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1 Introduction

The idea of the conformal bootstrap is that by imposing associativity of the operator
product expansion (OPE) for local operators in a unitary conformal field theory (CFT)
one can derive constraints for the spectrum and OPE coefficients of the theory [1, 2].
For instance, for a four-point function crossing symmetry plus the structure of the OPE
expansion schematically implies figure 1. In a general CFT in higher dimensions, the
interplay between direct and crossed channels is very complicated: a given operator on
one channel will generically map to a very complicated combination of operators on the
other channel. The essence of the analytic conformal bootstrap is that for certain operators
this map is much simpler. For example, each higher dimensional CFT, strongly [3, 4] or
weakly [5] coupled possesses double trace higher spin operators which map to the identity
operator in the dual channel. In this paper we will concentrate on conformal weakly
coupled gauge theories. These theories contain towers of higher spin operators, with small
anomalous dimensions, which under crossing, and for high values of the spin, map to each
other [5, 6]:

HS, < HS; (1.1)
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Figure 1. Crossing symmetry.

where 7 denotes the twist (dimension minus the spin) of the higher spin tower. In [6]
we focused in a four-dimensional CFT, external operators of the form OP = Tr¢? and
single-trace higher spin operators of the schematic form Oy = Tred‘e, with twist two and
spin £. In perturbation theory these operators have a small anomalous dimension:

AZE—{—Q—F@%

It turns out crossing symmetry is powerful enough to fix the behaviour of the anomalous
dimension for large values of the spin

ve ~ f(g)log?

together with the OPE coefficient of Oy with two external operators

Cone ~ T (1 - %) (1.2)

Such results [5, 6] are valid for high values of the spin but to all orders in perturbation
theory!

On [6] we have focused on correlators of identical operators. In the present paper
we will consider mixed correlators and show that (1.1) is a particular example of a more
general relation, in which two different towers of higher spin operators map to each other

HS, < HS. (1.3)

Analysing the consequences of crossing in this case is more delicate, since higher spin
operators with more than two constituent fields are highly degenerate. For 7 > 2 we
find that again crossing implies a logarithmic growing for the anomalous dimensions, but
this time in the sense of a weighted average (to be defined below). Furthermore, crossing
symmetry fixes the large spin behaviour of the OPE coefficient between two scalar operators
and a higher spin operator. More precisely, we obtain the following universal behaviour

Ap—i-Aq—Tg)

Cpge ~T ( 5 (1.4)



for several families of operators, as will be specified below. This is a natural generalisation
of (1.2). Furthermore, note that the same structure of poles would appear in a Witten
diagram supergravity computation of the three-point function for operators of dimensions
Ay, Ay and 7y, see for instance [7-9]. However, our result arises from crossing symmetry
alone, without assuming large N or large R—charges, and is a all-loop result!

Having solved for the structure constants of higher spin operators we can study the
mixed correlators under consideration in the double null limit. Our results are in perfect
agreement with the picture of [12].

This paper is organised as follows. In the next section we show that crossing symme-
try for mixed correlators leads to relations among different higher spin towers. In section
three we derive integral relations arising from crossing symmetry for mixed correlators.
Although the method is very general, we apply it to a simple model for definiteness. We
then show how to solve such integral relations, finding constraints, to all loops in perturba-
tion theory, for the spectrum of higher spin operators and OPE coefficients of the theory.
As an interesting application, we compute the double null limit of the correlators under
consideration and compare our results to [12]. In section 4 we study in detail the case
of weakly coupled N/ = 4 SYM. In this case the theory possesses a global R—symmetry
and crossing symmetry acts on the representations of this symmetry as well. By consider-
ing appropriate projections we show that the equations in this case exactly reduce to the
equations previously found. We end up with a discussion of our results. Several technical
details, needed in the body of the paper, are deferred to the appendices.

2 Crossing symmetry and higher spin towers

2.1 Crossing for mixed scalar operators and higher spin towers

Let us start with a discussion of crossing relations for the most general scalar case. This
was done for instance in [10]. For four arbitrary scalar operators we can write, see [11]
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where A;; = A; — A and we have introduce the conformal cross-ratios
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The full correlation function must be invariant under the exchange (1,7) < (3,k),
which gives the crossing equation

Aty Aj+A

v 2 Gijr(u,v) =u” 2 Grja(v,u) (2.3)

The function Gjji(u,v) can be decomposed in terms of conformal blocks as

AgjA
Gijri(u,v) =Y cijocrioga s (u,0) (2.4)
0



where O runs over all conformal primary operators present in the corresponding OPE and
A, ¢ denote the dimension and spin of such operators. The crossing equation implies

25t %%k A A Lithy Ay A
v Y cjockoga (wo) =uT T Y egjocioga ! (v,u) (2.5)
0 0

This is a very complicated (but powerful!) equation, as usually single operators on one
channel, are mapped to infinite, complicated combinations on the other channel. The
essence of the analytic bootstrap is that:

1. Certain towers of higher spin operators map to simple operators on the other channel:
either to isolated operators of low twist [3, 4] or to themselves [5, 6].

2. One can access this regime by considering a light-cone OPE of the four-point
correlator.

This allows to compute certain features of the spectrum and OPE coefficients of higher
spin operators exactly. The simplest example arises for identical external operators with
dimension Ag. In this case the crossing relation reads

V20 " cijocrioga(u,v) = ut* Y erjocioga (v, u) (2.6)
O (@]
where we have introduced ga ¢(u,v) = g&og(u,v). In conformal weakly coupled gauge

theories there are towers of almost conserved higher spin currents of twist 7 = A — ¢ =
Ap + 7¢. In such a situation the crossing relation (2.6) maps the large spin sector of the
higher spin tower HS; to itself!

