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1 Introduction

String theory provides a powerful framework for exploring quantum field theories. It leads
to the discovery of quantum field theories in spacetime dimensions higher than 4. Important
examples are six-dimensional maximally superconformal field theories, called (2,0) theories,
which come with the ADE classification [1]. The (2,0) theories of AD-types describe the
low energy dynamics of M5-branes [2]. It is very difficult to study these systems, due to
the lack of their microscopic definitions.

Compactifying these 6d theories on a circle, one finds 5d maximal super Yang-Mills
theories at low energy. Although these Yang-Mills theories are non-renormalizable, it
has been suggested that they contain useful information about the 6d UV theories [3, 4].
Instanton solitons of 5d gauge theories play an essential role in understanding the 6d
physics. They are non-perturbative solitons carrying the topological U(1) charges which
are interpreted as the Kaluza-Klein momenta along the circle.

In this work, we study these 5d N/ = 2 gauge theories preserving 16 supercharges,
obtained from circle compactifications of 6d (2,0) SCFTs. A remarkable point is that
even if one begins with 5d SYMs which do not recognize the 6d circle, the six-dimensional
physics is recovered by incorporating non-perturbative instantons [3-9]. At least for AD-
types, this claim is inspired by the duality relation between type IIA and M-theory. The
Yang-Mills coupling constant g2 is proportional to the radius of M-theory circle Ry via
the ITA string coupling constant. D0-branes bound to D4-branes are realized as instantons
in 5d gauge theories, whose mass is inversely proportional to Ry, i.e.,
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This means that 5d SYM instantons carry Kaluza-Klein momenta along the M-theory
circle. Including them, D4-branes are uplifted to circle compactified M5-branes described
by 6d (2,0) SCFT.

We study the instanton partition functions for 5d N' = 1* gauge theories on Omega-
deformed R* x S'. The N = 1* theory is deformed from the maximal SYM by adding an
N = 1 hypermultiplet mass m. We consider the Coulomb branch where the gauge sym-
metry is completely broken to its Abelian subgroup. The instanton partition function was
first studied in [10, 11] to understand Seiberg-Witten solutions of 4d A = 2 gauge theories.
Generalization to all classical gauge groups and inclusion of various hypermultiplets were
considered in [12, 13]. Throughout this work, we regard this observable as the Witten
index of 5d SYM wrapped on the temporal circle S of radius 2ﬁ

The 5d SU(N) partition function was computed in [10, 11] via supersymmetric localiza-
tion, being further interpreted as the Kaluza-Klein index of SU(N)-type (2,0) theory [5].
Besides instantons, the Nekrasov partition function also gets contribution from charged
W-bosons which constitute %—BPS bound states with instantons. W-bosons are uplifted
to self-dual strings of (2,0) theories. They are electric and magnetic sources of tensor
multiplets existing in 6d SCFTs. They are tensionless at the conformal fixed point. They
obtain non-zero tension 7 o (®) in the tensor branch, where tensor multiplet scalars @
obtain non-zero VEVs (®) # 0 [1, 2, 14, 15]. The SU(NV) instanton partition function
played important roles in the recent studies on (2,0) theory of Ayx_i-type [5-9].

In this work, we extend the analyses made for the SU(N) instanton partition functions
to those of other classical gauge groups: SO(2N +1), Sp(N), SO(2N). The SO(2N) gauge
theories are circle reductions of (2,0) theories of Dy-type. The SO(2N + 1) and Sp(N)
gauge theories are obtained from circle compactified (2,0) theories of AD-type with outer
automorphism twists [16, 17]. We use these instanton partition functions to study the
following subjects of the (2,0) theories.

We first use the instanton partition functions to explore S-dualities of maximal super
Yang-Mills theories. S-duality asserts that a pair of 4d N' = 4 gauge theories are equal,
where their gauge groups G and GV are Langlands dual [18-21]. The W-bosons and
monopoles in one theory correspond to the monopoles and W-bosons in the other theory,
if their gauge couplings 74 = 5+ + 4752 and 7,/ = gjr ;"Jé are related as 7,/ ~ — =+ [18 21].
It identifies a weakly-coupled theory and a strongly- ooupled theory. Regarding 4d N =4
SYMs as (2,0) theories wrapped on tori, whose complex structures are translated to gauge
couplings, S-duality is realized as exchanging two sides of the torus. Our instanton partition
functions are 6d observables. Since they depend only on complex structures 7 of the tori,
they are also expected to respect the geometric S-dualities. In particular, for non-simply-
laced gauge theories, S-duals of the instanton partition functions are expected to be those
for 5d SYMs on S! with twisted boundary conditions [17]. The instanton partition functions
depend on various chemical potentials. Keeping all of these chemical potentials, their S-
dualities are hard to explore. However, the instanton partition functions simplify after
taking special limits of the chemical potentials. In section 4.2, we discuss the S-dualities
of the instanton partition functions in these limits.



As a byproduct, we study the S-dualities of type ITA orientifold backgrounds compact-
ified on S which uplift to M-theory on 72. This is because one can study the DO-brane
partition functions in various O4-plane backgrounds using the same techniques. Remark-
ably, one can perform the exact S-duality transformations on these partition functions with
all chemical potentials turned on. See section 3 for the details.

The instanton partition functions are also useful as building blocks for curved space
partition functions. We compute the 5-sphere partition functions that were studied in [6,
7, 22, 23]. They are related to the partition functions of (2,0) theories on S° x S!, which
are called the (2,0) superconformal indices [24]. For example, [6, 7] obtained the (2,0)
superconformal index for SU(N)-type theory which agrees with the vacuum character of
Way_, algebra. It leads to the conjecture that there is an underlying W algebra structure
in 6d (2,0) SCFTs of A-type. This has been explicitly conjectured and further tested
using 3-point functions in [25]. We compute the S® partition functions for SO(2N) gauge
theories, and show that they take the form of the vacuum character of Wp,, algebra.!

The outline of this paper is as follows: in section 2, we review the ADHM quantum
mechanics of D0-D4-04 systems and compute their Witten indices. In section 3, we study
the S-dualities of pure orientifold systems compactified on a circle. In section 4, we study
S-dualities of the instanton partition functions in special limits. We also compute the (2, 0)
superconformal indices from the S° partition functions, displaying the 6d operator spectra.
Our results extend the W algebra conjecture to SO(2/N) theories and also propose the new
indices for (2,0) theories with outer automorphism twists. Concluding remarks are given
in section 5.

2 Instantons in 5d maximal SYM

We consider 5d maximal SYM on R%* having a classical gauge group G with rank N. It has
SO(1,4) Lorentz symmetry and SO(5) g R-symmetry. We study the Coulomb branch where
the vector multiplet scalars ¢; acquire non-zero VEVs aj, breaking the gauge symmetry
G into the Abelian subgroup U(1)"Y C G. The maximal SUSY algebra is given by
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where M, N = 1,2,3,4 are SO(1,4) spinor indices, i,j = 1,2, 3,4 are SO(5) g spinor indices,

I is the SO(5) g vector index, Cy;y is the charge conjugation matrix, w” is the SO(5) ~

Sp(2)r symplectic form, II denote U(1)"V gauge symmetry generators. Supercharges are
subject to the symplectic-Majorana condition. The U(1) instanton charge k is defined as

1

b= —
82

/ Tr(FAF) € Z. (2.2)
R4

which is integer-valued. We write Yang-Mills kinetic term as ﬁ [ Tx (F* F,,), setting the
5

unit instanton mass to be 47w2/g2.

!The correct SO(2N) index was first reported in [7], which takes the form of Wp,, vacuum character.
However, the derivation of the instanton part of the partition function was wrong in [7], which we correct
in this paper.



The maximal SYM contains an A/ = 2 vector multiplet whose N’ = 1 decomposition
gives a vector multiplet plus an adjoint hypermultiplet. We look at the N/ = 1 Coulomb
branch where only the A/ = 1 vector multiplet scalar has a non-zero VEV «. This set-up
has SO(4); little group of 5d massive particles and SO(4)s C SO(5)r R-symmetry. We
further decompose it into SU(2)1z x SU(2)1r C SO(4)1 and SU(2)21, x SU(2)2r C SO(4)s.
We denote 16 generators of maximal SUSY by Qé, Qﬁ, e, Q%, where o, &, a, A are doublet
indices for SU(2)11, SU(2)1r, SU(2)ar, SU(2)2r.

