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1 Introduction

When it comes to determining the physical content of a given theory, it is clear that a
thoroughly symmetry preserving description is not always the best option. From this
perspective, the light-cone has played an important role since the first steps of string
theory [1]. The starting point of this approach is a Lorentz breaking gauge fixing, which
enables the decoupling of unphysical degrees of freedom even before quantisation. For the
RNS superstring, for example, reparametrisation and local (worldsheet) supersymmetry of
the action are used to decouple the light-cone components of X and 9™, leaving only the
physical components, represented by X* and 1%, the transverse SO(8) directions.

In the pure spinor superstring [2], the covariant formulation is not suitable to investi-
gate the physical degrees of freedom. While the massless cohomology is elegantly given in
terms of the Yang-Mills superfield [3], any attempt to fully describe the massive spectrum is
practically hopeless due to the introduction of extra auxiliary superfields and gauge trans-
formations. To date, only the first massive level has a covariant superfield description [4].

The first approaches to determine the pure spinor cohomology [5, 6] involved a series
of indirect methods to produce a light-cone version of its BRST-like charge, but nothing



as clear and plain as for the other formalisms. A full “ungauged” description has been
presented in [7, 8], involving a twistor-like symmetry. A master action was proposed and
shown to give rise to the usual pure spinor BRST symmetry or to the Green-Schwarz k-
symmetry [9], depending on the chosen gauge fixing. This work has established a much
better understanding on the origin of the formalism and has yet to be explored, but the
known light-cone gauge fixing from bosonic string theory or even the RNS and Green-
Schwarz superstrings is still lacking.

Recently, a DDF-like construction of the massless vertices was proposed [10], introduc-
ing a supersymmetric creation-annihilation algebra that can be used to span the pure spinor
cohomology [11]. It enables an SO(8)-covariant superfield description of the spectrum in a
systematic way, relying solely on the well established massless spectrum.

It is interesting to point out that physical states in the pure spinor superstring are
defined to be at the ghost number one cohomology. Although supported by successful
comparisons with the other formalisms [12-14] and even providing some impressive new
results, for example [15], this definition seems rather ad-hoc and illustrates an incomplete
understanding of some fundamental aspects of the formalism. Taking the bosonic string
as an example, the cohomology at ghost number two (antifields) has a clear kinematic
property that distinguishes it from the cohomology at ghost number one (fields), namely
BRST-closedness does not impose the mass-shell condition. In a more fundamental level,
it can be shown that unitarity of the scattering amplitudes projects out the ghost number
two states. This leads to the physical state condition, known as Siegel gauge: any element
of the BRST cohomology annihilated by the b ghost zero mode, by, is defined to be a
physical state.

In [16, 17], the massless sector of the pure spinor cohomology at ghost number higher
than one is discussed in detail. But it seems that a complete understanding of the spectrum
beyond that was never achieved, especially when it comes to the antifields. The doubling of
the degrees of freedom was expected, although through a nontrivial realisation. For exam-
ple, when comparing the massless vertices U = A\*4, (X, 0) and U* = \*\° 4,5 (X, 0) [18],
it is far from obvious that the number of degrees of freedom matches at different ghost
numbers. Unlike in the bosonic string, where the zero mode of the ¢ ghost introduces a
sort of degeneracy of the ground state, the pure spinor variable makes the doubling of
the cohomology much more intricate. In this sense, the DDF construction of [10] seems
to be a good way to approach the problem. The creation/annihilation algebra is already
determined, and it remains to introduce a ground state associated to the antifields.

For the fields, the DDF ground state is defined through the state-operator map of the
vertex U in the frame Pt = 0. While one of the SO(8) chiralities of A, can be gauged
to zero (A, = 0), the other, Ay, is set to depend on only half of the §%’s. This solution
was first presented in [19] and is discussed in the review section 2. The ghost number two
massless vertex can be analogously gauged to U* = debzdb, where Zaz} represents the
nonvanishing components of A,5 and is simply given in terms of the superfield A;. This
immediately leads to the definition of the antifields ground state and the spectrum is build
in terms of the DDF creation operators.

The introduction of the integrated vertex associated to U* is a natural step and it
is straightforward to build. The first implication is the extension of the DDF algebra.



Denoting the integrated vertices by Vi, c.(k; a;, €,) and Vi*  (k; af, EZ) for the massless field
and antifield respectively, the algebra can be cast as

Vi.c.(k; ai, &), Vio.(ps bis Xa)] = OkipV2{kajbs +i€Xa P, (1.1a)
Vi (k: i, &), Vit (95 05, 65)] = 2k0pix{haa; + i85 el

—ikpi1{a;(07€ )a — a;(07€)a} W5 (0), (1.1Db)
Ve (ks af, &), Vit o, (p; b, X3)] &~ — 4k p{kafb] +igx5 1 M. (1.1c)

Here, k and p parametrise the P~ # 0 momenta, and the remaining arguments of V1, ¢,
and V[* represent the SO(8) polarisations of the massless field and antifield. The first
equation is exact, the usual creation/annihilation algebra, while the last ones hold up
to BRST-trivial terms. Just like the operator P is an element of the zero-momentum
cohomology, so are W} (0), cg and M. The latter, for example, is the integrated form of
the pure spinor measure of integration.

The algebra (1.1) is a simple supersymmetric extension of the bosonic string one,

given by
Vi.c.(k; i), Vi.c.(p; )] = V2651 pka;bj P, (1.2a)
VL. (ks a:), Vit (s af)] & 26, ckPajaicy, (1.2b)
Vi (ks a)), Vit (p b)) & —40k4pk”afbl Mo, (1.2¢)

where ¢ = -2 $0cOX T and My,s = ¢ (8c82c). The operator cg is of particular interest.
Observe that it satisfies
iV2P* = {bo, i}, (1.3)

where by is the zero mode of the fundamental b ghost. This means that car acts as a DDF
conjugate of by in the subspace Pt # 0. There is, of course, the P~ # 0 analogous of this
operator, defined by ¢, = —V2 $OcOX .

Because the cohomology of the bosonic string by is trivial, equation (1.3) brings no new
information. However, this is potentially interesting in the pure spinor formalism. The
operators caE indeed act as a composite ¢ ghost, taking any element of the ghost number
one cohomology to its related antifield. The explicit expression for car, for example, is

=1 yﬁ {Hie,»jAj - jiNiAi ~ 2 (bost) A — L (80,00) eijAj} W

The SO(8) notation used above is discussed in detail in subsection 2.2. By investigating
the role of the composite b ghost, the extended DDF algebra implies that

iV2P* = {by,cg} +{Q,6F}, (1.5)

which differs from the bosonic string analogous by a BRST-exact piece. The operators
¢* depend on the specific form of the b ghost (recall that the pure spinor b ghost is not
uniquely defined). In this sense, there is a hidden (b, ¢) structure in the spectrum.

In spite of the more restricted result of (1.5), it is possible to extract some information
about the cohomology of the pure spinor by. Assuming that the DDF states span the ghost



number two cohomology, there is an interesting consequence concerning the spectrum.
The antifields have a singular kinematic property, in a direct parallel to the bosonic string,
and the definition of a physical state condition in terms of the action of by is roughly a
consequence of this analysis.

This work is organised as follows. Section 2 is a review on some basic aspects of
the pure spinor cohomology, including the DDF-like construction that is extensively used
next. Section 3 presents the analysis of the ghost number two cohomology restricted to
conformal primary operators, with an extension of the DDF algebra and the map from the
physical states to the antifields with the introduction of the operators c(f, which behave
as zero modes of a ¢ ghost within the DDF construction. Section 4 discusses the physical
state condition known as the Siegel gauge and the b ghost cohomology is analysed in the
subspace of BRST-closed operators. Section 5 summarises the main results of this work:

e SO(8)-covariant construction of the super Yang-Mills antifields;
e SO(8)-covariant construction of the massless integrated vertex for the antifields;
e extension of the DDF algebra;

e doubling of the pure spinor cohomology at ghost number two and its singular BRST-

exact feature;
e definition of the operators c(jf and their role as DDF conjugates of by;

e analysis of the physical state condition (Siegel gauge) on the BRST-cohomology:
ghost number one states are bg-exact up to a gauge transformation; ghost number
two states do not belong to the cohomology of by.

Appendix A includes several computations that have been skipped in the main text, e.g.
the SO(8) decomposition of the pure spinor measure of integration and the extended DDF
algebra. In order to present a more familiar ground, appendix B contains a short review
on the DDF operators in bosonic string theory. Most of the results of this work have a
simple analogous there and understanding the bosonic picture will make the pure spinor
case clearer.

