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1 Introduction

Recently, an alternative M5-brane action in a generic eleven-dimensional supergravity back-
ground was constructed in [1] with the aim of better understanding the connection of
the original M5-brane action [2, 3] to the 5-brane proposal of [4, 5] based on the three-
dimensional Bagger-Lambert-Gustavsson model [6-8] with the gauge symmetry of a 3d vol-
ume preserving diffeomorphism. In [1] it was shown that the field equations derived from
the new action are equivalent to the ones deduced from the superembedding approach [9, 10]
and hence to the equations of motion which follow from the original action [11].

The difference between the two M5-brane actions is that in the original action of [2, 3]
the 6-dimensional M5-brane worldvolume gets split into 1+5 directions and the manifest
6d space-time invariance is maintained by the presence of a single auxiliary scalar field,
while in the action of [1] the 6d worldvolume is effectively split into 343 directions and the
manifest 6d space-time invariance is maintained by the introduction of a triplet of auxiliary
scalar fields [12].

Different formulations of the theory may allow one to gain different insights into its
structure. The action of [1], for instance, in addition to its relation to the BLG model, can
also be useful for studying M2-M5 bound states discussed e.g. in [13, 14].



The Lagrangian formulation of self-dual or duality-symmetric fields is essentially not
unique, but is related to different possible ways of tackling the issue of (non-manifest)
space-time invariance of the duality-symmetric actions (see e.g. [4, 15-22]). Various pos-
sible ways of constructing actions which produce the (self)-duality relations as (a conse-
quence of) equations of motion by effectively splitting d-dimensional space-time into p-
and ¢-dimensional subspaces, with d = p + ¢, were explored for free theories in flat space
in [23, 24]. In these formulations only SO(1,p — 1) x SO(q) subgroup of the SO(1,d — 1)
Lorentz symmetry is manifest, while the complete 6d invariance is realized in a non-manifest
(modified) form. Recently, an action for IIB D=10 supergravity, containing a chiral four-
form gauge field A4 whose field strength F5 = dA4 is self-dual, was constructed in a 5+5
split formulation which originated from an Fgg) Exceptional Field Theory [25]. This for-
mulation is alternative to the earlier constructed D=149 IIB supergravity action [26, 27].

The actions with different space-time splitting are generically inequivalent off-shell, as
was shown for the 6 = 1+ 5 and 6 = 3 + 3 cases in [1, 12]. Different off-shell inequiva-
lent formulations may be useful for studying the dynamics of duality-symmetric fields in
topologically non-trivial backgrounds [22, 28-30] and their quantization [22, 31-36]. Po-
tentially, these 6 = p 4 ¢ chiral 2-form theories in six dimensional Minkowski space may be
extended to describe the worldvolume theory of the M-theory five brane, as it was carried
out in [2, 3] and [1] for the cases of 6=1+5 and 6=3+3.

The above reasoning has motivated us to complete the list of different Lagrangian
formulations of the M5-brane by constructing its action with an effective 2+4 splitting of
the 6d worldvolume. Another motivation is that this form of the action for the Abelian
N = (2,0) d = 6 theory would provide us with an appropriate off-shell starting point for
its topological twisting considered recently in [37, 38].

To construct the ‘244’ M5-brane action one may try to follow the same strategy as
that for the ‘3+3 action [1]: first deform the action [23] for the free chiral two-form to
a nonlinear one, couple it to 6d gravity, embed the M5-brane worldvolume into D = 11
supergravity background and finally search for the kappa-symmetry invariant form of the
non-linear action.

It turns out, however, that these steps cannot be accomplished in full. Although it is
possible to extend the free 2+4 action of [23] by supersymmetrising it in the worldvolume,
or separately by making it non-linear, there are obstacles in carrying out further steps.
Most notably, it is not clear how to covariantise the 2+4 action. Nevertheless, as suggested
by Hamiltonian analysis, coupling to 6d gravity might be possible.

In comparison with its previous counterparts, the ‘2+4’ self-dual Lagrangian formula-
tion for the chiral 2-form field has several new features and complications. Namely, some
of the gauge symmetries of the action become semi-local." For these semi-local transforma-
tions to be gauge symmetries, the time direction of the d = 2+ 4 worldvolume should be in
the two-dimensional subspace, thus breaking 6d ‘space-time democracy’, though the action
does possess a (modified) 6d Lorentz invariance. The structure of the M5-brane action

1Semi-local symmetries have previously appeared also in other formulations of duality-symmetric fields
in different dimensions (see e.g. [21, 39, 40]) and topologically non-trivial backgrounds [28-30].



with ‘244’ splitting (if found) is anticipated to be much more complicated in comparison
with a Born-Infeld-like structures of the actions of [2, 3] and [1]. A defining function of
components of the chiral tensor field strength which enters the action should satisfy an
algebraic equation of the sextic order which can only be solved perturbatively.

The problem of covariantising the 244 split action for the chiral 2-form may be re-
lated to issues with topological twisting of the Abelian 6d, N/ = (2,0) theory considered
in [37, 38].

The paper is organized as follows. In section 2, we review the free non-covariant ‘244’
chiral 2-form gauge field Lagrangian, and extend it to describe an Abelian N = (2,0)
d = 6 chiral supermultiplet. The derivation of a new nonlinear action for the d = 6 chiral
2-form field is considered in section 3. In section 4, we discuss obstacles to get full M5-
brane action with ‘244’ splitting, as well as discussing a possible way out encouraged by
Hamiltonian analysis. In Conclusion we summarize the results and discuss open issues,
and possible future directions. In appendix A, we give the detailed proof of the equivalence
of the self-duality equations derived from the new nonlinear ‘2+4’ action with the ones in
the superembedding approach. In appendix B we explicitly check that a nonlinear function
of the components of the chiral field strength in the ‘244’ action satisfies the constraint
required by the non-manifest 6d Lorentz invariance of the action.

Basic notation and conventions. The 6d Minkowski metric has the almost plus signa-
ture, z# (u=0,1,--- ,5) stand for the 6d space-time coordinates. The chiral gauge field is
denoted by By(z) = sdxtdz” B,,(x). We use the convention that the functional derivative
and the variational derivative are related by,

1 0F .y, F o)

Oy = Oy, o et = OF,
| OF,, ..,

vivp W, (11)
ViVp

for the variation of a p—form Fj,;..,,,.