There are two types of massive %—BPS particles in the Coulomb phase: W-bosons and
instantons. W-bosons are electrically charged objects under U(1)" C G, which we choose
to satisfy Tr(a - IT) > 0 and preserve QdA and QQ%. Instantons are solitonic particles that
carry the topological U(1) charge defined in (2.2), which we choose to satisfy the self-duality
condition F,, = %emnqupq and preserve Qé and Q4. Notice that our choice restricts the
instanton charge k to be a positive integer. These BPS particles may form %—BPS bound
states, whose masses are given by
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In this section, we study the instanton partition functions which count these BPS bound
states of instantons and W-bosons in 5d maximal super Yang-Mills theories.

2.1 N = (4,4) ADHM quantum mechanics

The moduli space approximation is a technique to describe the low energy dynamics of
solitons [26]. Being applied to 5d SYM instantons, it gives a SUSY quantum mechanics for
instanton zero modes. When the 5d gauge group is classical, the zero modes are described
as the ADHM data satisfying the ADHM constraint equation [27]. The instanton quantum
mechanics is a non-linear sigma model whose target space is the instanton moduli space.

However, one cannot expect the instanton quantum mechanics to be a UV complete
description for instanton solitons since the instanton moduli space suffers from the small
instanton singularity where the instanton size shrinks to zero. It is generally very demand-
ing task to find a UV completion of the instanton quantum mechanics. In certain type of
theories, string theory supplies the UV completions from D-brane realizations of 5d SYM
instantons. We call them the ADHM quantum mechanics.

5d maximal SYM with a classical gauge group G is engineered from D4-branes possibly
on top of an O4-plane. Its instantons are realized as DO-branes stuck on D4-branes. The
worldvolume theory of DO-branes is the ADHM quantum mechanics that we study. It
is a gauge theory whose gauge group G is determined from G. It has SO(4); x SO(5)z
symmetries inherited from underlying 5d theories. It preserves A/ = (4,4) supersymmetry?
generated by Qé and Q4. Its field contents are induced from massless modes of open

21d N = (4,4) SUSY should be understood as the circle reduction of 2d (4,4) SUSY with SO(4) x SO(4)
R-symmetry.



strings ending on DO-branes. Here we list them as (4,4) SUSY multiplets.

(Ao, 0, Pan | AN, AL) Vector multiplet in adj (G)
(Gag | A, A) Hypermultiplet in R (G) (2.4)
(qa | VA, 0 Hypermultiplet in bif (G x Q)
Here bif(@ x (@) denotes the bifundamental representation of GxG. Type of the O4-plane
determines the 5d group G, the 1d group G’, and the representation R as follows [28].

Type of O4 | 5d gauge group G | 1d gauge group G | Representation R of G
— U(N) U(k) adjoint
04~ O(2N) Sp(k) antisymmetric (2.5)
04° O(2N +1) Sp(k) antisymmetric '
04* Sp(N)g=o O(k)g—o symmetric
04" Sp(N)g=r O(k)g=r symmetric

k denotes the instanton number. The action of the U(k) ADHM quantum mechanics is
given in [5]. Generalization to other gauge groups is straightforward.

The ADHM quantum mechanics include more fields than the instanton quantum me-
chanics, which are massless only at the small instanton singularity. The vector multiplet
scalars ¢, .4 are such extra fields, which open up a new branch of the moduli space
touching the instanton moduli space exactly at the small instanton singularity. We call
it the Coulomb branch of the ADHM quantum mechanics. This UV-completion of the
instanton moduli space allows DO-branes to move away from D4-branes. One can regard
DO-branes as 5d SYM instantons only in the Higgs branch of the quantum mechanics,
which is spanned by the ADHM data aqq, ga subject to the ADHM constraint equation.

We want to use the ADHM quantum mechanics for counting 5d SYM states involving
instantons. However, the Coulomb branch may give extra contributions to the Witten
indices which are irrelevant to the 5d SYM partition functions. See section 3 for related
discussions.

2.2 Witten index

In this section, we compute the index of the ADHM quantum mechanics defined as

I = Trg, | (—=1)F o~ PQ.QTY 2(Jir+J2R)  2J11 12 2L ﬁ wzﬂa} _ (2.6)
a=1

It counts BPS states annihilated by @ = Qézil and Qf = Qﬁzg Jir, Jir, Jor, Jor are
the Cartan generators for the SU(2)1z, SU(2)1r, SU(2)2r, SU(2)25 global symmetries. II,
denote the Cartan generators of the 5d gauge group G. Various fugacities are conjugate to
the Cartans of global symmetries commuting with Q, Q. Besides I1,’s, Jir+Jor, JiL, JorL
are all commuting combinations. We often express the fugacities using chemical potentials
as follows:

t=e“t,u=e“,v=e" w=e Y. (2.7)



The chemical potentials deform the underlying 5d gauge theory. ¢ = % and
€2 = 6* = put the 5d gauge theory on Omega-deformed background. m becomes the

mass of the N =1 adjoint hypermultiplet, yielding the mass-deformed N = 1* SYM. «
is a complexified background Wilson line of the 5d gauge group G, breaking it into the
Abelian subgroup. We set a to be?

U(N) > = diag(e ,e” ) — a=(+ay, - ,+ay) (2.8)
SO(2N) > = diag(e_‘mo‘1 cee e 72N — a=(taq, - ,Tay)
SO(2N +1) > = diag(e 2%, .-+ e W +1) — a=(fa, - ,*an,0)
Sp(N) > ¢ = diag(e” 73, ... e 73UN) — a=(tay, -, tay).

Such deformations regulate the 5d gauge theory at long distances, defining the instanton
partition function with IR regulators [10]. They give mass to the scalars vq4, Gaas s
in the ADHM quantum mechanics, making the BPS spectrum to be gapped. However,
there still remains a flat direction in the moduli space. As the vector multiplet scalar ¢
is not charged under any global symmetries, chemical potentials cannot give it a mass.
If an Fayet-Iliopoulos deformation is available, i.e., if G contains an overall U(1) factor,
( acquires mass. In general, we encounter a continuous BPS spectrum that makes the
index (2.6) hard to compute.

Nevertheless we can obtain the instanton partition function from the indices (2.6) of
the quantum mechanics. The flat direction spanned by ¢ belongs to the Coulomb branch
that decouples from the Higgs branch in IR [29, 30]. Index contributions of the decoupled
Coulomb branch can be identified and removed from the multi-particle indices, which are
factorized as [31]

S
Zapum = 1 + qu I, = Zinst - Zextras (2'9)
k=1

where ¢ = e~47*B/9% denotes the instanton number fugacity. The instanton partition func-
tion Zjgt comes from the Higgs branch contributions which do not involve any subtleties
from the Coulomb branch continuum.

We now turn to the path integral localization of the index (2.6), following [31, 32]. The
path integral measure is given by the Euclidean action of the ADHM quantum mechanics.
The temporal direction is compactified as the circle with circumference 3, used in (2.6).
Once we take the weak coupling limit g1 — 0, where g; denotes the coupling constant of
the quantum mechanics, the path integrals are reduced to Gaussian integrals around zero
modes. The most important zero modes are holonomies of the gauge field Ay along the
temporal circle and the vector multiplet scalar ¢. They are combined into dimensionless,
complexified holonomies ¢ = i5Ag + By. Ag is subject to a large gauge transformation
on the temporal circle, making the imaginary parts of ¢ eigenvalues to be periodic. The

3For G = O(n), there are two disconnected Wilson line components, i.e., e”*+ € O(n)s and e” %~ €
O(n)—. We choose the SO(2N) = O(2N)4+ and SO(2N + 1) = O(2N + 1)1 backgrounds connected to the
identity elements.



complexified Wilson lines e? € G are gauge invariant. We label ¢ as follows [13, 33]:

U(l) > ¢ = diag(e”, - ,e?) — = (+¢1,-- ,+¢)  (2.10)

0(20), > e = diag(e??,. .. ,e%2%) — ¢ =(£¢1, -, L)

0(20)_ > e =diag(e?2?,--- 7?1 03)  — ¢ = (£b1, -, 1,0, im)
020 +1)y > e =diag(e™?,- - ,e%2% +1) — o= (£¢1, -, £,0)
O(20+1)_ > e = diag(e™??,-- ,602‘” —1) — o= (L¢1, -, Ly, im)

Sp(f) > e = diag(e3?, ..., e73%) — ¢ =(F¢1, -, =)

There are also other zero modes coming from the gaugino and the auxiliary scalar field
D [31, 32].

