PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: October 24, 2017
ACCEPTED: December 4, 2017
PUBLISHED: December 12, 2017

Structure constants of defect changing operators on
the 1/2 BPS Wilson loop

Minkyoo Kim,%" Naoki Kiryu,® Shota Komatsu®¢ and Takuya Nishimura®

@ National Institute for Theoretical Physics,
School of Physics and Mandelstam Institute for Theoretical Physics,
University of the Witwatersrand, Johannesburg Wits 2050, South Africa

YMTA Lendulet Holographic QFT Group, Wigner Research Centre,
Budapest 114, P.O.B. 49, Hungary

¢ Institute of Physics, University of Tokyo, Komaba, Meguro-ku,
Tokyo 153-8902 Japan

d Perimeter Institute for Theoretical Physics,
Waterloo, Ontario N2L 2Y5, Canada

€School of Natural Sciences, Institute for Advanced Study,
Princeton, New Jersey 08540, U.S.A.
E-mail: minkyoo.kim@wits.ac.za, kiryu@hepl.c.u-tokyo.ac.jp,
shota.komadze@gmail.com, tnishimura@hepl.c.u-tokyo.ac.jp

ABSTRACT: We study three-point functions of operators on the 1/2 BPS Wilson loop in
planar N’ = 4 super Yang-Mills theory. The operators we consider are “defect changing
operators”, which change the scalar coupled to the Wilson loop. We first perform the
computation at two loops in general set-ups, and then study a special scaling limit called
the ladders limit, in which the spectrum is known to be described by a quantum mechanics
with the SL(2,R) symmetry. In this limit, we resum the Feynman diagrams using the
Schwinger-Dyson equation and determine the structure constants at all order in the rescaled
coupling constant. Besides providing an interesting solvable example of defect conformal
field theories, our result gives invaluable data for the integrability-based approach to the

structure constants.

KEYwoORrDS: 1/N Expansion, Conformal Field Theory, AdS-CFT Correspondence, Inte-
grable Field Theories

ARX1v EPRINT: 1710.07325

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP12(2017)055


mailto:minkyoo.kim@wits.ac.za
mailto:kiryu@hep1.c.u-tokyo.ac.jp
mailto:shota.komadze@gmail.com
mailto:tnishimura@hep1.c.u-tokyo.ac.jp
https://arxiv.org/abs/1710.07325
https://doi.org/10.1007/JHEP12(2017)055

Contents

Introduction

Set-up and conventions
2.1  Set-up for three-point functions
2.2 Weak coupling expansion

2.3 Action and propagators

Two-point functions at two loops
3.1 One loop
3.2 Two loops

Three-point functions at two loops
4.1 One loop
4.2 Two loops

Three-point functions in the ladders limit

5.1  Set up

5.2 Four-point kernel and the Schwinger-Dyson equation
5.3 Two-point functions and renormalization

5.4 Case I: 1 nontrivial and 2 trivial DCOs

5.5 Case II: 2 nontrivial and 1 trivial DCOs

5.6 Case III: 3 nontrivial DCOs

Discussion

Basic integrals

Vertex and self-energy diagrams for the three-point functions

Excited states and conformal descendants
Contribution from the integral of I'yv
Evaluation of the integral (5.35)

An infinite sum representation for Cgee

Tt W W

12
12
13

14
15
17
19
21
22
24

27

29

30

30

33

34

35




1 Introduction

Nonlocal operators and defects enrich our knowledge of interacting quantum field theories:
in theories with mass gap, they can be important order parameters which help to distinguish
different phases. The prototypical examples of such operators are the Wilson and the ‘t
Hooft loops in gauge theories. In conformal field theories on the other hand, conformal
defects lead to a new class of crossing equations, which constrain both operators in the
bulk and operators on the defect [1, 2].

The main focus of this paper is a theory which is a gauge theory and also a conformal
field theory; namely N = 4 super Yang-Mills theory (N = 4 SYM). We in particular study
the three-point function of defect changing operators on the 1/2 BPS Wilson loop.

The 1/2 BPS Wilson loop is a supersymmetric extension of the ordinary Wilson loop,
which is coupled to a scalar as well as to a gauge field,!

W=Tr {Pexp (7{ driA,i* + @nﬂa‘;ﬂyﬂ : (1.1)

Here n' is a six-dimensional unit vector, to be called the R-symmetry polarization, which
designates the scalar coupled to the Wilson loop. Local operators on the loop (denoted by
O) can be introduced by inserting fields inside the trace e.g.

T [e.e]
W[O] = Tr | Pexp ( / dr'iA, " + ¢mi|§c“|> ZL Pexp ( / dr'iA, @ + ¢mi|a;~#|> ,
= =
(1.2)

where Z is a complex scalar field. As indicated, the polarization n’ can change across
the operator insertion. The simplest possible operator among them is the one which has
no field insertions and merely changes the polarization. We call such operators the defect
changing operators (DCO).

The spectrum of such operators in the planar limit was studied extensively using in-
tegrability [3-5]. A natural next step in this direction is to compute their three-point
functions.? For ordinary gauge invariant operators, there exists a nonperturbative frame-
work to study the three-point function [8]. It is based on the fact that, in the AdS/CFT
correspondence, the three-point function is dual to a closed-string world sheet whose topol-
ogy is a pair of pants. The key idea in this approach is to decompose such a pair of pants
into two hexagons and determine the contribution from each hexagon using integrability.

It is then interesting to ask if we can extend this approach to more general observables
involving open strings. The three-point function on the Wilson loop, which we discuss in
this paper, is precisely such an observable; it corresponds to the interaction process of three
open strings in AdS. With an eye toward such a direction, we perform two perturbative
computations in this paper: after summarizing the set-ups and conventions in section 2, we

Pexp denotes a path-ordered exponential.

*Recently several structure constants on the 1/2 BPS Wilson loop were computed in [6] by taking the
limit of generic smooth Wilson loops. Also, the four-point functions of single-letter operators were computed
at strong coupling using the Witten diagrams in [7].



first compute the two-point functions of general DCO’s at two loops in section 3. Through
this computation, we reproduce the anomalous dimensions computed previously in the
literature. Furthermore, we also determine the normalizations of the operators, which are
prerequisite for computing the scheme-independent structure constants. We then compute
the three-point function at two loops in section 4. After doing so, we focus on a special
scaling limit called the ladders limit [9] in section 5, and compute the structure constants
at all orders in the rescaled coupling constant using the Schwinger-Dyson equation. These
results would provide important datapoints for developing the integrability-based approach
in the future. In section 6, we conclude and comment on the prospects. A few appendices
are included to elucidate technical details.

Note added: while we were writing up this article, we became aware that A. Cavaglia,
N. Gromov, and F. Levkovich-Maslyuk were working on a similar topic and obtained inde-
pendently the results that overlap the contents of this paper. We thank them for informing
us of their upcoming paper [10].

2 Set-up and conventions

2.1 Set-up for three-point functions

Correlation functions on the 1/2 BPS straight-line Wilson loop are constrained by the
SL(2,R) symmetry preserved by the Wilson loop [11]. This in particular implies that the
space-time dependences of the two- and the three-point functions are completely deter-
mined. Namely, we have

012

(W [O1(t1)Oa(t2)]) = T

2.1
Ci23 2.1)

<W [Ol(tl)OZ(tQ)Og(t:g)D = |t12|A1+A2*A3|t23|A2+A3*A1|t31|A3+A1*A2 ’

where ¢;’s are positions of the operators and ¢;; = t; —t;. A; and Cy23 are the conformal
dimension and the structure constant respectively.

As mentioned in the introduction, the main focus of this paper is the structure constant
of the defect changing operators. The most general three-point functions of such operators
are characterized by three six-dimensional unit vectors n;; parametrizing the directions of
the scalars coupled to each segment of the Wilson loop (see figure 1):

(W01(t1)Ox(t2) Os(t3)])
t1 , t2 .
= <Tr [Pexp </ dr iA,a" + qugl|x'“|> Pexp (/ dr iA,a" + gbﬂl”‘u:t“\)
00 t

1

t3 , o0 .
Pexp (/ dr iA,z" + ¢in§3|a'c“|> Pexp </ dr iA,z" + <z5m131|§c“])} > .
t t
’ ’ (2.2)

It is often useful to parametrize the scalar couplings by the angles between vectors n;; as

COS 91 =Mn31 - N1, COSs 92 =nNi2 - N23, COS 93 = N923-N31 . (23)
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Figure 1. Three-point function of defect changing operators. Each segment is coupled to a different
scalar specified by the polarizations n;;’s.

2.2 Weak coupling expansion

The structures of the two- and three-point functions given in (2.1) apply only to properly
renormalized operators. However, in the actual computation at weak coupling, we often
study the correlators of un-renormalized (or equivalently bare) operators. It is therefore
useful to know how to extract the conformal data from such un-renormalized correlators.