2 Review of the pure spinor cohomology

The pure spinor (left-moving) BRST-charge is given by

Q= (o). (2.1)

where A% is a pure spinor variable, and

1 1
do, = Po — iaxm (0vm),, — 3 (07™00) (0vm),, (2.2)
is the field realization of the supersymmetric derivative
0 1 0
Du= 2= Lyme), 2 (2.3)



Note that DuF

(z—v)
with F' being a superfield of the variables X" and 6. It is straightforward to check that

do (2) F (Xa 0; y) ~ ) (24)

’Y%Hm
(s ()~ —g2
with II"™ the supersymmetric momentum operator, defined by
1
nm =0X"+ 3 (0~7™00) (2.6)
and satisfying
m 598
7&580
I (z)da (y) ~ ——, (2.7
()b () ~ — (2 )
m n n""
I (2) 11" (y) ~ ——1—. (2.8)
(z—v)
Both II" and d,, are invariant under the action of the supersymmetry charge
1 m 1 m
Qo = Pa + iaX (Ovm),, + 21 (0™00) (0vm )y, ¢ (2.9)

with algebra {Q.,Qs} = —iYppPm, where P™ = i $OX™. The matter energy-momentum
tensor can be written as 1
Thnatter = =51y = dad6°, (2.10)

and supersymmetry is explicit.

2.1 Massless cohomology

The pure spinor constraint,
AN =0, (2.11)

is essential for the nilpotency of the BRST charge, as

1

@ =5 powm L, (212)

and it clearly plays a fundamental role in determining its cohomology. Perhaps the easiest
way to see this is through the zero momentum states, which can be cast as

{ L (Ay™0), (Aym) (Aynb) (™),
(M™0) (Ymb) o, (Am0) (M) (0™7P0)

The above set is organized according to the ghost number charge defined by the current

(M"0) (M"0) (MP8) (07mnpt) } :

J = —wa A%, where w,, is the conjugate of the pure spinor, such that
)\a

(2.13)



The unit operator is the only element at ghost number zero, as there is no nontrivial
structure associated to the constraint (2.11). The ghost number one states correspond to
the unintegrated vertices of the super-Poincaré generators P™ and @), cf. equation (2.9).
Note also that the higher ghost number elements can all be composed from the ghost
number one states:

(Mm8) Amb) (77"0)% = (M OI[(AY") (va8) sl (2.14a)
(M) (M) (69™26) = [(M™0) (3 ) JJI(AY"0) (100) 517", (2.14b)
(978) (V176) (078) (Bromgf) = (V)] [(N108) (A1) (O7796))87. (2.140)

Clearly only certain combinations give rise to nontrivial elements. For example, at ghost
number three one has

(4978) (3078) (178) (92030) = ( 55 ) O (4976) (1178) (0178) (0135,0)
$55Q, (Brupaf) (0™0) (61°10) (A0) ]

20
3
+E[Q’ (07™10) (Avg0) (0vnpr8) (A" 0)], (2.15)
and the traceless composition from the left hand side of the equation is BRST-exact.
As mentioned before, physical states in the pure spinor formalism are defined to be in
the ghost number one cohomology. The massless vertex, U, is described by a superfield A,

built from the zero modes of X™ and 0%:
U=M\A4,(X,0). (2.16)

Observe that {Q,U} = A\*\° D, Ag, which can be Fierz decomposed to

1 mn

(AP X) (DYmnpgrA) (2.17)

{Q.U} = 35 (™) (Dymd) +
1

a5 32

The first term on the right hand side is proportional to the pure spinor constraint while
the second vanishes because yzfgnp is antisymmetric in the spinor indices. BRST-closedness
of the vertex implies Dy""™P4" A = (, which is the equation of motion for the superfield
A, describing a massless vector boson, a,,, and its superpartner, (¢ [3]. In the gauge
0“A, = 0, the superfield can be expanded as

Ao = & (mb)3 ("), — 30mE” (10) (677™70) (),
+am (v™0),, + i@nam (09™%0) (y,0),, + O (6°) . (2.18)

The gauge transformations of A, assume the form 64, = DyA, as U is defined up to
BRST-exact terms, 60U = [@, A]. The integrated version of the vertex U is given by

V= }zﬁ (I Ay + 00% Ag + dgW* + Ny ™}, (2.19)



where

1
Am = ¢ (DymA), (2.20)
(63 1 m o m (0%
W = 5[0 D) A — O (" A)7] (2.21)
Finn = %(amAn — OndAm) (2.22)
and N = —%w'ym”/\ is the pure spinor Lorentz current, satisfying
LG
N™ () X* (y) ~ = . 2.23
(2) A% (y) ~ 5 =) (2.23)

BRST-closedness of V' again relies on the pure spinor constraint and it is easy to show that
Q,V] =¢oU.

The extension of the covariant analysis to massive states ends up introducing a lot
of auxiliary superfields with unclear field content (currently only the first massive level
has a known covariant superfield description [4]). Previous analyses of the pure spinor
cohomology relied on nontrivial operations on the BRST charge @ (infinity set of ghosts,
similarity transformations, etc. .. ), which made the superfield character of the vertices very
obscure. Inspired by the DDF description of the bosonic string cohomology,' there is now
a very transparent way of building the physical vertices in an SO(8)-covariant way, which
will be reviewed below.

2.2 DDF-like operators

The DDF operators are built on the light-cone frame and it will be useful to establish the
SO(8) notation beforehand.

Any SO(1,9) vector, K™, will be decomposed as v/2K* = (KO + K9), with transversal
components represented by K?, with i = 1,...,8. In this notation, the metric ™" is such
that n*~ = —1, n*T = n~ =™ = 0 and 1Y is the flat SO(8) vector metric. For a rank-2
antisymmetric tensor K", the SO(8) components will be represented as

{KU, K=K K =K' K= K+—} .

Given a spinor £%, one can denote its SO(8) components as &, and &;, where a,d =
1,...,8 are the SO(8) spinorial indices, representing different chiralities. Note that upper
and lower indices in the SO(8) language do not distinguish chiralities, i.e., one can define
a spinorial metric, 1g (1,;), and its inverse, 7 (ndb), such that 7,.n® = & (naénd’ = 6&),
which are responsible for lowering or raising spinorial indices, acting as charge conjugation.

The reader not familiar with the DDF operators in bosonic string is advised to follow the quick review
presented in the appendix.



The matrices *ym are conveniently written in terms of the 8-dimensional equivalent of

the Pauli matrices, o ., which satisfy the following properties

aa’

(% ol + 0 Uia) ™ = 2 g, (2.24a)
(Uaa Ty T Uabgga) " = 277ij77,~11',a (2.24b)
( Tai bb+0 %) Nij = 2NabMgj- (2.24c)
The non-vanishing components of ~;; and ('ym)aﬁ are
Yop = Tai (v)* = ol iy,
V5= V2w, () = V2, (2.25a)

and the usual anticommutation relation {y™,~"} = 2p™" follows from (2.24). From now
on the light-cone coordinates will be used, unless explicitly said otherwise. All the SO(8)
metrics will be chosen to be equal to the identity and no distinction will be made between
upper and lower indices.

Several combinations of #’s and \’s will appear, so a short notation will help simplifying
the results. The pure spinor constraint is rewritten as

A0 Xa = Aada = Aadg = 0, (2.26)

and the following definitions will be recurrent, relating some of the SO(1,9) bispinors to
their SO(8) decompositions:

. 1 L Y 1 .
07 = — — (970 07 = — — (0v"Vo 2.27
5 (070) 5 (" ) (2:27a)
= HQUZ)HI,, = gaa%@b,
. 1 . - 1 .
AT = — — (Mg A= — — (670 2.27b
= X\o'l0), = o 20;,
A=l ()\'y +0) =1 5 (o) (2.27c)
=3 = .
= X004, = Aaafwa
A= — L (o) A= (o) (2.27d)
V2 V2
= Aaba; = Naba-

Here, 0¥ = % (aiaj — ajai).
Having fixed the notation, the first step in determining the set of operators to proceed
to the DDF construction is to find a convenient gauge for the superfield A, of (2.18) in a



given light-cone frame. Working with momentum eigenfunctions and choosing the frame
where k= = kv/2 and k¥ = k! = 0, a quick analysis already determines the physical
polarizations to be a’ and £,. The component a™ is removed by the condition a,,k™ = 0
while a™ is pure gauge. For its superpartner, the equation of motion &, (y™¢),, = 0 implies
&, = 0, since (’y*)aﬁ projects onto one of the SO(8) chiralities. It turns out that there is a
gauge where A, gets a very simple form,

Ay (k) =0, (2.28a)

Aa (k) = e7hV2XT {@-z — g0 = 5y0ii0n + 7;%6’%%} a! ("l0>a Hpe
» 1. ik, K ik’ i
e { g0t = pfin = Gy liaba + S'Qijejkekl} E'0) (o'0),, (2.280)

a

where a’ and £, are the physical polarizations mentioned above. Observe that the unusual
singular term when k — 0 is necessary due to this particular gauge choice, where all
the dependence on the 6; was removed. It is straightforward to show the action of the
supersymmetric derivative D,:

DAy (k) = o'y Ai (k), (2.29a)
D;A; (k) =0, (2.29b)
D, A; (k) = iko' A (K), (2.29¢)
DyA; (k) =0, (2.29d)
where
i + ik k? ik3 kA ,
A (k) =e kvV2X {5z‘j + geij - Eez‘kgkj - ﬁ‘%k@kl% + 8!9ik9k195m9m]} a’
3 + Z]C kQ Zl{;g — .

represents the non-vanishing components of the superfield A,, introduced in (2.20) [19].