We perform the Gaussian integrals over massive fluctuations, fixing the zero modes
for a while. Integration gives the 1-loop determinants Ij_joop Which are products of the
following factors [13].

inh A@)+2er r
e T () [ (Z205) L en
- ? 9 ginh A@)=exEtm | !
p € root (G) peadj(G) 25 2 =1
2 ginh A@)tmEe
R _ 2
Tiyper = H <Qsinhﬁ(@+€+i€ (2.12)
pER(G) 2
2 ginh (@) —p(a))+m )
H H _2( T for G = U(N) and G = U(k)
5 fnd () p € nd (G QSlnhM
bif __ n
Fivper = 2 sinh 20)=p(e) m
H H 5 sinh 2@ —p(@ter for all other cases
pefnd (G) p€nd(G) P

(2.13)

We use the + notation: 2sinh (a +b) = 2sinh (a + b) - 2sinh (@ — b). r is the number of
continuous parameters in the ¢ holonomies. One-loop determinants for fields in certain
representations of G and G involve the parameters p(¢) and p(a). We refer to [13] for the
parameters in all rank-1 and rank-2 representations of classical groups. For example, the
parameters for the U(k) representations are

fund : p(¢) = (+¢i)1<i<k
adj: p(¢) = (+éi — dj)i<ij<k (2.14)
symm :  p(¢) = (+¢; + ¢j)i<i<j<k
(¢) = (+¢;

anti: p(¢
The root is defined such that the coupled parameters p(¢) are

5(6) = {(+¢i — ¢jhi<izj<k for G =U(k) (2.15)

p(¢) of adj for all other cases



Note that 1-loop determinants of real scalars and fermions involve square roots of sinh
factors. A pair of such factors are always arranged as \/ sinh Z;“ sinh =5-% ~ sinh (“2'“),
following [31]. This is why the first line of (2.13) has twice of sinh factors than the second
line of (2.13).

The next step is to integrate over the zero modes. Carefully treating the zero modes

of the gaugino and the auxiliary scalar, the integral becomes a contour integral over the
space of ¢ holonomies, i.e.,  copies of a cylinder [31, 32]. The integrand Iy.joop develops
various poles, some being inside a finite region and the others being at infinities. We need a
proper choice of contour to complete the integral.* For r = 1, the index contribution of the
residues R, at infinities appears as the sum Ry + R_o with a coefficient depending on
a Fayet-Iliopoulos parameter ¢ [31, 32]. We expect the same for » > 1. One can show that
the residue sums Ry~ + R_o, for the N' = (4,4) ADHM quantum mechanics, are zero for
all cylinders. So the index is independent of (. It receives the contributions only from the
residues inside the finite region, chosen by the Jeffrey-Kirwan residue operation [31, 32, 35].
For non-degenerate poles, where r distinct sinh factors in the denominator of I;_150p become
zero, the Jeffrey-Kirwan residue can be expressed as

doi A+ Ndoy
Qjy (P—ds) -+ Qj, (9—bx)

_ { [det(Qyy, -+, Q)| 7" i € Cone(Qyy,++, Q)

JK-Resg, (Q«,7)

2.16
0 otherwise ( )

It is a linear functional which refers to a pole location ¢, and an auxiliary vector 7 in an
r-dimensional charge space. Q. = (Q1,---,Qy) is a set of r charge vectors, associated to
the sinh factors in the denominator being zero at ¢.. The vector n has to be generic for
JK-Resg, (Q«, 1) to be well-defined. We refer to [32] for treatment of degenerate poles.

We recall that G = O(k) allows the two disconnected Wilson lines in O(k)y and
O(k)—. In general, if G is disconnected, there can exist multiple, disconnected Wilson
line backgrounds of G. The Witten index includes a sum over distinct holonomy sectors
such that

1 a 1 a
Iy = Z Wl f Iil%)Op = Z [Wa| Z JK-Resg, (Q«, 1) If—l)oop’ (217)

where a labels the disconnected holonomy sectors, |W,| and Ifalz) op

order and the 1-loop determinant in a given holonomy sector a. ¢, runs over all existing

are the Weyl group

poles in the integrands. The Weyl group orders |W,| that preserve the holonomies given
in (2.10) are

Wlyeey = £, Weloge =210, IW_|o@e =271 - 1), (2.18)
[Wiilo@er) = 20, IW_|oger1y = 2°0, [Wlspee) = £

4For N = 1* SU(N) theories, Nekrasov guessed the correct contour prescription [10]. More complicated
contour prescriptions for other gauge groups are given in [34]. These are compatible with the rules that we
explain.



Note that 5d Sp(N) SYMs have two discrete choices of 8 angles 0, 7 related to m4(Sp(N)) =
Zso [36]. The 5d 0 parameters induce the 1d discrete 6 parameters related to mo(O(k)) = Zo,
which are the Wilson lines along the temporal circle. The sums over holonomy sectors
in (2.17) are given as [37]

%([:4_11;) for +1 € mo(O(k))
I — k (2.19)
—21) (]]:‘_Ik_) for —1 € m(O(k)).

I~

3 Orientifolds from M-theory

The multi-particle index Zapgwm of the ADHM quantum mechanics is computable using
the formula (2.17). Zapum captures BPS states of DO-branes, some of which are decoupled
states from 5d SYM. The multi-particle index Zapmy is factorized into two parts [31]:

oo
Zapuv =1+ Y ¢" I = Zinst - Zestra.
k=1

Zinst 18 the instanton partition function. Zeys is the index for the extra states. To obtain
the instanton partition function, we need to identify and remove Zgya from Zapuy. In
this section, we determine Zgy, for various D0-D4-O4 systems on a case-by-case basis.

We already discussed that the extra contribution comes from the Coulomb branch,
which is parametrized by ¢ and @,4. At a generic point of the Coulomb branch, these
scalar fields acquire non-zero values which represent DO-branes’ transverse positions to D4-
branes. We expect to determine Zgyra by analyzing BPS states of DO-branes far away from
D4-branes. For this purpose, we separately compute the multi-particle indices of DO-branes
in the pure orientifold backgrounds without any dynamical D4-branes.

The pure orientifold backgrounds are obtained by formally taking N = 0 in the ADHM
quantum mechanics.® The extra indices Zexra are included in the N = 0 indices which can
be written in a simple way using the plethystic exponential

o0
1
PE[f(q,t,u,v,w,)] = exp fo(q”,t”,u”,v”,wg) . (3.1)
n

n=1

PE[f] is the multi-particle index of a single-particle index f [38]. The N = 0 indices are

®The case with an O(2N)_ Wilson line background is an exception. A full D4-brane cannot be detached
from the O4~ plane, so taking N = 0 does not yield the pure orientifold background. See (3.19) for the
O(2)— partition function.



given by

2 =1 >
_ 2 -1 —1 —1
S0(0) _ Ploto —u—u)(t+t7) a
Zxpim = PE 12(1 —tu)(1 —tu= 1) (1 +tv)(1+tv1) 1 — ¢ 3
SO(1) [ Ploto! —u—u Y+t —4
7 _PE 4
ADHM 121 —tu)(1 —tu 1) (1 + tv)(1 + tv=1) 1 — (—q) 4

w+vt—u—u )+t ¢ tv+ovt—u—ut) ¢

Z/SXI])D(IO{)lf/I:O =PE + + 2 1 2]
2(1 — tu®)(1 + tv?) 1—¢q (1—tu)(l—tu"l) 1—¢q

(

2

3.5)

w+v Tt —u—u D+t —¢? tlo+vt—u—ut)
(1 — tut)(L + tod) 1—pﬂ%+(y4mu—m4)1—¢]
(3.6)

Sp(0)o—r _
Zypuv © = PE

where we use the 4 notation: (1 — 2y*) = (1 — 2)(1 — zy~!). Their g-dependences were
checked up to g3-order in (3.3) and (3.4) (for SO-type) and ¢’-order in (3.5) and (3.6) (for
Sp-type). (3.2) can be checked in all g-orders.

