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1 Introduction

Matrix models such as the IIB or IKKT model [1] (cf. [2, 3]) provide fascinating candidates
for a quantum theory of fundamental interactions. Their most interesting feature is that
geometry is not an input, but arises itself as a brane-type solution with dynamical “quan-
tum” geometry. Fluctuations around such solutions lead to gauge fields and matter fields
on the background. It is natural to expect that gravity, along with the other fundamen-
tal interactions, should emerge on suitable backgrounds in the low-energy, semi-classical
regime. Remarkably, numerical evidence for the emergence of 3+1-dimensional space-time
within the finite-dimensional IIB model was reported recently [4, 5].

At first sight, the relation of the IIB matrix model with string theory suggests that
4-dimensional gravity can arise only if target space is compactified. This would not only
lead to the well-known issues with a vast landscape of possibilities, it would also require
ad-hoc modifications or constraints! of the matrix model, destroying much of its appeal
and simplicity. With this motivation, there were ongoing efforts to understand possible
mechanisms for gravity in this model based solely on the 4-dimensional, non-commutative
(NC) physics of the branes rather than the 10-dimensional bulk gravity (which arises in
the matrix model upon quantization) [7-10]. Although 4-dimensional NC gauge theory
behaves indeed very much like a gravitational theory [8, 9, 11-13], the emerging gravity on
basic branes seems to be different from usual gravity, and it was not possible to derive the
Einstein equations up to now.

In this paper, we show that Einstein-like gravity can indeed arise on more sophisticated,
covariant noncommutative branes in this model, at least in some regime. This is based
solely on the classical matrix model dynamics for fluctuation modes on the background
brane, and has nothing to do with IIB supergravity in the bulk. The internal structure
of the quantum space is crucial for the mechanism. This background is a generalized 4-
dimensional fuzzy sphere Sf{, but most of the considerations should apply also to analogous
spaces with Minkowski signature.

There are two crucial features of S§ which are essential here [14]. First, it has an in-
ternal bundle structure, which transforms non-trivially under local space(time) rotations.
Each point on the local fiber corresponds to a particular choice of an antisymmetric tensor
0" on S*. This tensor is averaged over the fiber, leading to a covariant noncommutative
structure of the 4-dimensional space. The second crucial feature is the fact that 6 (com-
plemented by P*) is not central, but generate the local Euclidean isometry group including
translations. Quantum spaces with these features will be denoted as covariant quantum
spaces. This concept is actually very old and goes back to Snyder and his proposal [15]
for a Lorentz-invariant noncommutative Minkowski space. Fuzzy S* is a compact and
well-controlled Euclidean version of such a space. Due to the extra generators *¥ and P*,
the corresponding algebra (of “functions”) is larger than what seems to be needed in field
theory, hence this type of space was not very much appreciated.

'For example, the toroidal compactifications considered in [6] require an infinite number of degrees of
freedom and cannot be imposed in the finite-dimensional matrix model.



In contrast to most previous work on this type of spaces (cf. [16, 17] and references
therein), we take serious these extra fluctuation modes. They can be understood as har-
monics on the internal fiber, which — in contrast to Kaluza-Klein compactification —
transform non-trivially under the local isometry group. This leads to an infinite tower of
higher-spin fields, truncated at N for fuzzy Sﬁ,. Among the lowest modes in this tower, we
identify the metric fluctuation, a selfdual SO(4) connection as well as gauge fields. We then
perform a fluctuation analysis in the semi-classical limit along the lines of [7, 8]. The metric
fluctuation H,, is a combination of a rank 2 tensor field h,, and the divergence 9”A,,,, of
a SO(4)-valued gauge field. Their semi-classical equations of motion of the classical matrix
model then lead to the (linearized) Einstein equations for H,,,, for wavelengths below some
scale Lr. Above this length scale, gravity no longer applies. However, this requires a
certain type of generalized fuzzy spheres Sj{, and we have assume dimensional reduction
to 4 dimensions, ignoring propagation in the compact extra dimensions. Mechanisms to
ensure this are suggested, but this needs to be addressed in future work. This issue could
be avoided by a suitable self-dual modification of the matrix model action.

The present framework incorporates several aspects of previous work in this context.
Averaging over the Poisson structure 6*” was considered in the DFR approach to field
theory on the Moyal-Weyl plane [18], in order to preserve Lorentz invariance. However,
0" was considered as central there, which kills gravity. The effective metric and the
dynamics of NC branes in matrix models was analyzed in [7, 8], but the backgrounds
under consideration were too simple. Finally, an interpretation of the matrices as covariant
derivatives rather than position operators was proposed in [19]. This also leads to higher
spin fields with some similarities to the present framework and even the Einstein equations
in vacuum, however this doesn’t work in the finite-dimensional model, and the proper
coupling to matter was not established. Due to the SO(5) setup, there are also similarities
with the MacDowell-Mansouri formulation of GR [20, 21], however the physics is different:
the full SO(5) symmetry is manifest here, and there are additional degrees of freedom
beyond the ones in GR. The present framework shares aspects with noncommutative SO(5)
gauge theory approaches [22-24], but again this is not quite appropriate: the gauge group
is actually much larger here, corresponding to (a quotient of) U(so(5)).

The reason for insisting on the IIB model is that the quantization is well-behaved, since
the non-local UV/IR mixing is mild due to maximal SUSY (and leads to IIB supergravity).
In section 6, we compute the leading terms in the one-loop effective action for the lowest
fluctuation modes on va. This is possible due to recent progress for the quantization of
field theory on fuzzy spaces based on string states [25]. We show that previous one-loop
results can be reproduced efficiently in this formalism, and some (preliminary) computa-
tions suggest that the one-loop effects can be captured by a minor generalization of the
classical action, preserving the mechanism for gravity.

This paper is written in a pedestrian way, to make everything explicit and avoid
getting trapped in some formalism. Of course there should be a more structural approach,
and many limitations of this paper — notably the restriction to the linearized regime —
are clearly inessential. Other open issues include the coupling of the conformal mode to
scalar fields which seems odd (see section 4.2), the proper extension to the Minkowski case,



the justification of dimensional reduction via fuzzy extra dimensions, and the coupling to
fermions. These should be addressed in future work. Nevertheless the basic mechanism
is compelling, and certainly provides a serious candidate for a quantum theory of gravity
which behaves similar to GR in a suitable range.

2 Covariant fuzzy four-spheres Si

We consider covariant fuzzy four-spheres defined in terms of 5 hermitian matrices X%, a =
1,...,5 acting on some finite-dimensional Hilbert space H, which transform as vectors

under SO(5)

[Maba Xc] = i(éach - 5cha)a
[Maby Mcd] = Z.((Sac:-/\/lbd - 5(1de0 - 5bcMad + 5bdMac) . (21)

Here the M = — M for 1 < a # b < 5 define a (not necessarily irreducible) representa-
tion of s0(5) on H. The radius

XX, =R (2.2)
is a scalar operator of dimension L?, and the commutator of the X will be denoted by
(X9, X =:i0%. (2.3)

Here and throughout this paper, indices are raised and lowered with g, = d45. This type
of relations constitute a covariant quantum space.

The form of the algebra (2.1) suggests a particular realization of such fuzzy four-
spheres, based on an irreducible representation (irrep) of s0(6) as follows?

X% =rM, a=1,...,5, 0w = y2 M (2.4)

Here M, a =1,...,6 define an irrep of 50(6) = su(4) on H, and r is a scale parameter
of dimension L. Correspondingly, so(5) C so(6) is embedded by restricting the indices of
M® toa,b=1,...,5. We also note the following simple identity for such spheres

{X,,0%, =[R% X® #£0 in general. (2.5)

This is the type of space under consideration in this paper. There are important differences
depending on the representation H of so(6):

The basic fuzzy 4-sphere va. The simplest example is the “basic” fuzzy four-sphere
S% [27-29], which is obtained for the highest weight irrep H = H, of s0(6) with A =
(0,0, N), denoting highest weights by their Dynkin indices. This representation can be
realized as totally symmetric tensor product Hy = (C*)®sY of the 4-dimensional (spinor)

2This is similar to an observation of Yang [26] in the context of the Snyder’s noncommutative space.



representation of s0(6), which happens to remain irreducible as a so(5) C s0(6) represen-
tation. In this particular case, the radius operator is proportional to the identity operator,

1
XX, =R*=7r?R%1, R% = NN +4) (2.6)

For this basic fuzzy sphere 5}4\,, the following useful formulae are established in appendix B

{Xa, M}, =0
1 a a’c c 1 c
5{@ b, 9 }+gaa/ = T2R2 (gb — W{Xb,X }+> (27)
THM X X X X Xy = (N + 2)r°R? (2.8)

where {.,.}; denotes the anti-commutator. As explained in appendix A, this is the quan-
tization of a 6-dimensional coadjoint orbits of SO(6) mapped to S* < R via the 2% ~ X,

Generalized fuzzy 4-spheres S;. More general fuzzy 4-spheres are obtained for s0(6)
irreps Hp with A = (n1,n9, N). As explained in appendix A, these arise as quantizations of
generic coadjoint SO(6) orbits, and the semi-classical geometry is that of a “thick” 4-sphere
embedded in R5. As long as ni,ns < N, the radius R? = X,X? is non-trivial but with
sharply peaked spectrum around T2R12V, with

[R%, X" #0. (2.9)

As explained in appendix A, Sﬁ can be understood as a SU(3) bundle over Sj‘{,. The
relation (2.7) is modified as

1 a a’c c 1 c c
510 *, 0%} gaar = R’ <gb - W{Xb,X b+t ) (2.10)

where t% = O(%), see (B.5) and (A.20). This generalization will be essential for gravity.

2.1 Semi-classical geometry and mode decomposition

As usual for fuzzy or noncommutative spaces, the matrix algebra End(H) constitutes
the noncommutative algebra of functions or fields on the (generalized) fuzzy 4-sphere.
The realization of M in terms of generators of 50(6) = su(4) also provides the proper
geometrical interpretation. We recall the well-known fact that End(H,) can be naturally
interpreted as quantized algebra of functions on the coadjoint orbit O[A] = {g-A-g~}; g €
SU(4)} of su(4) through the weight A (cf. [30]). The generators M, a,b = 1,...,6 are
quantized embedding functions

M~ ma . O[A] = R = su(4) (2.11)

dual to some ON basis A% of su(4). In particular, the X ~ M96 are naturally interpreted
as projections of such coadjoint orbits to §* C R5,

X®~z%: O[A] = RY B g4 cRO (2.12)



where II denotes the projection of su(4) to the subspace spanned by the A\® generators.
Hence the fuzzy 4-spheres are actually higher-dimensional homogeneous spaces which are
twisted bundles over S*, with the fiber playing the role of a hidden extra dimension. In
contrast to standard Kaluza-Klein compactifications, these extra dimensions lead to higher-
spin modes here. For the basic 4-sphere S, the underlying orbit is O[A] = CP3, which is
a S2 bundle over S* as elaborated in [14, 31-36]. More details on the geometry including
the generic case are given in appendix A. In particular, the space of classical functions on
these orbits is spanned by polynomials F (2%, m®), which are in one-to-one correspondence
with the noncommutative modes (2.26), up to some UV cutoff defined by N and n;.

