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ABSTRACT: In the large D limit, and under certain circumstances, it has recently been
demonstrated that black hole dynamics in asymptotically flat spacetime reduces to the
dynamics of a non gravitational membrane propagating in flat D dimensional spacetime.
We demonstrate that this correspondence extends to all orders in a 1/D expansion and
outline a systematic method for deriving the corrected membrane equation in a power
series expansion in 1/D. As an illustration of our method we determine the first subleading
corrections to the membrane equations of motion. A qualitatively new effect at this order
is that the divergence of the membrane velocity is nonzero and proportional to the square
of the shear tensor reminiscent of the entropy current of hydrodynamics. As a test, we
use our modified membrane equations to compute the corrections to frequencies of light
quasinormal modes about the Schwarzschild black hole and find a perfect match with earlier
computations performed directly in the gravitational bulk.
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1 Introduction

It has recently been noted that the classical dynamics of black holes simplifies in the limit
of a large number of dimensions. The key observation — first made by Emparan, Suzuki,
Tanabe and collaborators in [1-7] — is that black holes at large D have two effective length
scales. The first of these, rg, is the size of the black holes. The second is the thickness
of the black hole’s gravitational tail, i.e. the distance beyond the black hole event horizon
after which the gravitational potential rapidly decays to zero. In four dimensions the black
hole size and thickness are comparable. In the large D limit, however, the thickness of the
gravitational tail turns out to scale like 9/ D [1] and so is much smaller than the the black
hole size.

This observation suggests the possibility of an effective ‘dimensional reduction’ of black
hole dynamics to the membrane region; a slab of spacetime of thickness 1/D centered
around the codimension one event horizon. In work done over the last year, this expec-
tation has been borne out in various contexts. In this paper we will focus on black holes
propagating in an otherwise unperturbed flat space. Assuming that 7y (see above) and
the length scale of variation along the horizon are both of order unity, the dimensional re-
duction described above was worked out to leading nontrivial order in the 1/D expansion
for the most general nonlinear dynamical context in [8, 9]; the special case of stationary
solutions and their small fluctuations has also been studied at higher orders in the 1/D
expansion in [10-13]. In addition the dimensional reduction of small horizon ripples at
length scale 1/v/D about particular solutions (black strings or black branes in flat, AdS or
dS space) has been studied in [14-18]. Further developments were presented in [19-25].

In this paper we further develop the general nonlinear dynamical construction of [8, 9].
In particular we demonstrate that the reduction of black hole dynamics to membrane dy-
namics, worked out to leading nontrivial order in the 1/D expansion in [8, 9], can be
systematically generalized to every order in 1/D. As an application of this systematic
framework we explicitly work out the first subleading corrections to the membrane equa-
tions of motion in the 1/D expansion, and also determine the spacetimes dual to any
particular membrane solution at next subleading order in the 1/D expansion. In this
introduction we first review the leading order construction presented in [8, 9] and then
present our explicit higher order results.

1.1 Review of earlier work

Consider a class of D dimensional metrics of the form

(nar —up)(ny — un) (11)
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The metrics (1.1) are parameterized by a smooth D dimensional function ¢ and a smooth

oneform field ups. mps in (1.1) is the normal field to surfaces of constant 1, (i.e. ny =
__ OmY MN _
V/Oppoqinte

—1) and tangent to surfaces of constant 1 (i.e. upnyn™?™ = 0).

). The oneform field uy; is assumed to be unit normalized (i.e. uyupm

In order to gain intuition for spacetimes of the form (1.1) it is useful to first consider a
special case. Working with coordinates in which the metric on Minkowski space takes the
form

ds® = —dt* + dr? + r*dQ3_,,

the choice u = —dt and ¢ = - turns (1.1) into the metric of a Schwarzschild black hole of
radius 7o in the so called Kerr Schild coordinates.

Note 1 = 1 is the event horizon of the Schwarzschild black hole. More generally the sur-
face 1) = 1 is easily verified to be a null submanifold of (1.1) for every choice of ) and u. This
null manifold coincides with the event horizon of the (1.1) provided that ¢ and u are chosen
such that the metric (1.1) settles down into a collection of stationary black holes at late
times. Following [8, 9] we refer to the submanifold ¢ = 1 as the membrane world volume.!

Note that as v increases past unity ﬁ decays to zero very rapidly. This decay is
exponential in D once ¢ —1 > %. It follows that (1.1) represents a class of asymptotically
flat spacetimes with the following property; the spacetime outside the event horizon devi-
ates significantly from flat space only in a slab of thickness % around the event horizon.
We will refer to this as the membrane region. [8, 9] set out to characterize solutions of
the vacuum Einstein equations, Ry/n = 0, that reduce to metrics of the form (1.1) in
the large D limit, with corrections in a power series in %. As we have reviewed above,
when ¢ — 1 > % the spacetimes (1.1) reduce to flat space. Deviations from flatness are
nonperturbatively small in the % expansion. Thus Einstein’s equations are automatically
solved at all order in 1/D outside the membrane region. In order to obtain a true solution
of Einstein’s equations, the solution (1.1) needs to be corrected order by order in the %
expansion only in the membrane region.

Consider a region of size % centered around any point xy on the event horizon of (1.1).
It may be shown that the metric of this ball is closely approximated by the metric in
an equivalent small region centered around the appropriate event horizon point of some

boosted Schwarzschild black hole provided that

v? <¢Dl_3> =0, V=0, (1.2)

(the contraction of all indices is achieved by use of the metric 15,y in the equations above).?

!Through this paper we assume that ¢ in (1.1) is chosen to ensure that the membrane surface is a smooth
codimension one surface that is timelike when viewed as a submanifold of flat space (we have emphasized
above that this surface is a null submanifold of the metric (1.1)). We also assume that 1) is chosen to ensure
that ﬁ decays at spatial infinity.

2When an expression like V2 acts on ﬁ we get two distinct terms of order D? in two ways. The first

term is o< (D — 3)(D — 2)%. The second term is o (D — 3)%2_1/’2. Though the second term has one less
explicit factor of D than the first, it actually contributes at the same order in the 1/D expansion — i.e. at



These equations need only be satisfied at leading order in D and can be violated at
subleading orders. As Schwarzschild black holes are exact solutions to Einstein’s equations,
it follows as a consequence that the spacetimes (1.1) almost solve Einstein’s equations in
the membrane region, provided that (1.2) is satisfied at every point on the membrane.

The statement that Einstein’s equations are ‘almost’ solved in the membrane region
has the following precise meaning. When evaluated in the membrane region the four
derivative scalar RypRAP is in general of order D*. This estimate follows immediately
from the fact that the metric varies on a length scale of order 1/D in the membrane region.
Once we impose (1.2), on the other hand, RApRAP turns out to be of order D?, i.e. In
a coordinate system in which all components of the metric are of order unity, Rap is of
order D; one order lower than the generic order suggested by a dimensional estimate. In
other words (1.2) ensures that Einstein’s equations are obeyed to leading order — but are
generically violated at first subleading order. Consequently the metrics (1.1) — with the
conditions (1.2) imposed at leading order- are plausible starting points for the construction

of true solutions of Einstein’s equations in a power series in %.

The authors of [8, 9] were able to carry out this perturbative expansion to first sub-
leading order in % (see below for a review). Interestingly they discovered that arbitrary
metrics of the form (1.1) could not be corrected to yield regular solutions to Einstein’s
equations at next order in 5. It turns out to be possible to correct (1.1) at first order in
1/D only when the fields ¥ and u obey an integrability constraint — a membrane equation
of motion — that we will describe in considerable detail below. Whenever this condition
is obeyed, a regular correction (of order 1/D) to the metric (1.1) was found in [8, 9]. The
corrected metric obeys Rap = O(1);3 i.e. once the corrections are taken into account,

Einstein’s equations are solved at leading and first subleading order in %.

We now turn to a description of the integrability constraints mentioned in the previous
paragraph. Consider the surface v = 1, viewed as a submanifold of flat space with metric
nyn; we refer to this submanifold as the membrane. Let Kjsny represent the extrinsic
curvature of this (generically timelike) submanifold. Recall also that the velocity oneform
field uys on the membrane surface is tangent to the membrane and so may be regarded
as a oneform field in the membrane world volume. The authors of [8, 9] found that the
metric (1.1) could be corrected to a regular* solution of Einsteins equations at first order

leading order — because of the contraction of indices in V2. This is the reason that (1.1) solves the leading
order equations only if V21 takes the same value as it does in a Schwarzschild black hole, leading to the first
requirement listed in (1.2). In a similar manner worldvolume derivatives of the horizon shape and velocity
field — which are of order unity — compete with derivatives acting on le_?s only if their order is enhanced
by the contraction of a worldvolume index. The only first derivative expression involving the black hole
velocity that has such a contraction is V.u. It follows that (1.1) satisfies the leading order equations only
if V.u takes the same value as it does on a Schwarzschild black hole. This leads to the second of (1.2).

3More precisely, Rap = O(1) in coordinates in which all metric components are of order unity. More
generally, Rap R is of order unity.

4By a regular solution we mean a solution with a smooth event horizon that is regular everywhere outside
the event horizon.



if and only if the following constraints are obeyed

(V2uA _Vak +ucKq — u.VuA> P4 =0 (1.3)
K K

where Pg = 5§ +u?up is the projector orthogonal to the velocity vector on the membrane

world volume, and all covariant derivatives are taken with respect to the induced metric

on the membrane. The quantity K is the trace of the extrinsic curvature of the membrane

worldvolume.

