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1 Introduction

Gauged supergravities in dimensions lower than ten represent an extremely valuable tool

for studying the properties of all flux compactifications in string theory that preserve

some residual supersymmetry. These theories may be regarded as deformed versions of

supergravity where the gauging and all other consistent massive deformations encode all

information concerning a given flux background, as well as the geometry and topology of

the compact manifold.

Among the best understood and most celebrated examples of the above claim, we may

certainly name the consistent sphere reductions of type II and 11D supergravity yielding
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maximally supersymmetric AdS vacua which are at the core of the AdS/CFT correspon-

dence [1]. In particular here, we refer to type IIB supergravity on S5 [2], and to 11D super-

gravity on S4 [3, 4] and S7 [5]. All of these compactifications admit a gauged supergravity

as lower-dimensional effective description where the gauge group is SO(d+ 1) ≡ ISO(Sd).

Moving to cases with less than maximal supersymmetry, we find consistent reductions on

squashed spheres such as e.g. massive type IIA on S4 [6] and S6 [7].

While all of the above compactifications are described by gauged maximal supergrav-

ities and truncations thereof, there exist many other classes which involve explicit su-

persymmetry breaking due to the presence of spacetime-filling branes and/or O-planes.

Such situations admit gauged supergravities with a lower amount of supersymmetries as

effective descriptions. Typical examples in this class can be twisted tori [8], with extra

p-form gauge fluxes. These reductions have been a very succcessful playground for moduli

stabilization [9] due to their simplicity, since their consistency immediately follows from

group-theoretical arguments. In general, as opposed to sphere reductions though, such

compactifications yield non-semisimple gauge groups.

An important milestone in our way of describing, classifying and analyzing gauged

supergravities is represented by the work of [10, 11], which gave birth to the so-called

embedding tensor formalism as a way of comprizing all possible consistent gaugings of a

supergravity theory under a unique universal formulation. The idea is based on restoring

the full global symmetry of the deformed Lagrangian by promoting the deformation pa-

rameters to tensors w.r.t. the duality symmetry of the theory, where the term “duality”

here is intentionally used to remind the reader that string dualities are realized as actual

symmetries upon compactification.

This naturally results in a precise correspondence between gaugings and generalized

fluxes, which is corroborated by the existence of a consistent group-theoretical prescription

for deriving the embedding tensor/ fluxes dictionary (see e.g. [12] for a nice review). In the

particular context of massive type IIA compactifications many things have been worked

out in detail and can be found in [13–16].

Focusing in particular on gauged supergravities in seven dimensions, they may be

divided into maximal theories, i.e. with 32 real supercharges, and half-maximal ones with

only 16. Since Majorana spinors do not exist in 1 + 6 dimensions, it is impossible to

further go down to 8 supersymmetries. While the complete embedding tensor formulation

of the maximal gauged theories has been worked out in all details in [17], such a complete

formulation is lacking in the context of theories with 16 supercharges. However, some

salient features were presented in [18, 19], including a study of vacua.

The theories of interest in this paper will be particular truncations of half-maximal

supergravities obtained by restricting oneself to the N = 1 supergravity multiplet. The

theory in its ungauged incarnation has a bosonic field content comprizing the metric, a

three-form gauge potential, three vector fields and one scalar, and is usually referred to

as minimal. The most general consistent deformation turns out to be a combination of

a gauging of the SU(2) R-symmetry group and a Stückelberg-like massive deformation

for the three-form potential. The purely gauged minimal theory was found to stem from

a reduction of type I supergravity on S3 [20], while the purely massive theory may be
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obtained as a reduction of eleven-dimensional supergravity on a T4 with non-vanishing

four-form flux. However, none of the above limiting cases allows for moduli stabilization,

since the induced scalar potential always exhibits a run-away direction.

Conversely, when turning on both deformations at the same time, the scalar potential

possesses two AdS extrema, one of which is supersymmetric, the other one having sponta-

neously broken supersymmetry [21]. This particular theory, besides admitting an uplift to

eleven-dimensional supergravity on a squashed S4 [22], it was furthermore recently found

to admit a ten-dimensional origin from massive type IIA supergravity on a squashed S3 [23]

linking these AdS7 solutions to those in [24].

When moving away from the study of vacua to more general BPS flows, the simplest

type of solutions which one encounters are domain walls (DW), where the metric and the

scalar fields assume a non-trivial profile. In the context of maximal D = 7 supergravity,

the DW solutions for all CSO(p, q, 5 − p − q)-gauged theories were classified and given a

higher-dimensional origin as branes reduced on their transverse space [25].

Ever since the work of [26], more general flows involving vector fields were found,

describing spontaneous compactifications of AdS7 down to lower-dimensional AdS spaces.

More examples in this class were found in [27–30], where the solutions are furthermore

physically interpreted as IR conformal fixed points obtained via M5-brane wrapping. More

recently in [31, 32] and [23, 33, 34], analogous BPS flows were presented within half-maximal

gauged supergravity, respectively coupled to vector multiplets and minimal.

The goal of our work is that of extending the above classes of BPS flows in N = 1,

D = 7 gauged supergravities by including novel examples with a non-trivial profile for the

three-form gauge potential. To this end, we will first review some known BPS DW solu-

tions and then move to more general flows involving the three-form, both with and without

vector fields turned on. Most of the flow equations that we write down will be then inte-

grated analytically, while for some of them we will have to employ numerical integration

methods. This way we will encounter, among other things, some novel (warped) AdS3

solutions. Finally, we will discuss the eleven-dimensional origin of the various aforemen-

tioned solutions. Some technical material concerning conventions for 7D spinors as well as

the details of some more complicated flow equations will be collected in the appendices.

2 Minimal gauged supergravities in D = 7

N = 1 (ungauged) supergravity in seven dimensions coupled to three vector multiplets

can be obtained by reducing type I supergravity in ten dimensions on a T3. The theory

possesses 16 supercharges which can be rearranged into a pair of symplectic-Majorana (SM)

spinors transforming as a doublet of SU(2)R. In this paper we shall restrict to its minimal

incarnation obtained as a truncation to the gravity supermultiplet.

In this case, the full Lagrangian enjoys a global symmetry given by

G0 = R+
X × SO(3) .

The (40B + 40F ) bosonic and fermionic propagating degrees of freedom (dof’s) of the

theory are then rearranged into irrep’s of G0 as described in table 1. We refer to the
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fields SO(5) irrep’s R+ × SO(3) irrep’s SU(2)R irrep’s # dof’s

eµ
m 14 1(0) 1 14

Aµ
i 5 3(+1) 1 15

Bµνρ 10 1(−2) 1 10

X 1 1(+1) 1 1

ψµα 16 1(0) 2 32

χα 4 1(0) 2 8

Table 1. The on-shell field content of (ungauged) minimal N = 1 supergravity in D = 7. Each

field is massless and hence transforms in some irrep of the corresponding little group SO(5) w.r.t.

spacetime diffeomorphisms and local Lorentz transformations.

appendix for a summary of our notations concerning SM spinors. In such a minimal setup,

the possible consistent deformations of the theory associated with a generalized embedding

tensor are of the following two different types:

• an SU(2) gauging realized by the three vector fields in table 1 and controlled by the

gauge coupling constant g,

• a Stückelberg-like coupling h giving a mass to the 3-form gauge potential B(3) in the

gravity multiplet.

The bosonic Lagrangian for the deformed theory then reads [35]

L = R ∗(7) 1 − 5X−2 ∗(7) dX ∧ dX −
1

2
X4 ∗(7) F(4) ∧ F(4) − V(X) ∗(7) 1

− 1

2
X−2 ∗(7) F i(2) ∧ F

i
(2) − hF(4) ∧ B(3) +

1

2
F i(2) ∧ F

i
(2) ∧ B(3),

(2.1)

where R denotes the 7-dimensional Ricci scalar, V(X) is the scalar potential and F(2) &

F(4) are the (modified) field strengths of the 1- and 3-form gauge potentials, respectively.