Let us first analyze the two-point functions. In general, the bare operator OF and the
renormalized operator OF are related as®

6_7
of=—_08 24
=0 (2.4)
where € ~ A~! is the cut-off, v is the anomalous dimension and a is the finite renormal-
ization constant needed to bring the renormalized correlator into a canonical form (2.1).
Substituting (2.4) to (2.1), we can determine the structure of the un-renormalized two-point

function as
a 1

1222 (Jtia] o)

(W[0B ()08 (t2))) (2.5)

where A is the bare dimension. Both v and a are functions of the *t Hooft coupling
constant \ = g%MN , and can be expanded as

a=1+xa® +X2a® 1 ... y=2W X243 o (2.6)

Here we assumed that the correlator is correctly normalized at tree level, namely al,_, = 1.
By expanding the right hand side of (2.5), we obtain the expression at weak coupling,

(14+AAW +224@) 4.
|2A<10)

(W[OF ()0 (t2)]) = , (2.7)

t12
with
AW — (D) _ 901 g 12l
‘ (2.8)

2
A® 4@ 950,000 112l (Vm log “12|> 9@ g 12]
€ € €

From the relation (2.4) and the structure of the renormalized three-point function (2.1),
we can also determine the structure of the bare three-point functions at weak coupling. To

3Here we ignored the operator mixing since it never appears in the problems studied in this paper.



simplify the expression, below we set aV) = 0 as it is satisfied in all the examples studied
in this paper. Then, using the expansion of the structure constant,

Cras = C{9) (1 + Al + A2efgh + - > ; (2.9)
one can write the result as

CO (14 ABW £ A2B@ 4 ...

(0P (1) OF (t2) OF (t3)) =
T W e e S i

(2.10)

with

1)_C Z% log u; ,

(2.11)
B® —0123+ Z (2) Z( (2)+0123’yz( >logu + - Z%U( log u; logu; .

Here a; and ~y; are the normalization and the anomalous dimension of the operator O;
respectively and wu; is given by

tijthi
tjké

(2.12)

U; =

where {i,j, k} is a cyclic permutation of {1, 2, 3}.
In the following sections, we will compare the results from perturbation with the ex-
pressions (2.7) and (2.10) and read off the anomalous dimension and the structure constant.

2.3 Action and propagators
The Euclidean action* of A/ =4 SYM used in this paper is

s——1 [aty L, (2.13)
Rm
2 . 12
L£="Tr { D D7 “’2D A (Dugi)? + [%;ﬁ il” T Db

+ &Fi (s, 0] + o'eDye + (auAM)Q

with D, = 8, —i[A,, ]. Here c and ¢ are the ghosts and T4 = (T, T"%) are the ten-
dimensional Dirac matrices satisfying

tr(DATE) = 16648 (2.14)

To emphasize that the trace here is not over the SU(N) colour degrees of freedom, here we
used the lowercase letters, tr.

“Our convention is essentially the same as (42) in [12]. The differences are
1. We write the action in terms of traces instead of decomposing the fields into the generators of SU(N).
2. We chose the Feynman gauge by setting £ in (42) of [12] to be 1.

3. A sign error in front of the scalar quartic interaction in [12] was corrected.



Figure 2. Two-point function of defect changing operators.

Using this action, one can compute the propagators as follows:

a c 2 5a05bd 5 ,
Gluon: p vy p —gYM2 £,
b d 8 ‘Qj — y‘
. 2 sacgbd 5.
Scalar: 2 u] IvMm _ i y
b d 8 |z — y| (215)
Fermi 2 ¢ gm0 1
ermion : ;7 t03o
b d 82 |z —y|2’
2 ac sbd
4 ¢ _ gyM0™0 1
Ghost : b g e .

Here a-d are the color indices and all the propagators are proportional to §%¢6%¢. To compute
the loop corrections, one just need to bring down the interaction terms by expanding e~°

and Wick-contract the fields using the propagators.

3 Two-point functions at two loops

Let us first compute the two-point function of defect changing operators at two loops. The
purpose of this section is twofold; to reproduce the anomalous dimension known in the liter-
ature and to determine the normalization of the operator, which is necessary for extracting
the scheme-independent structure constant from perturbative three-point functions.

3.1 One loop

The two-point function we compute is of the following form (see also figure 2):
t1 )
(W [01(t1)Oa(t2)]) = <Tr [Pexp (/ dr iA,z" + (ﬁiﬁl\jz"\)

to ) oo )
Pexp </ dr iA,a" + ¢¢7zl|$'“|> Pexp (/ dr A" + gbzﬁz\xﬂ)] > .
t1 to

(3.1)
Owing to the SO(6) invariance, it only depends on the inner product n -7 and the cou-
pling constant A. To perform the perturbative computation, we just need to expand the
exponentials in (3.1) and contract them with propagators and vertices.
At one loop, one can only have a single propagator (without vertices). The propagator
can be either a gauge field or a scalar field and takes the form,

Al Al

Gauge : _W% , Scalar : (nq - n2)87r2 o (3.2)
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Figure 3. One-loop corrections to the two-point function of defect changing operators. Owing to
the cancellation between gluons and scalars, the only diagrams that survive are the ones in which
the propagator connects two different segments.

where 719 = 71 — 7o is the distance between two end points and n; and ng (which can be
either n or n) are the polarization vectors at each end point. The extra minus sign for
gluons comes from factors of ¢ in the exponentials in (3.1). As is clear from (3.2), the
contributions from the gauge field and the scalar field cancel out if ny = ng, since both n
and n have a unit norm. We are thus left with diagrams in which a propagator connects
two segments with different polarizations (see figure 3).

To compute such diagrams, we introduce a UV regularization by cutting out a small
circle of radius® €/2 around each operator. This leads to a regularized integral

W [Ol(tl)og(ltg)]h1oop—A(nSZ_1 (/ dﬁ/ dm / dr /t; d72712> ,

with tli = t; £ €/2. This integral can be easily evaluated using

/ dry / dTQ = log 20— 9Y (a —)b=d) (3.4)

3.3)

as

(W[OL(t1)Os(t2)]) 1100y = log ™2 + 0(c). (3.5)

Comparing this with (2.7), we can determine the one-loop normalization a and the
anomalous dimension v as

(1)_w

M —y
“ ’ 872

(3.6)
The result for (") of course matches the one in the literature [13], but it also shows that
the normalization at one loop a(*) vanishes in our scheme.

3.2 Two loops

Let us now proceed to the two-loop computation. At two loops, there appear three types
of diagrams; the ladder, the vertex and the self-energy. Below we are going to evaluate
them one by one.

Ladder diagrams. The first diagrams are the ladder diagrams, which consist only of
propagators. For this class of diagrams, the computation proceeds in a similar manner as
in the previous subsection. Also here, the diagrams that contain propagators connecting
the same segment vanish due to the cancellation between the scalar and the gluon.

®The factor of 1/2 is just a useful convention which simplifies the final result.
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L1 L2 L3

Figure 4. Ladder diagrams that contribute to the two-point function at two loops. Here thick
black curves represent either a scalar propagator or a gluon propagator.

Thus only non-zero diagrams are the ones depicted in figure 4, which are given by

_1 ty ty
L1:<(nn > /1 7'1/ de/ d7'3/2d7'47
tF
_1 t, to, 0 00 1 1
L2:<(” n ) /1 71/2 d72/2 d¢3 LA (3.7)
tF Ti2 T34
-1) ty 11
L3=<(n n ) / 7'1/2 dTQ/ dTg/ Aty —5 —
t+ e tF 3 Ti4 T23

Each of these integrals can be evaluated straightforwardly as follows:%

(n-i—1)A\? |72 tor 1 to1 )
L1=13=| —F—5—" — —log — + = [ log —
< 82 6 BT Tl +0(0),

L2 = w ’ _12 + {lo t271 ’ + O( ) (3‘8)

n 82 6 & a

Summing three terms, we get
= 1DA\? | 72 t ta1\”
LEL1+L2+L3:<("”2)> [W—Qlogm+2(log21>] . (3.9
8T 6 € €

Vertex diagrams. The second diagrams are the ones which contain one interaction
vertex. Written explicitly, they arise from the Wick contraction of the following terms:

i [ ndman (TP AEIAm) (3 [ Eemi0,4.0 0. A0 )

+ ﬁ /dTldTQdTg <TI'P[(I)1(7—1)(1)2(T2)A(T3)] (zz

[ atam 0,60 (0,000 ) )

9ym
Here A = A,i# and ®; = (¢ - ny)|2| with n1o being the polarization vectors at each
end-point.