Poisson structure. This geometrical picture also explains the origin of the commutator
as quantized (Kirillov-Kostant) Poisson bracket on O[A]. This Poisson structure can be
viewed as a 2-vector field on O[A]

{f,9} = 0"P0af0pg (2.13)

whose projection (push-forward) to S* is given by
0" (2,£)0, ® 0, . (2.14)

Here ¢ are coordinates on the internal fiber of O[A] over S*. For the basic 4-sphere Sj*V,
Om (x,€) is selfdual (SD) at each (z,€¢), defining a bundle of SD frames over S*, which
rotates (and averages out) along the fiber S?. More precisely, it transforms as (1,0) under
the local SO(4) = SU(2); ® SU(2)g rotations, which are implemented by the action of
{6#¥,.} on itself. In the noncommutative case, this amounts to a gauge transformation

Are A QY — @R (2.15)

In other words, local rotations are implemented as gauge transformations, which already
hints towards gravity.
For the 5 embedding functions 2% ~ X%, the Poisson bracket

{2%,2°} =6 . O[A] = s0(5) C s0(6) (2.16)

gives rise to ©% is the fuzzy case. Once again, 6% is only defined on the bundle O[A], it
is not a Poisson bracket on S, since it is not constant along the fiber.?

Much of the analysis in this paper is done in this semi-classical limit indicated by ~,
replacing commutators by Poisson brackets and working with O[A]. This greatly simplifies
the analysis, and it is certainly justified in the gravity regime where the typical wavelengths
are much longer than the scale of noncommutativity.

Coherent states. As for all quantized coadjoint orbits, coherent states on O[A] are given
by highest weight states |A) € Ha and their SO(6) orbits,

Ix) = [7;6) = gx - [A), gx € SO(6)
z = (x| Xx) = (X?). (2.17)

3Recall that H?(S*) = 0, hence there is no symplectic 2-form on S*.



Up to a U(1) phase factor, they are in one-to-one correspondence to points x on O[A].
Alternatively, we can use the SO(5) point of view and consider highest weight states of the
SO(5) modules. It will suffice here to consider the case of the basic fuzzy sphere S§;, where
both notions coincide. We can then label the points on the bundle O[A] =2 CP? locally by
x € 8% and ¢, where the “north pole” p corresponds to the highest weight state |A). They

are optimally localized, minimizing the uncertainty in position space?

A? =) (X = (XN)%) = ) (X% — (x%)?

1 4
= (R%V — 4N2> r? o~ NR2 =2rR
= Lo (2.18)

which defines the length scale Lyc. One can then associate to any operator ¢ € End(H)
a function ¢(x) on O[A] as follows

P(x) = (x[o]x), (2.19)

and the semi-classical regime is characterized by functions ¢(z) which vary on scales > Ly¢.
The coherent states form a U(1) bundle over O[A], with a canonical connection whose
curvature gives the symplectic form w on O[A], corresponding to the Poisson structure

0% (x) = (x|[X?, X ]|x) . (2.20)

This also encodes the uncertainty scale L ¢ and the volume quantization via (2.8). Finally,
the trace over End(H) can be realized by the integral over all coherent states on O[A],

= Vdm/@dx(x\qﬂx}. (2.21)

This locally separates into an integration over S* times the internal fiber F, which allows
to evaluate the matrix model actions in a standard semi-classical form.

Scalar fields and higher-spin modes. The most general functions on fuzzy Sj‘{, are
organized into the following SO(6) resp. SO(5) modes (cf. [29, 31, 35, 36])

¢ € End(H) = @ (na 0, n)sa(ﬁ) = @ (n - m, 2m)50(5) ) (2'22)

n<N m<n<N

denoting highest weight irreducible representations (irreps) by their Dynkin indices; for
example, (n, m) denotes the so(5) irrep with highest weight A = nA; +mAg where a4 is the
long root and s the short root. We are mainly interested in the “low spin” representations
with small m. Then a more explicit realization is obtained in terms of ordered polynomials®
in the generators X and M, a,b=1,...,5. For example, scalar fields on S* correspond

“Here (p|(X°)?|p) = %N2 at the north pole p follows using the explicit realization of X in terms of
gamma matrices [28].
®This is a quotient of the Poincare-Birkhoff-Witt basis of U(s0(6)).



to the (n,0) modes, realized by totally symmetric polynomials F'(X) = Fy, 4, X* ... X%,
and denoted by
Cn(SY) = P Fu(X) = P (n,0). (2.23)
n<N n<N
Then
¢(x) = (x[o|x), b eCn(S") (2.24)

is constant along the fiber and defines a function on S*. There is an associated projection
map [29]
¢ [¢lo == do € Cn(SY), (2.25)

which picks out the scalar modes (n,0) in (2.22). In the semi-classical limit, this corre-
sponds to integrating ¢(x) over the internal fiber.

More generally, we can organize all other higher spin fields in terms of polynomials with
“internal” generators M, a,b=1,...,5 multiplied by scalar functions. For example,

Fup(X)M® = Fy appe X XM € (n+1,2)55
Fbc;de(AX)j\/lbc/\/ld6 - Fa1...an;bc;deXa1 . -Xaanche € (n + 2, 4)50(5) (2'26)

and so forth, where the F,, 4 .tc and Fg, _q,:bc.de are tensors of SO(5) corresponding to
Young tableaux with one row of length 2 and two rows of length 2, respectively. In partic-
ular, the Fy.(X)M® can be identified with 2-forms Fy.(x)dz® A dx¢ on R5. These (n,m)
modes with m # 0 correspond to functions on O[A] & CP? which are non-trivial harmon-
ics on the S? fiber. They are higher-spin fields on S* rather than Kaluza-Klein modes,
because the local Lorentz group acts non-trivially on the internal S? fiber. This leads to a
higher-spin theory, and we will show that its spin 2 sector describes gravity, but only for
the generic spheres Sj{.

For the generalized spheres Sjl\, the scalar operator R? = X, X is a non-trivial so(5)
Casimir operator which distinguishes some of the internal structure. Then the mode de-
composition is analogous but more complicated, with multiplicities arising in the decom-
position (2.22). E.g. for A = (k,0, N), one finds schematically

End(Hp) = @ kn(n,0,n) @ ... (other modes). (2.27)
n<N

2.2 Local description

We would like to understand the local structure from a field theory point of view, near
some reference point p € S* denoted as “north pole”. We pick a coherent state |p) to mark
this point. Throughout this paper, tensorial objects at the (arbitrary) point p € S* will
be expressed in terms of the local tangent space 7,S%, using the 4 tangential Cartesian
coordinates x* centered at p, with

z*(p) = (p|X*|p) =0,  (p|X°|p) = % = R~R (2.28)

assuming n; < N. Then quantities such as z#(p) can always be dropped, greatly simplify-
ing the analysis. Thus we can view z* as Riemannian normal coordinates at p with respect



to the embedding metric g, of $* C R?, and V,[f] lp = Oulp- To avoid confusions with the

effective gravitational metric, we will use the symbol 9, for Vf], and we will often drop
its (“cosmologically small”) curvature [VLQ], V[Vg]] = O(#) for simplicity. The generators

separate accordingly as

X — (f{’;) , (2.29)

with X° = /R? — X, X#, and the 4 matrices X* ~ x# are quantizations of these local
coordinates. The stabilizer of p (or X?) is given by SO(4). Accordingly, s0(5) decomposes
into so(4) and local “translation” generators,

HY DU
M = (/_\47)“ 7?) ) where PH = MM . (2.30)

In this setup, the (Euclidean) Poincare-group ISO(4) is recovered as usual by a contraction

1
P, = EQWPV’ Xt =rzH, R = Rnr (2.31)
taking R to be much larger than any other length scale under consideration. Then the Sf{

algebra takes the form

123 R I wo
[Pus Py éMW fizpe g
[XF, XY =i = ir? M (2.32)

assuming r < 1. Here and in the following, greek indices indicate that the corresponding
tensor is tangential.

Poisson algebra limit. Now consider again the semi-classical (Poisson) limit. The exact
relations (2.7) for Sy then imply the following important formula

/ 1
gcclecaec b _ ZAZL P%67 P,%b — gab o ZL‘alL‘b,
P% = Pr, Pr-z=0. (2.33)

where P‘le is the projector on the tangent space of S* € R®. This allows to evaluate the
kinetic term of a scalar field ¢ € C(S*) (2.23) in the semi-classical limit:

— 9ap| X, D)X, @] ~ Gapf™ 6% 8, 3D, ) = V1 8,8, . (2.34)

As always, this is obtained by replacing commutators with Poisson brackets. Here

1
A = g = ZA4 g (2.35)



will play a prominent role as effective background metric. In contrast to %%, this is indeed a
tensor on S%, i.e. it is constant along the fiber. For the translation generators Py = ﬁ&“g‘ ,
equation (2.8) implies
5
g1, = ﬁeﬂ”e,,g, - % zt. (2.36)

This shows that on S3, the functions pu are not independent and basically vanish, since
x;, = 0 in the local frame at any given point p € S%. See appendix A for more details.

In contrast for the generic spheres Sf{, the p, are independent functions, and (2.33) is
replaced by

/ 1
9ecr007" = ZAN (PR 4 1) =i 9 (2.37)

(see (A.20) in appendix A) where t? has a non-vanishing radial component. Upon aver-
aging over the local fiber, this defines a scale

0159v5)y =: LEr2 g, L% =r%(2 + N) > A2, 2.38
R R n

L g characterizes the thickness of the sphere Sf{ with A = (n1,n2, N), and the contribution
N in (2.38) arises from the uncertainty® of X* in (2.8). In particular, this gives

417
[p,upV]O = Af Guv (2.39)

and

it , (2.40)

|91 | _Lgr _0 VN +n?
ow| R '

2.3 Functions versus symmetry generators

It is important to keep in mind the double meaning of the generators 0/ and P,:

1. as symmetry generators of the isometry group, which act on wavefunctions via
the adjoint. Then the normalization M* = r~20@"" is appropriate. In particular P,
and MM generate the local Poincare algebra for R — oc.

2. as generators of the algebra of functions on O[A] (along with z#), viewed as bundles
over S*. In the fuzzy case, this is replaced by End(H, ), which describes the degrees
of freedom in a field theory (or matrix model) on S}. This algebra is “almost”
commutative for large A.

Consider e.g. the basic sphere Sj‘{,. Since the underlying space O[A] = CP3 is 6-
dimensional, there are locally only 6 independent coordinate functions. At the north pole,
these are the x*, plus 2 of the 3 selfdual #*¥ variables which parametrize the fiber S2.
The 6*¥ can be viewed as function on CP? taking values in the SD 2-forms Q2(S%) or in

the local su(2);, C so(4). However, the p# functions vanish in the semi-classical limit, as

This can also be seen using e.g. the explicit representation of Sy on H = (0, N). Similar effects are
well-known for S%.

~10 -



explained above. Therefore there are no modes of the type F,(X)P" on va, but such
modes do exist on the generic spheres Sﬁ; this will be crucial below.

Now consider the symmetry generators and their action on wavefunctions. The
quadratic Casimir of SO(5) can be written as

C?lso(5)] = > MaMap= > MuM™+> PP
a<b<h pn<v<4 o
1
2
=R (PMP“ + RQMWMW> (2.41)
using the same symbols for the abstract generators as in the Sﬁf algebra. Acting on scalar
fields (or on fields with low spin), the angular momentum contribution can be neglected”

compared with the translational contribution, C?[s0(5)] ~ R?* P#P,. Comparing the for-
mula for its eigenvalues

C?s0(5)](n —m,2m) = n(n + 3) + m(m + 1) (2.42)

with the formula for the eigenvalues of O = [X¢, [X,,.]] = C?%[s0(6)] — C*[s0(5)] on S, [36]

O(n —m, 2m) = r*(n(n + 3) — m(m + 1)), m<n, (2.43)
it follows that
At At
O~ r?C?[so(5)]| ~ PP == 0y DOgi=¢"0,0, (2.44)

for the low-spin modes m = 0,1,2. A simpler way to understand this is via the semi-
classical form of the free action for scalar fields [8]

TrfOg ~ / —Qf (@), {a, 9(x)}} = / Qfa, f()} ()}
= / Q"0 fO,g = — / Qfy" 0,009 ~ =Trf(v"0,0,)9 (2.45)

where Q is the symplectic volume form, in agreement with (2.44). This shows again that
M (2.35) is the effective metric on S}.