2 Free chiral 2-form theory with non-manifest 6d Lorentz-invariance

We will now review the non-manifestly 6d Lorentz invariant quadratic chiral 2-form action
in six dimensional Minkowski space and then extend it to an action describing the N =
(2,0) tensor supermultiplet with five scalars and a sixteen-component fermion.

2.1 Free theory

We are interested in the derivation of the self-duality condition

1 A1A2) ~
Hywp = 6€Wp,\1,\2,\3 H™72% = Hyuwp (2.1)

on the field strength Hs = dBs from a 6d Lagrangian with a 244 splitting of six-dimensional

012345 _ _
= —€p12345 = 1.

Let us perform the following 2+4-4 splitting of H,,,,

tensor indices [23]. Here €

-H;ujp = (HabjaHijkaaij)) a, bu (R 075a i)ja k;) = ]-’ 27374' (22)



Then, the Hodge-dual field-strength H uvp Splits as follows

Eurps = €abijkl = €ab€ijkl, (2.3)

1 o o
Hapi = gfabgijle]kla Hyij = ieabgijlebkly H;j, = ifijklgabHabl~ (2.4)

The quadratic action which produces (2.1) has the following form [23]

1 - -1 1 .
S = — /dG.CE (2];.’(1(,1']{(112z + ZHainm] + 6Hiij”k) . (25)
The action has the local gauge symmetry
5Bab = Qab(a:“), (26)

where Qgp(2#) are arbitrary functions, which suggests that the B,, components of By are
Stueckelberg-like fields (they enter the above action only under a total derivative).

In addition, as we have found, the action is also invariant under the following semi-local
transformations

5Bm‘ = (I)ai (a:b, xj) (27)

whose parameters ®,; are restricted to satisfy the anti-self-duality condition
. 1 o .
oligkle — —§eabe”“ﬂaj<1>b,, so that 9,0kl = 0, (2.8)

i.e. ®,; obey the differential equation in the four-dimensional subspace parametrized by
the coordinates .

We should check that, though being semi-local, the transformations (2.7) form a gen-
uine gauge symmetry which will allow us to get rid of redundant degrees of freedom.?

A semi-local symmetry is a fully-fledged gauge symmetry if its associated Noether
charge vanishes (at least) on the mass shell [41]. The conserved Noether current associated
with (2.7) is

j* = O (HI — HI¥)®y, pw=0,1,---,5. (2.9)

It is clear from the structure of (2.9) that the Noether charge Q = [ d°z j° is identically
zero off-shell if the temporal direction is in the 2d subspace of the ‘2+4’ dimensional space-
time. Therefore, in this formulation we lose the freedom to place the time direction in the
4d subspace. This makes the 2+4 splitting different from the 145 and 3+3 splittings of
the previous formulations of the 6d chiral 2-form action.

The field equations which one obtains by varying (2.5) are

O (—fl“ki + H“’“’) — 0, (2.10)

oy (—Eﬂjk + 2Hij’f> + 9, HY = 0. (2.11)

2The presence of this semi-local gauge symmetry is effectively translated into the choice of appropriate
boundary conditions for integration functions considered in [23].



Equation (2.10) has the general solution
— HYk 4 gk — eabEikjlaj(i)bl, (2.12)

where ®y; satisfy the condition (2.8), because the left-hand-side of the above equation is
anti-self-dual. Hence, we can obtain the self-duality equation

Haij = Hagj (2.13)

by fixing the semi-local gauge symmetry (2.7) appropriately. Substituting (2.13) into (2.11)
and using the Bianchi identity, we get

o0 (A 4 ) =0, .1

which has the general solution
e Ho = Yoo 5lGab 2.15
ijk + 5k = 2€ab€z]kl ) ( : )

where ,;, are arbitrary functions which can be put to zero with the use of the local gauge
transformations (2.6). We thus arrive at another set of self-duality equations

Hiji = Hijy. (2.16)

Combined together, egs. (2.13) and (2.16) are equivalent to (2.1).

The action (2.5) is manifestly invariant under SO(1,1) x SO(4) subgroup of Lorentz
symmetry. However, it is less obvious that the action also enjoys the modified Lorentz
symmetry with parameters A; = ] (Ao = A\Y) associated with the coset transformations
SO(1,5)/[SO(1,1) x SO(4)]. For simplicity, we present the modified part of the SO(1,5)
Lorentz symmetry in the gauge By, =0

0B4i = 01Bga;i + 02Bai, 0B;; = 01B;j + 02B;j, (2.17)
with

51Bai = )‘ZLBji + )\;’-(xb(?j — {L'jab>Bm‘,
01Bij = —AByj + Ao By + Ap(2,0" — 270,) By, (2.18)

being the standard Lorentz transformation and?®
) - 1 ~
02Bai = Aol (H — H)pi,  02Bij = §Aixk(H — H)yij (2.21)

vanish on the mass shell. Thus, the modified SO(1,5) Lorentz symmetry reduces to the
standard one when the field strength of the 2-form B, is self-dual.

3There is a room of adding to this transformation another term
5331“' = Aixb(H — I:I)aij. (2.19)
One may check that under this transformation the Lagrangian is invariant up to a total derivative term

538 = %/d‘*zak(/\{,’xbmij%“i’“). (2.20)



2.2 Action for the Abelian N/ = (2,0) tensor supermultiplet

The supersymmetric extension of the free chiral 2-form action is obtained by adding to
it kinetic terms for five scalar fields X’(z) (I = 1,2,3,4,5) and a sixteen-component
fermionic field ¢ (x) which together with By, (z) form an N = (2,0) supermultiplet. The
resulting action

1 1 -~ 1 1 - _
S=- / dSx [— (HabiHal” + S Hyij H Hiij”k> + (iT"0p — 9, X o XT)
2 J s 2 4 6
(2.22)

is invariant under the following A = (2,0) supersymmetry transformations with a sixteen-

component constant spinor parameter ¢

X1 = qerly,
0B = i€l 1,
1
o = IPT19, X e + g e K7, (2.23)

where the self-dual 3-form K = *K is defined in terms of the components of the field
strength H,,, as follows

1 . 1. ey 3 L
KM = S (HMP + HMP) + S (HYE — HYR) 6076 — S (H™ — Asleoys?. (2.24)
Note that the self-dual Lagrangian (2.5) for Hs is equal to L = %H qwpEKHYP.

