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1 Introduction

The superstring theory is a candidate for the unified theory of the fundamental interactions
including quantum gravity. There are strings and branes in the superstring theory. Our
universe can be described by the strings and branes in a unified way at the low energy limit.
The stability of the branes is preserved by supersymmetry (SUSY) and conserved Ramond-
Ramond charges. We can avoid unstable tachyons by SUSY. Further, the conserved charges
guarantee the number of branes. Antisymmetric tensor (p-form) gauge fields are coupled
to the conserved charges of the branes.

One of the most important issues in the superstring theory is to construct realistic
four-dimensional (4D) effective theories. Since the superstring theory is a ten-dimensional
theory, 4D effective theories are obtained by compactifying extra six dimensions. 4D N =1
supergravity (SUGRA) is a candidate for the effective theories. This theory consists of
chiral fermions as well as gravity. Thus, we can embed the standard model particles into
the theory. Further, the stability of the theory is ensured by SUSY.

Thus, it is important to consider p-form gauge fields in 4D A/ = 1 SUGRA [1-11].
In particular, we study the p-form gauge fields which can be regarded as dimensionally
reduced ones from higher dimensions. Such p-form gauge fields differ from those of just
defined in 4D. Because the original gauge transformation laws of the p-form gauge fields
are given in higher dimensions, the gauge transformations of the p-form gauge fields should
contain different rank forms in 4D. The structure of the transformations is called a tensor
hierarchy [12-15].



In 4D N = 1 global SUSY, Becker et al. constructed such Abelian tensor hierarchy
in superspace [16]. They showed Chern-Simons (CS) actions.! The CS actions are con-
structed by integrands which are proportional to p-form gauge fields. Since the different
ranked tensors are related each other by the tensor hierarchy, each of the integrands is not
independent. The internal gauge invariance requires the relations between the integrands.
They showed the relations in a systematic manner, which is called descent formalism. The
descent formalism relates the integrands each other by derivatives. The CS actions are
important because they are related to the anomaly cancellation in 4D [18-20].

In this paper, we embed the CS actions of Abelian tensor hierarchy obtained in ref. [16]
into 4D N = 1 SUGRA. We use 4D N = 1 conformal superspace formalism [21]. This
formalism has larger gauge symmetries than superconformal tensor calculus [22-30] and
Poincaré superspace formalism [31, 32]. Superconformal tensor calculus and Poincaré su-
perspace formalism are obtained from the conformal superspace formalism by using their
correspondences [21, 33, 34]. The CS actions are constructed by the prepotentials of the
p-form gauge superfields in the presence of the tensor hierarchy.? We obtain the prepo-
tentials by using so-called covariant approach, which are shown in our previous paper [35].
In the covariant approach, we introduce p-form gauge superfields and their field strength
superfields in the superspace. The field strength superfields have some constraints, since
they have superfluous degrees of freedom. We obtain the prepotentials as the solutions to
the constraints. The CS actions in 4D A/ = 1 SUGRA would be useful to discuss the roles
of the p-form gauge fields, e.g. in cosmology [36, 37].

In the conformal superspace, the derivations of the solutions to the constraints are
mostly the same as the case of the global SUSY in ref. [2]. This is because superconformally
covariant spinor derivatives satisfy the same anti-commutation relations as those of global
SUSY. Moreover, we can naturally extend the descent formalism of the CS actions in
global SUSY [16] into the conformal superspace, since the relation between D- and F-term
integrations in the conformal superspace are quite similar to the global SUSY case.

This paper is organized as follows. In section 2, we briefly review the covariant ap-
proach to Abelian tensor hierarchy in 4D N = 1 conformal superspace. The prepotentials of
p-form gauge superfields are obtained in section 3. We show the internal gauge transforma-
tion laws of the prepotentials. Section 4 is devoted to constructing the CS actions of the ten-
sor hierarchy. In particular, the descent formalism in the conformal superspace is discussed.
Finally, we conclude this paper in section 5. Throughout this paper, we use the terms
“gauge superfields”, “field strengths superfields”, and “gauge parameter superfields” are
simply written as “gauge fields”, “field strengths”, and “gauge parameters”, respectively.

2 Review of the covariant approach

We briefly review so-called covariant approach to Abelian tensor hierarchy in 4D N = 1
conformal superspace discussed in ref. [35]. Covariant approach is an approach to con-
structing supersymmetric theories of p-form gauge fields in superspace.

!They also showed CS actions in the case of non-Abelian tensor hierarchy [17].
2In this paper, we use the term “prepotentials” to refer to superfields which consist of the bosonic gauge
fields and field strengths as well as their superpartners.