The integrability conditions (1.3) have an interesting interpretation. They may be
thought of as a set of D — 2 equations for D — 2 variables (one of these variables is the
shape of the membrane, and the other D — 3 variables are the components of the unit
normalized, divergence free velocity field). In other words the equations (1.3) define an
initial value problem for membrane dynamics. As every configuration that obeys (1.3)
gives rise to a metric that obeys Einstein’s equations to the appropriate order in 1/D, it
follows that solutions of the membrane equations (1.3) are in one to one correspondence
with asymptotically flat dynamical black hole configurations that solve Einstein’s equations
to first subleading order in 1/D.

1.2 The membrane paradigm at higher orders in 1/D

In this paper we demonstrate that first order perturbative procedure outlined above extends
systematically to arbitrary orders in the expansion in %. We will now very briefly outline
our inductive argument. We assume that the perturbative procedure has been implemented
upto n'M order, i.e. that corrections to the metric (1.1) have been determined upto n'" order
in the 1/D expansion in such a manner that Rj;y evaluated on the corrected solution is
of order D'=". We then add further corrections of order 1/D"*! to the metric (see (2.7)
and (2.10)). At order D"~! we demonstrate that the Einstein constraint equations are
independent of the new unknown correction functions when evaluated on the event horizon
1 = 1. These equations determine the correction to the membrane equations (and the
divergence condition on the velocity) at order 1/D"*!. Moving away from the horizon
we argue that the order D'~ part of Rysy takes the form listed in table 2. Setting the
expressions in this table yields a set of inhomogeneous linear differential equations that
can be used to determine order 1/D"*! corrections to the metric. Explicit expressions for
the sources in these differential equations can only be obtained by grinding through the
perturbative procedure, but we use a contracted Bianchi identity to demonstrate that the
sources that occur in these equations are not all independent, but obey certain relations
(see (2.25)) at every order of perturbation theory. Using these relations we are able to
integrate the inhomogeneous differential equations for any source functions and obtain an
explicit and unique expressions for the metric corrections at order 1/D"*! (see section 3)
that are manifestly regular and obey all required boundary conditions.

As an illustration of the general method outlined above we explicitly implement the
perturbative procedure to second subleading order in %. We find that the modified mem-



brane equations take the form

V2u, VA/C

+uPKpa —u-Vuy| P (1.4)

K K
CKCBKA ViV%u,  uw-VKVAK VEKVpua _KPVeVpuy
e e T e P e
n _VAV2IC n Va (KpcKBYK) n 3(u K u)(u-Vua) 3(u K -u)(uPKpa)
K3 K3 K K

V) (u- -VK)(uPK 3
_6(uV BC(;L VUA)+6(UV )I(CQ; BA>+(D_3)u-VuA— uPKpa| PE=0

(D—=3)

while the divergence free condition on the velocity field is modified, at second subleading
order, to the equation

1
Veu= o (Viaup Vcup PPOPAY) (1.5)

Note that the first line in (1.4) is simply a rewriting of (1.3); the 2nd-4th lines of this
equations represent corrections to (1.3). There is a well defined sense (see below) in which
each of these correction terms is of order % relative to the leading order terms in the first
line. It follows that the equations (1.4) represent small corrections to the leading order
equations (1.3). The first order corrected membrane equation of motion (1.4) and (1.5) are
the main result of this paper.

We then present explicit expressions for the second order sources for all the inhomoge-
neous differential equations (see table 6). Plugging these sources into the general equations
for the metric corrections at any order we obtain explicit results for the second order cor-
rection to the spacetime metric dual to any particular solution of the membrane equations
of motion.

The second order corrected membrane equations (1.4) admit a simple solution; a spher-
ical membrane at rest. This solution is dual to the Schwarzschild black hole. As a check
of our second order corrections to the membrane equations we use (1.4) to compute the
spectrum of small fluctuations about this simple solutions. This spectrum is easy to ob-
tain, and turns out to be in perfect agreement with the second order corrected spectrum of
quasinormal modes obtained by Emparan Suzuki and Tanabe in [6], providing confidence
in the correctness of (1.4).

2 Perturbation theory: general structure

2.1 A more detailed description of the starting ansatz

As we have explained in the introduction, the starting point of our perturbative construc-
tion of large D solutions to Einstein’s equations is the metric (1.1). In the introduction we
noted that the metrics (1.1) are parameterized by the D dimensional function v and the
oneform field u. We assume these fields have a good large D limit, i.e. that the length scale



of variation in ¢ and w is of order unity. Following [8, 9], however, consider two different
functions ¢ with the same membrane surface (i.e. with coincident zero sets for ¢)—1). These
two functions define metrics (1.1) that coincide (outside the event horizon) at leading or-
der in 1/D but differ at subleading orders in 1/D. Similarly u functions that agree on the
membrane but differ off it lead to metrics (1.1) that differ only at subleading order in 1/D.

Any two metrics (1.1) that differ only at subleading orders in 1/D constitute equivalent
starting points for the perturbative construction of solutions in the following sense: the
end result of perturbation theory starting from the two different starting points will be the
same. In order to construct all distinct final metrics we need only consider one member
of each ‘equivalence class’ of metrics (1.1). As explained above the equivalence classes are
labeled by the zero set of the function 1) — 1 (the membrane world volume) and the value
of the velocity field on the membrane world volume. In order to pick a representative
from each equivalence class that we can use to set up our perturbation theory we invent an
arbitrary way of constructing the full function v from its zero set, and the full velocity field
u from its values on the membrane. Following [8, 9] we refer to the (essentially arbitrary)
rule for achieving this construction as a subsidiary condition on the functions v and w.

For technical reasons, in this paper we utilize the subsidiary conditions of [8] rather
than that of [9]. We now describe these conditions in detail.

Consider a given timelike membrane submanifold in flat space. At each point on
the manifold consider a geodesic that shoots outwards from the manifold along its normal

vector. The resultant collection of curves®

is a spacefilling congruence of spacelike geodesics;
caustics of this congruence, if any, only occur at distances of order unity (rather than 1/D)
away from the membrane.® We define the scalar function B in the neighborhood of the
membrane as follows; B at any point is defined to be the signed proper distance, along the
geodesic that passes through it, to the membrane. This distance is defined to be positive
outside the membrane and negative inside the membrane. Note that B vanishes on the

membrane. We define
nyr = VMB (2.1)

It follows from our construction above that
nn=1 (2.2)

n4 is the normal oneform to surfaces of constant B. We use the symbol Kj;n denote the
extrinsic curvature of surfaces of constant B. Note of course that n*K 45 = 0. We also
define K = K 2. We then proceed to define the function ¢ as

=145 (2.3)

SThese ‘curves’ are actually straight lines as they are all geodesics in flat space. We use the term ‘curve’
to bring to mind the obvious generalization of this construction when the membrane is embedded in a
curved spacetime.

5The quantity % gives a rough estimate for the distance away from the membrane at which the geodesics
caustic. Below we explain that IC is of order D so that this caustic length scale is of order unity.



In a similar manner we use the velocity function on the membrane to define a velocity
oneform field in spacetime simply by parallel transport along our congruence of geodesics.
It follows from our definitions above that

n.Vnyg =0

2.4
n.Vuy =0 (24)

The first line of (2.4) follows upon differentiating 0 (2.2), using (2.1) and interchanging
derivatives. This equation is in fact simply the geodesic equations for the congruence of
geodesics that defines B. The equation on the second line of (2.4) follows from the fact
that u is defined off the membrane by parallel transport. It follows from (2.4) that

Kuap = (ng — nAnC) (Venp) (ng — nDnB) =(Va—na(n.V))ng =Vanp =VaVpB
(2.5)
Note that our definition of n 4 in this section, and the rest of this paper, differs slightly
from the definition given in the introduction. The two definitions agree at leading order
(which was all that was required in the discussion around (1.1) ) but differ at subleading
orders in 1/D. The vector ny defined in this section — rather than the normal vector
defined in the introduction — will be used through the rest of this paper.
Using (2.3) it is easily verified that on the submanifold B =0

K2 n.VIC

2

= 2

YV D—3+ D -3 (2.6)

(D_Q)vaw_g K '
" D-3D-3

As we explain below, in the large D limit taken in this paper Q%Y’g is of order unity while

]CQ

D=5 is order D. It follows that to leading order in D

(D —2)V.Vop = V21, e V> (w;_?)) =0

In other words our construction satisfies the first equation of (1.2). We satisfy the second
equation in (1.2) by construction; we simply choose our u oneform on the membrane such
that its divergence vanishes at leading order in D. The divergence of u will turn out not
to vanish at a subleading order.

2.2 Coordinate choice for the correction metric

In this paper we search for solutions of Einstein’s equations in a power series expansion in %

GuN =nuN + hun,

> h{y
haen = ; (D —3)"’ (2.7)
o _ OuOn

with, h)/n = PO



Here

Oy =ny —unm (2.8)

We fix coordinate redefinition ambiguities by demanding
hanON =0, (2.9)

Consider any point in the metric (1.1). The tangent space built about this point has two
special vectors; the vector n and the vector u. All the other D — 2 directions orthogonal to
n and u are equivalent and can be rotated into each other. It is thus useful to parameterize
the most general fluctuation field hpsn (subject to the gauge condition (2.9)) in the form

n n n n 1 n
hsw)N = H(S’ )OMON + O(MH](V‘;’ ) + H](\;]’V) + 7D — 3H(T ’ )PMN, (2.10)

where,

Pun =nun — Ouny — Onny + OpOn,

The superscripts .S, V and T stand for scalar, vector and tensor respectively, and denote
the transformation properties of the relevant symbol under the SO(D — 2) rotations in
tangent space that leave n and u fixed. The superscript T'r stands for trace, and labels a
second scalar.