To define the sixteen-component spinors we use the same conventions as in the ap-
pendix of [42]. Namely, IT* (u = 0,1,2,3,4,5) and I'! (I = 6,7,8,9,10) are the 32 x 32
D = 11 gamma-matrices in the Majorana representation, and the 32-component Majorana
spinors ¥ (x) and e are subject to the chirality constraints

T,
’(7[) — 77(6)1[}’ € = 7(6)67 7(6) — aeﬂl u61—‘/l«1"'/1/6 (225)
which reduce the number of the independent spinor components down to sixteen.

To study the theory described by the action (2.22), in particular its topological twist-
ing [37, 38], in geometrically non-trivial 6d backgrounds, one should couple the action (2.22)
to a d = 6 supergravity in a way similar to that considered in the ‘145’ formulation [43-47]
and to look for d = 6 backgrounds preserving at least part of supersymmetry. This is left

as a future work.

3 Non-linear chiral 2-form gauge theory with non-manifest 6d Lorentz-
invariance

We would like to find a non-linear generalization of the action (2.5) in 6d Minkowski space,
with the ultimate aim to describe the M5-brane. Let us stress that we are deforming the
free theory (2.5) to a nonlinear one in a six dimensional Minkowski space. An attempt to
apply the construction to the M5-brane worldvolume theory with a non-trival induced 6d



metric will be discussed in section 4. To have a hint on how this generalization should be
carried out, let us first rewrite the quadratic action in the following form

1 -
S = —/d6 (2 Hp H + H JHT 4+ 6H1 kH”k) (3.1)

in which the second term is the product of the anti-self-dual (4.12) and self-dual (4.13)
part of Hg;;.

The non-linear action we are interested in should respect the same (possibly non-
linearly modified) symmetries of the free chiral field action and should produce the equa-
tions of motion, in particular, the same non-linear self-duality condition on Hg which follow
from the other formulations of the M5-brane dynamics, namely, from the superembedding
description [9, 10] and the M5-brane actions [1-3] when they are put in a Minkowski target
superspace with the Mb5-brane excitations along the transverse directions frozen.

We have found that the non-linear 6d action which satisfies these requirements has the
following form

1~
S = /d6 <2 alHabz+ H H—l-aZ] _|_I(Hz‘jk,H;;j)>, (32)

where T is the following functional of H;;; and H;;J only

_ 2x
I(Hz-jk,H;:]) G? +4L 14+G? - Q64 . (3.3)
n (3.3)
1 ijk
Gi= g€, (3.4)
and later one we will also deal with
- 1 o
G = §€iijHUka (3.5)

where the Hodge dual field strength H is taken with respect to Minkowski metric as in (2.4).
X,Y and G? are three SO(1,1) x SO(4) invariant scalars

X = —92HT. H+1]H+al<:lH+b VY — —QGkGiH+»kH+aij

atj aj ’

G? = G'G,, (3.6)
and @ satisfies the following sextic equation

~16(G?)% — 16(G?)* + 16Q ((G*)* + (G*)* + G*Y +Y)

+Q? ((02)4 + (GQfX —2(G*?Y +G*X —16G*Y + X + Y2 — 1ay>
s (G*)PX 2 L4 22 QX%
+Q (— 5 -G X—X>+8Q (G*)’X + XY) + 556~ - (3.7)

Using exactly the same analysis as in section 2, one can show that the variation of the
action (3.2) leads to the following non-linear self-duality equations

1 07 ~ 107 1 oz
abi 125ab7,jkl 8ijl’

“j 4 9H*e’ f 206G (3:8)

which are equivalent to those obtained from the superembedding description of the M5-
brane [9, 10], as we will show below and in appendix A.



3.1 Construction of the non-linear action in 6d Minkowski space

), and
require the action to be invariant under the modified Lorentz symmetry (2.17), which is

Let us first consider (3.2) with, a priori, unknown generic functional I(Hijk,HI:Em

composed of the standard Lorentz transformations (2.18) and the additional terms

; ~ 107
_ b
(523,“' = Eab)\jSUJ (Gl + 28G’> R (3.9)
1 0T
b .k -

with the parameter A\ taking values in SO(1,5)/[SO(1,1) x SO(4)].* The above transfor-
mations reduce to (2.21) if we put Z = G2. Notice also that on the mass shell (3.8) the
modified Lorentz symmetry reduces to the standard one.

After a somewhat lengthy calculation, the requirement of the invariance of the ac-
tion (3.2) under the modified Lorentz transformations leads to the following constraint on
the form of Z

0T | 0T \“V 1 /0T 0T \“Y
_ L frtaty O prtay ral - —
2G; H + oG +5Gi <3H+> +4<8G>i<8H+> 0. (3.12)

Note that the symmetry constraint is trivially satisfied if we have T = G2.

As is well known (see e.g. [20, 48-52]), the above constraint may have different solutions
corresponding to different nonlinear chiral 2-form theories. To fix the form of Z, our strategy
will be to first find the action which leads to the self-duality equations which are equivalent
to the ones given by the superembedding formulation of the M5 brane [9, 10], and then
check that the solution satisfies the constraint (3.12).

In the superembedding description of the M5-brane [9, 10] the field strength Hs of the
chiral field By is expressed in terms of a (linear) self-dual tensor h3 = *hg as follows®

1 1 1

EHNV'D - m;l)\h/\yp, Zﬁ#llﬁpl = éeﬂllelqumlzl)\h)\Vp = Q*lmul)\h)\l/lpl (313)
where m;l)‘ is the inverse matrix of
mt =0, =2k my N =Q7(26, — my), ke = Ry h? (3.14)
and )
Q=1-trk*. (3.15)

3

4Just as in the linear theory, there is an ambiguity in the transformation rule of Bs. The following
variation

; - 1 0T
b
d3Bai = Nz (Hm-j + ZBH“”'J') (3.11)
also leaves the Lagrangian invariant up to total derivative terms. The nature and meaning of this ambiguity
is unclear to us.

