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1 Introduction

Maximally supersymmetric Yang-Mills theory (N = 4 SYM) possesses a remarkable
electric-magnetic duality, also known as S—duality [1-3]. It establishes the equivalence
between certain correlation functions computed at weak and at strong coupling. Testing
the S—duality proves to be a complicated task as it requires understanding these functions
at strong coupling [4, 5].

In the case of N' = 4 SYM with the SU(N) gauge group, the S—duality predicts
that the correlation functions of half-BPS operators G,, = (Oz¢/(x1) ... O2¢ (zy)) should
be invariant under modular SL(2,7Z) transformations acting on the complexified coupling
constant 7 = 6/(27) + 47i/g?. Two- and three-point correlation functions of half-BPS
operators are protected from quantum corrections and trivially verify the S—duality. For
higher number of points, the functions G,, receive quantum corrections and have a nontrivial
dependence on the coupling constant. In order to test the S—duality, we have to find



perturbative contribution to G,, for finite N and supplement it with instanton corrections.
Although these corrections are exponentially small at large N, they play a crucial role in
restoring the S—duality.

In this paper we study instanton effects in four-point correlation function of half-BPS
operators. Quantum corrections to G4 are described by a single function G(u,v) of two
cross ratios u = 23,73, /(23,23,) and v = 23,27, /(23523,) (with x?j = (z; — x;)?). It has
the following general form at weak coupling

G(u,v) = Bo(u, v;%) + > (T 472 )@ (u,076%) (1.1)
n>1

where the first term ®¢(u,v;g?) is a perturbative correction and the second one is a non-
perturbative correction due to n (anti) instantons. The function ®,,(u,v) describes the
contribution of quantum fluctuations of instantons and runs in powers of ¢2.!

At present, the instanton corrections to (1.1) are known to the lowest order in g2. The
corresponding function @%0) = ®,,(u,v;0) can be found in the semiclassical approximation
following the standard approach (for a review, see [6-8]). In this approximation the quan-
tum fluctuations are frozen and the correlation function is given by a finite-dimensional
integral over the collective coordinates of instantons. An explicit expression for the func-
tion @) (u,v) is known in one-instanton sector (n = 1) as well as for an arbitrary number
of instantons n in the large N limit. To go beyond the semiclassical approximation, we
have to include quantum fluctuations of instantons. Their contribution to ®,(u,v;g?)
scales as O(g?%) where integer positive £ counts the number of instanton loops. It is much
more difficult to compute such corrections and a little progress has been made over the
last decade.

Perturbative corrections to (1.1) are known to have some additional structure [9, 10]
which allows us to construct integral representation for the function ®q(u,v;g?) to any
order in ¢g? without going through a Feynman diagram calculation. Moreover, N' = 4 SYM
is believed to be integrable in the planar limit [11]. In application to the correlation func-
tion (1.1), this opens up the possibility to determine perturbative contribution ®q(u,v; g%)
for arbitrary 't Hooft coupling at large N [12, 13]. A natural question is whether some of
these remarkable properties survive in (1.1) in the instanton sector.

As a first example, we examine behaviour of the correlation function G4 at short dis-
tances a:%z — 0, or equivalently for u — 0 and v — 1. As follows from the OPE, the leading
contribution to (1.1) in this limit, G(u,v) ~ C% u?%/%  comes from Konishi operator, un-
protected operator with smallest scalling dimension A = 2+x. The anomalous dimension
of this operator, i, and its structure constant in the OPE of two half-BPS operators, C,
have expansion at weak coupling similar to (1.1). The leading instanton correction to vz
and Ck can be found by examining the asymptotic behaviour of the second term on the
right-hand side of (1.1). In this way one obtains, using the known results for the function
G4 in the semiclassical approximation, that v and Ck do not receive O(e?™7) instan-
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n general, the functions ®; and ®,, could also receive O(e™'¢" /9 ) corrections due to instanton-

antiinstanton configurations, but their status remains unclear.



ton correction [14-17]. Thus, the leading corrections to yx and Ck can only come from
quantum instanton corrections to (1.1).

The same quantities can be also extracted from the two- and three-point correlation
functions, (K (z)K(0)) ~ 1/(z?)*™7% and Ck ~ (Oay Oy K), respectively. Computation
of these correlation functions in the semiclassical approximation yields the following result
for the leading instanton corrections C’}i(nSt) = O(g?e?™7) and 'yS(HSt) = O(g* ™) (explicit
expressions can be found in [18]). Notice that both expressions have additional factors
of g% as compared with the semiclassical O(e*™7) contribution to (1.1). To get the same
expressions for C'x and v from the four-point correlation function G4, one would have to
take into account one- and two-loop instanton corrections to (1.1), respectively.

This example illustrates a hidden simplicity of instanton effects — finding the leading
quantum instanton contribution to the four-point correlation function at short distances,
G(u,v) ~ C’%{ uw%/2 can be mapped into a semiclassical calculation of two- and three-point
correlation functions of the Konishi operator [18].

We show in this paper that analogous phenomenon also happens for G4 in the light-
like limit z7,,; — 0 (with zjy4 = ;) when four half-BPS operators become light-like
separated in a sequential manner. In this limit, the correlation function is expected to

have the following form [19]

1
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G(u,v), (1.2)
where the product of four scalar propagators defines the leading asymptotic behavior and
the function G(u,v) is given by (1.1) for u,v — 0. At weak coupling, perturbative correc-
tions to (1.1) are enhanced by powers of logarithms of u and v. Such corrections can be
summed to all orders in g? leading to [19, 20]

1
G(u,v) =Wy x J = exp —ifcusp(92)lnulnv +.... (1.3)

Here dots denote subleading corrections and Fcusp(gQ) is the light-like cusp anomalous
dimension in the adjoint representation of the SU(N).

The same anomalous dimension controls divergences of cusped light-like Wilson loops
and its appearance in (1.3) is not accidental. As was shown in [19], the leading asymptotics
of the function G(u,v) is described by (an appropriately regularized) rectangular light-like
Wilson loop

Wy = (0| trg Pexp (zg%

Cy

dx - A(x)) |0), (1.4)

evaluated along light-like rectangle Cy with vertices at points x;. The subscript 4 indicates
that Wy is defined in the adjoint representation of the SU(N). The subleading (logarithmi-
cally enhanced) corrections to (1.3) come from the so-called jet factor J. Its form is fixed
by the crossing symmetry of the four-point correlation function [20].

In this paper, we compute the leading instanton correction to the four-point correlation
function (1.1) in the light-cone limit x?ﬂ- 41 — 0. Notice that this limit is Minkowskian in



nature whereas instantons are defined in Euclidean signature. To find instanton corrections
to (1.1), we shall determine the function G(u,v) in Euclidean domain of u and v and, then,
analytically continue it to u,v — 0.

As in the previous example, we start with the semiclassical approximation to (1.1). As
was shown in [21], the instanton corrections to G(u, v) scale in this approximation as O(uv)
and, therefore, they do not modify the asymptotic behaviour (1.3). To go beyond the semi-
classical approximation, we analyze the light-cone asymptotics of G4 and argue that the re-
lation between G(u,v) and light-like rectangular Wilson loop mentioned above also holds in
the presence of instantons. This relation allows us to establish the correspondence between
the leading (quantum) instanton correction to G(u,v) and the semiclassical result for Wj.

We show that the resulting expression for G(u, v) takes the same form as in perturbation
theory (1.3) with the important difference that the light-like cusp anomalous dimension
in (1.3) is modified by the instanton correction. In the simplest case of the SU(2) gauge
group, this correction in one-(anti)instanton sector is given by

2\ 4
Faun(0?) = =35 ( £3) (7 e77). (15)
Following [7, 22, 23], this result can be generalized to the SU(N) gauge group and to
the case of multi-instantons at large N. To obtain the same result (1.5) from the direct
calculation of the four-point correlation function, one would have to compute quantum
instanton corrections to (1.1) at order O(g®).