Their explicit form is given by

F i(2) = dAi − g

2
εijk Aj ∧Ak and F(4) = dB(3). (2.2)

The explicit form of the scalar potential induced by the two aforementioned deforma-

tions reads

V(X) = 2h2X−8 − 4
√

2 ghX−3 − 2g2X2 , (2.3)

which may be, in turn, rewritten in terms of a real superpotential

f(X) =
1

2

(
hX−4 +

√
2 g X

)
, (2.4)

through the relation

V(X) =
4

5

(
−6f(X)2 + X2 (DXf)2

)
. (2.5)
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Finally, due to the presence of the topological term in (2.1) induced by h and B(3),

one has to impose an odd-dimensional self-duality condition [36] of the form

X4 ∗(7) F(4)
!

= −2hB(3) +
1

2
Ai ∧ F i(2) +

g

12
εijk A

i ∧ Aj ∧ Ak . (2.6)

This supergravity theory enjoys N = 1 supersymmetry, which can be made mani-

fest by checking the invariance of its full Lagrancian w.r.t. the following supersymmetry

transformations

δζeµ
m = ζ̄a γ

m ψµ
a,

δζX =
X

2
√

10
ζ̄a χ

a,

δζAµ
i = i

X√
2

[(
ψ̄µb ζ

a − 1

2
δab ψ̄µc ζ

c

)
− 1√

5

(
χ̄b γµ ζ

a − 1

2
δab χ̄c γµ ζ

c

)]
,

δζBµνρ =
X−2

√
2

(
3

2
ψ̄µa γνρ ζ

a +
1√
5
χ̄a γµνρ ζ

a

)
,

δζψµ
a = ∇µζa + ig (Aµ)ab ζ

b + i
X−1

10
√

2
(γµ

mn − 8 eµ
m γn)

(
F(2)mn

)a
b
ζb

+
X2

160

(
γµ

mnpq − 8

3
eµ
m γnpq

)
F(4)mnpq ζ

a − 1

5
f(X) γµ ζ

a,

δζχ
a =

√
5

2
X−1/∂X ζa − i

X−1

√
10

(
/F (2)

)a
b
ζb +

X2

2
√

5
/F (4) ζ

a − X

5
DXf ζ

a,

(2.7)

where we introduced the following notation /ω(p) ≡
1
p! γ

m1···mp ω(p)m1···mp , ω(p) being a

p-form, and the SU(2)-valued vector fields read

A ≡ 1

2
Ai σi , (2.8){

σi
}

being the Pauli matrices given in (A.4).

The bosonic field equations obtained by varying the action (2.1) are given by

Rµν − 5X−2 ∂µX ∂νX −
1

5
V(X) gµν −

X−2

2

(
F(2)

)2
µν
− X4

2

(
F(4)

)2
µν

= 0,

∇µ
(
X−1∇µX

)
− X4

120

∣∣F(4)

∣∣2 +
X−2

20

∣∣F(2)

∣∣2 − X

10
DXV = 0,

d
(
X4 ∗(7) F(4)

)
+

g√
2
F(4) −

1

2
F i(2) ∧ F

i
(2) = 0,

dA

(
X−2 ∗(7) F i(2)

)
− F i(2) ∧ F(4) = 0,

(2.9)

where(
F(2)

)2
µν
≡ F i(2)µρ

F i(2)ν

ρ − 1

10

∣∣F(2)

∣∣2 gµν , ∣∣F(2)

∣∣2 ≡ F i(2)µν
F i(2)

µν
,

(
F(4)

)2
µν
≡ F(4)µρσκ

F(4)ν
ρσκ − 1

40

∣∣F(4)

∣∣2 gµν , ∣∣F(4)

∣∣4 ≡ F(4)µνρσ
F(4)

µνρσ,

(2.10)

and dA denotes the gauge-covariant differential. Note that the equations of motion in (2.9)

are implied by the SUSY conditions (2.7) written down for a purely bosonic background.
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3 Domain wall solutions

We first start reviewing domain wall (DW) solutions as special examples of supersymmetric

solutions of this theory. Supersymmetric DW’s are BPS flows where the only excited

degrees of freedom are the metric and the scalar fields. In this case we consider the

following Ansatz for the D = 7 fields

ds2
7 = e2U(r) ds2

Mkw6
+ e2V (r) dr2,

X = X(r),
(3.1)

where ds2
Mkw6

denotes the flat Mkw6 metric, while both vector and 3-form fields are kept

vanishing. Note that the arbitrary function V (r) is in fact non-dynamical and could be set

to zero by means of a suitable gauge choice. However, when solving this type of problems,

it is often convenient to keep such a gauge freedom in order to simplify the resulting flow

equations such in way that they may be integrated analytically.

By choosing a Killing spinor of the form

ζ(r) = Y (r) ζ0 , (3.2)

where ζ0 is a constant SM spinor (i.e. obeying (A.1)) and further satisfying the following

projection condition1

Π(γ6) ζ0 = ζ0 , (3.3)

the SUSY equations are fully implied by the following first-order flow equations

U ′ =
2

5
eV f, Y ′ =

Y

5
eV f, X ′ = −2

5
eV X2DXf. (3.4)

If we make the gauge choice eV = − 5X−2

2DXf
, the general solution of (3.4) is given by

e2U =

(
r√

2 g r5 − 4h

)1/2

, X = r , (3.5)

where one can further consider special cases where g = 0 & h 6= 0, g 6= 0 & h = 0, and

g 6= 0 & h 6= 0. We will discuss their different 11D origin later in section 6.

4 BPS flows with the 3-form potential

In this section we present new classes of BPS flows within minimal gauged supergravity

in D = 7. In particular we consider a new class of flows involving a non-trivial profile for

the 3-form potential B(3), while still keeping the vectors inactivated for the moment. Note

that in this case, one has two crucially different possibilities:

• Vanishing topological mass: for these models the self-duality condition (2.6) is triv-

ially satisfied by an electric profile for the 3-form potential and this cases are well

described by the already known membrane solutions of ungauged supergravity.

1In what follows we shall adopt the following notation: Π(O) ≡ 1
2

(1 + O), where O denotes an

idempotent spinorial operator.
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• Non-vanishing topological mass: for these models the condition in (2.6) requires a

more complicated “dyonic” Ansatz for the 3-form potential. This is the new situation

that we analyze here and this will give rise to BPS solutions with 8 real supercharges

(BPS/2).2

4.1 Charged flow on the background Mkw3 × R3

Let us now consider a non-trivial dyonic profile for the 3-form potential B(3) for a 7-

dimensional background including the flat manifold R3. We make the following Ansatz for

the fields

ds2
7 = e2U(r) ds2

Mkw3
+ e2V (r) dr2 + e2W (r) ds2

R3 ,

X = X(r),

B(3) = k(r) volMkw3 + l(r) volR3 ,

(4.1)

where ds2
Mkw3

& ds2
R3 respectively denote the flat Mkw3 & the flat R3 metric, while the

vector fields are still kept vanishing. Note that V (r) is an arbitrary non-dynamical function

and can be set to zero with a suitable gauge choice.

By choosing a Killing spinor of the form

ζ(r) = Y (r)
(
cos θ(r)18 + sin θ(r) γ012

)
ζ0 , (4.2)

where ζ0 is a constant SM spinor (i.e. obeying (A.1)) and further satisfying the following

projection condition

Π
(
γ3
)
ζ0 = ζ0 , (4.3)

the Killing spinor equations are fully implied by the following first-order flow equations

U ′ =
1

5
eV f

(3 cos(4θ) − 1)

cos(2θ)
,

W ′ = −2

5
eV f

(cos(4θ) − 2)

cos(2θ)
,

Y ′ =
1

10
eV Y f

(3 cos(4θ) − 1)

cos(2θ)
,

θ′ = −eV f sin(2θ),

k′ = −4f e3U+V

X2
tan(2θ),

l′ =
4f eV+3W

X2
sin(2θ),

X ′ = −2

5
eV X

(
XDXf − 8f

sin4 θ

cos(2θ)

)
,

(4.4)

2This situation was originally considered in [37], where some insights were given concerning the search

for dyonic membrane solutions. However, at least to our knowledge, explicit solutions of this type have not

been constructed yet.
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provided that the following extra differential constraint

XDXf + 4 f
!

