly charged generalized Kerr-NUT-(A)dS
spacetimes, Phys. Lett. B 771 (2017) 254 [arXiv:1705.00943] [INSPIRE].

— 83 —


https://doi.org/10.1088/0264-9381/22/2/007
https://arxiv.org/abs/gr-qc/0405125
https://inspirehep.net/search?p=find+EPRINT+gr-qc/0405125
https://doi.org/10.1088/1126-6708/2006/04/008
https://arxiv.org/abs/hep-th/0602084
https://inspirehep.net/search?p=find+EPRINT+hep-th/0602084
https://doi.org/10.1103/PhysRevD.71.104021
https://arxiv.org/abs/hep-th/0502124
https://inspirehep.net/search?p=find+EPRINT+hep-th/0502124
https://doi.org/10.1103/PhysRevLett.98.011101
https://arxiv.org/abs/gr-qc/0605058
https://inspirehep.net/search?p=find+EPRINT+gr-qc/0605058
https://doi.org/10.1103/PhysRevLett.98.061102
https://arxiv.org/abs/hep-th/0611083
https://inspirehep.net/search?p=find+EPRINT+hep-th/0611083
https://doi.org/10.1088/1126-6708/2007/02/004
https://arxiv.org/abs/hep-th/0612029
https://inspirehep.net/search?p=find+EPRINT+hep-th/0612029
https://doi.org/10.1088/0264-9381/25/15/154005
https://arxiv.org/abs/0802.0322
https://inspirehep.net/search?p=find+EPRINT+arXiv:0802.0322
https://doi.org/10.1103/PhysRevD.78.064022
https://arxiv.org/abs/0804.4705
https://inspirehep.net/search?p=find+EPRINT+arXiv:0804.4705
https://doi.org/10.1103/PhysRevD.84.024004
https://arxiv.org/abs/1102.4501
https://inspirehep.net/search?p=find+EPRINT+arXiv:1102.4501
https://doi.org/10.1103/PhysRevD.84.024008
https://arxiv.org/abs/1104.4123
https://inspirehep.net/search?p=find+EPRINT+arXiv:1104.4123
https://doi.org/10.1103/PhysRevLett.108.051104
https://arxiv.org/abs/1110.0495
https://inspirehep.net/search?p=find+EPRINT+arXiv:1110.0495
https://doi.org/10.1016/j.physletb.2009.06.037
https://arxiv.org/abs/0905.0722
https://inspirehep.net/search?p=find+EPRINT+arXiv:0905.0722
https://doi.org/10.1007/JHEP07(2010)055
https://arxiv.org/abs/1004.1032
https://inspirehep.net/search?p=find+EPRINT+arXiv:1004.1032
https://doi.org/10.1016/j.nuclphysb.2010.11.001
https://arxiv.org/abs/1009.2767
https://inspirehep.net/search?p=find+EPRINT+arXiv:1009.2767
https://doi.org/10.1103/PhysRevD.76.084035
https://arxiv.org/abs/0707.0002
https://inspirehep.net/search?p=find+EPRINT+arXiv:0707.0002
https://doi.org/10.1088/0264-9381/28/3/035011
https://arxiv.org/abs/1009.0015
https://inspirehep.net/search?p=find+EPRINT+arXiv:1009.0015
https://doi.org/10.1103/PhysRevD.91.124045
https://arxiv.org/abs/1504.00524
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.00524
https://doi.org/10.1016/j.physletb.2017.05.041
https://arxiv.org/abs/1705.00943
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.00943

[61] M. Cveti¢ and F. Larsen, General rotating black holes in string theory: grey body factors and
event horizons, Phys. Rev. D 56 (1997) 4994 [hep-th/9705192] [INSPIRE].

[62] M. Cveti¢ and F. Larsen, Grey body factors for rotating black holes in four-dimensions,
Nucl. Phys. B 506 (1997) 107 [hep-th/9706071] [iINSPIRE].

[63] J.M. Maldacena and A. Strominger, Universal low-energy dynamics for rotating black holes,
Phys. Rev. D 56 (1997) 4975 [hep-th/9702015] [INSPIRE].

[64] M. Cveti¢ and F. Larsen, Near horizon geometry of rotating black holes in five-dimensions,
Nucl. Phys. B 531 (1998) 239 [hep-th/9805097| [INSPIRE].