We use the notations and conventions of ref. [35] except the normalizations of the
superfields Y and L2, which are the same as G° and HM in ref. [16], respectively.

2.1 Conformal superspace

We firstly review conformal superspace formalism to construct SUGRA [21]. Superspace is
space which is spanned by the ordinary spacetime coordinates ™ and the Grassmannian
coordinates (6*, ép). Here, the indices m,n, ... are used to refer to curved vector indices.
The indices u,v,... and fi,7,... denote curved undotted and dotted spinor indices, re-
spectively. In the superspace, SUSY transformations are understood as the translations to
Grassmannian coordinates. Thus, we simply denote these coordinates at the same time:
M= (2™, oH, éﬂ), where we use Roman capital indices M, N, ... for both of curved vector
and spinor indices.

Conformal superspace is superspace where the superconformal symmetry is introduced
as a gauge symmetry. The generators of the superconformal symmetry are spacetime trans-
lations P,, SUSY transformations (Qqa,Q%), Lorentz transformations M, dilatation D,
chiral rotation A, conformal boosts K,, and conformal SUSY transformations (S, S%).
Here, Roman letters a, b, ... denote flat vector indices. Greek letters o, 3, ... and &, 3, . ..
denote flat spinor indices. All of the generators of the superconformal symmetry are de-
noted as X 4, where we use calligraphic indices A, B, ... to refer to the generators of the
superconformal symmetry. In the conformal superspace, both of P, and (Q,, Q%) are un-
derstood as the translations. Thus, we simply express P, and (Qn, Q%) at the same time:
Py = (Py,Qq,Q%). Here, capital Roman letters A, B, ... are used for both of flat vector
and spinor indices. Similarly, we denote both of K, and (Sy, S%) as K := (K4, Sa, SY).
The (anti-)commutation relations of the generators are summarized in ref. [21].

The gauge fields of the superconformal symmetry are given by

1
hMAXA = EMAPA+§¢Mabea+BMD+AMA+fMAKA, (2.1)

where we assume that the vielbein Ejp? is invertible, and the inverse of the vielbein is
denoted as E4M: EyAEAN = 6y and EAME B = 648, Note that the gauge fields
hat are also expressed by differential forms on the conformal superspace as

At = dzMhy A (2.2)

Here, we use the convention of ref. [31] for the differential forms. The differential forms
dzM = (da™, do*, déﬂ) are bases of the superforms on the conformal superspace. The gauge
transformation parameters are denoted as

€44 = E'Pa + SE(M)™ My + E(D)D + E(A)A + E(K) K. (23)

We denote infinitesimal superconformal transformations as 6@(§AX 4). The transformation
laws of the gauge fields hj under the superconformal transformations other than P4 are
given by

0c(65% Xp ) hart = 0 €8 5 + hat € frc. (2.4)



Here, primed calligraphic indices A’, B, ... are used to refer to the generators of the su-
perconformal symmetry other than Py: X 4 = (Mg, D, A, K 4). The coefficients fep? are
the structure constants of the superconformal symmetry: [X¢, Xp] = — fes™ X 4, where we
use the convention of “implicit grading” [21].

We define SUSY transformations and spacetime translations in the conformal super-
space. In the conformal superspace, SUSY transformations are regarded as translations to
the Grassmannian coordinates. Using field-independent parameters £, we relate infinites-
imal Pg-transformations 5g(§APA) to the general coordinate transformations dqc (&) as

3¢ (1 Pa) = dac (€M) — dc(EMhu® Xp). (2.5)

Here, the parameters &M are related to &4 as ¢M = ¢4E,M. The actions of Py-
transformations on a superfield without curved indices ® define superconformally covariant
derivatives V 4:

5 (EAPY)D = AV 1D = A EAM 0y — hpt® X)) ®. (2.6)

2.2 Covariant approach to Abelian tensor hierarchy

Next, we introduce p-form gauge fields in the conformal superspace, where p runs over p =
—1,0,1,2,3,4. We assume that (—1)-forms are zero as in ordinary differential geometry.
The p-form gauge fields are denoted as

I Lo m M, ~I 14 A~
C[;] :Hdz LA Adz PC']\ZPW]\/[1 :IT!E TA--- N\ B4P App...Al' (2'7)
Here, I, are indices of internal degrees of freedom, which run over I, = 1,...,dimV,.