3 Matrix model and fluctuations on fuzzy S}

Now we would like to make 8}4\ dynamical, by considering as a background in the Yang-Mills
matrix model

S[Y] = glzTr( — Yo, V[Ye, YY) + ,ﬁYaYa) (3.1)

with a mass term as a regulator, and studying the fluctuation modes on Sﬁ. We will later
focus on the IKKT model [1] with D = 10. The classical equations of motion are

(D + ;,3) Y, =0, 0= [y [, ]. (3.2)

"Remember that we always work in the local frame at p, where any 2* can be dropped.

11 -



We use the letter Y to indicate generic configurations, while X will indicate the fuzzy Si
background. Although the latter is not quite a solution of these equations, it was shown
in [36] that quantum corrections (at one loop) can stabilize the radius of S} for small
positive ;2. A more refined one-loop analysis will be presented in section 6. Now consider
fluctuations around some fixed background X¢,

Vo= X4+ A (3.3)

where A% € End(H) will be the dynamical degrees of freedom. Expanding the action
expanded up to second oder in the A%, one obtains

S[y] = S[X]+922Tr <2A“ (DJF;“Q) Xo+ A, (m;;ﬁ) Ag—2[Aa, Ay) [X“,Xb]—f2> .

dropping the linear terms (for stable backgrounds). Hence the quadratic fluctuations 4%
are governed by the quadratic form

TrA, <(D + ;;L?) 5% + 2i[O, .]) Ay, (3.4)

where the f? term was canceled by adding a suitable Faddeev-Popov gauge-fixing term
(choosing the Feynman gauge [37]) for the gauge fixing function

f=ilA% Xa]. (3.5)

Hence the fluctuations are governed by the “vector” (matrix) Laplacian
1 a
(D*A), = <D + 5,3 — Mo, .]) Ay (3.6)
b
where
A .

(MG = (880 — 0501a) (3.7)
is the SO(5) generator in the vector representation. The fluctuations A% entail fluctuations
of the “flux”

—i[Y*, Y’ = 0} = 6%, + F*,
Fb = —j[X2, A% 4 i[X?, A% — i[ A%, AP]. (3.8)

For backgrounds given by basic noncommutative branes M, this leads to noncommutative
gauge theory, or equivalently to a theory of geometric deformations

y*: M= RO (3.9)

leading to some emergent gravity on the brane which seems to be different from general
relativity [8, 38]. However on the covariant S} backgrounds, we will argue that (at least
linearized) general relativity arises indeed from certain deformation modes, extended by a
higher spin sector.
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3.1 Decomposition into fluctuation modes

Global SO(5) notation. Given some deformation X + A% of the S} background, we
want to identify the various fluctuation modes of the 5 fields A®. We can organize the
tangential and radial fluctuations as follows, working mostly in the semi-classical limit

Xa
Aa — éa + eabAb + fK/ . (310)
Here
&=+ Mpet .., X =0
Ay =Ap+ ApegM+ ..., X°A, =0
K=K+ HapM™® 4 ... (3.11)

and the functions &%, Ay, Agpe, & € Cn(S*) € End(H) play the role of tensor fields. The
expansion in M correspond to expanding End(H) = &(n,2m) in terms of m. The £* and
the A, are clearly tangential, and & describes the radial fluctuations. We will only keep
tensors of rank up to 3. The A, contribution is reminiscent of the standard parametrization
in noncommutative gauge theory, and could be interpreted as u(1) x so(5)-valued gauge
field (or more generally as U(so(5))-valued gauge field). Since the X and M? are tensor
operators, there is an SO(5) action on these fields via

A, = N UNAULY, Kk — UnsUy ! (3.12)

etc., which leaves the background sphere invariant and implements the isometries on the
tensor modes. In this sense, the theory to be elaborated will be “covariant”. The extension
to local gauge symmetries will be discussed shortly.

Now observe that the trace sector of Ap.q

Aped = (gbdgc — gbcgd) (3.13)

1
2R?2
leads to

A = 0% Ap g M = (Ppé)® (3.14)

using (2.33), which is redundant with the £* modes. Therefore we should either impose
that Apeq is traceless, or drop the £* modes (and the k modes for the generic spheres Sj‘i).
We will mostly choose the latter option.

Local SO(4) notation. To make the physical content more transparent, we will organize
these fields further into 4D fields near some reference point p € S* (“the north pole”). We
will use greek indices p,v € {1,...,4} for tangential components transforming as vectors
under the local SO(4) around p € S%, and latin indices a,b,... € {1,...,5} for the SO(5)-
covariant components. In particular, the fields will be locally expanded in powers of the
SO(4)-covariant generators as in section 2.3,

O =’ MM and PV := %M“E’. (3.15)
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Figure 1. Schematic local picture of the deformation modes A, and &*.

This organization gives the following modes up to the order under consideration here:
xt 5
AF = ¢F 4 ﬁl’i + 60" A, A’ =k (3.16)
where

A, =A, +A,P’+ A g M7 + ...
§H =& (x) + &M () P, + gwp(x)Mup + ..
K=K+ Kk, P* 4+ Kk MPY (3.17)

where both A,,, and A,, = A,,5 arise form the 5D fields Ay,.. We separate A, into
symmetric and antisymmetric (AS) parts,

1
Auﬁ - §(hz/p + aup)v hup = hpu, Qup = —Qpy - (3'18)

As discussed above, we can absorb & in

1 /!
Aupo' = Az/po' + Aupa [5]7 Alxpa [E] (PSD)ng gI/U/é-,D/ . (319)

T R?

Here Psp is the projector on the SD antisymmetric component. Similarly, the A5 modes
can absorb the radial k modes for the generic spheres, but should be dropped for Sjlv since
the corresponding fluctuations A* ~ P*As vanish.

We will see that the A, describes a U(1) gauge field and h,, determines the met-
ric fluctuations, while a,, does not seem to play a significant role. A,,, is part of the
gravitational sector. It is important to keep in mind that (apart from the &* and the s
deformations) these deformation modes are “internal” degrees of freedom, whose averages
[.]Jo over the local fiber vanishes. Some of these deformations are sketched in figure 1. The
only modes which change the embedding of S* in target space are the radial modes x. The
organization (3.17) is quite general and applies also to other covariant quantum spaces,
even with Lorentzian signature. The full expansion into higher spin modes is obtained by
allowing the A, ¢# and & fields to take values in the universal enveloping algebra of so(5)
or Iso(4).

3.2 Gauge transformation

Consider gauge transformations

YO Ve +i[A, Y (3.20)
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with some gauge parameter A € End(H). For fluctuations on a background Y* = X+ 4%
this leads to the inhomogeneous transformation

SA® = i[A, X +i[A, A7]. (3.21)

We can expand the gauge parameter in SO(5) generators as
1
A=Ay+ §Aab/\/tab +... (3.22)

where Ag, Ay € Cn(S?). Clearly Ay M® generates an z-dependent SO(5) transformation,
and

A, = Ay(x) + Agpe(z) M (3.23)
transforms as (noncommutative) SO(5) x U(1)-valued gauge field.

Local SO(4) rotations & diffeomorphisms. It is interesting to work out the explicit
form of these transformations in the local 4D parametrization (3.17). We expand

1
A=Ay +v, P+ iAWMW +.... (3.24)
and define the individual transformations
(5/\0 = i[Ao, .],
8y 1= 1[v, P’ ],

Sy = %[AMMP", 1. (3.25)
In the semi-classical limit, we can replace the commutators by Poisson brackets, and

dn, XH = 0"0, A
G XH = —vt 4+ 0" (0, v,) PP
0p = i[UpPp, ¢] ~ _Up8p¢ + 9“”(8ﬂ¢)(auvppp)
SAXP = Lilhpo MO7, XP] o 00, A py MO

Snd = %z’[ApaM””, 6] ~ 0(6060A) (3.26)

where ¢ = ¢(X) indicates some scalar field, and 6" is the undeformed Poisson tensor. Here
we recalled that z# = 0 = dpx* at p. Restricted to the lowest degree in 0, the §, clearly acts
as a diffeomorphisms on scalar fields ¢(x), and d5 leads to local SO(4) rotations of tensors
(which vanishes for scalar functions at the north pole). Applying this to the background
X + A, we can read off the transformations of the tangential and radial perturbations

1
SAP = 019, <Ao +u, PP+ 2A0pM"p> — U G AP S AR+ Sy AP

SAD = 8uk + Opk + Op K (3.27)
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where

5u(0" Ay) = i[v, PP, 0" A, + 05, A,
= vr?(—g™P" + g" P*)A, + 0" 5, A,
1

A" A,) = iQ[AUpMp”, O AL, + 0" A A,
= —Aop(gPH07" — g7 O7*) AL, + 0HV O A,
=(A- A+ 0" (A-A),. (3.28)
Here we denote the local rotation of A, by A € so(4) with
(A-A)y=—Aupg™ Ay + ... (3.29)

which extends to all the tensor legs of A, in the expansion (3.17). Dropping contributions
to the higher & modes which we don’t keep track of, we obtain the following linearized
gauge transformations for the 4D fields

1
A, =0, <A0 +u,PP + QAUPMUP> —0P0,A, + (A A), — v, 0

ok = —vP0,K
SEr = ot (3.30)

Separating A, into the tensor components, this gives

0A, = 0uho — VPO, A+ (A-A)y
dauy = (0uvp — Opvy) — VP 0pap + (A - @)

6h,ul/ = (8“Up + 8pU'u) - ’Upaph'uy + (A ° h)ﬂl’
1
§Appo = 5aMA(,p(a;) — 070, Aupe + (A A)ppo - (3.31)

These can be understood as local SO(4) rotations generated by A, (z), U(1) gauge trans-
formations generated by Ag(x), and infinitesimal diffeomorphisms generated by —v”0,. The
A, o transforms like a SO(4) gauge field. The inhomogeneous transformation of hy, under
diffeomorphisms can be understood by anticipating that it plays the role of a linearized
metric fluctuation g, — hy,; its transformation by v then gives

6(9uw — hyw) = Guw — Iy — (auvp + Opvp + 7 0p (g — ), (3.32)

which is the transformation of the metric tensor g, — hy, under an infinitesimal diffeo-
morphism —v”0,.

Higher-order gauge transformations. The gauge transformations considered
in (3.24) are only the lowest in a whole tower. Consider e.g. the transformations gene-
rated by

A= A,sPP?, (3.33)
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which leads to
(X7, A] = ~ihag (9P + g"7P*) + [X¥, Aag] PP (3.34)

This allows to gauge away the symmetric £#¥ modes. In contrast, one cannot gauge away
the h,, modes. From a geometric point of view, the pure gauge modes correspond to
Hamiltonian vector fields on CP3, and a systematic analysis is postponed for future work.

Gauge fixing. The gauge fixing was achieved by adding the Faddeev-Popov (or BRST)
gauge fixing term — f2 to the action, such that the explicit f2 term in (3.4) is canceled.
This ensures that the propagator is well-defined. The corresponding gauge fixing condition
0 = i[ X4, A% is accordingly not a “hard constraint”, but simply selects the physical Hilbert
space or configuration space without redundancies.