As a byproduct of our analysis, we verify that the light-like rectangular Wilson loop Wy
satisfies the anomalous conformal Ward identities [24] nonperturbatively, in the presence
of instantons. We also determine the leading instanton correction to anomalous dimen-
sion vg of twist-two operators with large spin S > 1. This anomalous dimension scales
logarithmically with the spin (see eq. (2.4) below) and its behaviour is controllled by the
cusp anomalous dimension [25]. Making use of (1.5) we find that the leading instanton
contribution scales as s ~ ¢®€?™7In S. This agrees with the finding of [26] that vs does
not receive O(g* e*™™) correction for any spin S > 2.

The paper is organized as follows. In section 2 we analyze asymptotic behaviour
of the four-point correlation function in the light-cone limit %21 +1 — 0 in the presence
of instantons and discuss its relation with the light-like Wilson loop. In section 3 we
compute instanton contribution to the light-like rectangular Wilson loop in the semiclassical
approximation. We then use it in section 4 to determine the leading instanton correction
to the cusp anomalous dimension. Section 5 contains concluding remarks. Details of the

calculation are presented in four appendices.

2 Correlation functions in the light-cone limit

In this section we examine instanton corrections to a four-point correlation function of
scalar half-BPS operators

O20/(z) = YapYep tr[¢?P ¢ P ()] . (2.1)



Here auxiliary SU(4) tensors satisfy eAB¢PY,5Yop = 0 and serve to project the operator
onto representation 20’ of the SU(4). In virtue of N’ = 4 superconformal symmetry, the
dependence of the four-point correlation function

G4 = (Oz0/(21)O20 (22)O20/ (23)O20 (74)) (2.2)

on Y —variables can be factored into a universal kinematical factor independent on the
coupling constant [27]. In what follows we do not display this factor and concentrate on
the dynamical part G(u,v) that depends on the cross ratios only.

In the Born approximation, G4 reduces to the sum of terms each given by the product
of free scalar propagators. In the light-like limit, 33121 11 — 0, the leading contribution to
G4 comes from only one term of the form (1.2) with G(u,v) = 1.2 Going beyond this
approximation, we apply the OPE to each pair of neighbouring operators in (2.2), e.g.

Cs
020/ (1‘1)020/(3}2) = Z Ww’ﬁ e :U’fZSOmmMS ({L‘l) y (23)
12

S
where the sum runs over local operators with Lorentz spin S, dimension Ag and twist
ts = Ag — S > 2. For 23, — 0 the dominant contribution to (2.3) comes from twist-two
operators with arbitrary spin S and scaling dimension Ag = 2 4+ S + v5.3 It scales as
O(1/22,) and yields the expected asymptotic behaviour (1.2). In the similar manner, the
remaining O(1/ x?ﬂ- +1) factors in (1.2) come from the twist-two operators propagating in
other OPE channels.

A detailed analysis shows [19, 20], that the leading asymptotic behaviour of the function
G(u,v) for u,v — 0 is governed by twist-two operators with large spin S = O(1//u) or
S = 0O(1/+/v) depending on the OPE channel. The anomalous dimension of such operators
grows logarithmically with the spin,

Y5 = 2l cusp In S + O(S°), (2.4)

and generates corrections to G(u,v) enhanced by powers of Inu and Inv. As we see in a
moment, this observation simplifies the calculation of instanton corrections to (1.2).

Instantons are classical configurations of fields (scalar, gaugino and gauge fields) sat-
isfying equations of motion in Euclidean ' =4 SYM [28]. To compute their contribution
to the correlation function (2.2) at weak coupling, we have to go through few steps. First,
we decompose all fields (that we denote generically by ®(z)) into classical, instanton part
and quantum fluctuations,

B (x) = ;@msx:c) +By(a). (2.5)

Here we introduced the factor of 1/¢g to emphasize that ®ins () does not depend on the
coupling constant. Then, we substitute (2.5) into (2.2) and integrate over quantum fluc-
tuations ®, and over collective coordinates of instantons. Finally, we match the resulting

2In what follows we discard a disconnected part of the correlation function.

3Strictly speaking, this is true only if the anomalous dimension of the operator is small, or equivalently
the value of its twist is close to that in a free theory. If the anomalous dimension of twist-two operator is
large vs ~ 2, it collides with the twist-four operators.



expression for G4 into (1.2), identify the function G(u,v) and analytically continue it to
small u and v.

In the semiclassical approximation, we neglect quantum fluctuations in (2.5) and obtain
the following expression for G4

Gainst = /duphys e %0bys Ogqr (1) Oa0r (22) O20/ (23) O20 (74) (2.6)

where the half-BPS operators (2.1) are replaced by their expressions in the instanton back-
ground and are integrated over the collective coordinates of the instantons. The rela-
tion (2.6) can be represented diagrammatically as shown in figure 1 (a).

For the one-instanton configuration in A/ = 4 SYM with the SU(2) gauge group the
integration measure is given by [29]

-S g° 2miT 4 dp S 8 —
d,uphyse phys — 93110 e d*xq E d°¢ | d°n. (27)

Here bosonic collective coordinates zf, and p define the position of the instanton and its size,

respectively. Fermionic coordinates 5&4 and 77&4 (with A =1,...,4 and o, & = 1,2) reflect
the invariance of N’ = 4 SYM under superconformal transformations. For the correlation
function (2.6) to be different from zero, the product of four half-BPS operators in (2.6)
should soak all 16 fermion modes.

For the SU(N) gauge group the instanton ;s (z) depends on the additional bosonic
and fermion modes. In what follows we shall concentrate on the SU(2) case and discuss
generalization to the SU(N) later in section 4.4.

In N' = 4 SYM with the SU(2) gauge group, the one-instanton solution can be ob-
tained [30] by applying superconformal transformations exp(£Q + 7.5) to the special field
configuration consisting of vanishing scalar and gaugino fields and gauge field given by the
celebrated BPST instanton.? For gauge field this leads to

Apst(z) = A© + AW 4 A®) (2.8)

where A is the BPST instanton [28] and A“") denotes component containing 4n fermion
modes 5&4 and ﬁdA. In virtue of the SU(4) symmetry, each subsequent term of the expansion
has four modes more. Expressions for the scalar and gaugino fields have a form similar
to (2.8) with the only difference that the lowest term of the expansion has a nonzero
number of fermion modes whose value is dictated by the R—charge of the fields. Notice
that the expansion (2.8) is shorter than one might expect as the SU(4) symmetry allows
for the presence of terms with up to 16 fermion modes. It turns out, however, that all
field components with the number of fermion modes exceeding 8 vanish due to N = 4
superconformal symmetry [26]. The explicit expressions for various components in (2.8)
can be found in [6, 26].

We recall that relations (2.8) define the classical part of (2.5). Replacing the scalar field
in the definition of the half-BPS operator (2.1) with ¢(x) = g~ ¢ins () we find that Ogq/ ()

4This field configuration is annihilated by the remaining Q and S generators.
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Figure 1. Instanton corrections to the four-point correlation function: (a) contribution in the semi-
classical approximation; (b) leading contribution in the light-cone limit; (¢) example of subleading
contribution. Solid, wavy and dashes lines denote scalars, gauge fields and gauginos, respectively.
Lines attached to the central blob represent the instanton background.

scales in the instanton background as O(1/¢?) and contains 4 fermion modes. Then, we
can apply (2.6) and (2.7) to arrive at the following result for the four-point correlation
function in the semiclassical approximation [29]

108 o.;r uvDyg(u,v)

G4,inst = ? € (29)

0123375, 7,
where D—function is defined in appendix C. The contribution of anti-instanton is given by a
complex conjugated expression. The relation (2.9) holds for arbitrary ar?z 41 For x?z 41 —0
we find from (1.2) that the instanton contribution vanishes as G(u,v) = O(uv) for u,v — 0.
Thus, the one-instanton correction (2.9) does not modify asymptotic behaviour of G4 in
the light-cone limit [21].