The ranks of the differential forms are represented as [p]. The X _y-transformations of the
p-form gauge fields are defined as

Sa(€X X w)Cyy ay, =0, (2.8)

Thus, the X g-transformations of C’i”pm 4, are given by the X y-transformations of vielbein
EyA:

’ 1 / I
e €N Xu)CR 4 = —Ba,NGa(€V Xa)END)CEL | 4,

N B o (2.9)
— = Ea 7 (067 Xa)ENT)CL A,

The explicit transformation of the vielbein is summarized in ref. [35]. The infinitesimal
internal gauge transformations d7(A) of the p-form gauge fields are given by

Sr(M)Cy = dAP_ + (g Ag). (2.10)

Here, d denotes the exterior derivative in the conformal superspace, and A is the set of the
real gauge parameter superforms: A = (A[IS], e ,A[I§]). We assume that Ak/}p,l... A, ave field
independent parameters. Note that Aﬁ)p,l...Al = Ey, Mt --EAlMlAf\Zpilli are field

dependent parameters. Ordinary Abelian gauge transformations are expressed by the first



term in eq. (2.10). Shifts of the gauge fields are represented by the second term due to the
tensor hierarchy. ¢(P) are real linear maps from the vector space Vp+1 to the vector space
V,. The expressions (¢?) -A[p])IP mean (q(p))EHA[I;]“. Note that ¢?) can be understood
as the exterior derivative on the extra dimensions [16].

The Pa-transformations are redefined with respect to the internal gauge transforma-

tions in the presence of the tensor hierarchy. The redefinitions are given by

06(&"Pa) = dao(€M) = 6a(€M ha® Xir) — 67(A(€)). (2.11)
Here, A() is defined by
A(E) = (eCyy -5 1R, (2.12)
and ¢¢ is a interior product
I, 1 M Mp—1 My A~
LgC[;] = Wd?ﬁ A A dz"r lé' PC]\ZP...Ml' (213)

In the presence of the tensor hierarchy, the field strengths of the p-form gauge fields
are given by using the exterior derivative and ¢’s. The definitions of the field strengths of
the p-form gauge fields are given as follows:

Iy

F7y = dC = (@® - Clpun) ™. (2.14)

[p+1

The field strengths are transformed under the internal gauge transformations as
5T(A)Fé‘;1] — —(q® - gt AP (2.15)

The invariances of the field strengths under the internal transformations require conditions
on the ¢’s as
q® . ¢t = . (2.16)

The covariant derivatives on the field strengths with Lorentz indices are given by

I / I
VpF) = EgM 8y — hyyt XAVEY | 4y (2.17)

p+1...A1

Note that the covariant derivatives Vg on the field strengths Fff; 1A, are superconfor-

mally covariant and internally invariant derivatives because Ff(; 1A, ATe invariant under
the internal gauge transformations. The Bianchi identities for the field strengths are given
by
i} I
0=dF +(q" - Fyia)™. (2.18)

We summarize the explicit forms of the gauge fields, field strengths and Bianchi identities
in table 1.

We impose some constraints on the field strengths to eliminate degrees of freedoms
because there are superfluous degrees of freedoms in the field strengths in the superspace.
The constraints are the same ones as the case without the tensor hierarchy [2, 3, 32]. We
exhibit the constraints in table 2. In this table, the indices a;, 3,... denote both undotted
and dotted spinor indices: a = (a, &). Note that the constraints are covariant under both
superconformal and internal gauge transformations.



form |gauge field field strength Bianchi identity
4-form Uha Glr = quts = _

Bform | Cf BB =dCh - (¢ U)B|  dsh =0
2-form B H2 = dB2 — (¢@ .C)2| dH = —(¢@ - 2)12
1-form Al Fh=qAh — (O . B | gFh = —(¢ . H)h
0-form flo glo = dffo — (0. Ao | gglo = (q(o) F)lo
—1-form 0 wl-1 = — (gD . HI-1 Jdw!-1 = (¢ . g)I-

Table 1. The p-forms, their corresponding field strengths and Bianchi identities. We impose that
the field strengths of the 4-form gauge fields are zero as in table 2.

form constraints

4-form Gipcpa =0

3-form S5 54 = Ssipe =0

2-form Hfgg H%a H.IQ. =0, Hfﬁa — i(aa)WBLIQ
1-form Féﬁ 0

0-form| gl = iVo WP, gl = iV Wl K0 =0

Table 2. The constraints on the field strengths.