= 0 , (4.5)

holds along the flow. It can be shown that (4.5) is solved by a superpotential of the

original form given in (2.4) by setting g = 0. This situation corresponds to having a pure

Stückelberg deformation associated with the parameter h, without any gauging.

After performing the following gauge choice for the function V

eV
gauge fix.

= f−1 , (4.6)

the above flow equations may be integrated analytically and the solution reads

e2U = sinh(4r)1/5 coth(2r), e2V =
4

h2
sinh(4r)16/5,

e2W = sinh(4r)1/5 tanh(2r), X = sinh(4r)2/5 ,

k =
1√

2 sinh2(2r)
, l = − 1√

2 cosh2(2r)
,

Y = sinh(4r)1/20 coth(2r)1/4, θ = arctan
(
e−2r

)
.

(4.7)

One may check that (4.7) correctly satisfies the bosonic field equations in (2.9) as well as the

odd-dimensional self-duality condition (2.6). Note that this solution is not asymptotically

AdS7, consistently with the fact that the monomial scalar potential induced by the only

contribution of the topological mass has a run-away behavior in X.

4.2 Charged flow on the background Mkw3 × S3

It is now natural to wonder if flows driven by the complete profile of the potential (2.3)

exist or, equivalently, if asymptotically AdS7 solutions with a running profile for the 3-form

exist in the considered theory.

It is well known that one of the main features of the first-order formulation of super-

gravity is its gauge-dependence: the profile of the Killing spinor directly determines the

background through the first-order flow equations, which turn out to explicit depend on

the spin connection of the background itself. Adapting this story to our case, this implies

that searching for Killing spinors corresponding to asymptotically AdS7 flows is equivalent

to looking for a background parametrization such that the corresponding flow equations

are driven by the complete superpotential (2.4).

We claim that this happens only if the locally Euclidean part of the background admits

an SO(3)-covariant parallelized basis, i.e. we need a field configuration parametrized in such

a way the spin connection of the Euclidean part of the metric takes non-zero constant values

once expressed in flat coordinates. From these considerations it follows that the presence

of AdS7 is excluded for a metric containing R3 since it is flat and also for H3 since its

parallelized basis is SO(2, 1)-covariant.

Thus we consider an Ansatz of the form,

ds2
7 = e2U(r) ds2

Mkw3
+ e2V (r) dr2 + e2W (r) ds2

S3 ,

X = X(r),

B(3) = k(r) volMkw3 + l(r) volS3 ,

(4.8)
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where ds2
S3 is the metric of a unit S3 and volS3 its volume. We choose the set of Hopf

coordinates (θ1, θ2, θ3) on S3, such that

ds2
3 =

1

κ2

[
dθ2

2 + cos2 θ2dθ
2
3 + (dθ1 + sin θ2dθ3)2

]
. (4.9)

The dreibein corresponding to this parametrization of the S3 is non-diagonal,

e1 =
1

κ
dθ1,

e2 =
1

κ
(cos θ1dθ2 + sin θ1dθ3) ,

e3 =
sin θ2

κ
dθ1 +

cos θ2

κ
(− sin θ1dθ2 + cos θ1dθ3) ,

(4.10)

and the corresponding spin connection is constant if expressed in the flat basis (4.10) and

given by

ωi jk =
κ

2
εijk with i, j, k = 1, 2, 3 . (4.11)

In what follows the SO(3) indices (i, j, k) = 1, 2, 3 must be identified with the (4, 5, 6)

components of the flat basis of the whole 7-dimensional metric.

By choosing a Killing spinor with the same profile of (4.2) and satisfying the projection

condition (4.3), the Killing spinor equations are satisfied if the following system of first-

order flow equations hold,

U ′ =
1

25
eV

(3 cos(4θ) + 7) f + 6 sin2(2θ)XDXf

cos(2θ)
,

W ′ = − 2

25
eV

(cos(4θ) − 6) f + 2 sin2(2θ)XDXf

cos(2θ)
,

Y ′ =
1

50
eV Y

(3 cos(4θ) + 7) f + 6 sin2(2θ)XDXf

cos(2θ)
,

θ′ = −1

5
eV sin(2θ) (f − XDXf) ,

k′ =
2

5

eV+3U tan(2θ) (2 f + 3XDXf)

X2
,

l′ =
4

5

eV+3W sin(2θ) (f − XDXf)

X2
,

X ′ = − 2

25
eV X

(4 + cos(4θ))XDXf + 2 sin2(2θ) f

cos(2θ)
,

(4.12)

where the constraint

κ+
2

5
eW tan(2θ) (XDXf + 4 f)

!
= 0 , (4.13)

has been imposed along the whole flow. Imposing the constraint (4.13) and the flow (4.12)

on the equations of motion (2.9), it follows that they are satisfied if the superpotential is

given by the (2.4) with arbitrary values of g and h.
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As in the case of the previous section, we perform the following gauge choice for the

function V

e−V
gauge fix.

=
1

5
(f − XDXf) , (4.14)

the above flow equations may be integrated analytically and the solution reads

e2U =

((
ρ4+1

)3(
ρ16+4ρ12+4ρ4+1

)
ρ10 (ρ4−1)2

)2/5

, e2V =
22/5

(
ρ8−1

)16/5

h2/5g8/5 (ρ16 + 4ρ12 + 4ρ4 + 1)8/5
,

e2W =

((
ρ4−1

)3(
ρ16+4ρ12+4ρ4+1

)
ρ10 (ρ4+1)2

)2/5

, X =
23/10h1/5

(
ρ8−1

)2/5
g1/5 (ρ16+4ρ12+4ρ4+1)1/5

,

k =
22/5g2/5

(
ρ16+4ρ12+4ρ4+1

)
h2/5ρ4 (ρ4−1)2 , l =

22/5g2/5
(
ρ16−4ρ12−4ρ8−4ρ4+1

)
h2/5ρ4 (ρ4+1)2 ,

Y =

((
ρ4+1

)3(
ρ16+4ρ12+4ρ4+1

)
ρ10 (ρ4−1)2

)1/10

, θ = arctan
(
ρ−2
)
,

(4.15)

where r = log ρ and from (4.13) one obtains κ = −29/5g4/5h1/5.

In the asymptotic region, the flow (4.15) turns out to locally reproduce AdS7, in fact

the contribution of F(4) turns out to be sub-leading when r → +∞. In this limit one has

θ = 0 , X = 1 , F0123 = 0 , F3456 = 0 , (4.16)

where we made the choice for the parameters3 h and g such that h = g

2
√

2
. In the limit

r → 0 the flow is singular. Finally it is easy to verify that (4.15) correctly satisfies the

equations of motion in (2.9) and the odd-dimensional self-duality condition (2.6).

4.3 Background AdS3 × S3: AdS7 charged domain wall

We now want to consider a slightly more complicated system such that the whole back-

ground be curved. This is achieved by considering an AdS3 slicing of the 7-dimensional

background. In this section we will consider for simplicity a background depending only

on a independent warp factor U(r), thus the configuration of the fields has the form,

ds2
7 = e2U(r) ds2

AdS3
+ e2V (r) dr2 + e2U(r) ds2

S3 ,

X = X(r),

B(3) = k(r) volAdS3 + l(r) volS3 ,

(4.17)

where ds2
S3 is again the metric of the S3 parametrized as in (4.9), while ds2

AdS3
is the metric

of ds2
AdS3

in the parallelized basis (t, x1, x2) such that

ds2
AdS3

=
1

L2

[(
dx1
)2

+ cosh2 x1
(
dx2
)2 − (dt− sinhx1dx2

)2]
. (4.18)

3The explicit dependence on the parameters h and g of the flow is related to the gauge choice (4.28).

Given this particular gauge choice, one can always choose h = g

2
√
2

in order to obtain X = 1 as an asymptotic

of value for the R+ dilaton.
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The non-symmetric dreibein associated to this parametrization is given by

e0 =
1

L
dt,

e1 =
1

L

(
cos t dx1 + sin t dx2

)
,

e2 = −sinhx1

L
dt +

coshx1

L

(
− sin t dx1 + cos t dx2

)
,

(4.19)

and defines a constant spin connection as in the case of S3.