2.3 Orders of D

As we have explained above, in this paper we solve Einstein’s equations in a systematic
expansion in %. In order for this process to be well defined, we need to be able to unam-
biguously estimate the scaling with D of various terms that appear in the metric and in the
membrane equation of motion. Such an estimation is only unambiguous within subclasses
of solutions, as we will now explain with an example.

Consider a membrane whose world volume is a D — 2 sphere (of radius R) times time.
The trace of extrinsic curvature, KC, of this surface is easily shown to be % and so is of
order D (assuming R is of order unity). On the other hand the surface SP x RP~27P times
time has I = . If p and R are both held fixed as D is taken to infinity, K is of order
unity for this surface. It follows that /C cannot unambiguously be assigned a scaling with
D without making further assumptions. The same holds true of various other quantities
(e.g. V2uyy) that enter the metric and equation of motion.

In this paper we follow [8, 9] and estimate the D scalings of all terms as follows. We
assume that

e Our starting ansatz is constructed by sewing together bits of the event horizon of
black holes of radii R and timelike velocity u™ where R and uM are everywhere
finite and of order unity.

e Our starting configuration (and so our full solution) preserves an SO(D — p — 2)
rotational invariance with p held fixed as D is taken to infinity



As explained in [9], these assumptions unambiguously specify the scaling with D of all
quantities of interest (in particular they force IC to be of order D).

We emphasize that in this paper we use the assumptions listed above only to estimate
the scalings of D of various quantities. When the assumptions listed in the previous
paragraph are obeyed, the membrane equations and metrics listed in this paper certainly
apply. However the formulae of this paper apply more generally to any spacetime whose
variables scale with D in the same manner in which they would if the assumptions above
were obeyed — a much larger class of configurations.

2.4 All orders definition of the membrane surface and velocity

As explained in subsection 2.1, the metric (1.1) — the starting point of our perturbative
expansion — is completely determined by the shape of a membrane and a velocity field on
the membrane. To what precision can this procedure be reversed? In other words if we
are given a solution to Einstein’s equations of the appropriate kind, how precisely can we
read off the corresponding ‘shape’ and ‘velocity’ of the membrane?

We could attempt to identify the membrane shape and velocity field by simply ex-
panding the exact solution in powers of 1/D and focusing attention on the leading order
term. By comparing with (1.1) we could then read off the membrane shape and velocity
field. While this procedure is simple, a moment’s thought will convince the reader that it
is ambiguous at all orders in 1/D save the leading order.” In other words the requirement
that our solution reduce to (1.1) defines the membrane shape and velocity only at leading
order, leaving the subleading corrections to these quantities ambiguous. In this subsection
we will fix this ambiguity by adopting a more precise definition of the shape and velocity
field. This definition agrees with that of (1.1) at leading order, but is precise at all orders.
We use this precise definition in the computations presented in the rest of this paper.

We define the membrane shape to be the location of the event horizon of our spacetime,
and will choose higher order corrections to the metric (1.1) to ensure that this event horizon
coincides with the surface ¢ = 1.

Turning to the velocity field, let GAP denote the full spacetime inverse metric. Let ny4
be the oneform normal to the event horizon. We define the velocity field on the membrane
by the requirement that

ut = G Py (2.11)
on the event horizon (i.e. at ¢ = 1). In other words the velocity field is a tangent vector to
the generators of the event horizon. It is easily verified that (2.11) is a true equation for the
starting point of perturbation theory (1.1). We will choose corrections to the perturbative
ansatz to ensure that (2.11) holds at all orders in 1/D.

The requirement (2.11) together with the requirement that ¢ = 1 is the exact event
horizon of our spacetime are easily seen to be satisfied provided that

HS@p=1)=0

Hy (p=1)=0

"For instance, the velocity redefinition u* — u* 4 du*/D does not change the metric at leading order
in 1/D.

(2.12)




The first condition ensures that GMN9yp0n1) = 0, ie. dip is null at ¢» = 1 while the
second condition then ensures that the full spacetime metric on the event horizon takes

the form
nun +OnON + H](\Z])V + ﬁHTTPMN

Let us write this metric in a the local basis of oneforms (n,u,Y,) where Y, is any D — 2
dimensional basis of oneforms chosen orthogonal to n and u. In this basis the metric takes
a block diagonal form with a 2 x 2 block (with basis n and v) and a D—2x D —2 block (with
basis Y, ). It follows that the inverse metric also has this block diagonal structure. Note that
the 2 x 2 block is universal, i.e. it is the same at every order in perturbation theory. This
block is the only one that contributes in (2.11). As (2.11) holds at leading order, it follows
that the conditions (2.12) ensure that (2.11) holds at every order in perturbation theory.

Recall that according to (1.2) the velocity field used in (1.1) is divergence free at
leading order in %. As we will see below, the divergence of the velocity field defined in this

subsection will not, in general, vanish at subleading orders in 1/D.

2.5 Structure of the equations of perturbation theory

Our perturbative procedure proceeds as follows. We assume that our solution takes the
form (2.7) together with (2.9) and (2.10). The Ricci tensor of this metric — evaluated in
a slab of spacetime of thickness 1/D around 1) = 1 — takes the schematic form

Ryn =Y D> "Riyy (2.13)

n

Let us imagine that we have implemented our perturbative procedure to order n—1, i.e.
that we have determined hg\znj)v form =1...n—1 in a manner that ensures that Rg&n) =
form =0...n—1. In order to go to one higher order in perturbation theory we must solve
for hg\Z)N to ensure that R, also vanishes.

Schematically

n P n n
il = L8 + $10

where Cﬁc’])\, is a linear differential operator with derivatives only in the ¢ direction and
S](\%V is a source function. As hg;% is already of order n, the differential operator CAZ?V is
built entirely out of the zero order background metric (1.1), and so is the same at every
order. On the other hand the source function 51(\2\/ is proportional to expressions of n'®
order in 1/D built out of derivatives of the membrane velocity and shape function, and is
different at every order.

At every point of the event horizon of the ansatz metric (1.1) there are two distinguished

vectors; n? and u?. Let

PaB =naB —nanp +usup

denote the projector orthogonal to these two vectors (all dot products taken in flat space).
Instead of dealing directly with the components of Rjy;ny we find it more convenient to use
a basis adopted to u” and n? listed in table 1.
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Scalar sector Vector sector Tensor sector
RS = OMRynON | R = OMRynPY | RYp = PYRynPY — PABPMNRy
R% = OMRynu | R? = uMRynPY
RSS = UMRMNUN

RS = RMNPMN

Table 1. Basis of components of Ry .

By explicit computation (plugging (2.7) into the formula for the Ricci tensor) we find
that the linear combinations listed in table 1 of the curvature components R}, (see (2.13))
are given by the expressions listed in table 2.

In table 2, fluctuation fields H*, HT" HX and H}Q n are taken to be of n'™ order and
all source functions (e.g. 551) also understood to be n'" order sources. All appearances of
V.u® in the table 2 should also be understood as follows. Naively V.u is of order D. For
that reason we expand

V.= (D -3) (Z m> (2.14)
n=>0

Every appearance of V.u in table 2 should actually be replaced by (V.u),,. We have already
seen in the introduction that (V.u)g = 0. We will see below that (V.u); also vanishes, but
that (V.u)2 is nonzero.

In order to obtain table 2 we have worked in the neighbourhood of the surface ¢ = 1
and the variable R is defined by R = (D — 3)(¢p — 1).%

2.6 The Einstein constraint equations

In the process of solving for the fluctuation fields hS\Z)N we will find the Einstein constraint

equations (relevant to the foliation of our spacetime in slices of constant ) particularly
useful. We will now provide a careful definition of these equations.
Let us define
_ ~GuN
EMN:RMN—RT (2.16)

where R is the Ricci scalar. The constraint equations are defined by the relations
E](\Zc) = EMNGNLTLL (217)

We have a total of D constraint equations. These equations decompose into two scalars
and one vector under local SO(D — 2) rotations.

8V .u is the divergence of the velocity field thought of as a vector field in R”~1!. On the surface 1) = 1,
however, V.u coincides with the membrane worldvolume divergence of velocity field (this follows upon using
the second of (2.4)).

We will explain below that the sources listed in table 2 are not completely independent, but are
constrained by the well known relation

vM (RMN — %GMN> =0. (2.15)
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Scalar sector
RS = (gt ) e + S (B)

2D-3)2 )  dR?
R% = (%) efRd%z (e dRH(S)) - 4(DIC—23) o d H(Tr) + 300= 3)VMH(V)
+8%(R) + gp—gye * Vou
R (o) O
B (ﬁ) e2R(1 — eR) LD — ot e BVMH{) + 8% (R) + + oy ¢ F Vo
RSs — <(ch23) )efR d ((RE(S)) 4 (%) e 2R(1 — eR).L (R (T
) AV + B gV B+ VISV 5% )~ e T

Vector sector
V; 2 _ Vv V;
Ry = <2(D’Cf3)2 e R (eR L H)) + 3D AR (VNH](V]\)4> + 8y (R)

2
RV = 2([’57_3)2) e2R(1 — Ry d (R A gV)) 4 SY2(R)

Tensor sector
2 _ dH'
B = (sfsm) e ("= 1) 22 ) + SEo(

Table 2. Expressions for basis of Ry/n.