HS. < HS, (2.7)

This phenomenon was exploited in [5, 6] to find information about the spectrum and OPE
coeflicients of higher spin operators. Considering instead mixed correlators we see that this
is a special case of a more general relation

HS, <> HS, (2.8)

Indeed, consider the contribution to Gy (u,v) from operators with twist 7: Gijp(u, v)|r =
u/?h(v). If h(v) diverges as v — 0

uT/2

vOc

Gijri(u,v)|ms, ~ (2.9)

then such a divergence must come from a tower of higher spin operators, of approximate

’

T'/2 .
”uﬁ with

twist 7. Under crossing this term maps in the dual channel to a term of the form

/
A8 /2 Ata; T /2
2 = U 2
e uP

v

(2.10)

!Sometimes by “twist 7”7 we will refer to the twist at zero coupling, so that the real twist of the operators
is approximately 7. This is commonly done when dealing with weakly coupled gauge theory. We hope this
does not confuse the reader.



Provided g > 0 this must correspond to an infinite tower of higher spin operators HS,.
Hence crossing leads to the relation (2.8). Studying different mixed correlators will lead to
different constraints involving towers of higher spin operators. Below we will study such
constraints in detail, but before let us discuss the properties of different higher spin towers.

2.2 Towers of higher spin operators

Although the methods which we will apply in this paper are completely general, we will
discuss a specific model for definiteness. Then in section 4 we will focus in a different model
and show that the final relation has exactly the same form. Let us consider a conformal
weakly coupled gauge theory in four dimensions, with a scalar field ¢. The simplest gauge
invariant operators are traces of such a scalar field and its derivatives. Below we will discuss
the towers of higher spin operators that can arise in the light-cone OPE of scalar operators
formed only by scalar fields, in the regime glog¢ < 1.

Twist 2. These are operators of the form Oéz) = Tred’p+ - - where the derivatives are

along a null direction. There is only one primary operator for each even spin and none with
spin odd.? We denote such a tower by HSs. These operators are also called leading-twist
operators and their anomalous dimension grows logarithmically with the spin:

’yf) =glogl+b(g)+--- (2.11)
where we have defined the coupling constant g as the coefficient in front of the logarithmic
piece. All other quantities will be expressed in terms of this g.

Twist 3. These are operators of the form (’)532 = Trp?0%p+---. For both, spin odd and
even, there is a degeneracy of primary operat’ors, see appendix C. We denote this tower
by HSs. Again, their anomalous dimension grows logarithmically with the spin, but they
grow along a band, as described in [13]. More precisely, for large spin

gprlogl+--- < 7}32 < 2gprlogl + - (2.12)
Twist 4. For twist four and higher we have a new ingredient. On one hand, there are
single-trace operators of the form (’)Yle) =Trg39%p + - --. There are primary operators for
both, spin odd and even. Their anomalous dimension grows logarithmically with the spin,
again along a band, schematically

¥4 = gprlogl+ - (2.13)

where now 1 < p;y < 2. In addition, there are double trace operators, of the form
0@ 03], = (’)éf)y? (’)g), with ¢ + lo + 3 = {. For large {1 + ¢35 (a macroscopic fraction
of £) their anomalous dimension again grows logarithmically with the spin. The discussion

in [17] and the additivity property of [3, 4] would imply an anomalous dimension of the form

Yore ~ g (log £y +log £3) + - - (2.14)

2In theories with other fields it is possible to form twist two operators with gauge bosons and fermions.
In the presence of R—symmetry one can often choose a projection such that only twist-two operators made
up of scalars contribute.



While the regime considered in this paper is not in the range of validity [3, 4], the ideas
of [17] still apply and we expect this expansion to be true. The main difference with the
single trace case is that there are operators with very large spin whose anomalous dimension
does not grow logarithmically, the ones with small ¢, /3. Of course, in a non-planar theory
there is really no distinction between single and multi-trace operators, but the behaviour
with spin will have the same features: for most operators it will grow logarithmically but
there will be some operators for which it wont. We denote the full contribution of all op-
erators HS4 and the results of this paper will still apply. Higher twists behave in a similar
way, except in general we can also have triple trace, etc.

3 Consequences of crossing symmetry

Although our methods will be general, we will focus for definiteness on a specific model.
We consider a conformal weakly coupled gauge theory in four dimensions and external
operators of the form

AL = Trpt (3.1)

with dimension A = L at tree level. We will assume for simplicity that such operators are
protected. Furthermore we denote by Gr,r,1,1,(%,v) the conformal invariant part of the
correlator

(AP (1) AP (22) A% (3) A" (24))

We will start by considering the simplest case of four identical operators with L = 2. This
will serve to introduce some important ingredients. Then we will proceed to discuss a more
general case.

3.1 Integral relations

Correlator Gaz222(u,v). Let us start by the simplest case Gaoa(u,v). At tree-level
we obtain

C22 €21 ) (3.2)

Gag22(u,v) =14 u (2 + Clo) +u? (72 + — + ¢
v v v
The constants ¢;; will in general depend on the parameters of the theory, e.g. its central
charge, but their explicit form will not be relevant for us. When the coupling constant is
turned on these coefficients get dressed by logarithms, and to any order in perturbation
theory
cij — cij(logu,logv) (3.3)

where the function ¢;;(logu,log v) is by definition the function in front of 3—; in a small u, v
expansion, see [5]. From the structure of divergences, and the powers of u, the contribution
c11 must come from the exchange of an infinite tower of higher spin operators with twist
two, or HSs. Furthermore coo arises solely from the tower HS4, while co; may receive
contributions from both, twist four operators as well as descendants of twist two operators,
see appendix A. What do these towers map to under crossing? Crossing symmetry implies

U2G2222(u, v) = U2G2222(’U7 u) (3.4)



We see coo gets mapped to the contribution from the identity operator. This is an example
of the phenomenon studied in [3, 4]. Furthermore, the contribution ¢;; maps to itself, so
that this corresponds to

More precisely, crossing symmetry implies c¢11(logu,logv) = ci1(logv,logu). In order
to study the consequences of this relation let us follow [6] and consider both ways of
decomposing ci1:

o0

NOYS u
G2222(u,v)| g, = UZ 2 ot Y o () = 5011(10gu, logv) +--- (3.6)
¢

[e.9]
v
G222 (v, u) | g, :”2630320(2)”7‘3 2 foon a0 () = —en(logv,logu) + - (3.7)