[65] O. Lunin and S.D. Mathur, The slowly rotating near extremal D1-D5 system as a ‘hot tube’,
Nucl. Phys. B 615 (2001) 285 [hep-th/0107113] [INSPIRE].

[66] B.D. Chowdhury and S.D. Mathur, Radiation from the non-extremal fuzzball,
Class. Quant. Grav. 25 (2008) 135005 [arXiv:0711.4817] INSPIRE].

. Cvetic an . Larsen, reyooay jactors ana cnarges in err 5
67] M. Cvetic and F. L Greybody fact d ch in Kerr/CFT, JHEP 09 (2009) 088
[arXiv:0908.1136] [INSPIRE].

[68] F. De Jonghe, K. Peeters and K. Sfetsos, Killing-Yano supersymmetry in string theory,
Class. Quant. Grav. 14 (1997) 35 [hep-th/9607203] [INSPIRE].

[69] C. Keeler and F. Larsen, Separability of black holes in string theory, JHEP 10 (2012) 152
[arXiv:1207.5928] [iNSPIRE].

[70] Y. Chervonyi and O. Lunin, (Non)-integrability of geodesics in D-brane backgrounds,
JHEP 02 (2014) 061 [arXiv:1311.1521] [INSPIRE].

[71] Y. Chervonyi and O. Lunin, Killing(-Yano) tensors in string theory, JHEP 09 (2015) 182
[arXiv:1505.06154] [iNSPIRE].

[72] R.C. Myers and M.J. Perry, Black holes in higher dimensional space-times,
Annals Phys. 172 (1986) 304 [iINSPIRE].

[73] G.W. Gibbons, H. Lii, D.N. Page and C.N. Pope, The general Kerr-de Sitter metrics in all
dimensions, J. Geom. Phys. 53 (2005) 49 [hep-th/0404008] [INSPIRE].

[74] D.D.K. Chow, M. Cveti¢, H. Lii and C.N. Pope, Eztremal black hole/CFT correspondence in
(gauged) supergravities, Phys. Rev. D 79 (2009) 084018 [arXiv:0812.2918] INSPIRE].

[75] D. Kastor, S. Ray and J. Traschen, Enthalpy and the mechanics of AdS black holes,
Class. Quant. Grav. 26 (2009) 195011 [arXiv:0904.2765] INSPIRE].

[76] M. Cveti¢, G.W. Gibbons and C.N. Pope, Universal area product formulae for rotating and
charged black holes in four and higher dimensions, Phys. Rev. Lett. 106 (2011) 121301
[arXiv:1011.0008] [INSPIRE].

[77] M. Cveti¢, G.W. Gibbons, D. Kubiznak and C.N. Pope, Black hole enthalpy and an entropy
inequality for the thermodynamic volume, Phys. Rev. D 84 (2011) 024037
[arXiv:1012.2888] [INSPIRE].

[78] V. Frolov, P. Krtous and D. Kubiznak, Black holes, hidden symmetries and complete
integrability, Living Rev. Rel. 20 (2017) 6 [arXiv:1705.05482] INSPIRE].

[79] P. Krtous, D. Kubiznak, D.N. Page and M. Vasudevan, Constants of geodesic motion in
higher-dimensional black-hole spacetimes, Phys. Rev. D 76 (2007) 084034
[arXiv:0707.0001] INSPIRE].

[80] T. Houri, T. Oota and Y. Yasui, Closed conformal Killing-Yano tensor and geodesic
integrability, J. Phys. A 41 (2008) 025204 [arXiv:0707.4039] [INSPIRE].