The Wick contraction of the above correlator leads to a set of diagrams shown in
figure 5. To illustrate how the computation goes, let us focus on the diagram V1. In the

5The equivalence between L1 and L3 can be shown at the level of integrands by performing the translation
7; — 7; — ¢ and the reflection 7, — —7;.
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Figure 5. The two-loop diagrams for the two-point function that involve one interaction vertex.
Here again, each black line can be either scalar or gluon.

diagram V1, the contribution from the scalar-scalar-gauge vertex consists of three different
terms depending on the path-ordering:

Z/T el ]d71d7'2/ drs [<T1" (A(T3)<E(T2)‘i’(71)>>
1, 27_1<T2 U1 T3E[t1,t2] (310)

+ <Tr (@(Tg)A(TQ)Cf)(Tl))> + <Tr (@(Tg)é(m).ﬁl(ﬁ)) >} )

Here ® = n-¢ and ® = 7 - ¢, and we did not write the interaction vertex for brevity.
Among these three terms, the first term, which has two scalars in the segment [—o0, ],
does not contribute to the final answer since it is proportional to -7 = 1 and is cancelled
precisely by a similar contribution from the three-gauge vertex. On the other hand, from
the second term we get

A(n -7
(second term) = _(nn)/ dTldTQ/ drs (=07 Y123 + 0-,Y123)
Tl’T26[<_°°’t1} T3€[t1,t2]

4(4m2)3
T1<T2
(3.11)
with (see appendix A for more details)
d*z log |T log |7 log |
Yio (5/2 s ) =—27r2< BImz| | logimal | log] 23') . (3.12)
L15To5T35 T13723 T12732 21731

In (3.11), the term —0; Y123 comes from the contraction with the interac-
tion [ d*z Tr(0,0Au¢) while the term 0r,Yi3 comes from the contraction with
— [ d*z Tr(0,9¢A,,). Similarly the third term (3.10) yields”

A2(n-7) /
third term) = —————— dTldTg/ dr3 (=0, Y123 + O Y123) . (3.13
( ) 4(47‘(2)3 T1,Tz7_f[—7_oo,t1] T3E€[t1,ta] ( ’ ’ ( )

"Here —0r, Y123 comes from the contraction with fd4ac Tr(0upAu¢) while 0-, Yizs comes from the con-
traction with — [ d*z Tr(0,¢4A,.).



Adding up the two terms, (3.11) and (3.13), and also the contributions from the three-gauge
vertex, we arrive at the following result for the diagram Vi:

2 _ 1 ty
Vi = /\ ’I?,477,2 / d7‘1/ ' dTQ/ d7'3€ 7'2)87-11/123- (3'14)
7

Here we used the permutation symmetry of Yio3, Y103 = Y213 etc., to simplify the result
and €(z) = 0(z) — 0(—z) with 6(z) being the step function.
By performing the similar analysis, we arrive at the following results for other diagrams:

-n—1)
V2 = — 471'2 / dTl/ dTg/ d7'3 € 7—2 - 7-3)8T2Y123 )
)\2 (n-n—
V3 = — 471'2 /1£+ dTl/ dTQ/ dT36 7’3)8723/123,

)\2
V4 = — (n-7— d7-1 dTQ d7'3 €(11 — 12)0r, Y123,
471'2 t* t+ tJr

A2( -1)
ys—_ 2 4:2 / dri / drs / drs3 (0r, Y123 — 07, Y123)

To proceed, we perform the integration by parts to each contribution and rewrite them
using 0,€(z) = 26(x) as

)\2 (n-n—1)
Vi = 47'(2 [/ dTg/ drs Y—23 / dTl/ dTg/ dr30(m1 — T2)Y123

(3.15)

)\2 (n-n—1)
= 47?2 [/ dTQ/ drs Y_23 / dTg/ dr3 Yoo3 (3.16)
We thus get
V=V1+4+V24V34+V44+V5+V6
/\2 (n-n— 1
_ [/ dTQ/t dry (Vi g+ Virog + Vi o + Vi)
(3.17)

t; 00
+ / dry / dr3 (1/;5—23 + Yoy + Y05 + Y+23>
ti{» t;— 1 1 2

tr ty ts 0
—2/ dro ) drs (Yao3 + Yass) — 2/+ dro /+ drs (Yoo + Ya33)
- tl t2

o] ty

Note that the last line in this expression contains the function Y evaluated at the coincident
points and is therefore divergent. A convenient way to regularize these integrals is to use
the dimensional regularization,® which renders Y to be

Vi, — / x5 T (1-5)T(-5)T(1+59)

Ty5t3  ahs© I —¢) | (3.18)

d476 ’
Y2€33 = / 2 4 :25 = Y2623~

La5L35

8For derivation of (3.18), see for instance appendix A of [15].

~10 -
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Figure 6. The self-energy diagrams that contribute to the two-loop two-point function. The sum
of these two diagrams is given by (3.20).

Self-energy diagrams. We now discuss the contribution from the self-energy diagrams
(see figure 6). The one-loop correction to the gauge and the scalar propagators were already
computed in the literature and the result in the dimensional regularization reads [14]

g 6a06bd5 y
Mo Vo= W(Yzzzﬁryzsza)
) gYM(Sac(sbd(sw (3 19)
T 7 = W(Yms + Ya33) -

Here again 6%¢6% is the color factor.” Using these corrected propagators, one can compute
the contribution from the self—energy diagrams as follows:

/\2 (n-n—
S = dTQ dT3 Y223 + }/233 dT? d7—3 Y223 + Y233)

v (3.20)
It is then easy to verify that the contribution from the self-energy diagrams precisely cancels
the divergent terms in (3.17).
Using the expression for Y723 (3.12), one can straightforwardly evaluate the remaining
integral'® to get

V+S=-2(n-n—1) <87);2>2<31 —+3§( )) (3.21)

Final result. Now by summing up all the contributions (3.9) and (3.21), we get the
result for the two-point function at two loops:

2 2
(W[O1(t1)O2(t2)])2-100p = (8)\#2) [(n i —1)2 (7: B QIOg% 49 (log til) >

—2n-fi— )(1 f+34( ))]

By comparing the weak coupling expansion of the two-point function (2.11), one can finally

(2)

obtain the two-loop anomalous dimension -;

(3.22)

and the constant term a§-2) as follows:

o= 1 [”z(n i —1)2=3¢(3)(n -7 — 1)} (3.23)
(872)2 | 12 ’ '

7(2):71 [(n.ﬁ_1)2+7r2(n.ﬁ_1):| (3.24)
(872)2 3 ' '

Again, the result for () matches the one in the literature [13].

9Here we did not write them on the left hand side for simplicity.
10T terms of polylogarithms.

- 11 -
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Figure 7. The one-loop diagram for the three-point function which is proportional to (n12-nes—1).
The result of the computation is given in (4.1).

4 Three-point functions at two loops

We now set out to compute the three-point functions of DCO’s on the Wilson line, given
explicitly in (2.2). The strategy of the computation is essentially the same as in the
previous section; we list up all possible diagrams and compute each integral explicitly by
using appropriate regularisations. Of course, this is easier said than done; the number of
diagrams that contribute at a given loop order proliferate as we increase the number of
operators.

To circumvent this complication, we use the following trick: when the polarizations
of two segments are identical, the quantum correction involving these two segments must
vanish owing to the supersymmetry. This implies that the polarization vectors n;;’s enter
in the final result only through the combinations'! (n;; - ng; — 1). In addition, the final
result must be symmetric with respect to the permutation of the operator labels, 1,2 and 3.
Therefore, instead of computing all possible diagrams, one can just focus on the coefficients
of certain monomials of (n;;-ni —1)’s, and symmetrize the resulting expression with respect
to the permutation of the operators to get the full answer.

4.1 One loop

At one loop, the result is linear in (n;;-ng—1). Therefore by using the trick explained above,
we can just focus on the term proportional to (n12-n23—1) and symmetrize the result to get
the full expression. As shown in figure 7, there is only one type of diagrams that produce
this contribution. As in the case of the two-point function, one can straightforwardly
evaluate them as

A -1) )\ : -1 to1t
(n12 n23 / dﬁ/ dTQ 1 Al 871223 )log 21132 (4.1)
t t v t31€
After the symmetrization, we get the full answer,
A tiitik
(WIO1(0)O2(t2) Os(ts))1toop = 55 D (mij - mn = Dlog |52, (42)

{i.3.k}
where the sum is over {i, j, k} = {1,2,3},{2,3,1}, {3,1,2}. Comparing this result with the
weak coupling expansion given in (2.11), one can read off the anomalous dimension and

the structure constant as'?

(T —mng-ng) 1
73( )= 871J'2 =, 052)3 =0.

1 At one loop, the result is linear in such combinations while it consists of linear and quadratic pieces at
two loops.
2Here we already used the fact that the one-loop normalization a*) vanishes in our scheme. See (3.6).

- 12 —



= A A

(n12 - nag — 1)? (n12 - no3 — 1)(ng3 - ngp — 1)

Figure 8. The two-loop ladder diagrams. The left diagram produces the term proportional to
(n12 - a3 — 1)% while the right two diagrams produce the term proportional to (n1a - 123 — 1)(n23 -

n3y — ].)

As expected the result for the anomalous dimension matches the previous result (3.6). This
also shows that the one-loop structure constant is exactly zero.

4.2 Two loops

At two loops, the result consists of terms quadratic in (n;; - n;, — 1) and terms linear in
(nij - njr — 1). The quadratic terms come from the ladder-like diagrams while the linear
terms arise from the vertex diagrams and the self-energy diagrams.

Let us first compute the quadratic terms. For this purpose, it is enough to compute
the terms proportional to (nia - ngg — 1)2 and (n1a - ngg — 1)(n23 - n31 — 1). The diagrams
that contribute to these two terms are given in figure 8. Then, the term proportional to
(n12 - na3 — 1)? can be computed as

a3 — 1A
(12 - n2g / dm / dTQ/ dT3/ dry — —
872 o T 12
(n12 *No3 — 1))\ 2 7'('2 1 2
= — —1 — (1 .
< 82 6 8 Ta\loe
On the other hand, the term proportional to (nia - nao3 — 1)(nes - n31 — 1) is given by
A\ 2 ty ty
(n12 *No23 — 1)(?7,23 N3y — 1) ) / ’7’1/ dTQ/ dTg/ d7‘4 5
8w tF t 712 T34
tl t2
j/ J/ dTQU/" d73'}( d74 5
tF 714 723

—(n12 - nag — 1)(no3 - ng1 — 1) (8A> (7; ~log > .