Keeping the same Killing spinor given in (4.2) with the projection condition (4.3), the

Killing spinor equations determine a system of first-order flow equations for the superpo-

tential (2.4) if

θ(r) = 0 , k(r) = l(r) , κ = L . (4.20)

In this case the BPS equations take the simple form

U ′ =
2

5
eV f,

Y ′ =
Y

5
eV f,

k′ = −e
2U+V L

X2
,

X ′ = −2

5
eV X2DXf,

(4.21)

Choosing the gauge

e−V = −2

5
X2DXf , (4.22)

and choosing the parameters as h = g

2
√

2
, the equations (4.21) are easly integrated in the

interval r ∈ (0, 1), yielding 

e2U =
2−1/4

√
g

(
r

1 − r5

)1/2

,

e2V =
25

2g2

r6

(1 − r5)2 ,

Y =
2−1/16

g1/8

(
r

1 − r5

)1/8

,

k = −21/4 L

g3/2

(
r5

1 − r5

)1/2

,

X = r .

(4.23)

This solution turns out to be asymptotically locally AdS7. In particular, in the limit r → 1

one has

X = 1 , F0123 = 0 , F3456 = 0 , (4.24)

while for r → 0 the solution is singular.
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4.4 Background AdS3 × S3: general flow AdS7 → AdS3 × T4

Let us now consider a slightly more complicated background where the warping is deter-

mined by two independent functions U and W ,

ds2
7 = e2U(r) ds2

AdS3
+ e2V (r) dr2 + e2W (r) ds2

S3 ,

X = X(r),

B(3) = k(r) volAdS3 + l(r) volS3 ,

(4.25)

where ds2
S3 is again the metric of the S3 parametrized as in (4.9), while ds2

AdS3
is the metric

of ds2
AdS3

parametrized as in (4.18).

Given the usual Killing spinor (4.2) with the projection condition (4.3), the first-order

flow equations are given by



U ′ =
1

25
eV

(3 cos(4θ) + 7) f + 6 sin2(2θ)XDXf − 5Le−U sin(2θ)

cos(2θ)
,

W ′ = − 1

25
eV

2(cos(4θ) − 6) f + 4 sin2(2θ)XDXf + 5Le−U sin(2θ)

cos(2θ)
,

Y ′ =
1

50
eV Y

(3 cos(4θ) + 7) f + 6 sin2(2θ)XDXf − 5Le−U sin(2θ)

cos(2θ)
,

θ′ = −1

5
eV sin(2θ) (f − XDXf) ,

k′ =
e3U+V

5X2

[
2 tan(2θ) (2f + 3XDXf)− 5Le−U

cos(2θ)

]
,

l′ =
e3W+V

5X2

[
4 sin(2θ) (f − XDXf)− 5Le−U

]
,

X ′ = − 1

25
eV X

2 (4 + cos(4θ))XDXf + 4 sin2(2θ) f − 5Le−U sin(2θ)

cos(2θ)
,

(4.26)

where the constraint

κ− L eW−U

cos(2θ)
+

2

5
eW tan(2θ) (XDXf + 4 f)

!
= 0 , (4.27)

has been imposed along the whole flow. Imposing the constraint (4.27) the equations of

motion (2.9) are fully satisfied imposing (4.26) if the superpotential is given by the (2.4)

with arbitrary values of g and h.

Performing the usual gauge choice for the function V

e−V
gauge fix.

=
1

5
(f − XDXf) , (4.28)
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the above flow equations are solved by

e2U =

(
ρ4 + 1

)2 (√
2 g
(
ρ16 + 4 ρ12 + 4 ρ4 + 1

)
− 8Lρ4

(
ρ8 + 1

))2/5
214/5 h2/5 ρ4 (ρ8 − 1)4/5

,

e2V =
226/5

(
ρ8 − 1

)16/5

h2/5
(√

2 g (ρ16 + 4ρ12 + 4ρ4 + 1)− 8Lρ4 (ρ8 + 1)
)8/5 ,

e2W =

(
ρ4 − 1

)2 (√
2 g
(
ρ16 + 4 ρ12 + 4 ρ4 + 1

)
− 8Lρ4

(
ρ8 + 1

))2/5
214/5 h2/5ρ4 (ρ8 − 1)4/5

,

X =
22/5 h1/5

(
ρ8 − 1

)2/5(√
2 g (ρ16 + 4 ρ12 + 4 ρ4 + 1)− 8Lρ4 (ρ8 + 1)

)1/5 ,
k =

√
2 g
(
ρ16 + 4 ρ12 + 4ρ4 + 1

)
− 2L

(
ρ16 + 4ρ12 − 2 ρ8 + 4 ρ4 + 1

)
16h ρ4 (ρ4 − 1)2 ,

l =

√
2 g
(
−ρ16 + 4 ρ12 + 4 ρ8 + 4 ρ4 − 1

)
+ 2L

(
ρ16 − 4 ρ12 − 2 ρ8 − 4 ρ4 + 1

)
16h ρ4 (ρ4 + 1)2 ,

Y =

((
ρ4 + 1

)2 (√
2 g
(
ρ16 + 4 ρ12 + 4 ρ4 + 1

)
− 8Lρ4

(
ρ8 + 1

))2/5
214/5 h2/5 ρ4 (ρ8 − 1)4/5

)1/4

,

θ = arctan
(
ρ−2
)
,

(4.29)

where r = log ρ and, from (4.27), one obtains

κ+ L =
√

2 g . (4.30)

This flow is asymptotically locally AdS7: for any values of κ and L respecting (4.4) and

for h = g

2
√

2
, one has

θ = 0 , X = 1 , F0123 = 0 , F3456 = 0 , (4.31)

in the limit r → +∞.

The study of the limit r → 0 crucially depends on the relation between κ and L. The

general leading-order behavior of the scalar potential (2.3) is given by

V =
h2/5

(
5
√

2 g − 8L
)8/5

23/10 r16/5
+ . . . . (4.32)

From this expression we conclude that the behavior of the flow in the limit r → 0 is singular

except for the special value

L =
5 g

4
√

2
, (4.33)

where the scalar potential takes a constant value and the flow turns out to be described

locally by AdS3×T4, where the main difference with respect to the asymptotics is the fact

that this geometry is not a solution per se, as AdS7, but only the infrared (leading) profile

of the flow (4.29) when the radii of AdS3 and S3 are related by (4.33).
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In this limit, we have

θ =
π

4
, X =

22/5

31/5
, F0123 = 0 , F3456 = − 31/5

219/10
g . (4.34)

Finally one can verify that (4.29) solves the equations of motion (2.9) and the odd-

dimensional self-duality condition (2.6).

5 Coupling to the SU(2) vectors

In this section we extend our analysis including the coupling to the SU(2) vectors Ai. In

particular, the aim is finding solutions described by the backgrounds (4.8) and (4.25), with

running 3-form field, including three non-Abelian vectors describing a Hopf fibration of the

3-sphere S3. Extending the set of excited fields in the general Ansatz results in a partial

supersymmetry breaking. On the one hand this is due to the presence of new terms in the

Killing spinor equations (2.7), on the other hand, the stucture of (2.7) tells how the profile

of the vectors should be in order to still preserve some amount of supersymmetry.

5.1 Killing spinors and twisting condition

Let us consider the backgrounds (4.8) or (4.25) with the S3 metric parametrized as in (4.9),

together with an Ansatz for the vectors given by

Aij =
A(r)

2 g
εi k l ωj kl , (5.1)

where ωi are the components of the spin connection of the S3 and the last three values of

the curved index µ = 4, 5, 6 have been identified with the SO(3) indices i, j · · · = 1, 2, 3.

Given the Ansatz (5.1), we notice that the SM structure of the spinors turns out to

be crucial in order to avoid a complete SUSY breaking. This may be seen explicitly by

looking at the gravitini supersymmetry variations δζψµ
a, which acquire now the following

new terms depending on Ai

· · ·+ 1

4
ωi jk γ

j kζa + ig (Ai)
a
b ζ

b + i
X−1

10
√

2
(γi

mn − 8 ei
m γn) (Fmn)ab ζ

b + · · · , (5.2)

which are characterized by a non-trivial action of the vectors on the SU(2) structure of

the spinor ζa. If one looks at first contribution in (5.2) coming from the spin connection

of the S3 in relation to the second term, we see that the only way of preserving some

supersymmetry is to take the Killing spinor oriented along the direction identified by the

vectors. This happens only if one imposes three new projection condition on the spinor.