Let us imagine we have solved for our membrane metric at (n— 1) order in perturba-
tion theory, and are now attempting to solve for the metric correction at n'" order. If, in this
process, we evaluate the constraint equation (2.17) and retain terms only up to n*™ order
then we need use GV on the r.h.s. of (2.17) only at zero order (i.e. from the metric (1.1)),
because Ejsy is already of nt order. It follows that the n'™ order scalar and vector con-
straint equations are simply linear combinations of the n*® order scalars and vectors listed
in table 1. We will now determine the relevant linear combinations. In order to to this we

first determine the n'® order Ricci scalar R as a linear combination of the scalars in table 1.

R=RapG*? = (R*PPap + O.R.O(1 — e 1) + 20.Ru) = (R% + (1 — e ®)RS + 2R™?)

(2.18)
Using this equation we find
ec R
Ej(w) = <RMN - 2GMN> GNEny,
(2.19)

1 -~
= RMNON(l — B_R) + RMNUN - §R ny
By dotting (2.19) with n and u or by projecting it orthogonal to these vectors we finally
obtain the n'® order constraint equations written as linear combinations of the scalars and

vectors in table 1.

ESt = B\DuM = (1 — e B)R% 4 RS
1
3 (1 — e BYRS — RS4) (2.20)

EY = EY'PY = (1 - e ®)RY' + R}

E% = B\ oM =

— 12 —




Vector constraint
EY, = ESOPY = (1 — e ®)RY: + R}:
= by (1 - e Mg (VAH) + VH(R)
Scalar constraint 1
S — E(CC)UM =(1- efR)RSz + RSs

V _ 1% _
= sy (1 e (VMHM)) — s PV + VIUR) + iy e B Y

Scalar constraint 2

ES: = By 0M = 1 (1— e MRS — RSY) = ~ 503 iR (VMH V)) oV H v
2 _ - 2 T —
+apar 2= TR T — s G H S +HS) — IVMVNH A VS (R)+ gt "V

Table 3. Listing of constraint equations.

The explicit form of the n'" order constraint equations is listed in table 3 above.
As in table 1, all fluctuation fields in table 3 should be taken to be of n'® order. The

source functions in table 3 are also of n'" order and are given in terms of the sources in
table 1 and the as yet unknown quantity V.u by

VI(R) = (1 - e )8%(R) + S%(R)
(1 - e )S%(R) — S5(R)] (2.21)
VE(R) = (1= )8 (R) + 5, (R)

Now it is well known that the Einstein tensor obeys the identity
VuEMYN =0 (2.22)

It is also well known (and easy to see) that this identity ensures that the ‘normal’ derivative
of the constraint equations is a linear combination of the ‘in plane’ derivatives of Einstein’s
equations.!® Within the perturbation theory of interest to this paper the equation (2.22)
may be evaluated and projected onto its scalar and vector sectors and shown to be equiv-
alent to the following relations

d (D-3)_n

dREM+EM+ o RE, =0

d D -

ﬁEsl—i—ESl ( R )VNRVZ_O (2.23)
d 1 1 L (D=3
— ES2 4 g5 ~pS1 Sy | = pSs N
TR+ +<2R + R+ R © L VNRY

10T his is the fact that ensures that if all Einstein constraint equations are solved on one ‘time’ slice then
they are automatically solved on the next ‘time’ slice. In other words, in order to solve Einstein’s equations
you need only solve the constraint equations on one time slice provided you solve the other equations —
lets call them the dynamical equations — everywhere.

,13,



Using (2.20) the r.h.s. of these relations may be recast in the equivalent form

d D —
—EY + (1 —e R + R + =3 3)VNR]TVM =0
dR K
D _
%ESI +(1- e—R)RS2 + RS 4 (]C?’)VNRX? =0 (2.24)
d 52 ]' —R pS1 —R S1 52 (D — 3) NpWhi _
TR S RS 4 (1 e MRS 4 R% 4 T VYR = 0

In either form these equations express the R derivatives of the Einstein constraint equa-
tions (2.20) in terms of linear combinations of the Einstein equations. Using the explicit
expressions in tables 2 and 3, it is possible to verify that the equations (2.23) are indeed
obeyed, provided that the scalar and vector sources in table 2 and 3 are not all independent
but are constrained by the following relations

d D-3
TRV Vit DB gnst, =0
d S1 S1 (L 73) N oV
TRV AV VIS =0
d S2 S2 1 S1 S2 K -R 1 Sa K -R
de + V22 4 28 +(S +2(D_3)e V. —|—2 S ( _3)6 V.
D -
n S)VNSX1 =0 (2.25)

Note that we have two relations between the four scalar sources and one relation
between the two vector sources in table 2. Note that the relations also involve the as yet
unknown quantity V.u. Later in this paper we will explicitly verify that the sources that
appear in the first and second order calculation obey the relations (2.25). However we
would like to emphasize here that these relations are necessarily obeyed at every order in
perturbation theory.

2.7 Choice of basis for the constraint and dynamical equations

Because we have the linear relationship between constraint and dynamical equations we
use the following basis for solving the scalar, vector and tensor fluctuations

Tensor:  RLp
Vector: RX}, EY, (2.26)
Scalar: RS, R%:, E%, E%

From now on we write every expression in this basis. The expressions that we get from
Bianchi identities i.e. equations (2.23), (2.24) can be converted to the basis (2.26) as

d (D — 3)
—dRE]‘(/, + Ef; + e VVRL =0
d (D —3)
— E5 4 BN 4 2T YNRE = ,
TE BT+ BN 4 VYR =0 (227)
d s, L RY psi | pss 1 (D=3)cm (v V2 _
—E +<1 ¢ ) RO R 4 Y (EM RM>_O

— 14 —



Scalar sector

S5 (R) =0
K- e f(-1+R) w.VK K2 -
S%2(R) = yhge Ru.K.; - ;2 >(DY:,)) — sthgpe H(-3+2R)
_ e~ — et u. 2 _
% ()= grrpmgy Re VK- 5 TS 4 o e (3¢ (R—1) —2R+3)
_ . 2
S%(R) = e *(~1+ R) (5% + pogpe "(~1+2R)

Vector sector
SXl (R) = ﬁe_ﬁf (UMKMN — UMVMUN) Pilv

B e R 2y
Sy (R) = 2(!3’33)6 (M Eyn — uMVarun) PY + - ((7375‘) B %)

Tensor sector

Sip(R) =0

Table 4. Sources of R,y equations at 1st order.

The corresponding relationship between the sources is given by

d D-3
Cmvﬂ‘ﬂvﬂvﬁ( e )VNS}QM:()
%vsl + V54 (Dlg?’)vNS}é =0 (2.28)
d s, L R\ osi | oS L (D=3)0nN (W W) _
=V —|—<1—2e )5 e (VN—SN)_O

3 Perturbation theory at first order

In this section we will explicitly solve for the first order correction metric hg\}[)N. However
we will perform our analysis in a manner that makes the generalization to higher orders
obvious.

3.1 Listing first order source functions

As we have explained in the previous section, the components of R}V[ N are given in terms
of hS&[)N by the expressions in table 2 with particular values for the source functions in that
table. By explicit calculation at first order we find that these source functions are given
by the values listed in the table 4.

Moreover the constraint equations take the form listed in table 3 with first order source
functions listed in table 5. We list the corresponding sources to the constraint equations
at 1st order in table 5. We have verified that our explicit expressions for the sources obey
the constraints (2.25).

We now proceed to solve the metric corrections at 1st order i.e. hE&}N. We impose the
conditions (2.12) as discussed in section 2.4.
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Vector constraint source

- 2u /]
VI(R) = 5" (545 — 5% + gy (' Kaw — . V) )

Scalar constraint 1 source

2R . R "
VSL(R) = spcbgy Re BV2K — =g U Tk
o _ _ 2
+ﬁe Rl —e ®u.Ku+ Re RQ(DK_g)z

Scalar constraint 2 source
VSa(R) = <~ (Lu —9R) + &VK (] — R)>

(D—3)* (D=3)

Table 5. Sources to constraint equations at 1st order.

3.2 Tensor sector

In this sector we have a single equation for the single variable HJ(\ZJ)V This equation is

obtained by equating the last line of table 2 to zero and takes the form

ad ail) K2
Rig=c" g <(€R_1) dE%B) (2(D—3)2> +Sapl) =0 (1)

where 8% 5(R) is the source for the tensor sector. At first order it turns out that S{z(R) =
0 (see table 5). In order to facilitate generalizations to higher orders however, in this

subsection we will solve (3.1) for an arbitrary source function, and substitute S{z(R) = 0
only at the end of the calculation.
Integrating (3.1) once we find

_ _ 92)2 _ R
CZ%(Hgﬁ):( LAl >6R_11 | e stptayis (3.2)

The condition that Hﬁgg (and so r.h.s. of (3.2)) is regular at R = 0 fixes the lower limit of

the integral in (3.2). Integrating a second time we find

) _ (2D =3)*\ [ dy [V ,or
Hp = < 2 -1, e*Sip(x)dx

R
- (W) [log(l—eR) /0 Re‘”SZ;B(:c)dx+ / oolog(l—e”)e”““SﬁB(ﬂf)

R

(3.3)

where the upper limit in the outer integral in (3.3) is fixed by the requirement that Hfg
decay at large R.

