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1 Introduction

There are two complementary formulation of superstring field theories: the Wess-Zumino-
Witten (WZW)-like formulation [1-5], and the algebraic formulation in terms of the
Aso /Lo structure [6, 7]. The gauge invariant actions for the Neveu-Schwarz (NS) sector
(or the NS-NS sector for the type II superstring) in the former can be written in a closed
form as WZW-like actions utilizing the large Hilbert space. The corresponding actions in
the latter are constructed in the small Hilbert space using the string products satisfying
the Ay /Lo relations, whose explicit form is obtained by solving a differential equation
iteratively. Now it has been clarified that two formulations for the open superstring field
theory are interrelated by a partial gauge fixing [8]. In spite of this success, it had been
difficult to complete the action so as to include the Ramond (R) string in covariant way
for a long time.



However an important progress was recently made in the WZW-like open superstring
field theory: a complete gauge invariant action was constructed [9]. Soon afterwards,
a similar action realizing a cyclic Ay structure was also constructed [10, 11], and the
relation between two was elucidated [10]. These actions contain both the NS sector and
R sector, describing space-time bosons and fermions, respectively, and completely specify
their interactions. Therefore we are now in a position to study various off-shell aspects of
open superstring theory.! The purpose of this paper is to extend this progress to the case
of the heterotic string field theory.

Although it has been difficult to construct a complete action, including the R sector,
for heterotic string field theory, the equations of motion was already constructed both in the
WZW-like formulation [14, 15] and in the algebraic formulation [16]. In contrast to those in
the open superstring field theory [9, 17], these equations of motion are nonpolynomial not
only in the NS string field but also in the R string field. Therefore it is natural to consider
that the complete action has also to be nonpolynomial in both the NS and R string fields.
This is also expected from the simple consideration on general amplitudes with external
fermions. We need proper interactions, described by the restricted polyhedra [18, 19],2
including arbitrary (even) number of R string fields to fill the complete integration region
of the moduli space of such amplitudes. This makes more difficult to construct a complete
gauge invariant action for the heterotic string field theory. We attempt to construct a gauge
invariant action order by order in the number of R string, and obtain it up to quartic order.

This paper is organized as follows. In section 2 we will first briefly summarize the
results for the open superstring field theory given in [9]. Several important ingredients to
construct the complete action, which can be straightforwardly extended to the heterotic
string field theory, is introduced. Then we will explain some basics of the heterotic string
field theory in section 3. We will introduce a dual formulation [22] exchanging the role
of n and @, which is useful for our aim. Section 4 is the main part of the paper. After
introducing R string field in the restricted Hilbert space, we will attempt to construct a
complete action order by order, first in the coupling constant and then in the R string
field. A gauge invariant action will be obtained at the quadratic and quartic order in the
R string field, each of which is exact in the NS string field. In section 5, we will summarize
our results, and provide a few hints to construct a complete action at all order in R string.
In the appendix A, we gives an explicit construction of the dual string products. The
appendix B is added to illustrate how the on-shell physical amplitudes are reproduced
from the constructed action.

2 Complete action for open superstring field theory

In this section we summarize the results given in [9] without going into detail. Let us focus
on a few key points necessary to construct a gauge invariant action of the heterotic string
field theory.

LA closely related approach to the heterotic and type II superstring field theory has been developed by
Sen [12, 13].
2See also [20, 21].



To begin with, we note that there are two alternative expressions of the WZW-like
action for the NS sector. The original expression given in [3] is

1
5= [ dt (A0, ndo(0), (2.1)
0
where 7 is the zero mode of 7(z) and A; and AQ are the left-invariant forms

A(t) =g (W)ag(t),  Ag(t) =g~ (H)Qy(1), (2.2)
with g(t) = e®®. The NS string field ® and its one-parameter extension ®(t) are related
through the boundary conditions, (1) = &, ®(0) = 0.

One can easily see that the action (2.1) can also be written in the dual form in which
the role of n and @ is exchanged:

1
s=— [ dt (40).Q4,(0), (2.3
0
where A;(t) and A, (t) are the right-invariant forms
A(t) = (Og())g™ (1), Ay(t) = (ng(t))g ™ (). (2.4)

As we will see shortly, the latter expression is more suitable for the complete action, in
which the A, plays a special role. This is not only suitable but essential in the heterotic
string field theory in which two operators n and @) do not appear symmetrically but act
differently on the closed string products.

In order to include the Ramond sector, an important key point is to restrict the Ramond
string field ¥ by the conditions?

=0, XYU=1, (2.5)

where X and Y are the picture changing operators acting on states in the small Hilbert
space at picture number —3/2 and —1/2, respectively:

X = *5(ﬁ0) Go + 6/(50) bo, Y =—¢ (5/(’)/0). (26)

They satisfy the relations
XYX =X, YXY =Y, (2.7)

implying the operator XY is a projector:
(XY)? = XY. (2.8)

The former constraint imposes that W is in the small Hilbert space, and the latter restricts
the form of ¥ expanded in the ghost zero-modes as

U =0+ (v +cG)y. (2.9)

This restricted form was already known to be enough to construct consistent free super-
string field theory [23-25].

3In this paper we use the same symbol ¥ to denote the string field in the Ramond sector both for
the open superstring and for the heterotic string field. We will not confuse them since two cases never
appear simultaneously.



Note here that the operator X is BRST exact in the large Hilbert space:

X ={Q,0(b0)}, (2.10)

where ©(z) is the Heaviside step function satisfying O(z)" = d§(x). More generally, we
introduce the following operator = which is more suitable for use in the large Hilbert
space [10]:

E =&+ (0(Bo)néo — &0) P—3/2 + (£0mO(Bo) — o) P12 5 (2.11)

where P, is the projector onto states at picture number n. The anti-commutator {Q,Z} is
not identical to X, but equal to X if it acts on a state in the small Hilbert space at picture
number —3/2. In other words, we can use the relation X = {Q,Z} on a state in the small
Hilbert space at picture number —3/2. Using this =, we can define an important linear
operator F'(t) as

Ft) = ——= =14 Y (—E(Dy(t) = )", (2.12)
where
Dy(t)A=nA — A, (H) A+ (=1)1AA, (1), (2.13)
on an arbitrary Ramond string field A. This linear operator F'(t) satisfies the relation
Dy(t)F(t) = F(t)n, (2.14)

and thus the dressed Ramond string field F'(¢)¥ with the Ramond string field ¥ restricted
by the constraints (2.5) is annihilated by D,(t).
Now a complete gauge invariant action is given by

1
S= —%«‘IhYQ‘I’)) —/0 dt(Ay(t), QA,(t) + (F(t)¥)?), (2.15)

where ((-, -)) is the BPZ inner product in the small Hilbert space. We can show that this is
invariant under the gauge transformations [9]:

As = QA+ D, Q+ {FV, FE({FV,A} — \)}, (2.16)
OV = QN+ XnFED,({F¥,A} — \), (2.17)
where A and 2 are gauge parameters in the NS sector and A is a gauge parameter in the

Ramond sector satisfying
nA =0, XYA=0. (2.18)

3 The NS sector of heterotic string field theory

Next we summarize in this section the known results in the NS sector of the heterotic
string field theory [2, 3]. In particular, we provide a dual formulation [22] which plays a
significant role when we will include the Ramond sector in the next section.



3.1 Basic ingredients

In the heterotic string, the holomorphic sector and anti-holomorphic sector are described
by superconformal field theory and conformal field theory, respectively. The conformal field
theory for anti-holomorphic sector consists of the matter sector with ¢ = 26, and the repa-
rameterization ghosts, (b(2),é(2)). The superconformal field theory for holomorphic sector
consists of the matter sector with ¢ = 15, the reparameterization ghosts, (b(z), ¢(z)), and
the superconformal ghosts, (5(2),v(z)). An alternative description using (£(2),n(z), ¢(z))

is known for the superconformal ghost sector [27], related through the bosonization relation:

B(z) = 96(2)e” "D, 4(z) = ?P(2). (3.1)

Therefore, we can consider two Hilbert spaces for describing the superconformal ghost
sector. One is called the large Hilbert space, constructed as the Fock space of £(2), n(z),
and ¢(z). The other called the small Hilbert space can be defined as a subspace annihilated
by the zero mode of 1(z), which is equivalent to the Hilbert space constructed as the Fock
space of 3(z) and v(z). Note that any 7-exact state belongs to the small Hilbert space due
to the nilpotency n? = 0.

Let V4 and V5 be a pair of heterotic string states which satisfy the closed string con-
straints

boV; =0, LyV; =0, (1=1,2), (3.2)
and belong to the large Hilbert space. The inner product of them is given by
(V1,Va) = (Vi|eg [Va), (3.3)

where (Vj| denotes the BPZ conjugate of |V1). It is non-vanishing when the sums of the
ghost number ¢ and the picture number p of the two input states are (g,p) = (4,—1).
It satisfies

(1, Vo) = (=1)(FD(Ve+D iy vy, (3.4)

and
@V, V) = (=) (V1,QVa),  (nVi, V) = (=1)"1(Vi,nVa). (3.5)

The interactions of closed strings are described using the string products provided
in [21]

Q, [.7.]7 [.7.7.]7 (3_6)

The n-string product carries ghost number —2n + 3 (and picture number 0). The string
products are graded symmetric upon the interchange of the arguments

[VG(1)7 s 7V0(k)] = (_1)0({‘/}) [V17 SRR Vk]? (37)
and cyclic with respect to the inner product:

V1, [Vay oo oy Viaa]) = (=)t (W W, V), Vi) (3.8)



Here o denotes the permutation from {1,...,n} to {o(1),...,0(n)}, and the factor
(=1)°4V} is the sign factor of the permutation from {Vi,...,V;} to Vo5 Vomy ;-
Defining [V] = QV, the string products satisfy the following relations -called
the Lso-relations:

1
HvhH
0= Z Zl a({V}) m[ Vo> Vo Votma1)s - - > Vo) - (3.9)

They describe an infinite number of relations, the first few of which is given by

0=Q? (3.10)
0= Q[V1, Va] + [QV4, Vo] + (—1)"1[V4, QVA), (3.11)
0= QVi, Vo, V] + [QV1, Vo, V] + (=1)"} [V, QVa, Va] + (—1) 1211, V3, QV3

+ [V, Vo], V] + (1) A [V, Va], 1] + (1) VBRIV 1], V5] . (3.12)