We solve the Bianchi identities under the constraints. As a result, the field strengths
are expressed by the irreducible superfields. The irreducible superfields of the 2- and 0-form
gauge fields are L2 and /0 in table 2. We find the irreducible superfields of 3- and 1-form
gauge fields Y3 and Wil as follows, respectively:

2197, = 4(Gpa€) 1Y, S8 b0 = 4(0ba€)5, Y 2. (2.19)
Pt = ~265a V2" Fila = =262 W, (2:20)

Note that the Weyl weights A and chiral weights w of the irreducible superfields are as

follows:
Y (A w) = (3,2),
L (A w) = (2,0),
" (A w) = (20) o)
Wt (A, w) = (3/2,1),
vl (A w) = (0,0).
Here, Weyl and chiral weights of a superfield ® are given by
Dd=Ad, Ad=iwd. (2.22)

Hereafter, we use the term “conformal weights” to refer to “ Weyl and chiral weights”.



The tensor hierarchy deforms the properties of the irreducible superfields such as the
linear multiplet conditions for L’ and reality conditions for WQII:

leorr 2) I Loorr 2) I
N2l — LY 2 2l = LY 2
1V (q )", 1V (q )",
1

5 (VOWa = Val i) = —(¢V - )™, (223)

1_ LRvely
_ZVQVO{\I/IO _ _(q(()) . Wa)107 _ZVQVC}\I/IO — —(q(o) . Wd)IO.

Note that the derivatives V4 on the superfields Y/, L2, Wgh, and W0 are superconfor-
mally covariant and internally invariant derivatives because of the properties in eq. (2.17).

3 Prepotentials

In this section, we construct the prepotentials of the p-form gauge fields in the presence of
the tensor hierarchy. The prepotentials and their gauge transformation laws are needed to
construct CS actions. The prepotentials are obtained by solving the constraints on the field
strengths in certain gauge-fixing conditions. The relations between the prepotentials and
the irreducible superfields are also obtained by the relations of the gauge fields and field
strengths in eq. (2.14). The gauge transformations of the prepotentials are determined by
the gauge transformations which leave the gauge-fixing conditions invariant.

3.1 Gauge-fixing conditions for the p-form gauge fields

We solve the constraints on the field strengths. Since the constraints in table 2 are gauge
covariant, we solve the constraints under the gauge-fixing conditions where some compo-
nents of the gauge fields are gauged away by using the definitions of the field strengths

I 1 A A BV Y
[perl] p!E N ANETPANE BCAPP---Al
1 A B | A
WEAl A B2 N EFP A EC cB? ipp...A1 (31)
1 A
( 1)' EA1 A---AE p+1(q(P) . CAP+1...A1)IP7

and the internal gauge transformation laws of the gauge fields

Ip _ 1 A1 A L Ap-1 B I
or(A)Cyy = (p_l)!E Ao NESTIANESVEAY
1 A Ay B C A, 1z ]
+7(p_1)!2!E PN B AEP AECTopt Ay |y (3.2)
1
+ HEAl Ao NEY (P Ay a)

Here, V4 are covariant with respect to only the superconformal symmetry, and Top® are
the coefficients of torsion 2-form defined by

1 /
T4 =SB NECTop = dBY — EC NWP fact. (3:3)



form conditions on the gauge fields

4-form UéI‘fyﬁA = gf{ba =0

3-form Cf@ = c%a — Cé?;a — 0, Cfﬁ‘ = i(oa). X1
2-form Béz =0

1-form A{; = iVth, A([; = iV, Vh

Table 3. The gauge-fixing conditions on the gauge fields. The gauge-fixing conditions are imposed
in order of 4-, 3-, 2- and 1-form gauge fields.

The gauge-fixing conditions take the same form as the case of global SUSY without the
tensor hierarchy [2] because of the following three reasons. First, the constraints on the
following components of the torsion are the same as those of global SUSY (see ref. [21]):

Tyt =0, T,z4=0, T

Lyt = 2i(0") T 0, Tp*=0, Tp*=0. (34)

. PR
VB’ W a0

Second, as announced in section 1, the superconformally covariant spinor derivatives obey
the same anti-commutation relations as those of global SUSY:

{VQ,V5} =0, {?d, ?,3} =0, {vaﬁ} = —2Na5~. (3.5)

Third, if we impose the gauge-fixing conditions and solve the constraints in order of 4-,
3-, 2, and 1-form, the gauge-fixing conditions are not deformed from the case of the absence
of the tensor hierarchy in ref. [2]. For example, we discuss the gauge-fixing conditions for
C’% o+ Since the field strengths of the 4-form gauge fields are the same as the case of the
absence of the tensor hierarchy, we fix some of the 4-form gauge fields, e.g., U 51% o = 0.
Under the gauge-fixing conditions U 5[% ., = 0, the field strengths of the 3-form gauge fields
Eéﬁ/f;a are written as Eéﬁ/f;a = V(;Ci%a + VWC({%OC + Vng(’;a + VaC({f’/B. We find that the
terms (¢® - Uspa)™ do not appear in the field strengths Eéiﬁa in this gauge. Thus, we
impose the same gauge-fixing conditions as the case of global SUSY without the tensor
hierarchy: 0,53 . = 0, which are derived from the constraints Eg?y 5o = 0.