Now consider the gauge fixing condition

0 = i[Xa, A% = i[ X5, A%] +i[X,, 0" A,)] . (3.35)
The radial contribution from x is
. a XCL 5 175) 1 AQ M
i X,EK, ~—{x’ Kk} =10 (3u/{:§7‘ Pro,k, (3.36)

thus the gauge fixing condition is
1 1
0~ —ZA‘*Q”“@MAV + §m2pﬂaﬂﬁ + 0" A, . (3.37)

Separating the components, this leads to

0=0"A,
A2
0= ?6“14#,, —rdyk
v 1 A
0=06" (2% — R28PAP,W> (3.38)

For a,, = 0, these reduce to the Lorentz gauge condition for A, and A,,, while the second
condition reduces to 0*h,, = %8,,/9

4 Geometry: metric and vielbein

Undeformed background. Consider some scalar field ¢ = ¢(X). The adjoint action of
the basic matrices [X?,.] defines a derivative operator on ¢,

D = —i[X ¢] ~ ™Dy (4.1)

where
e = g%, e = e, (4.2)

plays the role of a vielbein or frame. Using (2.40), we see that the tangential vielbeins

e* ~ 909, a=1,...,4 (4.3)
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play the dominant role, while the transversal component e’ ~ 05“8M only contributes a
small multiplicative factor %% to v* via (2.39). Recalling the discussion in section 2.3,
this vielbein arises from the bundle of (selfdual) 2-tensors® #**, which transform in the
(1,0) under SO(4) along the internal fiber S%. Hence e®* is not a fixed frame on S*,
er

]

but it is averaged out over the fiber, [e®’]yp = 0. We can now rewrite the formula for the

metric (2.35) on S} in a more suggestive way as follows
Y = gap gt — Gape™ e (4.4)

This defines a fixed, well-defined metric on S* which is constant along the fiber S2,

4
A—g’“’. (4.5)

o =" =~

This is the key property which allows to reconcile covariance with noncommutativity. For
generic St with large Lg, the ¥V is replaced by the 5-dimensional 5% as in (2.37).

Now consider general fields ¢ € End(H), decomposed into a tower of higher spin
(tensor) fields on S$* as in (2.26). The adjoint action [X?, ] still defines a derivative operator
¢, which however contains non-derivative terms which arise from commutators of the X
with the P# generators in the expansion of ¢. E.g. for ¢ = ¢ + ¢, P* + ¢, MM, we have

DG = —i[X%, ¢+ BuP" + b M| ~ €0y — 67 (4.6)

This phenomenon will play a crucial role below. Nevertheless, the metric in the kinetic
term for arbitrary fields is always obtained from the leading derivative contributions

— (X%, ][ Xa, 8] = 3" 0udpOpp + ... . . (4.7)

Deformed background. Now we include the fluctuations Y* = X + A%. Since the
kinetic term for (bosonic) fields always arise from contracted commutators

— [V, ¢][Ya, @] ~ D*6Dad = 1" 0,60, +...,  D*:i=—i[Y",]  (48)

we can read off the effective metric in the perturbed matrix model (up to a possible con-
formal factor, see below)

P s Y, XP|[Yay X¥] = D Dya (4.9)

and similarly for the 5D case with 42°. This can be expressed in terms of an (over-complete)
frame

[ A] = ™[ A]9, = D (4.10)

cf. [8, 39]. Again the tangential contributions e*[A], o = 1,...,4 will provide the leading
contribution. Recall the explicit form of tangential fluctuations A% = %H + 0 A, with

A, =Ay+ AP+ Ay M (4.11)

8Note that JY := e* can be interpreted as (rescaled) almost-complex structure, since J? ~ —1. Again
this does not live on S* but on the bundle O(A).

~ 18 —



Observe first
— i[Ay; @] ~ (Ausg™ + 07 95A,)0,¢ (4.12)
where the non-derivative A, term arises from the explicit P modes in A, similar as

n (4.6). Using these expressions and dropping as usual [M*#, ¢] = O(£0¢) in the local
frame, we obtain”

N Y
(9@” (1 5) + 07 Aug™ + 6067 (954, + 03 Apo M ) ) 0,00 — 6°
WIAOp — . (4.13)

Hence the tangential vielbein e*[A] = e*”[A]0, is
e [A] ~ —i[Y*, X"
~ 0 (o (1 5 ) + 4™ + 0% (954, + s Apo 1)) (4.14)
The transversal vielbein
eV [A] ~ —i[Y?, XY ~ 0% 4+ 0" Ok (4.15)

does not contribute to the linearized metric perturbations and can be dropped. Hence the
tangential e®, a = 1,...,4 play the role of the effective vielbein. Using these results, the
metric on a deformed Sj{ background including linearized perturbations is

’Y/W ~ _[Yav X'LL] [Yaa XV] = gaﬁeaueﬂy = :Y'ul/ + 57”” (4.16)

where the linearized metric fluctuations are given by

At 2 At / 7
- o (h’“’ ;Quu> + o <g’”’ 9B (aﬁAV, + aﬁAy,ngp”) +(u y)) (4.17)

using (2.35), always raising and lowering indices with g"”. Note that the anti-symmetric
contributions a,,, drop out. After averaging over the fiber S? using (C.1), the contribution
from the U(1) gauge field A, also drops out since [#%”]y = 0, and we obtain
A4 2K At
oy = — | A + KM 4+ —g"" ) =1 —RhH. 4.18
[7]o4<++R9> 1 (4.18)
The contribution from the rank 3 tensor AWV is

2

s = g (0707 03 Aupe + (1 v) = - (07 Ay + 07 A1) (4.19)

using %4 = r2R? as well as the self-duality of fl#pg in the last indices. Note that k,,
transforms as

4R?
kuw = Ky + 00, + Opvy, v, = —(")”Ayp (4.20)

under local SO(4) gauge transformations, and the gauge condition (3.38) for A,,,, implies

k=0 if au, =0. (4.21)

9We include also the term ¢* P, in the expansion of ¢ € End(H), which is needed for the field strength
where ¢ — A. The term dgA,,P? is dropped since it would drop out upon averaging over S? in (4.18).
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4.1 Thick spheres, extra dimensions and dimensional reduction

Since the underlying space O(A) is higher-dimensional, there are excitation modes in extra
dimensions. Most of them give rise to higher spin modes, as discussed before. However for
the generalized spheres Sf\, there are also extra scalar modes, corresponding to the SO(5)
Casimir R2. They arise from the s0(6) mode decomposition (2.27) reduced to s0(5).

Now the stabilization of the spheres becomes important. As shown in [36], there is a
one-loop effective potential V(R?), which for Sj‘;, - assuming some bare mass u? - acquires
a non-trivial minimum R. Here we will actually need “thick” spheres Sﬁ, which will clearly
also have some radial potential. Due to the thickness, the long-wavelength modes in the
radial directions will be significantly suppressed by this V(R), while modes localized at R
will have large kinetic energy. This suggests that there should be a large mass gap in the
radial direction.

There is another attractive mechanism to get rid of the extra internal modes along the
lines of [31, 40, 41], by giving suitable VEV’s to the transversal matrices or scalar fields.
This leads to fuzzy extra dimensions with a large mass gap,'® and at the same time lead
to an interesting low-energy gauge theory. For example, the 6 transversal matrices in the
IKKT model could be identified with the generators of squashed CP? [41, 42], since S}
is a CP?-bundle over Sj‘;,, see appendix A. This will be studied elsewhere. Here we will
simply proceed in the framework of the dimensionally reduced 4-dimensional theory, and
elaborate the resulting 4-dimensional gravity.

4.2 Effective metric and scalar fields

To properly identify the effective metric, consider scalar fields propagating on the deformed
St background in more detail. The kinetic term for a (transversal) scalar field is

__3 o N dimH 3 4 Y
Sle] = ngr[Y , Ya, @] Vol M) o2 /Md "™ 8,00, ¢ (4.22)

To be specific, we use the Riemannian measure in target space. We can cast this into a
covariant-looking form (cf. [8])

dimH  A? 4 o
U1~ St agz 41 V|G| @ 9,00,0

=5 /M Az \ /|G| G* 8,00, (4.23)

in terms of the effective metric

4 [A 1-
G/*”/ = aﬂfyl’“” o = "')/“V‘ 1 — §h + e (4.24)

which is a dimensionless Weyl rescaling of v*¥, and a field ¢ which has dimension mass via

A? gYM o
2V2

0The gravitational modes are protected from acquiring a mass by gauge invariance.

¢ = (4.25)
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(which has the usual dimension of mass). Here gyy is defined in (4.36), and the corre-
sponding linearized metric fluctuation is obtained from (4.18)

- 1 -
G' = g" H HW,  HM ="~ o gh. (4.26)

where fLW = huy + kuy. Then the Lorentz-gauge condition auﬁw = 0 translates into the
de Donder gauge for H,,,,

1
O Hyy — 50,H = 0. (4.27)

We consider H,, as a tensor field here, rising and lowering indices with g,,. Then the
linearized coupling of h,, to matter is given by

1 1 ~ 1
nstl =y [ dem Tl =g [ atei (Tuld-j0uT) @)
M M
where )
Twle] = Oupdvp — igul/@paap@aa%@)a T =—g"0updvyp (4.29)
is the energy-momentum tensor of ¢, which satisfies 94T}, = 0.
4.3 Flux and field strength
Now consider the perturbation of the “flux” [Y# Y] ~ i@é‘;) given by
QHV — RV 4 FHV — é#u[A] + Q#HIQVV’FM/V/ [A]
gHv . — v QHM'AMIV/gV’u . ew’Ay/,u,gu'u
= (001 + g ) 0 (6% + Auspg™) (4.30)

to linearized order. Since the A terms enter through one factor of ### | they are naturally
viewed as geometric deformation of the background #*¥ — 6"V, which plays the role of the
Poisson tensor in the deformed y* coordinates. In contrast, the field strength

Fu[A]l=0,A, —0,A, —i[Au A
=F,+Ruw+Tuw (4.31)

enters via 2 factors of 6, and decomposes into the U(1) x Is0(4)-valued components

F, =0,A, — 0,4,
Ry = Oywy — Oywy, — twy, wyl, Wy = Aw/g./\/lo‘ﬁ

Ty = Opay, — Opary — i([wy, au)) — [wy, o)), ay = Aua P (4.32)

Clearly F),, is the U(1) field strength of A, and Ry, is the curvature of A,,5 M viewed
as 50(4) connection. Furthermore, 7},, can be related to the linearized spin connection.
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Stack of branes and nonabelian gauge theory. As usual, SU(k) gauge fields can
be obtained by considering a stack of coincident branes, expanding the fluctuations as
A, = A 1+ A, A\ in terms of su(k) generators A%, For the generic S} spheres there is no
need to do this by hand, since they can be interpreted as bundles over Sﬁ[ with fibers being
fuzzy coadjoint orbits of SU(3) (see appendix A for more details, and [43] for an explicit
example in a simplified setting). This means that some non-trivial gauge theory will arise
automatically, whose structure is similar to the squashed brane configurations in [41, 42],
which in turn are quite close to the standard model. It is very remarkable that the Sf{
spheres seem to provide the right ingredients for both gravity and particle physics.

For such nonabelian gauge fields arising on S#, the u(k)-valued fluctuations should be

expanded in terms of!!
A% =¢e"A, (4.33)

rather than A% = 6% A,,. Here

A = Vag

g e“M[A] (4.34)

is the conformally rescaled dimensionless vielbein corresponding to the effective metric
GH (4.24). Then the correct coupling to the metric is recovered (cf. [8]),

1 1 W
S[F] = ?tr[Y“,Y”] Yy, Vo] ~ . /M d*z /|Gl G* GHY Fypu Fyyr (4.35)

where the Yang-Mills coupling constant is defined as'?