Next we consider the terms linear in (nja - neg — 1). The diagrams that give such

(4.3)

t12t23
t31€

t12t23
t31€

tostsn
t12€

t12t23
t316

log

contributions are listed in figure 9. The computation of each diagram is a straightforward,
yet tedious task. So we relegate the detail of the computation to appendix B and present

) . (4.5)

only the final result here:

—(n1g - maz — 1) (;)2 (3((3) + 7;21

t1oto3
t31€
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/N /\\

T1 T2
T3 T4

Figure 9. The two-loop diagram with one interaction vertex which produces the term linear in
(n12 - na3 — 1). The computation of each diagram is presented in appendix B.

Then, after the symmetrization, we get

(W[O1(t1)O2(t2) O3(t3)])2-100p

A\ 2 o [ 72 tijtin| 1 tijtjn |\
_ (A Coma — 1 — —1 I S 11 P
(87r2> {z‘%;f} [(”w ik ( 6 8 thi€ Faloe i€
, 4.6)
T tijtjk tjktki (

2
2 it
— (ng - njr — 1) [ 3¢(3) + — log —2-2 :
3 tkié
Here again the sum is over {i,j,k} = {1,2,3},{2,1,3},{3,1,2}.
Comparing (4.6) with the weak-coupling expansion (2.11), we can read off the two-loop
anomalous dimension and the structure constant as follows:

(2) 1 o T
Y= gz | = D7 g = 1) (4.7)
1 72
oy = )2 12 > g - mje — 1)* = 2(n5 - njg — 1) (nji - ngi — 1)] - (4.8)
{i,5.k}

As expected, the result for the anomalous dimension matches the one obtained previously
in (3.24).

5 Three-point functions in the ladders limit

In this section, we consider a special double-scaling limit called the ladders limit. The
ladders limit provides an interesting solvable example of defect conformal field theories in
higher dimensions: as will be explained more in detail in subsection 5.1, the only diagrams
that survive in this limit are the ladder diagrams and one can sum them up by solving the
Schwinger-Dyson equation. Such resummation was performed already in the literature to
compute the static quark potential and the cusp anomalous dimension [9, 16]. A similar

— 14 —
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Figure 10. An example of the diagrams that survive in the ladders limit.

technique (or more precisely, a more refined version of it) can be applied to the computation
of the structure constant of DCOs as we explain below.

Since this section is rather long, let us give a brief outline of what will be discussed
in each subsection. In subsection 5.1, we first explain the set up, namely the ladders limit
for the two-point functions and the three-point functions. After doing so, we introduce a
building block for the computation, which we call the four-point kernel, in subsection 5.2
and compute it using the Schwinger-Dyson equation. We then compute the two-point
function of DCOs and determine their anomalous dimensions and renormalization fac-
tors in subsection 5.3. The calculation of the three-point functions are divided into three
consecutive subsections 5.4-5.6, depending on the number of DCOs with non-vanishing
conformal dimensions.

5.1 Set up

The ladders limit was introduced in [9] as a double scaling limit in which the 't Hooft
coupling constant A goes to zero while the angle between the neighboring polarizations is
sent to imaginary negative infinity:

A—0, A= ~ . fixed, (cosO=n-n). (5.1)

Since A goes to zero, all the diagrams which contain gluon propagators or interaction
vertices disappear in the limit. The only diagrams that survive are the ones which have
scalar propagators connecting the two segments since they come with a divergent factor (n-
n) which compensates the vanishing coupling constant. Such diagrams have the structure
of the ladders, hence the name. (See figure 10.)

Alternatively, one can define the ladders limit of DCOs directly in the zero-coupling
N =4 SYM as follows:

Tr [Pexp </t dr gZBm’]m“]) Pexp </Ood7 ¢3161|x“|>] . (5.2)
o t

Here gzg is a rescaled scalar field defined by qAS = ¢/ VA and v and ¥ are complex null
vectors related to the effective coupling as A = (v-0)/2. The equivalence of the two
descriptions can be shown either at the level of diagrams or by carefully taking the limit
of the polarization vectors.'?

For the purpose of computing the (cusp) anomalous dimensions [9], one just needs a

two-point function on the Wilson loop, and we only have two polarizations to play with.

3See the discussion in section 4 of [9].
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Figure 11. Examples of diagrams that contribute to the Case I (left), the Case II (middle) and
the Case III (right) three-point functions.

On the other hand, the three-point function has three polarizations and we thus have three
different angles. We can therefore define three effective couplings'*

R 191 )\
=S
4

(i=1,2,3). (5.3)

and take various different limits depending on how we scale 6;’s. The simplest among them
is the limit in which one of the angle, say 62, is sent to infinity while the others are kept
finite. In this limit, we have

CaseI: A\i=XA3=0, JA=\+#0, (5.4)

and the diagrams that survive are the ones which connect the two neighboring segments of
0. As we see in subsection 5.3, when the effective coupling is zero, the dimensions of the
corresponding DCOs (O; and O3) vanish. In what follows, we call such operators trivial
operators. The next simplest limit is the limit,

Case IT: \{ #0, M #0, A3=0. (5.5)

We then have two trivial DCOs and one nontrivial DCO and the diagrams are the ones
depicted in figure 11. Lastly, there is the most complicated limit, in which all three effective
couplings are nonzero.

Case IIL: A\; #0, X #0, A3 #0. (5.6)

These three cases will be discussed separately in subsections 5.4-5.6.
Note that the ladders limit for the three-point function can also be defined directly in
the zero-coupling N’ = 4 SYM. For instance, the Case III corresponds to the correlator,

t1 . t2 ~ .
<Tr [Pexp (/ dr ¢iU§1|jz“|> Pexp (/ dr qbivﬁ]:ij“\)
oo t
t3 o ' 0 o
Pexp </ dr ¢iv§3\j7“\> Pexp </ dr ¢,~v§1|§u”|>} >,
to t3

where wv;;’s are complex null vectors and related to the effective couplings as
Aj = (vij - vjk)/2-

1Gee (2.3) for definitions of ;’s.

(5.7)
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n

Figure 12. The definition of the four-point kernel. It is defined as a sum over all the ladder
diagrams with the endpoints on the black segments in the figure.

5.2 Four-point kernel and the Schwinger-Dyson equation

To compute the correlators in the ladders limit, it is useful to introduce a basic building
block which we call the four-point kernel K (71, 72|73, 74). The function K is defined as a
sum over all the ladder diagrams with the left endpoints in |71, 72| and the right endpoints
in [73,74]. (See also figure 12)

As shown in figure 13, K (71, 72|73, 74) satisfies the Schwinger-Dyson equation

T2 T4
K (71, 1o|13,74) = 1—|—/ ds/ dt P(t — s)K (71, s|t,14) ,
T1 T3

A n-i A1
Plz) (: ngxz) Rk

where P(x) is a scalar propagator connecting the two segments, [71,72] and [73,74]. By

(5.8)

differentiating both sides, we can derive a differential equation,
87-287-3K == —P(Tg - TQ)K . (59)

One can further simplify this differential equation using the conformal invariance. Owing
to the conformal invariance, the kernel K depends on the coordinates only through the

cross ratio
T127T34
u = . (5.10)
T13T24

We can therefore rewrite!® (5.9) as a differential equation of one variable, wu:

d2 d A

u(l—u)——i—(l—u)@—m

— K(u)=0. (5.11)

Since this is a second-order differential equation, there are two linearly independent so-

16

lutions. The correct solution can be selected by imposing the boundary condition,

K(u = 0) = 1 (or equivalently K|, = K|r—s, = 1), which comes from the origi-
nal integral equation (5.8). As a result we have

K(u) = (1—u)"%F(-Q,-Q,1;u), (5.12)
with

1
Q==-|-1 1+ =1. 5.13
5 + + 3 (5.13)
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Figure 13. The Schwinger-Dyson equation satisfied by the four-point kernel K.

n

— _Z (@

pR— NG
V N

S T

oH

v

n

Figure 14. The definition of the (regularized) vertex function. It is given by a sum of diagrams
whose end-points are in [—S5, —¢/2] and [¢/2, T

Using the four-point kernel, one can compute other physically important quantities.
One such quantity is the vertex function I'c(S,T), depicted in figure 14. Roughly speaking,
it is given by a sum over the ladder diagrams whose end points are in [—S,0] and [0, 7.
This quantity is however UV divergent and one has to introduce a point-splitting cut off
to regularize such divergence. Thus, the precise definition is given by

(5 —3)(T - §)>
(S+5)(T+3)

T.(S,T) = K(—S, —¢/2 | ¢/2,T) = K < (5.14)

Here the subscript € is introduced to remember that it is a “bare” quantity which depends
explicitly on the cut off. Note that the vertex function also satisfies the differential equation

8s0rT (S, T) = P(S + T)I(S,T), (5.15)

From the explicit form of the four-point kernel, one can determine the leading behavior of
I'c in the limit S, T > ¢,

rs.r) =4 (1 + 1> - o), A= tEtD

& \S T T T(Q+1)2° (5.16)
EFH:ZS,T)

As discussed in appendix C, there is an intriguing relation between the vertex function
and the solutions to the Schrédinger equation (also called the Bethe-Salpeter equation)
studied in [9, 16]: by rewriting it in a different coordinate, one can explicitly show that the
leading term 'ty is related to the ground-state wave function of the Schrodinger equation.
Furthermore, it turns out that the subleading terms in the expansion correspond to the
excited-state wave functions of the same Schrédinger equation. In this sense, the full vertex
function I'c can be regarded as a generating function of such wave functions. From the
defect CFT point of view, the expansion of I'¢ in € is nothing but the OPE expansion of the

5To rewrite the differential equation, we used 0, = —714/(T12724) O and Ory = T14/(T13734) Du
The other (incorrect) solution is (1 — u)”[2Fy(—=Q, —Q,1;u) +logu o F1(—Q, —Q, 1;u)], with
2F7 (a,b,c;u) = (0a + Oy + 20:)2FY (a,b, c; u).
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Figure 15. The resummation of the ladder diagrams for the two-point function. The contribution
from the left figure on the last line will be denoted by 1st while the one from the right figure will
be denoted as 2nd.