In order to reproduce the correct divergence at tree level in either sum we require

2 1/2
(0) ¢
( 22(9(2)> T (3:8)

9 2
(cpom) = ( ;(;)O@)> a(0) (3.9)

the condition arising from crossing can be written as

/Ooou <\2>27(2)<f> 1 ( )2 xKo(zx)dx_/Dood (%)2“”(}%7(2)(?&)/%}(0(2(?5;

where in @(¢) and () (£) only the contributions that do not vanish at large spin are kept.

see appendix A. Writing

This integral relation imposes conditions on both, the spectrum and the OPE coefficients.
More precisely, at large spin [6]:

2 = glog £ + b(g) + - - (3.11)

(2)
a(0) = k(g)2™ =M@ los T2 <1 - W2>

These results are valid to all loops in perturbation theory. Namely, to all orders in g in the
regime glog ¢ < 1, although they resum all perturbative corrections.

Correlator Gppqq(u,v). Let us study the correlator Gppqq(u,v) and its permutations,
the most relevant case for this paper. In this case there are two distinct crossing relations
and they provide different information. Let us start by computing at zero coupling

Gopgq(u,v) =1+ Z Z (3.12)

i=1 ]O



As we turn on the coupling constant ¢;; — c¢;;(logu,logv). By crossing symmetry we
then obtain®

B min(p,q) i
Gappg(u,v) = P Gppaq(v; 1) = o—i 'LC (3.13)
i=1 =

where we have introduced the notation cf; = ¢;;(log v, log u) Let us focus in the contribu-
tions cz z, with 7 =2,4,--- ,2min(p, q). From the point of view of the direct channel (3.12)
these can only arise from higher spin towers HS;. Indeed, descendants of lower twist higher
spin towers will not produce a divergent enough term, see appendix A. From the point of
view of the dual channel (3.13) these can only arise from higher spin towers H.Sy -, for
the same reason. Hence, crossing relates

HS: < HSpiq—r (3.14)
which generalises (3.5). Let us proceed as above and consider the OPE decomposition of
crr and ¢ -

22 22
()
— /2 V1,0 /2
Gppqq(u7v)’HS7— u KZICPPOY:Z) quO(T)u fcoll (Ag, g,f)( ) (315)
u‘r/2
= —5czz(logu,logv)+
UT/2
(ptq—T)
— o (Pta—T)/2 v /2 ¢(a—p,p—q)
GQPPQ(U’U)‘HSP-M—T =u ZCQPogp;qiT)cpqO?;qiT)u n fCOH(AI,Zve) (1)) (3'16)
L1 ’ ’
uPta—T)/2
= ——7n 33 (logwv,logu)+
so that crossing reads
Wiy (v) (3.17)
Cppoye) quoye)u ) coll (Ag ¢,6) v .
0,1 ] ! 1
UT/2
(p+q—7)
_ v /2 ¢(a—p,p—q)
o Z Cqpo e Cpgopra=? " Feon (Are0) (u)
0,1 ’ ’ 1

wP—T/2
For a fixed /¢, the index I labels different operators which are degenerate at tree level. Twist
two is the only non-degenerate case. The next step is to convert this relation into an integral
equation. This is a bit more subtle than before, as for each spin we have a degeneracy at
tree-level. In order to reproduce the correct divergence at tree level we must have

6773/2

© 0
; Cppog ) qu(TZ) 4[ (318)
0) (0) €p+q—r—3/2
Z cqpo<17+¢1 € O(p+q ) 46 (319)
I

3As we turn on the coupling also new higher powers of u and v will arise, which are not included in our
formulae. Those will not be relevant for us.



The correct divergence in perturbation theory implies a similar behaviour for the quantum
OPE coefficients, so that we define

ET—3/2

¢
Cppoyé) CQQOYZ) 4( a (f) (3.20)
p+a—T-3/2
— 5 (pt+q—T)
ZI: CapoF ) ot T P 7 (3:21)

Since in general the intermediate operators on both sides of (3.17) are degenerate at tree
level, we introduce the following weighted averages on each side

221 €07 Cgqon) f1(0) 20,1 Cgpoera=n Cpowra—n f1(E)

(fO)r = » )R =

c (nC (s c e .
L1 PO} “aq0]7) 2 apO;" 17 TpgO T

(3.22)

Note that the two averages are with respect to different weights. Using the results of
appendix A we arrive to the following integral relation

xZ

1 © oz 2y "7(F) .
W(Q)/o aU(ﬁ) @ B o i o (3.23)
7(p+q*2)(

L [T (2 ) ) il ) N
= — — a T — (2 Vil 2 rePTUTTK, o (22)dx
To-DTa—2) s i) > po(20)

Two comments are in order. First, in the above equation we keep only terms that are not

suppressed by powers of the spin in the large spin expansions of v(¢) and a(f) on both
sides. Second, we have chosen a normalization such that in perturbation theory

am™=14+... , gleta—71) — 14 ... (3.24)

Once a solution is found, we can always multiply both sides by a function of the coupling
constant, and the resulting OPE coefficients will still be a solution. Relation (3.23) imposes
non-trivial constraints on the spectrum and OPE coefficients. It turns out these constraints
are simpler to analyse in the case in which the tower HS is non-degenerate, namely 7 = 2.
In this case the equation reduces to

© o (2 ) ) ")
a NG 2 u— 2 zKo(2z)dx (3.25)
0 v
1 & T (p+q-2)
_ pra=35(+a=2) [ Z_ ) 197 (
F(p—l)F(q—l)/o v (x/ﬂ><

W<p+qf2)( z )
)y
Below we will explicitly consider the constraints arising from this relation and comment

Sk

&
S

P VKp—q(22)dz

on the general case. Before that, however, let us comment on the other crossing relation.
Compute at tree-level

lg—pl la—pl di; i min(p,q) ulq;pwﬂ-
Compaltoe) =0 dop + 07270 <d1°+v>+‘“: Ly (326)
i=0

j:O 1=



In the quantum theory d;; — d;j(logu,logv). Crossing implies

p+a i min(p,q) la—pl

Gpgpg (U, V) = —15 —dj; (3.27)

vz 4 — ul

So that we have a relation of the form
HS\g—pj+am < HSpiq—2m

However, there is a crucial difference with the previous case. According to the results of
appendix B:

€p+q—2m—3/2 ’ €2min(p,q)—2m—3/2
Z CpqtCpgt = T(—1) Qo + 7 ap+ - (3.28)
I

so that the leading divergence as v — 0 does not arise from the leading behaviour of the
OPE coefficients but rather from a subleading term, which does not contain (—1)¢. The
consequences of this are that if we were to define a(¢) as above, not only the leading term
would contribute, but also terms which are suppressed in the large spin limit, provided
they contain an additional (—1)¢. The same will happen with the anomalous dimension
contributions. For this reason, in the following we will focus on relations (3.23) and (3.25).