In terms of the SM spinor ζa defined in (4.2) and satisfying (4.3), these new conditions are

given by

γ5 6 ζa0 = −i
(
σ1
)a
b
ζb0 , γ4 6 ζa0 = i

(
σ2
)a
b
ζb0 , γ4 5 ζa0 = −i

(
σ3
)a
b
ζb0 , (5.3)

which may be reexpressed as

Π
(
i γij ⊗ σk

)
ζ0

!
= ζ0 , (5.4)
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with i, j, k chosen to be all different and in all possible permutations. It easy to show

that the SM condition (A.1) is given exactly by the second projection condition in (5.3)

if one represents the spinor ζa0 as a SU(2) doublet. Thus (5.3) reduce the total amount of

supersymmetry to two real supercharges (BPS/8).

It has been shown [38] that the projection conditions (5.3) are naturally realized from

those configurations with A(r) = 1 and the gauge fields are independent of the radial

coordinate. In this case, the effect of the vectors (5.1) is to exactly compensate the contri-

bution in (5.2) due to the spin connection of S3. This can be understood by recalling the

expression of the spin connection of S3 given in (4.11) and comparing the first two terms

of (5.2). It is easy to show that (5.3) are implied by a twisting condition [26] given by

− 1

2
ωi jk γ

j kζa = i g Aji
(
σj
)a
b
ζb . (5.5)

Thus, in this case, the effect of the coupling to the vector fields is literarly to twist the

Killing spinor in order to compensate the contribution coming from the curvature of the

background and preserving a certain amount of supersymmetry.

It is worth mentioning that including of the 3-form implies a non-trivial radial de-

pendence for the gauge fields. In the next sections we will provide some examples of this

fact. Generally the special form of the Killing spinor (4.2), which is needed in order to

include the 3-form, implies a non-trivial profile for A(r) and from this it follows that all

the solutions of the type AdSp×Σ7−p are either characterized by a constant value for A(r)

and a vanishing 4-form field strength, or by a non-constant profile for the gauge fields and

a non-trivial the 3-form.

5.2 Vectors coupled to the background Mkw3 × S3

Let us consider the background (4.8), and furthermore include vectors given by the

Ansatz (5.1). Thus one has

ds2
7 = e2U(r) ds2

Mkw3
+ e2V (r) dr2 + e2W (r) ds2

S3 ,

X = X(r),

B(3) = k(r) volMkw3 + l(r) volS3 ,

Ai =
A(r)

2 g
εi k l ωj kl d θ

j ,

(5.6)

where S3 is parametrized by the parallelized basis {θi} introduced in (4.9). As we men-

tioned in the previous section, we consider a Killing spinor ζa of the form (4.2) and satis-

fying (4.3) and (5.3). Thus ζa has two real independent components. Plugging this Ansatz

into the Killing spinor equations (2.7), we obtain the set of consistent first-order flow

equations given in (B.1). Remarkably, the coupling to the vector fields produces a set of

consistent flow equations without any additional constraint as opposed to what happened

in section 4 for flows without vectors.

By solving the flow equations on a background of the form Mkw3×H3 with a vanishing

4-form field strength and A(r) = 1 we know that AdS4 ×H3 solutions exist [38] . Thus it
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resoneable to wonder whether a solution of the same type with an AdS4 × S3 background

exists as a particular solution for (5.8). However, one gets easily convinced that such a

solution cannot exist within the N = 1 truncation of the theory.4 Moreover we observed

that imposing A(r) = 1 in (B.1) without any other specifications on the fields, the equations

of motion do not admit any solutions.

Thus we are forced to keep a non-trivial radial dependence for the gauge fields. In this

case the flow equations (B.1) can be intregrated numerically. We are interested in those

solutions that are asymptotically locally AdS7, which means that we first have to verify if

there is a particular limit of the background in (5.6) reproducing AdS7 at the leading order

in its asymptotic expansion.

In order to be able to perform numerical integration, we also need to make a choice

of the value of the free parameter in the system. In particular, we impose for simplicity

g = 1, h = 1
2
√

2
and κ = 1 and we make the gauge choice V (r) = 0. Then, it is possible to

verify that the following configuration

U =
r

2
√

2
, W =

r

2
√

2
, X = 1 , θ = 0 , Y = eU/2 ,

k = 0 , l = 0 , A = 1 ,
(5.7)

solves (B.1) at the leading order when r → +∞. One can intregrate numerically (B.1), by

using the asymptotic behavior of the fields given in (5.7) as initial data. By doing so, one

obtains a profile for the fields that is singular in r → 0 and locally AdS7 for r → +∞. The

explicit radial profile of the fields for this solution is plotted in figure 1.

5.3 Vectors coupled to the background AdS3 × S3

Let us now consider the background (4.25) coupled to the vectors as given in (5.1). The

complete Ansatz is now given by

ds2
7 = e2U(r) ds2

AdS3
+ e2V (r) dr2 + e2W (r) ds2

S3 ,

X = X(r),

B(3) = k(r) volAdS3 + l(r) volS3 ,

Ai =
A(r)

2 g
εi k l ωj kl d θ

j ,

(5.8)

where AdS3 and S3 are respectively parametrized as in (4.18) and (4.9).

Given the Killing spinor ζa of the form (4.2) and satisfying (4.3), the set of the first-

order flow equations describing the background (5.8) is given in (C.1).

The background (5.8) admits, among others, an AdS3×H4 solution. This is an example

of AdSd<7 solution with a non-constant profile for both the gauge fields and the 3-form [39].

4Imposing A(r) = 1, we found that the flow equations (B.1) and the equations of motion (2.9) are

satisfied by a constant 3-form, by a linear dependence on r of U and by an imaginary constant value of W .
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Figure 1. Flows of e2U(r), e2W (r), X(r), A(r), l(r), k(r) plotted in the interval r ∈ (0, 1.4] with

g = 1, h = 1
2
√
2
, κ = 1 and V (r) = 0.

In particular the following expressions for the fields,

e2U =
L2

7
, e2W = sinh (r) , e2V = 1 , X =

(
7

12

)1/5

, θ =
π

4
, Y = eU/2 ,

k = −24/5 32/5 L3

719/10
, l =

32/5

21/5 79/10
(9 cosh (r)− cosh (3r) + 8) , A = 1 + cosh (r) ,

(5.9)

provide a solution for both (C.1) and (2.9) with h = g

2
√

2
, κ = 2 and g = 31/5 73/10

21/10
.

As in the previous section, we integrate numerically the flow equations (C.1) by starting

from the locally AdS7 asymptotics. Choosing the same values for g, h and κ characterizing

the solution (5.9) and V (r) = 0, it is possible to show that the locally AdS7 configuration

U =
31/5 73/10

28/5
r , W =

31/5 73/10

28/5
r , X = 1 , θ = 0 , Y = eU/2 ,

k = 0 , l = 0 , A = 1 ,

(5.10)

solves (C.1) in the limit r → +∞. We intregrated numerically the flow equations in (C.1)

starting from (5.10). In this way we obtained a flow that shows a singular behavior as

– 17 –



J
H
E
P
1
2
(
2
0
1
7
)
0
4
1Figure 2. Flows of e2U(r), e2W (r), X(r), A(r), l(r), k(r) plotted in the interval r ∈ (0.5, 1] with

g = 31/5 73/10

21/10
, h = g

2
√
2
, κ = 2, L = 0.3 and V (r) = 0.

r → 0, while clearly keeping its locally AdS7 structure in its asymptotic region. The

explicit profile of the 7D fields is shown in figure 2. It may be worth noticing that the

above flow does not describe AdS3×H4 in the limit where r → 0, but this should not be a

surprise since this solution describes an AdS3 slicing of the 7D background, where the radial

coordinate of the 7D background does not coincide with the radial coordinate of AdS3. It

is in fact this latter one which is expected to parametrize the flow where AdS3 emerges in

the IR limit. As for the complete flow realizing the full interpolation between AdS7 and

AdS3×H4, it should be represented by a more general BPS background describing a Mkw2

slicing of the 7D background dependent on both coordinates.