®Our normalization of the field strengths differs from that in [53] by the factor of I in front of Hs.



As shown in [1, 53], by splitting the six-dimensional indices into 145 or 3+3, one can
derive the duality equations which are produced by the Mb5-brane actions in the corre-
sponding formalisms. Here we perform the ‘2+4’ splitting of (3.13) and obtain

1 _
ZH;J. = Q 'haij, (3.16)
1 _
1
G = Q7 (144909 — 49 harh™ | (3.18)
1 -
16 = Q7 (1= 490" + A9 B ™ (3.19)
Q = 1-16(g%)? — 2hai ;A" hypp R + 326" g h® Ry, (3.20)
where® 1
gk = gezzjkhl”, 9° = grg", (3.21)
with a,b = 0,5 and 4,j,--- = 1,2,3,4. By expressing g; and hg; in (3.17) and (3.19) in
terms of H;j and G via (3.16) and (3.18), one may, in principle, obtain the desired duality

equations. However, it is very difficult to proceed directly in this way.

So, let us present a heuristic way to obtain the action. In [1] it was found that the
chiral 2-form parts of both, the 3+3 and 145 formulation of the M5-brane action have the
same on-shell value determined by the super-embedding scalar @ (3.15), namely

4
gon-shell _ —/d6$\/TgQ- (3.22)

We assume that this is also true in the 2+4 formulation. Thus, with the help of the
superembedding equations (3.16)—(3.20) we first rewrite the Lagrangian as follows

Hoi HY +T = —G'Gy + gléf) - %(G2 ~- G +1T. (3.23)

The on-shell action (3.2) equals (3.22) (in the 6d Minkowski space) if

1~ o1
5 i HO + 1

. 1 . [
Ton-shell = 4(3Q71 —2Q72) + GG, + S(G'Gi—G'Gy). (3.24)

To recover the off-shell action Z, one needs to replace the terms with G; by H,;; and Gj.
It is convenient to rewrite (3.20) as

Q=1-16(¢g*)? + 16y + =, (3.25)
where
& = —2haijhy "R Y,y = —2¢Fgih i h™. (3.26)
Note that
2561 = Q*X, (3.27)

5The reader should not confuse g with the square of the determinant of the 6d metric g = det Guv-



where X was defined in (3.6). From the superembedding equations and (3.25) we obtain

1 1-
LG = [92(2 42— Q)+ ff”] , (3.28)
1 ~ 1-
R R R el (3.29)
16 4

L is 241

1—6G Gi=g°Q . (3.30)

We can solve g2 in terms of X,Y, G2, Q from (3.28) together with (3.27),
1
7= (—2 +Q+ Q2+ G2 - Q4X/64> . (3.31)

Upon inserting all these ingredients into (3.24), we find (3.3). The remaining work is then
to derive the equation satisfied by ). We start by expressing Y, defined in (3.6), in terms
of hg using the superembedding equations

SV = Q7 [y — oy + A+ Ay) + 92w+ 8y)] (3.32)

Using (3.25), (3.27) and (3.31) in the above equation, one obtains the following expression
for the square root /1 + G2 — Q2X/64,

—(GH2Q -8G*(Q - 1)+ Q*X/16 + Q(Y — 8) + 8

V1+G?—Q2X/64 = (20D

(3.33)
The polynomial equation obtained from the above relation is (3.7). As a consistency check,
one can substitute (3.25), (3.27), (3.28) and (3.32) into the sextic equation to see that it is
trivially satisfied.

As one can show (see appendix), the resulting Z constructed in terms of X, Y, G? and
@ as in (3.3) satisfies (3.12) and hence is the promising candidate for the non-linear off-shell
action we are looking for.

However, one should still show that the self-duality equations obtained from this action
are equivalent to those in the superembedding formulation. The detailed proof of this is
given in the appendix A.

Solutions to a generic sextic equation can be written in terms of the Kampé de Fériet
hypergeometric function. Only some special sextic equations can be factorized into radicals
and hence solved explicitly [54], however, this is not the case for (3.7).

Only when Y = G2% = 0, (3.7) reduces to

Q*X <C§Z§ -Q+ 1) =0. (3.34)

Although our sextic equation is not exactly solvable, we can always reconstruct its solution
perturbatively as a series in powers of the field strengths.

~10 -



4 Attempts to get a full M5-brane action and issues

As our goal is to provide another alternative action for the M-theory five-brane, we will
look for the covariantisation of the actions (2.5) and (3.2). However, as we will find out in
this section, putting the actions (2.5) and (3.2) on a curved 6d background turns out to be
highly nontrivial. The standard PST technique is not straightforwardly applicable in this
case. We will first present an incomplete covariantisation of the action (2.5), in which the
theory is formally covariant yet not fully consistent. Nevertheless, Hamiltonian analysis
suggests that coupling to gravity looks promising.

4.1 Covariantisation issue

In this section, we present an attempt to covariantise the 244 chiral 2-form action and
couple it to 6d gravity (2.5) using the standard PST technique. Unlike [12, 55], the result
of the covariantisation for 244 turns out to be problematic in that the action does not
acquire the PST gauge symmetry and, hence, auxiliary PST scalars carry undesirable
dynamical degrees of freedom. We will discuss these issues in detail in section 4.2.