“four-point function” K, with its leading term controlled by a conformal primary DCO and
the subleading terms controlled by its descendants. This provides a physical interpretation
of the solutions to the Schrodinger equation: namely the ground state corresponds to
a conformal primary and the excited states correspond to its descendants. For a more
detailed account on this point, see appendix C.

5.3 Two-point functions and renormalization

As in the two-loop analysis performed in the preceding sections, to extract the scheme inde-

pendent structure constant, one first needs to determine the renormalization factor Z~1/2:

O=2z"1208, (5.17)

Here OF denotes the bare DCO while @ denotes the renormalized DCO. The renormal-
ization factor is determined by requiring that the renormalized two-point function has a

canonical form:

_ 1
(O(m1)0(72)) = Z7HOP (11)0F (1)) = a2 - (5.18)
In what follows, we evaluate the two-point function of the bare operators and determine Z.
The two-point function can be computed using the vertex functions as shown in fig-

ure 15. The contribution from each diagram is given as follows:

1st = [e(00, T01),

2nd:/+ cls/+ dtTc(0o,s — 11)P(t — $)Te(12 — s,t — T2) .
Ty T2

As in the preceding sections, the endpoints are regularized as Tl-:t = 7; £ €/2. The first
contribution can be approximated by I'tg and is given by

18t ~ (E)Q . (5.20)

€
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To evaluate the second contribution, we use the differential equation (5.15) and rewrite

it as
2nd = /j ds /+ dtTe(00, s — 11)(—0s0¢)Te(12 — 5, — T2) (5.21)
T1 T2
_ / dsTe(00, 5~ 1)L e(ms — 5,0) (5.22)

1

In passing to the second line, we used I'¢(*,€/2) = K(u)|y=o = 0. Unlike the first contri-
bution, there is a priori no reason to expect that I'c can be approximated by I'tg in (5.21)
since the arguments of I'c can be of order O(¢€). Nevertheless, it turns out that the leading
singular piece in the limit ¢ < 1 can be computed by replacing I'c with I''r. Roughly
speaking, this is because the difference between I'. and I'tg,

I'yv =T —T'r, (5.23)

is of order eI'g whenever the arguments are O(1) while it is of O(1) only when the ar-
guments are in a small interval of length ¢ near the origin. Therefore the contribution
from T'yy is always O(e) smaller than the contribution from I'ig. See appendix D for more
detailed arguments.

Once we replace I'. with I'tg, the computation is straightforward:

20d = - (Afg)f/f s (s = 1),z — ) = (A(§)>29/()1 dss(1 - 5)!

(5.24)

B F(2Q + 1) ”7’12‘2Q
S T(Q+1)2 2

In the second equality, we performed the transformation s = (s — 71)/(71 — 72) and in the
last equality we used

! T(a+1I(b+1)
I = 55%(1 — 351 = 2
(a,0) b/o d55°(1 — 5) P (5.25)
We thus obtain 20
€ "2 +1
(OF(r) 0P (ry)) < HELT D) 2] (5.26)

rQ+1)2 9
Note that the first contribution 1st only gives a subleading correction. By comparing (5.26)

with (5.18), we conclude that the conformal dimension and the renormalization factor of

the DCO are given by!”
A(Q)

AN =-Q, Z(\)= —a - (5.27)

As expected, the result for the conformal dimension matches the one in [9)].
Before ending this subsection, let us make a further comment on I'. and I'[g. As
explained above, the leading term in ¢ < 1 limit can be computed by replacing I'¢’s

"Note that the conformal dimension of the DCO is negative. This however is not a contradiction since
the defect CFT we are studying lacks unitarity.
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Figure 16. The resummation of the ladder diagrams for the Case I three-point function.

with I'1g’s in the diagram with the maximal number of vertex functions. As discussed in
appendix D, this is rather an universal phenomenon and it applies also to the computation
of the multi-point functions. When the effect of the renormalization is taken into account,
this leads to the following recipe of computing the renormalized correlation functions:

1. List up all the diagrams that compute the bare correlators and select those with a
maximal number of vertex functions.

2. Replace I', in those diagrams with the renormalized vertex function I'?
11\
RS, T) = lim Z7*TR(S,T) = VAQ) | = + = : (5.28)
e—0 S T
and compute the integrals.
In the subsections below, we compute the structure constants following this recipe.
5.4 Case I: 1 nontrivial and 2 trivial DCOs

We now compute the three-point function of one nontrivial DCO and two trivial DCOs.
For simplicity we first consider the case where the operator in the middle is a nontrivial
DCO (see figure 16). In this case, one can easily resum the diagrams by a single vertex
function. Thus, following the prescription at the end of the previous subsection, we obtain

(o] [ ] o] C10.0
(O1(11)03(72)O3(73)) = FR(7'21a7'32) =" oo
To1 T32 T31 (5.29)
B T2+ 1)12 '
COOO - A(Q) — m

Here and in what follows, the symbols o and e signify a trivial DCO and a nontrivial DCO
respectively. At weak coupling, the result can be expanded from (5.13) as

2 3 2 7T2 3 3 .
Coeo =1+ % (;2) - (6 + 4(3)) <47);2> + 0\, (5.30)

The result up to two loops reproduces the perturbative result for the ladder diagrams in the
previous section. At strong coupling (A > 1), on the other hand, the result exponentiates

VA
InCoeo ~ —1In2. 31
nC 5 1D (5.31)

and is given by

The structure of the result suggests the existence of some dual description in terms of
classical string with the tension \/X It would be interesting to look for such a description
which reproduces this result.
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Figure 17. The resummation of the ladder diagrams for the Case I three-point function when the
leftmost operator is the nontrivial DCO. Unlike the one in figure 16, the result is given by a sum
of two diagrams shown above (although the structure constant itself must be the same).

As a consistency check, let us also compute the three-point function in which the
rightmost operator is a nontrivial DCO (Ceoo). Although the result must be equal to Coeo
owing to the permutation symmetry, the diagrams are not identical as shown in figure 17.
Written explicitly, we have

Ceoo FR (00, s — 71)K (8, T2|T3, 1)
=I'* (o0, 791) / ds/ dt - . (5.32)
ot T (t—s)?

(*)

Using the Schwinger-Dyson equation (5.9), one can rewrite the second term on the right
hand side as

T 00
(x) = —/ ds/ dt TR (00, s — 71)0,0,K (s, 2|73, 1) . (5.33)
T1 73

Clearly, the t integral can be trivially performed and we get
T2
(%) =/ ds ds (1 — K (s,a|73,00)) T (00,5 — 71) (5.34)
T1

where we used K (x,*'|z,2) = 1. By performing the integration by parts and adding the
first term in (5.32), we arrive at a simple formula

C 2

ﬁ = / ds 9sTE (00, s — 11) K (5, m2|73,00) . (5.35)
To1 732731 1

As shown in appendix E, this integral can be evaluated explicitly using the identities of

the hypergeometric functions and we obtain the expected result

Cooo = Uoeo = A(Q) . (536)

5.5 Case II: 2 nontrivial and 1 trivial DCOs

Let us now compute the structure constant of the case II correlators,

[ ] [ ] [¢] C..O
<01(TI)O2(T2>O3(T3)> 2,191 927_?3;21 927_3,1Q1+Q2 . (5'37)

Since we have two effective couplings ;\1,2 in this case, we shall distinguish various functions
of the effective couplings by putting subscripts; for instance the dimension of each operator
will be denoted as A; = —Q; = —Q(j\l)
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Figure 18. The resummation of the ladder diagrams for the Case II three-point function. Among
the four diagrams, only the last one gives a dominant contribution in the limit ¢ — 0.