The same result can be obtained using the OPE. In the semiclassical approximation,
the product of the operators on the left-hand side of (2.3) reduces to the product of two
functions describing the classical profile of half-BPS operators. It is obviously regular for
z3, — 0 and, therefore, cannot produce 1/z%, singularity that is needed to get a finite result
for G(u,v) in (1.2). For such singularity to arise, we have to go beyond the semiclassical
approximation in (2.5) and exchange quantum fluctuations between the two operators
in (2.3). To lowest order in the coupling we have

(@(21)®(22)) = 912(I)inst($1)(binst(x2) + (@g(21)Pg(22)) (2.10)

where (®,(x1)®,(z2)) ~ 1/2%,. Notice that the quantum fluctuation produces 1/x%, sin-
gularity but its contribution is suppressed by the factor of ¢ as compared with the semi-
classical result.

For the correlation function to have the expected form (1.2) with nonvanishing G(u, v),
at least one quantum fluctuation has to be exchanged between each pair of neighboring



operators in (2.2). As follows from the above analysis, the corresponding contribution to
G(u,v) has the following dependence on the coupling constant

G(u,v) = O(g°e*™7) (2.11)

where each fluctuation brings in the factor of g?. Comparing this relation with (1.1) we find
that the first three terms in the expansion of the instanton induced function ®,,(u,v;g?)
in powers of g2 should vanish in the light-cone limit u,v — 0, in the one-instanton sector
at least.

To the leading order in g2, the dominant contribution to (2.11) comes from Feynman
diagrams shown in figure 1 (b). They contain four scalar propagators connecting the points
x; and ;1. In the first-quantized picture, these diagrams describe a scalar particle prop-
agating between the points x1,...,z4 in an external instanton gauge field. Notice that
the particle can also interact with instanton fields of gaugino and scalar but this leads to
a subleading contribution. To show this, consider the diagram shown in figure 1 (c). It
contains two Yukawa vertices and its contribution to (G4 has the same dependence on the
coupling constant as (2.11). However, in distinction from the diagram shown in figure 1 (b),
it does not produce 1/z3, singularity. Indeed, as follows from (2.3), the leading behaviour
Gy ~ 1/(x2,)>7%? is controlled by the twist of exchanged operators. For the diagram
shown in figure 1 (c) such operators are built from two scalar and two gaugino fields and
their twist satisfies t > 4. For the diagram shown in figure 1 (b), the leading operators have
twist two and are of a schematic form tr[CI)qurq)], where Dy = 04 +igAy is a light-cone
component of the covariant derivative.

Thus, the leading contribution to G4 for :Ufz +1 — 0 only comes from diagrams shown
in figure 1 (b). Denoting the scalar propagator in the instanton background as D(z;, x;y1),
we obtain the following result for the correlation function in the light-like limit

G4,inst = <tI“ [D(le, $2)D($2, $3)D($3, $4)D($4, l’l)])inst ) (212)

where (...)inst denotes integration over the collective coordinates of instantons with the
measure (2.7). This result is rather general and it holds for multi-instanton contribution
to G4 in N'=4 SYM with an arbitrary gauge group.

We can argue following [19] that the relation (2.12) leads to the same factorized ex-
pression (1.3) for the function G(u,v) as in perturbation theory. The propagator D(x1, x2)
depends on two momentum scales, 1/2%, and 1/p?, which define a proper energy of the
scalar particle and its interaction energy with the instanton background, respectively. For
1/23, > 1/p? or equivalently 23, < p?, the instanton carries small energy and its in-
teraction with the scalar particle can be treated semiclassically. In this limit, D(z1,x2)
reduces to a free scalar propagator multiplied by the eikonal phase given by the Wilson line
evaluated along the light-cone segment [z1,z3]. Taking the product of four Wilson lines
corresponding to four propagators in (2.12), we obtain that the contribution of instanton
with l‘ZQZ < p? is described by the rectangular light-like Wilson loop defined in (1.4). The
gauge fields in (1.4) are now replaced by the instanton solution (2.8) and integration over
its moduli is performed with the measure (2.7). For 3%21 > p? the eikonal approximation



is not applicable. The contribution from this region, denoted by J in (1.3), can be deter-
mined from the crossing symmetry of G4 in the same way as it was done in perturbation
theory [20].

3 Light-like Wilson loop in the instanton background

We demonstrated in the previous section that the leading light-cone asymptotics of the
correlation function Gy is described by light-like rectangular Wilson loop Wy4. Due to the
presence of cusps on the integration contour, Wy develops specific ultraviolet divergences.
In the expression for the correlation function (1.3), these divergences cancel against those of
the J—function in such a way that the UV cut-off of the Wilson loop is effectively replaced
with p? ~ 1/:17227”1.

3.1 Conformal Ward identities

Let us start with summarizing the properties of Wy. As was shown in [24], the conformal
symmetry restricts the dependence of Wy on kinematical invariants

Wi = Z(atap®) Z(2341°) Fa(a1s/234) (3.1)

where Z and Fjy are the divergent and finite parts, respectively. The dependence of W, on
the UV cut-off ;2 is described by the evolution equation

8 2
<'u2(9,u2) In Wy = —2Tcusp(9?) (3.2)

where the light-like cusp anomalous dimension I’ Cusp(gz) depends on the representation of
the SU(V) gauge group in which the Wilson loop is defined. The general solution to this
equation depends on the so-called collinear anomalous dimension T, 1(g?). It appears as a
coeflicient in front of ln(x?ﬂ- +2,u2) in the expression for In W4 and depends on the choice of
the regularization. The finite part of (3.1) is uniquely fixed by the conformal symmetry®

1
Fy =exp 5F0u8p(92)1n2(55%3/93g4) . (3.3)

Combining together (3.1) and (3.3) we obtain the following relation for Wy

aliﬁ(alfx& In Wy = —Teusp(g?) (3.4)
where the dependence on the UV cut-off disappears since the second derivative annihilates
the divergent part of InW,. This relation allows us to find Fcusp(gQ) from Wy directly,
without introducing a regularization, by computing its second derivative (3.4).

We would like to emphasize that relations (3.2)—(3.4) follow from the conformal Ward
identities and should hold in the presence of instantons. We shall verify this property below.

5Since the Wilson loop (3.1) is defined in the adjoint representation, this expression is the square of the
one found in [24].



We recall that the instanton correction to Wy should match the leading correction
to the correlation function G(u,v) for u,v — 0. Taking into account (2.11), we expect

that the instanton correction to the cusp anomalous dimension should scale as I'cygp (gQ) =
0(98 627”'7-).

3.2 Semiclassical approximation

To compute instanton corrections to the light-like Wilson loop, we have to define Wy in
Fuclidean signature. This can be achieved by allowing the cusp points :L‘f to take complex
values, such that x?z +1 = 0. Having determined Wj as a function of 34 and 23, we shall
continue it to Minkowski signature.

To find Wy in the semiclassical approximation, we have to evaluate the Wilson
loop (1.4) in the instanton background and, then, integrate it over the collective coor-
dinates with the measure (2.7)

W4,inst = /dlufphys e*Sphys WA . (35)

We recall that W4 is defined in the adjoint representation of the SU(2). It proves convenient
to generalize (1.4) and define the Wilson loop in an arbitrary SU(2) representation R

Wgr =trgr [E(xl, .’L‘Q)E(SUQ, xg)E(l‘g, 564)E(l‘4, xl)] s (36)

where E(x;,x;+1) is a light-line Wilson line stretched between the points z; and x;1

1
E(J}i, xi+1) = Pexp (—ig/ dt ZL’éL’iJrlAu(ZUi — t$i,i+1)> . (37)
0

Here the gauge field A, (x) = Af(z)T* is integrated along the light-cone segment z(t) =
xj — tx;i+1 and T are the SU(2) generators in the representation R. Notice that for
zero value of the coupling constant, the Wilson loop (3.6) is equal to the dimension of the
representation Wr = dp.

In special cases of the fundamental (F') and adjoint (A) representations of the SU(2),
the generators are related to Pauli matrices, 7% = 0%/2, and completely antisymmetric
tensor, (T‘L)bC = i€, respectively. The corresponding Wilson loops, W and Wy, satisfy
the fusion relation

WFWF =1+Wyu, (3.8)

where W is complex conjugated to Wp.