1 dim#H A8

= 4.36
4% Vol(M*) 1642 (4.36)

Noting that the conformal factor drops out in the Yang-Mills action, the linearized coupling
to the metric perturbation h,, gives

1
SnS[F) = = / d*z h* T, [F] (4.37)
2 Jm
where ) .
Ty |F] = —— (FW/ F,,GHV — GW(FF)) (4.38)
Iym 4

is the energy momentum tensor of the gauge fields.

5 Gravity

5.1 Classical action and equations of motion

In order to derive the equations of motion for the gravitational A,,, A,,, and £ modes,
we evaluate the semi-classical action up to quadratic order. The quadratic fluctuations are

1This expansion should be applied also in (3.16) to go beyond the present linearized approximation.
12Note that the matrix model coupling ¢ has dimension L*. For nonabelian gauge fields, an extra factor
may arise from the number of branes.
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governed by the “vector” (matrix) Laplacian (3.6)

(D%A), := (D + %,ﬂ — MPer, .]> Ay . (5.1)
b

Now consider the ansatz'? (3.17)

H ~
A () = 0+ 0 (Ao (@) P + Ay (0) M), A = (5.2)

dropping the U(1) component for now. We can evaluate D?A in the semi-classical limit
using the basic rules

[f(x), g(2)] ~ 16" 0,.f Oug
[0, 9(x)] ~ O(xdg)lp = 0

[Py, g(x)] ~ i0ug9 (5.3)
which are valid in the local ON frame at p. After some algebra (see appendix E) and
(01P67" — 01767) A,y = 220" MP Ay, (5.4)

using the antisymmetry of A,4, in the last two indices, we obtain with (3.17)

1 ~
D2‘Agrav = o p° <|:| + 87"2 + 2,M2> Az/o' + 2PMMUVAUU + 4,yllngVO'AVUp
oM M ( 2120, A O+8+5,2) 4 4r? A
+ T 0sAyp + + 8r +§H vop T 417 Apoy
1
DA, = <D +4r? + 2u2) . (5.5)
Now
A1 g7 Ay = —612 0" MP Py Ay, (5.6)

where A,,,[¢] = Pofl,,op is the trace contribution of flwp defined in (3.19). To evaluate
[AgraszAgrav]o, we need the following normalizations which follow from (2.39) and (C.1)

[P76" g, 6" P Jo = L 9 977

1o, 1Al R4 / / / / / N
[MEPO gy 077 M7 P o = =g (977 9" = 970 9" +777) (5.7)

using %4 = r2R2. All other mixed terms such as [P70"*g,, 0" M|y vanish. Thus

[P7 A, 0" 9 AL, P gi)g2 = LY A7 AL

i i 4R4
[MUPAVO'/JG'LLUQ“ v A/ ! 5! /MU P guul]sﬂ - T AVUPA/ (58)

v'o'p vop

BThe x" % contribution is subleading here and dropped.
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provided either A,y, or A}, is SD in the last 2 indices. Therefore the semi-classical

action (3.4) quadratic in the A, A,,, and & fields is
1 1 2 a : ab
SalA] = 5 Trda (O 5u° ) 0f + 2 [@ } A, (5.9)

4 / 4 2 < 2 1o 2 1o
~ da:(LRAW O+8“+-p* A, +r(O+4r"+-p° |k
TS S 2 - 2

AR* -

1 . S8aR* -
+ TAZ/UP (D + 82 + T2Ph0r — 6T2P0 + 2,u2> AVoP 4 a 2

1 AvepOsAvp -

To accommodate one-loop effects (see section 6), we introduced a factor « in the mixed
term, which is

a=1 (5.10)
for the present semi-classical action. Given in addition a coupling to matter of the form'
1 4 v v 2K v
0S¢ =< [ d'z (P + K" + =" ) T (5.11)
2 Jm R

(cf. (4.37), (4.28)) we obtain the equations of motion

1 2 A8 RZAY
L% (D + 8 + 2/1,2) Ay = _g\% Ty + a 3 0% Ao

2 YN,
8R? <D + 8r? + T‘2Ph0r - 67‘2P0 + MQ) Az/ap = (PSD)Z P (*20&A480/Ayp/ + g%MAgaJ/Typ/)

P
1 G2 A8
2 L o2) _ _9ym
2<D+4r +2u>/€ 1 T. (5.12)

Here PSD = i(éé — 0 + €) is the projector on the SD antisymmetric component, Py is the
projector on the trace contributions of flypg, and P, is the operator exchanging horizontal
indices in the mixed hook diagram (corresponding to flupg) defined in appendix D. This
has eigenvalue Py, = —1 on the totally antisymmetric diagrams, and P, = % on the
mixed (hook) Young diagrams. In any case, the contribution of P, and Py in the kinetic
operator is negligible compared with [J, and we neglect it for simplicity, and we replace
the equation for flwp by

2

5 . A4 2 AS
R? (D + 8% + ‘;) Ayop = (Psp)7 [ (-O‘Zla(,/Aw,/ + g“gaU,TVp,> . (5.13)

This implies

2 B A4 2 AB
R? <D + 8r? + “2) % Ayyp = 04176 (=070, Aup + 0,07 Apo) + M

0°0,T,, (5.14)

MFor scalar fields, the coupling of the trace component h was found to be modified in (4.28). This is
somewhat puzzling; one possible resolution might be that the rescaling (4.25) should be done using the
z-dependent uncertainty scale A2. This should be addressed in more detail elsewhere.
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Now assume that the antisymmetric component of A, vanishes, a,,, = 0. Then the gauge-
fixing condition (3.38) implies 0°A,, = %ﬁyn, so that 8”[1,,0—p is symmetric in v, p. Then
the eom (5.12) for A, is indeed consistent with

1
Shuw (5.15)

auy =0, Ay = 5

for symmetric and conserved 7),,. Putting all this together and recalling [J ~ —%Dg, we
obtain the following equations for the metric contributions k,, (4.19) and h,, and &

4

2 A « 1
(Oy — 4m?) ky, = _gth Oy Ty + 5 0ghy = 5000
2 4
2 gymA @
(Og — 4m*)hy = ‘%é Ty — 7 [
2 4
2 gymA
(Og — 4m?*)k = Y2MR T. (5.16)

Here we define the mass ) 2
8re 4+ u“/2 u2-0 1
2 _ g
m2 = X = Im (5.17)
which is of the order of the background curvature, and can hence be dropped for simplicity.
Combining the first and the second then gives
2
1

2 At o} o
Dk = = (_DgTuu + 2L2T‘”’> Ky — 3R
R

- — DuOyk . (5.18)
3 3L% a

2 4
We expect from (5.16) that 50,0,k = O(%T) < g% A0,T, so that we can neglect

the k contribution (except possibly for the longest “cosmological” scales). Then we can
formally solve this equation as

2 4 3
gymA a(a+3)
Ky = —1+ T 5.19
m 3 ( 3L30, +a2 ) M (5.19)

Inserting this in the equation for hy, gives

3\ g3 At o?
Dgh;w = <Oé + 2) 3L%% T#V — WT‘LW . (520)

These two equations describe the emergent gravity on Sjl\ (assuming L < R so that k can

be neglected). The first equation suggests to separate k,, into a “local” and a propagating
“gravitational” part,

b = k(09 + kg,

2 A4 3 2 A4 a
k(loc) — _gYM Tuy; k(grav) — <a + > 9yMm T,uy. (521)
" . 2 91%1 Oy + 3053
and the effective gravitational metric
A& = h, + k&) (5.22)

Now we consider two scaling regimes:
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Regime G: L%Dg > o?, i.e. the size of the matter source T, is much smaller than

L% /a?. This is the “gravity” regime, since then the eom for hyu and kflgl,rav) reduce to

3\ g3y Al
Dghu’/ = (O{ + 2> 3L2R T;U'V
rav o 3 g%/MAéL
Ok = 3 (a + 2) 317 Ty (5.23)
and the effective gravitational metric satisfies
~ a a 1 g%(MA4
g™ = (5 +1) (3 ¥ 2> Lz (5.24)

We will see that these are indeed the linearized Einstein equations. kf},(,)c) is a small,
additional metric contribution with little physical significance. Note that both equations
are compatible with the Lorentz gauge condition 0*h,, = 0 = 0"k,,. For o — 0, this
regime always applies.

Regime C: L%{Dgr < a?, i.e. momentum scales much smaller than z‘—j This is the
R

“cosmological” regime. Then (5.18) essentially reduces to

2 A4
- gymA
me 2c

i.e. k,, is not propagating at all, and the eom for h,, also becomes trivial to leading order,

T, (5.25)

Oghuw ~ 0. (5.26)

Hence gravity ceases to operate for structures much larger than Lr/«.
To understand the intermediate regime, we can formally assign to h,, the following
(negative) gravitational energy-momentum tensor

Oé2

Twlhli=————=Tu 0.27
I [ ] BL%Dg_'_aQ I ( )

Then (5.20) can be written as

3\ g3 At
ol = |+ 3 7 (Lo + Tuw[h]) (5.28)
2) 3L%

This means that as long as the matter source is sufficiently small, h,, behaves like an
ordinary gravitational field generated by matter; however, for very large sources T}, [h]
becomes significant and shields the effect of gravity.

Self-dual action. We conclude this section with the following interesting observation.
Suppose the matrix model has an additional € term such that it reduces to a selfdual
Yang-Mills action'®

Pep[F?) = / d'e [F(6) 4 (©)], (5.29)

151t was found in [7, 8] that the self-dual action indeed arises upon taking into account the volume factor
contributed by the fluctuations, cf. (4.33). We leave this possibility for future work.

— 96 —



where

[.7-"1".7—";,]0 = [2FM F + F“”Fpoewpg]o (5.30)
is averaged over the local fiber, and
FH = 0 Ay gV — 07 Ay g+ 0 0V F (A (5.31)

cf. (4.30). The first term is equivalent (modulo gauge fixing) to the quadratic action (5.9).
The second term F* FF7¢,,,, as usual will not affect the local field equations, except for
the mixed term between A,, and F),,, which after some algebra is

16 R*r2

Flu [AJ0 0" €000 (07 Ay 1”7 — 077 Agryg”'?) = — O Aaup AP (5.32)
using selfduality of A,.g, its symmetry property and det§ = (%4)2. This has indeed the
same form as the mixed term in (5.9) (which is the reason for introducing the factor o

n (5.9)). Similarly,

SRr?
3
using partial integration and the gauge fixing condition. The contribution from h,, agrees
up to a factor (-2) with (5.32). Thus the mixed term cancels in the selfdual Yang-Mills
action, which reduces to (5.9) with @ = 0. Then the regime G always applies, without

F/.l/l/’ [A]@“‘ulgyylgupgyo—(gpplAplo./gala — HUU/AUIp/gplp) ~

O Apue (A7 + 2

the need for large L. Together with the following section this implies the linearized
Einstein equations always arise, without IR modification. We leave this as an interesting
observation.

5.2 Curvature and linearized Einstein equations

Now we consider the curvature of the linearized effective metric
GH = g + H* = 6" + dgM" + HMY (5.33)

viewed as a perturbation of the flat metric 6*|, = g"”|, near p; recall that H*” was defined
in (4.26) as trace-reverse of iLW = hyuw + k.