Let us introduce a doublet of auxiliary scalar fields” a®(x) with s = 1,2 labelling a 2D
representation of internal rigid GL(2) symmetry of the action. Using the derivatives of a®
we construct the projector matrices

P =08,d"Y,'0%a®, 1L,V =6, — P, II,"9,a° =0, (4.1)
where
Y™ = 0,a"050°g" (), (4.2)

and ¢”?(x) is the inverse of the 6d metric g, (x). The projector P,” has rank 2 and II,”
has rank 4, so they split the 6d directions into 2+4 ones which are orthogonal to each other.
The projectors satisfy the following identities

et PPl PITTY = —etv PSS, v X PISTIIIG = —eons pIrmioTnl - (4.3)

I, M Ly" DAPY = 0 = I, MLy " DAIL, (4.4)

where D), is the covariant derivative associated with the metric g, .
The proposed ansatz for the covariantised form of the action (2.5) is

1, - 1 1
S = —/dﬁx\/—g [Q(HPPHH) + Z(HPHHH) + E(HHHHH) , (4.5)
where g is the determinant of the 6d metric, the dual field strength is

~ 1
Hp,ul/ = WGPMVAUTH)\UT7 (46)

"One can alternatively choose a quadruplet of auxiliary fields, a®(z), s = 1,2,3,4. In that case, they
label a 4D representation of an internal GL(4) symmetry.
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and

(HPPUH) = H,,,H°*P*P/TI;, (HPUIH) = H,,,H " P'TI4I1,
(HUIIH) = H,,,H™ AL, (4.7)
The action enjoys the covariant versions of the local gauge symmetry
0B, = P[’;LP;'}QW, da® =0, (4.8)
as well as the semi-local gauge symmetry
0B, = P@Hg]@)pg, 0a® =0, (4.9)
with ®,, satisfying the anti-self-duality condition
§Hypor POTISIT) = —0 H o, POTISIL), 0Hpy\ = 38[A(P;Hg}<l>,{5) . (4.10)
The Noether current associated with this symmetry is

j* = (H™ PIIT)P7*( PII) (4.11)

where we introduced the anti-self-dual part of the field strength

_ 1 =
purp = 5 (Huup - Huup) ) (412)
the corresponding self-dual part being
1 ~
H;j—yp = 5 (H,ul/p + H/uxp) . (4.13)

It is clear that the Noether charge associated with (4.11) vanishes off-shell if we align
the time along the directions singled out by the P-projector, i.e. along the ‘2’-subspace of
‘2+4’. Therefore, (4.9) is eligible to be a gauge symmetry, and we can use it to obtain the
self-duality equations.

The field equation obtained as the result of the variation of the formally covariant
action with respect to By, is

a, [\/?g (6(H*PHH)WP1 + 4(H*HHH)[WP1)} —0. (4.14)

Its integration gives
V=g (6(H ™ PIIL)I7) 4+ 4(H T 7)) = 07X, (B0, PETIY + Qg PAFY) - (4.15)
for some parameters ® and . Projecting both sides of the above equation on PIIII, we get
6y/—g(H~ PII) Pl = 37071 g (& PIT),,¢ PITIZITY). (4.16)

Notice that ®,,, satisfy the constraint (4.10), because the left-hand-side of (4.16) is anti-
self-dual. Thus, by appropriately fixing the gauge symmetry (4.9), we get the first set of

the duality equations
(H~ PIIII) el = o, (4.17)
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Substituting this back into the equation (4.14), we obtain

Ay/—g(H I e) = ehwerodg (QPP) K (4.18)
oz
The appropriate choice of the gauge symmetry (4.8) leads to the other set of duality
equations

(H~III) el = o. (4.19)

The equations (4.17) and (4.19) amount to the self-duality of the field strength Hs.

The crucial ingredient of the PST covariantisation technique is that, in addition to the
gauge symmetries (4.8) and (4.9), the action should be also invariant under the PST gauge
symmetry, in which the auxiliary fields a®(x) transform by arbitrary local functions. In
view of (2.21), a reasonable guess for the PST gauge transformation would be®

da® = ¢*, 0By, = 6A°(H™ PPII)

+ 3AP(H~ PIII), (4.20)

[nvp] uvpls

where
A = Y[ l0ral. (4.21)

If the above transformation were indeed a gauge symmetry, one could gauge fix the aux-
iliary fields a®(z) to coincide with two (worldvolume) coordinates z® (a = 0,5), thus
obtaining (in the flat worldvolume space) the non-manifestly Lorentz invariant action of
the previous section

a® =8,z (4.22)

This gauge-fixing condition would be preserved by a combined Lorentz transformation with
parameter A? and the transformation (4.20), with parameter AP = —4; )\?:cj,

(5Lorentz + 5PST) a®=0. (423)

This combination of two transformations acting on the chiral 2-forms would give exactly
the modified Lorentz symmetry (2.17).

However, we find that (4.20) leaves the action invariant, up to total derivative terms,
only when the following constraints are satisfied,

PEPID(,Ayy = 0= II0TII D, A, (4.24)

Therefore, the proposed transformation (4.20) is not eligible to be a PST gauge symmetry
of the action (4.5). The failure of PST gauge symmetry implies the inconsistency of the
current covariantisation procedure. Together with other issues we will discuss in more
detail in section 4.2, this indicates the trouble with coupling of the 2+4 formulation to 6d
gravity.

8Tt turns out that this transformation does not leave the action invariant. One might try to add to the
transformation law a term 0By, > V*(z)(H ™~ PIII) .., where V* is gauge-fixed to be Az’ if a® = 652 is

allowed, motivated by the Footnote 3. However, this turns out to be not helpful.
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4.2 Discussion of the issues

We have seen in section 4.1 that the standard PST covariantisation is not applicable (at
least straightforwardly) to the chiral 2-form theory with the 244 splitting of six dimen-
sions. In this section, we will study the encountered issues in more detail with the hope of
understanding the origin of the problems and resolving them in future.

Failure of finding PST gauge symmetry. The PST gauge transformation (4.20)
leaves the action (4.5) invariant only when the constraints (4.24) are satisfied. Usually, a
fully-fledged PST gauge transformation allows us to gauge-fix the auxiliary fields, say a® =
05, so that the covariant theory reduces to the non-manifestly covariant one. Obviously,
the constraints (4.24) set obstacles to do this. In the absence of the PST gauge symmetry
in the formulation of section 4.1, the fields a® are not really auxiliary and may carry
undesirable dynamical degrees of freedom, as the following analysis shows.

(In)dependence of the field equations of a®(x). In the free theory (4.5), the field
equation of the 2-form gauge field derived from the action principle is

9, [\/—g (G(H’PHH)[“W’] + 4(H*HHH)WP1)} — 0. (4.25)
On the other hand, the field equations of the fields a® are
o [\/—gnglapaf(ﬂ—nnn)[w} (H—PHH)[PWq —0. (4.26)

If a®(z) were really auxiliary, their field equations would not be independent but implied
by the second order field equation of the 2-form gauge field. This is the case when the
PST covariantisation is successful as in [12, 55]. Actually, the existence of the PST gauge
symmetry in [12, 55] is guaranteed by the fact that the field equations of the auxiliary
field(s) are redundant. In our 2+4 splitting case, however, one can readily verify that (4.26)
is not implied by the second order field equation (4.25) and, hence the fields a®* may actually
carry additional dynamical degrees of freedom.