In summary, the tensor fluctuation Hgg) is given at any order, in terms of the tensor
source function S} (z) at that order, by the expression (3.3). Note that Hgg) is uniquely
determined by its source function; requirements of regularity at R = 0 and decay at infinity
unambiguously fix all integration constants in (3.1).

As we have mentioned above, at first order SZ}EI; (R) = 0. It follows from (3.3) that the

first order tensor fluctuation HI(LQ also vanishes and so

T1
7Y =0 (3.4)
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3.3 Vector sector
3.3.1 Constraint equation and the membrane equation of motion

In the vector sector we have two equations for the single variable H ](\)[/). The two equations
may be chosen to be the vector constraint equation E}; (see the first line of table 3) and
the equation RY? = 0 (see table 2).
One cannot, of course, solve two equations for a single variable unless one linear com-
bination of the two equations is an identity. Indeed the first equation of (2.27)
d (D —3)

EE}Q + EY; + TVNRﬁM =0 (3.5)

asserts that the vector constraint equation is automatically solved at all values of R if its
solved at one value of R (we use here that we have already solved the tensor equation so
T _
that Rz =0).
We will find it convenient to solve the vector constraint equation at R = 0. From
table 3 we see that

1 K d (vMgD
v _ = T AN MN 1%
Ev=sm—gl-¢ )dR<(D3) + Vi (R)
At R=0
Ey = Vir(0)

It follows that the constraint equation is solved at R = 0 if and only if V};(0) vanishes
(here we use the fact that H](\;J)v is regular at R = 0; see the previous subsection). This
requirement is a statement of the membrane equations of motion.

We would like to reemphasize that the membrane equations of motion at n'" order
are obtained simply by evaluating the n'" order vector constraint equation at R = 0. At
R = 0 this equation is independent of all the unknown n'" order fluctuation fields. As a
consequence the membrane equations of motion may be obtained at n*® order before solving
for the fluctuation fields at n'" order, as in studies of the fluid gravity correspondence.

The analysis presented in this subsection so far has been valid at every order in pertur-
bation theory. Specializing now to the first order, we read off the value of V};(0) from ta-

ble 5. Equating this expression to zero we find the first order membrane equation of motion

V2u, _ Vak
K K

+ucKq — u.VuA> P4 =0 (3.6)

While all fields in (3.6) live in the full bulk spacetime RP~%1 and all derivatives in that
equation are bulk spacetime derivatives, the equation (3.6) itself holds only on the mem-
brane surface ¢ = 1. Using the subsidiary conditions (2.4) it is possible to rewrite (3.6) as
an equation restricted to the membrane. As demonstrated in [9] the equation of motion
of motion turns out to take exactly the same form as (3.6) in this language. In other
words (3.6) also holds true if we think of Ky and up; as membrane world volume fields,
and regard every derivative in that equation as a covariant derivative on the membrane
world volume.
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3.3.2 Solving for the vector fluctuation

As we have explained in the previous subsubsection, the constraint vector equation is
automatically solved at every R provided the membrane equation is obeyed. Assuming
this is the case, we have already solved one of the two vector equations.

In order to solve for the unknown function, H](\}/), in the vector sector, we now turn to

the second vector equation RXQ = 0. This equation takes the form

42

As in the previous subsection we will proceed to solve (3.7) for an arbitrary source function,
plugging in the first order result for the source

SXQ’l(R) = —Le_m(—l +ef) (uMKMN - uMVMuN) Py (3.8)
2(D -3)
only at the end of the computation.

Notice that the Lh.s. of (3.7) vanishes at R = 0. It follows that (3.7) admits regular
solutions if and only if SX} (R) also vanishes at R = 0. It would naively seem that this
requirement imposes a new constraint on membrane data, independent of (3.6).}! However
it turns out that the vanishing of Sy?(R) is automatic; indeed it follows from (2.20) that
R]‘\/f[ is simply identical to the vector constraint equation EAV/} at R = 0. It follows as a
consequence that S]\V}(R) is proportional to the Lh.s. of (3.6) at R = 0.12

Using the fact that SAV}’l(O) vanishes, we integrate (3.7) once to find

= () [ () some] oo

where CJ\V} is an as yet undetermined integration constant. Integrating a second time we find

Y = (2(DK_2?’)Q> /: e " [/Om <1 :‘jy) S (y)dy] dy — CY2e R (3.10)

The upper limit on the the outer integral of (3.10) has been determined from the re-

quirement that HJ(\}/) vanishes at large R. The expression for HAV4 may be simplified by

integrating by parts; we find

HY(R) = (W) <6—R /OR (1 :Z:) SV (2)dx - /: f%i"”l) e

In particular that

a9\2 ) V2$
Hﬁ)(0)=—<2w’c23)>/0 fﬂfii—cﬂvj (3.12)

"'Had this step of the programme imposed a new constraint, we would have obtained a new membrane
equation — and so obtained more membrane equations than membrane variables, leading to an inconsistent
dynamical system.

12T see this we note that (3.7) reduces to S)? (R) at R = 0 while E}; reduces to the Lh.s. of (3.6) at R = 0.
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It follows (see (2.12)) that

oV (2(9—3)2) /Oo 511 (@) (3.13)

K2 1—e 2
so that
x o0 V2 [e'e) V2
) 2(D—3)? _R/R —e v / Sy2(z) _R/ Sy2(z)
H — (222 — | Sm EM AT
v (R) < o2 e = S,j(x)dx : 1_e_x+e | Toe

(3.14)

The expression (3.14) is our final expression for H](\}/)(R) at any order in perturbation

theory in terms of the source function at that order. Note that HJ(\}/)(R) is uniquely

determined in terms of its source function; the integration constants in (3.7) are uniquely

determined by the requirement that H](\}/)(R) vanish at infinity and that (2.12) is obeyed
at R =0.

Plugging the first order expression for the source (3.8) into (3.14), at first order we find

D-3)  _

3.4 Scalar sector

In the scalar sector we have four equations for the two variables HT") and H). As a
basis for the four equations we find it convenient to use the two scalar constraint equations
E% and E°? (see table 3) together with the two additional equations R°' = 0 and R? = 0
(see table 1).

3.4.1 Constraint equations and V.u

As in the previous subsection it is consistent to have four equations for two variables only
if two of the four equations are identities. The last two equations in (2.27)

D —
CZ{E51+E51+( IC?’)vNR}@:o
Lpsy(1-ter)ps pey P23 1 v (Bl - R}) =0 o
dR 2° K 1-¢~ M~ Har) =

assert that this is indeed the case. As we have already solved the vector sector at n'™® order
RX? vanishes. It follows that the first equation in (3.16) asserts that if £ is solved at any
R it is automatically solved at every R. When evaluated at R = 0 this equation reduces
to the condition

V1(0) + Q(DIC—B) V=0 (3.17)

Recall that at leading order V.u = 0. (3.17) determines the correction to this statement at
subleading orders.

As in the previous subsection we emphasize that the expression for V.u at n'! order is
determined simply by evaluating the n'" order constraint equation E°' at R = 0. In order
to obtain this correction we do not need to solve for any of the n'® order fluctuation fields,
all of which drop out in E°' evaluated at R = 0.
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The analysis of this subsection has, so far, been valid at every order in perturbation
theory. Specializing to first order it is easily verified from table 5 that V1(0) = 0. It
follows that the zero order relation V.u = 0 is uncorrected at first order (since (V.u)y =
VS1(0) = 0). As we will see in the next section, the situation is different at second order.

The constraint equation E°? plays a distinct logical role from E! in our perturbative
programme. Once the tensor and vector equations had been solved, (3.16) assured us that
E51(R) obeys a homogeneous differential equation in R (see (2.23) which makes no reference
to any of the other equations in the scalar sector. On the other hand the differential
equation obeyed by E°? involves the other scalar equations (see the last equation in (2.24)).
The most useful way to view the last equation in (2.24) is as follows. It might, a priori,
have seemed that we have 4 equations in the scalar sector. We have already dealt with E°!
above leaving behind a three dimensional space of equations. A useful basis for this space is
given by E°2, RS and R%2. The last equation in (2.24) allows us to eliminate R from this
basis. In order to complete solving in the scalar sector we need only solve the equations F52,
R, In other words the constraint equation E%2 does not constrain data: instead it may
be used to solve for the scalar fluctuation. We turn to this task in the next subsubsection.