The subtlety arising here is that there exists a flat direction, spanned by ¢, even after
turning on all chemical potentials. This damages the robustness of the Witten index, which
is the critical assumption for localizing the path integrals. The Witten index is defined in
the regime ¢?3 > 1, while the index formula (2.17) is derived in the regime ¢?3% < 1.
If there were no flat direction, such deformation would not change the index. However,
the ADHM quantum mechanics has the flat direction developed by ¢, so that the N =0
indices exhibit fractional coefficients 3’s in (3.3)—(3.6), as discussed in [39-41]. Due to the
decoupling of the Higgs and Coulomb branch at low energy [29, 30], we still expect that
the continuum from ¢ spoils Zextra, N0t Zingt.-

In order to identify the extra indices Zextra from the N = 0 indices, we study the origins
of DO-brane bound states in the N = 0 indices from M-theory perspectives. It also tells
us interesting information on the orientifold backgrounds in string theory. While SO(9) is
the little group for 10d massive particles, we only try to understand the SO(8) C SO(9)

spin contents of D0-branes, setting aside %’s in (3.3)—(3.6), where the fugacities t, u, v are

conjugate to the SO(8) spins.
First of all, we remark on the geometric interpretations of the instanton number fu-

gacities ¢. They are defined as ¢ = e~ using the unit instanton action Sy = 47;? . Since

DO-branes carry the Kaluza-Klein momenta along the M-circle, their masses are related
to the inverse of the M-circle radius. The O(k) theories describe the dynamics of k ‘half’
DO-branes, while the U(k) and Sp(k) theories describe the dynamics of k£ ‘full’ DO-branes.
This observation implies that the relations (1.1) between the 5d gauge couplings and the
M-circle radii should be precisely stated as

42 1 472

R 1
= — for G =0(k —— = —— otherwise. 3.7
g5 2R\ ( ) g?) Ry ( )
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Accordingly, the instanton number fugacities

~

B\ = miT _
B (_M%)) B exp < 2RM> =e G =0(k) 39)
S5 = ' .
exp < g ) = 2T otherwise

" Ry

are interpreted as the M-circle momentum fugacities with a half-integer unit (for G = O(k))
and with integer units (for all other cases). In all cases, M-theory wraps the torus T2. It
is made of the M-circle and the temporal circle, whose radii are Rj; and % respectively.
Its complex structure 7 is given by 7 = i %%. Note that S-dualities of ITA backgrounds,
often called the “9-11 flip” [42], correspond to exchanging the two sides of the torus 772,
ie., T — —1

T

Now we analyze (3.3)—(3.6) from M-theory perspectives, apart from the % factors.

Pure DO. We consider M-theory on R x S! and its massless particles with non-zero
momentum Pp; along the M-circle, satisfying |Py| = |P11| > 0 and Pj=;.. 9 = 0. The
11d SUSY algebra is written as {Q,QT} ~ (=1 & TOT1)|P%|. The 11d gravity multiplet
preserves half of the 32 supercharges, whose component fields are the metric g,(ﬁ,l), the
3-form tensor Cy,,, and the gravitino ¢,. They sit in irreducible representations of the

SO(9) little group, i.e., 44, 84, and 128. We define the index fpyx to be the trace

Tr (_1)F Q*B{QQT} qk t2(1r+J2R) 2011 4,2 2L (3.9)

over the Kaluza-Klein fields of 11d supergravity on RY? x S'. k is the integer-valued
momentum number along the M-circle, such that |FPy| = |Pii| = k/Ry > 0. Taking
into account all Kaluza-Klein modes along the M-circle, the index fyuk takes the form of

Joulk = fo- l%q. To compute fy, we combine the index of particles’ translational zero modes
on the R® (that SO(8) acts on)

1
(b= (tu) 2 (o )72 ()22 () 2= () )b ) = () P
(3.10)

and the sum of SO(8) characters Xj for the following irreducible representations:

445843128 - (198,435, ® (284 56,) & (8, B 8. ¢ 56, @ 56,) (3.11)
= (1®28®35,) D (8,®d56,) D (85D 565)D (8. D56.)
= B, ®8,) D (8;,28.) D (8, R8.) D (8s®8y).

Taking (—1)F into account, Xj is given by

Xo = (X(Sv) - X(Ss)) ’ (X(Sv) - X(Sc)) (3'12>

where x(R) denotes a character for an irreducible representation R. Using the fugacities
t, u, v introduced in (2.6), the SO(8) characters x(8,), x(8s), and x(8.) are expressed as
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follows:

8y = (2a2)171)@(1717272) — X(SU)
8:=(2,1,2,1)® (1,2,1,2) — x(8;)
80: (21]-)172) @(1727271) — X(SC)

t+t D (ut+u )+ @w+ovh)
t+t )+ (utru o) (3.13)
E+t ) (ut+u )+ (+vh).

X(8y) = x(8;) gives Xy = fo = 0. It explains why ZX](DOI){M = 1, implying ZYN) _ 1 at the

extra
same time.

DO0-O4~. The O4~ background uplifts to M-theory on R'* x R%/Zy x S! [43]. The Zy
action inverts the coordinates (z°,---,2°) — (=2 ---, —2") and flips the sign of the 3-
form tensor C3 — —Cj5. One can divide the Zo action into two operations: (1) the rotation
of 2% and z™8 planes by 4+ and —m, (2) the 7 — —z? parity along with the sign flip
of the 3-form tensor C5 — —C3. Regarding the index computation, the first operation Py
causes the shift of chemical potential m — m + im conjugate to 2Jo1, = J3 — Jy4, where
J3 and Jy are the rotation generators for 2>® and z7® planes. The second operation P;
provides the grading of all SO(8) representations in (3.11). The grading rules are stated as
follows. When P; acts,

e Each vector index referring the 2 direction yields the negative sign (—1).

e Each spinor index undergoes the multiplication by I'’ where I'* denotes the 11d
gamma matrix.

e The 3-form tensor Cs goes through the extra sign flip Cs — —Cj.

We require 8, to be even and 8. to be odd under the multiplication by I'?, such that the
supercharges @ and Q' in 8, which used to define the index (2.6) are invariant. 56, and
56, are parts of 8, ® 8 and 8, ® 8, inheriting the parities of 8, and 8.

One can decompose the 11d metric gﬁ,l)(44) into g§;1)(35v), géil)(SU), géél)(l), the
3-form tensor C),, (84) into Cj; (56,) and Cyg;; (28), the spin—% gravitino 1, into ;
(565,856.) and 19 (8B 8.). All parity-odd fields are listed as follows: géil)(Sv), Cijr (56,),
I‘E—FQ “1hg (8s), % -1); (565). We define the index fpy as the trace over the Kaluza-Klein
fields of 11d supergravity on R* x R®/Zy x S' with insertion of the projection operator
%. Again taking into account all Kaluza-Klein modes along the M-circle, the index
fouk takes the form of %(f[) : %—q + fi - l%q) where f - 1qTq is the index defined in (3.9).
The trace with the parity operator Py - P

Tr (_1)F Py Py e~ PQ.Q" qk tZ(J1R+J2R)u2J1LU2J2L:| (3.14)

gives fq - 74.. fo is the product of (3.10) and the sum of SO(8) characters

A1 = +{x(1) — x(8y) + x(385,) + x(28) — x(56,)} — {x(8c) + x(56.) — x(565) — x(85)}
= x(80)% = X(85)x(8c) — x(8u)X(8s) + x(8c)x(8y) = (x(8v) + Xx(8s)) - (x(8,) — x(8c))
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where Py replaces v = e™ by —v = e ™" in (3.10) and X;. After all, the index fuux
becomes