The next step is to translate the above results to the massless pure spinor cohomology.
Instead of restricting the discussion to the open string, it is more enriching to view them
as coming from the holomorphic sector of the closed string. The worldsheet scalars X™
are the only possible source of problems in this transition and will be written as

X" (2,2) = X" (2) + XF (Z). (2.31)

The subtleties coming from this holomorphic splitting will not play any role in the con-
struction of the physical spectrum and will be ignored throughout this work.
Inserting the superfields of (2.28) in U = A\*A,, one obtains

U=a;U;+&Y,, (2.32)



— _ibVaXT ik k? ik?
U, (Z; k‘) =e kvV2X] {Al — 591']'1\]' — géijejk/\k + ,Y'Qijgjkekl/\l} s (233)
_ » +o 1 ik k2 ik3
Y. (Z; k) =e ikvV2X] (902)(.1 {2'[\z — EQZ']’AJ' — aﬁwejkAk + gﬁiﬂjk&kml}
’ <k:) eTHVIXER,, (2.34)

corresponding to the gauge fixed unintegrated massless vertices of the SO(8) vector and

spinor polarizations.?

Both U; and Y, transform nicely under the action of the supersymmetry charge (2.9),

{Qa Ui} = (2.35a)
[Qa, Y] = (2.35b)
{Q.,U;} = zk‘o’ oYa, (2.35¢)
[Qa, Y] = (2.35d)

and BRST-closedness follow from the equations in (2.29) and the pure spinor constraint.
The integrated vertex, denoted by Vi, .c. (k:; ai,gd), comes from a simple insertion of
the gauge fixed superfield and its auxiliaries in (2.19),

Ve (kiai &) = o { (T = iVERN,) A4+ (0B -+ ihds) A} (2.36)

with N' denoting the components N ¢ of the Lorentz ghost current.

In the DDF construction, the integrated massless vertices constitute a cre-
ation/annihilation algebra acting on a determined fundamental state. A direct computation
shows that the pure spinor vertices of (2.36) satisfy the following commutation relation:

Vic.(k), Vic. ()] = — 95 [A; (p) OA; (K) + ip7s (p) 04, ()}
+z’py§ A4 (p) 90.D, A, (k) (237)

Although far from obvious, the right hand side can be written in a very simple way due
o0 (2.29). Tt might be helpful to point out that = IITd; + 90°D, whenever acting on
superfields that depend only on X; and 0. Observe that

A; (p) OA; (k) + ipAg (p) 94, (k) — ipAq (p )aa DoAq (k)

= +p8 (Ai (p) Ai (k) +ipAa (p) Aq (k) . (2.38)

2To match the notation of previous works, the vertices here differ from the ones in [10] by imaginary
factors.

,10,



so the integrand of (2.37) is a total derivative for (k + p) # 0. Another interesting conse-
quence of (2.38) is that the expression inside the parentheses on the right hand side is a
constant for (k 4+ p) = 0, which can be shown to be:

i (s 02, Es) As (—hs b, o) + 67 (ks s, £5) Ao (= bis X) = ashs + (;) E%s (239)
Therefore,
V(R Vi 0)) = By b {45 () 0 (<) + K78 () 98 ()}
I 75 (k00 DoAs (k) Ay (—h))
= OpipikV/2 315 {A; (k) A; (—k) + ikA; (k) Aq (k) } 0XT, (2.40)

where in the last line surface contributions were again discarded. Using the result (2.39),
the commutator takes the final form,

[VLC(ka ai)gd)a VLC(pa bi7¥[1)] = 5k+p\/§ {kalbl + igd?a} P+7 (241)

constituting a supersymmetric creation/annihilation algebra whenever acting on states with
PT #£0.

Given the vertex (2.32), sometimes it is easier to view supersymmetry as a passive
transformation on the polarizations a; and &, instead of an active transformation on the

basis U; (k) and Y (k):

(Qu,ai] = =08 €, {Qar &} = —iko? ,a,. (2.42a)

When looking at the creation/annihilation algebra of (2.41), supersymmetry is consistent
with the combination 0y, (k‘aibi + iéaya). Observe that

57 (@ [as(0™ 00 — B0 E)]} = (hasbi + E3) (243)

In spite of this result, the right hand side of (2.41) is the most general expression compatible
with supersymmetry, since P itself is supersymmetric. In the next section a more general
construction will be introduced for the antifields, which includes the structure of (2.43).

Another interesting feature of the vertex (2.36) is its action on the operator (Ay~0) =
—+/2A defined in (2.27):

= A k— ik~ —
Vie (kiai &) =5 | = Shidi (k) + 5 AaAa (k)
ik (K) — % (Q. 0,4, (k) . (2.44)

The unintegrated massless vertex, up to a gauge transformation, can be thought of as com-
ing from the action of the DDF operator on an “unpolarised” state of the zero-momentum
cohomology.

— 11 —



The last step to build the physical spectrum through the algebra (2.41) is to define
the ground state which they should act upon. They are of course build from the P # 0
analogous of (2.28):

ik/EX ik K - kR o -
A (k) = e VXL {5il - 5911 - 591‘1‘9]'1 + ,ﬂez‘jejkekl} a' (0'19>a +oe V22X e
P T/ T R /. S
teikV2X, {2!5il - 1«91‘1 - aeijejl + &Hijﬁjkﬁkl} (50 9) (alﬂ)a, (2.45a)
Za (k) = 0. (2.45D)

Denoting the fundamental state by |0, k), the state-operator map gives

0,k) = lim X* A, (K) [0)
= aili, k) + €0 |0, k) (2.46)

and the massive spectrum is obtained through the action of the operators Vi, c.. The
implementation is detailedly presented in [10] and will not be repeated here.

Now the ghost number two cohomology will be discussed.

3 Antifields vertex operators

In bosonic string theory, the antifields have an odd feature that distinguishes them from
the physical states (see appendix B). This is not the case in the pure spinor superstring
and in this perspective the definition of a physical state has to be better understood.

At the massless level, a generic element of the ghost number two cohomology can be

cast as

U* = XN Ay, (3.1)

where Ayg = Ay (X, 0) is an SO(1,9) superfield constructed out of the zero modes of X™
and 0%. Observe that

{Q,U*} = X'A*N'D, A5 (3.2)
and the superfield equation of motion follows from the BRST-closedness of U™*:
D((Aagy) = 0. (3-3)

The double parentheses represent a symmetrized gamma-traceless operation on the spinor
indices, a consequence of the pure spinor condition.

— 12 —



The field content of A, is composed by an anticommuting vector field, a;;,, and its
superpartner, £,

= (M) (Mp0) (07"PE7) + ay, (Apt) (Ag0) (07™790)

)
+(§) 2m€it” (ut) Oy (097709)
§ ) 9L upt)” (478) (1040) (6779)
+ (45 ) 9 037776) (49™0%6) 03,10) (39'0) 1
+(55) 2 O3776) 060) (0770) OB) 1y + O (0T) . (30

and their equations of motion follow from (3.2):

Q.U = (1 ) (8- %) (\™6) (970) (A?0) (Brmng) + O (6°) . (3.5)
= 0™a,, = 0.