3.2 Solving the integral equation

As we have seen, relation (3.10) implies a logarithmic behaviour for the anomalous di-
mension of twist-two operators and fixes completely the large spin behaviour of the OPE
coefficients, both results valid to all loops in perturbation theory. In the following we would
like to work out the implications of (3.25).

First, note that at tree-level (...) = 1, @ = 1, and all anomalous dimensions vanish
so that the integral relation is satisfied. As we turn on the coupling it follows that the
average anomalous dimensions for twist p + g — 2 operators can have at most a logarithmic
behaviour, very much as for the twist two case. So that

(,y(p+q—2)(g Y= (p)log L+ (B) + -, (3.29)
<(qxp+q*2Nz))2>::<p2>1og2z+-2<p6>log€-+<B2>%-'-‘a (3.30)

and so on. This is consistent with the analysis of [13]. Note that due to degeneracy in
general (72) # (y)2. Each of the quantities of the r.h.s. will have a coupling constant
dependence, so that

D= prg+ pag?+ - (3.31)
B=PBg+ By’ + - (3.32)

This is to be supplemented with the known behaviour for the anomalous dimension of twist
two operators. Crossing symmetry implies a similar logarithmic behaviour for the average

~10 -



of the OPE coefficients:
a? (0) = 1+ g(aro + a11 log ) + g (azo + asi log £ + ass log €) + - - - (3.33)
a7 D(0) = 1+ g (aff? + alf” log () + g* (afi” + afi? log £ + afy” log? €) + -+ (3.30

We could insert all the corresponding expansions into (3.25), expand order by order in
perturbation theory and work out the corresponding constraints. We can also proceed in
a more systematic way. First rewrite the integral equation as

/oo .(2) < T >2’Y(2)(}) 7(2)(%1)) K, (2 )d (3 35)
a — Va2 xKo(2z)dx .
0 Vo
(p+a—2) ( _y
1 /Oo ta3:pta-2) [ Y\ o ®rd (%) T \ve) (%)
_ yPra—3gpta 2 (2 Vi) 2 K, ,(2y)dy
Co—DI (1) Jy vi)! Hor-al20)

with the following logarithmic behaviour for the anomalous dimensions:

7@ (0) = glog € + b, (3.36)
(yPH=2)m) = ((plog £ + B)"). (3.37)

Then introduce the following integral representations:

a® <56> - / F® <y \%) Ky g(2y)dy (3.38)
wwm(é):/fm%%é)mﬂ@m

Plugging this into (3.35) we obtain an equation of the form

/PL(a:,y,u, 0)Ko(22)Kp—q(2y)dzdy = /PR(x,y,u,v)Ko(Zx)Kp_q@y)dxdy (3.39)

where Pr, and Pgr have a very specific form. It turns out that to any order in perturba-
tion theory the Kernel Ko(2z)K,_,(2y) is such that the above equation actually implies
Pr, = Pg. It turns out this implies the following remarkable property for the average of the
spectrum:

(") =)™, (p"B") = {p)™(B") (3.40)
and furthermore

(r) =9 (3.41)

So that to any order in perturbation theory the leading logarithmic behaviour of the aver-
aged anomalous dimension of the p + ¢ — 2 higher spin operator behaves as if there were
no degeneracy and equals the anomalous dimension of twist two operators! This is not in
contradiction with [13], since here we are only talking about a weighted average and in the
limit of large spin. Furthermore, crossing also fixes

2 (z,0) = a279 log (=b+8  p+q—3-b—glog(—f (3.42)
F@PO (5, ¢) = a2 9108Cy 1 ~A-glog (=t (3.43)

- 11 -



with the understanding that powers of 3 are to be understood in an averaged sense.* « is
an arbitrary function of the coupling constant (not fixed by crossing) but independent of

the spin. Plugging this back into the integral representations (3.38) we obtain

4(6) = alg)2 =P (1= )T (- 1- 00 Gan

2
a2 () = a(g)2 ¢ tr (1 - %v@*q”) (@) (343)

where y(P+9-2)(¢) = glog ¢ + § and again, powers of 8 (which arise when expanding the

expression above) are to be understood in a averaged sense. Two comments are in order.

First recall a(? (¢) arose from a factorised OPE coefficient €op0® Caq2)s SO that the factor
2 4

(¢=P) should factorize accordingly, namely (¢~%) = f(p)f(q). Furthermore note that the
rest of the answer factorises as well. Second, note that from our answer we can read off
the following universal behaviour at large spin

0 RN
cppof) Cpp(’)f)F <p 1 27 (ﬁ)) (3.46)

Up to a prefactor which depends on the details of the theory. The result for aP+7=2)(¢)
has a similar universal behaviour (but in this case aP+972)(¢) is itself a sum over many

contributions), namely
1 _
Cpqogp-ﬁ-q—?) ~T (1 - 57(p+q 2 (e)) (3'47)

The universal behaviour we have found can be summarised as follows. The OPE coefficient
between two scalar operators of weights A, and A, and a higher spin operator of (tree-level)
twist 7 has the universal behaviour

A, + A —T—")/(T)
g0 ~F< L4 ’12 £ (3.48)

where averages should be understood where it corresponds. Notice that (3.48) holds for
all cases analysed in this paper. This behaviour is also consistent with the most general
relation (3.23), but in this case the prefactor is more complicated. This structure is very
reminiscent of the result one would obtain from Witten’s diagrams in supergravity. How-
ever, in the present paper we have only analysed the consequences of crossing, without any
further assumptions.