The first important observation is that the local contribution kSSC) (5.21) can be
dropped; this is merely a negligible local “contact” contribution to the metric, and has
nothing to do with any long-distance gravitational effect. For example, to compute the
gravitational effect of the sun at the location of the earth, we certainly have kﬂgc) = 0.
Even for an observer located in a cloud of gas with some energy-momentum density 7},,, the
(loc

v

“local” contribution &, ) = O(g3 AT, ) would still be negligible except for extremely

high energy densities. Thus we will replace B;w by ﬁ&gl,mv) (5.22), which makes things much
more transparent.
Furthermore, assume that we are in the scaling regime G, studying the gravity gener-

ated by objects of size < L%. Then consider the linearized Ricci tensor [44]

R*[g+ H] ~ R™[g] + %8“81’}[ + %aaaaHW — 9o, H"" . (5.34)
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Since H,, satisfies the de Donder gauge (4.27), it simplifies as
3 1.,
Ruwlg + H] = 29w + 50%0aHuw, (5.35)

where Ry, [g] = %guy is the Ricci tensor of S%. Hence the linearized Einstein tensor is

1 |
Gurlg + H| = Ruwlg + H| = 59 Rlg + H]| = §Dghfﬁav) (5.36)
dropping the curvature contribution G[g] = —% 9w of S4. Taking into account the equation

of motion (5.24) for lengl,raV), we obtain the linearized Einstein equations

Gy = 8TGN Ty (5.37)
with the Newton constant given by
[e% o 1 92 A4
On = (5 + 1> <3 + 2) ﬁﬂ% =Ly < O(g3mA?) (5.38)

using (2.38). Hence the Planck scale is less than or equal to the uncertainty scale, as
expected. As explained above, these equations no longer apply for objects (or rather
wavelengths) larger than Lp/«, where the metric is non-propagating and proportional to
T, as in regime C. (5.38) entails the interesting reciprocity relation

L2 L% = O(g3mA?) . (5.39)

Since the Einstein equation applies only for wavelengths smaller than Lg/a, we should
require L?yl < L% /a. This holds if either of the following conditions is met

cn > VN or ax0. (5.40)

Thus we need either a self-dual action, or a “thick” fuzzy sphere S}. The latter is easily
compatible with ¢, < N, such that Lr < R. Notice that such an apparent macroscopic
“thickness” Lp of Sj{ does not necessarily mean that space is effectively 5-dimensional.
This point was discussed in section 4.1, although a more detailed investigation is required
to settle this. There is no issue with dimensional reduction for the self-dual action (5.29),
where Lg does not act as a IR cutoff, so that ¢, can be very small.

Now consider briefly the gravitational coupling of fermions. We only observe here that
the matrix model Dirac operator

DU =T, (X% V] ~i(30, +...)U (5.41)

can be rewritten in terms of “comoving” Clifford generators 4* = I'y, é** (up to possibly
a conformal factor), which encode the effective metric {y#,5"} = 2G*” [8]. Together
with supersymmetry [1], we expect that fermions couple properly to gravity in the present
framework, however a detailed analysis is left for future work.

The above results show that the 4-dimensional (Euclidean, linearized) Einstein equa-
tions can emerge from the classical dynamics of fluctuations on fuzzy 4-spheres Sj{ in the
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Yang-Mills matrix model (3.1), provided certain scaling conditions for A are met, and di-
mensional reduction is justified. No explicit Einstein-Hilbert term is required. There are
several contributions to the metric fluctuation ﬁ,w, so that the physics is richer than in
general relativity. Most notably there is a long-distance modification, in the sense that
wavelengths much larger than Lr do not contribute to gravity. The requirement of large
Lp (i.e. large ¢,) is avoided for the self-dual action.

In any case, the long-wavelength modifications of gravity discussed above should be
very interesting for cosmology, and it is tempting to relate this to some of the effects
attributed to dark matter or dark energy. There will also be some additional gravitational
modes arising e.g. from radial deformations . However, a more detailed analysis is required
before these issues can be addressed.

One final but crucial question is whether the present mechanism survives quantization.
The (preliminary and partial) analysis in the following section supports the conjecture that
the quantization is well-behaved and preserves the above picture, for the IKKT model.

6 One-loop corrections from string states

As a first step towards a full quantum theory, we would like to study the one-loop effective
action for the above gravitational fluctuations around a fuzzy Sfi background. This should
be done in the maximally supersymmetric IIB or IKKT model, which is the only model
where the non-local UV/IR mixing in noncommutative field theory is mild (leading to 10-
dimensional IIB supergravity in target space). Until recently, such a 1-loop computation
in terms of a mode expansion would be hopeless; already the one-loop effective action for
the constant radius is quite involved [36]. However the integration method using string
states [25] makes this task feasible. As a check of these methods we will first reproduce the
results in [36], and then proceed to extract the leading 1-loop contributions to the effective
action. For simplicity we will restrict ourselves to the basic fuzzy sphere Sj‘(, here.

6.1 The 1-loop effective potential for the IKKT model

We start with the bare bosonic action (3.1) for the background X
1 S )
So[X] = g—2Tr( — X, X)X, X9) + ;BXZXZ-) (6.1)

supplemented by a mass u?, to regularize possible IR singularities. Adding the fermions in
the IKKT model, the one-loop effective action is defined by

Zlr,u] = / dXdWeSIX Y = oLl (6.2)
1loop
and we will write
Feff[ra M] = SO [X] + Flloop [T’ ,U,] . (63)
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We recall the following form of the one-loop effective action in the IKKT model [1, 37, 45]

1 2 1
Pitoop[X] = 5Tt <1og <D + 5 - uie, .]) — 5 log (O— M), ]) - 2log(D)>

(e (e ) L)

n>0
1 | — A a; 4 1 - a 4 - a;
=T (45 Yo ) -5 (oM e, ) +oEe b,.])5>
1
- Z,LfTrD_l +O(u*) (6.4)
with a,b=1,...,10, where
@\*_ 1 o

¢ (6.5)
(M) = (0500 — 3500a)

and the 2log[] term arises from the ghost contribution. Note that the coupling constant
g drops out from I'jjoep due to supersymmetry. For ;o = 0, the first non-vanishing term in
this expansion is n = 4 due to maximal supersymmetry. However there are contributions
of order © for p? # 0 due to the soft SUSY breaking, which are important to stabilize the
background.

The leading 4th order term is given by the following expression [37]:

1 _ At ~a 1. a
itoopa[X] = STr<<D g e, )t - 5@ Mg e, .]>4)

1
_ ZTr(m—l[@albl, .. O 1[@ubs, .m])
( - 4gb1ang2a3gb3a4gb4a1 - 4gb1a29b2a49b4a3gb3a1 - 4gb1a39b3a29b2a49b4a1

+ 9bras9brai bsasGbsas + 9braz9bsar Gboras Gbsas + 9biasGbsar gb2a3gbga2) (66)

and the leading term in p? is
Thoop [ X; 12 = ——p*Tr (O 6.7
1loop[ Y ]_ 2 I‘( ) ( . )

We will evaluate the trace over hermitian matrices in End(H) using the basic formula [25]

dim #H)?
o0 = (s | dxdy(RFDO() ). (6:5)

MxM

Here |y)(x| € End(H) are string states,'® which are built out of coherent states |x) on
M =CP? =~ va x 52, The formula is exact for homogeneous spaces such as CP3. It
follows by noting that the r.h.s. of (6.8) is invariant under SO(5), x SO(5) g, and so is the

16Bold face letters X, y, . .. denote points in CP?, while plain letters z, y, . . . denote their projection on S*.
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trace functional on End(H,). The normalization of the measure!”

in the integrals cancels
out, and we will choose it as product measure on S? x S% with unit volume of S? and the
measure on S* is induced by the target space metric. For deformed M, (6.8) is expected
to be an excellent approximation, as long as O is well localized.

The string states are very useful for loop computations, because they have approximate
localization properties in both position and momentum; see [25] for a detailed discussion.
In particular,

1

O~ (|ly) (x]) ~ [z — I + 247 ) (x|
OT W) ~ [ 0Oy
§0™(y,x) = 0" (y) — 0%(x) . (6.9)

We can therefore approximately evaluate the 1-loop integral as follows

1 d1m7—l 5091 (v, x)60%2b2 (y, )00 (y, x)§0% (y, x)
F1100p;4p(] VOI / dx dy (‘x _ y‘2 + 2A2)4
MxM
3 (_4gb1ang2a39b3a4gb4a1 + 9b1as9boar gb3a4gb4a3)
1 (dim #H)? / dxd 354[00(x,y)]
4 (Vol(M))? (lz —y? +24%)*
Mx
5 (dimH)? w2
r X;pll=c— _— 1
oop X5 171 = 5 o1 M )2 / Xy P oA (6.10)
MxM
where
54[60] = —4tr60* + (tri©?)? (6.11)

(suppressing the target space metric gqp). First, we note that I'ijoep.4[X] vanishes identically
for constant fluxes © = const. This is a reflection of the maximal supersymmetry of such
backgrounds. Due to the SUSY cancellations, the interaction decays like r—8, and it is
bounded at short distances by the NC cutoff A2. This means that the one-loop induced
action is a weak short-distance effect on branes with dimension less than 10 (which is
essentially IIB supergravity). We will compute its effect on the fluctuations on the fuzzy
S4 background below.

The following observation [46] is very useful: if 6©%(y,x) has rank < 4 for any fixed
points y, x (which holds for any geometries embedded in R®), then

—S54[00] = 4tr(60g60 g0 gsOg) — (tré©gdOg)>
= 4(00960,,,) (00460 ), 00+ = 6O £ x,00
>0 (6.12)
where %, denotes the 4-dimensional Hodge star with respect to g,,. Hence Sy leads to an

attractive interaction, which vanishes only in the (anti-) selfdual case 60 = % %, 0. This
means that the quantum effects on fuzzy S* are small, because 6" is self-dual here.

"The proper measure is the symplectic volume form on the underlying CP3.
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6.2 Vacuum energy of Sﬁ]
Mass contribution. We start with the contribution of u? (6.10):

(dim H)? 2

p
(Vol(M))2 /dXdy\:c—y\2+2A2
MxM

5 (dim #H)? 2
/dm Rl

)
F1100p [X7 /LQ] = 5

~ 2 Vol(SY) — P2+ 2A2
S4
_ ,u2§ (dim”HQ)2 /27r2d19 sin® ¥ ~
2 r ) (1 —cos¥)? + sinv? + 2A2
2 : 2
p= 15 (dim H) ( <9
= 5= 05— (1+O0(A%) (6.13)
r2 8  R% )
where
2 AT 4
2
5 = N 14
R2 N (6 )
using (2.18). Note that S* denotes the unit sphere in this computation. Using
1
dimH:6(N+1)(N+2)(N+3), (6.15)
we obtain
) 2 1
27— 4
Liioop (X 1] = 5/ N™ 5 <1 +0 (N)> : (6.16)

This agrees precisely with the group-theoretical computation in [36]. This term describes

the positive vacuum energy contribution due to the explicit SUSY breaking by the bosonic
2

mass 2, which scales like 4.