The operator 1 acts as a derivation on the string products:

n—1
NVi,. o Vo] =) (D) 1 WL V) (3.13)
i=1
It is useful to introduce new string products |- - |,
Vi, Vi EZL‘B Vi, Vil (n>1), (3.14)

m=0

shifted by a Grassmann even NS string field B with ghost number 2 and picture number 0.
If B satisfies the Maurer-Cartan equation

(3.15)
the shifted string products (3.14) satisfy the identical L, relation to (3.9):

1
0=>" Z {V}>7[ Vo) Vo) B Vatmatys - Vo) lg - (3.16)

(n —m)!
o m=1
In particular, setting n = 1, this relation provides the nilpotency of the shifted BRST
charge, (Qp)? = 0, defined by

QV=[Vlp=QV+>_ %":[Bm,x/]. (3.17)
m=1 :

3.2 WZW-like action

On the basis of the WZW-like formulation, a gauge invariant action for the NS sector
of heterotic string field theory was provided in [3] by an extension of the Berkovits open
superstring field theory. We use a heterotic string field V' in the large Hilbert space for the



NS sector, which is a Grassmann-odd, and has ghost number 1 and picture number 0.% Tt
also satisfies the closed string constraints

bV =0, L;jV=0. (3.18)

We introduce a one-parameter extension V(t) satisfying V(0) = 0 and V(1) = V. The
operators d; and ¢ as well as i act as derivations on the string products:

X[Vi(b), ..., Va(t)] = i:(—l)x(1+‘71+”'+‘7’“—1)[171(t), WXV, L V)], (3.19)
k=1

where X =7, 0; or §. A key ingredient in the WZW-like action is the pure-gauge string
field G(V (t)), which is a Grassmann even functional of V'(¢) with ghost number 2 and
picture number 0 satisfying the Maurer-Cartan equation (3.15):

~ ° I{n—l ~
QG(V)+ > GV =0. (3.20)

n=2

n!
It was shown in [3] that such a functional G(V) can be obtained by solving the differential
equation
0-G(TV) =) —GEV)™, V= Qupin Vs (3.21)
m=0
iteratively with the initial condition, G = 0 at 7 = 0, and set 7 = 1.

Acting a derivation operator X =7, d¢, or § on (3.20), we have
Qc(XG) =0. (3.22)

Here Q¢ is nilpotent due to (3.20). Since its cohomology is trivial in the large Hilbert

space, one can find that XG is Qg-exact and can define a functional Wx(V'), which we call
an associated field, satisfying

XG(V) = (=1)* Qg7 Ux(V). (3.23)

We denote W(V') for Wy, (V) for simplicity. The associated field ¥, (V') is Grassmann-
even and carries ghost number 2 and picture number —1. The associated fields \I/t(‘~/)
and \115(17) are Grassmann-odd and carry ghost number 1 and picture number 0. These
associated fields can also be obtained by iteratively solving the differential equations

8, Ux(TV) = XV + s [V, Ux(7V)] cri) (3.24)

with the initial condition, ¥x =0 at 7 = 0, and set 7 = 1.

“We put~on the field V to distinguish it from the field in the dual formulation introduced in the next
subsection. Two fields V and V are identical at the leading order in the coupling constant , but different
at order x? [22].



Utilizing these functionals G and Ux, a gauge-invariant action can be written in the
WZW-like form:

Sumw = — / (1), G (1)), (3.25)
0

with Ux(t) = Ux(V(¢t)) and G(t) = G(V(t)). One can show that the variation of the
integrand becomes a total derivative in ¢

5<\Ilt(t)>nG(t)> = at<\1j5(t)v77G(t)>7 (326)

and thus the variation of the action is given by

0Swzw = _<\II(5(‘7)>77G(‘7)>7 (327)
since V(0) = 0, and Wx(0) = G(0) = 0. From (3.27) we find that the equation of motion
is given by

nG(V) =0, (3.28)

and the action (3.25) is invariant under the gauge transformations®

s = QaA + 1o, (3.29)

where the gauge parameters A and Q are Grassmann even with ghost number 0, and carry
picture number 0 and 1, respectively. The gauge invariance follows from the nilpotency of
Q¢ and 7, and one of the relations (3.23): nG = —Qg¥,,.

3.3 Dual formulation

Then we provide a dual formulation for the heterotic string field theory given in [22],
which is suitable and useful to include the Ramond sector. It is dual in the sense that
the role of n and @ is exchanged, and natural extension of (2.3) and (2.4) for the open
superstring field theory, on the basis of which a complete action in [9] is constructed. An
explicit construction and more detailed discussion on the dual formulation is explained in
appendix A.

In the dual formulation, an L-structure starting with n plays a central role. Note
that, in the case of the open string, a set of products {n, —*} satisfy the A,-relations: n
is nilpotent, 1 acts as a derivation on the star product, and the star product is associative.
As a natural extension of {n, —x}, we introduce a set of products satisfying L-relations,
which we call the dual sting products:

n, [.’.]77, [.7.7.}77’ (3.30)

The dual string products are graded commutative upon the interchange of the input string
field, and cyclic:

[VU(1)7 ) VU(k)]n = (_1)0({‘/})[‘/17 s VR, (3.31)
(Vla [V2> Ty Vn—i—l]n) (_1)V1+V2+“‘+Vn<[vl7 Tty Vn]n? Vn+1> . (332)

5Note that W is invertible as a function of V. See also [3] and [28].



They satisfy the L, relations:

> Z Hn (1) "D [[Voys- s Vo)™ Voterays - - Vo)) = 0, (3.33)
o k=1

where we denote 1V; as [V;]7. The sign factor (—1)°{V} is that of the permutation from
Vi, Vot to {Voa), -+, Vorn) }- The n-th dual string product carries ghost number 3 —2n
and picture number n — 2. We also require that the BRST operator () acts as a derivation
on the dual string products:

Q... Vu]"+ Z(—l)v1+"'+vk—1 Vi, QViy . Vi =0, (3.34)

We can actually construct such dual string products from the well-known string products,
& and the picture changing operator Xo = {Q, &}, details of which is given in [22] or
appendix A. For later use, we introduce a one parameter extension V (t) satisfying V' (0) =0
and V(1) = V. The operators X = @, 0y, or 0 acts as a derivation on the dual string pro-
ducts:

X[V, ., Vol =) ()t Vel [y XV V)T (3.35)
k=1

Utilizing the dual string products, we can provide an alternative gauge-invariant action
in the dual manner to that for the WZW-like action reviewed in the previous subsection.
In the dual formulation, we denote the NS string field as V', which is a Grassmann-odd
state in the large Hilbert space with ghost number 1 and picture number 0. It satisfies the

closed string constraint:
bV =0, L,V =0. (3.36)

Pure-gauge string field G,,(V') in the dual formulation is defined as a functional of V(t)
with ghost number 2 and picture number —1 satisfying the Maurer-Cartan equation dual
o (3.20):

> gn—1
0 =Gy (V) + 30 G,y (3.37)

n=2

As with G satisfying (3.20), G, can be obtained by solving the differential equation

(V)= 3 vy v, (339

m=0
iteratively with G,,(0) = 0, and setting 7 = 1. We define the shifted products of dual string
products as

m

Z i V17 ‘/21 >VTL]777 (n > 1)7 (339)

[‘/lav%"'v ‘

m=0



which are also graded commutative and cyclic. In particular, it is useful to define the
shifted n-operator D, as the shifted one-string product | - ]gn

o sz
DyVv = Z ﬁ V]
m=0
o0 /i -
=V + > G V] (3.40)
m=1
The shifted dual string products satisfy the Lo, relation:
oc({V no_
ZZ i (—1)@h) (V1) -- .,Vg(k)]gn,vg(kﬂ),...,Vg(n)]Gn =0. (3.41)

o k=1

Their lowest two relations represent that D, is nilpotent and acts as a derivation on the
dual shifted two string products:

(Dy)*V1 =0, (3.42)
Dy[Vi,Volg,, = =DV, Valg,, — (1)1 Vi, Dy Vol (3.43)

The operator X = @, 0y, or § acts on the shifted dual products as

X[Vi,..n, Vn]gn = Z(-l)x(vl+~..+kal+l)[‘/'l’ e XV, V"]gn
k=1

+ (=D R[XGy, Vi, Vald (3.44)
In particular,
_ X X n
XDpVi = (-1)"D,XV; + (—1) “[XGU’VI]G,,~ (3.45)
Acting X on the Maurer-Cartan equation (3.37) we have
D, XG,(V)=0. (3.46)
Thus, since D, cohomology is trivial, XG, (V) is D,-exact and can be written as
XG,(V) = (~1)*D,Bx(V), (3.47)

by introducing associated fields Bx(V'). The associated field By is Grassmann-even and
carries ghost number 2 and picture number 0, and B; (= By,) and Bj are Grassmann-
odd and carry ghost number 1 and picture number 0. They are obtained by solving the
differential equations

9-Bx(tV) = XV + &[V, Bx(rV)]]

L vy (3.48)

iteratively with Bx = 0 at 7 = 0, and then set 7 = 1. By multiplying 0 = XY — (—1)*YYX
to Gy, for X, Y = @, 04, or 9, we can show that the identity

D, (XBy = (=1)*"YBx — (=1)*&[Bx, By]§; ) =0, (3.49)

~10 -



which is useful later, holds using (3.47), (3.45), and (3.43). We can also show
(DA, Va) = (~1)Vi (i, D,Va), (3.50)

from the definition (3.40).
An alternative gauge invariant action, which we call the dual WZW-like action, is given
using these functionals G,(V') and By(V') by

1
5= [t (5.(6.Q6,0). (3.51)
0

with By(t) = Bi(V(t)) and G, (t) = G,(V(t)). The variation of the action can be calcu-
lated as

08 = <B(5(V)a QGTI(V)> ) (3'52)

in a completely parallel manner with the original formulation in [3]. Thus the equation of
motion is given by

QG,(V) =0, (3.53)
and the action is invariant under the gauge transformation
Bs = QA+ D). (3.54)

The gauge parameters A and €2 having ghost number 0 carry picture number 0 and 1,
respectively. The gauge invariance follows from the nilpotency (D;)? = Q? = 0, and
QG, = —-D,By.