3.4.2 Solving for the scalar fluctuations

The equation Rt

—K2 dZH(Tr)
= (2(13 - 3)2> Jz T S¥(R)=0 (3.18)

is easily solved. Integrating the above equation once we get

dH () _ (—2(D—3)2) /00 dr 51 (z) (3.19)

dR K2 R
Where we have fixed the boundary condition from the requirement that HZ™) and so its
derivative dlggr) = 0 vanish at large R. Integrating this equation once again we have

HT = (2(1),&?’)2) /: dy/yoodm S5 ()

oD 3)? - - (3.20)
- <( IC_2 ) ) [—R/ dz 8% (x) +/ dr x SSl(:U)]
R R
where, once again we have fixed the integration constant from the requirement that H™") =
0 at large R.
Specializing now to first order we note S = 0 so that
HTD — ¢ (3.21)
The equation ES? takes the form
d 2(D — 3)?2
= () Ry_“\" — ) R
dR(H e') z © Ss(R)  where,
K d V) K W)
Ss(R)=—=—r—— (VMH)) - vMH 3.22
s(R) 2(D—3)dR< M) (D —3) M (3:22)
Y (9 & gy _ ZgMygN (1) S _N~ Ry
+4(D—3)2( e >dR 2V VYH NV (R)+2(D_3)e V.
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Plugging in the already obtained expressions of H(V) H](V:[F])V . HT7) (see (3.14), (3.20)
and (3.3)) and using (2.28), the source function Sg(R) can be rewritten as a linear func-
tional of the elementary sources S°', §°2 and V51.13 Upon simplifying (by integrating by

parts on several occasions) we find

_ [ 2 () da L= — e )8 (z x—} — ek OoSla?x
_/RS()d+2/R(2 )7 (w)d — (2 )/RS()d

o0 VI (z) + V5 (z

— (1—e—R)/ ( ((mHl) ( )> dz | dy — Vo' (R) + e FV51(0) (3.23)
R e” —

Ke R

+log(l— e ) (Vsl'(o) +V5(0)) + (V- D

We note that Sg is analytic at R = 0 if and only if
VS (0) + VS1(0) = 0 (3.24)

This condition is, in fact, automatic. It follows from the second of (2.28) that the Lh.s.
of (3.24) is proportional to V¥ S]‘G" (0). We have already argued, however, that S]‘\? vanishes
at R = 0. Since this condition holds at every point on the membrane, it follows also that
VNSX2 (0) = 0 establishing (3.24).'4

Plugging (3.23) into (3.22), integrating (and simplifying using integration by parts) we
find

_9)\2 U o0 00 R
Hs(R)= 2AD—3) e_R<( Eg 2)))) +6R/R SSQ(x)d:I:—/O SSQ(x)d:r—i-/o e* S5 () du

2
o / )51 (3 )dx+; / Rew(z—e—fc)ssl(x)dx—; /0 T 2— e\ (2)da
/ S5 (2)dz + / Ssl(x)dm—% /O * 2e )55 (2)dn

_ /0 R(ey—n /y < @ ) do | dy— /0 i“vsl(x)dx—kRVSl(O)) (3.25)

(e —1)

Explicitly at first order

D-3 K u-VK u-K-u K
H(S’l) —R _ _ X .
K —— Re R D_3 K + 5 + D_3+UK U

131t turns out that all dependence on the fourth independent scalar source, V2 cancels.

11 studies of the fluid gravity correspondence a derivative of the equation of the n'" order equation
contributes to sources only at (n 4+ 1)*® order in the derivative expansion. In the large D expansion of this
paper, however, the suppression in order resulting from using an extra derivative can be compensated for
by an enhancement in order resulting from the contraction of a spacetime index. Consequently the equation

of motion and its contracted derivatives are of the same order in the large D expansion.
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3.5 Final result for the first order metric

After integrating the ordinary differential equations corresponding to Einstein’s equations
and imposing the condition that the metric is regular at the horizon, matches flat space at
the end of the membrane region and (2.12), we get the following solutions for the various

components of the metric correction.

T1

H](\/[N) =0

HI™D =0
D —

H](\}/al) — ( ]C 3) Re_R (UAKAL _ UAVAUL) P]I\Z (327)
D-3 K u-VK u-K-u K

(Svl) — -R — — . .
H e Re <R< D3 K + 5 >+<D3+u K u>>

Thus we can write the 1st order corrected metric as

OnOn
gMN = NMN + W

1 |D-3_ _r K  u-VK u-K-u K
+D—3[ICR6 <R<—D_3— e + 5 >+<D_3+U-K‘U>>OMON

(D —-3)

+TR6_R (uAKAL — UAVAUL) P(%\JON):| (3.28)

4 2nd order solution

The metric (3.28) solves Einstein equation to first subleading order. In this section we
implement the perturbative procedure to one higher order. In other words we determine
the correction H](;)N in a way that ensures that Rap evaluated on the corrected metric is
of order 1/D (more precisely that RspRAP is of order 1/D?).

The procedure we follow is exactly that of the previous section: in fact second order
corrections to the metric are given directly by the formulae of the previous subsection with
one modification: we need to use the second order rather than first order source functions.
In other words the computation at second order boils down entirely to determining the
second order sources.

In order to determine the sources at second order we plug the first order corrected
metric (3.28) together with an as yet undetermined second order correction h3,, into
Einstein’s equations. We use the fact that the shape and velocity functions in the first
order corrected metric obey the equation of motion

V2u, - VK
K K

1
+ucK§ — u.VuA> Ph+ BgAPg‘ =0 (4.1)

where £p is an as yet undetermined ‘2nd order’ correction to the equations of motion.
As in the previous subsection we solve the equations in the neighbourhood of a particular
point on the event horizon. In our analysis, however, we use the fact that the membrane
equations of motion (4.1) are obeyed not just at the particular point we are expanding
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about but everywhere on the membrane. In other words we use the fact that the derivative
of (4.1) vanishes at the point of interest. Finally we also use the fact that V.u is an as yet
undetermined quantity of order 1/D.

We find by explicit computation that the curvature components listed table 1 do indeed
take the form listed in table 2, 3 once all metric fluctuation fields in that table are identified
with second order fluctuations. Our explicit computations also yield explicit expressions
for all the second order source functions. We present an explicit listing of these source
functions in tables 6 and 7 in the appendix.

In the rest of this section we obtain the second order correction to the metric by
inserting the second order sources into general integral formulae of the previous section
and performing all integrals.

4.1 Constraints on membrane data
4.1.1 Correction to the membrane equations from the vector sector

As in the previous subsection (3.5) guarantees that the vector constraint equation E]\‘f[ =0
is solved at any R if the equation is obeyed at R = 0. As in the previous subsection the
constraint equation at R = 0 is independent of the second order fluctuation fields. From
table 7 we see that this constraint equation at R = 0 determines —%5 APg — the second
order correction to the membrane equation of motion — in terms of appropriate expressions
involving the membrane extrinsic curvature and velocity fields. Adding these correction
terms to the first order membrane equation (1.3) we recover the second order corrected
membrane equation

Viu VK VV2u  V(VK
+3(u K-u)(u-Vu) 3(u K -u)(u-Vn) 6(u - (V2n))(u - Vu)
K K K2
(u- (V?*n))(u-Vn) 3 B
+6 & —I—D_3u Vu D3t Vn|-P=0 (4.2)
where
PAB = A8 _pAnP oy (4.3)

The 1st square bracket in (4.2) is simply the 1st order equation of motion while the 2nd
square bracket represents subleading corrections.!®
We would like, however, to emphasize an important technical point. All the fields

in (4.2) are assumed to live in all of the embedding flat spacetime; they are extended off

5Note that we can write the equation (4.2) in a nicer looking form by using the subsidiary con-
ditions (2.4), divergence of first order membrane equation of motion (1.3) and divergence of velocity
condition (1.5). The form is

V20 ViVi0o  _V3(V.0)
<v.o * o.vo) P ( ~.0)¢ "3 w0y

o.vo) P=0. (4.4)
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the surface of the membrane by the subsidiary conditions listed earlier in this paper. While
all covariant derivatives listed in (4.2) are evaluated on the surface of the membrane, they
act on fields defined in all of spacetime.

As the membrane equations of motion are intrinsic to the membrane, it is clearly un-
natural to write them in terms of spacetime derivatives of an essentially arbitrary extension
of membrane fields into the embedding spacetime. The equation of motion (4.2) can be
rewritten so that all fields in that equation are purely membrane world volume fields, and
every derivative in the equation is a covariant derivative on the membrane world volume.
We now explain how this is done.

The relationship between the bulk covariant derivatives of tensors (e.g. ups) and mem-
brane worldvolume derivatives of the same quantities is quite straightforward when no
more than one derivative acts on the same object. The spacetime covariant derivative is
obtained from the corresponding bulk quantity by projecting every index (not just the
derivative indices) onto the membrane world volume. However this relationship is more
complicated when we have two or more derivatives acting on the same object; the rea-
son for the additional complication is that the formula for multiple worldvolume covariant
derivatives involves inserting projectors at each step (when you define the first derivative
in terms of bulk derivatives, then again when you define the second derivative in terms of
bulk derivatives etc); when such expressions are opened out, outer derivatives act on pro-
jectors used to define the inner derivatives. Tracing through the required algebra we find
that the corrected second order membrane equation of motion, written in terms of fields
and covariant derivatives that live purely on the membrane world volume, takes the form

2
VICUA VIéIC—FuBKBA—u Vuy 770 (4.5)
CKCBKA V2V2us  u-VKVAK  VPKVpua 2KCDVCVDuA
T T e T ke K2

VAVQK VA (KchBCIC) (u Ku)(u VUA) (’LL K 'U)(UBKBA)
—— Tt 3 +3 ~3 -

u-VE)(u-Vuy) (u-VK)(uPKpa) 3 B A
0 K2 0 K2 o3 p_gt fpalPo =0
The projector PAB used in this equation
PAB — gAB A B (4.6)

where G4 is the induced metric on the world volume of the membrane.
The equation (4.5) can be slightly simplified as follows. Let us first note that (4.5)
takes the schematic form
FA 57 0 (4.7)
+ i .
where F4 is the first order contribution to the equation of motion (the first line of (4.5))
while % is the second order contribution (the second-fourth lines of (4.5)). F4 and S4

are each vector fields of order unity.
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Let us now consider the modified equation of motion

A SA CA

F — F>= =0 4.8

+e VS (4.8)

where ¢4 is any vector field of order unity. As V.F is naively of order D, the difference
between the equations (4.8) and (4.7) is naively of order 7; suggesting that (4.7) and (4.8)
differ at first subleading order. This is not the case. By taking a divergence of either (4.7)
or (4.8), the reader can easily convince herself that, onshell, V.F is of order unity (rather
than the naive estimate of order D). If follows that (4.8) and (4.7) actually differ only at
second subleading order ( # ) and are equivalent at first subleading order. We are thus

allowed to simplify (4.5) by adding any expression of the form V.F % to it.
Now it was demonstrated in [9] that
V.F VK _uVK

i o2 -2 e +u.K.u (4.9)