6 M-theory lifts

Given the solutions derived in section 4, we will now try to give them an intepretation

in terms of bound states in M-theory. It is well known that the equations of motion

of the minimal gauged supergravity in D = 7 written in (2.9) are obtained by reducing
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11-dimensional supergravity on S4 [22]. This consistent truncation produces the scalar po-

tential (2.3) depending on the parameters g and h, where h is related to the 11-dimensional

F(4) flux and g is the gauge parameters of the SU(2) vectors describing the squashing of

the 3-sphere with respect to which the S4 is written as an S3-fibration over a segment.

This can be explicitly checked by means of a simple group-theoretical argument. To

this end, we decompose the embedding tensor piece of the maximal theory with 11D origin

from S4, i.e. the 15 of SL(5,R), and identify the SO(3)-singlets corresponding to h & g.

This procedure yields

SL(5,R) ⊃ R+
1 × SL(4,R) ⊃ R+

1 × R+
2 × SL(3,R) ⊃ R+

1 × R+
2 × SO(3)

15 → 1(+4) ⊕ 10(−1) → 1(+4;0) ⊕ 6(−1;−2) → 1(+4;0)︸ ︷︷ ︸
h

⊕ 1(−1;−2)︸ ︷︷ ︸
g

Now one gets easily convinced that the 11D F(4) flux is to be identified with the embedding

tensor piece which was already a singlet of SL(4,R), i.e. h, while the SU(2) curvature is

only expected to be a singlet of SO(3), and hence is naturally identified with g.

Since the above gauging parameters are related to the fluxe configurations in the

higher-dimensional theory, other reductions can be in principle considered and the simplest

of those is certainly the one on the torus T4, yielding the potential (2.3) with g = 0.

If one considers the flows obtained as solutions in N = 1 gauged supergravity in D = 7,

the existence of consistent truncations implies that the physics of some solitonic objects in

M-theory is captured by the solutions in 7-dimensional supergravity in the low-energy limit.

The simplest example of this is given by the DW solutions in (3.5) that describe three

possible configurations in M-theory, depending on how the gauging in the 7-dimensional

supergravity is further specified. All of them consist of M5-branes reduced in different ways

on their transverse space. In particular, one may easily see that [25]:

• h 6= 0 and g = 0: the DW (3.5) describes an M5-brane with four of its transverse

coordinates reduced on a T4,

• h = 0 and g 6= 0: the DW (3.5) describes an NS5-brane in IIA string theory reduced

on an S3, or an M5-brane with four of its transverse coordinates reduced on S1×S3,

• h 6= 0 and g 6= 0: the DW (3.5) describes an M5-brane with four of its transverse

coordinates reduced on an S4.

As a general fact, not all of the truncations of higher-dimensional theories admit so-

lutions with an AdS7 asymptotic behavior. In fact, since only the complete form of the

potential (2.3) admits AdS7 critical points, only the last DW solution (with h 6= 0 and

g 6= 0) will asymptote to the AdS7 that is associated with the AdS7 × S4 Freund-Rubin

vacuum. Such a vacuum can be indeed obtained by taking the near-horizon limit of the

M5-brane geometry.
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6.1 Dyonic solutions and M2-M5 bound state on T4

Moving to the flows involving a dyonic profile for the 3-form potential, let us first consider

the solution presented in (4.7). In this case the potential driving the solution is given by

V(X) = 2h2X−8 , (6.1)

which, due to its run-away behavior, has no critical points. As we said, the truncation

producing a potential with g = 0 is obtained by considering the low-energy limit of M-

theory on a 4-torus T4 with non-vanishing 4-form flux. In this section we want to show that

the flow in (4.7) is the low-energy description of a supersymmetric M2 −M5 bound state

discovered in [40] by uplifting to eleven dimensions a dyonic membrane solution obtained

in N = 2, D = 8 supergravity.

The corresponding eleven-dimensional background reads

ds2
11 = H−2/3

(
sin2 ξ +H cos2 ξ

)1/3
ds2

Mkw3
+H1/3

(
sin2 ξ +H cos2 ξ

)1/3
ds2

R5

+ H1/3
(
sin2 ξ +H cos2 ξ

)−2/3
ds2

R3 ,
(6.2)

where H is a harmonic function on R5 and ξ is a constant angle. The 4-form field strength

is given by

F(4) =
1

2
cos ξ ∗(5) dH +

1

2
sin ξ dH−1 ∧ volMkw3 −

3 sin(2 ξ)

2
(
sin2 ξ +H cos2 ξ

)2 volR3 ∧ dH ,

(6.3)

where volMkw3 and volR3 are respectively the volume of the 3-dimensional Minkowski space

and the volume of R3.

Since H is defined on R5, the solution may be interpreted as the effective description

of an M2-brane completely smeared over the worldvolume of an M5 or, equivalently, of an

M5-brane carrying a dissolved M2 charge. This configuration preserves 16 supercharges.

Note that it is not the mere superposition between the M2 and the M5-brane and this is

due to the presence of the third term of (6.3) accounting for M2 – M5 interactions. There

are two particular values for the parameter ξ:

• cos ξ = 0: purely electric case corresponding to a pure (smeared) M2-brane,

• sin ξ = 0: purely magnetic case corresponding to a pure M5-brane.

Because of the intrinsic structure of bound state of the solution (6.2), its brane interpreta-

tion for general values of ξ remains somewhat obscure,5 but it can be shown that it has a

smooth horizon for any ξ 6= π
2 , the corresponding near-horizon geometry being AdS7 × S4.

From [40] we know that, by compactifying6 (6.2) on a T3, one obtains a flow in N = 2,

D = 8 supergravity featured by a dyonic 3-form and an axio-dilaton. The 8-dimensional

flow trasforms under SL(2,R) and this means that one can always find a transformation

such that the 8-dimensional 3-form is completely electric.

5This issue was originally discussed in [41, 42], where this 11D solution at generic angles ξ was given an

interpretation in terms of an M2 – M5 funnel geometry.
6Giving a periodic identification on the coordinates of R3.
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Let us now reduce the (6.2) and (6.3) on a T4. In order for this procedure to be

consistent, a smearing of the charge distrubution is required along all the T4 coordinates.

To implement this, choose the R5 coordinates such that

ds2
R5 = dz2 + ds2

T4 , with H = 1 + α z , (6.4)

with α real parameter. The form of (6.3) suggests a dyonic profile for the corresponding

7-dimensional 3-form, but in this case the odd-dimensional self-duality conditions (2.6)

spoil the possibility of rotating the dyonic 3-form into a completely electric one as it was

done in the 8-dimensional case.

The reduction on T4 of 11-dimensional supergravity can be performed directly at the

level of the 11-dimensional action with the following reduction Ansatz on the metric,

ds2
11 = X−4/3 ds2

7 + X5/3 ds2
T4 , (6.5)

and including a 4-form field strength wrapping the T4,

F(4) = q volT4 , (6.6)

where q is the flux associated to the 11-dimensional 3-form and X is the scalar field be-

longing to the supergravity multiplet of the 7-dimensional minimal supergravity associated

to the volume modulus of T4. Imposing7 this reduction Ansatz we obtain the action (2.1)

with g = 0, Ai = 0 and a scalar potential given by (6.1).

Using the reduction Ansatz (6.5) and (6.6), we want to compare (6.2) and (6.3)

with (4.7). We start by extracting the 7-dimensional flow from (6.2) and (6.3).

Let us begin with the first term of (6.3) placed on T4, i.e. ∗(5)dH = α volT4 . Com-

paring it with (6.6), we immediately obtain q = cos ξ
2 α. By a comparison with (6.5), it is

possible to extract a 7-dimensional metric and the expression for X from (6.2), one obtains

ds2
7 = H−2/5

(
sin2 ξ +H cos2 ξ

)3/5
ds2

Mkw3
+H3/5

(
sin2 ξ +H cos2 ξ

)3/5
dz2

+ H3/5
(
sin2 ξ +H cos2 ξ

)−2/5
ds2

R3 ,

X = H1/5
(
sin2 ξ +H cos2 ξ

)1/5
.