The diagrams that contribute to the bare three-point functions are listed in figure 18.
Following the recipe in subsection 5.3, we just consider the diagram with a maximal number

of vertex functions, which in this case is the last diagram. We then get the following

expression for the renormalized three-point function'®

(01050%) /ds/ dt/ du/ dv (=00, T (1) —u,v — 1)

x K1 (v, s|13,00) (=050 TE (19 — s,t — 13).
(5.38)
Here we have already replaced the scalar propagators with the derivatives using the equa-
tion (5.9). In (5.38), the integral of u can be performed straightforwardly. After doing so,
the integral of v becomes

/ dv 9,T T (00, v — 1) K1 (v, s|m3,0) . (5.39)
T1

This integral is essentially the same as the right hand side of (5.35). Therefore, using the
result there, we can evaluate it to get

(©10305) =gy vA@) [“as [ (L
_731\/792/ ds/ dt<

We can now perform the ¢ integral to get

1941 Qo
T2 — S
(010503) = 7'31 7'32 VA1) A(22) / ds <7_3 — s> 0s (7_3 — s> . (5.41)

The last integral can be done explicitly'® by performing the following change of variables,

Q1
) (—0s0)T (12 — 5,1 — 72) (5.40)

T3 — s)Ql (—0s0r) ((T2 _:)(7;— TQ)>Q2 |

which amounts to performing the Mobius transformation (71, 72, 73) — (0,1, 00):

§—T1T9 — T3

(5.42)

s = .
§—T3Tg — T1

18 As mentioned above, the notations 't and K; mean T'#(;) and K (X\;).
9The integral reduces to the integral for I(a,b) given in (5.25).
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As a result, we get

(20 4+ 1)1/21(2Q, + 1)1/2

Coeo = A(QI)A(QQ)I(le QZ) = F(Ql + Q9+ 1)

(5.43)

Note that the result (correctly) reduces to the one in the previous subsection if we set
Q9 = 0. At weak coupling, the result reads

A1 —A2)2 (AL = X2)2(A1 + Ag)(m2 +6¢(3))

Coeo = 1 oY, 5.44
+ 19272 * 38476 +O() ( )
whereas at strong coupling it reads
20 20 A
InCeeo ~ 211 Qa1 , Q; ~ : 5.45
ne an Qg+ 2nQ1+Qz 27 ( )

The result at two loops at weak coupling matches the ladder contribution to the perturba-
tive result given in section 4.

5.6 Case III: 3 nontrivial DCOs
In this subsection, we compute the most general three-point functions of DCOs,

[ ] [ ] o C...
<Ol (7—1)02 (7—2)03(7—3» R o PRSI o VNI o VSRS o PRI o FNIN o MSRNIN o PRI o BRI o P (5‘46)
T21 T32 731

As shown in figure 19, there are several different diagrams that contribute to this three-
point function. However, only three diagrams (a, b and c in figure 19) contain a maximal
number of vertex functions. Below we compute the contributions from these diagrams
following the recipe in subsection 5.3.

The contribution from the diagram a is given by

X / ds/ dt/ du/ dvTR(co, s — 71)(—0s0:) T (g — 5, — )
71 T2 t T3 (5.47)
X (—8uav)FR(T3 —Uu,v — 7'3) .

Here again we have already replaced the scalar propagators with the derivatives using (5.9).
Since the integrand is a total derivative with respect to u and v, one can perform those
integrals to get

:_Ila

I = H\/i/ ds/ dt (s 88)<( s)(t—72)>92 S (5.48)

t—s

Next we consider the contribution from the diagram b, which is given by

/ds/ dt/ du/ dv/ dw/dexs\uoo)

X (=0 0y )T (w — 71,2 — 71) (=050 TR (12 — 8,1 — T9)(—0,0p)T (13 — v,u — 73).
(5.49)

— 24 —



17\ ~ P
_(@ . @ Al =\ (o \a
_@ @ /@ (@ l@ @ L N

a b c

Figure 19. The resummation of the ladder diagrams for the Case III three-point function. To
avoid the double-counting, the diagrams in the first column (depicted in the gray background) must
be summed with a negative sign. Among these diagrams only the last three (encircled by the thick
black line) contribute dominantly in the limit e — 0.

By performing the trivial integrals of v and w, we get the integrand with 9,I'%(c0, u — 73)
and 0,I'f(co,z — 71). Then, the integral of z coincides with the one we already studied
in (5.35). We can thus evaluate it to obtain

3

b= 1:[\/M/:ds/;adt/jodu((5—7;)_(12_7—1))91
) x (—050y) <(TQ—5)(’5—T2)>QQ au<(7'3—t)(u—7—3))93.

u—t

(5.50)

After doing so, we perform integration by parts for the u integral. We then get I as a
surface term and the full result reads

bl (5.51)

with

Iy = ﬁ\/m/TQdS/Tsdt/oodu(—au) ((S—Tl)(u—ﬁ))gl
i=1 T1 T2 3

u—3S5

< (0.0 (12 SW—T?))“? R 73>>“3 |

t—s w—t

(5.52)
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The contribution from the diagram c can be evaluated in a similar manner and the
result reads

el (e
i=1 m " -

(5.53)
(1 — 8)(t — 1)\ [ (3 — t)(u —73)\**
X (—65815) .
t—s u—t
Summing up three contributions, we get
(010308) =a+b+c=1+1;3 (5.54)
To further proceed, we perform the following change of variables,
g=BETT . p_TiTT g TRUTTS (5.55)
721 S — T3 7'32th1 T3 U — T2

After this change of variables, the spacetime dependence of the three-point function comes
out naturally as a factorized prefactor, and the rest can be combined into a single integral,

Cone = (H ﬁ)

J=- / ds/ dt/ dudg [ f(u,5) "] 05 [f(5,0)7] 0 [f(T,a) "] .

with f(z,y) = (1—x) '4+y~!—1. The integral is clearly invariant under any permutation

(5.56)

20

of ;’s. It is also possible to evaluate the integral J explicitly and express it as an infinite
sum, although the result is rather long. See appendix F for the explicit expression.

Let us now expand the result at weak and strong couplings. At weak coupling, one
obtains

3
1 o -
Cone =1+ 75573 Z A2 -23 R (5.57)

% 1<J

7%+ 6¢(3 25, 2 T —3—-6C(3): ¢ < <4
+ g1 Z =D RN+ AN | + o5 Adeds + OV,

1<J
One can easily check that the result is consistent with the direct perturbative computation
in section 4. Also, by sending one of the effective coupling to zero, one recovers the result
in the previous subsection.?!
To study the leading behavior at strong coupling (5\1 > 1), we use the saddle-point

approximation of the integral J,

_/ ds/ dt/ iz 95 (5.58)

J
5,t,u) = — O log f(u,5) — Qlog f(5,7) — Q3log f(£,4) + O(In N).

g(

20The invariance under the cyclic permutation can be seen by the permutation of the integrated variables
while the reflection invariance can be shown by performing x — 1 — x to all the integrated variables.

21The last term at three loops MA2As is truly a new term, which didn’t show up in the results in the
preceding subsections. It would be interesting to understand it from the integrability point of view.
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The subleading term O(In ;\) can be neglected for the computation of the leading strong-
coupling behavior. The saddle-point equation dsg = drg = 939 = 0 has two solutions, but
one of them is outside the integration region 5,¢,@ € [0,1] and should be discarded. The
one inside the integration region is given by

—% Ik —x% Q1 QQ Qg
(8 ’t 7u ) = ) ) N
D+ Q2 Q2 +Q3" Q3+

(5.59)

Evaluating g at this saddle point and multiplying the prefactors [[, \/A(€2;), we obtain

20, 20 2Q3

Tl L OQ5log — =B (5.60
2 O T+ Qs 0 Oy (5.60)

INCoege ~ 21log —————

oo ! ng+QQ+Qg
Again the structure of the result suggests that there should be some interpretation in terms
of classical string, and it would be extremely interesting if we can re-derive this result from
such a perspective.

6 Discussion

In this paper, we computed the structure constants on the 1/2 BPS Wilson loop at weak
coupling. We first performed the computation at two loops and then resummed the dia-
grams in the ladders limit. In what follows, we indicate a few possible future directions.

Relation to integrability. As mentioned in the introduction, one of our main motiva-
tions was to provide data for the integrability-based approach. In this regard, a natural
next step is to reproduce the results in this paper by generalizing the hezagon approach?®?
proposed in [8]. Preliminary investigation suggests that the process involving four (mirror)
particles starts to contribute at as early as two loops while the process involving six parti-
cles shows up at three loops. Such processes appear much later in the ordinary three-point
functions,?® and it is a great advantage of studying DCO’s that we can explore them with
the results already available.

From the string worldsheet point of view, the DCQO’s studied in this paper correspond
to the boundary condition changing operators. This viewpoint might provide an alternative
approach to the three-point function on the Wilson loop which is based on the form factor
expansion of the boundary condition changing operators. See [18] for recent discussions on
such form factors in integrable field theories.

Ladders limit. The ladders limit of N' = 4 SYM provides an invaluable example of
the (defect) conformal field theories in higher dimensions, which is exactly calculable but
still nontrivial. It would be interesting to explore the properties of the theory further, for
instance, by computing non-planar corrections or higher-point functions. Also interesting
is to study correlators involving operators outside the loop. We can then start exploring
the interplay with the conformal bootstrap [1, 2.

*2Tn a recent paper [17], tree-level three-point functions of non-BPS operators on the Wilson loop were
computed using integrability and the open-string version of the hexagon approach was proposed.
23 At 10 and 14 loops respectively.
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Studying the ladders limit would also be useful for the integrability approach itself. To
reproduce the result in the ladders limit using integrability, one needs to resum the mirror
particles. To our knowledge, it is the only limit where we can predict exact answers after
the resummation.?* By studying this limit further, we may be able to learn how to perform
the resummation in the hexagon approach and make connection with powerful methods
developed for the spectrum, such as the thermodynamic Bethe ansatz and the quantum
spectral curve.