Therefore, the gauge-fixing conditions take the same ones as the case in which the
tensor hierarchy does not exist in global SUSY. The explicit forms are summarized in
table 3. In this table, X' and V1 are real superfields, which are the prepotentials of the

3- and 1-form gauge fields, respectively.

3.2 Prepotentials: the solutions to the constraints

In this subsection, we show the prepotentials for the p-form gauge fields. Under the gauge-
fixing conditions and the constraints on the field strengths, the gauge fields are expressed
in terms of the prepotentials. We remark that the gauge-fixing conditions of p-form gauge
fields in table 3 have the same spinor structure as the constraints on the field strengths of
(p—1)-form gauge fields in table 2. Thus, we solve the constraints by the same procedure as
the Bianchi identities for the field strengths [35]. The conformal weights of the prepotentials



are also determined by using eq. (2.9). We exhibit the expressions of the gauge fields in
terms of the prepotentials as follows.

The 4-form gauge fields. The solutions to the gauge-fixing conditions and constraints
for the field strengths are the same as the case of the absence of the tensor hierarchy. The
prepotentials of the 4-form gauge fields are given as the 2-spinor/2-vector components:
Ul = 4(Gpae) T8, UL, = 4(0pa€)5,T 1. (3.6)
The prepotentials I'/4 are primary superfields with conformal weights (A,w) = (3,2),
which are derived from the superconformal transformation laws of U SIfyba in eq. (2.9). The

prepotential I'"* and T'* are chiral and anti-chiral superfields, respectively:
Vallt =0, v, =0. (3.7)

The other components the 4-form gauge fields are expressed in terms of the prepotentials
1

. 1 . e
Uhd . = +§(5d)55edd,avgrf4, Ul = —i(ad) si€deba VT, (3.8)
i o
Ulépa = gdeba(V2T! = V2I1H). (3.9)

The 3-form gauge fields. We find the prepotentials of the 3-form gauge fields X3 in
the 2-spinor/l-vector component, where X '3 are real primary superfields with conformal
weights (A, w) = (2,0). The derivatives of the prepotentials give the other components of
the gauge fields as

C’%a = (Jba)V6v5XI3v CI3;Yba = (5—ba);ygv§XI3, (310)
1 : _
Cclga = gecbad(ﬁd)&s[v(% vé]XIB' (3.11)

The 2-form gauge fields. The prepotentials of the 2-form gauge fields are primary
superfields ¥/2 and their conjugates igf. The prepotentials are found in the spinor/vector
components:

B2

B,ac

= 25,502, Béf = —2¢, N2, (3.12)

ad pa~a
Here, ©/2 are primary superfields with conformal weights (A,w) = (3/2,1). The prepoten-
tial X2 and ng are chiral and anti-chiral superfields, respectively:

VSl =0, VEZ=0. (3.13)
The 2-vector components are as follows:
1 o i e ahd
By = % ((Uba),@ vIsE — (Uba)ﬁavgzb ) : (3.14)

The 1-form gauge fields. As in ordinary super QED case, the spinor components of
1-form gauge fields are given by real primary superfields /! in table 3. The conformal
weights of V1 are (A, w) = (0,0). The vector components are expressed by

A = %[Vm Valvi. (3.15)

We assume that V' are primary sueprfields: K4Vt = 0. This assumption and conformal
weights of V1 are consistent with the K 4-invariances of A [29].



form prepotentials and irreducible superfields

3-form Yis = —%@2XI3 —(® .y, v = —%VQXI?’ — (¢ .T)Is
2-form LP = %(vazgz — Vi Sl2d) — (¢ . x)I2
1-form VVO{1 = —%vwavh — (q(l) DM Wél = —%VdeVh — (q(l) DL
0-form plo — %(@10 _ @Io) _ (q(o) ) V)IO

(—1)-form Jt = (gD @)l

Table 4. The relations between the prepotentials and the irreducible superfields.