Issue with modified diffeomorphism. The chiral 2-form actions of [12, 55] are man-
ifestly 6d diffeomorphism invariant. Upon the appropriate gauge fixing of the auxiliary
fields, one can obtain the non-manifestly reparametrization invariant actions. Such ac-
tions are invariant under certain modified diffeomorphism transformations, which reduce
to the standard ones on-shell. For example, [56] is such a theory which is nonlinear in the
gauge field.

For simplicity, we will consider only free theories here, as the issue of covariantisation
in 244 splitting arises already therein. Let us now review how the non-manifest diffeomor-
phism invariance works in the theories with 145 and 343 splitting and point out the issue
with the 2+4 splitting model.

The following action based on the 145 splitting of six dimensions (m,n,p,q,k =
0,1,2,3,4)

1 -
S = /de <4H5mnH5mn —i—I) , (4.27)
1 rr5mn 175pq 95k 1 r75pq Fr5mn 1
T = rgemnkopg ™ H oo = o PP g Gpman, (4.28)
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is the truncation of the nonlinear theory [56] to the linear order. The H™" is defined
without involving any metric

- 1
H™ = gﬁqu’“Hqu. (4.29)

One can alternatively formulate a 145 theory by singling out the temporal direction from
other five spatial ones. In this case, the resulting action is the Henneaux-Teitelboim 145
(HT) action [17, 18].

Though it is not obvious, this action also has the modified diffeomorphism symmetry

oL
al_}mnB !

0Bmn = =€ (4.30)
with the diffeomorphism parameter in the fifth spacial direction z° — 2% +¢, as well as the
standard diffeomorphism for 2% — 2% +¢* (k= 0,1,2,3,4). The transformation law (4.30)
reduces to the standard one on-shell. The components Bjys do not transform because we
work in the gauge Bps; = 0 for simplicity, since Bjs enters the action through a total
derivative term.

A non-manifestly diffeomorphism invariant action can also be obtained in the formu-
lation with the 3+3 splitting [1, 12] by gauge fixing values of the triplet of auxiliary fields
a® =6z% s =1,2,3 (in the following a,b,c,d =0,1,2, 4,7, k,l,m,n,p,q = 3,4,5)

1 1 y
S = / d®z ( 2 € Hopee " Hyjp, — 4eabcelﬂkﬂbckaj +17 +IQ> , (4.31)
adj 1 9aiGbjGck _
Ty = zgk achlG GiagjbJkl ijk ach2 arJ0) achzF] 1 dk 4.32
1 7det(gmn) + 36 4det(gmn) €ijk€ bY9ca 9 ( )
9~ 9ij ) V= gz]g Y g]zg
I, = G%/= (7+F’Fj + 2RI 4.33
: T detlgmn) P det (g 06t (g (4.33)
where
Hiji = €1G, Hgij = eijuFF, (4.34)

and g;dl is the inverse of the 3 x 3 matrix ¢?. The action is invariant under the standard
diffeomorphism transformations associated with z* — x#+¢*, as well as under the modified
diffeomorphism

107,
By = —=—~
0Bai 2 OF}

1907,

2 OF ——ewal’,  0Bi; = " Hyj, (4.35)

6cbaé.b
b gbyed, 0B;; has the conventional
form but dB,; is modified and reduces to the conventional form on the mass shell.

As we have already mentioned, the both actions (4.27) and (4.31), and the modified
diffeomorphisms (4.30) and (4.35) can be obtained by an appropriate gauge fixing the

associated with z® — 2P4£°. For the diffeomorphism

corresponding covariant actions [12, 55]. Moreover, a generic crucial ingredient for the
actions (4.27) and (4.31) to enjoy the 6d diffeomorphism invariance is that the modified
transformation laws be proportional to the derivatives of the corresponding actions with
respect to the gauge field strengths. In our case of formally covariant 2+4 theory considered
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in section 4.1, one can check that this property is lost in the “gauge” a® = § 2 for the
transformation rule (4.20). Despite the mentioned difficulties in obtaining the modified
diffeomorphism, it is possible to show that coupling to gravity can be done, which indirectly
implies that there exists modified diffeomorphism for the 2+4 split model on a curved
background. This encouragement comes from the Hamiltonian analysis which we will
present right away.

4.3 A possible way out: Hamiltonian analysis

The Hamiltonian analysis provides a natural way to put an action in curved space-time,
and to compute the (modified) diffeomorphism symmetry. So it could provide a better
insight into the issue with coupling of the 2 + 4 model to 6d gravity. This approach
is adopted in the Henneaux-Teitelboim (HT) 1 + 5 action [18]. We leave the systematic
Hamiltonian analysis, following the work of [57], and the refinement of PST covariantisation
of the 2+4 model as future works. Nevertheless, we will show that the “gauge-fixed”?
formally covariant action (4.5) has the correct number of degrees of freedom by doing the
Hamiltonian analysis. Moreover, the Hamiltonian density and momentum densities satisfy
the hyper-surface deformation algebra, which suggests that the coupling to 6d gravity
is promising.