Another important property of the dual string products is their Q-exactness. The
dual n-string products for n > 3 themselves written as a BRST variation of some products
(+-+)" which we call the dual gauge products:

n

Vi, VT = Q(Va, -+, Vo) = > ()Wt (vy, oo QW+ V)7, (n>3),
k=1

(3.55)

which is consistent with the fact that ) acts as a derivation on the dual string products.
Since the dual string products are Grassmann odd, the dual gauge products are Grassmann-
even. The n-th dual gauge product carries ghost number —2n+2 and picture number n—2,

and is commutative and cyclic:

(Vo Vo))" = (=1)7WV DV, V)7, (3.56)
Vi, (Va, o Vi) = (=)0 (Ve e V), Vi) (3.57)
where (—1)°UV}) is the sign factor of the permutation from {Vi,...,V,} to
Vo), -+ +» Vo) }- Two operators X = 0y, or § act as a derivation also on this product,
n—1
X(Vq, -+, V)" = Z(_l)(vl+"'+vifl)(‘/1’... XV, V)T (3.58)
i=1

- 11 -



It is useful again to define the shifted dual gauge products (- - )gn by

ViVl = 30 (@)™ Vi, V)T, (02 3). (3.50)

m=0

Note that the n-th shifted dual product contains all the dual products higher than n. The
shifted dual products are cyclic, which follows from the cyclicity of the dual products:

Vi, (Va, - Vaga)g, ) = (D)2 T (V- Vo) Vi) (3.60)

They are related to the shifted dual products [Vi,..., Vn]g?7 as follows.

oo K/m .
Vi,--- ’Vn]gn = Z W[(Gn) U (IRTTN 7A L
m=0 '
oo ,l<,;m B
= Z W (Q((Gﬁ)m> VYlv e 7Vn)n - m((GT))m 17 QGna Vvla e avn)n
m=0 ’
_ Z(_l)vl‘i‘-“‘f'kal((Gn)m?Vl’... LQVj, - - ,Vn)")
k=1
=Q(V,- - 7Vn)gn _ Z(_l)‘/i'f‘-..-i-kal(vl’ e QVi, ’Vn)gn
k=1
- R(QG’IW ‘/17 o ’Vn)gﬁ . (361)

Due to the shift, the operators X = 0, or § do not act as a derivation on the shifted dual
gauge product but satisfies the relation

n

X(Vi,-o Vo, = D (Vi XV oo V)G + R(XGy, Vi Vi), (3.62)
k=1

4 Inclusion of the Ramond sector

Now let us include the Ramond sector. In this section, after introducing the Ramond string
field constrained into the restricted Hilbert space, we attempt to construct a gauge invariant
action order by order in the coupling constant x. The result can easily be extended to the
full order for the part of the action quadratic in fermion, which has the form of a natural
extension of the complete action for the open superstring field theory. In the heterotic string
case, however, it is not gauge invariant, and necessary to include the interactions containing
arbitrary even number of Ramond string fields. We determine the quartic term explicitly.

4.1 Ramond string field and restricted Hilbert space

Following the case of the open superstring field theory [9], we introduce a string field ¥
constrained in the restricted Hilbert space,

nl =0, XYU=U, (4.1)

- 12 —



for the Ramond sector. It is a Grassmann even state with the ghost number 2 and the
picture number —1/2, and satisfies the closed string constraint

bW =L,V =0. (4.2)
The picture changing operators X and Y are defined by
X = —=0(Bo)Go + &' (Bo)bo, Y =—2¢5 6 (), (4.3)

which act on states in the small Hilbert space with the picture number —3/2 and —1/2,
respectively. These operators are inverse each other in the sense that they satisfy

XYX =X, YXY =Y, (4.4)
which make the operator XY a projector:
(XY)? = XY. (4.5)

In addition, X is commutative with the BRST charge @, [Q, X] = 0. These are enough
to guarantee the compatibility of the restriction with the BRST cohomology, that is, if
XYWV, =V, then XYQWV; = Q¥q, which can be shown as

XYQU, = XYQXYVU, = XYXQYT; = XQY T, = QXY = QUy.  (4.6)

The operator Y is chosen to be commutative with b; so that all the constraints in (4.1)
and (4.2) are consistent. Expanding the ghost zero modes, the restricted Ramond string
field has the form

U = ¢+ (10 + 2¢] G, (4.7)

with
Lyp=bs¢=Pop=0,  Lyvp=>bgt)= Pyt =0, (4.8)

where G = G + 2bgo.
The appropriate inner product in the restricted Hilbert space is given by®

(U1, VW), (4.9)
using the BPZ inner product (A, B)) in the small Hilbert space restricted by (4.2):
(A, B)) = (Alcg |B)- (4.10)

The state ((A| is the BPZ conjugate of |A)). Using this inner product we take the free
action for the Ramond sector to be

So = — %«qf,mq/», (4.11)

which is invariant under the gauge transformation

ST = QA. (4.12)
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field |4 v A Q A

Grassmann | odd even even | even odd
(9,p) (1,0) | (2,—1/2) | (0,0) | (0,1) | (1,—-1/2)

Table 1. Properties of the string fields and the gauge parameters with the ghost number g and

the picture number p.

The gauge parameter A also satisfies the same constraints as W:
bpA=LyA=nA=0, XYA=A\ (4.13)

The properties of string fields and gauge parameters are summarized in table 1.
In order to prove the gauge invariance of the action, we need to note that the operator
X is BRST trivial in the large Hilbert space [26]:

X ={Q,0(b)}, (4.14)

—_

with the Heaviside step function ©(x). More general operator = suitable in the large
Hilbert space is defined by [10]

E =&+ (0(B)ng — ) P32 + (EnO(fo) — &) P-1/2, (4.15)

where P, is a projector onto the states with picture number n. We can show that this
operator Z is BPZ even for the BPZ inner product in the large Hilbert space (3.3):

(EV1, Vo) = (=D)L (1, 21,). (4.16)
Then we generalize the operator X to the one given by

X ={Q,=}, (4.17)

which is identical to X in (4.3) on states in the small Hilbert space with the picture number
—3/2. Hereafter we only use the new operator, so we denote it by the same symbol X for
simplicity. The operator X is BPZ even with respect to the inner product in the small
Hilbert space:

(XVA, Vi) = (Vi, XVa)). (4.18)

4.2 Perturbative construction

A complete action including interactions between the NS sector and the Ramond sector
can be expanded in powers of fermion:

S=>) stm. (4.19)
n=0

For the NS sector, Syg = 5@, we adopt the dual WZW-like action defined in (3.51). The
remaining part, Sg = > oo, S©") contains the kinetic term of the Ramond sector (4.11)

SWe assume that both ¥; and U5 have picture number —1/2, which is enough to define the action (4.11).

— 14 —



and interaction terms between two sectors. We can further expand the action in the
coupling constant x:

Svs =S8 + w8 + k25P + 0 (x7) (4.20)
Sp =5 + 8 + 2 (s +5V) + 0 (7). (4.21)
The gauge transformations can also be expanded in x as
onV = 0a V"m0 4 k2 (63 + on V) + O, (4.22)
a0 = 55 0) + ko U 4+ k26,0 + 0@k, (4.23)
with
Vi =qn, 50 =0, (4.24)
where A is a gauge parameter in the NS sector,
sV = 00V + wooV{¥ + v 5V + 00VV) + O(s?), (4.25)
oW = oW + koo UV + K250 + O(x?), (4.26)
with
sV =nq,  squV =0, (4.27)

where (2 is another gauge parameter in the NS sector, and

5V =6V + w6y VP + 126,V + O(%), (4.28)
o0 = 63T + kol 4 k2 (5»1/51) + 5»1:5‘”) +O(K), (4.29)

with
sviP =0, 5wl =qn, (4.30)

where A is a gauge parameter in the Ramond sector. The number in the parentheses in the
superscript of gauge transformations denotes the number of fields in the Ramond sector
included. Starting from the kinetic terms

1
Sy = S(V.@nv), (4.31)

S = —S (.Y Qu), (4.32)

1

2
let us first attempt to construct the action S, and simultaneously the gauge transformations,
order by order in k by requiring the gauge invariance.

For the NS sector, we can obtain the cubic and quartic terms simply by expanding the
action (3.51):

S = S (V.QWV]Y, (4.333)

S %W, QIV, (V)" + %<V, QV, [V, qV]")"). (4.33b)
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Expanding the gauge transformation (3.54), one can also obtain
1 1
—g[Vv nV, QA" + E[V’ [V, QA]], (4.34)

V.V €7 + <1V, 1V, 50, (4.35)

W = VA, e =
_1
3!
which keep the action (4.33) invariant at each order in x:
(606”51 + (01)1"55” = 0. (6)6" 85" + (6)1"51” + (00)y”Sg” =0, (4.36)
() 51" + (80 55” =0, (a)y” 55" + ()i 81" + (Ba)y”Sy” = 0. (437)

5QV1(0) = %[V, n|", 59‘/2(0)

The number in the parentheses in the superscript of § denotes the difference of the number
of the Ramond field after and before the transformation: (# of R fields after transforma-
tion) — (# of R fields before transformation).

4.2.1 Cubic interaction in Sg

Let us consider the cubic interaction in the Ramond action Sr. We start from a natural
candidate of cubic interaction term given by

S = an (W, [V, )", (4.38)

with a constant a; to be determined, and find 51/1(2)(: 59)‘/) and 5\1151)(: 550)\1') requiring
the gauge invariances in this order

575 46055 4 675" = 0. (4.39)

Note that 5(()2) does not appear and that 5%2) appear only for the transformation with A,

which follows from just the counting of the Ramond fields. The variation of SF) under the
gauge transformation ¢ A%(O) in (4.24) is calculated as
(605”57 = n (QAL[W7]") = —20 (A, [, QU)") = —20n ([, A", Q¥).  (4.40)
This can be cancelled by (5,\)&0)5'(()2) if we take
50 = 201 X[, A]", (4.41)

in a similar manner given in [9]. Similarly, the variation of 552) under the gauge transfor-
mation 6oV, " in (4.27) is given by

(50)y 817 = on (nQ, [W7]7) = —201 {2, [W,¥]") =0, (1.42)
because of n¥ = 0, and so we have

5@ =0, (4.43)

Under the gauge transformation ¢ ,\\Il((]l) in (4.30), the variation of S%Q) is given by

(5)\>(()0)S§2) = 2a1(QA, [Va \I/]W)

=201 (\, [QV, U]") — 201 (A, [V, Q¥]")
= 201 (2N, [QnV, U)7) + 201 (2N, [V, QU]")
= 204

a1 ([T, EN", QnV) + 204 (V. EN]", QU), (4.44)
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where we used the fact that a relation,
(\,B) = (nEA, B) = (EA,nB), (4.45)

holds for general string field B since the parameter A is in the small Hilbert space. This
variation (4.44) can be canceled by ((5)\)?)5(()0) + ((5>\)§0)S(()2) with