This is expected for the gauge boson antifield. Since fields and antifields are dual with
respect to their equations of motion and gauge transformations, it is no surprise that
{Q,U*} = 0 does not imply an equation for &, for there is no gauge freedom associated to
the gauge boson superpartner £*. On the other hand, £} has a nontrivial gauge transforma-
tion. Of course U* is defined up to BRST-exact terms, which take the form A*\? D,z and
dAap = D((af2g)) describes the antifield gauge transformations. They can be individually
expressed as

Sat, = 0" (Omby — Onbum) (3.6a)
565 = Yu0mx”, (3.6b)

with gauge parameters b, and x* [18].

In this section, the cohomology at ghost number two will be further analysed, including
the massive levels. It will be shown that the DDF-like extension to this sector displays
some clear parallels with the bosonic string case.

3.1 Cohomology ring

A natural question about the ghost number two cohomology concerns the composition
of two elements from the ghost number one cohomology.® To illustrate this construction
consider the ordered product of two massless superfields A, and A/, with momenta p™ and
q"", respectively:

XA Aas (9, a3y) = lim 2 A" Aq (p; 2) N AG (g:) - (3.7)

3This subject was previously studied in the amplitudes context [20].
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Assuming p™ parallel to ¢, there is clearly no ordering issue and (3.7) is a massless
BRST-closed operator.

The existence of this vertex is expected, although it is not obvious whether it is in the
cohomology. In fact, it can be shown that (3.7) is BRST-exact when (p™ + ¢"™) # 0. When
(p™ + ¢™) = 0, it is a combination of two elements of the zero-momentum cohomology, cf.
subsection 2.1. In order to check this, (3.7) can be Lorentz rotated so that p™ = p~ = /2p
and ¢ = ¢~ = 1/2q. After a gauge transformation, it can be rewritten as

U? (p,q) = Naa (0) N4 (q) - (3.8)

In this way, the 6 expansion of U(Q) is easily obtained from the SO(8) superfields discussed
in the previous section. The explicit construction for the vector polarisations, for example,

is given by

Ti(p)T; (q) = e 0rv2e {A A Z<3v>A Ol = <§>9ikAkAj

¢ P’
- (5,> N0 0 A — <5,) OO A A — (3,3,)9m1\k9ﬂ/\z

¢’ P’
+1 (7'> A; ijeklelmA +1 (7) eikeklelmAmAj

Pq p?q
+ 14 < 6! > ezkAkejlelmA +1 < 6! ) GikeklAleijm} . (39)

This product is analysed in the appendix A, equation (A.l). It can be cast in a very
simple form,

010y (@ e 0T (B0 ) oAy (0), 3.10)

where the symbol &~ means equal up to BRST-exact terms and will be recurrent in the
upcoming results. For (p 4 ¢) # 0, the right hand side can also be written as a BRST-exact

expression:
, _ _ -2 A
e I PHOVIXE AR, (B04f) = <p+q> {Q [er + Ak (egke)} “erq)ﬂXf}- (3.11)
Therefore,
0 (p+aq) #0,

U (p)U; (q) ~ (3.12)

i (2) N AN (0010)  (p+4q) =0,
When it comes to U; (p) Y, (¢), the procedure is very similar:

P00

_ _ i + (2 = .
Ui(p)Ya(q) =e (Pra)vV2Xy {in)\a - iAiAj (Qaj)a + 31

. . 2

q 1 p p ¥

+ A0 (607), + 5 S'eUAjAk (aa’f) B Pt AN
2

+1|Ai9jk9kml (607), + emejkAkAl (00 )

2'5'

+ P g A0, (QUk)a -

T3 Hij'gjkeklAl)\d} . (3.13)

g
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After the identification of the BRST-exact terms (also left to the appendix, equation (A.5)),
the above expression can be written as

_ 1 R P
Ui (p) Vi (a) ~ — e PFOV2¥igi,A [QAJ ) Aﬁa] . (3.14)
Observe that

A 1 _ ; A o _
e PVXEN | IR, (078), AAea] —~ —]39 [Q,e—wﬁxf <;Aj (078), — AA9a>] . (3.15)

so when (p+q) # 0, U; (p) Y (q) is BRST-exact:

0 (p+4q) #0,
Ui(p)Yalq) ~ o o (3.16)
%O’Zdl\ (Aﬂa - %Aj (JJG)G) (p+q) =0.

The same analysis can be done for the product Y4 (p) Y (¢), so the conclusion is that

@ (p,q) is BRST-exact unless (p™ + ¢™) = 0. In that case it is given in terms of the
zero-momentum cohomology:

0 ) = 8y (5) A (55 (079), = 50, ) {os (00, ~ 0 (0°D),}
. (;) AR, (60,9) {pasb; + i€:Xs ) (3.17)

Here, (ai,gd) and (b;, ;) are the polarisations of A; (p) and A; (q) respectively.
It is also possible to build an integrated version for T? (p, q). Denoting it by 7@ (p,q),
the expression

v (p,q) = 56{ [(Hz — i\/ipﬁi) A; (p) + (004 + ipds) Aq (p)} N4 (Q)}
- 35 {%ada (p) [ (T = iv24N;) Ai (q) + (98, + iady) A, (@)] } (318)

is BRST-closed since

—(2
a0 .0). (3.19)
It turns out that the above construction is relevant for the extension of the DDF

operators to the ghost number two cohomology. For this reason, it will be put in a more
symmetrical way. Note that
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Therefore, after a gauge transformation

T (9 k) ~ Gpeg (;) A @Aj (o70), A0a> {a; (%), — bi (') )
—~Opiqg (214) i Nk {pajb; + i€ s} - (3.21)

The integrated vertices associated to the right hand side of the above equation will be
denoted by Wy (0) and ¢, respectively, and are given by

Wi = - {A (da FIL (075), + V20X ~0, — | (3'00) (az‘e)a> }
g {ax+ @ (c'8) K+ Aea) } , (3.22)

Ca_ 1 %{Hlﬂz‘jAJ’ — iNzAz — g (90’13) Az - % (90’165) HZ]A]} s (323)

6 V2
such that
— 1 N i i . = _
VO (b,0) = S0peaWa () {ai (%), = b ('), } = i0peacis {pashs + €%}, (3:24)
and

@.W; 0] = fo {A (;A (+°9) Aea) } | (3.25)
(@i} = o5 PoAAL). (3.26)

The notation W (0) will become clear soon. It represents the zero-momentum limit of the
antifield DDF operator.

Clearly all the results derived here can be extended to the frame where PT # 0. In
this case, the analogous operators are defined to be

LAUESA {A (da 1L (0%0), + V20X 0, +  (00°00) (gie)d) }

+ §1§ {\/iax <; (0'0), Ai + A0d> } : (3.27)

_ 1 — 3 — 3 = 1 R —
Cy = 6 % {Hieij/\j — ENZAZ + 5 (dJZH) Ai + 5 (800z9) (gijAj} . (3.28)
Having a simple interpretation in terms of the integrated zero-momentum vertices, the
operators ca: will be shown to play a similar role to the zero mode of the bosonic string ¢
ghost, cf. equation (B.11) of the appendix. In order to understand this relation, the BRST

cohomology at ghost number two has to be further discussed.

3.2 Extended DDF construction

Given the superfield A, of (3.3), it might be possible to find a gauge transformation similar
to what was done for the physical states in the DDF description, where the dependence on
half of the 6’s was removed, leaving only the physical polarisations in a particular frame.

,16,



Instead of following this procedure and determining a convenient choice for the gauge
parameters in (3.6), a more direct approach will be considered with the action of the
operators cac on the gauge fixed massless states \; A4, cf. equation (2.28b). Since they have
ghost number one and {Q, ca—L} = 0, the resulting operator shall have ghost number two
and be BRST-closed. It is straightforward to compute the anticommutators to obtain:

{CS_,X(IZ@ (k)} = — AX@Z(I, (3.29)
{CJ,X@Z@ (k})} = 7/\%141

={Q,A (0:4a) } + A (Nads)

~ A (Nads) . (3.30)

The first operator, A\, A4, can be easily shown to be BRST-exact (see appendix A).
However this is not the case for A (XaZa), which is the analogous DDF gauge fixed operator
for the massless ghost number two cohomology. For completeness, observe that the action
of the operators W (0) and W}, (0) is completely neglectable, as they satisfy

{Qa,c§} = Wi (0), (3.31)
{Qu,co} = W, (0). (3.32)

The Jacobi identity in its turn implies that both [W (0), \aAg (k)] and [} (0), AeAs (k)]
are BRST-exact.
Defining

N(Ndy) =aiU; + .75, (3.33)

the superfield expansion for each polarisation is given by

. — ik k? ik’ —i )
Ui (Z; ki) =A {Az — ?6’]1&3 — EGUOJ-;CA;C + ,ﬂeijejkeklAl} e k\/iXL , (334&)
" - 1 ik k? ik? » +
Yd (Z, k) =A (QJZ)G {Q'Al — EeijAj — EQZJHJ;CA;C + &Hijejkeklm} e Zk\/ﬁxL
+A (;) Noe~ RV2XL (3.34b)

It is worth to take a look at the statistics of the polarisations. Now the SO(8) vector
polarisation, denoted by a;, should have fermionic statistics, while the polarisation EZ is
an SO(8) bosonic spinor. In the following, however, the physical polarisation statistics will
be kept (bosonic vector and fermionic spinor), as the known properties of the superfields
A; and A; will be used constantly, avoiding possible misunderstandings.