Applying (3.5), we have to replace the gauge field in (3.6) with its expression in the
instanton background, A(z) = g~ A () (see egs. (2.5) and (2.8)). As follows from (3.6)
and (3.7), the resulting expression for Wg does not depend on the coupling constant. It
depends however on 16 fermion modes of the instanton, 5&4 and 77&-4. This dependence has
the following general form

Wr=wO 4+ w® 4wt w2 L ypyas) (3.9)

,10,



where W®*) denotes a homogenous SU(4) invariant polynomial in £2 and 17&-4 of degree 4n.
The Wilson loop in the adjoint representation has similar form. The relation (3.8) allows

us to express Wy in terms of W),

In order to compute the Wilson loop (3.5) we only need the top component WI(%IG) con-
taining 16 fermion modes. The remaining components give vanishing contribution upon
integration over fermion modes in (3.5). For the Wilson loop in the fundamental repre-
sentation, the top component W}M) is given by W(16), For the Wilson loop in the adjoint

representation we get from (3.8) and (3.9)

. . 1 .
w0 = O Lot §W(8)W(8) tee.. (3.10)

Since W](?w) contains 16 fermion modes, it has the following form
Wi® = fr(wi;zo,0) &7, (3.11)

where ¢8 = [To.a ¢4 and similar for 7. The scalar function fr(z;; o, p) depends on four
points x; (with CL‘ZQl +1 = 0) and on the bosonic collective coordinates o and p. It also
depends on the representation R of the SU(2) gauge group.

Substituting (3.11) into (3.5) and taking into account (2.7), we obtain the following

expression for the instanton correction to Wy in the semiclassical approximation®
8

< d
Wainst = 2337r10 GQ”ZT/d4xo/p§))fR($i;$o,P)- (3.12)

The dependence of this expression on the coupling constant matches (2.11). We expect

that the instanton effects should modify the light-like cusp anomalous dimension. For this
to happen, the integral in (3.12) has to develop UV divergences. Indeed, as we show below,
instantons of small size (p — 0) located in the vicinity of the cusp points (z¢9 — z;) provide
a divergent contribution to (3.12).

3.3 Cusp anomalous dimension

The light-like Wilson loop is invariant under conformal transformations at the classical
level. At the quantum level, its conformal symmetry is broken by cusp singularities. In
application to (3.12) this implies that if the integral in (3.12) were well-defined, Wy inst
should be conformally invariant. The conformal transformations act nontrivially on the
bosonic moduli zp and p leaving the integration measure in (3.12) invariant. Therefore,
invariance of Wy ns under these transformations translates into conformal invariance of
the function fr(z;;xo,p). To regularize cusp singularities of (3.12) we can modify the
integration measure as

/d4x0 — ,u_ze/ d*=*xg, (3.13)

leaving the function fr(z;;zo,p) intact.”

5Notice that Wa,inst depends on the choice of the SU(2) representation R.

"There are of course different ways to regularize (3.12). The relation (3.4) ensures that the resulting
expression for the cusp anomalous dimension is independent on the regularization procedure. This does not
apply however to the collinear anomalous dimension.
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The conformal symmetry dictates that the function fr(x;;xo,p) can depend on the
bosonic moduli, p and xg, and four points z; through conformal invariants only. The latter
have the following form®

2 2
xiip
I = i : (3.14)
YR+ )k + %)
We recall that the points x; define the vertices of light-like rectangle and satisfy xl iv1=0.

As a consequence, [; ;41 = 0 and we are left with only two nonvanishing invariants, fr =
fr(113, I24).

Since fg is obtained from the Wilson loop (3.11) evaluated in background of instanton
field, it is an intrinsically classical quantity. We therefore expect it to be a rational function
of I3 and Is4. In addition, fr should vanish for I13 = 0 or Io4 = 0. The reason for this
is that for z; — x3 (or x2 — x4) the rectangular contour in (3.6) collapses into a closed
backtracking path. The Wilson lines in (3.6) cancel against each other for such path leading
to Wgr = dg or equivalently fr = 0. These properties suggest to look for fr(I13,I24) in
the form

frthis, Tox) = Y fore, (113)" (T24)"

41,221

S Foueo PP (285) (23,)" 7 (3.15)

ol (230 + p?2) (@30 + p?)]A[(23 + p?) (x5 + p?)] 2

where expansion coefficients are symmetric fo,¢, = fr,e, due to the cyclic symmetry of (3.6).
Moreover, as we show in appendix D, fr(I13, I24) is actually a polynomial in both variables,
so that the sum in (3.15) contains a finite number of terms.

Replacing the function fg in (3.12) with its general expression (3.15), we find that the
integrals over xg and p can be expressed in terms of D—functions defined in appendix C.
These functions are finite for generic ZL' . # 0 but develop logarithmic divergences for

” +1 = 0. A close examination shows that divergences arise from integration over p — 0
and zg — z; and have a clear UV origin. These are the cusp divergences that were men-
tioned at the end of the previous subsection. Regularizing divergences according to (3.13),
we obtain the following expression for the instanton correction to the light-like Wilson
loop (3.12)

8
g T §
W4,inst = 23471'10 ez ! f£1Z2 Dé:)EQ (316)
£1,02

Here we introduced notation for the regularized integral

DéE)Z _ MQG/d426xO/(:lp 02(41—’_62)($%3)€1 (x24)62 , (317)
" p5 [(x3y + p?) (23, + p)] 2 [(23) + p?)(xF + p?)]*

8To check conformal properties of I;; we can employ inversions defined in (B.1). It is straightforward to
verify that (3.14) is invariant under these transformations.
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2
it
appear as poles in €. The details of calculation can be found in appendix C.

Substituting the resulting expression for DZ)& (see (C.6) in appendix C) into (3.16)

evaluated for x7,,, = 0. This integral is well-defined for ¢ < 0 and the cusp divergences

we find that Wy jnst takes a remarkable simple form
1 _ 1 _ 1
Wiinst/dr = — Fcusp(gz) Lg(lﬂx%:s) ‘+ :2(#237%4) ‘- B 1112(37%3/37%4)

1 o1 _
- Teale?)| 208+ Lot | - T, (3.18)
where dp is the dimension of the SU(2) representation in which the Wilson loop is defined.
Here we denoted the residue at the double pole as Fcusp(QQ) anticipating that the same
quantity defines the instanton correction to the cusp anomalous dimension. It is given by
the following expression

8 . F(Zl +62—2)
Tonen(g2) = — 9 o2mir 1Tt 1
= s 2 S T T (819
142>

We recall that fy ¢, are coefficients of the expansion of the top component of the Wilson
loop (3.11) in powers of the conformal invariants (3.15). Notice that for ¢ = o = 1 the
I'—function in (3.19) develops a pole. For the sum in (3.19) to be finite the corresponding
coefficient f11 has to vanish.

The residue at the simple pole and the constant term in (3.18), T'co1(g?) and T'y,(g?), re-
spectively, are given by expressions similar to (3.19). However, in distinction from Teysp(g?)
they depend on the choice of the regularization in (3.17). That is why we do not present
their expressions.

Let us now compare (3.18) with the expected properties of light-like Wilson loop. We
combine (3.18) with the Born level contribution to the Wilson loop, Wy = dr + Wi inst,
and require that Wy has to satisfy (3.2) and (3.4). This leads to the following relations

2
5 (Giz) Wasoa/ ) = G 5 (Wi fd) = Tew(a®). (3:20)
It is easy to check that (3.18) verifies these relations. In this way, we find that (3.19)
defines indeed the leading instanton correction to the cusp anomalous dimension.