SV = 200 [0, 2N, 5,0 = 200 X[V, EA]. (4.46)
4.2.2 Quartic interaction in Sp

Let us move to the next order. In order to narrow down the form of quartic interaction
terms, let us first consider the variation of Sf) under the gauge transformations 5AV1(0)
and 5A\If§1), which is calculated as

("5 = ~SHIV.QAIT, [9717) — 4o} (Xn[w, A, [V, ¥]")
= %(QA, [V.[@2]")") — da3([¥, A]", X[V, ©]") . (4.47)
Using X = {Q,Z}, we further calculate the second term ([, A]", X [nV, ¥]") as follows:
([, A]", X[V, 9]") = ([¥, A]", {@, E} [0V, ¥]")
= ([QU, A]",E[nV, ¥]") + ([, QA)", E[nV, ¥]")
— (E[, A, [@nV, W]") — (E[¥, A]", [nV, Q¥]7)

[ -

= —([ElV, 9", A", Q¥) — (QA, [¥, EnV, "))
— (W[, A), QnV) — (V. E[W, AP, QU) . (448)
Then we find
(611781 = SHQA, [V, [0)")") + 40}(QA, [¥, E[V, 9)7]")
+4a3([¥, (¥, A]"]", QnV)
+ 4a3([EV. U7, A", QU) + dad (V. ¥, A", Q). (4.49)

In order to cancel the first two terms on the right hand side, we introduce quartic interaction
terms with two Ramond strings as

S57 = ax(W, [V,nV. 0]") + aa(W, [V, E[V, 0]7]"), (4.50)

with constants ay and as to be determined. The first term is a genuine four-string inter-

action filling a missing region in, for example, the moduli space of four-string amplitude

with two fermions. The variation of Sg) under the gauge transformation (5,\)(()0)‘/ can be

straightforwardly calculated as follows. The variation of the first term is given by
(00 (2 (W, [V V, 17)) = 0 (W, [QA,V, W]") + aa(W, [V.nQA, ¥]")
= @2 (QA, [V, U?]") + az(nQA, [V, ¥°]")
= 20(QA, [nV, U*)") — az(QA, [V, [¥2]"]")
+ 202(QA, [V, [V, V]|
= —2(QA, [V, [¥4)7)") + 202(QA, [¥, [V, ¥]"]")
— 2a([V?, A]", QnV) — daso([nV, ¥, A, Q). (4.51)
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The variation of the second term in 552) can similarly be calculated as

(63)8 (a3 (W, [V, E[pV, U]7]7) = a3(QA, [¥

EV, ) 4 az(V, [V, E[nQA, ¥]7"),
= az(QA, [V, ]

VU 4 2a3(QA, [, [V, UTT). (4.52)
Therefore, in total, we have
(80857 = —a(QA, [V, [¥2)7)) + (202 + a3) (QA, [¥, [V, W]"])
+ 2a3(QA, [V, E[nV, ¥]"]")
— 200 ([W2, A]7, QnV) — 4o ([nV, ¥, A]", Q). (4.53)

From (4.49) and (4.53), we find that the constants a;, as and ag should be chosen to be

1
051—57 OéQ—Z, 043——5. (454)
Then we have
1 =
(G1LST + (6)67S5 = — (92, A1, QuV) + ([, E[¥, A", QnV)
— [V, U, A]", Q¥) + ([nV, B[, A]"]", QW)
+{([EMV, Y], A1, QU) . (4.55)
These terms can be cancelled by (§ A)gQ)S(()O) and (6,\)%0) S(()Q) if we choose
s @ — L2 A = at
A‘/Q - 5[\11 7A] - [lIl}:[\II’A] ] ) (456)
oAy = —XnnV, W, AJ + XV E[W, AP + Xo[EV, WA (457)

Note that 5AV2(2) = (6A)§2)V and 5A\Ilgl) = (5A)é0)\11. Thus the gauge invariance under
transformation with the parameter A in this order holds:

(62) 782 + (6288 + (54)57 55 + (62)L S = 0. (4.58)

Then the variation under the gauge transformations with the parameter €2 at this order
can easily be calculated as

(50) VS = LW, V") = — 2, [V, [21]7) = — (@ [V, [92]]7), (4.59)

() S5 = L, [V, W) — (€, (W, [V W) = L0, [V, (W), (4.60)

_1
2

and hence
(60)788 + ()85 = 0. (4.61)

The correction at this order is not necessary:

sV =0, o0 =0. (4.62)
2 2
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Let us finally calculate variations of the action under the gauge transformation with
the parameter A. The variations (6 /\)gz)5£0) and (6 /\)go)Siz) are calculated as

P50 = - JQVVIL )PV = SEA [ QV.VIT), (463)
and
60 8E) = —([V, w]", Xn[nV,ZA]") = (EX, gV, X [V, ©]7]7), (4.64)

respectively, where we used a relation
(A, XnB) = (EnA, XnB) = (nA, XnB)
(XnA,nB)) = (EXnA,nB)
= (-1)*(XnA, B). (4.65)

The variation (9 A)(O)S () s given by

1 -
(328755 = LA V.V, W) — L(QA IV, ZlaV, W) — L (@A, [V, [V, W]7]7) . (4.66)
Substituting the relation QA = Qn=A, this can further be calculated as
0e@ _ 1,2 =
(6)\)0 SQ = _§<‘:‘)‘7 [\Il’ [QV7 Uv]n]n> - <‘:‘)‘7 [77V7 X[nv7 \P]n]n>

+<WWQLEMTQnV)—%QWFREMWTQMV>—GEMWQWCE]TQnV>

+ 5V EX, Q) — {[aV, SV, AT, Q) — ([, ZgV EA]", Qo)
+ SV aVI EA, QU). (467

In total we have
(6@ 5O+ (5@ 5@ 4 (5@ 52
= ([aV, BN, QaV) — (Vi [, ENT, @qV) — ([, ZlV, 2N, Quv)
— {EDV, WL EN, QuV) + S {[0V)% ENT, QU) — (V. ElgV, ENT, QW)

+ 5 {[VanV]", 2N, QU . (4.68)

—_

This can be cancelled by (6>\)§2)S((]0) and (5,\)§0)S( ) if we take ((5)\)( )V and (6,\)( U as
1
5\V3? = —[nV. 0 EN + SV, [0, EN] + [0, V. EN) + [E[V, 9], 2N, (4.69)
1 — — — 1 —_
oy = SXnl(nV)% EN = X[V, ElgV.EN" + S Xn[[V,qV]", EA". (4.70)

So far so good: in this way the gauge invariance with the parameter A holds at quadratic
order in both coupling constant and the Ramond fields:

60517 + (501752 + (857557 + (605755 + (605857 = 0. (4.71)
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Let us move to the quartic order in the Ramond string field. The non-trivial contri-

2 g(2)

bution absent in the open superstring field theory comes from (6);".S;™ given by

(P52 = oV ®) = L@ = S, (472)

which requires to add ¥* interaction 554) to the action. Note that (5>\\I/(13)(: ((5)\)32) )

never appears. Let us consider (4.72) in further detail. As was given in (3.55), [U3]7 can
be written in a BRST exact form as,
()7 = Q(¥°)" = 3(3%, Q)" (4.73)

with the dual gauge product (---)7 given in (A.30). Using this relation, (4.72) can be
rewritten as

(PSP = L. QU — L (2%, Qu))
- Lion @i+ Lwap.ow. (a.71)

From the form of the first term, we can suppose that S§4) have the form

S =y (w, (B3, (4.75)
(1)

with a constant oy, whose variation under 6,V becomes

(63)8758Y = das (QA, (T)7). (4.76)
Then we have
P8+ (38 = S A7, Q). (77
by setting
o= % . (4.78)

The remaining terms can be cancelled by (§ ,\)§2)S(()2) if we take

530S = %Xn(\p?, A (4.79)

That is, the gauge invariance at this order holds:
(0P8 + (008”857 + (6057 857 = 0. (4.80)
Let us summarize the results up to this order. The action in the NS sector is given by

Sng = S(0)
=S 4 kS 4 k250 4 O(?), (4.81)
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where

S§ = 5 @VV), (4.82)
s\ = —%(QV, [V.nV]"), (4.83)
53 =~ LQVIV,aVoVIY) = L (QV.IV, VoV 7). (18)
The action in the Ramond sector is given by
Sk =S + 1S 4+ k2(SP + 55 1+ 0(x?), (4.85)
where
S8 = 5w, YQu), (4.86)
s = Jw, v, (187)
S = L, ViV, W) — (0, [V, ZlaV, 9],
5§ = L, (). (4.88)

The gauge transformation with the gauge parameter for A in the NS sector is given by

oAV = 0aV" + ma 0 4 k2 (3 + a1y ) + 0%, (4.89)
a0 = 550 + ko U 4+ k26,0 + 0@k (4.90)
where
sA VY = QA (4.91)
1
5V = —5 V. QA" (4.92)
1 1
oaVs” = =3 [VinV. QA" + V. [V, QAY")", (4.93)
SaVEY = S0, W AT~ [0, 20, AT (4.94)
530 =0, (4.95)
oawY = —Xn[w,A]", (4.96)
5aw) = — X[V, W, A + XnlV, E[W, A"} + Xn[E[pV, ¥]7, A]". (4.97)
The gauge transformation with the gauge parameter €2 in the NS sector is given by
5oV = 6oV + k6o V¥ + k25VY + O(x?) (4.98)
500 = 6o + kU + k250U + O(K?) (4.99)
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where

sV = a1, (4.100)
5oV 0 = %[V, n ", (4.101)
5aV3 = ViV, Q" + oV, [V, (1.102)
5ot =0, (4.103)
5ot =0, (4.104)
5o = 0. (4.105)

The gauge transformation with the gauge parameter A in the Ramond sector is given by
53V =6V + ka4 126,V + O(%) | (4.106)
o0 = 63T 4 ko 0tV 4 k2 (Mgw + 5»1153)) +O(r%), (4.107)

where

sV =0, (4.108)
SV = —[w,EN], (4.109)
VD = —[pV, W, 2N + %[V, [0, 2" + [U, E[V, EN)" + [E[nV, U7, 2N,  (4.110)
50 = Qn, (4.111)
50 = Xnpv, 2N, (4.112)
S\ = XV, EXT — XalgV, gV, N 4 SXallVVILENT,  (4113)
5,05 = %Xn(\lﬂ, AT (4.114)

4.3 Fermion expansion

As a next step to the complete action let us consider the fermion expansion. We extend the
above results to all order in the NS string field at each order in the Ramond string field.
Suppose that an arbitrary variation of S the action at O(¥?"), has the form

65 — _ (6w, Y ECn=1Y) 4+ (Bs, ECM) (4.115)
The equations of motion are therefore given by

EO L g@ 4 g@ 4. g, (4.116)
ED L E® LB ... 0, (4.117)

for the NS and the Ramond string fields, respectively. We can also expand the gauge
transformation in powers of the Ramond string field as

Bs=B" +B® +BY +... (4.118)
50 =00 4+ 60 4506 .. (4.119)
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Note that the superscript also counts the Ramond gauge parameter \. We will determine
the action and the gauge transformations order by order in the Ramond string field by
requiring the gauge-invariance at each order:

Z 6\11(271 2k+1) YE(Qk 1) +Z 2n—2k)’E(2k)>_ (4.120)
k=1 k=0

In particular, at the lowest order in fermion, corresponding to n = 0, it reduces
0= (B, EO), (4.121)

For the dual WZW-like action (3.51), E(®©) = QG,(V), and (4.121) requires B = QA +
D, as summarized in the previous section.