(6.7)

The 7-dimensional 4-form field strength is simply given by the second and the third terms

of (6.3), in particular one has

F(4) =
sin ξ

2
d
(
H−1 volMkw3

)
+

3 sin ξ

cos ξ
d
((

sin2 ξ +H cos2 ξ
)−1

volR3

)
. (6.8)

We can now consider the flow (4.7) and compare it with (6.7) and (6.8). We firstly

rewrite (4.7) with a more general dependence on the integration constants that will be

fixed by the matching,

e2U = 21/5 e2α1 sinh(2hr)1/5 coth(hr), eV = 28/5 α4
3 sinh(2hr)8/5,

e2W = 21/5 e2α2 sinh(2hr)1/5 tanh(hr), X = 22/5 α3 sinh(2hr)2/5,

k =
e3α1

2α2
3

sinh(hr)−2, l = −e
3α2

2α2
3

cosh(hr)−2.

(6.9)

7We imposed the relation
volT4
2κ2

11
≡ 1

2κ2
7

between the gravitational couplings.
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One finds that for the following values of the constants α1, α2, α3 and of H,

eα1 = 2−1/5 cos(ξ)2/5 sin(ξ)1/5 ,

eα2 = −2−1/5 cos(ξ)−3/5 sin(ξ)1/5 ,

α2
3 = 2−8/5 cos(ξ)−4/5 sin(ξ)8/5 ,

H = 2 sin ξ α2
3 e
−3α1 sinh(hr)2 .

(6.10)

the functions U, W, X, l, k describing the flow (6.9) match exactly with (6.7) and (6.8).

We can finally derive the relation between the 7-dimensonal radial coordinate r and the

radial coordinate of M-theory z by comparing the radial parts of the 7-dimensional metrics,

eV dr
!

= H3/10
(
sin2 ξ +H cos2 ξ

)3/10
dz . (6.11)

Using (6.10) and integrating (6.11) we obtain

z =
sin2 ξ

4h cos ξ
cosh(2hr) + z0 . (6.12)

The constant z0 can be determined by comparing H = 1 + α z with the expression of H

written in (6.10) obtaining

α =
2h

cos ξ
, z0 = −1 + cos2 ξ

4h cos ξ
. (6.13)

Recalling that q = cos ξ
2 α, one finds

q = h . (6.14)

We conclude that the flow (6.9) obtained in minimal supergravity in D = 7 and described

by a dyonic 3-form and by the potential (6.1) describes the low-energy limit of the M2−M5

reduced on T4. In particular the Stückelberg mass h is identified with the flux associated

to the 11-dimensional 4-form field strength wrapping the 4-torus.

6.2 AdS7 flows and S4 reductions

Let us now move to considering the asymptotically AdS7 flows derived in section 4 and

their M-theory picture. The main difference with respect to the case of (4.7) is the AdS7

asymptotic behavior that extremizes the potential

V(X) = 2h2X−8 − 4
√

2 ghX−3 − 2g2X2 . (6.15)

The truncation of 11-dimensional supergravity describing (6.15) is the one on a squashed

S4 [22] and it is defined by the complete N = 1, D = 7 supergravity multiplet

(gµν , X, B(3), A
i) whose equations of motion, supplemented with the odd-dimensional self-

duality conditions are written in (2.9) and (2.6).

The metric of the internal S4 is given by a foliation of 3-spheres and its deformations are

parametrized by the 7-dimensional scalar X. The squashing leaves the 3-sphere foliations
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preserved. Thus, introducing the basis of left-invariant forms ηi on the 3-sphere, the 7-

dimensional gauge fields Ai describe the SU(2) bundle over the S3 and the metric of the

internal space is given by

ds2
4 = X3 ∆ dψ2 +

X−1

4
cos2 ψ

3∑
i=1

(
ηi − g Ai

)2
, with ∆ ≡ X−4 sin2 ψ +X cos2 ψ .

(6.16)

The truncation holds at the level of the equations of motion and of the odd-dimensional

self-duality conditions (2.9) & (2.6), and it is specified by the following 11-dimensional

Ansatz,

ds2
11 = ∆1/3 ds2

7 + 2 g−2 ∆−2/3 ds2
4 ,

A(3) = sinψB(3) +
g−3

2
√

2

(
2 sinψ + sinψ cos2 ψ∆−1X−4

)
ε(3)

− g−2

√
2

sinψ F i(2) ∧ h
i − g−1

√
2

sinψ ω(3) ,

(6.17)

where hi ≡ ηi− g Ai, ε(3) ≡ h1 ∧ h2 ∧ h3 and ω(3) ≡ Ai ∧F i(2)−
1
6 g εijk A

i ∧Aj ∧Ak, and

the fields X, B(3) and Ai are functions of the 7-dimensional background.

The flows with an AdS7 asymptotic behavior obtained in section 4 can be organized

in the following two groups:

• Mkw3 × S3 backgrounds ,

• AdS3 × S3 backgrounds .

Furthermore in both cases we presented flows with and without the coupling to SU(2)

vectors. By means of the uplift formula in (6.17), it is possible to lift the 7-dimensional flows

given in (4.15), (4.23), (4.29) to eleven dimensions, while the existence of numerical flows

obtained by solving (B.1) and (C.1) ensures the existence of corresponding 11-dimensional

configurations.

We know that all the AdS7 flows of section 4 are described by a dyonic profile for the

3-form that cannot be recast into a purely electric form because of the odd-dimensional self-

duality conditions in (2.6). Due to this argument, we are then again forced into considering

M2 − M5 bound states described in 11-dimensional supergravity by the solution (6.2)

and (6.3). This solution has an AdS7 × S4 near-horizon geometry compatible with the

asymptotics of our 7-dimensional flows and a dyonic profile of the 3-form once compactified

on S4, but the issue here is to find a suitable coordinate system for the uplifted solutions

such that a clean brane picture arises. This is particularly manifest for the flow (4.15)

coming from the Mkw3×S3 where such diffeomorphisms on the uplifted flow should relate

the coordinates (r, ψ) with the radial coordinate of M-theory.

Giving an interpretation of the warped solutions (4.23) and (4.29) is more difficult

since the presence of the AdS3 slicing implies a modification of the brane picture. For

example, the semi-localized intersection of a pp-wave with an M5-brane would modify the

geometry of the worldvolume of the M5 producing AdS3 in the near-horizon limit [43].
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This may in principle hold true even when constructing an intersection of the M2 −M5

bound state with a pp-wave, but it is in general difficult to specify the concrete momentum

charge distribution realizing it.

Finally the flows involving vectors should describe the wrapping of the worldvolume

of the M2 −M5 bound state on an S3. However, since in this case we are even lacking

the analytic form of the flows, it becomes technically impossible to search for the correct

coordinate system which could verify our expectations. On the hand of course, the presence

of the twisting condition (5.5) guaranteeing some residual supersymmetry suggests some

spontaneous brane wrapping mechanism.

7 Conclusions

In this paper we considered minimal gauged supergravity in seven dimensions with SU(2)

gauge group and non-vanishing topological mass. The field content of the supergravity

multiplet is given by the graviton, a scalar field X, a 3-form B(3) and three SU(2) vector

fields. We presented various novel solutions in this theory with backgrounds defined by a

Mkw3 and AdS3 slicing. In the absence of vectors the first-order flow equations are solved

analitically, while only numerically when vectors are coupled. In particular we found a few

examples of asymptotically locally AdS7 flows with a non-trivial profile of the 3-form B(3).

Particularly intersting are the flows describing an AdS3 slicing of the 7-dimensional

spacetime. The brane picture in M-theory of these solutions is not clear and its under-

standing could be especially relevant for their AdS/CFT applications, since the holographic

interpretation of these warped-AdS3 flows should be related to a conformal defect in the

(1, 0) SCFT in D = 6, in the spirit of [44]. Furthermore these warped solutions should

imply the existence of a new class of RG flows across dimensions between the (1, 0) SCFT

and a SCFT in D = 2. Such flows are expected to be described by a Mkw2 slicing of

spacetime depending two coordinates (the radial coordinate of AdS3 and the one of the

7-dimensional background). Finally, the warped structure of the flows presented here sug-

gests the possibility of studying truncations of minimal gauged supergravity in D = 7 to

a gauged supergravity in D = 3 and this could be of great interest also in relation to a

classification of AdS3 solutions of massive type IIA supergravity. We hope to come back

to these points in the future.
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A Symplectic-Majorana spinors in D = 7

In this appendix we summarize the set of relevant conventions concerning irreducible

spinors in 1 + 6 dimensions and the corresponding representation of the Dirac matrices
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which we adopt throughout this work. In D = 7 with Lorentzian signature, the irreducible

spinors are of Dirac type and carry 2〚7/2〛 = 8 complex components. The same degrees of

freedom may be then rearranged into a symplectic-Majorana (SM) spinor, i.e. an SU(2)R
doublet of spinors ζa satisfying a pseudo-reality condition of the form

ζa ≡ (ζa)∗
!