The 0-form gauge fields. The constraints on the field strengths of the O-form are
satisfied if the gauge fields are real parts of chiral superfields 0, which are the prepotentials
of 0-form gauge fields:

o= Lot it (316

Here, the conformal weights of ®/° are (A, w) = (0,0), and &/ are assumed to be primary
superfields.

The relations between the prepotentials and the irreducible superfields. We
then find the relations between the prepotentials and the irreducible superfields. The
relations are found as follows. On the one hand, the irreducible superfields are given by
the components of the field strengths Egba, E(I;‘%a, Hfﬁ‘a’ Fé}l, and g0, On the other hand,
the field strengths are expressed by the derivatives of the gauge fields in eq. (2.14), which
are now written in terms of the prepotentials. In addition, the field strengths of (—1)-form
gauge fields w!-1 are given by the 0-form gauge fields f0 as in table 1: w!-1 = —(q(*1)~f)1—1.
Since the 0-form gauge fields are expressed by the prepotential ®/0, the field strengths w!-
are now given by the real parts of chiral superfields J/-1 = —(q(_l) - @)Ll:

1 _
Wit = (T T, (3.17)

Thus, we find the relations by using the definitions of the field strengths in terms of
gauge fields (2.14), the definitions of the superfields in egs. (2.19), (2.20) and table 2.

The results are summarized in table 4. Note that the irreducible superfields for p-form
gauge fields are expressed by the prepotentials of p- and (p + 1)-form gauge fields due to
the tensor hierarchy.

3.3 The gauge transformation laws of the prepotentials

In this subsection, we show internal transformation laws of the prepotentials. The trans-
formation laws are important when we construct CS actions. We have solved the gauge
fields in terms of the prepotentials under the set of the gauge-fixing conditions. Although

,10,



it seems that the gauge parameters are exhausted to fix the gauge fields, there are remain-
ing gauge parameters which preserve the gauge-fixing conditions in table 3 invariant. The
remaining gauge transformation laws are determined by the conditions for the gauge fields
which are gauged away in table 3:

0= dr(A)ClH = dAP | + (@@ - Ay, (3.18)

(] lp
We denote the remaining parameters as © = (071,072, @g, ©'). We determine the
properties of ©’s and the gauge transformation laws of the prepotentials as follows.

The 4-form gauge fields. The gauge parameters are determined by the conditions so
that the gauge-fixing conditions in table 3 are invariant:

5T(A)Uéf41§A =0, or(AUH, =0. (3.19)
The gauge transformations which preserve the gauge-fixing conditions are given by

Al

vBa =0 AT

S5a =0, A%a =0, A =i(0,),50". (3.20)

vBa

Here, ©%4 are real superfields. The prepotentials '/ and T'* are transformed by ©4 as
1= _ 1
op(AT A2 AT @I = —Zv2@f4, op(AT, AT Al @l = _iv%—)h, (3.21)

which are determined by the gauge transformation laws of Ué‘;ba and U ;j‘yb .» respectively.

We can impose Wess-Zumino (WZ) gauge for the prepotentials I'/* by using ©%* as
follows:
=0, v,k =0, villi=0, (V4 V2rh) =o. (3.22)
Op

Here, the symbol of “|” means § = 0 =

|” rojection.

The 3-form gauge fields. We determine the remaining gauge parameters so that the
gauge-fixing conditions in table 3 are invariant as follows:

Or(AT, A% AR, O1)Cy, =0, (3.23)
5T(A11,A12,AI3, 914)C§%a =0, 5T(A11,A12,AI3, @M)Cé%a =0. ’
The invariances are preserved by the following conditions for the gauge parameters:
Agg =0. (3.24)

Note that the gauge parameters ©¢ do not change the gauge-fixing conditions in eq. (3.23)
under the conditions for the gauge parameters in eq. (3.20) even if the tensor hierarchy
exists. Solving the constraints on the parameters, we obtain that the remaining gauge
parameters are

AR = 2,08, AP .= 25,05 (3.25)

B, Bad
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Here, ©%3 and (:)gf are chiral and anti-chiral superfields, respectively:
V40l =0, V0L =0 (3.26)

The gauge transformation laws of the prepotential X3 are determined by those of Cfﬁ.a:

Sr(AT, A", 0, O1) X1 = - (VoBl — Va8 + (¢ O)". (327

We find that X3 are also transformed by the remaining gauge parameters ©% due to the
tensor hierarchy.
The WZ gauge conditions for the prepotentials X3 can be imposed by the parameters
05 as follows:
XB=0, V. XB|=0, VsXE|=0. (3.28)

Note that the WZ conditions in eq. (3.28) are imposed under the WZ gauge conditions for
the prepotentials of 4-form gauge fields in eq. (3.22).