4.3.1 Quadratic in fermion

We first provide the action S and the gauge transformation B(g?) and 60 so that the
action is gauge invariant at quadratic order in the Ramond string field:

= — (59, yEWY) + (B, EO) 4 (BIY E®), (4.122)

From the results in the perturbative expansion, we can deduce that the action S is given
by the same form of that for the open superstring (2.15):

1 ko[
S@ — —5 (T, YQY) + 2/0 dt{By(t), [F()¥, F() Y], 1)) (4.123)
where F'(t) is the linear operator defined by
1 oo
F(t) = =
0= =m,m oy~ 2

We should note that this has the same form as (2.12) but D, defined in (3.40) contains
infinite number of terms with arbitrary power of G,. In what follows, we show that the

[I]

—n)". (4.124)

variation of the action S becomes

58% = — (60, Y (EW)) + (Bs, B?)
—(60, Y (QU + XnFW)) + Z(By, [FU, FU]}, ), (4.125)

and prove that the action S© 4 S®) is invariant at quadratic order in the Ramond string
field under the following gauge transformations at this order

2

2 R - -
BY = SO FU AR — R2[FU, FE[FW, A 18— k[FW, FEN, (4.126)

n n

00 = —kXnFED,[FU,Alf, +Q\— XnFA. (4.127)

Let us first summarize the properties of F'(t), we will use. The linear map F'(t) satisfies
F(0) = 1 since it depends on ¢ only through G, (t) and G,(0) = 0. It is invertible and

F7Ht) =1+ Z(Dy(t) —n) = n= + EDy(1) . (4.128)
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Multiplying it by 7 from the left or by D, from the right, we have
nF=\(t) = F~A(#)D, () = 5D, (1), (4.129)

We further have
F(t)n = Dy(t)F(t), {Dy(t), F(t)=} = 1. (4.130)

The former can be obtained by multiplying the first equation in (4.129) by F(t) from both
left and right and using 7* = D, (t)> = 0. Then the latter can be derived as

Dy (t)F(t)E + F()2D,(t) = F(t)E + F()=D, (1)

= F(t)(1+Z(Dy(t) —m)) =1. (4.131)

It is also shown
(F()EV, Vo) = (=)' (W, F(1)EVR) (4.132)

from the definition (4.124) and the BPZ properties (3.5), (3.50), and (4.16). The commu-
tator of F'(t) and the derivation X = @, 0, or ¢ on the dual string products is given by

X, F(t)]Vi = —F()[X, F~(t )] ( W1

— kF(1)ZE[XG),(t ) F(t)V; ] (4.133)

We also summarize the properties of F'(t)¥ for later use. Since F(t)n = D,(t)F(t) and
nW =0, F(t)¥ is Dy (t)-exact:

F(t)¥ = F(t){n,E}¥ = D, (t)F (t)=W. (4.134)
Acting with QF(t) on U, (4.133) leads to

QF(1)¥ = F(1)(QU + XnF(t)¥) — kF(HEIQG, (1), FO) WY
= Dy () FE(QW + XnF(1)¥) — sF(DZQG, (1), F(H V], . (4.135)

For X = 0y, or ¢, which commute with Z, XF(¢)¥ can be transformed into the follo-
wing form:

XF(t)¥ = F()XV + (~1)*wF()=Dy (t)[Bx(t), F(t) Y], (4.136)
= F()XU + (~1)*[Bx(t), F(t)¥]f,
— (=1)*kDy()F()Z[Bx(t), F() V], (), (4.137)

where we used XG,,(t) = (=1)XD,,(t)Bx(t) and {D,(t), F(t)=} = 1.
Now let us consider the variation of S(2):

65 = —(60, Y QW) + % /O it S(B(t), [F()V, F(t YOI ) (4.138)
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From here to (4.143), we omit the ¢-dependence for notational brevity. The variation of
the integrand of the interaction term,

S8(By [FU, FUIL, ) = 2(3B,, [FU, FU)L, ) + w(By, [SFT, FUIZ, )

2
K
+ ?<Bt, [6G,, F'Y, F\IJ}gn>, (4.139)

can be calculated as follows. Since [F¥, F \Il}gn is Dy-exact, we can use (3.49) for the first
term, and obtain

K K
§<6Bt, [FU, F\l/]’g;n> = —<8tB5 + K[Bs, Bt]"Gn, [F, F\If]gn>

—<at35, [FU, FUJE ) + 2<B5,[Bt,[F\I/ FUIE 1E, ). (4.140)

77

For the second term, utilizing (4.137), we find

K(By, [0F Y, FU, ) = —#([By, V), , FOV + k[Bs, FY], — kD, FE[Bs, FU], )
—#([By, FU]}, . k[Bs, FUJ}, + D,F= (5@ — «[Bs, F] gn)

= —k*([By, FUg, ,[Bs, F\I/]gn> (O F 0,09 — K[Bs, FU]E, )
= —"(Bs, [FV, [B, FUIL 18, ) + (0, 0,F¥)

"I

+ (B, [0 FU, FU], ). (4.141)

For the third term, utilizing the L..-relation of G, -shifted dual string products, we obtain
2

K /<a
?<Bt,[6Gn,F\I/,F\II]”G"> = ?<Bt,[D Bs, F¥, FU]] U>
2
K
= 5 (B ( D, [Bs, F¥, FU|Y, + [Bs, [, FUJL, |2,

— 2[FV, By, FU]}, ]”n)>

2
_ %<Ba, [0.Gy, FU, FU]Y, ) — —<B(;, (B, [FU, FUJ% 12, )

K*(Bs, [FV, [B, FUIL 18, ) - (4.142)

Then the total variation is given by

S0(By, [P0, PO, )
_ g@Bg, [FU, FO)7, >+ <B(;, (0,Gy, PO, FUIL, )+ 5(Bs, [0 F W, FO), )+ (00,0, FT)

= 0 (— (0w, Y XnF )+ 5 (Bs, [FO, FO)L, )). (4.143)

where we assumed that 0¥ also satisfies the constraints (4.1).

Using B;(0) = 0 and
nF(0)¥ = n¥ = 0, we eventually find

35® = (50, Y (QU + XnF )Y + g<B5, [FU,FU]}, ). (4.144)
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and hence
K
ED = QU 4+ XnF¥, E@ = §[F\1;, FY]E, . (4.145)

By requiring (4.122), let us determine §¥(Y) and B§2) for each of gauge transforma-
tions with the parameters A, Q and A. Let us first consider the invariance under the
transformation with the parameter A:

— (0) (2)
0=—(620M, YEW) + (B, E®) + (B, EO) . (4.146)
Here the second term is already known. Recalling (4.135) (at t = 1),
QF¥ = D,FEEY — xFE[EO), FU, | (4.147)
it can be calculated as
K
(B, E®) = S (QA[FY, FOIE, )
K n 2 - n m (0)
- << — PO P A 4 [F\IJ,F:[F\I/,A]Gn]Gn),E )
— R(FED,[FU,AJY, , EW) . (4.148)

If we note that E() satisfies the constraints (4.1), (4.146) holds by taking
2

BY = %[F\I/,F\I/,A]gn — WP, FE[F¥, AL 17, (4.149)
oAU = —kXnFED,[FU,AJ, . (4.150)
The invariance under the transformation with the parameter §2 requires
0= (60D, YEDY) + (BY) E@) 1 (B? EO). (4.151)
Since the second term is again known and calculated as
(BY), E®y = (D, E®) = (0, D,E®) =0, (4.152)
we conclude that
B =0, =0, (4.153)

Finally, for the invariance under the transformation with A:
0=—(50W, YED) + (B E®)
= (0,0, Y EDY) — (5,00, Y EO) + (B EO)), (4.154)
where we decomposed 8,¥ () into the free part (4.30) and remaining: 5T = (5,\\If[(]1) +
5, %M. The known part in this case is the first term, which is calculated as

—(02, Y ED) = —(QA, Y (QU + XnF¥)) = (QX, F)

= w([FU, FEN, ,E©) — (FEDyA, EW). (4.155)

The invariance (4.154) holds if we take
BY = —k[FW¥, FEN}, | (4.156)
I = —XnFED A= XnF)\. (4.157)

Thus, in total, the gauge transformation at this order becomes (4.127).
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4.3.2 Quartic in fermion

So far we have determined the complete action at the quadratic order in fermion (4.123),
which has the same form as that of the open superstring field theory, and thus is its
straightforward extension. For the heterotic string field theory, however, this is not the end
of story. At the next order in the fermion expansion, the gauge invariance further requires

0= —(svW Y E®) — (5@ vy EOY + (B EW) +(BP E@) +(BM EO)
(4.158)

in which, in particular, we find
(B® E@y 20, (4.159)

Thus it is necessary to add the action S (4) quartic in fermion, and determine B§4) and

SUG) 5o that the equation (4.158) is satisfied.
Let us begin with considering the transformation with the parameter A, which is the
most efficient way to find out S as shown in the following. From (4.145) and (4.157)

we have
2

X

2, (FEA, D,[FU, FU, FU]f, )

|7 |

(FXN [FY,FU, F\I/]gn) . (4.160)
Here, from the @Q-exactness of the dual string products (3.61), we can rewrite
[FU,F¥, F\Il]gn = Q(F\I/,F\II,F\I/)gn — 3(FV,FU, QF\I!)gn
— Kk(QGy,, FY,FV, F\I')"&7 , (4.161)

and thus

/'432 /'432
(B3}, B) = " (FAQUFY, FU, FU), ) — T (FA, (FU,F¥,QF¥){, )

3

K
- €<F)‘7 (QGnyF\II7F\I]7FlII)7C7¥,7>
HZ 2
= —€<QF>\, (FU,FU,FO)L )+

K3

+ 5 (FU,FU,FU, PN, QGy). (4.162)