= εabB ζ
b , (A.1)

where εab denotes the SU(2)-invariant Levi-Civita symbol, and B is the matrix that controls

complex conjugation of Dirac spinors. Note that the condition (A.1) makes sure that the

amount of on-shell real degrees of freedom described by ζ be 16. The Dirac matrices

{γm}m= 0, ··· 6 satisfy

{γm, γn} = 2 ηmn 18 , (A.2)

where η ≡ diag(−1,+1,+1,+1,+1,+1,+1).

We adopted the following explicit representation for the Clifford algebra [45]

γ0 = i σ2 ⊗ 12 ⊗ 12,

γ1 = σ1 ⊗ 12 ⊗ 12,

γ2 = σ3 ⊗ σ1 ⊗ 12,

γ3 = σ3 ⊗ σ3 ⊗ 12,

γ4 = σ3 ⊗ σ2 ⊗ σ1,

γ5 = σ3 ⊗ σ2 ⊗ σ2,

γ6 = σ3 ⊗ σ2 ⊗ σ3,

(A.3)

where
{
σi
}
i= 1, 2, 3

are the Pauli matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (A.4)

One can check that the representation given in (A.3) satisfies the following identity

γ∗ ≡ γ0 γ1 γ2 γ3 γ4 γ5 γ6 = 18 . (A.5)

In this spacetime signature the matrices A, B and C which respectively realize Dirac,

complex and charge conjugation of spinors, have the following defining properties

(γm)† = −AγmA−1, (γm)∗ = B γmB−1, (γm)T = −C γmC−1. (A.6)

One can check that a consistent choice for the above operators w.r.t. our representation

given in (A.3) is given by

A = γ0, B = −i γ46, C = i γ046, (A.7)

which satisfy

BT = C A−1, B∗B = −18, CT = −C−1 = −C† = C. (A.8)
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B Flow equations in presence of vectors: Mkw3 × S3

In what follows the first-order flow equations that have been solved numerically in sec-

tion 5.2 are given. Let’s consider the Ansatz (5.6) with Killing spinor ζa of the form (4.2)

and satisfying (4.3) and (5.3). From (2.7) we obtain the following system of first-order flow

equations,

U ′ =
eV−2W

80gX cos(2θ)

[
6κA

(
4g eWX sin(4θ) +

√
2κ(cos(4θ)− 3)

)
− 3
√

2κ2A2(cos(4θ)− 3) + 8g eWX
(
2eW f(3 cos(4θ)− 1)− 3κ sin(4θ)

)
]

]
,

W ′ =
eV−2W

40gX cos(2θ)

[
−2κA

(
4g eWX sin(4θ) +

√
2κ(cos(4θ)− 8)

)
+
√

2κ2A2(cos(4θ)− 8)− 8g eWX
(
2eW f(cos(4θ)− 2)− κ sin(4θ)

)]
,

Y ′ =
eV−2WY

160gX cos(2θ)

[
6κA

(
4g eWX sin(4θ) +

√
2κ(cos(4θ)− 3)

)
− 3
√

2κ2A2(cos(4θ)− 3) + 8g eWX
(
2eW f(3 cos(4θ)− 1)− 3κ sin(4θ)

)
]

]
,

θ′ =
eV−2W

80gX

[
−30κA

(√
2κ sin(2θ)− 4g eWX cos(2θ)

)
+ 15
√

2κ2A2 sin(2θ)

− 8g eWX
(
4eWX sin(2θ)DXf + 26eW f sin(2θ) + 15κ cos(2θ)

)]
,

k′ = − 3e3U+V−2W

2gX3

[
6κA

(√
2κ tan(2θ)− 2g eWX

)
− 3
√

2κ2A2 tan(2θ) + 4g eWX
(
4eW f tan(2θ) + 3κ

)]
,

l′ =
24 sin(2θ)eV+3W

5X2
(f −XDXf) ,

X ′ =

[
−6κA

(
4geWX sin(4θ) +

√
2κ(cos(4θ)− 3)

)
+ 3
√

2κ2A2(cos(4θ)− 3)

− 8g eWX
(
4eWX cos2(2θ)DXf − 8eW f sin2(2θ)− 3κ sin(4θ)

)] eV−2W

80g cos(2θ)
,

A′ = − eV−W

10
√

2κ

[
10κA

(√
2κ sin(2θ)− 4g eWX cos(2θ)

)
− 5
√

2κ2A2 sin(2θ)

+ 8g eWX
(
2eWX sin(2θ)DXf + 8eW f sin(2θ) + 5κ cos(2θ)

)]
.

(B.1)
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C Flow equations in presence of vectors: AdS3 × S3

In this appendix we present the first-order flow equations that have been solved numerically

in section 5.3. Given the Ansatz (5.8) with the usual Killing spinor of the form (4.2) and

satisfying (4.3) and (5.3), the system of first-order flow equations is given by

U ′ =
eV−2W

80gX cos(2θ)

[
6κA

(
4g eWX sin(4θ) +

√
2κ(cos(4θ)− 3)

)
− 3
√

2κ2A2(cos(4θ)− 3)

+ 8g eWX
(
2eW f(3 cos(4θ)− 1)− 3κ sin(4θ) + 4eW−UL sin(2θ)

)]
,

W ′ =
eV−2W

40gX cos(2θ)

[
−2κA

(
4g eWX sin(4θ) +

√
2κ(cos(4θ)− 8)

)
+
√

2κ2A2(cos(4θ)− 8)

− 8g eWX
(
2eW f(cos(4θ)− 2)− κ sin(4θ) + 3eW−UL sin(2θ)

)]
,

Y ′ =
eV−2WY

160gX cos(2θ)

[
6κA

(
4g eWX sin(4θ) +

√
2κ(cos(4θ)− 3)

)
− 3
√

2κ2A2(cos(4θ)− 3)

+ 8g eWX
(
2eW f(3 cos(4θ)− 1)− 3κ sin(4θ) + 4eW−UL sin(2θ)

)]
,

θ′ =
eV−2W

80gX

[
−30κA

(√
2κ sin(2θ)− 4g eWX cos(2θ)

)
+ 15
√

2κ2A2 sin(2θ)

− 8g eWX
(
4eWX sin(2θ)DXf + 26eW f sin(2θ) + 15κ cos(2θ)− 15LeW−U

)]
,

k′ = − 3e3U+V−2W

2gX3

[
6κA

(√
2κ tan(2θ)− 2g eWX

)
− 3
√

2κ2A2 tan(2θ) + 4g eWX
(
4eW f tan(2θ) + 3κ− 2LeW−U sec(2θ)

)]
,

l′ = − 6eV+3W

5X2

[
5Le−U − 4 sin(2θ)(f −XDXf)

]
,

X ′ =
eV−2W

80g cos(2θ)

[
−6κA

(
4geWX sin(4θ) +

√
2κ(cos(4θ)− 3)

)
+ 3
√

2κ2A2(cos(4θ)− 3)

− 8g eWX
(
4eWX cos2(2θ)DXf − 8eW f sin2(2θ)− 3κ sin(4θ) + 4LeW−U sin(2θ)

)]
,

A′ = − eV−W

10
√

2κ

[
10κA

(√
2κ sin(2θ)− 4g eWX cos(2θ)

)
− 5
√

2κ2A2 sin(2θ)

+ 8g eWX
(
2eWX sin(2θ)DXf + 8eW f sin(2θ) + 5κ cos(2θ)− 5LeW−U

)]
.

(C.1)
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