In addition to (3.18), the light-like Wilson loop also receives perturbative corrections
that run in powers of g?. To lowest order in g2, these corrections have exactly the same
form (3.18) although expressions for the anomalous dimensions are different [31]. The
reason for such universality can be understood as follows. As explained in section 3.1,
the conformal symmetry fixes the dependence of the light-like rectangular Wilson loop on
kinematical invariants. In particular, it allows us to determine the finite part of the Wilson
loop in terms of the cusp anomalous dimension, eq. (3.3). The fact that the instanton
corrections (3.18) verify (3.2) and (3.4) implies that the conformal Ward identities found
in [24] hold nonperturbatively, in the presence of instanton effects.

In the next section, we apply (3.19) to compute the leading instanton contribution to
the cusp anomalous dimension in the fundamental and adjoint representations of the SU(2).
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4 Instanton contribution to the cusp anomalous dimension

According to (3.16), the instanton corrections to the light-like Wilson loop are determined
by the coefficients fy,¢,. To find them, we have to identify the top component of the Wilson
loop (3.11) containing 16 fermion modes and, then, expand the corresponding function fr
in powers of the conformal invariants (3.15).

The top component of the Wilson loop Wgﬁ) depends on the choice of the repre-
sentation R. Making use of the relation (3.10) (and its generalization for higher spin
representations of the SU(2)) we can express WSG) in terms of various components W (4%
of the Wilson loop in the fundamental representation (3.9).

4.1 Wilson loop in the fundamental representation

To compute the Wilson loop in the fundamental representation of the SU(2), we have
to replace the gauge field in (3.6) and (3.7) with its expression (2.8) in the instanton
background, A (z) = g~ LAY (z) 0 /2.

inst
The resulting expression for the Wilson line (3.7) depends on 16 fermion modes and

admits an expansion similar to (3.9)

Bz, mi) = Pe el i@ _ pO) 4 p@) 4 p® 4 p(12) 4 g6 (4 7)

In distinction from (3.9), each term on the right-hand side is gauge dependent. The explicit
expressions for the first three terms on the right-hand side of (4.1) are

B (aiain) = Pop (i [ it 040 ().
EW (@, xi41) = i/ol dt & (1) B (i, a(t)) AP (2(8)) EO (2(t), 2i41)
E®) (35, 3501) = i /0 Lt (0 EO (2, 2()
X [Aﬁg)($(t))E(O)($(t),$¢+1) + AP @) ED (@ (t), zivr) |, (42)
where z(t) = (1 — t)z; + tx;y1 parameterizes the light-like segment [x;, z;41] and @(t) =
Oix(t) = —x;41. Expressions for the remaining components of (4.1) are more involved.

Going through their calculation we find (see appendix B) that they are proportional to the
square of a fermion mode and, therefore, have to vanish

B (3, mi41) = B9 (3, 241) = 0. (4.3)

Thus, the light-like Wilson line (4.1) has at most 8 fermion modes.
Substituting (4.1) into (3.6) we obtain that the Wilson loop (3.9) is given by a linear
combination of terms of the form

W (kkaks ka) — ¢y [E(kl)(a;l,azg)E(kQ)(xg,a:g)E(kS)(xg, 24)BF) (24, 21)] (4.4)
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where integers ki, ..., ks count the number of fermion modes. The explicit expressions for
different components of (3.9) are

WO — W(o,o,o,o)’

W = w000 4 cyelic,

w® = w000 4 ypd00) 4 %W(“’“’O) + cyclic, (4.5)
W(12) _ W(8’4’0’0) + W(S,OA,O) + W(S’O’OA) + W(4’4’4’0) + cyclic,

W) _ jprB440) L pr(E404) 4 8044 | 1pr(8800) 4 %W(&o,&o) n %W(4’4’4’4) + eyelic,

where ‘cyclic’ denotes the additional terms that ensure the invariance of Wilson loop under
the cyclic shift of the cusp points (x1,...,x4). The additional rational factors are inserted
to avoid a double counting.

By definition, W®#") is a homogenous polynomial in fermion modes ¢4 and ﬁdA of
degree 4n. It depends in addition on four cusp points x; and bosonic moduli zg and p.
As a function of these variables, it should be invariant under conformal transformations
including inversions (see (B.1), (B.2) and (B.7) in appendix B). We shall use this property
below to simplify the calculation.

4.2 Leading term

It is convenient to switch from vector to spinor notations and convert A,(x) into 2x2 matrix
Aqa(z) by contracting its Lorentz index with four-dimensional vector of Pauli matrices
ot = (1,io)

(Apa)i? = iAﬁ(x)(oa/Q)ij(a”)w . (4.6)

This field carries two spinor indices (o, & = 1,2) and two SU(2) indices (i,5 = 1,2). In
addition, we define the gauge field with lower SU(2) indices, Anair = €rj(Aad A, it is
symmetric with respect to indices ¢z and k.

The BPST instanton A takes the following form in the spinor notations

_ €ia(T — 0)ja + €ja(T — 20)ia
(z —20)* + p?

, (4.7)

where zo4 = x,(0")aq for arbitrary four-dimensional vector x,,. It intertwines the SU(2)
gauge group and the chiral half of the Lorentz group SO(4) = SU(2) x SU(2).
To evaluate the leading term E(©) (21, 29) defined in (4.2) we make use of the identity

i / dt i (1) A0 (x(t)) = —% / dt 9 (1)) A9 (2 (1))
. 1 dt [.7,'10, ZL‘Q(]]
_ / 5 (4.8)

2 —t)a3, + tady + p?’

where z(t) = (1 — t)x1 + tzg and the SU(2) indices are suppressed for simplicity. Here in
the second relation we substituted (4.7) and contracted Lorentz indices using the conven-
tions described in appendix A. Since the SU(2) matrix part of the integral (4.8) does not
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depend on the integration variable, the path-ordered exponential in (4.2) reduces to the
conventional exponential. Its calculation yields

p? + 10220
(23 + p?) (23, + p?)]1/2

Here the first term in the numerator is proportional to the SU(2) identity matrix (53 and

EO (xy,20) = (4.9)

the second one involves the matrix (z10720)i = (210)ia(220)Y.
We can now use (4.9) to compute the lowest component W of the light-like Wilson
loop (4.5). Going through the calculation we find

(0) P455%395%4
WwW =2 — =2 —ILsloy, (4.10)
(P2 + x?n)(PQ + 5532)(:02 + $%3)(P2 + 5'3%4)

where [;; are conformal invariants defined in (3.14). Their appearance is not surprising

since W) should be invariant under the conformal transformations.

4.3 Conformal gauge

The calculation of the remaining components in (4.2) is more involved since the gauge fields
A® and A®) are given by complicated expressions (see appendix D). It can be significantly
simplified by making use of the conformal symmetry.

We can exploit this symmetry to choose the cusp points z; to satisfy the following
additional conditions

The advantage of this gauge is that any point of the light-like rectangle z(t) = (1 — t)x; +
tx;y1 becomes null separated from the center of instanton xg

(2(t) — 20)® = (1 — t)ajy + taf, 1, =0, (4.12)

where we took into account that aﬁfz 1 =0.
The calculation of the Wilson line (4.2) in the conformal gauge (4.11) is described in
details in appendix D. For the component E® (zy,z5) defined in (4.2) we find
2
EW(z,25) = 3726ABCD<C{4|E12|CQB>
< (ICEUP | + Bralc§ )P Ers + 2¢O (P B + 2Bl NP). (4.13)

where Fio = E©) (x1,x2) and (; is a linear combination of fermion modes, (; = £ + x;7.
The expression in the second line of (4.13) contains the sum of four SU(2) tensors, each
given by the direct product of two pairs of vectors, |(1), E12|C2) and ((a|, (C1|E12.

As we show in appendix B, the general form of (4.13) and of the remaining components
of the Wilson line is fixed by the conformal symmetry. In particular, E®)(z1,z5) has the
following form in the conformal gauge (4.11)

B (w.2) = 5 (Penlef) (| + QepPialc§ ) (P IFr

+ Repl¢O)CP Bz + SopEul¢S) (), (4.14)
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where Pop, Qcp, Rop, Scp are homogenous polynomials in ¢; and (s of degree 6. In virtue
of conformal symmetry, the dependence on (; and (o can only enter through the following
three combinations

(e, (G'¢P), (PN Ew|cd), (4.15)

where we used notations for (({1¢P) = (f‘ACfa and (({|E12|¢B) = iA(Elg)ijCQEfj. The
power of p in (4.14) is fixed by the condition for E®)(z;,22) to be dimensionless. The
explicit expressions for the polynomials Pop,...,Scp are cumbersome, to save space we
do not present them here.