Maybe the best way to convince oneself that the vertices (3.34) truly describe the
antifields is to show that they are dual to the physical massless states. Consider the two-
point amplitude

f [(aiygd)v (afvé:;)? k7p:| - <Xdzfl (k) ’ KXI}ZB (p)> ) (3'35)

,17,



where A\qAq (k) describes the fields with polarisations (a;, ;) and AX\;4; (p) the proposed
antifield vertex with polarisations (a!, EZ) According to the analysis of subsection 3.1, the
product U® (k,p) = NaAq (k) - A4 (p) is BRST-exact unless k + p = 0, that is

0 (k) = b () 4 (575 (079), = 364 ) (ast0'E) - ai (061
—Ok+p (224) Oik i Mg (lfaja;f + ZEGEZ) + {Q, Z(l)} ; (3.36)

where Z(M) is a ghost number one SO(8) superfield unimportant to the present analysis, as
it decouples from the amplitude computation:

f |(@80). (@1, E). kp| = = (AU (k,p))
= 5ers (3) (-3 (35 (#9), +560.)) (€ - (0D
+5k+p< )(k:ajaj+z£a )(KeikAiAk>+<{Q,KZ(1)}>
= G < > (k:a]aj + z§a§a> (RO AAL) . (3.37)
Observe that

XA <_;Aj (o70), +A«9a) -1 [Q,Ai (609) <_;Aj (o70), +A«9a)] L (338)

explaining the vanishing of the mixed polarisations term (a;(c’€ )y — a(07€)q).
Now it remains to show that A#;;A;A} is proportional to the pure spinor integration
measure, given by

((A™0) (\y"0) (MP0) (0vmnp0)) -

This result is discussed in the appendix, after equation (A.26), and it can be shown that:

_ 1
ANAGOj; = o5 (™0) (A"0) (APO) (97 f)

5 [Q A, (60,0) 8]
—Z [Q, AXHWQJ + % [Q,XAZ (5@0) Qﬂ] . (339)
Therefore
(@&, (0, E0). ] o by (ajal + 06,65 ) (3.40)

as expected from the field-antifield 2-point amplitude. This shows that KXbe (p) is indeed
a proper antifield vertex.

From the above construction, the duality between fields and antifields is explicit. The
supersymmetry transformations are still very simple but with an extra BRST-exact ingre-

,18,



dient:

[Qa, Uil = [Q,0.U1] (3.41a)
~ 0,

{Qa: Y3} = {Q.0:Y3) (3.41b)
~ 0,

[Qa, U] = ikoysYa, (3.41c)

{Qa, Y3} = —0l,Us. (3.41d)

The integrated vertex associated to (3.34), denoted by V{* , can be easily guessed by
observing the role of the operator A. Note that

{QX |(Ti = iV2EN,) A, + (90 + ikda) Aa | = —80 (NaAa) (3.42)
Knowing that 9N = —/2[Q, X ], the obvious proposal for Vit is

Vit (k; a;,z;;) - %{A (ni - zﬂm) A + N (00, + ikda) Ay + ﬁaxﬁga} :
(3.43)
which is BRST-closed by construction:

(QVic) =~ oEna
=0, (3.44)

It is important to note here that V|" has to be appropriately ordered, since it contains
products of operators that diverge when approach each other, e.g. 9X~ and A;. The
prescription used here is the usual normal ordering where : A (z) B (y) : means the absence
of contractions between two generic operators A and B. From now on, this will be implicit
in order to leave the notation simpler.

As a consistency check, it is possible to show that

[ed Vec. (ksai,&)] = +§1§ {g |:Hz'Ai — V2N A; + 00,44 + ikﬁaza} }

W2 $ (o () (3.45)
lco s Vie. (krai &) = = Vie (ks ai, &) (3.46)

The vertex (3.45) is the integrated form of A (Xdﬁd), which is BRST-exact. And the
vertex (3.46) agrees with the proposed one in (3.43), up to gauge transformations.

The natural step now is to understand the algebra of V|" . It is clear that it does
not constitute a creation-annihilation algebra as the operators are now charged under the
ghost number current. On the other hand, it gives rise to some interesting features.

Similarly to (2.41), there might be some subtleties when determining the algebra for
(k4 p) = 0. The details are discussed in the the appendix, equation (A.18). Computing

,19,



the commutator between Vi, ¢, and V{* , one obtains

Vie (ki i, &), Vi (piaf €3] & —ikdyen {ai(0€)a — ai (0'8)a } Wi (0)
+2k0p 4 {kaja; + zZaEZ} g, (3.47)
and the operators cg and W (0) naturally appear in the extension of the algebra.

Going further and analysing the anticommutator of Vi* with itself, a similar result is
found (equation (A.20) of the appendix). The anticommutator assumes an elegant form,

{Viic. (b0l 80, Vie i1, %) | ~ —4kdsy {hajty + 63} M, (348)

where

1 — 1 _ 2
M = 6 % {A <Hz’9ijAj — 5 (00189) QijA]’> + [GX_QZ'inAj}

—% 75 {A (V2N + A (60,d) ) } (3.49)

is the integrated version of the pure spinor integration measure. Note that

Q,M] = L 5158 (AA;A;65:) (3.50)

24
which is in accordance with the measure displayed in (3.39). All these results have a clear
analogous in the bosonic string, cf. equations. (B.13) and (B.14) of the appendix.

3.3 The antifield spectrum

Before generalising the construction of the spectrum to the antifields, it is worth to under-
stand better the properties of the massless vertices introduced above.

First of all, this sector has an analogous property to (2.44), meaning that the mass-
less unintegrated vertices of (3.34) can be obtained from the action (3.43) on the zero-
momentum state A:

-

VITC(kv a?ag:;)v -5 = ikKXdAd +

_ ik .
5 5 (@ R0:A]. (3.51)

The zero-momentum limits of AN\, A; and Vi* ¢ (k;a} ,E:) present a subtlety for the
SO(8) vector polarisation. Observe that

lim U, (k) = AA;
k—0

- Q.50 (352)

is BRST-exact. A closer look clarifies this issue and the expected zero-momentum state
lies in fact at the next order in k. The easiest way to solve this issue is to rescale the
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polarisation a] — k:_lai* so that

R ] —— 1 —
%%A)\ W Ag ( : ,{a) = —gal (3A0UA +A9UA ) +EA <_2!Ai (0o;), +A9d>
{Q, lim (21k0 -Aje_ikﬁxff> }
ot ().

Note that this is just a feature of the procedure used here to determine the antifield vertices,
i.e. the action of the ¢, operator, and does not mean that the vertices obtained in this way
are ill defined.*

The same analysis applies to the zero-momentum limit of Vi* . Defining

VLC( 7§a)—av ( )+EZW:(1€)7

it can be shown that
tim Ve (K6 ) = @iV O+ E7; 0
+ (@f ) lim {Q, %(axedeimxf )} .
+aj lim [Q, - §1§ { (6o"d) + %éijnj + \/§N’} e—imx*]
n (;a> lim [Q, + {00 (079) + 35 (00070)} e—MX*]
~ (vaa;) hm [Q, L (000)) eikﬂX+] , (3.54)

o V; (0 §’§ {90d + GUH +V2N' - =i (eojae)}
zy§A{ (6o'd) + 9,]11 + V2N + 29~(890j0)}
zy§ {;a (0576) — V211~ (eaie)}
NG {a < (6078) + ;eijAj) +1|ax—eijAj} (3.550)
10 { ( ), + V20X B+ | (6°08) (o ))}

+

*@\“@\

{x/iaX— (; (0'0),, Ai + A0d> } (3.55b)

4In fact, this can be understood in the Lorentz group analysis. From the light-cone point of view, there
is a U (1) charge associated to the Lorentz generator L™~ . For example, the massless vertices U; and Y
have charge 0 and %, respectively. On the other hand, the associated antifields U, and Y, have charge —1
and —%. This is so because the operator ¢, has charge —1 with respect to LT~. While this works well
for the pair {?d,?:;} (since the spinor field and antifield have opposite charge), the vector pair {Ui,U:}

develop this asymmetry under the action of ¢, . This is the origin of the odd limit discussed above.
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The existence of singular terms in the zero-momentum limit of (3.53) and (3.54) is due to
a singular gauge choice and could be of course removed by a gauge transformation.