Using this relation and making the the choice
t=-3 (w.Vu)a —upK%) (4.10)
we find that (4.5) is equivalent to (4.8) whose explicit form is

V2 VaK
ICUA— ;é +uPKgs—u-Vuy Pé

N 1ﬁkaK§> (v%ﬂuA_u-VKVAK_VBKVBMA_QKCDvaDmg

K i3 i3 K2 K2
2 Vi (KroKBCK 2 . 2 B
+<jMVK+ 4 (Kpe )\ VK u-Vus | VK uPKpy

K3 K3 K3 K3

3 u-Vuy —

. 3
D-3 D-3

ukaA]Pé::O (4.11)

4.1.2 Divergence of velocity from a scalar constraint

As we have explained in the previous section, the Einstein constraint equation E°' is
satisfied at all R if it is satisfied at R = 0. As explained in the previous subsection, the
equation at R = 0 simply asserts that

2(D — 3)

V.UQ = — ’C

V3(0)
Reading off the value of V1(0) from the table 7 we find

V. u= 7( i = — (V(AUB)V(C’LLD)PBCPAD) (4.12)
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4.2 Second order corrections to the metric

4.2.1 Tensor sector

The metric correction in the tensor sector is given by (3.3)

1) _ (=2D=3)*\ [* _dy [¥ .or
H,p= ( 2 1), e*Sip(x)dx

R
= (2(13523)2> {log(l—eR)/{)RexSEB(a?)dx—i-/Roolog(l—em)exSA?B(x)

(4.13)

where SZ;B is the second order source listed in table 6. All the integrals that appear in
the final answer can easily be performed analytically, but the final results (given in terms
of polylogs) are not very illuminating; we prefer to leave our final result in terms of an
explicit integral.

4.2.2 Vector sector

The solution for H](\)[/) (R) at second order is given by (3.14)

R x oo QV2 oo QV2
M) py— 2(D-3)*\( _r ¢ V2 M (Z) | R M ()
Hu (R)_< K2 ‘ o \l—e™® Sir (@)de = r l—e® e o l—e™®
(4.14)
with all sources read off at 2nd order from table 6. As in the tensor sector, all integrals

that appear in (4.14) can be explicitly performed in terms of polylogs, but we find the
expression (4.14) in terms of explicit integrals more illuminating.

4.2.3 Scalar sector

Tr).

Equation R is decoupled equation for H( The integrated form is given by (3.20)

which we write again

) _ (2(171523)2) /: dy/:o dx 85 (x)
() (a o oo

The source ' for 2nd order is given in table 6. Substituting this we get the final

(4.15)

form of the metric correction

HIm?2) — _ <2(DK_23)2> e BA+R) (u-K—u-Vu)-P-(u-K —u-Vu)) (4.16)

In a similar manner the fluctuation H® can is given by (3.25) upon plugging in the
explicit values of the second order sources from tables 6, 7.
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5 The spectrum of small fluctuations around a spherical membrane

The simplest solution of the second order membrane equations of motion is a static spherical
membrane dual to a Schwarzschild Black hole. In this section we compute the spectrum of
small fluctuations about this solution. Our answers agree perfectly with earlier results for
the spectrum of light quasinormal modes obtained by direct gravitational analysis, in [6].
We regard this detailed agreement as a nontrivial consistency check of the second order
membrane equations of motion derived in this paper.

The computation presented in this section is a straightforward extension of the first
order computation presented in section 5 of [9]. We have kept the discussion of this section
brief. We refer the reader to section 5 of [9] for a fuller discussion of the logic behind our
computation.

We work in standard spherical polar coordinates (see eq. 5.1 of [9]). The static spherical

membrane is given by
r=1, wu=—dt, (5.1)

We study the small fluctuations

r=1+e€dr(t,0),

5.2
u = —dt + € du,(t,8)dz". (5:2)

about this solution and work to linear order in e. As explained in [9], to linear order the

metric on membrane worldvolume is given by
ds? = —dt* + (1 + 2e67) dQF_, . (5.3)

As in [9] we find it convenient to work with covariant derivatives with respect to the

unperturbed spherical metric
ds® = —dt* +d0%_, , (5.4)

The derivatives appearing from now on are all with respect to metric (5.4). We use the
following notation for the laplacian with respect to this fixed metric

V=V, V=024V, V" =02+ V°

5.1 The divergence condition

The r.h.s. of (1.5) is quadratic in €, and so vanishes upon linearizing in e. At linear order,
therefore, (1.5) reduces to V.u = 0 (where the divergence is taken along the dynamical
membrane world volume). As explained in [9], this equation can be rewritten as

Vyout = —(D — 2)0;6r, (5.5)

where, the covariant derivatives (5.5) are now taken w.r.t. the fixed metric (5.4). u° deviates
from unity only at quadratic order in e. For the linearized considerations of this section,
therefore, the Lh.s. of (5.5) is simply the spatial divergence of the velocity

Vadu® = —(D — 2)9,6r. (5.6)
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Asin [9], (5.6) may be solved by separating u into its gradient and curl parts, i.e. by setting

0g = V@ + 0vg, (5.7)
with
V- 6v = 0. (5.8)
It follows from (5.6) that
V20 = —(D — 2)90r. (5.9)

5.2 Linearized equation of motion

In order to obtain the linearized membrane equations of motion we use eq. 5.7 of [9] together
with

uP KppKP  (Va0i0r — dug)
K~ D-2
ViV,  V2V2u, + V2V,0,0r
(< (D —2)°
KPVY oV pu, B V26ug — Vo001
K2 ~“(D-3)(D-2
Vo VK VoVE(V2r +6r(D — 2))
(I (D —2)3
Vo(KBCKpcK) 3V (=V26r — 6r(D — 2))
1c3 ~ T (D-3)(D-2

(the equations above are accurate only to linear order in e and all covariant derivatives are
taken with respect to (5.4)). The linearized membrane equation is given by

=2 =2
\Y \Y 1
(1 + D—2> 5ua -+ Va (1 + H) or — Gtva&“ <1 - M) — atéua

[Vaat&“—éua VoV U0tV V0001~V 0+ Vadidr VoV (V- 6r+(D—2)dr)

D—2 (D -2y (D—3)(D—2) (D -2y
Va(—v%r — (D — 2)dr) 00 O Vaor —dug |
B e e s T g ]_0. (5.10)

((5.10) generalizes equation (5.9) of [9]). Substituting (5.7) into (5.10) we find the gener-
alized version of of (5.15) of [9],

V2 vV 2(V2) 30, 3
(D—2+1_8t+ D-27 (D-2¢ D-3) (D—3)>5U“:
Ve  V,V2 Wod VoV (V2+ (D —2)
_(D_2+D_2+Va_Vaat+<D_2)2_ (D—2)3
5.11
IV.((D —2)?— (D —2)(9V? - 9?))  30,V, 5 o0
- 3(D - 2) T3 )"
V2 v 2(V2) 30 3
B (1)—2“_3“r D-27 (D-27 (D—t3) - (D_3)>va<1>
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5.3 Scalar quasinormal modes

Using (5.6) and (5.9) we take the divergence of (5.11) to obtain
OV2or  NV2V35r

2 2 2 2
— D— — —(D-2 D—2
(V'+ 3)0or+ ) + (D—2) +V2or—o,V=or—( )0+ ( )05 or
| V20i6r + (D — 2)9,r (V> +D 32D —2)8,0r + (V" + D — 3)V29,6r
D -2 (D—2)3
=2 B B 2 292 (o2 _
+2(V + D —3)(D — 2)0;0r + V=0,0r n VeVE(Veor 4 or(D — 2)) (5.12)
(D —2)? (D—2)3
V2(3V26r—0%5r+36r(D—-2)) _ D-2 _, 3 )
- (D*2)2 —3(D73)8tdr+m<atv 5T+(D—2)at(57“)—0
As in [9] we expand
or = Z A Yime it (5.13)
l,m
where the spherical harmonics Y}, obey
— Vip_2Yim =D +1—3)Yjn. (5.14)

Inserting (5.13) into (5.12) we obtain

wf :im—i(l—l)+% (im (321—2) —1(1—1)(1—2)) (5.15)

The result (5.15) is in perfect agreement with the result obtained by EST in Equations
(5.30) and (5.31) of [6].

As explained in [9], the modes with [ = 0 and | = 1 are special. At [ = 0 the
formula (5.15) yields w = 0,2i — 7. The second solution is, however, spurious (see [9]).
The first solution is the zero mode corresponding to rescaling the black hole; this is an
exact zero mode at all orders in 1/D.

At [ =1 (5.15) yields the frequencies w = 0,0. As explained in [9] these two modes
correspond to translations and boosts of the membrane.

5.4 Vector quasinormal modes

We expand the velocity fluctuations in a basis of vector spherical harmonic

v = by Yy me it (5.16)
Iym

Where, [ = 1,2,3,.... The vector spherical harmonics satisfy the property
VWV =—-[(D+1-3) -1V (5.17)

Plugging (5.16) into (5.11), using (5.17) and equating the coefficients of independent
vector spherical harmonics (see [9] for more discussion) we obtain

wy = —i(l—1) 1—1)2 (5.18)

_5(
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(5.18) is in perfect agreement with the formula (5.22) of [6] derived earlier by EST
by purely gravitational analysis. Note that the mode with [ = 1 has vanishing frequency.
As explained in [9] [ = 1 is the exact zero mode corresponding to setting the black hole
spinning.