Bo+vt—u—uHt+t1) q
1—tu)(1—tu (1 +to)(1+tv=1)1—¢q

Joulk = ( (3.15)

It shows Zingl)\/[ = PE [3 foui in (3.3) counts the 11d supergravity fields on R1* x R /Z x

St up to the % factor, which do not belong to the 5d SYM Hilbert space. We conclude
SO(2N) _~ ,S0(0)

that Z, = Z\DuM-

extra

D0-04°. The 04° background uplifts to M-theory on RY* x (R® x S')/Zs, whose Zs
action is the combination of P4, P;, and the M-circle shift ' — 2 4+ 7Ry, by the half-
period [43]. In addition to the P4 and P; actions described above, the M-circle shift induces
the phase factor e/™ = —1 to a single DO-brane wavefunction exp (iz'!/Rys). It causes the
sign change of the momentum fugacity ¢ — —¢g. The index fruk over the Kaluza-Klein
fields of 11d supergravity on RY* x (R5 x S1)/Zsy becomes

Po+v —u—u Y+t g
—tu)(I—tu (L +t)(1+to ) 1— (—q)

Joulk = a (3.16)

whose multi-particle spectrum agrees with ZiODg%A in (3.4) up to the % factor. This again

explains that ZiOD(él)V[ comes from the 11d supergravity, implying that ZeSQIgNH) = Zi%g%d.
D0-0O4%. The O4™ background uplifts to M-theory on RY* x R/Zy x S1 with the full
Mb5-brane frozen at the Zgy fixed plane [43]. ¢ is the fugacity for half-integral momenta
along the M-circle. The first term of Zi%(g)l\e/fo in (3.5) comes from the 11d bulk gravity,
using the same argument used for the O4~ background. Here we take into account that

q? is the fugacity for integral momenta in the bulk. We identify this as the extra states’
index Z Sp(N)":O, such that

extra

ZSP(N)G:O — PE

extra

[t2(v+v1 —u—u )+t ¢ (3.17)

2(1 — tu®)(1 + to) 1—q2]|"

The second term in (3.5) comes from the full M5-brane frozen at the Z, fixed plane,
which hosts the SO(2)-type (2,0) theory on T2 with the Zg outer automorphism twist [17].
Beginning from the Abelian (2,0) theory on S!, whose index is given by

to+ovt—u—ut) ¢

ith ¢ = ™" 3.18
1 —tw)(l—tu1) 1-q2| HI=C (3.18)

PE|

the result in (3.5) shows that all states with integral momenta are eliminated by the Zy
projection, while the twisted states having half-integral momenta are newly introduced.
The perturbative degrees for 5d Abelian SYM are projected out, yielding the pure orien-
tifold background. Our result is consistent with [44] which shows a half DO-brane can bind
to an O4™" plane while a full DO-brane do not.

Applying the S-duality of M-theory on 72, which swaps the temporal circle and the M-
circle, the O4™ background is mapped to the full D4-brane frozen at the O4~ plane [43]. In
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the S-dualized background, the O(2)_ Wilson line o3 = diag (+1, —1) along the temporal
circle prevents the D4-brane from moving away from the orientifold [45]. We shall verify
the S-duality relation between two orientifold backgrounds using the multi-particle indices
of the relevant ADHM quantum mechanices. First, we compute the 5d O(2) instanton
partition function in the Wilson line background o3 = diag (+1,—1) € O(2)_. It can be
done by replacing the continuous holonomies +aq of G = SO(2) by the discrete holonomies
0 and 47 of O(2)_ in the 1-loop determinants I;.jo0p. Such replacement means the full D4-
brane cannot move from the O4~ plane. Following the computation in section 2.2, the
index Z9®)- is expressed using the plethystic exponential as follows:

to+ovt—u—ut) ¢

79@)- = PE
(1—tu)(l—tu"l) 1—¢2

CPoto !l —u—uw Heto -t -t ¢
(1 —tu)(1 —tu (1 4+ tu)(1 +tu=l) 1-—¢?

Putut —v—v D+t q
21—ty (I —tw NI+ )1+t H)1—q (3.19)

whose ¢-dependence was checked up to ¢3-order. The last term comes from the 11d bulk

gravity. The remaining two terms are expected to be S-dual to the second term of Ziﬁ’)(%)lf/fo.

We observe that the second term of Zi%(g)&zo can be written as

with ¢ = ™" (3.20)

PE [t(v+v_1 —u—u"l) gq } _ Z(5,€e1,6-,m)

(1—tu)(1 —tul) 1—¢2 Z(T,€4,6_,m)

where

to+vt—u—ut)y/ ¢ 1 :
Z - =PE - ith g =¢€™". 3.21
(7—764—76 am) [ (1—tu)(1—tu‘1) 1_(]2 + 9 Wi q € ( )

The S-duality transformation of this function has been studied in [9], since Z is the partition

function of a single M5-brane on Omega-deformed R* x T2. Let us apply the S-duality

transformation that exchanges the two sides of the T2, i.e., 7 — —%, and transforms the

chemical potentials such that e; — %, €. — %, and m — 7. The S-dual partition
1 €+ € m

function Z(—=, =+, =, ) is related to the original one in the following simple manner [9],

27i (m2—e2 ) (m2—e2 € € m
Z(T7 6+7€—7m) = exp ( 247'((e++e_;ge+fe_+))> Z(_l =+, = 7)? (3'22)

in a particular parameter regime. See [9] for the details. Z(7,ey,e_,m) is essentially
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invariant under S-duality, up to a simple overall factor [9]. Accordingly, (3.20) becomes

Z(2r,26;,2c,2m) _ o [tz‘(qﬂ +o 2 —ut—u?) < “ 1>
Z(T,€64,6-,m) (1 — t2u*2) 1—¢*> 2
to+ovt—u—ut)/ ¢q 1
s ()

tv+vt—u—ul) ¢

(I —tu)(1 —tu=t) 1—¢2

Bo+vt—u—uHot+ot—t—t1) ¢
(A —tu) (1 —tu (1 tu) (1 +tul) 1 — qz]
Bo+vt—u—u)w+ot—t -t

2(1 —tu)(1 — tu=1)(1 + tu)(1 + tu—1) ]

~rp |-

x PE [ (3.23)
under the S-duality transformation. The second line equals the first line of Z9®)~ in (3.19).
Apart from the 7 independent factor on the third line of (3.23), one finds that Zi%(g)f/fo is
dual to Z°@~. This analysis confirms the S-duality relation studied in [45] between the
047 plane and the O4~ plane with the frozen D4-brane.

D0-O4". The O4" background uplifts to M-theory on RY* x (R® x S1)/Zy with a stuck
M5-brane at the origin of R [43]. The Zs action consists of the R® parity and the M-

circle shift 2! — z'' + 7Rj; by the half-period. The M-circle shift induces the phase

factor €'™/2 = i to a half DO-brane wavefunction exp (iz'' /2R)y), causing the half-integral

momentum fugacity ¢ to undergo the phase rotation ¢ — iq. Repeating the same argument

used for the 04 background, we understand the first term of Zi%(g)f/[:” as coming from the

11d bulk gravity. It implies that Z SeNo=r should be identified as

extra

5 MNor _pp [P+ —u—u )+t ¢
extra - 2(1 — tui)(l + tUi) 1- (_q2)

(3.24)

The second term of Zi%g)ff” in (3.6) is similar to that of Ziﬁ))(g)l\"/fo in (3.5). Both are
obtained from single Mb5-branes stuck at the Z, fixed point of R3. The difference is
that the M5-brane wrapping the freely-acting Zs orbifold sees the halved M-circle ra-
dius. It effectively doubles the complex structure 7 of the T2, explaining the difference
between (3.20) and

to+vt—u—ul) ¢

PE
(1—tu)(1—tul) 1—¢*

with ¢ = ™", (3.25)

Similar to the O4™ case, the Zs projection kills all integral-momentum states in the Abelian
(2,0) theory on S'. What contribute to (3.25) are the twisted states, having half-integral
momenta along the M-theory circle. The Zy projection eliminates the perturbative degrees
of 5d Abelian SYM, leaving the pure orientifold background. Its S-dual configuration in
M-theory has been suggested in [43, 45]. It would be interesting to see the S-duality of the
two backgrounds explicitly.