4.4 Results

We can use the expressions for the Wilson line obtained in the previous subsection to
compute different components of the Wilson loop in the fundamental representation of the
SU(2), egs. (4.4) and (4.5). We recall that in order to find the instanton correction to
the Wilson loop we only need the top component W16 Tt has the general form (3.11)
and (3.15) and is specified by the set of coefficients fy,g,.

The calculation of (4.4) and (4.5) is rather lengthy and can be performed with a help
of Mathematica. This yields the following result for the coefficients fy,¢, (with ¢1,05 > 1)

0 0 —288 0 0
0 —144 0 288 0
(F) _ 516
fro=2%x|-288 0 192 0 -36 |, (4.16)
0 288 0 —66—12
0 0 —36—-12 —1

where we inserted the superscript to indicate that these coefficients define WI(,M) in the
fundamental representation.

For the Wilson loop in the adjoint representation of the SU(2) the calculation of (3.10)
leads to

0 0o =72 0 0 O

0 144 —-360 312 0 O

(A) 20 —72 360 408 120 —144 0
f€1£2:2 X B B

0 312 120 —150 —48 16

0 0 —144 —48 24 8

0 0 0 16 8 1

(4.17)

We observe that fi; vanishes for both matrices. This ensures a finiteness of the sum
in (3.19).

Finally, we substitute (4.16) and (4.17) into (3.19), replace dp = 2, d4 = 3 and obtain
the one-instanton correction to the cusp anomalous dimension in the fundamental and
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adjoint representations of the SU(2)

4
&) — 387 <92) (627l'i7'+e—27ri7_')’

cusp 8192 \ 472
402\ .. _
Fgés)p = _T5 <47T2> (e2Tl’ZT _’_6727”7) 7 (418)

where we added the contribution of anti-instanton. The following comments are in order.

The relations (4.18) define nonperturbative corrections to the cusp anomalous dimen-
sion for two different representations of the SU(2) group. Perturbative corrections to
Ceusp(g?) are known to verify the so-called Casimir scaling up to order O(g%). Namely, per-
turbative contribution to FCHSP(QQ) depends on the representation R through the quadratic
Casimir only, Ieusp(g?) ~ Cg. This property is violated however at order O(g®) due to the
appearance of higher Casimirs [32]. We can easily check using (4.18) that the instanton
corrections do not verify the Casimir scaling. If this property were true, the ratio of two
expressions in (4.18) would be equal to the ratio of the quadratic Casimir operators Cr/C4
with Cp = 3/4 and C4 = 2 in the fundamental and adjoint representations of the SU(2),
respectively. Obviously, the expressions (4.18) do not have this property, not to mention
that the instanton corrections have an opposite sign for the two representations.

The relations (4.18) describe the leading instanton correction to the cusp anomalous
dimension for the SU(2) gauge group. Following [22], we can generalize them to the SU(V)
gauge group. In this case, the instantons have the additional 4N — 8 bosonic modes
describing the embedding of the SU(2) instanton into the SU(N) and 8N — 16 ‘nonexact’
fermionic modes. Their contribution amounts to multiplying (4.18) by the factor of (2N —
) /[22N=3(N — 1)!I(N — 2)!]. For large N, the relations (4.18) can be also extended to the
multi-instanton sector [23]. In this limit, the integral over the moduli space of instantons
is dominated by the saddle point in which all instantons are at the same position xg, have
the same size p and lie in commuting SU(2) blocks inside the SU(N). Up to overall O(g®)
factor, the resulting expressions are similar to those given in [23].

5 Concluding remarks

In this paper, we have studied instanton corrections to the four-point correlation correlation
function of half-BPS operators in N' = 4 SYM in the light-cone limit when operators
become null separated in a sequential manner. Perturbative corrections to the correlation
function in this limit are enhanced by logarithms of vanishing cross ratios and can be
summed to all orders in the coupling. Previous studies revealed that in the semiclassical
approximation the instanton corrections are suppressed in the light-cone limit by powers of
the cross ratios. It is natural to ask whether this result is an artefact of the approximation
or an intrinsic feature of instantons.

To answer this question we exploited the relation between the leading asymptotic be-
haviour of the correlation function and light-like rectangular Wilson loop. Analysing this
relation we found an interesting interplay between semiclassical and quantum instanton
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corrections.? Namely, having computed the light-like Wilson loop in the semiclassical ap-
proximation, we were able to identify the leading instanton contribution to the correlation
function in the light-cone limit. In the conventional approach, the same correction would
correspond to taking into account the contribution to the correlation function of quantum
fluctuations of instantons to forth order in perturbation theory.

We also demonstrated that the light-like rectangular Wilson loop satisfies conformal
Ward identities and identified the leading instanton correction to the cusp anomalous di-
mension. Making use of this result, we can determine the leading instanton contribution to
anomalous dimension of twist-two operators with large spin (2.4) and answer the question
of how instantons modify the light-cone asymptotic behaviour of the four-point correlation
function (1.3).

At weak coupling, G(u,v) receives both perturbative and instanton corrections en-
hanced by powers of Inu and Inv. They arise due to logarithmic scaling (2.4) of the
anomalous dimension of the twist-two operators with large spin, S ~ u=/2 or § ~ v=1/2,
exchanged in different OPE channels. Following [19, 20], such logarithmically enhanced
corrections can be resummed leading to

) ) L 1 1.\1?
Glu,v) ~ ex <_) « o~2eusn(62)0u0% {eVE(“”)/?F(l—a)F(l—ﬁ)] ,
(u, v) ~ exp T eusp (92) 2 2
(5.1)

where @ = vg_1/, 5 and © = vg_y,, /7 are the anomalous dimensions (2.4) evaluated for the
values of spins mentioned above, FCUSP(QQ) is given by the sum of perturbative and instanton
contributions and 7, is Euler’s constant. The relation (5.1) has the expected factorized
form (1.3), the first factor on the right-hand side of (5.1) comes from the rectangular
light-like Wilson loop W, whereas the second one from the jet function J.

The relation (5.1) develops poles at even positive @ and ©. These poles have a clear
physical meaning and have important consequences for the S—duality properties of the four-
point correlation function. We recall that (5.1) takes into account the contribution of twist-
two operators only. For & = 2 (or 0 = 2) we encounter a level crossing phenomenon [33]
— the twist-two operators acquire anomalous dimension 2 and collide with the twist-four
operators. The appearance of spurious poles in (5.1) is a consequence of ignoring the
contribution of the latter operators to (5.1). To obtain a reliable prediction for G(u,v) in
the vicinity of the pole we have to resolve the mixing of twist-two and twist-four operators
and include the contribution of both to (5.1). To avoid remaining poles of G(u,v) we have
to take into account the mixing with operators of higher twist.

We can arrive at the same conclusion by examining properties of the both sides of (5.1)
under the S—duality transformations. The relation between the correlation function and
light-like Wilson loop G(u,v) ~ Wy cannot hold for an arbitrary coupling since the two
quantities have different properties. Indeed, the S—duality maps Wilson loop into 't Hooft
loop while the four-point correlation function G(u,v) remains invariant. To restore the
S—duality of G(u,v), the higher twist contribution has to be added to (5.1). This problem
deserves further investigation.

Similar phenomenon has been previously observed for the Konishi operator [18].
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The above analysis can be extended to n—point correlation function of half-BPS op-
erators G,,. At weak coupling, the leading asymptotics of G, in the light-cone limit is
described by n—gon light-like Wilson loop W,,. It receives both perturbative and instanton
corrections and satisfies the conformal Ward identities [31]. For n = 5 the conformal sym-
metry uniquely fixes the form of W3 in terms of the cusp anomalous dimension. For n > 6 it
leaves a freedom of adding to W, a function of cross ratios, the so-called remainder function.
This function has been studied in planar N’ = 4 SYM where it was found to have a number
of remarkable properties reflecting integrability of theory [34]. It would be interesting to
compute the leading instanton correction to the remainder function and to understand
whether some of its symmetries survive in the presence of nonperturbative effects.