Curvature contribution. Now we compute the u? = 0 contribution

Tioop;[X] (i H)2 / dxdy (1 A e

1
~ 4 (Vol(M))? xr—y|>+2A2)4°

MxM

(6.17)

We can fix x = (z, &) to be some fixed reference point on M ~ S* x S2, where z* are local
coordinates on S*. We first compute the integration over n € S? with y = x, which is the
projection defined in (2.25)

el i= 4 [ dnfan) (6.18)
S2
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at any given x € S*. Recalling the identity ¢ = iA‘lebF(x) where Pr is the tangential

projector on S* C R% and using (C.1), this gives

1
(5], = AN PR @) P @) — PR (@) P(x) + a)
1 ac a, C a,.cC a C
= A% — Yy - 2t + (e y)y)
1 a “ 1
[tryxyl g2 g2 = EABPTI)(«T)P% (y) = 1—6A8(3 +(z-y)?)

ab, bc
]

170830ty ) sorc52 = 17 (B4 (- y) 2+ (0 p)?) — 240 ) A"

144
1 z 1
(083 g5 = 1 A QB+ (- 9)) @2+ (0-9)%) + 240 9)) "F SAS (6.19)
using the notation 2 = % (z,n) etc., and z - y = 2y, and
PP(x) P (y) =3+ (- y)°
P () Py(y) PR (x) Pf*(y) = 3 + (2 - y)?
sadeea:eeabcdfyf =24(x - y). (6.20)
We can now evaluate (6.17) as follows
3 (dimH)? 1 ) )
Tt 4| X|= - —4 %
THoops4 | X] 1 (Vol(M) )2 / dxdy(‘x EYENTTOT [ tr(v2) + (tryx)? + (x & y)
MM

+ 4(4tr (yxbxby) — tr(0x0y )tr(1x) + (x ¢ y))
— 16t (xYy) + 2tryxtryy — 8tr(0x0y0x0y) + 4(tr(0x0y))2}
3 (dimH)? A8 (1-(z-y)°

/ dxdy(

4 (Vol(s4))2 R® |z — y|? + 2A2)4
S4x 54

_ ey 17 A2 A2
- 4N( T +2In2—2mA?+O(A ))

_ _%NQ (N +0(1) + O(A%). (6.21)

S2x 52

Again the last line agrees with the (more involved) group-theoretical computation in [36],
providing further support for the coherent state approach. The present computation is not
only shorter, it also allows to see more clearly the origin of the attractive interaction: it
arises from nearly-local interaction among the N degenerate sheets at points = ~ y € S*.
At coincident locations z = y, the cancellation is exact, because 0*(x,¢) is selfdual. In
other words, the interaction is a residual attractive IIB supergravity effect which arises due
to the curvature of S%. This also confirms the stabilization mechanism put forward in [36].

6.3 Fluctuations

Having gained confidence in the coherent state approach to 1-loop integrals on fuzzy S%,
we turn to the 1-loop effective action for the fluctuation fields. This is of course a major
task, and we will only consider the leading corrections to the kinetic terms for the lowest

spin excitations of interest here.
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6.4 Transversal fluctuations

Consider first the contributions from the transversal flux components FH* ~ —i[X#, A%]
where a = 5,...,10. It is easy to see that only the transversal fluctuations ¢’ in

X0 = (Z:) (6.22)

contribute to F#*. The general formula (6.12) for S4[060 + 0F] shows that the dominant
interactions arise for points x = (z,¢) and y = (z,7) on M = CP3 with the same z € S*.
Then transversal fluctuations can arise only at quadratic (or higher) order, contracted as

SFMgapd F* = (F'(z,€) — F**(x,1))gab(F* (2, £) — F (z,7))
= 001 T[¢]ap 607" . (6.23)

Here we assume that ¢% = ¢%(z) is constant along the S? fiber, so that F+® = %9, ¢* (4.6),
and

T[¢lap = 0a¢"0s0a, 0O = oH* (z,€) — 01 (x,m) . (6.24)

However, we claim that this quadratic contribution in ¢ cancels due to the averaging
over S?, and the only non-vanishing contributions are higher-order interactions or higher-
derivative terms. To see this, note that the quadratic contribution would arise from

Sup] = —4tr((30 4 6F)*) + (tr(60 + 6.F)?)?
= —16tr(50506050T[p)) + 4 tr(5060)tr(5050T[¢))
+O0(8Y) + O((9%9)?). (6.25)

Averaging over (&,7n) € S? x S? and using invariance under SU(2);, and therefore under
SO(4) (noting that T[¢] is constant on S?) gives

[(50665050)" ] ., g0 = % 9" [tr(60505050)] g2 52
1
[tr(8606)(3050)" 152,52 = 79" [t7(5050)tr(3000)] 2. 52 - (6.26)

Contracting with T[¢],, and recalling that S4[06] = 0 for the self-dual background, we
conclude that

Si[8] =0 + O(¢") + O((8°¢)?). (6.27)

Therefore transversal deformations of the background do not acquire quadratic quantum
corrections at one loop, up to possible subleading higher-derivative terms. As a check,
S4[¢] vanishes for radial deformations A* = X where TH ~ g"”. This is in contrast to
tangential deformations, as we will see.

6.5 Tangential fluctuations
The one-loop effective action is given by

1 (dim#H)?
Flloop;4[X] = 4(\(/()1(/\/16)))2 / dXdy

Mx

354[(59()(7}’) + (5.7(X,y>] )

(o — g+ 287 (029
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The propagators act like a short-range delta function with normalization

1 1 2 1
d ~ dro— - 2
/ e —y? +242)" / TaP+242)1 T 6 At (6.29)
M4 R4

using the Riemannian measure, and M* indicates S* with radius R. Therefore the domi-
nant contribution will come from local interactions with x = (z,¢) and y = (x, ) denoting
the same x € M?* but different points on the internal S?. We can therefore replace the
integral over M* x M? by a single integral as follows
2 : 2
e J\El(il))m??\/)'ol SEar Sy +5F G y). (630)
MAxS82xS2

F1100p;4 [X} =

For the tangential fluctuations, S4 can be written locally using (6.12) in terms of (anti-
selfdual) flux components as follows:

S4[60+0F) = —4(9+(X)—9+(Y)+f+(x)—-7:+(}’))w(9+(X)_9+(Y)+]:+(X)_]:+(y))“”
(F = F ) (F-0-F-(3)

~ —Am®(x,y) (F- (%) = F-(y))" (F-(x) = F(y)) ,, <0,
Fi=F £x,F
m?(x,y) = (6(x)=0(y))" (0(x) =0(y))ww ~ A€ =] > 0 (6.31)

using (C.5). Here we used the self-duality of the background 6_ = 0, while 04 + F; ~ 6,
for small fluctuations. As above, x,y denote the same x € M* but different points &, 7 on
the internal S?. This should be integrated over S? x S? for each x € M*. Since m? > 0
whenever & # 7, only the ASD components F"” contribute, with a negative sign. Hence
fluctuations F(x) € (n,0) which are constant along S? drop out, but all the higher spin
fluctuations such as F(z) € (n,2) will contribute.

The gravity modes of interest here give rise to F*” € (n,2). These can be written as

Ft (@, &) = Fi¥(x)€" (6.32)
for &, € S2 and FE¥ a 3-vector. Then

(FE&) = Fm)" (FE&) - Fm),, = FLFh = na —n)°

[15%
Ao, =3[P (€ Ful©)] g2 (639

Using . .

T [ e nltEe—me -’ = o (631

S52x 52

we can write
s | e P FEO - Fo) (RO - Fw),, = P OFO] - 639
(Vol§2)2 o3 pUAS/1g2t AT

S2x 52
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This means that for such F € (n,2), the 1-loop effective action at O(F?) can be written as

72 (dim H)?
Citopal 7Y = =55 (G [ do 17Ol (6:36)

M4

where

[P Funl g2 = [2F" Fuw — F* F7 €upo | (6.37)

52
As shown in section 5.1, this can be absorbed in a renormalized action (5.9) for a suitable
value of o # 1.

Clearly the maximal supersymmetry of the model protects the flat limit R — oo from
large quantum corrections (i.e. from the non-local UV /R mixing), leading only to the above

mild term. Note that there is no “cosmological constant”

induced at one loop; in fact the
very concept does not apply in this framework, which is based on matrix degrees of freedom
rather than a fundamental metric. Only the background curvature (which we dropped)
might lead to modifications in the linearized Einstein equation (5.37) which look like a
cosmological constant. Hence the “cosmological constant” problem is replaced here by the
question of stability of a background with sufficiently large R and small extra dimensions.

These are hopefully feasible problems which need to be addressed in future work.

7 Conclusion and outlook

We have shown that the 4-dimensional (Euclidean, linearized) Einstein equations emerge
from the dynamics of fluctuations on fuzzy 4-spheres Si in Yang-Mills matrix models, in a
certain regime and provided certain conditions are met. The resulting physics is richer than
in general relativity, since there are several contributions to the metric. Most importantly,
gravity is modified at long-distances, in the sense that wavelengths much larger than a
certain scale Lr/a do not contribute to gravity. Moreover, a tower of higher-spin fields
arises on top of the gravitational modes, leading to a higher-spin theory. The present
analysis is expected to capture the leading gravitational effects, since fields with spin larger
than 2 should decouple at low energies. Thus the gravitational physics of the present model
could be sufficiently close to general relativity at least for solar-system scales.

The conditions to obtain an interesting gravity are as follows: 1) the background must
be a generalized “thick” fuzzy sphere Sj{, leading to a large scale L/« which acts as an IR
cutoff for gravity, and 2) dimensional reduction to 4 dimensions is justified. We discussed
possible mechanisms to achieve this. One obvious mechanism involves the radial potential
which stabilizes S?V. Another possibility is to give VEV’s to the transversal scalar fields
along the lines of [41, 47], leading to fuzzy extra dimensions. This is natural given the
structure of Si as bundle over Sy, and it would also provide an interesting symmetry
breaking structure, leading to a low-energy gauge theory in the right ball-park of particle
physics [42]. Yet another possibility is to have a self-dual Yang-Mills action'® (5.29); then
a = 0, and the extra dimensions (i.e. ¢,) may be small (but non-zero; the basic fuzzy

8There are indeed hints that this arises taking fully into account the volume fluctuations, cf. [7, 8].
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sphere S3 does not suffice). Anyway, it is intriguing that the generalization to S} seems
to provides the required ingredients for both gravity and interesting particle physics.

To clarify these conditions requires a more detailed treatment of the generic fuzzy
spheres Sj{ (cf. appendix A), as well as an understanding of the effective potential for the
extra dimensions which would arise at one loop. Assuming that these conditions can be
met, the long-wavelength modification of gravity discussed above could be very interesting,
as they might lead to behavior usually attributed to dark matter or dark energy. There
will also be new effects due to additional modes arising e.g. from radial deformations «.

Apart from the above conditions, there are other issues which need to be addressed
before physical implications can be extracted. One is to find a suitable Minkowski version of
the background. While most of the analysis will generalize, the proper choice of a covariant
Minkowskian matrix geometry is not clear, and there are non-trivial issues related to the
non-compactness of the Lorentz group.'® Natural candidates would be based on a non-
compact version of SO(6) (cf. [48]), or possibly some fuzzy de Sitter space [49, 50].

The restriction to linearized gravity in this paper is clearly not essential. The model
is fully non-linear, and much of the derivation would go through for perturbations on a
non-trivial background. We simply have to make the replacement (4.33) in the general
mode expansion (3.16), and perturbations around a non-trivial v#¥ could be studied along
the same lines, leading presumably to the full Einstein equations on Sﬁ. Hence there is no
obstacle for describing strong gravity in this manner.

For the IKKT matrix model, the quantization should be well-behaved, and the present
mechanism provides a promising basis for a quantum theory of gravity with low-energy
physics close to GR. The maximal supersymmetry protects backgrounds with large radius,
and leads to a stabilization [36]. Moreover the non-local UV/IR mixing is mild in this
model, and reduces to 10-dimensional supergravity in the bulk [1, 25, 51]. We have started
this endeavour by computing the leading one-loop corrections for the simplest fuzzy 4-
sphere, which lead to modified parameters of the action including a.