Concerning the antifield spectrum, one starts defining the ground state similarly to
the ghost number one case,

|0,k)" = lim AN A, (k) |0)
z—0
= ‘Z7 k>* + ga ‘a7 k>* ) (356)
cf. equation (2.45), such that
AN Aq (k) =~ {cf, Aada (k) } (3.57)

The excited states are built by the action of the creation operators Vi, ¢. of (2.36) on (3.56).
This is exactly the same as presented in [10] for the physical states, the only difference being
the ground state, which has now ghost number two.

In this way, each physical state has a correspondent antifield. This map can be made
more precise with the action of the cg operator. Since [CSF,VL_C.] ~ 0, given any DDF
state in the physical spectrum (P~ # 0) of the form

) = T1D° CrnVile. (k) (ai [i) + &ala)) (3.58)
k n
one can define the antifield by

o )
[1D° Crntiic, (k) (@i i) + ala)). (3.59)
kE n

)"

%

It should be kept in mind that the Vi, c.’s in the above construction have independent
polarisations among each other, in such a way that any element of the cohomology can be
described by either (3.58) or (3.59) for a given set of polarisations {a},a?, ... ,E}I,EZ, e b
up to Lorentz transformations and gauge transformations.

Observe that both [¢)) and |¢)* depend only on half of the A* components. The
components \; clearly decouple from the ground states (2.46) and (3.56) while the ghost

contributions from the creation operators are all encoded in N; = —%(A(nw). If the frame

P+ £ 0 is chosen for the ground state instead, the DDF spectrum will depend only on Ag.

Another interesting property of the unintegrated vertices U;-k and 72 is that they can
be written as singular BRST-exact states, in a direct analogy with (B.8) in the bosonic
string. The key ingredient here is

Re—ieV2Xy — —z [Q,e—“@(; ] , (3.60)

so that any infinitesimal massive deformation of the form : AXgAq (k) e V2XL : is a
BRST-exact state:

: (KX@Z@ (k) e_ie\/iXL_) = ! [Q, : (Xaza (k) e_ie‘/iXL_) :} . (3.61)
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This corresponds to a well known property of the massless antifields. Analysing, for exam-
ple, the gauge transformations of (3.6), it is easy to show that both a}, and &}, are pure
gauge if K"k, # 0, i.e. if they are massive.

For the P~ # 0 sector, the same property holds

: (A NoAq (k) e~iV2XT ) = —2 [Q,: (AaAa (k) e~ieV2XE ) :] : (3.62)

which is trivially extended to the massive spectrum. Since [@, V1, ¢.] = 0, any DDF antifield
of the form [¢))" is a singular BRST-exact state. Although hidden in the covariant descrip-
tion, this result is equivalent to the statement that BRST-closedness does not impose the
mass-shell condition on ghost number two vertex operators.

It is useful to point out that the action of coi is meaningful only in the ghost number
one cohomology. One can try, for example, to build a ghost number three state by the
successive action of ¢y ’s:

)™ = () ) -

It can be shown, however, that

{cg.c0} =0, (3.63a)
{eg.cd} =~0. (3.63b)

In other words, they are nilpotent within the BRST cohomology. The proof is left to the
appendix, equation (A.29). The remaining option is the linear combination

W)™ = coef [¥) +acieg [v), (3.64)

where « is an arbitrary constant. Taking the ground state as a reference, one can define
0,k)™ = ¢y |0,k), (3.65)

with [0, k)" ~ ¢j |0, k). Since c; |0,k) =~ 0, |0, k)™ can be cast as
0,k)" ~ {cy,cd } 10, k). (3.66)
The anticommutator {ca , car} is easily obtained from (3.47). Observe that

{e0: Ve (ks &), Viie (—ksaf, &) | = +ikbpan (008 )a — ai (0°8)a) [, Wi (0)]

+2k0p 41 (kaja;‘f + zEaEZ> {eg.cd}- (3.67)

Using the results of (3.46) and (3.63), the Jacobi identity on the left hand side of the above
equation implies that

(Ve (ka0 &), Viie (<kiai, € | ~ —ikdpin (ai(0' )a = ai (078)a) [, Wit (0)]

—2k0p <kaja; + zEaEZ> {eg et} (3.68)
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which was already computed in (3.48). Comparing both sides of the equation, one obtains

{cy.ci} =~ 2M, (3.69a)
[c, W5 (0)] = 0, (3.69b)

where M is defined in (3.49).
|0,k)* is then proportional to M0,k). A direct computation shows that
{M, s A, (k)} is trivial, which in its turn implies that

10, k)™ ~ 0. (3.70)

A similar analysis can be made for states of the form V* (k) |0)" but the conclusion is the
same: given the DDF structure discussed here, it is impossible to build any higher ghost
number state with nonzero momentum, in accordance with the known statements about
the pure spinor cohomology.

Next section will discuss the role of the b ghost in the structures presented so far,
showing that the fields and antifields are indeed in one-to-one correspondence.

4 Siegel gauge and the physical state condition

The DDF perspective on the pure spinor cohomology shows that there is an essential dif-
ference between states at ghost number one and two. Although the physical states are
mirrored by the antifield spectrum, it was shown that the latter has a singular kinematic
condition much like their correspondent in bosonic string theory, as follows from the dis-
cussion after equation (3.62).

For the bosonic string, there is a way to make this distinction very precise, which is
currently known as the Siegel gauge. Physical states are defined to be in the cohomology
of the BRST charge plus an extra condition: they have to be annihilated by the b ghost
zero mode, by. This is a simple requirement, as one will be selecting only the states
which have no ¢ ghost zero mode, ¢y, and they all fall in the ghost number one spectrum.
The physical state condition can be understood as a consequence of the unitarity of the
scattering amplitudes, that can be shown to imply the projection onto the subspace of
states annihilated by bg. In fact, it is easy to show that the physical states are bp-exact
because the cohomology of by is trivial due to the relation

{bo,co} = 1. (4.1)

However, the pure spinor formalism does not have a fundamental (b, ¢) system. The
b ghost is a composite operator and the ¢ ghost is simply absent. In order to understand
the implications of the Siegel gauge in the cohomology, it is useful to recall first some basic
properties of the pure spinor b ghost.

4.1 Quick review on the b ghost

In general terms, the fundamental property of a b ghost is
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which is ultimately related to the BRST invariance of loop amplitudes because of the
connection with the energy-momentum tensor, 7. When expanded in Laurent modes, two
equations are particularly interesting:

{Q,bo} = Lo, (4.3)
{Q.b-1} = L. 4.4

Observe that any BRST-closed operator U with conformal weight h can be written as a
BRST-exact operator for h # 0,

U= 2 1@ o, U)}, (4.5

and that there is a simple recipe for constructing the integrated vertex associated to U,
defined by

V= yQ[b_l, ul (4.6)

and satisfying {Q,V} = ¢ 0U.

The first proposal of a b ghost like field in the pure spinor formalism was presented
in [21], with a complicated set of picture raised operators. This is so because there is
no natural ghost number —1 field, as the pure spinor conjugate, w,, has a gauge freedom
associated to the pure spinor constraint and always appear in gauge invariant combinations
such as the ghost number current, J, the Lorentz ghost current, N"" and the energy-
momentum tensor, Ty = —w,0\Y. The simplest way to overcome this difficulty is to
introduce a constant spinor Cy, such that the product C,A* is nonzero (different patches
of the pure spinor variable require different C’s to ensure this condition). The noncovariant
b ghost is defined to be

C,G™
an = ) 47
CpAP (4.7)
ith
" G = 1Hm( d), — Iy (y"m96)* — L 000 — Torge (4.8)
D) Tm@), 4 mn Y 1 5 . .
Note that G satisfies
{Q7 Ga} =\ (Tmatter + T)\) 5 (49)
such that
{Q,bnc} =T, (4.10)

where T is the total energy-momentum tensor.