The scattering amplitudes are known to be dual to the light-like Wilson loops in
planar N'=4 SYM. One may wonder whether the same relation holds for finite N in the
presence of instantons. The duality implies that infrared divergences of amplitudes should
match ultraviolet (cusp) divergences of Wilson loops. We have shown in this paper that
the instanton corrections to light-like Wilson loops have the cusp divergences of the same
double logarithmic form as in perturbation theory. This is not the case however for infrared
divergences of the scattering amplitudes. These divergences come from integration over
instantons with large size p and have a power-like dependence on the infrared cutoff. The
mismatch in the form of ultraviolet and infrared divergences points towards the breaking of
the above mentioned duality between the instanton contribution to scattering amplitudes
and light-like Wilson loops.
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A Conventions

Throughout the paper we use Greek letters, «, ¢, ... for Lorentz indices and Latin letters
iyj,... for the SU(2) indices.

We use the Pauli matrices o

Lo = (1,i0) to convert an arbitrary Euclidean four-vector

x, = (21,22, 23, 74) into 2 x 2 matrix

o noo_
Lac = TpOos =

1r3 — Ty 1T] — T2 (A1)
iT] + X9 —ix3 — x4 | ’

Its indices are raised and lowered with a help of an antisymmetric tensor
% = eaﬁxﬁd , 2" = maﬁeﬁd , 28 = eaﬁxﬂﬁeﬁd ,

with ea5675 = 02 and €15 = €2 = 1. The product of matrices is defined as

(2122)as = (1)ac(@2)F = (21)ac(22) 45e™ . (A2)
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For the scalar product of Euclidean vectors (zy) = >, x;y; we have

1

1 y
imgyg = —xadyﬁ[;eaﬁeaﬂ. (A.3)

(zy) = 5

Allowing vectors to have complex components, we can define Fuclidean analog of light-
like vectors n,, satisfying n? = 0. In spinor notations n,s factorizes into the product of
commuting spinors n,s = |n)[n| leading to

(nzn)aa = [n)[n|x|n)[n| = =2(zn)nas (A.4)

where [n|z|n) = naez®® = —2(2n). Notice that in Minkowski signature the expression on
the right-hand side has an opposite sign. The reason for this is that the definition of the
scalar product differs by sign in Minkowski and Euclidean signatures, (zy),, = —(zy),, for
Ty = 124.

For the SU(2) matrices A;/ we use similar conventions for raising and lowering indices
A7 = Ay Ay = AiFejy.. (A.5)

The product of the SU(2) matrices is defined as
(AB)ir = A?Bj = Aijeé/' By, (ABO)in = A/ B Cyy, . (A.6)

In particular, the rectangular light-like Wilson loop Wy is given by the product of four SU(2)
matrices E; i1 = E(z, z41) defined as Wilson lines in the fundamental representation of
the SU(2) evaluated along the light-like segments [x;, z;41]

Wi = (F12)i,2(E23)i," (E34)is™ (Fa1)i, ™
= (B12)i1 k1€ (B23)iak €% (E34)isks €™ (B )igs €4 - (A7)

Computing instanton corrections we encounter matrices in the mixed representation, e.g.
(x122);; with matrices z1 and 5 given by (A.1). By definition, they are given by expression
like (A.2) in which (chiral) Lorentz indices are identified with the SU(2) indices

($1$2)ij = (xl)za(xQ);l (A.8)
B Conformal properties

Since the equations of motion in N = 4 SYM are invariant under conformal transforma-
tions, these transformations should map one classical solution into another one.

To check conformal properties of instantons, we use inversions. They act on both
space-time and collective coordinates of instantons

i

xt xh p
I[z¥] = =%, IzH] = 59—, I[p] = B.1
For fermionic modes, the inversion is defined as
T3] =i » T3] = &5 (B.2)
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The instanton fields depend on a linear combination of these modes ( = £ + x7. As follows

from (B.2), it transforms covariantly under inversions

z?
1A @) = 25 A ) (B.3)

Notice that the inversions change the chirality of Lorentz indices.

We can use explicit expressions for various fields (gauge field, scalar and gaugino) to
verify that, up to compensating gauge transformations, they transform under inversions as
conformal primary fields. For instance, the gauge field (2.8) transforms as

114%] = agaf (UtAYU Ut ), (B.4)
where the SU(2) matrices are multiplied according to (A.6) and the compensating gauge

transformation is

o
L

Uil = 5957 i

(U7 = 605

(B.5)

Here the product of Kronecker delta-functions identifies the SU(2) indices of U with the
Lorentz indices of z. Replacing the gauge field in (B.4) with its general expression (2.8),
we find that the lowest component A(%) satisfies the same relation (B.4) whereas for higher

components we have I[AMF] = zgay U fAMU. Applying (B.4) we obtain that the
light-like Wilson line transforms under the inversions as

I[E(.Z’l,xg)] = UT(xl)E(xl,xg)U(xg). (BG)

An immediate consequence of this relation is that the light-like Wilson loop (A.7) is in-
variant under the conformal transformations

I[Wa] = Wy. (B.7)

Substituting (4.1) into (B.6) we find that all components E*")(z1,z5) of the Wilson
line (4.1) have to satisfy (B.6). For the lowest component (4.9), this can be verified by
direct calculation. For higher components, we can use (B.6) to argue that they have the
general form (4.14).

To show this, we introduce a pair of two-dimensional SU(2) vectors

N 1/2 .
& = (”) M) EO(ar, 25)|E0) (B.8)

3y + p?

where |(4!) is obtained from |({!) by replacing x1 with x». Making use of (B.3) and (B.5)
we verify that both vectors transform under the inversions in the same way, e.g. [ [|C~1A | =
Ut(21)|¢{") . In the similar manner, we can show that the vectors

N 2 N
(8] = (p) (), (EPIEO) 2y, 2) (B.9)

30 + p?
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transform covariantly under inversions with the same weight, e.g. I[(CF|] = (CF|U(x2).
Then, taking the tensor product of vectors (B.8) and (B.9), we can define four 2 x 2
matrices each satisfying (B.6). These matrices form the basis over which E(*™) (21, 29) can
be expanded. The corresponding expansion coefficients depend on the conformal invariants.
The latter are given by the scalar product of vectors of the form (4.15). Notice that
expressions (B.8) and (B.9) simplify in the conformal gauge (4.11), e.g. |({Y) = p~ /(¢
and |(3') = p~'/2|¢4Y). For the component E® (zy,x5), this leads to (4.14).

Let us show that the two top components of the Wilson line vanish, F(12) (z1,22) =
E09) (1, 29) = 0 (see eq. (4.3)). The top component is proportional to the product of
all fermion modes E(9) (1, z5) ~ [Toa Cfa(é?a- Since (p1C1) = (p1e) for 12 = [p1](p1|
(see (D.8)), we have EU10)(z1,29) ~ [[4(p1¢{*)? = 0. The component E(?)(x1,x5) has
the form similar to (4.14) with Pgp,...,Scp being homogenous polynomials of degree
5 in variables (4.15). As we will see in a moment, these variables are proportional to
(p1¢{Y). Then, Pep, ..., Scp, being homogenous polynomials in (p1({*) of degree 5, have
to vanish since they are necessarily proportional to the square of a fermion mode leading to
EU2) (21, 29) ~ (p1¢")? = 0. Indeed, let us choose |({Y) ~ [p1). Tt follows from ¢ —Ca = 2127
that |¢3') ~ [p1). The first two expressions in (4.15) obviously vanish in this case whereas
the last one reduces to
1

2

1
(p1|EO (1, 2)|p1) = P (p1lzi0z20|p1) = —E<P1!3€109€12|p1) =0. (B.10)