— 84 —


https://doi.org/10.1103/PhysRevD.56.4994
https://arxiv.org/abs/hep-th/9705192
https://inspirehep.net/search?p=find+EPRINT+hep-th/9705192
https://doi.org/10.1016/S0550-3213(97)00541-5
https://arxiv.org/abs/hep-th/9706071
https://inspirehep.net/search?p=find+EPRINT+hep-th/9706071
https://doi.org/10.1103/PhysRevD.56.4975
https://arxiv.org/abs/hep-th/9702015
https://inspirehep.net/search?p=find+EPRINT+hep-th/9702015
https://doi.org/10.1016/S0550-3213(98)00604-X
https://arxiv.org/abs/hep-th/9805097
https://inspirehep.net/search?p=find+EPRINT+hep-th/9805097
https://doi.org/10.1016/S0550-3213(01)00428-X
https://arxiv.org/abs/hep-th/0107113
https://inspirehep.net/search?p=find+EPRINT+hep-th/0107113
https://doi.org/10.1088/0264-9381/25/13/135005
https://arxiv.org/abs/0711.4817
https://inspirehep.net/search?p=find+EPRINT+arXiv:0711.4817
https://doi.org/10.1088/1126-6708/2009/09/088
https://arxiv.org/abs/0908.1136
https://inspirehep.net/search?p=find+EPRINT+arXiv:0908.1136
https://doi.org/10.1088/0264-9381/14/1/007
https://arxiv.org/abs/hep-th/9607203
https://inspirehep.net/search?p=find+EPRINT+hep-th/9607203
https://doi.org/10.1007/JHEP10(2012)152
https://arxiv.org/abs/1207.5928
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.5928
https://doi.org/10.1007/JHEP02(2014)061
https://arxiv.org/abs/1311.1521
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.1521
https://doi.org/10.1007/JHEP09(2015)182
https://arxiv.org/abs/1505.06154
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.06154
https://doi.org/10.1016/0003-4916(86)90186-7
https://inspirehep.net/search?p=find+J+%22AnnalsPhys.,172,304%22
https://doi.org/10.1016/j.geomphys.2004.05.001
https://arxiv.org/abs/hep-th/0404008
https://inspirehep.net/search?p=find+EPRINT+hep-th/0404008
https://doi.org/10.1103/PhysRevD.79.084018
https://arxiv.org/abs/0812.2918
https://inspirehep.net/search?p=find+EPRINT+arXiv:0812.2918
https://doi.org/10.1088/0264-9381/26/19/195011
https://arxiv.org/abs/0904.2765
https://inspirehep.net/search?p=find+EPRINT+arXiv:0904.2765
https://doi.org/10.1103/PhysRevLett.106.121301
https://arxiv.org/abs/1011.0008
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.0008
https://doi.org/10.1103/PhysRevD.84.024037
https://arxiv.org/abs/1012.2888
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.2888
https://doi.org/10.1007/s41114-017-0009-9
https://arxiv.org/abs/1705.05482
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.05482
https://doi.org/10.1103/PhysRevD.76.084034
https://arxiv.org/abs/0707.0001
https://inspirehep.net/search?p=find+EPRINT+arXiv:0707.0001
https://doi.org/10.1088/1751-8113/41/2/025204
https://arxiv.org/abs/0707.4039
https://inspirehep.net/search?p=find+EPRINT+arXiv:0707.4039

[81]

T. Houri, T. Oota and Y. Yasui, Closed conformal Killing-Yano tensor and
Kerr-NUT-de Sitter spacetime uniqueness, Phys. Lett. B 656 (2007) 214 [arXiv:0708.1368]
[INSPIRE].

T. Houri, T. Oota and Y. Yasui, Closed conformal Killing-Yano tensor and uniqueness of

generalized Kerr-NUT-de Sitter spacetime, Class. Quant. Grav. 26 (2009) 045015
[arXiv:0805.3877] [INSPIRE].

S. Chandrasekhar, The mathematical theory of black holes, Oxford University Press, Oxford
U.K., (1983) [INSPIRE].

A.A. Starobinsky and S.M. Churilov, Amplification of electromagnetic and gravitational
waves scattered by a rotating “black hole”, Sov. Phys. JETP 38 (1974) 1 [Zh. Eksp. Teor.
Fiz. 65 (1973) 3] [INSPIRE].

W.H. Press and S.A. Teukolsky, Perturbations of a rotating black hole II. Dynamical stability
of the Kerr metric, Astrophys. J. 185 (1973) 649 [nSPIRE].

S.A. Teukolsky and W.H. Press, Perturbations of a rotating black hole III. Interaction of the
hole with gravitational and electromagnetic radiation, Astrophys. J. 193 (1974) 443
[INSPIRE].

S. Chandrasekhar, On a transformation of Teukolsky’s equation and the electromagnetic
perturbations of the Kerr black hole, Proc. Roy. Soc. Lond. A 348 (1976) 39.

S. Chandrasekhar, The solution of Dirac’s equation in Kerr geometry,
Proc. Roy. Soc. Lond. A 349 (1976) 571.

S. Chandrasekhar, The gravitational perturbations of the Kerr black hole I. The perturbations
in the quantities which vanish in the stationary state,

Proc. Roy. Soc. Lond. A 358 (1978) 421.