3.3 Comparison to polygonal Wilson loops

The consecutive null limit xzzl 41 — 0 of correlators in conformal gauge theories was studied
in [12]. In this limit there are fast particles propagating between consecutive points and
the correlator should reduce to the expectation value of a polygonal Wilson loop. For the
particular case of a four-point function this limit coincides with the double null limit where

4For instance 2% — (2°) =1+ (B)log2 + - - -.
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A B
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Figure 2. As consecutive insertion points become null separated in space-time they form a rectangle
(A,B,C, D) in the (o, 7) coordinates.

u,v — 0 at the same rate. It was argued in [12] (see section 4 of that paper) that in this
limit we should obtain

. GCOHH
lim ~

u,v—0 Ggf)er‘fn

e_lﬂ{%logulogv-i-%l10g“+b7210g”J(u, v) (3.49)

where G denotes the full correlator (not only its conformal invariant part) and we focus on
a given connected contribution, so that the fast particles can frame the Wilson loop, and
divide by the corresponding connected piece at tree level. The result (3.49) can be better
understood by choosing coordinates where the insertion points are at the vertices of a large
rectangle with sides AT ~ —1/2logu and Ao ~ —1/2logv, see figure 2.

As we approach the double null limit we have a fast moving particle going between
the different vertices of the polygon. Since this particle is coloured, it sources a colour
electric field which is extended on the rectangle (green area in figure 2). This colour
electric flux has constant energy density in the (7, o) plane, proportional to I'cysp, and this
produces the leading divergence in the exponential in (3.49), proportional to the area of
the rectangle. In the interacting theory the particles can interact with the flux, and there
are further terms. The simplest contribution arises due to corrections to the energies of
the propagating particles. These corrections are confined to the edge of the rectangle (red
lines in figure 2) and give rise to the subleading divergences in the exponential in (3.49),
proportional to the perimeter of rectangle. Finally, the factor J(u,v) arises from the fact
that the particles are coloured so we can have a back reaction of the colour electric field
on the propagation of the particles. Although this is in general a complicated factor some
features were studied in [12].

In the present paper we have computed the structure constants of higher spin operators
with leading twist. In particular, these operators dominate the correlator in the small u, v
limit. Consider the correlator G)peq above. In the small u,v limit, with their ratio fixed,
only the functions c¢; will survive. Each function corresponds to a different connected
contribution. In particular, let us consider c¢;; which corresponds to

c11(log u, logv)
2p—2_9 ,2q—2 2
Tig Xaglay Ty

(AP (1) AP (22) Al (23) AN (24)) = (3.50)
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Plugging (3.44) back into the L.h.s. of (3.25) we obtain
c11 ~ e—%logulogv—l—%logu—&—glong(u’v) (351)

Recall that in our conventions I'cysp = ¢g. Hence, our result exactly agrees with (3.49)!
Furthermore note that from the point of view of the picture in [12] 5 in the exponent
in (3.51) arises from corrections to the energy of the particle going from A to B plus
corrections to the energy of the particle going from D to C. For the present case the first
correction should depend only on p, while the second should depend only on ¢, leading
to a factorised dependence, in agreement with the comment below (3.44)—(3.45). Finally,
crossing symmetry provides an all loop expression for the factor J(u,v):

o
J(u,v) :/0 dxdyxl_ﬁJr%log“yp“Lq_g_b“L%log”e_glogxlogyK0(2x)Kp,q(2y) (3.52)

where powers of 8 should be understood as averages. This answer satisfies all the general
properties for J(u,v) discussed in [12]. Other terms ¢; will behave similarly. Hence, our
results are in perfect agreement with the correspondence proposed in [12].

4 A case with global charge: N =4 SYM

In the simple model studied above we have ignored two important features. On one hand, a
generic gauge CFT contains fermions and gauge bosons in addition to scalars. As a result,
there will be higher spin operators also formed by non-scalar letters. In particular, some
of these will have the same quantum numbers as the higher spin operators studied above,
increasing the degeneracy. On the other hand, gauge theories can posses global symme-
tries, such that scalars and fermions are charged under this global symmetry. Projecting
in different representations may split a priori degenerate higher spin operators. In the fol-
lowing we will see how the picture introduced in sections 2 and 3 works for the particular
example of N/ =4 SYM.

4.1 Higher spin towers in N =4 SYM

Four-dimensional N =4 SYM posses a global SU(4) g R—symmetry group. Gauge invari-
ant operators are formed by traces of the fundamental fields of the theory: scalar fields
©" in the 6 of SU(4)g; fermionic fields A2 and \aq, in the 4 and 4 of SU(4) and gauge
bosons A, in the singlet representation; together with their derivatives. We can form the
following higher spin operators of spin /, classified by their twist and SU(4) representation:

Twist 2.
o Trydy, -+ - Oy, p, transforming in the 6 x 6 =1 + 15 + 20’
o TrAT',0p, -+ Oy, A, transforming in the 4 x 4 = 1 + 15.
® T'rFyu, Oy, - Oy, F},, transforming in the 1 x1 =1

As a result, we can consider different towers HS). Note that HS2% can only be formed
by scalars so that it is still non-degenerate.

— 14 —



Twist 3.
o Trppdy, - -+ 0y,p, transforming in the 6 x 6 x 6 =3 x 6 + 10 + 10 + 50 + 2 x 64.

o TroAl 0y, - O, A, transforming in the 6 x 4 x 4 =2 x 6 + 10 + 10 + 64.

o T'roFyu, Oy, -+ Oy, F},, transtorming in the 6 x 1 x 1 =6

Again, note that HS39 can only be made by scalars.