The 2-form gauge fields. The remaining parameters are found by the conditions so
that the gauge-fixing conditions in table 3 are invariant:

or(A", A" 0l 0B =0, (3.29)
By using the gauge invariances, we determine the remaining parameters ©2 as
_ 1 _
A2 =iv,0f Az=_iv,el AR = 5[va,vd]@b, (3.30)

where ©% are real superfields. Again, @é” do not affect the gauge-fixing conditions in
eq. (3.29) in the presence of the tensor hierarchy. The gauge transformation laws of the
prepotential Eé? are given by

Sr(A, 05,08, 015l =~ T77,0% + (¢P 0,)",
- (3.31)

_ 1 _
or(A", 0%, 0, 01Tl = VPV + (¢ 64)".
Under the conditions in egs. (3.22) and (3.28), we can go to the WZ gauge conditions for ¥/2:
ski=0, B2|=0, (VSE2+V.ERY =0 (3.32)

The 1-form gauge fields. The gauge transformations for the 1-form gauge fields are the
same as in ordinary super QED case except the shifts due to the tensor hierarchy. We find
that the gauge transformations which leave the gauge-fixing conditions in table 3 invariant
are given by

1 _
Al =20 +0h), (3.33)
Here, ©t and ©” are chiral and anti-chiral superfields, respectively:

Va0l =0, V,0"=0. (3.34)

— 12 —



The gauge transformations of the 1-form prepotentials are given by the imaginary parts of
Ot and the shifts by the gauge parameters of 2-form gauge fields ©/2:

1 _
or(0",6",67,0M)V! = (01 — ") + (¢'V - )", (3.35)

We can impose the WZ gauge conditions for the prepotentials V' under the conditions in
egs. (3.22), (3.28) and (3.32):

Vi =0, V,V|=0 VeVli=0, V2VI|=0, VVh|=o0. (3.36)

The 0-form gauge fields. The gauge transformation laws of the prepotentials of O-form
are given by the chiral shifts by the gauge parameters ©1:

or(0,0", 05, 00" = (¢© . 6)b. (3.37)

Again, the shifts come from the tensor hierarchy.

4 Chern-Simons actions

In this section, we construct CS actions in the conformal superspace. The CS actions of the
tensor hierarchy is related to anomaly cancellations in low energy effective theories. The
construction of the CS actions in the conformal superspace is quite similar to the global
SUSY case [16]. CS actions are constructed by the combinations of the prepotentials and
irreducible superfields Y/, L2, W11 Wlo -1 and their conjugates.

To construct the CS actions, we use the descent formalism. This formalism systemat-
ically gives the CS actions from the internal transformation laws of the prepotentials. We
show that the descent formalism that was given in ref. [16] is straightforwardly extended
in the case of the conformal superspace.

Descent formalism in global SUSY. We briefly review the descent formalism in global
SUSY in ref. [16]. The descent formalism in global SUSY is given by the combinations of
the prepotentials and irreducible field strengths as

Scs = / d*zd*0(Vier, — XT¢p,) + Re (z / d*zd*0(docy, + 22%;,0 + rf4cf4)> . (40)

Here, ¢’s are polynomials of the irreducible superfields Y3, L2, Wt Wwlo jI-1 and their
conjugates. The superfields c;, and cy, are real superfields, and cy,, cr1,q, and cy, are chiral
superfields. The internal gauge invariance requires that ¢’s are related each other as

1.
_ZDQCh = (q(o))ﬁ]cfo?
1 _ .
3 (D% = Dach) = ~(a)fger
Lo 2)\ I (4.2)
_ZD DOéCIg = (q( ))[gclzom
1 B .
Z(CL; —cp) = —(6](3))52013'
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Here, the derivatives D, and Dg are the covariant spinor derivatives in global SUSY:
Dy = 04 + (006040, and Dy = —04 — i0%(0%)aq0a. The internal gauge invariances are
obtained by the relation between the superspace integrations:

/ dtzd* oV = —i / d*zd*9D*V = —% / d*zd*0D*V, (4.3)

where V' is a real superfield.