K
(PO, FU, PN, QF )

Using (4.133), the first and second terms can further be calculated as

2 2
— S (QFN (FY, P, PO ) = QA+ XnFN),Y XnFED,(FV, F¥, FU), )

3
K _
— G ([FE(FU,FU. PO FAL QG,).  (4163)

and
K2 K2
?<(F\I/, Fo, F)\)”G", QFY) = ?«XnFEDn(F\IJ, Fu, F)\)"G", Y(QU + XnFU))
3
K —_
— ?([F\I!, F=E(FY,FU, F/\)Z,n]gn, QGy), (4.164)
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respectively, and we eventually have

<B( ) B ) = << YXT]F:D (F\I/7F\I;7F\I,)Tén>>
2
<<X77F~D (FY,FY F)\)G LY EMY)

/{3 3 _
+ (G (FU.FU,FU.FN} ~ E[F\I/,F:(F\IJ,F‘I/,F)\)”GW]”GU
3

— %[FE(F\IJ, FV,FO)f, | F)\]gn) ,EQ)y (4.165)

Substituting this into (4.158), and taking into account ng) = 0, we obtain

2

K —_
E®) = 5 XnFED,(FU, FV, FO)}, | (4.166)
BY — _ pw o U PN + O FE(FU. PO PO, | FAL
(5>\ = —F( 5 5 5 )Gn + g[ *—*( ) ) )Gﬂ’ ]GN
3
Y —_
+ PV, FE(FU, PO, PN I (4.167)
2
5,03 = %XnFEDn(F\II, FU,FA)Y, (4.168)

From this form of E®)| the action S has to satisfy
58W = — (50, Y E®))
2
K —_
= _F«N’ YXnFED,(FT, F¥,FU) )
2
K
= E<F5\I/, (FU,FO,FO), ), (4.169)

under an arbitrary variation of W, where we used 0¥ satisfies the constraint (4.1) and
therefore D, F'20¥ = Fn=Z6¥ = F'o¥. Since the shifted dual gauge products are cyclic, we
can integrate it, and obtain

S@ = 4<F\IJ (FU, FU,F¥)E ). (4.170)

We further consider the gauge transformations in the NS sector. Under an arbitrary
variation of the NS string field, we have

K3

0SW = = (= FE[6G,, FY]}, ,(FU, F¥, FU){ >+ L (FY,(0Gy, F¥, FU, FU)Z, )

o) % | %

(Bs, Dy FW, FE(FV, FU, ), 17, ) — ﬂ<Ba,Dn(F‘I’, FU,FU,FU){, ),
(4.171)
where we used (4.133), the cyclicity of the shifted dual string product, and 6G,, = D, Bs.

Thus we obtain

K3 K3 _
EW = — oy Dn(FV, PV, FU, FO)L, + 5 DlFV, FE(FY, FY, FO)L I8 . (4172)
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Let us consider the invariance under the parameter Q2 first. The action is invariant if we
can determine B§4) and do¥®) so that they satisfy

= (50, Y(QU + XnF¥)) + (D2, EW) + (BY, QG,). (4.173)
However, since the second term vanishes,
(D,Q, EW) = (Q, D, EW) =0, (4.174)
we can consistently take
BY =0, u®=0. (4.175)

Finally, let us consider the gauge invariances under the transformation with A. We show
that one can determine 5, ¥®) and Béi) so that the condition (4.120) at quartic order,

0=~ (0,2, YE®) + (BY) ED) 1 (BY E®)
— (8, 9®, YEWY) 1+ (B{Y E®) (4.176)

holds, where the first three terms are already determined. What we have to show is that
these terms vanishes up to terms containing EY) = QU 4+ XnF¥ and E© = @Gy, which

can be compensated by appropriately determining 6, ¥®) and B(gk), respectively:

0(BY, EW) + (BY E®D) — (5,9, YEO))), (4.177)

where A 2 B denotes that A equals to B except for terms containing E) and E©). It is
useful to note that

QFY =0, (4.178)

Q[By,. .., Bnld, = > (-1 AP B L QBy, . ,Bnlé, (4.179)
k=1

{Q, Dy} =0, (4.180)

QUFY,...,FU)}, =[FU,. .. FU . (4.181)

Utilizing them, we have

3
— (00N YEOY) = %(FEDn [FU, A, , XnFED,(FU, FU, F¥)[, )

3
’f/ — —
- E<[Fx11 Al , DyFEQFED,(FU, F¥, F¥)}, )

= < Alg,, DyFE[FT, FU, FU]L )

63<[F\If Al . QDyFE(F, P, FO), )
3

- €<Au {F\Ilv [FW?F\I}’F\I]]gn]UGW>

3
— 5 (FEIFU, AL, Dy[FU, FY, FU]E, )

K3

— F(A, [FV,QD,FE(FV, FV, F\If)gn]gn> , (4.182)

=
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where we used D, FEQD,FE = (1 — FED,)QD,F= = QD,FZ, and =2 = 0. Similarly,
one can show that the remaining two terms become

3
0 K _
(BY), EW) = & (M (P9, QD FE(FY, FU, FU), I )
3
n %{A, D, [FU, F¥, FU, FUY, ), (4.183)

3
K
Z<A, [FU, FO, [FO, FY) 1¢, )

1

2
(B2, E®)
3
oY -
- ?<F:[F\11,A]gn, [FU,[FV, F\y]gn]gny (4.184)

Then we find (4.177) holds by the L.-relations of G,-shifted dual products:

K}3
A (DW[F\I/, FU,FU,FU}, +A[FV,[FU, U, UL 1% +6(FV, FU, [FU, F\I/]"Gn]gn)>

3
I{ —
— T(FE[F AT, (Dn[Ffo, FU, FU]}, +3[F,[FV, F\I!]gn]”Gn)> —=0.  (4.185)

(4)

By picking up the terms with E()) and E(©), the transformations 6, ¥ and B 5, can be

explicitly determined as

4 4
4 K K
= oV FU PO FO)E AL 4 [PV FE(FY FU,FO)E G AL,
4 4
%(F\I! FU,FU, PV, DAY, — = (FU, PV, FV, FE[FY, DAY ),

4
_ R _
- E[F\I/, FE(FU,FU,FU, DN It — - [FE(FY,FU,FU)L  FU, DAL
4

5 [PV, FE(FY, FU, FE[FV, DAL )2, 12,

+ 64[F\I/, FE[FE(FU,FY, FU){, , DyAE, 1,
’;4[FE(F\I!,F\Il,F\I/)’én,FE[F\I!,DnA]gn]gn, (4.186)
SAU®) = —’ianEDn(F\p, FU,F¥, DyA), +'§X77F5Dn(FE[F‘I’, DyAJE, , FO, F¥)¢,

3
+ %XnFEDn [FE(F¥, FU, FO),  DyAl}, . (4.187)

_l’_

5 Summary and discussion

Using the expansion in the number of the Ramond string field, we have constructed in
this paper a gauge invariant action of heterotic string field theory at the quadratic and

quartic order:

1
5 = —5(w.YQU) + [ a(B0.QG,(0) + §FO¥.FOVL )
g;m/ (FU,FU, FU)}, )+ O(1°). (5.1)
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This is invariant under the gauge transformations with the parameter A,

2
—QA+ T o [PV, FY , A, — K°[FY, FE[FY
4 4

— o [(FU, F¥, Fu JFW)E AL+

4
24(F\Il FU,FU,FU, DA, — " (FU,F¥,FU, FE[F¥, DAl )

4 4
R —_
& FUFE(FU,FU.FU,DyA)G [f, — o [FE(FY, FU, FU),  FU, DAL

4
K — —_
+ 5 [PV, FE(FU, F¥, PE[FV, D,A

ALE G,

=

[F, FE(F¥, FU, FO), 13, Alf,

»mcn‘

n>gn]gn
4

K —_ —_
+ 5 [FU.FE[FE(FY, FU, FO), DA It

4

K — —_
+ 5 [FE(FY, P, FW)¢, ,FE[FY, DAl 1, +O0(¥°), (5.2)

_ ) n
NS /<;X7]F_D77[F\II,A]G17
3

3
K _ K — —
— 5 XnFED,(FV, FV, FV, Dy, + 5 XnFED,(F, F¥, FEFY, DyAJE, )2,
3
K — —
- gXnF:D,,[F:(Fxp, FU, FU), . DyAl, + O(¥°), (5.3)

with the parameter €2,

Bs, = DyQ + O(¥%), (5.4)
Sa¥ = O(¥9), (5.5)
and with the parameter A,

3

_ K> A
By, = —K[FW, FEN}, — " (FU,FU, U, PN, + [FE(FY, U, FO),  FN,
3
,i —
+ 5 P9, FE(FY, FY, FNE 18, +0(¥°), (5.6)
2
5\ = QN+ XnF\ + %XnFED,,(F\Il, FU,FA), +O0(9), (5.7)

except for the higher order in the Ramond string field. The equations of motion derived
from this action are

= QG+~ [F\If Fol,
3

;41) ((F\IJ FU,FU,FU)), —A[FU, FE(FU, FU, V)7, 12 )+0(\1f6) (5.8)
2
= QU + XnFV + %XnFED,,(F\I/, FU,FU)} +O0(T). (5.9)

Note that all of these results include all order terms in the coupling constant k at each
order in the Ramond string field. We can also confirm that the action (5.1) reproduces the
four-point amplitudes with external fermions as given in the appendix B.
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The most important remaining task is to give a complete action and gauge transforma-
tion. We finally discuss two observations which may provide clues to achieve it. The first
observation is a relation between the equations of motion and the gauge transformations.
At the beginning, it is natural to assume that the NS string field V' appears in the higher
order action only in the form of G, since the corresponding ansatz is true for the case
of the equations of motion in the dual formulation [14, 15]. If we assume this ansatz the
gauge transformation with the parameter €2 does not subject to change any more. One can
find that the gauge transformations 6V, D, Bs, and d, V¥ are obtained by replacing fields

in the equations of motion with gauge parameters:”
((D A) 52 )E(zk’) D,BYY + K[EGY AL . for k=012, (5.10)
((D A) 52 )E(%“) = Gy T+, for k=0,1, (5.11)
—(A(S(;)E(Qk) D,B", for k=1,2, (5.12)
- (A 5(;)}3(2'““) — 5w+, for k=0,1. (5.13)

These relations might be an appearance of an L-structure, or equivalently a Batalin-
Vilkovisky structure of the action: in formulations based on the L,-products, the gauge
transformation is given by a functional differentiation of the equation of motion. To eluci-
date the role of theses relations in detail remains as future work which may provide a hint
to complete an action to all orders.