Twist p. A similar analysis can be performed for higher and higher twists, with a richer
and richer structure. The upshot is that the representation with Dynkin labels [0p0] and
hence H SI[;OP O can only be obtained from scalars. In particular 20" and 50 correspond to
[020] and [030] respectively.

4.2 Crossing symmetry in N' =4 SYM

In four dimensional N' = 4 SYM there is a class of half-BPS superconformal primary
operators, transforming in the [0,p,0] of SU(4)r and with protected dimension A = p.
They are given by

OP (z,t) =t,, ... tr, Tr(e™ ... ") (x) (4.1)

where r; = 1,--- ,6 and t is a complex six dimensional null vector which encodes the
R-symmetry structure. Superconformal symmetry fixes the structure of the four point
function of such operators to be of the form [14]

(O (21, 11) 0PN (s, 12) O3] (3, £5) O (4, 14)) (4.2)
R i R <£U24t1 'M)pl_pz <$14t1 13

p1+p2 ) P3+Pa .
Ty lTay r13t1 - 14

pP3—p4
> g[p1p2p3p4] (u, v, 0, 7_)
T14to - 14

where we have introduced harmonic cross ratios o and 7 defined as

t1 -ttt t1-tgta -t
o= L 28 5 T:wzg_a)(l_a) (4.3)
t1-t3ty - 14 t1-t3to -ty
Such correlator can be decomposed into W terms, accordingly to the different

SU(4)r representation present in the OPE of [0,p1,0] x [0,p2,0] C [0,ps3,0] x [0,p4,0],
where without loss of generality we assume that p; < ps < p3 < ps. Each contribution,
labelled by (n,m) = [n—m, pa—p1+2m, n—m|, may be decomposed in conformal blocks as

g[p1p2p3p4} (u,v,0,7) = Z a?(lpnll27p34) (u, v)yéqlzﬂu:ps@ (0,7) (4.4)
0<m<n<p1
a7(’LpT)1’L2’p34)(u’ v) = Z cfﬁzﬁzcgiﬁ;ggo’f,pszt)(u, v) (4.5)
A

where Yn(%’b)(a, 7) is written in terms of Jacobi polynomials pi*Y (z) as

Y(P12,P34)(U ) = _M P(%ﬁ%) g—l P<%ﬁ%> 2_1
nm ) 2(0& _ O_é) n+1 a m —

(6%
p127p3477p127p34 2 p127p3477p127p34 2
s ><1)PT§ S )(_1)) (4.6)

(67 «
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Moreover superconformal Ward identities imply [15]

Glpipepspi] (u,0,0,7) = E};;g)zpsM} (u,v,0,7) + Flp1p2pspal (u,v,0, T)gl[é’cl)gzpapd (u, v, gy 1)
(4.7)

[P1p2pspal (u,v, gy ) admits a perturbative expansion in powers of gy ;.

loop
Let us stress that this factorised structure persists at any loop order.

where the function G

Invariance of the four point function under the exchange (x1,t1,p1) < (x3,t3,p3)
relates GlP1p2psp4] (u,v,0,7) to Glpsp2p1pa] (v,u,T,0) through

p1tp2  P2+P3
u 2 T 2

po+p3  p1tPp2
v 2 0 2

g[plpzp:am] (u,v,0,7) = g[pspzmm] (v,u,7,0) (4.8)

It is easy to see from (4.8) that different SU(4) g representations will in general mix under
crossing, and a given representation in the left hand side will map into a linear combination
of all the possible representations on the right hand side. Notice however that the number of
possible representations appearing on both sides of (4.8) is the same and given by w
where p is the smallest among the p;.

We would like to repeat the exercise of sections 2 and 3 for this case. In this setting
we are considering the correlators GPP99 and G%P4, where for the rest of the discussion we
assume p < ¢q. If we consider the small u limit of GPP(u, v, o, 7) the leading contribution
(besides that of the identity operator) arises from twist two operators. As discussed above
they can transform only in three SU(4)g representations, which in our conventions we
denote by (0,0), (1,1) and (1,0). Furthermore, we would like to focus in the leading
divergence as v goes to zero. We obtain

GPP (w0, 0,7) | 118, = -~ (4.9)
Vo

0,0 0,0 0,0 0,0 0,0 0,0
:a(()o )(u,v)YO(O )(a,r)+a§0 )(u,v)Yl(O )(a,r)+a§1 )(u,v)Yl(l )(J,T)

where ¢; depends on p and ¢ and on the specific gauge group. The functions ag-)’o) (u,v)

admit the following expansion

0,0 u ree loo
5 ) = - (et + €5 flog u,log v, gy ) ) (4.10)

a
and they can be expanded in collinear conformal blocks as in (4.4). As previously discussed,
the representation (1, 1) is the only one which is non-degenerate and contains only operators
built from scalars.> As a consequence of crossing symmetry we can write

ubta—2 rp—1

gqppq(uav7077>‘HSp+q_2 = CIFW (411)

o 2
= Y A ()Y (0, r)
0<m<n<p—1

5In principle the equation for representation different than (1,1) are the same but harder to solve and
they will involve weighted averages also on the direct channel.
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(g—p,p—q)

The functions anm (u,v) admit the expansion
-2
~(g—p:p—q) _ uPt tree loop ] 1 4.12
aij (’LL, U) - Up_l K Czj + Cij f( 0og v, log U;gYM) ( : )

where k is a coeflicient which depends on p and ¢g. At this point it is clear that we can
apply the same procedure and results of the previous sections provided we project in specific
SU(4) g representations, namely

HSS"Y & HSR

where R = [n—m,q—p+2m,n —m], for 0 <m <n < p— 1. So that for each of these
representations we obtain a relation exactly as (3.25).