E. Newman and R. Penrose, An approach to gravitational radiation by a method of spin
coefficients, J. Math. Phys. 3 (1962) 566 [INSPIRE].

R.C. Myers, Myers-Perry black holes, arXiv:1111.1903 [INSPIRE].

P. Moon and D.E. Spencer, Theorems on separability in Riemannian n-space,
Proc. Amer. Math. Soc. 3 (1952) 635.

E.G. Kalnins and W. Miller, Killing tensors and nonorthogonal variable separation for
Hamilton-Jacobi equations, SIAM J. Math. Anal. 12 (1981) 617.

E.G. Kalnins and W. Miller, Conformal Killing tensors and variable separation for
Hamilton-Jacobi equations, STAM J. Math. Anal. 14 (1983) 126.

E.G. Kalnins and W. Miller, The theory of orthogonal R-separation for Helmholtz equations,
Adv. Math. 51 (1984) 91.

E.G. Kalnins, J.M. Kress and W. Miller, Jacobi, ellipsoidal coordinates and superintegrable
systems, J. Nonlin. Math. Phys. 12 (2005) 209.

S.W. Hawking, C.J. Hunter and M. Taylor, Rotation and the AdS/CFT correspondence,
Phys. Rev. D 59 (1999) 064005 [hep-th/9811056] [INSPIRE].

M. Giinaydin, G. Sierra and P.K. Townsend, Gauging the D =5 Mazxwell-Einstein
supergravity theories: more on Jordan algebras, Nucl. Phys. B 253 (1985) 573 [INSPIRE].

— 85 —


https://doi.org/10.1016/j.physletb.2007.09.034
https://arxiv.org/abs/0708.1368
https://inspirehep.net/search?p=find+EPRINT+arXiv:0708.1368
https://doi.org/10.1088/0264-9381/26/4/045015
https://arxiv.org/abs/0805.3877
https://inspirehep.net/search?p=find+EPRINT+arXiv:0805.3877
https://inspirehep.net/search?p=find+recid+224457
https://inspirehep.net/search?p=find+recid+1594792
https://doi.org/10.1086/152445
https://inspirehep.net/search?p=find+J+%22Astrophys.J.,185,649%22
https://doi.org/10.1086/153180
https://inspirehep.net/search?p=find+J+%22Astrophys.J.,193,443%22
https://doi.org/10.1098/rspa.1976.0022
https://doi.org/10.1098/rspa.1976.0090
https://doi.org/10.1098/rspa.1978.0020
https://doi.org/10.1063/1.1724257
https://inspirehep.net/search?p=find+J+%22J.Math.Phys.,3,566%22
https://arxiv.org/abs/1111.1903
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.1903
https://doi.org/10.2307/2032602
https://doi.org/10.1137/0512054
https://doi.org/10.1137/0514009
https://doi.org/10.1016/0001-8708(84)90004-5
https://doi.org/10.2991/jnmp.2005.12.2.5
https://doi.org/10.1103/PhysRevD.59.064005
https://arxiv.org/abs/hep-th/9811056
https://inspirehep.net/search?p=find+EPRINT+hep-th/9811056
https://doi.org/10.1016/0550-3213(85)90547-4
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B253,573%22

	Introduction and summary
	All excitations of the Kerr black hole
	Review of the known results
	New ansatz for the gauge field
	Summary and comparison to the known results
	Extension to the Kerr-(A)dS geometry

	Myers-Perry black hole and its symmetries
	Killing-Yano tensors for the Myers-Perry black hole
	Separation of the wave equation
	Extension to the Myers-Perry-(A)dS geometry

	All excitation of the five-dimensional black hole
	Electro- and magnetostatics
	General electromagnetic field in five dimensions
	Summary and comparison to the wave equation

	Electromagnetic waves in the Myers-Perry geometry
	Even dimensions
	Odd dimensions
	Summary and extension to the Myers-Perry-(A)dS geometry
	Reduction to the Schwarzschild-Tangherlini geometry

	Discussion
	Teukolsky's solution for the Kerr geometry
	Derivation of the new equations for the Kerr geometry
	Electric polarization
	Magnetic polarization

	Maxwell's equations in five dimensions
	Electric polarization
	Magnetic polarization

	Electromagnetic waves in the Schwarzschild-Tangherlini geometry
	Separation of variables in the Myers-Perry geometry
	Wave equation
	Maxwell's equations in even dimensions
	Maxwell's equations in odd dimensions

	Reduction to static configurations