Here in the first relation we used (D.9) and in the second one replaced xoy = z19 — Z12.
Thus, all expressions in (4.15) vanish for [({*) ~ |p1) and, therefore, they are proportional

to <p1<14>

C D-functions in the light-cone limit

The integral over collective coordinates of instantons can be expressed in terms of
D—functions. For z? ;7 0 they are defined as [35]

dp P A
D = [ £ L) . C.1
Arfzfst / wo/ p° 1:[ (:c?o + p2> (G

For our purposes it is sufficient to consider the special case A1 = Az and Ay = Ay. Defining

Al(

DAlAQ - (1‘13) $24) 2l)A1A2A1A2ﬂ (C.2)

we find that, in virtue of conformal symmetry, Da,a, only depends on the cross-ratios u
and v. It admits the Mellin integral representation [36]

R divdiy . e 2
Dany, =K ek L(j1 + jo + A1) (j1 + j2 + A2) [D(—51)(—j2)]° ,
—0—100
(C.3)

where K = m2I'(A1 + Ag — 2)/[2T2(A1)I%(A2)] and integration goes along imaginary axis
slightly to the left from the origin, 0 < ¢ < 1.
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Let us examine (C.3) in the light-cone limit x?yi_i_l — 0, or equivalently u,v — 0. In
this limit, the D—function develops logarithmic singularities in 4 and v. Indeed, closing the
integration contour in (C.3) to the right half-plane and picking up the residue at j; = jo =0
we find
72 F(Al + Ay — 2)

Dap, = Inulnv+ (Inu+Iv)(C; +Cy —2¢(1))| +..., (C.4)
where C; = ¥(4;) is expressed in terms of Euler 1)—function. Here dots denote terms
suppressed by powers of u and v.

Computing instanton corrections to light-like Wilson loop we encounter the same in-
tegral (C.2) but evaluated for xfl 41 = 0. To regularize its divergences we modify the

integration measure in (C.1) following (3.13) and arrive at D(Ae)l A, defined in (3.17). We

expect that Inu In v singularity of (C.4) should translate into a double pole, Dg A, 1/ €2
Performing integration in (3.17) we obtain

_ o8} 4 2
D(A€)1A2 = QK(J}%B)AI (.%'%4)A2u_2€ / H dti tiAiil ( Z ti) ‘ e_x%3t1t3—x%4t2t4 , (05)
0 =1

i
with A3 = Ay and Ay = As. For small € the calculation of this integral yields

@ _ oT(A1+Ae=2)[1 5o o 1 95
DAlAg =7 F(Al)F(Az) €2 (:U‘ xlS) + €2 (:U’ $24)

a
€

1 2
(nPa34) "¢ — = In®(afs/a3,) + C1C2 — 7+ O(e) |, (C.6)

02 2.2 \—e
+ E(Mxls) + 5 3

with C; the same as in (C.4).
We verify that D(Ae)l A, satisfies the evolution equation

o \? - (A + Ay —2)
2 U (e) _ 2 1 2
<“ aw) Paas =2 ATy (©7

which should be compared with (3.2). In distinction from (C.4), the conformal invariance
of D(Aez A, 18 broken by light-cone singularities that appear as poles in e. We notice that
the poles depend on one of the kinematical variables, w%:,, or x§4, and, therefore, they do
not contribute to the mixed derivative of D(Ae)l Ay with respect to both variables. Applying

this derivative to (C.4) and (C.6) we arrive at the same result

0 0 o0 9 o aD(Ai+A-2)
A8 = Hlna?, 0lnag, A2~ T T T(AT(Ay)

This relation implies that conformal anomaly of Dg A, 1s annihilated by the mixed

C.8
Olnz?, 0lna3, (C8)

derivative.

D Gauge field in the instanton background

In this appendix, we present explicit expressions for different components of the gauge
field (2.8). The lowest component A(©) is given by the BPST instanton (4.7). The remaining
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components A4 and A®) were derived in [26]
1 1
AL = —EEABCDCfCBB(CCDﬂaFCD) - §6ABCDC&477§(CCFCD) ;

3 3
s = =5 Daa ™, Fy| = S(C)paiis [F7, Fra] (D.1)

ax

where Dog = Ona + A&Oé)l and F,g = B D(adDﬂ) A is a self-dual (chiral) part of the gauge
strength tensor of the BPST instanton

2 €ia€jg t €jakip

Fopij = —8p (o —w0) + 212 (D.2)
The Grassmann variable /() is given by a linear combination of fermion modes
G (%) = € + aaii™, (D.3)
and the following notations are used
(CYF¢P) = (*CFap¢°P (C")pa = 0¢* /0P, ¢ =T1J¢. (D.4)

aA

Notice that the second term on the right-hand side of (D.1) depends on 7. As explained
in [26], its form is uniquely fixed by the conformal symmetry. Namely, it can be determined
from the requirement for (D.1) to satisfy (B.4).

To compute the Wilson line (4.2), we need the expressions for the projection of the
gauge field on the edges of the light-like rectangle. Let us consider the segment [z, 9| and
define the SU(2) matrix

A (1) = i (1) AL (1)) = — i AT (2(1)) =

~3%12 Aad (pr| AT (@(1))|p1], (D.5)

1

2
where z(t) = (1 — t)x1 + twy and 2§ = [p1](p1] is a light-like vector. To simplify the
calculation we use the gauge (4.11). Replacing the gauge field in (D.5) with (4.7) and (D.1)
we find after some algebra

1
AQ) = ﬁl‘mﬂﬂzo ;

A = Zeancolc @O (1B (@1,a ) (o)

A®) — 15824423@@» EO) (a(t), 20)|¢{ )P EO (29, 2(1))

= EO(a(t), 22)| NP 1B (w1, 2(1)) | (D.6)
where (S5 = eacppeporp (¢ (¢?)PP(CHFE with (¢)4P = ¢(*A¢Z and we used
notation for the SU(2) matrices |¢{)(¢(F| = ¢\ fj.

The dependence on fermion modes £2 and 7% enters into (D.6) through linear com-
bination (D.3)

() = (1 —t) ¢y +t o - (D.7)
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Its value at the end points is denoted as ((z1) = ¢; and ((z2) = (2. Since (¢; — ()4 =
(mlg)aaﬁdA, these variables satisfy the relation (:1:12)@((1 - C2)§ = 0 or equivalently

(1) = (@) =0, (D.8)

where spinor |p;) defines the light-like vector x$§ = |p1](p1]|.
We would like to stress that the relations (D.6) hold in the conformal gauge (4.11).
The light-like Wilson line (4.9) is given in this gauge by the following expression

10220

EO(zy,20) =1+ 5
p

(D.9)

The Wilson lines entering the expression for A®)(¢) in (D.6) are linear functions of ¢

EO(ay,2(t) =1+ tm;:;czo , EO (a(t), 29) = 1+ (1 — t)x“;fm 7
BOG(t),e1) =1 - 1252, O alt) =1-(1-0™52 . (D.0)

We can use relations (D.6)—(D.10) to compute all components of the light-like Wilson
line (4.2) in the conformal gauge (4.11). The lowest component is given by (D.9). For the
remaining components we find after some algebra relations (4.13) and (4.14).

Comparing (D.9) with the general covariant expression (4.9) we observe that
E©)(z1,25) is polynomial in z; in the conformal gauge. Examining the relations (4.13)
and (4.14) it is easy to see that the same is true for higher components of the light-like
Wilson line. As a consequence, all components of the Wilson loop (4.5) are also polyno-
mial in z; in the conformal gauge. This leads to important consequences for the function
fr(I13, I24) defined in (3.11). It depends on the conformal invariants (3.14) which are given
in the gauge (4.11) by

2 2
X X
I3 =" Iy =24, (D.11)
p? p?

The fact that the expression on the right-hand side of (3.15) is polynomial in z; in the
conformal gauge implies that fr(I13,l24) is in fact polynomial in ;3 and Iy4. In other
words, the sum over ¢; and /5 in (3.15), (3.16) and (3.19) actually contains a finite number
of terms.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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