We remark that the multi-particle indices (3.3)—(3.6) of the ADHM quantum mechanics
for various D0-O4 systems capture the non-perturbative (curvature)? terms of orientifold
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backgrounds. Recall that the genus expansion of the topological string amplitude F' takes
the form of [46-48]

o0

F =log Zapam = Z (61 + 62)2n(6162)g71]:(n’g). (3.26)

n,g>0

Turning off e, the remaining Omega-deformation parameter e_ denotes the self-dual part
of the graviphoton field strength on R*. The amplitude gives the (curvature)? correction
to M-theory on CY3 x S' [47]. Considering the case with m = e, = 0, the genus-1 terms
at n = 0 are given from (3.3)—(3.6) as follows.

T 2
23980 — ~ 105 (n(r)). 2308~ o (20 (3.27)
T T 2 T
a5 (222) 2+ o () o (32)

After performing the S-duality transformation 7 — —%, they agree with the (curvature)?

terms in the O4-plane actions, computed from graviton scattering amplitudes with non-
perturbative effects [49], up to an overall factor —ﬁ that we have not precisely traced.

4 6d SCFTs from 5d SYM instantons

In this section, we study the BPS spectra of 6d (2,0) theories using the instanton par-
tition functions. String theory predicts that 5d maximal SYM, supplemented by the
non-perturbative instanton effect, has a UV fixed point which corresponds to 6d (2,0)
SCFT [3, 4]. The instanton partition function Zi,s would capture the BPS spectrum of
6d (2,0) SCFT wrapped on R* x T2, where instantons play the role of Kaluza-Klein mo-
menta along the M-circle. For example, the interpretation of the SU(NV) instanton partition
function as the tensor branch index of 6d SU(N)-type (2,0) SCFT was justified in [5, 8].
We want to extend some aspects of the above analysis to other gauge groups: SO(2N),
SO(2N + 1), and Sp(N).

In section 4.1, we make some consistency checks of the instanton partition functions
for lower rank gauge groups. This is because the SU(N), SO(2N + 1), Sp(N), SO(2N) Lie
algebras sometimes coincide at low ranks. We confirm that apparently different ADHM
approaches yield the same prepotentials. In section 4.2, we obtain the closed form ex-
pressions for the instanton partition functions in special limits, and study the S-duality
relations of them. In section 4.3, we study the 6d superconformal indices using the results
of section 4.2.

4.1 Consistency checks

Let us compare the instanton partition functions with coincident gauge groups, which
belong to different ABCD-types of Lie algebras. For instance, the classical actions of the
maximal super Yang-Mills theories with SU(2) and SO(3) gauge groups are identical, both
in 4d and 5d. In 4d, this means that the two quantum theories are completely the same. So
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the physical QFT observables that one can extract out of the instanton partition functions
should be the same, although the two ADHM descriptions look different. However, in 5d,
having identical classical actions do not necessarily imply that the two instanton calculus
are the same, because different ADHM quantum mechanics for 5d solitons may provide
different UV completions of non-renormalizable 5d Yang-Mills theories.

The requirement that SU(2) and SO(3) partition functions should yield identical 4d
observables imposes non-trivial constraints on the two partition functions, which we shall
check in this section. One important 4d observable is the prepotential, whose second
derivative with the Coulomb VEVs « gives the Coulomb branch effective action. Thus, the
Coulomb VEV dependent parts of the SU(2) and SO(3) partition functions should be the
same. We check in the 5d partition functions that the Coulomb VEV dependent parts are
indeed identical to each other, even before taking the 4d limits, which confirms that the two
partition functions satisfy the 4d constraint. However, Coulomb VEV independent parts
do not have to agree with each other, and we find that they indeed disagree for SU(2) and
SO(3). We make similar consistency checks for gauge theories with low ranks, whenever
we have more than one ADHM descriptions: SO(2) vs U(1), SO(4) vs SU(2)2, SO(6) vs
SU(4), SU(2) vs SO(3) vs Sp(1), SO(5) vs Sp(2).

However, in 5d, even Coulomb VEV independent terms are physically meaningful, as
the partition function itself is a Witten index. They are simply counting electrically neutral
BPS states. Different ADHM descriptions may provide different UV completions of the
two 5d gauge theories which are identical at the classical level. Such phenomena happen
when the 5d gauge groups belong to the B or C classes, which uplift to different 6d theories
on a circle with outer automorphism twists. It also affects the 5-sphere partition functions
that we study in section 4.3, which we interpret as 6d superconformal indices with outer
automorphism twists. SO(2) vs U(1), SO(4) vs SU(2)2, SO(6) vs SU(4) theories, which
formally belong to the AD classes, are expected to have identical UV uplifts. In these
cases, we expect that both the charged and neutral sectors are the same.

We start by commenting on our parameterizations of the SU(N') chemical potentials.
The SU(N) instanton partition functions can be obtained from the U(NV) instanton par-
tition functions by imposing the traceless conditions on the chemical potentials. Among
the U(N) holonomies ag, - -+, ay, we turn off the overall U(1) holonomy Zfil a; = 0 and
replace all o; by the SU(N) holonomies ozg defined by a; = ;41 — «;. The final expressions
depend on o, -+ -, &y _y.

SO(2) vs U(1). The instanton partition functions for Abelian theories are, checked up
to ¢> order,

" . |
Z.sot(2) _ Z'U(tl) _PE (v+wv u—u"t) gq '
s s (1—tu)(l—tu"l) 1—¢q

(4.1)

They are independent of the gauge holonomies, since the Abelian theories do not involve
electrically charged particles. They agree with the 6d index on R* x T2 for a free (2,0)
tensor multiplet [5].
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SO(4) vs SU(2)2. The SO(4) and SU(2)? instanton partition functions satisfy the fol-
lowing relation

Tt (w1, 02,0) = Zyyi (0] = wiwn,q) - g (0 = witwn,0). (42)
which was checked by taking the series expansion in w2, up to w? w% ¢? order.

The SO(4) instanton partition function depends on the SO(4) holonomies «; and o,
which are distances of two D4-branes from the orientifold. There are two kinds of charged
W-bosons in the SO(4) gauge theory, induced from open strings whose lengths are | as|.
The relation (4.2) shows that each type of W-bosons is that of the SU(2) gauge theory.

SO(6) vs SU(4). The SO(6) and SU(4) instanton partition functions satisfy the follow-
ing relation

Zao® (w1, w, w3, q) = Zir P (W) = wiwa, wh = wy Mwe, wh = wy Mws, q) (4.3)
which was checked by taking the series expansion in w23, up to w% fw% w% ¢ order.

The SO(6) gauge holonomies «; 23, measuring the distances of three D4-branes from
the orientifold, appear in the SO(6) instanton partition function. There are three types of
charged W-bosons in the SO(6) gauge theory, induced from open strings whose lengths are
lag £ ao| and | — as|. They correspond to three kinds of SU(4) W-bosons, according to
the relation (4.3).

SU(2) vs SO(3) vs Sp(1)|p=0. The instanton partition functions for these theories are

written as

tv+vt—u—ut) ¢
(1—tu)(l—tul) 1—¢q

to+vt—u—ut) ¢
(1—tu)(l—tu"l) 1—¢q

to+vt—u—ut) ¢
(I—tu)(1—tut) 1—¢q

Zna? =PE | SV (w,q) +

inst

} with w = e~ (4.4)

739 = PE | £5°6) (w, q) +

inst

} with w = e™*! (4.5)

ZSP(l) — PE fSp(l) (w’q) +

inst

} with w = ™2 (4.6)

where of = a3 — as. We divide the instanton partition functions into two parts: the
first term f is dependent on the Coulomb VEVs. The second term is independent of the
Coulomb VEVs.