Suppose we put a® = 2%7, s = 1,2 (in the following a,b,c¢,d = 0,5 and ¢, j, k,l,m,n =
1,2,3,4) in the action (4.5), we obtain a non-covariant action with the Lagrangian density

1 i ‘
L= _éeabeklmnHlmnHabk + 2€abGleijg(l_Clgcj

A/ g . .
" Bet(gn 4 0000~ Qdeagmn)GlF o"onay (430
—2- VI G Mg g + GG gy,

det(gmn)

where G* is defined as in (3.4), g;bl is the inverse of the 2 x 2 matrix g%, and

Hoyij = %Gijlegl, Hsij = %ﬁijk1F§l~ (4.37)
The conjugate momenta are
7 = (;;Lz] = —2Gligzlgile — de\t/(;zn) (;leing)ngbgpkglq + Glfkqijg(‘)pgkpgzq) (4.38)
= ;BE = —H" = &, (4.39)
5i
70 = 7% = 0. (4.40)

“Readers should bear in mind that the (naive) PST covariantisation presented in section 4.1 is not
complete. However, one obtains a non-covariant action by naively setting a® = §;xz“.
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To go on with the analysis of 244 model coupling to gravity, we decompose the 6d metric
according to Arnowitt-Deser-Misner-like Hamiltonian formalism

—(N0)2 4 ,ydl;N&Nb ,yBéNé
uv = . (4.41)
YaeN* Vab

We define the inverse of 7,; and its determinant as 7‘35, and +y, respectively. The inverse of
the metric is

_(NOy-2 NP
g = ) SN (4.42)
Né ab _ NANb® |~ ’
(NO)2 v (N0)Z
The determinant is
g=—(N"?y (4.43)

VvV—g9=N%/7. (4.44)

After a somewhat lengthy calculation, the canonical Hamiltonian can be found to be

11 Lo e AR 1 P R
H = NO <2\/7Y7TU7Tab7&i'7j)j + 77‘-]571—&{)7&]"7[;5 + HOabHOmn,ydm,yI;ﬁ>

where the hatted Roman indices are 5d indices, a, E,m,ﬁ = 1,2,3,4,5. Note that this
Hamiltonian is at most linear in N° N@ This form has the potential to not spoil the
degrees of freedom counting for the gravity sector. But to make sure, we have to check
that the hyper-surface deformation algebra is really satisfied. Let us denote

11 .. 4 1 = 11 ~06b ~omn
Ho = = o b g5 ab., .. 77H0abHOmn Vi s 4.46
0 2 ﬁﬂ T NaiVp, + ﬁﬂ T Yaj Vs + Wei Yam Vi ( )
1 A s
o = Ly 100 (447

To couple the theory to 6d gravity, we consider the full Hamiltonian
HI = 4@ 4y, (4.48)

where the pure gravity Hamiltonian is given by

19 = NFH), (4.49)
with
H(()g) = —\/ YR+ L <C&B<mﬁ7{zfn7§ﬁ - 1(4.&87@3)2) ) (4.50)
VY 2
HO = _27&5%&@ (4.51)
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In the above expressions, v,; is (spatial) 5d metric, ¢ ab i conjugate momentum to v,;, R
is 5d Ricci scalar, and V; is y—compatible covariant derivative.
The primary constraints are

19 ~ 0, 70 ~ 0, 7+ HY% ~ 0, (4.52)

where Hl(f’) is conjugate to N* and ~ denotes a weak equality which only holds on the
constraint surface. The secondary constraints include

T+ HY% %0,  9pn™ a0,  HY +H,~0. (4.53)
Among which, we have first-class constraints
M, ~0(6), 7%~0(5), (HY+H,)~0(6), Opr™~0(4),  (4.54)

where the numbers in the parenthesis indicate the number of the corresponding independent
constraints. On the other hand, we also have 6 second-class constraints which is the
transverse components of i oM (),

Let us count the number of degrees of freedom. There are 72 phase space variables, 42
of them coming from gravity sector while 30 of them coming from gauge sector. There are
21 first-class constraints and 6 second-class constraints. Therefore, the number of degrees
of freedom is given by

(42430) —2x 21 — 6
2
=12 (4.55)

number of degrees of freedom =

=9+3.

Note that graviton in 6d has 9 degrees of freedom, therefore the calculation shows that the
2-form theory (4.36) indeed has the desired 3 degrees of freedom.

When classifying class of the constraint, we have considered Poisson’s brackets between
the constraints. Let us list only the hyper-surface deformation algebra:

A (@), HE ()] = (42 (@) HE (@) + A (2 Y HE (21)) ;65 (2, ), (4.56)
(@), 1AM (o)) = HE ()26 (2, 2')

e O™ () e (@) () vac (@)D (@, 2), (457)

()
[ngull(l_)’ ngll(l,/)] _ ngll(xl)ag(s(@ (337 .13,) + H£u11($)8&5(5) (LE, .73,)

F0mm () €350 (@) HO ()00 (2, 27), (4.58)

where Hffu = ”H&g) + H,. Note that time dependence in the above formula is suppressed
since Poisson bracket is computed at equal time and that z and 2’ represent 5d spatial
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coordinates. We see that the above Poisson’s brackets weakly vanish, indicating that the
hyper-surface deformation algebra is satisfied.

The correctly obtained number of degrees of freedom and hyper-surface deformation
algebra tell us that the couple of the quadratic 2 + 4 action to gravity is actually doable.
The full systematic Hamiltonian analysis and the refinement of PST covariantisation on
2+4 are left in the upcoming works.

5 Conclusion

In this paper we have analysed a possibility of supersymmetrising and coupling to gravity
the free theory for the 2-form chiral gauge field in six-dimensional space-time in the for-
mulation with the manifest SO(1,1) x SO(4) invariance [23] and generalize it to include
non-linear self-interactions of a Born-Infeld type. In the formulation with the 2+4 split
space-time we have constructed an action describing N/ = (2,0) tensor supermultiplet.
On the other route, we have constructed a non-linear Lagrangian for the chiral 2-form in
d = 244 with a non-manifest 6d Lorentz invariance, whose equations of motion amount to
the non-linear self-duality condition which coincides with that obtained from the superem-
bedding description of the dynamics of the M5-brane.

In order to make a further extension of these results and ultimately obtain the com-
plete Mb5-brane action in 6d space-time with 2+4 splitting, one should couple the 2-+4
action to 6d gravity, using e.g. the PST technique. However, our analysis showed that the
covariantisation of this system via the conventional PST approach does not work, at least
straightforwardly. Nevertheless, the non-covariant theory obtained by naively gauge-fixing
has the correct number of degrees of freedom. Though the straightforward application of
PST technique is not successful, the counting of the number of degrees of freedom suggests
that we are on the right track.