Furthermore, in this simple set-up, it might be possible to “derive” the hexagon ap-
proach from the Feynman diagrams. In the hexagon approach, the structure constants
of the DCQO’s are given in terms of integration of magnon momenta. On the other hand,
the perturbative methods in the ladders limit yields integrals over the positions of ends of
propagators. Since both integrals are rather simple to analyze, it may be possible to make
direct relation between the two.?> That would help to clarify the origin of the integrability
in =4 SYM.

AdS dual of the ladders limit. Yet another interesting problem would be to under-
stand the AdS dual of the ladders limit. A general straight line Wilson loop is dual to
a probe worldsheet living in the AdS, subspace of AdSs x S°. In the ladders limit, the
worldsheet becomes tensionless while its boundary term remains nontrivial. Although the
tensionless limit is in general difficult to analyze, it might be possible to make some progress
in this case since one knows the exact answer after the resummation of diagrams. It would
be interesting to try to write down the worldsheet action which reproduces the solutions
to the Schwinger-Dyson equation.

Recently, certain double-scaling limits of N' = 4 SYM and related theories are ad-
vocated as the simplest examples of the integrable gauge/string duality [20-25]. These
theories share some features with the ladders limit: first, they have a tensionless limit of
the string theory as the bulk dual. Second, in the integrability description, they both arise
in the limit where the coupling constant vanishes and the twist diverges. In this sense,
the ladders limit may serve as a toy model for such theories. Hopefully understanding the
worldsheet description of the ladders limit may be used as a first step towards constructing
the bulk dual of such theories.

Lastly, we note that similar resummation of the diagrams was performed recently
in [26, 27| to determine the cubic coupling of the bulk dual of the SYK model. Although
the SYK model is physically quite different from the Wilson loop defect CFT since its bulk
dual contains gravity, it might still be interesting to ask if the analysis of the ladders limit
has any bearing on this interesting new class of holography.

24The result at strong coupling also contains information about multi-mirror-particle corrections. How-
ever, unlike the ladders limit, it only predicts the leading exponentially dominating contribution.

25 A naive guess is that they are related by the Fourier transformation. It might also be interesting
to explore the relation with the Q-functions since in similar set-ups, it was shown that the Schrédinger
equation and the Q-functions are related [19].
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A Basic integrals

Here we introduce basic integrals following [28], which appear in the perturbative compu-
tation. The first integral is the so-called 1-loop conformal integral which is defined by

d4
X1234E/$5 (A1)

2.2 .2 .92
L15L25L35L 5

with x;; = |; — x;|. This integral can be evaluated explicitly [29] as

2 = : _ t (5 = 1—z
TeD(z, 2 _ 2Lis(z) — 2Lia(2) + log 2z log ==
Xi9234 = %7 (2, 2) = — 1z (A.2)
L1324 z2—Z
where z and Z are the usual conformal cross ratios:
2 .2 2 .2
2z = 12T (1—2)(1 —z) = 1473, (A.3)
13724 T13T34

Another integral which shows up often is the three-point integral given by
d4.%'5
Yigg = / 55 5 (A.4)
L15T25T35
It can be evaluated using X234 as

2 ! =
. m®(Z, 2z
Yigs = lim 23 X1934 = ¥7 (A.5)
T4—>00 1‘13
with
w%? / / $%3
J7 =12 1-2)1-2)="2. (A.6)
13 13

When all external points are on a single line, these integrals further simplify to

Xig34lyy,, = —27° < 0g(|712734) + 0g(|713724) n 0g(|T14723\)>
e T13T24T14T23  T12734T14732  T12743713742

lo T12 lo T13 lo 723
Yigs, = —2n? glma| | loglms| | log|mas| -
me T13723 T12T32 T21T31

(A7)

where 7;’s are the positions of the external points on the line and 7;; = 7; — 7.
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B Vertex and self-energy diagrams for the three-point functions

In this appendix, we present the detail of the computation of vertex and self-energy dia-
grams that appear in the three-point functions of DCO’s at two loops. As explained in the
main text we focus on the terms proportional to (n1a - nog — 1).

The contributions from the diagrams listed in figure 9 can be determined in a way
similar to the ones in section 3.2. Essentially the only difference is the range of the inte-
gration. By changing the range of the integration of the analogous diagrams in section 3.2,
one obtains

)\2 _ 1 ty 2
Tl = — (n12 n23 / 7’1 / dT2 / dT3 6(7-1 - 7_2)871 }/123 3
tF 2 tT
)\2 _ 1 iy 23
T2 = — (n12 TL23 / 7’1 / dT2 d7'3 6(7'2 — 73)872 }/123 ’
t tﬁ- %—
)\2 _ 1 2%
T3 = — (7112 n23 / dT1 / dTQ / d7'3 87-2 Yi23 87'3 }/123)
t+

A2 (nyg - nog — 1) ts
T4 — — (n2 - 223 / 7-1/ dTQ/ drs3 (07, Y123 — Or, Y123) -
47T +t t; t;‘

(B.1)

As in the computation for the two-point function, we then perform the integration by
parts and decompose the integrals into the d-function terms and the boundary contribu-
tions. Here again, the d-function terms are cancelled by the self-energy diagrams and what
remains is

A2(nis - no3 — 1)
Tlgie = — ( 12 23 [/t dm/t dT3 + Vg + Y- 3+Y+23)

ty t ty
+/ dro o dTS(Y—23 Yt+23 / de/ drs (Y, t+23 Yt:?23)
- tf

ts
—|—/ dTQ/ dT3 Y—23 t+23 / dTg/ dTg Y+23 23)
tz

One can then perform the integral to get

t12to3
t31€

Tlnite = —(n12 - n2g — 1) (822>2 <3c(3) + ”321 > : (B.3)

C Excited states and conformal descendants

In this appendix, we explain the relation between the vertex function I'. and the Schrédinger
equation in [9, 16]. In particular, we clarify the physical meaning of the wave functions
of the Schrodinger equation by showing that they correspond to the three-point functions
of DCOs, and that the excited states of the Schrédinger equation correspond to confor-
mal descendants.
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For this purpose, let us quickly review how the Schrodinger equation comes about from
the differential equation for I'c (5.15). To begin with, we rewrite the equation in terms of

the “radial coordinate” 26

S=exp(-z+y), T=exp(z+y), (C.1)

to get
1 A 1
——(@* - - =5 ———|T.=0. C.2
4( = %) 472 (2 cosh x)? (€-2)
Physically this rewriting corresponds to considering the theory on R x S3: 2 describes the
(Euclidean) time difference of the two endpoints while y corresponds to the time of the
“center of mass”. Then, assuming the form of the solution to be

I, = Z cNeQNy\I/N(a:) , (C.3)
N

one can reduce the differential equation (C.2) to the following one-dimensional Schrodinger
equation:

R S
dz? 472 cosh? x

The Schrodinger equation with this potential (called the Poschl-Teller potential) has the
SL(2,R) symmetry?” and is known to be exactly solvable. This can be seen explicitly by

the change of the variable
1

z=—),
1+ e”

(C.5)

which maps the problem to the hypergeometric differential equation.
By using the explicit form of I'c shown in (5.14), one can determine which wave func-
tions appear in the expansion (C.3). The result turns out to be given by a sum of two

families of solutions?®

oo o0
Te =" cae® VW, (2) + Y e, (2) (C.7)
n=0 n=0

26Tf we instead rewrite the equation in terms of the coordinates s = S +7T and t = S — T, one arrives at
the “conformal quantum mechanics” [30]; the Schrédinger equation with the inverse square potential. This
description, however, is not very useful for our purpose and we will not discuss it here.

*"The difference from the usual conformal quantum mechanics [30] lies in that the “dilatation generator”
of the SL(2,R) is identified not with the Hamiltonian itself but with its square root. See for instance [31].

28 As in the main text Q is defined by

Q(X):;[—1+\/1+7§‘2 . (C.6)
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with
0O =Q—n, Q= _—Q—n-1,

Q(n)

U,(2) = (2(1—2)) 2 2F(Q™ —Q,QM 4+ Q+1,1+0M;2), (C.8)

a(n)

Un(2) = (2(1—2)) 2 2F(Q™ 0,0 + 0 +1,1+00;2).

These solutions have several interesting properties. First, they are the only solutions
to (C.4) for which the hypergeometric function reduces to a polynomial. Second, the first
family of solutions with n < €2 decay at * = +00 and correspond to the bound states of the
Schrodinger equation (C.4), as discussed in [9]. Note also that, to reconstruct I'¢, one needs
to include “unphysical solutions” which blow up at x = +oo, in addition to such bound
state solutions. Although it might seem counter-intuitive, it has natural interpretation in
terms of the OPE in the defect CFT as we see below.

To see this, recall that the vertex function is obtained as a limit of the four-point
ladder kernel I'c(S,T) = K(—S,—€/2 | €¢/2,T). A crucial observation is that the ladder
kernel itself can be interpreted as a certain four-point function of (trivial) DCOs,

Le(S,T) = K(=8,—¢/2 | ¢/2,T) = (O (=5)05(—¢/2)O3(¢/2) O5(T)) (C.9)
and the limit € — 0 corresponds to the OPE limit where Oy and O3 approach. Using the
OPE, one can replace the product of Oy and O3 with an infinite sum,?’