A covariant version of the b ghost was presented later in [22], with the introduction of
the so-called non-minimal formalism. The non-minimal variables consist of two conjugate
pairs, (w®, 5\@) and (s%,74), such that the BRST charge is modified to

Qnm = %{A“da + Q%4 ). (4.11)

Ao is also a pure spinor, i.e. (5\7”‘5\) = 0, while r, is constrained through (5\7""”7") = 0.
They decouple from the spectrum (quartet argument) and @, has the same cohomology
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of ). The b ghost assumes a more robust form, enabling a systematic investigation of its
properties. For the purposes of this work, it is sufficient to state that b is defined by

b= —5"ha+ (hec?) Y (Rarst*?) Ll (Rarsr, o) u (AargryraLe?)

! ! ! 4.12)
- N2 ~ \3 ~\4 (
(M) (M) (M) </\)\>
with
HOB = a8 (gamnng | oq ey (4.13a)
4 .96 '™np '
(0% 1 (e}
KB — “56 28 () (4.13b)
LB — (93)2NmnNTS77pq%[76:gp7;r];\‘ (4‘13(3)

Here [af7v] means antisymmetrisation of the spinor indices.
The relevant properties for the analysis of the physical state condition are nilpo-
tency [23, 24] and non-uniqueness of b . The former can be stated as

b(2)b(y) ~ 0, (4.14)

and naturally brings questions about its cohomology, which is of course connected to the
Siegel gauge discussion. While for the bosonic string (4.14) is trivially satisfied, the com-
posite character of the pure spinor b ghost makes it far from obvious and by is likely to have
a nontrivial cohomology. The absence of a ¢ ghost makes this subject even more intriguing.

Concerning non-uniqueness, different operators b and b’ satisfying (4.2) have to differ
by a BRST-exact term (it follows from the discussion around equation (4.5)). This is a
useful property, as different forms of the b ghost might be suitable in different contexts.
Although nilpotency is not assured by these deformations, it can be stated for a general
class of BRST-exact terms [25].

These results will be used in the investigation of the Siegel gauge in the pure spinor
cohomology that follows.

4.2 The physical state condition

According to equation (4.5), any operator O in the cohomology of @ has to be a worldsheet
scalar. This implies, in particular, that the (anti)commutator [bg, O] has to be BRST-
invariant. In fact, [by, O] can either be (1) vanishing, (2) BRST-exact, or (3) also an
element of the BRST cohomology. Given that by itself is defined up to BRST-exact terms,
the conditions (1) and (2) should be physically equivalent. In this sense, the so-called
Siegel gauge (1) is a stronger condition than what is required from the consistency of the
above analysis.

Due to the composite nature of pure spinor b ghost, the implementation of the Siegel
gauge is not trivial. For the massless spectrum, the first discussions on the subject were
presented in [26, 27]. While the work of Grassi and Vanhove discussed the Siegel gauge
by explicitly computing the action of the noncovariant b, Aisaka and Berkovits assumed
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nilpotency of the non-minimal b ghost and built the massless ghost number one vertex U
as a bp-exact state coming from the antifield A,g, cf. equation (3.1):

U= [bo, Aax@’Aaﬂ} .

It is clear that U = U + [Qym, A] and the condition {by, U} = 0 is satisfied only in a gauge
in which the non-minimal variables are present. Both approaches are simple enough when
the massless spectrum is concerned but can hardly be extended to the massive levels. The
explicit action of by, even in its simplest form, would be a cumbersome computation and
determining the BRST-exact pieces to understand the physical implications would be far
from trivial. Besides, the cohomology of by is not known and the construction of bp-exact
states is not assured, as there might be ghost number two states in the cohomology of by.

However, since the DDF spectrum relies on massless vertex operators, the analysis of
the Siegel gauge can be performed in a straightforward way. One can start by examining
the double poles of the operator G in the OPE’s with the massless vertices of (2.32)
and (3.33):

2Gq (2) NjA; (k) ~ regular, (4.15a)
2Gq (2) N4, (k) ~ regular, (4.15b)
G (=) AN, () ~ %(m) Man A (k) (4.15¢)
2Gq (2) ANA; (k) ~ regular. (4.15d)

Note the appearance of the momentum factor k, in accordance with the previous section
(see footnote 4). From (4.15) and the discussion on the non-uniqueness of b, it follows that

{bo, AaAa (k)} ~ 0, (4.16a)

(b0, AXNa Ay (k)] ~ 2ik N Aq (k). (4.16Db)

These equations should hold for any well-defined version of the b ghost, whether in the min-
imal or non-minimal formalism.®> The extension to the integrated vertices (2.36) and (3.43)

is straightforward, as they can be built from the unintegrated vertices with the action of
the mode b_1, up to gauge transformations:

b0, Vi.c. (k3 ai,&,)] = 0, (4.17a)
{bo,VﬁC, (k,al,§a>} ~ —2ikVic. (k;@‘,éﬁ). (4.17b)

&

5One can define non-covariant versions of the b ghost as

which clearly satisfy {Q,b+} = T. With this definition, the equations in (4.16) are true for b_ while for
b4+ they do not work at all. The key word here is well-defined. When one chooses to work with the DDF
spectrum in the P~ # 0 frame, for example, the components A, decouple and the states depend only on
Xa. This effectively means A\, = 0 and then by is a singular operator in this subspace. This is of course
just a hint on the solution of this puzzle and a more formal understanding has yet to be achieved.
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It is in principle possible to build a creation/annihilation algebra already in the Siegel
gauge through the by-exact construction just described. However, the b ghost will clearly
spoil the structure depicted in (2.41) with the introduction of BRST-exact pieces. Besides,
massive states might acquire higher and higher powers of inverse A%, e.g. (5\)\)*1 in the
non-minimal formalism. This is a potential problem due to existence of the operator

SO () .

which trivialises the BRST cohomology, for {Q, £} = 1. Also, high inverse powers of AN,
are hard to deal with when regularising the scattering amplitudes [28]. Because of these
subtleties, the bg-exact creation operators are not advantageous.

In the full analysis, when arbitrary states of the DDF spectrum are considered, the
general conclusion is

bo [¥) = 0, (4.19a)
bol¥)" ~ [¥), (4.19b)

where [¢) and |¢))" were defined in (3.58) and (3.59). In other words, if the BRST co-
homology is spanned by the DDF spectrum, there is no BRST-closed ghost number two
element in the by cohomology. Also, any BRST-closed ghost number one vertex can be
written as bp-exact, up to a gauge transformation.

Therefore, the physical state condition for the pure spinor formalism can be compactly

written as
by |O) = 0, (4.20)

which is compatible also with the unitarity analysis of the amplitudes, in a direct analogy
with the bosonic string. Here, |O) is a state defined by the state-operator map of a generic
operator O in the BRST cohomology.

Given the roles of the operators by and c(:)t as mapping vertex operators of different
ghost numbers, there should be a relation among them that exposes this inversion character.
The results stated above can be made a bit more precise by investigating this relation, as
will be shown next.

4.3 The DDF conjugates of bg

As mentioned in the Introduction, the bosonic string analogous of the quantity {bo, c(jf}
is very clear. For the pure spinor superstring, however, this quantity is much harder to
obtain by brute force, due to the complicated nature of the operators involved. At this
point, the extended DDF algebra comes in handy, allowing an indirect computation of the
anticommutator.

Consider the quantity defined by

I= {bo, [VL.C. (ksai &)  Viic <p; affZﬂ } (4.21)
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The Jacobi identity implies that

1={[bo.Vio (k5. 8))  Viie, (miad &) b+ [Vie (hiai &) {bo, Vioe, (piai &) }] -
(1.22)
The inside (anti)commutators can be replaced according to equation (4.17), so the result is

I~ 2ip [VL_C, <p; a;-‘,f:;) Ve (k;ai,ga)}
~ 2\/§ik(5k+p (k:aja; + zEQEZ) Pt (4.23)

cf. the creation/annihilation algebra of (2.41).
On the other hand, using (3.47), I can be written as

I = ikdpys {ai(aig*)a — az‘(aig)a} [bo, W5 (0)] 4 2k0p (k:aja;f + ZEQE:) {bo,cg }. (4.24)

According to equation (4.17), [bo, W} (0)] = 0, as W} (0) is a zero-momentum vertex, and
the first term on the right hand side is BRST-exact. Therefore,

I ~ 2%k (k:aja; + iZdEZ) {bo, et} (4.25)
Comparing now the equations (4.23) and (4.25), one obtains
{bo,cg } ~iv2PT. (4.26)
The same procedure can be followed in the DDF frame P~ # 0, so that
{bo, cy } = ivV2P~. (4.27)