In [15], the four point function of half-BPS operators of arbitrary dimensions have
been computed in planar N' = 4 SYM up to three loops. The simplest example with
p # q corresponds to the correlator G2233(u, v, o, 7), so lets list the results for this case. By
projecting this four point function in the 20’ representation, one can perform the conformal
11 as well as v(WD(4), up to two loops in

partial wave expansion and extract c_. (1,1

22011 €330
perturbation theory. Using the notation of (3.33) we obtain

al] = — log 2 (413)
1
a2 = o (7% + 161og? 2) (4.14)
where g is related to a = %%N as
2,2
g:2a—%+-~ (4.15)

Now using the crossing relations (3.25) it is possible to compute the coefficients (5) and
(%) appearing in the expansions (3.29) of the weighted averages of anomalous dimension
of twist-3 operators for any of the three possible representation of SU(4)g:

(B) = <—;+ve>g+--- (4.16)

2 1 2 TN\
<B>=<—%+%—)9 T (4.17)
where v, is Euler Gamma constant. As expected from unitarity, (3%) > (3)2.
We can also obtain results for general p, q. As noticed in [15, 16], three point functions
of ¢p,poe Properly normalised are all equal at one loop since there is only one structure at
this loop order. This allows computing () for generic p, ¢ giving

(8) = —5 (Wo (o~ 1) + o (g~ 1) g+ (118)

where 19 denotes the digamma function. Note that for p = ¢ = 2 this agrees with the finite
piece of the anomalous dimension of twist two operators in the large spin limit, while for
p = 2,q = 3 it agrees with the result given above. Furthermore, it displays the factorised
structure discussed section 3.
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5 Conclusions

In the present paper we have studied weakly coupled conformal gauge theories by analytic
bootstrap techniques. Weakly coupled gauge theories contain towers of higher spin opera-
tors of approximate twist 7. By studying crossing symmetry for mixed correlators we have
found that these towers (for large values of the spin) map to each other:

HST g HST/ (5.1)

This relation takes the form of an integral equation involving the spectrum and structure
constants of the higher spin operators. In case of twists higher than two, such operators
are degenerate and the integral relation involves weighted averages. Regarding the spec-
trum, we have found that crossing symmetry is consistent with a logarithmic behaviour,
in agreement with [13]. Regarding the structure constants our results take the form

. Ap+ 0y —7 ="
Cpq@é") = fpgq)(g) x I’ ( e . 92 : (52)

Namely, a universal factor times a theory-dependent prefactor f,ﬁ? (¢). The universal factor
has a very similar structure to the one that arises when studying Witten diagrams. In
particular, it includes a series of poles that start when the full twist of the higher spin
operator equals the sum of the dimensions of the other two. In the context of large N
MSYM the appearance of analogous poles was analysed in [9, 19] and where it was shown
to be related to operator mixing. Although our results are in principle only valid in
perturbation theory (but to all loops), given the discussions in [9, 19] we expect this
structure to persist for finite 4, at least in the planar limit. It is very interesting this
structure arises naturally by only requiring crossing symmetry. The theory-dependent
prefactor, of the schematic form f = ¢~7, depends on the theory under consideration and
on averages that are hard to calculate. For the simplest case this prefactor is basically
f = £7°, where b is the sub-leading/finite contribution to the anomalous dimension of twist
two operators. In this case it does not add any new analytic structure to the answer, and
we expect this to be the case in general.

Having solved for the constraints above one can then compute the mixed correlators
under consideration in the double null limit. This limit was studied in [12] where it was
shown that the expectation value of a polygonal Wilson loop should be recovered. Our
results are in perfect agreement with these expectation and furthermore they provide all
loop results for certain prefactors that are in general hard to compute.

Some open problems which we consider interesting are the following. The present paper
generalises the results of [6] to external operators with arbitrary dimension. This opens
up the possibility to compare our results with results at strong coupling, since now we can
consider A, and A, large. It would be very interesting to make a detailed comparison
to the results of [9] from string vertices. This may also allow to get a handle on the
prefactor f,§§> (¢) at strong coupling, ideally to compute it exactly. Regarding this, note
that for N' = 4SY M the explicit one-loop result (4.18) grows logarithmically as p or ¢
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becomes large. As a result 7 becomes symmetric under p <+ ¢. It would be interesting to
understand this result.

It would be interesting to explore further the relation to Wilson loops and the picture
of [12]. The present paper offers a proof of the correlators/Wilson loop correspondence
from crossing symmetry, for the four-dimensional case and gives explicit expressions for all
ingredients involved. Can we learn more from this interplay? A related question is to under-
stand our results, and in particular the structure of poles in the universal factor, along the
lines of [12, 17]. This may provide a finite coupling understanding of the universal factor.

Over the last years there has been progress in the computation of structure constants
in planar N' = 4SY M by integrability techniques. See for instance [20] for the state of
the art. Despite these developments, there are still missing ingredients if one wants to
pursue the program to all loops. The present results may be useful in such endeavours.
On one hand, the structures found in this paper should be visible in other approaches.
Furthermore, the fact that the results of this paper are valid for any length of the external
operators means that certain subtleties, such as wrapping, can be pushed away.

It would also be interesting to apply these techniques to other weakly coupled gauge
conformal field theories. An interesting example would be S—deformed N'= 4 SYM.

Finally, for theories with gravity dual (known or unknown) an interesting question is
how much of the structure of the gravity dual can be understood from symmetries of CFT
correlators. Or conversely, which CFT theories can admit a gravity dual. There has been a
lot of activity in this regard, see for instance [21] for early results in this direction and [22]
for a different approach. It is remarkable that our results reproduce the pole structure of
Witten diagrams. One may wonder if this would lead to a way to define constructively the
would be gravity dual of our CFT’s.
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A Divergent contributions from HS towers

In this appendix we present the leading divergence, as v — 0, due to the exchange of higher
spin operators in the direct channel, for various situations that we describe. The results
below are heavily used in the body of the paper. The small u limit of the scalar conformal
block is given by, see e.g. [11].