We find that the 4d QFT constraint is satisfied, fSU®(w,q) = 596G (w, Vi) =
f5PM(w, q), checked up to ¢?w? order. However, the Coulomb VEV independent term
of the SO(3) theory disagrees with those of the SU(2) and Sp(1) theories, using the same
identification of ¢’s. It implies that these gauge theories do not have the same UV comple-
tion. The Sp(1) gauge theory with 6 = 7 should satisfy the same constraint, which can be
straightforwardly checked but we have not checked.

The four 5d theories with SU(2), SO(3), Sp(1)g—=o, Sp(1)g=r uplift to 6d (2,0) the-
ories of Aj-type, Ai-type with Zs outer automorphism twist, Do-type with Zs outer au-
tomorphism twist, and As-type with Zg outer automorphism twist, respectively [17]. We
expect the differences in the Coulomb VEV independent parts to reflect such distinct UV
completions.
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SO(5) vs Sp(2)|g=0. The instanton partition functions for SO(5) and Sp(2) gauge the-
ories are

750(5)

inst

= PE | f590) 4y 9, q) +

with 1 = e, 1y = e~ (@271 (4.7)

2A(v+vt—u—u"l) gq
(I —tu)(1—tu"t) 1- q]

-1 —1 2
Sp(2) Sp(2) [, tlo+v " —u—u+) q q
Z. =PE p
inst f (ih1.2,0) + (1 —tu)(1—tu"t) \1-—g¢q + 1—¢?

with ) = e72%, 1y = e~ (@27), (4.8)

Again we divide the instanton partition functions into the indices from Coulomb VEV
dependent sectors and independent sectors. The Coulomb VEV dependent parts satisfy
the 4d QFT constraint f5°0) (i, g, q) = f5P3) (wy, 01, q) after exchanging iy <« wo.
However, the neutral parts do not agree with each other, implying that the two theories
uplift to the different 6d quantum field theories. We have not considered the Sp(2) partition
function with 8 = 7, but the same analysis can be made.

The three 5d theories with SO(5), Sp(2)s=0, Sp(2)g—, uplift to 6d theories of As-
type with Zs outer automorphism twist, Ds-type with Zo outer automorphism twist, and
Ay-type with Zo outer automorphism twist, respectively.

4.2 Index on R* x T? and S-duality

Now we study if the instanton partition functions respect S-dualities of 4d N = 4 gauge
theories, and their 6d uplifts on tori. S-duality identifies certain pairs of 4d N' = 4 gauge
theories, such as [18-21]

U(N) <«— U(WN) with ng =1
SO(2N) <+— SO(2N) with ng =1 (4.9)

SO(2N +1) <+— Sp(N) with ng = 2,
if their gauge couplings 74 = 29—; + % and 7,/ = % % are related as 7,/ = —néu. Recall
that 4d A/ = 4 SYMs are obtained from (2,0) theories on tori, whose complex structures

T= i% are translated to gauge couplings 74 [1]. The precise relations between complex

structures 7 and gauge couplings 74 are given in [50]. From this viewpoint, S-dualities
merely exchange two sides of the tori.

Our instanton partition functions are six-dimensional observables. However, they de-
pend only on the complex structures 7 of the tori, and not on their volumes. So these
partition functions are expected to respect the geometric S-dualities in certain forms. For
instance, the S-duality transformation of the partition function for the Abelian (2,0) the-
ory has been studied in [9], as we reviewed in section 3. Even in such simple theory, the
transformation of the 6d partition function is fairly non-trivial. For general non-Abelian
theories, we do not know the S-duality transformations of the partition functions, keeping
all the chemical potentials. However, the partition functions may simplify after taking
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special limits of the chemical potentials, so that we can explicitly see the S-duality of the
partition functions.

We are interested in two different limits of the partition functions, which are closely
related to each other. One is to take all the fugacities w; for the U(1)" electric charges to
be zero. In this limit, the partition function acquires contributions only from the neutral
states. Another limit we are interested in is m = e4. This limit also makes the contributions
from charged sectors automatically vanish. It is because W-bosons always carry a factor

of 2sinh mj;“’ in their indices, coming from the supersymmetries broken by these BPS
states [5]. Since this factor vanishes at m = e, the index acquires contributions only from
neutral instantons unbound to W-bosons. The 6d partition functions in both limits can be
easily dualized to test the S-dualities suggested in the literatures.

We first consider the limit w; — 0. For various gauge groups, we observe that the
instanton partition functions in electrically neutral sectors are given as

| PR [Nt(v+vt—u—ut) g¢
TR T Iy =t ) 1T—gq
checked for N < 6, up to ¢* order

ZS0(2N)

inst

[Nt(v+vt—u—ut) g¢
(1—tu)(1—tu"l) 1-gq]
checked for N < 6, up to ¢* order
ZMl=o __pp[ftv —u—u ) (NG g
inst wi=0 (1—tu)(1—tul) \1-¢> 1—¢?
checked for N < 3, up to ¢° order
Sp(N)lo—n tv+tv ' —u—uwl) (N = ¢
A w;—0 = PE
st hui=o0 [ (1—tu)(1 —tu"l) \1-—¢? * 1—q¢*
checked for N < 3, up to ¢° order.

ZSO(2N+1)‘wi:0 _PE

inst

All of these partition functions include the 6d index on R* x T2 for N free (2,0) tensor
multiplets, whose S-duality transformations were studied in [9]. Extra terms in the Sp(V)
partition functions are already discussed in section 3.

We are further interested in the special limit m — e; where the instanton partition
functions simplify into the following forms,

220 e, =P || (), (4.10)
Z80eN+)| _pg i 1qu } ()N, (4.11)
Zi """ lm=c, = PE _f\iq; +3 _qu] = n(r) V() (4.12)
Zie """ Im=c = PE _1N_q; 3 3}] = n(r) N n(2n)t, (4.13)
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—Nmit/12 Nt1l)miT/12

up to the overall factors e and e ( These expressions will be useful
to study the 6d superconformal indices in section 4.3. The SO(2N) partition functions
are invariant under the S-duality 7 — —% as expected. We expect the other two Sp(V)
partition functions to be S-dualized to the partition functions of the 5d gauge theories on
a circle with twisted boundary conditions [17]. It will be interesting to explicitly study the

dual partition functions with twisted boundary conditions.

4.3 6d superconformal index and WV algebra

Here we study the S® partition functions that correspond to the (2,0) superconformal in-
dices [6, 7, 22, 23]. The superconformal indices [24] are the SUSY partition functions on
S5 x S which capture the 6d BPS operator spectra, due to the operator-state correspon-
dence of radially quantized CFTs.

It was proposed in [7, 23, 51] that the S° partition functions are computed by merging
three Diekrasov partition functions on R* x S'. They depend on the dimensionless coupling
2o
as the chemical potential analogous to inverse temperature on S® x S'. The expressions

o= made of the S° radius r5 and the Yang-Mills coupling gs. ¢ can be interpreted
in [7, 23, 51] take the form of weak coupling expansions (¢ < 1), while the 6d spectral data
are easier to read off in the strong coupling regime (¢ > 1) by making a series expansion
in the fugacity e~“. For example, strong coupling expansion was made for the S° partition
functions of U(NV) gauge theories in a special unrefined limit [6, 7]. The results give the
(2,0) superconformal indices of SU(N)-type, reproducing the BPS Kaluza-Klein spectrum
of AdS; x S* supergravity in the large N limit. Also, they take the form of the vacuum
character of Wy, , algebra for finite N, leading to the W algebra conjecture [25]. We
want to compute the S° partition functions for other gauge groups: SO(2N), SO(2N + 1),
Sp(NV).6

We follow the notations of [6, 7]. The path integrals for the S® partition functions are
reduced to the following matrix integrals

inst pert “inst pert“inst"

N
1 > o em?mea?
Zgs(o,a,b,c,m) = WG’/ [I |d)\i] ¢TI AOITe ~ZI(32tZ.(1) AN A AN A%
— Li=1
(4.14)

N is the rank of 5d gauge group. a, b, c are the S° squashing parameters a, b, ¢ satisfying

a+b+c=0. 0= 23;;15 is the dimensionless coupling made of the S° radius r5 and the