The second observation is the expression of the equations of motion obtained as a dual
form of the first-order equations of motion obtained in [15]:

(n+QB+Z (B =0, (5.14)

where B = Yooy B (n—2)/2- Expanding this in the picture number, the first two equations
with the picture number P = —2 and —3/2,

0 m—1
~ K ~m n_
nB_1+ Z_:Q — (B4 =0, (5.15)
DyB_1), =0, (5.16)
can be solved as
Bfl - Gn7 B_1/2 - F\I’ . (517)
The next two with p = —1 and —1/2,
,{/ ~ ~ ~
QGU + 5[3,1/27 371/2]2*‘7] + DnBO = O, (518)
2
~ ~ ~ H ~ ~ ~ ~
QB_y /2 + k[Bo, B_1/2]n(;,] + 5[3—1/% B—1/27B—1/2]ncn + DB =0, (5.19)

"One can see that similar relations hold exactly for the open superstring field theory.
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can be interpreted as equations of motion with the infinitely many subsidiary equations
determining the infinitely many “auxiliary fields”, En /2 (n > 0). In the original formulation
in [15], we can iteratively solve these subsidiary conditions in the fermion expansion, and
obtain the equations of motion. We similarly assume here that the terms in the auxiliary
fields with the lowest order in fermion are B, /2= O(U"+4). Then the subsidiary equations
simply become

. n+3
QB + M[F\II,F\I/, . 7F\p]gn =0, (5.20)
nI4
which can be solved as

3

~(n+d) K,n+
Bn"/z = —m(F\I/,F\I/,--- ,F\p)gn, (5.21)

n+4

except for the terms proportional to the lowest order equations of motion

QG, + g[m, FUJl, =0, (5.22)
QFV =0, (5.23)

obtained from (5.18) and (5.19), respectively. Unfortunately, however, the next order
equations of motion obtained by substituting (5.21) into (5.18) and (5.19) are not equivalent
to our equations of motion (5.9). Although this difference can be filled by assuming that
g_l /2 contains the terms with the higher order in fermion as

_ 2

B_yjy=FV— %DUFE(F\II, FU, F\ll)gn + O(¥), (5.24)
we cannot determine it without further assumption. Although this can be absorbed in the
redefinition of the Ramond string field ¥, we have to find a way to reproduce the higher
order terms in the equations of motion derived from the action, which may provides a clue
for constructing a complete gauge invariant action.
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A Construction of the dual gauge product

In order to make this paper self-contained, we give in this appendix a construction of the
dual string products. We follow the convention and notation of [22].

We first introduce the coalgebraic expression of string products, which is convenient
to focus on their algebraic properties [7]. The product of n closed strings is described by
a multilinear map d,, : H\"* — H, where A is the symmetrized tensor product satisfying
Py A Py = (—1)*1%2d5 A ®1. This naturally induces a map from the symmetrized tensor
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algebra S(H) = HN O HM @H 2 @ - -+ to S(H) itself called a coderivation. A coderivation
d, : S(H) = S(H) is naturally derived from a map d,, : H"™ — H as

dn(q)l VANREIVAN CI)N) = (dn /\]IN—n)((I)l VANERIVAN CI)N)

(=17
B Zg: AN =i e @or s Pom) A Lotugny Awes Aoy (AL)

for &1 A--- A®y € HMNVZ" C S(H), and it vanishes when acting on HV<". The graded
commutator of two coderivations b,, and ¢, [by,cy], is a coderivation derived from the
map [by,cm] : H "™ — H which is defined by

[bns m] = bp(em ALy_1) — (—1)de8br)deglen) e (h AT, 7). (A.2)
Then the Lo-relation can be written as
[L,L] =0, (A.3)

where L = L + Lo + L3+ - -+ and L is a coderivation derived from the k-string product.
We introduce another map on the symmetrized tensor algebra, which is called a co-

homomorphism. From a set of multilinear maps {f, : " — H'}>°,, one can naturally

define a cohomomorphism f : S(H) — S(H'), which acts on ®1A---AD, € H" C S(H) as

/f\((I)l/\"'/\(I)n):Z Z e/\fo/\fkl(q)l,...,(I)kl)/\fk2_k1(<1>k1+17...,<13k2)/\

i<n k1<~~~<ki:n
BRRAN fki_kifl(q)kifl"!‘l’ RN <I>n) . (A4)

We also introduce a projector my from the symmetrized tensor algebra to the single-state
space, S(H) — H, as

771((1)0—{—(1)1/\(I)2+(I)3/\(I)4/\(I)5+...):(I)O. (A5)

The NS string products for heterotic string field theory, LN (1) = >0 o TPLpy1, had
been constructed in [7]. They satisfy the Loo-relation [LNS(7), LNS(7)] = 0, cyclicity, and
(graded) commutativity with n: [, LNS(7)] = 0. The (p + 1)-product Lgfl carries the
ghost number 1 — 2p and the picture number p. The whole string product LNS(T) is given
by a similarity transformation of the BRST operator Q as

LNS(r) = G~ (1)QG(7), (A.6)

where é(T) is an invertible cohomomorphism given by the path-ordered exponential map:

G(r) = Pexp < / ' dT'A[Ol(T')> . G ) =Pexp (- / ’ dT’)\[Ol(T')> . (AT

0 0

where Al (1) = Z;io AL called gauge products, can be determined iteratively. The

p+2°
arrow <— (—) on P denotes that the operator at later time acts from the right (left). The
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[0]
p+2

cohomomorphisms G(T) and 6_1(7) satisfy

0,G(r) = GOAYr),  0.G )= -AVNG (7). (A.8)

(p+ 2)-gauge product Al , carries ghost number —2(p+ 1) and picture number p+ 1. The

The Lyo-relations are followed from the nilpotency of Q as
[LYS(r), LS (7)] = 2(L (7))
=2G 1(1)Q*G(r) = 0. (A.9)

The cyclicity and commutativity [n, LN®(7)] = 0, is realized by a suitable choice of an
initial gauge product A9 whose explicit example is given in [7].

Under these preparations, we summarize the construction of the dual string products
given in [22]. We introduce a coderivation L"(7) = >, mPL], | which provides a set of
the dual string products by

Vi, Vay oo V" = mLI(Vi AVa A ... A V). (A.10)

This n-th dual product L; carries ghost number 3 — 2n and picture number n — 2 as
expected. The whole coderivation L7(7) is degree odd, and can be constructed using the
cohomomorphism G(7) appearing in the NS product LNS(7) = G~1(7)QG (1) by

L'(7) = G(r)mG~ (7). (A.11)
By construction, they satisfy the Loo-relation
[L"(r),L"(r)] = 0. (A.12)
The anti-commutativity [Q, L7(7)] = 0 follows from [n, LNS(7)] = 0 as
[Q.L(n)] = [Q,G(r)nG!(7)] = G(n)[L"(r),n]G~'(r) = 0. (A.13)

The cyclicity of L"(7) again follows from that of the gauge product AP We can give an
explicit expression of the dual string product using the bosonic string product if necessary,
for example,

V1, Va7 =—=[V1, V4, (A.14)

1
V1, Va, V3]77=—1 (Xo[Vh Vo, Va]+[Xo Vi, Va, Va|+[Vi, XoVa, V3] +[Vi, Va, Xo V5]

+ (=1)"&[a, [Va, Va]l = (1) [ WA, [Va, Va]]
+ Vi, [€oVa, V3]l + (= 1) 2 VA, [Va, V3]
()R (1) g [V, [V, VAL = (—1) [0V, [V, VA

[V, [60Va, VATl (=1) " [Va, [V, €0VA)) )
o+ (=)D (1) [V, [V2, V]| = (=1) [0V, V2, Ve

+wammwm+<DW%ma&wm>,<Aw>
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where Xo = {Q,&}. These dual string products are defined on the basis of LN(7)
in the NS sector. However, we can extend it to include the Ramond sector simply by
considering V; is either the NS string field or the Ramond string field, which preserves
the necessary properties, the L-relation, cyclicity and the commutativity with Q, to
construct the gauge invariant action. It should be emphasized here that it is not necessary
to introduce any special picture changing operator only for the Ramond sector to define
the dual string products.

The dual string product L"7 is commutative with Q, and its second derivative with
respect to 7 can be written as the commutator of Q and a product p:

O2L"(r) = [Q,p(N] = D 7"[Q, s3] - (A.16)
n=0
The dual gauge products can be read from p as
1
WV, Vo, ..., V)= ————mp, (Vi AV A .. A V), (n>3). (A.17)

(n+1)(n+2)

In order to obtain an explicit expression of p, we introduce a coderivation L (1) =
Yoo T”LELQ which is an intermediate products with deficit picture 1 given in [7]. It
is related to the gauge products Al%(7) as

[n. A" (7)) = L7, (A.18)
and satisfies L(7 = 0) = LY, where LY is a coderivation derived from the simple two-

string product for closed string without any insertion of superconformal ghost. We also

introduce a coderivation Al (1) =302 T”?\Elr:,) derived from a set of intermediate gauge

products with deficit picture 1 [7]. It satisfies the relation,
0, L (r) = [LIY(r), A ()] + [LO (), AM(7)] (A.19)

with L0 = LNVS. Then, utilizing these products and their path-ordered exponential maps,
we can rewrite L as

=n- [ d'GE LG (). (A.20)
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where we used é(()) =T, LIU(0) = LB, and

~

0 (G LI ()G (7)) = ()L () A ()]G (")
= [Q. G("AN (G ()], (A.22)

which follows from the differential equations (A.8) and (A.19), and (A.6) with L% = LN9,
Then eventually the dual string products L"7 can be written as

L(r) = n - / “ar (L5 + / " 4r[Q. G (*)G(")])

0 0
=n—7L§ - / " (7 — QG ()G ()] (A.23)
0

Here we used [ dr’ fOT/ dr" = [y dr" [T, d7’ and carried out 7'-integral. In this expression,
the commutativity [Q,L"7] = 0 is manifest. Differentiating (A.23) with respect to T,
we obtain

0, L"(1) = —L§ — /0 " ar1Q, (AN (G (1] (A.24)
O2L(1) = —[Q, G(r)AU(n)G~1(n)]. (A.25)

Therefore we can define the product p by two gauge products A and Al as
p(1) = —G(r)A(HG(7). (A.26)

The cyclicity of p follows from that of A and Al Expanding (A.26) in powers of 7, we
obtain the following expressions for the first few orders:

Py = Ay (A.27)
1 1
P5 = _(7\[—}} + [[7\[20], 7\2}]] + 5[[7\?}’7\%1]]] n 5[7\[20]’ [[7\[20],7\[31]]]]0 . (A.29)

The explicit form of three-string dual gauge product is, for example, given by

1
(Vi, Va, Vo) = = (&[Va, Vo, Vo] — [€VA, V2, Vil

— (DY Ve Vo] = (- VL A,E]) . (A30)

B Four-point amplitudes with external fermions

In this appendix, we illustrate how the on-shell physical amplitudes with external fermions
are reproduced from the heterotic string field theory by concentrating on the case of four-
point amplitudes which can be calculated only from the action up to O(¥?) constructed
in this paper. We follow the notations and conventions in [29].
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B.1 Propagators and vertices

The kinetic terms of the NS string field V' and the Ramond string field ¥ are obtained
from (3.51) and (4.123) as

1 1
This is invariant under the gauge transformations
0V = QA+ nQ2, oV =QA\, (B.2)

which we fix here by gauge conditions
by V =&V =0, by =0. (B.3)

Under these gauge conditions the propagators of the NS and the Ramond string fields can
be found as

— b bJr
VIV = &5 a(05)
= / A>T (€oby b)) e 7o 010 =TIy, (B.4)
] b b+X77
)0 = )
— / d2T (b b Xn) e TEo —0Lo =15 | (B.5)
respectively, where [ d?T = [[°dT [; 27 dg Notice that the Ramond propagator satisfies®
nlg =1grn =0, (B.6)
XYM =TIg(&Y Xn) = 1lg, (B.7)

which expresses that only the Ramond states satisfying the constraint (4.1) propagate.
The necessary interaction vertices can be read from (3.51), (4.123) and (4.170) by
expanding them in the coupling constant &:

S = V. IV.QV)). (B.8)
S = S VVQVRD + SV VvV, (B.9)
S = g@p vV, o), (B.10)
S = -5 (G [QVanV. W) + (8, [6QV. V. 0]

(B 1QV. Y, W) + (1, [QVaV. 6¥)) — o (ElVw. Vo), (Ba)

52
S5 = T (0w, [7)). (B.12)

From these propagators and vertices, we can uniquely calculate the tree-level four-point
amplitudes including external fermions.

8The condition for the BPZ conjugate, the latter equation in (B.7), can be understood from the
inner product between restricted states |¥i) and |¥2) in the large Hilbert space: (Uq|&Y|P2) =
(W1]&Y XY [Wa) = (V1 |(L0Y Xn)&oY [Wa).
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B.2 Four-fermion amplitude

Let us first consider the amplitude with four external fermions in the Ramond sector. The
contributions to the four-fermion amplitude come from the four Feynman diagrams, the s-,
t-, u-channel diagrams and a contact type diagram containing a four-string vertex. Follow-
ing the convention in [29] we label each external string with A, B, C, and D, and denote
the s-, t-, and u-channel contributions as (AB|CD), (AC|BD), and (AD|BC), respectively.
Then the s-channel contribution can be calculated from the NS propagator (B.4) and the
three-string interaction (B.10) as

1
AGPICD) — (_)2(0 40 5 VIV T oW p)
— 2 / T (T 4T 5 (Eoby b)) TV by,
— i [T UAYa (B YYD, (B.13)

where we denoted the moduli of the s-channel propagator as (Ts,6s) and the correlation
(- Yw., or {(---)w., is evaluated as the conformal field theory on the s-channel string
diagram depicted in [14]. The inserted & and boi are the zero mode with respect to the local
coordinate on the NS propagator.” The symbols W4, --- , U p represent the wave functions
of the Ramond external states, which satisfy the constraints (4.1), gauge condition (B.3)
and the on-shell condition Q¥ = 0. They can be given by the specific vertex operators
if necessary.
In this notation the ¢- and u-channel contributions can similarly be calculated as

A;ﬁqBD) - ;<;2/dZTt(<\IJA\Ifc(bgb5r)\IJB\IfD))Wt, (B.14)
AUPIBC) _ 2 / PT, (VA0 (b b)) U T, - (B.15)

A contact type interaction (B.12) gives the other contribution, denoted (ABCD),
which fills the gap in the moduli integration [18]:

AUPED) — 2 / d01d05 (b, bey )W AT 5T P, (B.16)

where the integration parameters ¢; and 65 determine the shape of a tetrahedron along
which four strings in the vertex (B.12) are glued, and b¢, , denote the corresponding anti-
ghost insertions, the details of which are given in [20].

Summing up all these contributions the on-shell four-fermion amplitude becomes

Aps = ALPIOD) 1 AP 4 JLPIBE) | fLABED) (B.17)

= Iiz/d2T5 (U AV B (by b )TV pw, +n2/d2Tt (T AV (by bI)U Y p Y,

+/€2/d2Tu (UAVp(by b5 ) VBV w, +f€2/d29 {((bcybCy )V AV YD), -

9These are denoted &, and bF in [14].
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From the fact that the bosonic closed string field theory reproduces the correct perturbative
amplitudes, we can conclude that the amplitude (B.17) agrees with that obtained in the
first quantized formulation.

B.3 Two-fermion-two-boson amplitude

We can similarly calculate the two-fermion-two-boson amplitude. Suppose strings A and
B are fermions in the Ramond sector and strings C' and D are bosons in the NS sector.
The s-channel contributions can be calculated using the NS propagator (B.4) and the
vertices (B.8) and (B.10):

ALGDED) = —H;(‘I’A‘IJB VIV ((QVe) (VD) + (nVe) (QVD)))w.

K2

2

/432

=5 /dQTs (T a¥B(by b)) ((XonVe) (nVb) + (nVe) (XonVp))hw, » (B.18)

/dQTs (Wa¥B(Eoby by) ((QVE) (VD) + (nVe) (QVD)))w,

where Vo and Vp represent the wave functions of the NS external states, which satisfy the
gauge conditions (B.3) and the on-shell condition @nV = 0. In the last equation, we used
QV = XgnV for this wave function V .

The t-channel contribution in this case is calculated using the Ramond propaga-
tor (B.5) and the vertex (B.10):

1
AGCIED) — 2 (@ Ve W) (U W V)

= —k? / A>Ty (U AV (by b X0) U VD), - (B.19)

In order to smoothly connect the contributions of the four diagrams at their boundaries and
sum up them to the integration over the whole moduli space, we rearrange the integrand so
as to be the correlation function of the same external vertices, ¥ 4, ¥, ((XonVe) (VD) +
(nVe) (XonVp))/2, and the operator insertion (by by) as those in (B.18). In particular we
move the picture changing operator X in the Ramond propagator, whose form is highly
depend on the coordinate system of the propagator, to an external state by using the
relation X = {Q,=}. After a little manipulation, we obtain

2
AZGED = <1 [T, (Vb5 X)W (Vo)) + (W (Vo) 0555 X)¥a V)

RZ
— Z/dQTt <<<\11A (XonVe) (b b3 )W (nVD))w,

+ {(Wa (rVe) (b5 ) Wi (XonV) s ) (B.20)

Y

I{2
_ 2%d9t (<\DA Vo(by E)s (0Vp))w, + (Pa (nVe) (b E)¥ s VD>Wt> =0

where we denoted f df = 027r df /27 for simplicity. Here the first line of the final expression
has the same form of the external states as those in (B.18), but the extra contribution in
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the second line appears from the boundary 7; = 0 by exchanging Q) and bg using

{Q, / dT bfe Tlo} = / dT Lie TLo =1.
The contribution from the u-channel has the same structure and is calculated as

AUDIBO) / A>T, (W AV (by b X0) U BV hw, (B.21)

-_£ / T, (V4 (@QVD)(by b )W (Ve
+ (W (VD) (b5 b5 E) Vs (QVe))ws, )

— “’22 fdeu (T aVp(by Z)¥ s (MVe))w, + (Y a (nVD) (b )V Ve )w, )

KZ Tw=0
=5 /d2Tu (<<\1JA (XonVD)(by b ) Vs (nVe))w,
(W (VD) (5558 ¥ (XonVe) hw., )
- }[de (WaVb (b E)¥ 5 (Ve))w, + (Ya (VD) (b E)VBVo)w,) |, -

The contribution from the contact type diagram can be obtained using the ver-
tices (B.11):

2
AR = =15 [ dbrda{(€obeybes) VAT n((@QV) (VD) + (1Ve) (QVD)w

- fdet o (Y4 (nVe)) ¥ Vo)w, (Eby (Y5 (nVe)) Ya VD>Wz)

T:=0

— %d@ bO \I/A(UVD)) \I/B VC>Wu + <Eb0_ (\I/B(WVD)) \I}A VC>Wu)

Tu=0

= —2/d91d92<<(bclbcz)‘1fA‘1’B((XOHVC) (nVp) + (nVe) (XonVp)) hw,

+ “;fdet (<\IJA (nVe)(bg E)YBVD)w, +{¥aVe(by E)¥p (WD»M)

T:;=0

Ty=0
(B.22)

+ H;fdeu <<‘I’A (VD) (bg E)W Ve )w, + (U aVp(by E)¥ (nVc)>wu)

The first line is the similar contribution to the one in the four-fermion amplitude (B.16),
coming from the proper four-string interaction defined by the three-string product [-, -, -].
Extra contribution in the second line comes from the vertices represented by the nested
two string products [-,[-, -]], represented by the diagram with the collapsed-propagator,
the propagator with 7' = 0, integrated only over its angle. For the more details, see [29].
Summing up all these contributions, one can find that all the extra contributions
integrated only one parameter are cancelled out. The two-fermion-two-boson amplitude
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finally becomes

AB|CD AC|BD AD|BC ABCD
.AFQB2 - A;—vgBlz ) + A(FQB|2 ) + A(F123|2 ) + A(F‘QBQ )

_ _’;2 /dQTS (((\I/A\I/B(bgbar)((XonVC) (nVp) + (nVe) (XonVD))>>Ws)
HQ
_ ? /dQTt («\IJA (X()?]VC) (bab(—)‘_)\IjB (nVD)>>Wt
+ (W a (Vo) (b5 57) U (XonVb))w:)
52
-5 / T, (W4 (XonVo) (b5 55) ¥ 5 (Ve w,
+ (Wa (VD) (by by ) Vs (XOUVC)»Wu)

_“22 / df1d02 ((beybe,) P a5 ((XonVe) (Vb) + (0Ve) (XonVp))hw, - (B.23)

For the same reason as the four-fermion amplitude, this agrees with the result in the
first-quantized formulation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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