O5(—€/2)053(e/2) = > €20¢,350(0). (C.10)
o

Here the sum on the right hand side is over both primaries and descendants, and c,,4
denotes the structure constant. Using this OPE inside the four-point function (C.9), we
get the following infinite-sum representation for the vertex function

Te(8,T) = €200y,5(05 (=) O(0)O5(T)) - (C.11)

o

Let us now compare this sum with the sum over wave functions (C.7). To do so, one has
to know the behavior of (OF(—S)O(0)O3(T)) (both for primaries and descendants) and
express it in terms of the z and y coordinates. When O is primary, the behavior of the

three-point function is well-known,°

S+T>A

(OF=5)Oprinary OVOST) o (* (©12)

On the other hand, the behavior for the descendants can be computed by differentiation as

A n
(O5(— )5 Oprimary (0) O3 (T)) (S;TT> 3 (Z) (_1)k(A)k(A)n_kﬁ,
k=0
(C.13)

29Here we used the fact that the trivial DCOs have zero conformal dimensions.
30For the sake of brevity, below we omit writing the subscript O in As.
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with (z)g being the Pochhammer symbol. Re-expressing this in terms of z and y, we obtain

(€18) = e~ vz 4 o)y <n> (DM (ANl D)™ (1 4 ¢

k
h=0 (C.14)

— e*(AJF”)y(Z(l _ Z))fA;rn [i (Z) (—1)k(A)k(A)n,k2nik<1 — Z)k

k=0

In the second line, we further rewrote it in terms of z = 1/(1 4 e®). The polynomial in the
bracket turns out to be summed into a hypergeometric function 9 Fj(—n,1 — 2A —n,1 —
A —n,z). We thus get the expression

(07 (=8)0" Oprimary (0)O5(T))

n (C.15)
o e ATy (1 — z))_%gFl(—n, 1-2A—-n,1-A—n,z2).

~ With the identifications A = —Q and A = 1+ €, this coincides with SV, and
eV, in (C.8) respectively. We can therefore interpret the sum (C.7) really as the OPE
expansion and the wave functions are identified with the three-point functions:

Le= Y ) e, (07(=5)0" 0% (0)05(T)) ,
X=DCO,shadow n=0
o n e o 9] (016)
(01(=95)0"Onbco(0)04(T)) < eV,
(03 (~9)0" Ohaton (VOS(T)) &+ 0T,
Here O} is a nontrivial DCO, which we studied in the main text, and Og .., 18 its

shadow operator,3' which has dimension Aghagow = 1 — Apco = 1 + Q. This provides a
clear physical interpretation of the wave functions for the Schrodinger equation (C.4).

D Contribution from the integral of I'yvy

In this appendix, we show that, in the ¢ — 0 limit, the integrals involving the vertex
function I'c can be approximated by replacing I with its IR counterpart, I''r. More
precisely the goal is to show that the ratio between the contributions from I'yy and I'tg is
given as follows:

defthUv(S,t)f(S,t)
[ds [dtTr(s,t)f(s,t)

< O(eloge) 0. (D.1)

Here f(s,t) denotes the rest of the integrand, which may contain other vertex functions,
propagators and the ladder kernels K.

3MIn unitary CFTs, the shadow operators do not usually show up in the spectrum since they are often
below the unitarity bound. However, the possibility of having both an operator and its shadow in the
spectrum is not totally ruled out. In fact, it is known that some long-range CFTs have such a spectrum.

— 33 —



For this purpose, it is convenient to split the vertex function in a slightly different way

as follows:
Te(u) = Tr(u) + Tuv(u),
- D.2
Ir(u) = (1A_(i?>g ) (D-2)

Since the ratio (I'ir — ['1r)/Tr is always of order O(e) (regardless of their arguments), it
is enough to show (D.1) for I'ig and T'yy.

Now, let us estimate the maximal value of f‘UV. In all the examples studied in the
main text, the cross ratio u = % takes ~Values in [0,1 — ¢/C)],>? with a O(1)
positive constant C. In this region, the UV vertex I'yy monotonically decreases in u for
Q) < 1 while it monotonically increases in u for © > 1.33 Therefore, the maximal absolute
value of the UV vertex is given by

11— AQ)] (= [Tov(0)) for 0 <1

max [Tyy (u)| = (D.3)

0(&9) (= |Pov(1—¢/C)) forQ>1

Hence, the integral of T'yy can be bounded from above as follows:

/ds/dtfw(s,t)f(s,t) < Ggl/ds/dtf(s,t). (D.4)

In all the cases encountered in the main text, the integral of f(s,t) can produce at most
logarithmic divergences® [ ds [ dt(s —t)™2 ~ loge. We thus have

/ds/dtfuv(s,t)f(s,t) <0 (ﬁ) , (D.5)

where e/l is the singularity contained already in the integrand, f ~ O(e~If1).
On the other hand, since 1 ~ e~ x k(s,t) with k(s,t) being the O(1) function, we
can easily estimate its integral as

/ ds / AT (s, 0)f(s,1) > O <69Lf|) . (D.6)

Combining (D.5) and (D.6), we get the estimation (D.1) for I'yy and [ig.

E Evaluation of the integral (5.35)
Here we compute the integral

T2
integral = / ds 0T (00, s — 11) K (s, 2|73, 00)
T1

(E.1)

A(Q) TQ T — S
2 /n ds s [(s — Tl)Q] (35— 8) o <—Q, -0 1; ) :

T3 — S

324 can reach 1 only when S = T = oco. However, we never encounter an integral whose integration

regions both extend to infinity.

330ne can easily verify this by using the definitions of the vertex functions (5.14) and (D.2), and the
series expansion of the hypergeometric function.

34This inverse square behavior comes from a propagator contained in f (s,t).
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As a first step, we perform the change of variables,

S§—T9T1 — T3

xTr =

(E.2)

§—T3T1 — T2 ’
and use the identity oF (a,b,c;2) = (1 — 2) "¢ "+ Fy (¢ — a,c — b, c; 2) to get
1
integral = Q/A(Q)75: (1 — ) / de(1—2)% 1 R (Q+1,Q+1,1;az) , (E.3)
0
with o = 791 /732. To proceed, we rewrite 9 F} using the integral representation as

oF (Q+1,Q+1,1;ax) =

! /1dyyﬂ<1y>—9—1<1yax>—”—1 (E.4)
CEEONA e

One can then perform the z integral to get®

. _ A(Q)TQ(l_a) ! Q-1 -1
integral = F(Q+12)1I‘(—Q) /() dyy®(1—y) "1 —ay) L. (E.5)

This is again a hypergeometric integral and we can compute it as follows:
integral = /A(Q)75} (1 — a)oFy (1,Q 4 1,1;0) . (E.6)
Finally, using the identity o/ (1,2 +1,1;a) = (1 — a)™%1, we arrive at
integral = %(Q)_Q . (E.7)
To1 732731
F An infinite sum representation for Coee

Here we explicitly evaluate the integral representation for Ceee (5.56), and derive an infinite-
sum representation. First, we perform the following change of variables:

1—a N 1—t
b ey e A Ak R UL ISt w2 -y

After taking into account the Jacobian of the transformation, ~—%—, we get
(1—zyz)

J—HQ/d:E/dy/dZ:EQllQlQSl

— )1 — ) 2T (1 = 2) (L — ay) (BT ()~ (@D

(F.2)
The integrals of  and z yield the hypergeometric functions,
1 D(Q23)0(2 + 2)
J=l | 4 — )t Fi(Q3,Q +1,00 + Q3+ 2;
H / Yy y) F(Qg+§23+2)2 1(Q23, Q2 2 3 y) 3)

D(Q)T (2 +2)
['(2€Q +2)

o F1 (1,1 4+ Q2 — Q3+ 1,205 + 2;y).

3%Here we used the integral expression for the hypergeometric function and the identity 2 Fi(a, 1, a; z) =
(1—2)""
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The remaining y integral can be performed using the series expansion of the hypergeometric
function and the Euler integral representation for the generalized hypergeometric function:

aq1,09, 0
3F2 1, &2, 3;2
BDBQ

_ L(B1)(B2)
L(a)T(B1 — 1)l (a2)T(B2 — az)

1 1
x/ ds/ dts® 11 (1—s)Prea—lgee—l(q _pyfamaa=lq _ygp)70s

0 0
(F.4)

Finally, we obtain the following expression for the structure constant

B —T(Q + 1)2T(Q + 2)T(Q + DI + 2)T(Q + 1)
Come = [ [ VA(R) 1F(291 - 2)1F(92 + Qz + 2)F(Qi + Qo+ 13)

> (Qg)k(ﬂz—l-l)k (Ql—i-l)k Ql,Ql—FQQ—Qg—Fl,Ql—i—k—i—l‘l
(QQ+Q3+2)kk‘! (Ql+QQ+1)k3 2 201 4+ 2,01+ Qo+ k+1 ’ '

k=1

X

k=0
(F.5)

Unlike the integral representation (5.56), this expression is not manifestly symmetric under
the permutation of 2;’s. One can nevertheless check easily that the expression correctly
reproduces Ceeo by sending one of €2;’s to zero.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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