NN At AGA
A,lz kl(u’v) =u oz coﬁ](Afé)( ) (Al)
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where the collinear part of the conformal block is given by

1

g 1
féﬁjii%(”) = (1—v)iF ( (A+10)— AU, ,(A +0) + §Akl,A +4;1— U)

This result holds in general dimensions. Note that we are using conventions where we do
not include an extra (—1)¢ factor in the conformal block. We are interested in computing
the divergent contribution as v — 0 of the following sum

Aii A
E :aé 011] Aké v) (A.2)
where A = Ay + £+ v and
Eh}
Ay — E +

As discussed in [3, 4, 12] the divergence arises from the large ¢ region and can be captured
by focusing in the small v/large ¢ region. More precisely, we take v — 0 keeping = = ¢1/v
fixed. In this limit the sum over £ becomes an integral over x and we obtain

A’L]7Ak}l 1 > + L 2A0+7 A
Z Coll (Ao+e+e, 6)( ) p(B+2r—Ag+AR) /4 0 dxz” f KAM 2i (2.27) T ( 3)
€€2Z

In the above expression we have assumed the sum runs over even spins only, which is the
case, for instance, if we have identical external operators. In general we can have a sum
over all spins. In this case:

Big Akt 2 " gt 2 2 A
Z fcoll(AoJr'ngrM)( v) = (34 2n—2y; 1A/ T2 r AM Ay (22) 4+ (A4)
ez v 0
In some cases odd spins contribute with a negative factor respect to even spins. In such
case we do not get a divergent contribution. In other words

Ay, Agg
Z( ) fc011] (Ao+ett, f)( v) ~1 (A.5)
l
The results above are useful to compute the leading contribution from a given tower of
higher spin operators. We may be interested in computing the divergent contribution
due to descendants of these operators. In order to compute this we first need subleading
corrections to collinear conformal blocks:

Ajj, Ak Aij,Ag ——1-1 Aij,Ag
gA,g (U, U) u 2 collj(A 6)( ) fsubjcoll A K)( ) +o (AG)

These corrections have been computed in [18] for identical external operators, in arbitrary
dimensions, and for the particular case d = 4 can be extracted from the known result for
the scalar conformal blocks. The main result to be used in the body of the paper is that
for all these cases the divergence due to descendants is of exactly the same order, namely

AV 1
Z ubJCOll (Ao+ve+e, Z) ( ) ,U(3+21{7A1‘j +Akl)/4 (A7)

We expect this to be true for higher level descendants as well.
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B A tree-level case

Consider correlators Gages(u,v) and Gagsge(u,v) at tree-level. Let us focus in the leading

term, proportional to 432, in the small u expansion. One obtains
G2323(’LL, ’U) = ’LL3/2 ( + CL1) + - (B.l)
b b
Gaszz(u, v) = u®/? <vg 1}1) e (B.2)

In both cases, the divergences as v — 0 arise as we sum over the tower of intermediate
states HS3. Note that the OPE coefficients entering in the expansions are related as
e = (—1)°
runs over all natural numbers. At tree-level, we can assume an expansion of the form:

co3¢. Furthermore, for intermediate states of twist three, the sum over spins

Z C23¢Co3¢ = (040 + (- 1) 0) + %(Oﬂ + (—1)Z0~51) + - (B.3)
D caspesy = %0((—1)4040 + &) + %1((—1)%11 +aon)+-- (B.4)

I

where I runs over all operators for a given spin and kg > 1 will be fixed momentarily. In
order to compute the divergent behaviour we use the results of appendix A. For the first
correlator:

—-1,-1) (7)) o
Z‘” 4f o (Bore0®) = wGrzeo)/A T Gy T (B.5)

While for the second correlator

¢ 11 Qg o
%:( 1) a, fcoll (Ao, 2)( v) = 0 (3+2K0+2) /4 + »(3+2K1+2)/4 o (B.6)
The leading divergence of the second correlator implies kg = % together with &g ~ by.
Next, absence of a divergence 1 /113/ 2 in the first correlator implies ag = 0. Then, the

leading divergence of the first correlator implies k1 = %, together with oy ~ ag, while the
second correlator implies &1 = 0. The conclusion of this discussion is that, at tree-level

73/2 , 01/2

202360232 = 7( 1) ao + Lt (B.7)
53/2 51/2 '
202360326 = F&O + F(—l) ap + - (B.8)
I

In the body of the paper we will be interested in a more general case, in which we con-
sider correlators of the form Gpgpg and Ggppq and the contribution from HS),y,—2,,. The
discussion proceeds exactly as above. At tree-level it is possible to compute

ptg—2m d
qupq’Hsp+q_2m =u 2 (vmin(m)—m + - ) (B.9)

pta—2m [ ¢
qupq’HS,,ﬂ,Zm =u 2 (Up_m +- ) (B.10)
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So that at tree-level

£p+q—2m—3/2 ' ﬁQmin(p,q)—Qm—fi/?
> Coattpgr = ———(=1)do + 1 ap+ - (B.11)
I
£p+q72m73/2 ~ eQmin(p,q)f2m73/2 '
Z CpqtCqpt = 10 oo + 7 (D)1 +--- (B.12)
I

where the intermediate operator has twist p + ¢ — 2m. For the case p = 3,q¢ = 2,7 = 2 this
reduces to the previous case.

C Degeneracy of twist operators
In this appendix we study the degeneracy of primary operators with fixed twist, of the form
Trp'dtph (C.1)

where the derivative is along a fixed null direction. For such operators the twist coincides
with the length L. The degeneracy of such operators can be easily computed by Polya
theory. First, let us consider the single letter partition function:

Z(g) =g+ @+ + = (C.2)

1—g¢q

which counts states of the form 0"¢. The multi-letter partition function, taking into ac-
count cyclycity of the trace is given by

Z1(q) = ii (Zl (q<s,LL)>)(s,L) ©3)
s=1

where (s, L) denotes the largest common divisor of s and L. In order to compute the

number of independent primaries, at each level we subtract the number of operators at
previous level, so that

Pr(q) = (1-¢q)ZL(q) (C.4)

is the generating function for the number of primaries. For the first few twists we find

Py(q) = 5 (C.5)

(g —1)g+1)
(=12 (> +q+1)

P3(q) = (C.6)
In particular primary operators with twist two are non-degenerate and have only even spin,
while primary operators of twist three and higher are always degenerate. The degeneracy

for large values of the spin can be understood from the behaviour near ¢ = 1. We find
dr(0) ~ 172,
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