Descent formalism in the conformal superspace. We now discuss the descent for-
malism in the conformal superspace. The descent formalism in the conformal superspace
is given by a natural extension of global SUSY case as

Sog = / d*zd*0E(V1icr, — X'3cr,) + Re (z / d*xd?08 (d0cr, + B2%r,0 + Ff4c14)> ,

(4.4)
where F and £ are the density of the whole superspace and chiral subspace, respectively.
The integrations [ d*zd*0E and i d*xd*0& are called D- and F-term integration, respec-
tively [21]. The superfields c’s are polynomials of the irreducible superfields Y3, L2, Wél,
Wlo jI-1 and their conjugates. Again, cr, and ¢y, are real superfields, and cy,, cr,q, and
¢, are chiral superfields. The ¢’s have two type of conditions. One is the condition that is
required by the superconformal invariance. The conditions are that all the ¢’s are primary
superfields, and the conformal weights of them are as follows:

cr, : (Ayw) = (3,2),
cr, (A w) = (2,0),
Cho (A w) = (3/2,1), (4.5)
cr, - (Ayw) = (0,0),
cr, : (Ayw) =(0,0).

The other is the condition that is required by the internal gauge invariance of the tensor
hierarchy as in the global SUSY case. The internal gauge invariance requires the same
conditions as those of ref. [16]:

1.
—Zv%[l = (¢ Per,

1 « v
% (V¥ha — Vacl,) = —(q(l))ﬁ%,

= 2 (2)\12 (4'6)
_Zv vOéCI3 - (q )13612a7
1 _
Z(clzx - CI4) = _(q(S))ﬁcfs'

The internal gauge invariances are obtained by superspace partial integrations of the inte-
grands. In the conformal superspace, the relation between F-term and D-term actions is

1 _ 1 .
/ d*zd*9EV = - / d*xd*9EVAV = - / d*zd*0EVAV. (4.7)
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Here, V is a primary scalar superfield with the conformal weight (A,w) = (2,0) [21].
Although the derivation of the relation between D- and F-term integrations is a bit
nontrivial (see ref. [21]), the relation is obtained by replacing d*zd*6, d*xd?0, D, and Dy
in eq. (4.3) with d*zd*0E, d*zd*0E, V, and Vg, respectively. This is a strong point of
the conformal superspace approach: the relations of the integrals are quite similar to the
case of the global SUSY.

We can go to Poincaré SUGRA by imposing the superconformal gauge-fixing [21, 29].
Because the CS actions are superconformally invariant without a compensator, the CS
actions are not changed by the superconformal gauge-fixing conditions.

We finally show an example of the CS actions. We consider an action which is a natural
extension of the action proposed in ref. [16]:

Scg == /d4md49E(a1112VflLf2 — ap, XBwl)
(4.8)
+ Re (i/d4xd205(a1013<1>10Y13 + ag,, DEOWh 4 a141_1r14J11)> :

Here, o’s are constant parameters. This action is obtained by choosing ¢’s as follows:

I I I I I
cr, = annRY ?, o =oannLLl?, cne=oaLnWy, cn=anp,V", c=anrJ

(4.9)
This action satisfies the conformal weight conditions in eq. (4.5) by using the conformal
weights of the irreducible superfields in eq. (2.21) and those of ®% (for J/-1). The internal
invariance in eq. (4.6) requires the same conditions as the case of global SUSY [16]:

ahlz(q@))% = — QI3 (q(o))ﬁ),
STV (q(l)){]; = Q. (q(l))g7 410
O _ _ (2N ]2 (4.10)
arr ()7 ann(¢)n,
ZIN - .
aI4I_1(q( 1))]01 = 041310(‘](3))2'

5 Conclusion

In this paper, we have constructed the CS actions of Abelian tensor hierarchy in 4D A = 1
conformal superspace. In section 3, the constraints on the field strengths have been solved
in terms of the prepotentials with the gauge-fixing conditions. The explicit forms are given
in egs. (3.6), (3.12), (3.16) and table 3. The conformal weights have also been determined
by the conformal weights of the vielbein. We have obtained the relations between the
prepotentials and irreducible superfields in table 4. We have also obtained the gauge
transformation laws of the prepotentials in egs. (3.21), (3.27), (3.31), (3.35) and (3.37).
The CS actions have been constructed in the conformal superspace by using prepotentials
in section 4. The conformal weights of the ¢’s are determined in eq. (4.5). We have shown
that the descent formalism is mostly the same as the case of global SUSY as in eq. (4.6).
Finally, the examples of CS couplings are exhibited in eq. (4.8). These examples are natural
extensions of global SUSY case.
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The CS actions in 4D A/ =1 SUGRA, in particular the action in eq. (4.8), would be
useful to discuss phenomenology such as inflation of the early universe [36, 37]. It would
be interesting to embed the approach which was proposed in ref. [38] into the conformal
superspace.
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