Yang-Mills coupling g5. We use the normalized trace Tr(7%T?%) = §% and set a long root
¥ of G to satisfy 9|2 = 2. The S° Yang-Mills action is written as é [ Tx (F*F,,). The
5

In the proposal to use 5 dimensional Yang-Mills theory on S® to study the 6d index, it is unclear to
us whether one should use O(n) or SO(n) as the 5d gauge groups. If the orientifold picture works even
in curved 5d background with Euclidean signature, it might be more natural to use O(n) gauge theories.
Even if the gauge groups are O(n), the following analysis in our paper will still be unchanged if there are
no extra saddle points in the path integral on S® which use the O(n)_ group elements. In fact, S° does
not have 1-cycle on which discrete Z2 holonomies can be turned. So we think it is natural to assume the
absence of extra saddle points in O(n) theories. This is in contrast with the path integral over R* x S, as
we explored in section 3 for O(2)_ theories.
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unit instanton action is 4= for all gauge groups. Zpert are the indices for BPS bound states
of perturbative W- bosons only. Zinst are the instanton partition functions that we have
studied so far. Omega-deformation parameters €1, €2 of ZpertZinst are identified with the
squashing parameters a, b, ¢, such that (e1,€e3) = (b—a, c—a), (¢c—b,a—0b), (a —¢c, b—c)
at each fixed point. See [7] for the details.

Re-arranging the S° partition functions into strong coupling expressions is generally
very difficult. Only the Abelian (2,0) index [24] was reproduced from the 5d U(1) partition
function on S° [7]. Instead, we consider the special limit m = % and a,b,c — 0 in which the
S5 partition functions preserve 8 SUSYs. We can make the precise analysis in this limit
as follows. The instanton partition functions are simplified such that the net instanton
contributions come from only one fixed point.

AR DS NS B AS

inst inst inst

— Zlnst‘m €4 (415)

if the limit a,b,c — 0 is taken in a suitable order [7]. For all classical gauge groups, the
instanton corrections are given as follows:

3) [ N e—47r2/0
: —872 /0 —472 /o
) o 3) Ne e
Sp(N) with 6 =0 Z() =PE | =" 4 -5 e_w/a] (4.17)
) N 6—871'2/0 N e—87r2/a
Sp(N) with 6 =7 : 2 =PE s T T e (4.18)

Multiplying the overall factors eNfsif, eN —%)%, e _1)% which correspond to the suitable
couplings of the theories to the background curvatures [6], the instanton contributions are
written as Dedekind eta functions. We can easily make strong coupling expansions using
the modular property of Dedekind eta function: n(—1) = \/—irn(r). After all,

U(N), SO@2N), SO@N +1):  (2)V?c5f pE [1N_€:g] (4.19)

_ —0/2 —0
: _ 0. 9-l/2(4m\N/2 @HDe (N-1)e e
Sp(N) with 0 0: 2 (—U ) a8 PE = 6_0/2 + T

Sp(N) with § = 7 : 1/2( )N/26% PE

aly

1— 6—0'/2 o 1— 6—0/4

(N +1)e7/? e~ /4 ]

We can also handle the matrix integrals (4.14) over the perturbative determinants
—27r2Tr)\2/0' Z( ) Z( ) Z(3)

pert“~pert “pert-

(%)N/ e132(Gl H 2sinh (Up( )), (4.20)

pEA+

For classical gauge groups G, the integrals become [7]

where Af is the set of positive roots of G. ¢ is the dual Coxeter number. |G| is the
dimension of the semi-simple part of G. p is the Weyl vector. The final results are products
of (4.19) and (4.20).
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We summarize the exact S° partition functions for all classical gauge groups as follows:

N —mo
o(N-1)
75900 = UM 1700 _ gelcl 2 PE)[EZTZ?;ig] (4.21)
—No N-1_—2mo
ZES(QN) ctelGl+%l  pR | € Jrlézz gle (4.22)
i . o _g/g (N+ Yo —(2m—1)o
Z§5O(2N+1) celGl+5Y | PR e — ;L_UZ ] (4.23)
ZEMlo=0 _ gN-1/2 g Zeal6l+ O
_6_0/2 _ 67%0 . B,MU + Zm . ( 2m2+1g 672m+20'

—= ’ 1 (4.24)

— 4 _M _ 2m+41
ZSp(N)|9:7r _ 2(]\771)/2 €%CQ‘GI+% "PE —e o/4 _ e 74 Zm 0 e 2 9 (425)
S5 1 —e—0/2

We interpret them as the indices of 6d (2, 0) theories. Recall that (2,0) theories follow the
ADE classification. The gauge theories with simply-laced groups uplift to (2,0) theories
on S'. The gauge theories with non-simply-laced groups are proposed to uplift to circle
compactified (2,0) theories with outer automorphism twists. The S° partition functions
of SU(N) and SO(2N) gauge theories correspond to the (2,0) superconformal indices of
SU(N)-type and SO(2N)-type. Note that the vacuum Casimir energies scale as N3 as
expected from dual gravity [52, 53]. The SU(N) superconformal indices were already
obtained in [7], which agree with the vacuum character of Wa, _, algebra. Our results
show that the SO(2N) superconformal indices also agree with the vacuum character of the
Wp,, algebra, providing the evidence that the W algebra conjecture made in [25] holds for
SO(2N) theories.

Let us turn to the SO(2N + 1) or Sp(N) partition functions. These non-simply-laced
gauge theories are obtained from ADE-type (2,0) theories on S with outer automorphism
twists [16, 17]:

1. SU(2N)-type (2,0) theories with Zg outer automorphism give 5d SO(2N + 1) SYMs.

2. SO(2N + 2)-type (2,0) theories with Zg outer automorphism give 5d Sp(N) SYMs
with 0 = 0.

3. SU(2N + 1)-type (2,0) theories with Zy outer automorphism give 5d Sp(NN) SYMs
with 6 = 7.

We expect that the S° partition functions for non-simply-laced gauge theories to be the
twisted indices of corresponding (2,0) theories. To propose them as the new indices for
(2,0) theories with twists, we remove by hand the overall numerical factor 2N =1/2 in (4.24)
to adjust the ground state contribution to the index to be 1. This may have to do with
a suitable choice of path integral measures for the 6d theories with outer automorphism
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twists. However, we have no good explanations at the moment. These indices are compat-
ible with the twisted compactification realizations of non-simply-laced gauge theories, in
that they have smooth large N limits. In the large NV limit, these indices are given as

[ —0/2 —o
SO(20041) e e
75 =PE |1 + ey 620)] (4.26)
—0/2 —0/2
Sp(c<)o—0 e e
z —PE |- 4.27
55 e " —e 1= e")] (4.27)
—o/4 —0/2
Sp(cc)a—r e e
z —PE |- 4.28
5° —eol2 " 1—e)(i- e")] (4.28)

These results may shed more lights on what one precisely means by outer automorphism
twists of 6d (2,0) theories.

5 Conclusion

In this paper, we studied the instanton partition functions for 5d A" = 2 SYM with classical
gauge groups. Our approach was to utilize the ADHM quantum mechanics of the D0-D4-
04 systems. The instanton partition functions were obtained by computing their Witten
indices and extracting out the extra states’ index contribution. The extra factor captured
the BPS spectrum of DO-branes in pure orientifold backgrounds. We also studied S-dualities
of various O4-planes on S'.

The instanton partition functions respect 6d S-dualities which are uplifts of 4d S-
dualities. Using them, we also computed the S® partition functions which correspond
to the 6d superconformal indices. In the special limit, our final results showed that the
superconformal indices of SO(2N)-type (2,0) theories agree with the vacuum character
of Wp, algebra. The instanton partition functions for non-simply-laced SO(2N + 1),
Sp(N)|p=0, Sp(N)|p=r groups also produced interesting results. They are proposed to be
the indices of (2,0) theories with outer automorphism twists.

It would be important to understand S-dualities of the instanton partition functions
on R* x S' in full generality. This will be useful to study the spectrum of (2, 0) theories via
the superconformal indices. More generally, it would allow us to have better understanding
on the high temperature behavior of (2,0) theories.
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