6 Discussion

In this paper we have worked out the duality between the dynamics of black holes in a large
number of dimensions and the motion of a non gravitational membrane in flat space to
second subleading order in 1/D. Our work generalizes the analysis of [8, 9]. The concrete
new results of this paper are

e The second order corrected membrane equations of motion listed in (1.4).

e The formula (1.5) for the divergence of the velocity field (which vanished at first
order).

e The explicit form of the second order corrected metric dual to any given membrane
motion (see subsection 4.2

In addition to obtaining the new results listed above we have also achieved an improved
understanding of the structure of the perturbative expansion in 1/D. We have demon-
strated that the perturbative programme, implemented to first nontrivial order in [8, 9],
can systematically be extended to every order in the 1/D expansion. In particular we
have shown that the algebraically nontrivial ‘integrability’ properties that allowed for the
existence of a first order solution in [8, 9] are actually automatic at all orders as as a
consequence of the well known equation (2.22).

We have also explained that the membrane equations may directly be obtained by eval-
uating the Einstein constraint equation on the event horizon. In particular the membrane
equations at (n 4 1) order in 1/D are obtained by evaluating the constraint equations
on n'! order metric, without needing to solve for the (n + 1)*® order metric. We have also
explained that the assumption of SO(D — p — 2) isometry, made in [9], is not necessary;
the membrane equations can be derived under much more general conditions

The fact our membrane equations arise from the Einstein constraint equations at the
event horizon is strongly reminiscent of the ‘traditional’ membrane paradigm of black hole
physics. It would be very interesting to better understand the relationship between the the
large D membrane and the traditional membrane paradigm. [26-28].

As black holes are thermodynamical objects, the black hole membrane studied in [8,
9] and this paper should carry an entropy current. At leading order in 1/D it turns
out (see [29]) that this entropy current is given simply by a constant times u™. The
divergence of this entropy current is thus proportional to V.u. It follows that the r.h.s. of
the formula (1.5) gives an expression for the rate of entropy production on the membrane.
It would be interesting to further investigate this observation and its consequences.
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On a related note, it would be interesting to derive the most general stationary solution
of the second order corrected equations of motion derived in this paper and compare our
results with those of [11].

In this paper we have focused our attention on black holes propagating in an otherwise
perfectly flat spacetime. It would be interesting to generalize our study to the motion
of black holes propagating in any vacuum solution of Einstein’s equations, e.g. a gravity
wave. Such a generalization would allow us, for instance, to study the absorption of gravity
waves by black holes at large D. At first order in the derivative expansion we expect the
generalized effective membrane equation to be given simply by covariantizing first order
flat space equations of motion. At second order, however, the equations of motion could
receive genuinely new contributions from the background Riemann tensor of the space in
which the black hole propagates.'® It would be interesting to work this out in detail.

Finally, it would be interesting to put the membrane equations derived in this paper to
practical use to allow us to learn new things about black holes. One possible direction would
be to test out how well the large D expansion does in astrophysical contexts (i.e. when D =
4). Another direction would be to use the formalism developed herein to address interesting
unanswered structural questions about gravity, e.g. questions about the second law of
thermodynamics in higher derivative gravity. We leave such investigations for the future.
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A Method of calculation

In this appendix we outline the method we have employed to obtain the results quoted in
tables 2, 3, 4, 5, 6, 7.

As we have mentioned in the main text, our starting point is the metric listed
in (2.7), (2.8), (2.9), (2.10). In order to obtain the equations of motion listed in table 2 (see
also table 3) we simply plugged this metric into the vacuum Einstein equations. Assuming
these equations are already obeyed at n — 1 order we then obtained the form of the n'®

'%Something similar happens in the study of forced fluids in the fluid gravity correspondence [30].
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order equations. As emphasized in table 2, each of these equations have a ‘homogeneous’
contribution and a ‘source’ contribution. The homogeneous contribution is linear in the
(as yet unknown) n'" order fluctuation, and takes the same form at all orders. In order
to evaluate the homogeneous contribution to all equations of motion, consequently, it is
sufficient to work at first order.

While the first order computation is straightforward to perform analytically in princi-
ple, in practice the computations involved are rather lengthy.'” In order to guard against
error we employed Mathematica in our computations using the following device. Follow-
ing [8, 9] we specialized to the particular case of metrics that preserve an SO(D — p — 2)
isometry. Such special metrics effectively depend only on p + 3 variables. For small values
of p, therefore, all computations can be effectively performed on Mathematica (see [9] for
a detailed explanation of how this is done). The first order computation performed in this
manner yields the homogeneous part of the differential equations listed in tables 2 and 3 in
a straightforward manner. Note that the homogeneous part of the equations are differential
operators only in the variable R. They are ‘ultra-local’ on the membrane. Consequently,
even though the assumption of isometry was used as a trick to facilitate the computation
of the homogeneous part of the equation, the final result obtained for the structure of the
equations listed in tables 2 and 3 is valid assuming only that all background quantities (e.g.
KC) scale in the manner assumed in the text. In particular the homogeneous contribution
to these equations are independent of p. By repeating all of our computations for p = 2
and p = 3 we have explicitly checked that this is the case.

Apart from the homogeneous pieces, the equations listed in tables 2 and 3 also have
contributions from sources. Source terms are different at different orders in the compu-
tation. We obtained our explicit results for the first order sources listed in tables 4, 5
and second order sources listed in tables 6, 7 as follows. Working separately in the scalar,
vector and tensor channels we first explicitly listed all possible source structures that could
appear in any given equation both at first and second order in perturbation theory. The
source structures that appear in our classification are the analogues of the ‘geometrical’
quantities listed in the L.h.s. of table 4 in [9]. At any given order, it follows that the sources
that appear in the equations of tables 2 and 3 are linear combinations of these structures
with coefficients that are as yet unknown functions of R. We then worked out the analogue
of the r.h.s. of table 4 of [9], i.e. we explicitly evaluated each of these basis source terms in
terms of ‘reduced source data’ — the analogue of the expressions listed in table 1 of [9].

Using our explicit computations on Mathematica we read off the coefficients of all re-
duced sources in all of the equations listed in table 2 and 3. We then used our reduction
formulae for ‘geometrical sources in terms of reduced sources’ (analogue of table 4 in [9])
to determine the coefficients of all source terms in the original geometrical basis of pos-
sible source terms. The last step (determination of geometrical sources from the known
coefficients of reduced sources) is unambiguous provided the map between geometrical and
reduced sources in invertible, i.e. provided there does not exist a nontrivial linear com-
bination of geometrical sources that maps to zero when re expressed in terms of reduced

Y These computations have, however, also been performed analytically in the upcoming paper [31].
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Scalar sector
S R)=e"1-R)(u-K—u-Vu)-P-(u-K —u-Vu))
S%2(R) = —1e (R -2)( KunKpo PN PV? — D’C—fg> +ie (R +2) (VMququPNPPMQ>

7% (V[]WUN]V[}DUQ] PNPPA{Q) — e_RR(VMuNKpQPNPPMQ)

3 RRYA (B2 (B2 (VVPK = V2V20) +8(u- K —u- Vu) +u- K + ) PF)

_571?(%2)3% +1e7 27 (e (R* + 2R — 4) — 2(R — 2)R) (u.Vun ) (u.Vuy ) PMN
327 (2e"(R—1) = (R 2)R) (" Kanm)(u® Kpn)PMY + e (R — 2) R(w.Vun ) (u” Kon) PMY
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—1e™" (Viaup) VcupPPPAY)
§%(R) = V*(R) — (1 — e~ ™)8%(R)

S%1(R) = (1 — e ®)S1(R) — 2V%2(R)

Vector sector

SHR) = =t (VE(B) - S12(R))
SHR) = sefaps | = e (e~ 1) (12— ) § 52 (14 22500 _ w020 (. Gy ),
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A
—6D YR Y) | gp (VRN Kan) | 3y Ty — 3uAKAMw P!

Tensor sector

SEr(R) = [ty (B = Toarun) = 2 (Kaw = Viaum P42

—e f ((KMC — Veuu )PP (Kpy — Vpun) — p%N (Kac —Veua)P°P(Kpp — VDUB)PAB)
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Table 6. Sources of Ry;n equations at 2nd order.

sources (i.e. vanishes under the the assumption of isometry). We have verified that this
condition is met at first order provided p > 2 and at second order provided that p > 3.8
This is the reason we performed our computations at p = 3.1

181t is easy to understand the inequalities listed here. When p = 1, for instance, a potential source term
proportional to the shear of the velocity field trivially vanishes just because fluids in one spatial dimension
do not have a transverse direction in which to shear.

19WWe also performed all computations in p = 2 and verified that we obtained the same results for all
sources from this computation — except in the case of a single second order source that vanished at p = 2
but not at p = 3. The coefficient of this term was left undetermined at p = 2 but we determined at p = 3.
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Vector constraint source
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Scalar constraint 1 source
V1 (R)
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Scalar constraint 2 source
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Table 7. Sources to constraint equations at 2nd order.

B Sources at second order

In this appendix we present an explicit listing of all the sources that appear in the second
order computation. By explicit computation we find that the sources listed in tables 1
and 2 are given at second order by the expressions we list in table 6 above.
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