The relation of the IKKT model with IIB string theory also suggests an interesting
general message: there is no need to compactify target space, so that the vast landscape of
string compactifications may simply not be needed. While IIB supergravity arises in the
bulk upon quantization, this has nothing to do with the present mechanism for gravity,
which is purely classical. The present mechanism should therefore not be confused with
mechanisms to localize bulk gravity to the brane such as [52]. If it is possible to obtain
also a (near-) realistic low-energy particle physics in this framework (e.g. along the lines
of [41, 42, 47]), it would provide an extremely simple and attractive approach to a quantum
theory of fundamental interactions.
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A The classical geometry of the 4-spheres S}

The fuzzy 4-spheres under consideration are quantizations of the (co)adjoint orbits O[A] =
{g-Hp-g7'; g €SUM4)} — su(4) projected to R via the projection IT (2.12),

St :=1I(O[A]) C R®. (A1)

The coadjoint orbit is a homogeneous space O[A] = SU(4)/K where K is the stabilizer of
A. Here we discuss the classical geometry of these spaces and their harmonics. This is best
understood in terms of the spinorial representation of su(4) = so(6) on C*. Let y, be 4 x 4
hermitian gamma matrices of SO(5) with {74, v} = 2gap for a,b=1,...,5. To be specific,

¥ = (% _?12> . (A.2)

Then a 4-dimensional representation of s0(6) can be defined by the following generators

we choose the Weyl basis where

1 7 1 1
NV:::EE[VM,VV] 2#5:::__§7M75 2#6:::__§7ﬁ 25632-—§ﬂ% (Aug)
where p,v = 1,...,4. The embedding of O[A] < s0(6) = R is then described by the 15
(real-valued, commutative) embedding functions

)y

m?® =tr(Z2x%®),  ab=1,...,6, Ze O[A]. (A.4)

The point = € O[A] can then be recovered from

E= Y mSg e O[A]. (A.5)
1<a<b<6
In particular,
- 1=
g =tr(EXq6) = —itr(:%) (A.6)

(setting r = 1) defines the embedding of O[A] in R®, which is the classical limit of S}.

The corresponding quantized (“fuzzy”) coadjoint orbits are simply obtained by replac-
ing the functions m® on O[A] by the generators M? acting on the highest weight irrep
‘Ha, where A should be a (dominant) integral weight. More details can be found e.g. in [30].
A.1 The basic sphere va

The fuzzy sphere Sy is obtained for A = NA; = (0,0, N) or equivalently?

Hy = Hya, = Nlgo) (| for [o) = (1,0,0,0)" € C* (A7)

20For better readability we do not impose tracelessness here. This does not lead to significant changes.
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The stabilizer of A is K = SU(3) x U(1), and clearly O[A] = CP3. By inspection of (A.2)
we find

1
xuzf§tr(HA’m):O, p=1...,4

Iy = g = RN . (AS)

This defines our reference point z o) € S* (the “north pole”). It is easy to see using SO(5)
invariance and the explicit form of the generators (A.3) that

5
raxt = g 2 = R%
a=1

cd,.e
Mab = 555 €abede T

2R
Pp < mys = tr(HpX,5) =0. (A.9)

The second identity expresses self-duality. The stabilizer group of z(g) is
{h € SO(5); [h,v5] =0} = SU(2)g x SU(2)r € SO(5) (A.10)

where SU(2)1, acts on the 41 eigenspace of 75. Hence there is a fiber of points x € CP3
over each point z € S*, which at the reference point z(g) is obtained by acting with SU(2)L
on |tg). These f cibers are resolved by the functions my,, p,v =1,...,4, which define a
tangential SD rank 2 tensor (or a 2-form) on S with

mumt = 4R3, . (A.11)

These define 2 independent functions, which describe the internal S? fiber of Sj‘{, ~ Cp3
over S*. However, the “momentum” functions py vanish for any point on the fiber over x.
Hence there are no independent modes F,(z)p* on the basic sphere Sj‘{,. Another way to
see this is via the Poisson bracket identity

0 = {aPxp, 2%} = 2xym™ (A.12)

since w2’ = R2; for the basic fuzzy 4-sphere (but not for the generalized ones). At the
north pole, this gives p* = 0. Moreover, the following identity of so(6) tensors holds

6 4
Z m®mae = Z mtimHt 4 b = R?Véab. (A.13)
a=1

p=1

Besides direct verification, this follows (similar as in section B) from the fact that C*°(CP3)

does not contain any (0,2,0) modes, leaving only the trivial tensor 6°¢ for the rhs.
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A.2 The generalized sphere Sﬁ

Now consider S} for A = NA; + njA} + naAb, where Al are fundamental weights of the
su(3) stabilizator of A; (hence orthogonal to A1), for ni,ne < N. Then

Hy = Hya, + H), ,, = Nltbo) (o] + Y nilabi) (i,

i=1,2
(Vilpy) = dij . (A.14)
Clearly Hy satisfies a characteristic equation
X(Ha) = (Hy — N)P(Hy) =0 (A.15)

with one large eigenvalue N, and one or two eigenvalues n; encoded in the polynomial
P(Hy). Since P maps n; to 0, it follows that P (extended to the entire SU(4) orbit) is
essentially a projector, which projects O[A] to O[NA;] = CP3. Geometrically, this means
that the generic orbits O[A] are naturally bundles over CP3,

O[A]
P
O[NA | =CP? % §* < RS, (A.16)

The fibers of this bundle are given by the su(3) coadjoint orbits O, := {UH,, U™, U €
SU(3)}, which are resolved by the functions p# and m*” on O[A]. More precisely, for ng =0
this is the 4-dimensional space O,, = CP? parametrized by p#, while m*” is still self-dual
and describes the S? fiber of CP3 over S*. For ny,ny # 0, O,, is a 6-dimensional coadjoint
orbit of su(3) parametrized by p* and the ASD components of m*”. For simplicity we
assume ng = 0, and Hy = Hyp, + H), where H!, = Udiag(0,n,0,0)U~* for U € SU(3).
Then

0
5 { n 0 o#
mt = tr(HpX,5) = tr(H,X,5) = —itr I 0 -1 ((}u 0

) £0 (A7)

which is not constant along O,. Upon averaging over the local fiber, one obtains

[musm*®]p = 2 = O(n?) > 0 (A.18)

n pu—
(which we refrain from computing here explicitly). Hence in contrast to the basic Sy, the

“momentum” functions p* are independent, so that the modes F),(x)p" are non-trivial.
Similarly, the radial function

1
tr(E®E 7 ®9") = ;tr(EQE (-1+2P +8P1))

( — (t’I“E)2 + 2tr(52) + 16Nn(6@501/_)1)(62/)0¢1))

d
[}
I
8
Sy
8
2
|

g R N R N RN

(= (VW +n)? +2(N? +0%) +16Nn|r]?),  T=eboyy €C

(N? — Nn+n?+16Nn|7|?), T=epoy €C (A.19)
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for Z € O[A] using (B.1), where P is the permutation operator acting on C* ® C*. Now

the point is that 7 is not invariant under SO(6), so that the spectrum of R? lies in an
interval [R2, , R2..] peaked around R3; = Nfz. This means that the generic 4-spheres St
are “thick” spheres, with {R2?, 2%} # 0. This essential for the existence of independent
momentum functions p#, which are the basis of the present mechanism for gravity. Finally

we note that the identity (A.13) still holds approximately, in the form

4
3 miemtt = R <P:%b n t“b) (A.20)
pn=1
where P%b = 6% — 29 is the tangential projector on S* C R%, and t* = O(%) arises

RN
from (0,2,0) modes in C*(S4).

B Some identities for fuzzy 4-spheres
First, we note the following identity for the SO(5) gamma matrices
1 3
’Ya®7a:§(11+P)—§(]l—P)+8P1- (B.1)

Here P; = ée is the projector on the so(5) singlet in (4) ® (4) = ((10)s & (6)AS)50(6) =
((10)s @ (5) as @ (1)A5)50(5), which is broken by s0(6). Furthermore, we are interested in
the following tensor operator

6
1 /
T = 3 > M, MY G (B.2)

a,a’=1

Consider first

The basic fuzzy sphere Sa,. Since End(H) does not contain any (0,2,0) modes, it
follows?! that 7 ~ §%°. Computing the trace T = T%5y, = 2C%[s0(6)] = 3N (N + 4)
(cf. [36]), we obtain
1
T = g02[50(6)]5170 = R% st (B.3)

ie.

1 - ab ac 2 be 1 b yc

5 D (M M Yguw = RYg" — {X", X} (B-4)

a,a’=1

This is the fuzzy analog of (A.13). For the

Generalized fuzzy spheres S} with A = (ny,n9,N), End(H) may contain some
(0,2,0) modes. Then the above relation generalizes as

6
1 / 1
5 Y AM®, MY g = g5“02[50(6)] + tab (B.5)

a,a’=1

where % is a traceless (0,2,0) tensor operator of order t* = O(n) < C?[s0(6)], which is
suppressed. This is the fuzzy analog of (A.20).

*INote that (0,1,0) is the 6-dimensional vector representation of 50(6).
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C Background flux 6" (x, &) averaged over S?

We need various averages of the background flux ¥ (x, £) over S2. One useful result which
follows from the self-duality and (2.35) is

A4
07677y = T (87577 — 87517 4 e, (C.1)

This also applies to Sy, and to St as long as N > n;. Furthermore since 6# is self-dual,
we can write

6 (€) = 1208 1 () (C.2)

where J® are the generators of the internal fuzzy sphere SJQV which in the semi-classical

+10
limit are functions J% : S? — R3 on S? with radius given by

0" 0, = 4rtJeJ, ~ N%r# (C.3)

using

04 05, = 400, (C.4)

Therefore

m?(&,m) = (0(€) — 0" (1) (O (€) — O (1))
= 4t (J4(€) = T () (Ja(€) = Ja(n))
~ At — ] (C.5)

where £, 7 are unit vectors on S2, and recalling N2rt = A%,

D Mixed Young projections and permutations

Define

Phoy i = 5 Py 5

1

Pior = =5 Puor + (1= Pa3). (D.1)

Acting on tensors which are anti-symmetric in the last two indices we have Pog = —1, and
1

(Phor + 1) Pror — 5 =0. (D.2)

Hence solutions of P, = —1 are the totally anti-symmetric Young diagrams, while the so-

lutions of Py = % are mixed (hook) Young diagrams A,,;. This means that interchanging
the first two (“horizontal”) indices of such A, costs a factor 1.
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E Evaluation of D?

First, one easily derives from the basic Sj‘{, algebra the following semi-classical results
0o = 2726, OPH = 2r°P*
00" P°) = 00" P° + 6**0OP° + 2[ X%, 0"]|[ X, P7] = 4126"" P°
( ,u,yMcfp) 29,u,yMap
2i [0“" ,9“ Y Po| = 412" P° + 2 MV PH
22’[0“’/, r'v AMOP ( ' g’y _ gu ' guv + gu’V9uu’)M0p
_ oK'V (g;wgu’p _ gupgu’a _ gu’agup + gu/pgucr)

— 4r29uuM0p _ 2(71/;29;10 _ ,Yuagup — pHPHoV 4 QNUQPV)
= 2(20M7 9P + GHPHV — OHIOPV) + 2(9””7”" — g“"y””) (E.1)

I =
I=

noting that 0P, = 0 at p. As a check, consider??

20 01" 4,0 MOF] = 22076 — 09707) 4 2(g"7"7 — *5"°)
= 2(=29MP — AHP) + 67HP = 0. (E.2)

Using these results and the semi-classical rules (5.3) we obtain

D0 Apo (2)P7) = [X?, [Xa, 0" Ayo P7]]
~ (O + 4r?) Ao 0" P7 4 20" 0970, A,y
D0 Apop(2) M) = DAy, M7P + Ay pO(OH MP) + 2] X 0M MP)[ X4, Ao
~ (O 4+ 41 Ay 0 MP (E.3)

always dropping terms like [X %, 0] ~ z = 0 at p, so that e.g. [X, O P| ~ —igH" g
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