Having encountered the above mentioned issues in one of the alternative Lagrangian
formulations for the 6d chiral gauge field, it would be of interest to study if similar difficul-
ties arise in self-dual Lagrangian descriptions of chiral gauge fields with different splittings
of space-time in other dimensions [23, 24].
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A Equivalence of self-duality equations

To show that the self-duality equations derived from the action (3.2) are equivalent to the
ones in the super-embedding approach (3.13), we should check that

Hyy = 4Q7" [492haij +89™ gihajm — 89™ gjhaim + 2hazyhbxyhbij}

1 0T
= _1 aHer'j (HJr(h,g),G(h,g)) ) (Al)
107

G = 4Q7 [(1 - 4g%)g" + dg"haah™*| = 256

H"(h,g),G(h,9)) - (A.2)

That is, we need to calculate the derivatives of Z with respect to H™ and G, and then
express H' and G in terms of h and g, as in (3.16) and (3.18), to check that the results
coincide with (3.17) and (3.19).

When dealing with the self-dual tensor H;; i
components into independent ones and utilize a ‘bra-ket’ notation

we found it convenient to further split its

Fi = U Gy — |G, B = (9 go = |g)n. (A.3)

f™ implies matrix multiplication, e.g. U fI% ete., g° = g:g° = (glg), and f|g) and (g|f
stand, respectively, for f*g; and g; f/*.

In this notation, the super-embedding duality equations take the form

FT=4Q7'f, (A4)
P~ = 4Q7 (2t + 49)f — 8% = 8lg){gl — 8f19) (91, (A.5)
G) = 4@ ((1+ 497 = 26x/2)]g) + 8/%]9) ) (A.6)
G) = 4Q (1 = 49% + 2% g) — 8/°]9) ). (A7)
Q =1-16(¢g°)* + 16y + =. (A.8)
The X,Y and G2, eq. (3.6), and z,y, eq. (3.26), can be written as

z =4 (trf?)” — 16trf?, y = g*tef? — (gl f*g), (A.9)
X =4 (trF*?)° — 16trF 4, Y = G*rF 2 — 4(G|F2|G). (A.10)

The self-duality equations derived from the action principle take the form
R L (A.11)

One can calculate the derivatives of Z in a straightforward though tedious way. In partic-
ular, one needs to obtain

oQ Q@  0Q

0G2" 9X’ oY’
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from the sextic equation (3.7). The argument of the square root \/1+ G2 — Q2X/64
becomes a perfect square when the expressions (3.27) and (3.28) are used

V1+G2—Q2X/64 = \/(_892 59_2)2 _ 8" +Qz_Q. (A.12)

Then, the checking of (A.7) is straightforward, while the checking of (A.5) is a bit more
complicated. After substituting (A.4) and (A.6) into the derivative 9Z/JF T, we see that
we need to deal with terms of the following form

Floy(glf and  f3[g)(glf>. (A.13)

These terms can be traded with other simpler-looking terms as follows. Applying to (g|f*|g)
and (g|f%g) the Cayley-Hamilton formula

1 1 1
M= o (trM?) M* — <—4trM4 +3 (trM2)2> , (A.14)
where M is any anti-symmetric 4 X 4 matrix, we have
4 L0 2 1 22 L4 2
(9l Ng) = Stef (gl Flg) — (0 f)7 = Jtef™ ) g™ (A.15)

Taking derivatives of the both sides of the above equations, we can then trade f2|g)(g|f
with another more convenient basis. For example,

19) (gl £2 + FPlaYgl + fla){glf? + f2la) (gl f

) 1 ) 1 3 ) (A.lﬁ)
= f(9lflg) + 5tef= (l9){glf + fla)gl) + 5 (2F7 — tef7F){glg)-

This identity also implies that the terms on the left-hand-side of the above equation always
show up together. Terms like f2|g)(g|f> can be simplified by utilising the above identity
and then using Cayley-Hamilton theorem repeatedly if necessary.

In this way, we have checked, using Mathematica, that (A.5) and (A.7) are correctly
reproduced by (A.11).

B Checking the worldvolume space-time symmetry constraint

Without loss of generality, the worldvolume space-time symmetry constraint (3.12) on the
form of the nonlinear self-dual action reduces to
’ 0T 1 (9T \Y 1/ 0T\ oI
2FtG, — Pt — — () G- =] == =0 B.1
J 0GI 2<8F+> J 4<8F+> 0GY ’ (B-1)
where FT4 = 1547,
In order to proceed, it is convenient to utilize the ‘bra-ket’ notation, introduced in the
appendix A. Then, the above equation can be written as follows
1 0T 1 07 0T

oz
+ + —
NG = Flag) ~ 519~ dart o = (B2
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where the derivatives of Z with respect to G; and FJ have the form

0L _9G* 9T (9G* 9Q  9Y 9Q\ oL (B.3)
0G;  0G; 0G* ~ \0G; 0G? * 0G; dY ) 9Q’ '
0L _ 90X o (09X 0Q  0Y 0Q\ oI (B.4)
OF; — OFF0X \OF;0X = 0F}0Y | 0Q’ '

and the derivatives of @ with respect to X,Y and G? can be obtained from the sextic
equation (3.7).
The left hand side of (B.2) can be expressed in terms of the two-vector basis:

F3G),  F|G), (B.5)

with complicated coefficients, which are fractions and contain \/ 64 + 64G2 — Q%2X. In order
to proceed, we make a common denominator for the both coefficients, and call Cy the
numerator of the coefficient of F|G), and C3 the numerator of the coefficient of F3|G).

To show that (B.2) is satisfied, we should check that C; = C3 = 0. Assuming that
(' vanishes, we can obtain the expression for the square root by solving the correspond-
ing equation

Cl(\/ "'7Q7X7}/7G27U'F2) =0 < \/64+64G2 - Q2X = Dl(Q?*X’KGQvtrFQ)? (B6)

where D; is a fraction composed of @, X,Y,G? and trF?. This requirement can then be
easily rearranged into a Q™ series equation of the form

D Ru(X,Y,G? trF?)Q" = 0. (B.7)

n=0
This candidate identity will be trivially satisfied if and only if C] is zero. We then simplify
the candidate identity by trading all the Q™ with n > 6 in terms of the sextic equation (3.7),
with lower degrees of ). The final result is that (B.7) is indeed the identity. The check
that C3 = 0 is carried out in a similar way. Therefore, the nonlinear self-dual action (3.2)
with @ satisfying the sextic equation (3.7) indeed has the (modified) worldvolume space-
time symmetry.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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