In spite of having a very simple form, equations (4.26) and (4.27) differ from the
bosonic case by an essential term, as they were derived up to BRST-exact quantities. In
their full form, they can be cast as

iV2P* = {by, et} +{Q,*}, (4.28)

where €+ depends on several quantities that can be traced back to the specific form of the
chosen b ghost. It should be emphasised again that these results hold for both minimal
and non-minimal formalisms, although the latter allows a clearer interpretation due to the
non-minimal variables.%

As a consistency check, consider the action of equation (4.28) in certain sets of states:
e suppose there is a ghost number one state |¢) annihilated by by with Pt = 1, then

iV2|p) = bocy |6) +{Q.£1} |9) . (4.29)

In this case, the result (4.28) is not so surprising, because the non-minimal b ghost and the BRST

current are the fermionic generators of a N' = 2 topological algebra [22]. Thanks to C. Maccaferri for this
observation.
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Besides, if |¢) is BRST-closed, then
iV2(9) = bocg |6) + QET |9) . (4.30)

According to the spectrum analysis of section 3, cg |¢) should be a BRST-closed
ghost number two state. Therefore, if |¢) is annihilated by by, then it is bg-exact up
to a gauge transformation:

iV2[6) ~ by o). (4.31)

e now, suppose there is a ghost number two state |¢)* in the same conditions (BRST-
closed and annihilated by bg), then

iV2|0)* = bocl |6)* + QET [4)* (4.32)

As discussed for the antifields, car |¢)* is BRST-exact and the above equation implies
that |¢)* itself is BRST-exact. In particular, if |¢)* is an element of the BRST
cohomology, this leads to a contradiction. Therefore, it is not possible to have a
ghost number two state in the BRST cohomology annihilated by bg.

These results are in agreement with the physical state condition of (4.20).

5 Summary and conclusions

Given the success of the DDF construction in determining the physical spectrum [5, 10, 11],
the starting point of the analysis introduced here for the ghost number two cohomology
was a convenient solution for the massless superfield A,g of (3.1). It should correspond
to the ground state of the antifield spectrum. In the frame with momentum P~ # 0, the
nonvanishing components can be cast as

Ny (0cAe), (5.1)

where A; is displayed in (2.28b). Unlike what happens for the massless field, there is a
dependence on 6 that cannot be removed by a gauge transformation. The equation of
motion D(,Ag,)) = 0 is satisfied, as can be readily seen from the BRST-closedness of
U* = X\a)NjA,j, and the solution above is the antifield equivalent of the SO(8)-covariant
Yang-Mills superfields introduced in [19]. There is of course an analogous solution in the
frame P # 0, with nonvanishing components A.

It is interesting to point out that (5.1) did not come from an ingenious gauge choice
but from the action of the operator ¢, on the massless ghost number one states, cf. equa-
tion (3.30). This operation conveniently enables the construction of both integrated and
unintegrated massless vertices of the ghost number two cohomology. The former, for ex-

ample, is given by

V= yﬁ{A (I — iVIKN,) A + K (90, + ikda) A+ V2OX N} (5.2)
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and can be shown to satisfy {Q,V*} = — ¢ a(XdX,)Zdb). At this level, supersymmetry of
the polarisations is manifest up to BRST-exact terms. Not surprisingly, the operators cg,
together with their supersymmetric partners, naturally emerge in the extension of the DDF
algebra to the next ghost number level.

As in the bosonic string, the antifield vertices have a very peculiar kinematic prop-
erty. Roughly speaking, the ghost number two vertices correspond to singular BRST-exact
operators. For the massless case, for example, one has

: (XaXi,Zdbe*“ﬂXE) = —é [Q,: (Xaza (k) efieﬂXL_> :} . (5.3)

The limit € — 0 is singular, so the vertex is in the cohomology. However any massive (e # 0)
deformation is BRST-exact. Another way of stating this property is saying that BRST-
closedness does not impose the mass-shell condition for the antifields. In the covariant
description of the vertex, this property is hidden.

The doubling of the pure spinor cohomology can be simply described as the action
of the operators ca[, which play the role of the ¢ ghost zero mode. In fact, car and c;
constitute a sort of DDF conjugates of the b ghost zero mode, by. This can be stated as

{bo,cy } =ivV2P* —{Q,&7}, (5.4)

and the conjugate interpretation holds in the subspaces of momentum P+ # 0 and P~ # 0.
Recall that the b ghost is not a unique fundamental field in the pure spinor formalism and
the operators £ and ¢~ clearly depend on its specific form. Although the demonstration of
the above relation relied on the extended DDF algebra, its validity is not restricted to the
BRST cohomology. This illustrates the power of the DDF construction, since very general
statements can be made by knowing only a couple of properties of the massless operators.

Due to the BRST-exact piece in (5.4), the analysis of the by cohomology could be
carried out only within the BRST-closed operators. It was shown that every ghost number
one state is bg-exact up to a gauge transformation. Besides, assuming that the antifield
spectrum is also spanned by the DDF operators, there is no ghost number two state in the
BRST cohomology annihilated by the b ghost zero mode. Among other implications, this
result enables a formal definition of a physical state condition in the pure spinor superstring,

bo|¢) = 0, (5.5)

where |¢) is a generic BRST-closed state and the equality holds up to BRST-exact terms.
The condition (5.5) applies to the open string or to the holomorphic sector of the closed
string. In the last case, the antiholomorphic sector should be annihilated by the corre-
sponding b ghost zero mode, denoted by by.

It is worth noting that the symmetric way in which @ and by appear in (5.4) might
be interpreted as coming from their dual roles in the topological string algebra of the non-
minimal formalism [22]. There is a very unusual ¢ ghost like field introduced in [25] which

was shown to satisfy
1

(z—y)

b(z)c(y) ~ : (5.6)
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but its singular character prevents any well-defined attempt to trivialise the b ghost co-
homology through this construction. In fact, this proposal for the ¢ ghost seems to be
completely unrelated to the DDF motivated cojE operators introduced in equations (3.23)
and (3.28). Also, for any choice of b, the vanishing of the term {Q,¢*} is very unlikely
to happen (even for the simplest case, ¢+ is a cumbersome operator), which is a strong
indication of a nontrivial cohomology for by.

The cohomology of the b ghost remains a mystery in the pure spinor formalism. A
natural starting point would be to study the massless subspace and maybe even develop
a DDF-like approach to extend it to higher mass states. There is no analogous feature in
the other superstring formalisms so it is hard to stablish a guiding direction at this point.
The interest in this subject resides mostly on the implementation of the Siegel gauge in the
superstring field theory. There, fields and antifields should appear in a symmetrical way
and a better understanding of the Siegel gauge might help to clarify the second quantized
version of the pure spinor formalism. The bosonic closed string field, for example, is
annihilated by the holomorphic-antilomorphic combination (by — bg), and it is not known
how this condition extends to the pure spinor case.
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A Some explicit computations

This appendix contains some of the results that were not completely developed in sections 3
and 4. It is a collection of demonstrations rather than a cohesive text. There is no logical
connection between each part and they are organised according to their order of appearance
in the paper.

Composition of U; (p) U; (q). According to equation (2.33), the product U; (p) U; (q)
can be cast as

Ui (p) U, (q) = e " HavaXy {AiAj —i (%) Abjphy, —i (%) Ok Al

2 2
1 p Pq
_ <5'> N0\ — <5|) ik O A — (ﬁ) NN

3

3
+i <(;> Ni€i 03101 A + <];,> OikOk101m A A

2

2
i (%‘{) 0 A 01O Ay + i (p@q) eikekZAle)ijm} . (A)

where the higher powers of 6, vanish because there are only 8 independent components
and it is an anticommuting variable.
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At this point, it is better to rewrite the expression inside the curly brackets in a more

suggestive way. Observe that
Ay = {@ 8 (00,0)} — 5 {Q.A; (60:0)} —  {Q. (8T + T6y;))
+3 {Q (NiOr; — OirAry) b (A.2)
and
Ay, = %{Q,Ai (60,8) 0,1, — © {Q (00:8) Aebyi) — © {Q,A@ikejk}
+é {Q, A0y, } + % {Q. (Mabix — Oalir) 01}
+1{Q.05 (0000) K} — {Q. (60:0) 0,68}
3 (9038) A; — 3AA; (6078) + SARG; + A B — Aadiy)
%nfmk (60,8) . (A.3)

Going further on higher orders of 6, the BRST-exact structures are recurrent and

straightforward to determine:

Ui(p)U; (q) = % {Q, [A; (60,8) — A (00,0)] eﬂ(mq)ﬁxg}

1 I - |
-1 {Q: [A«%‘j + Ab;; — B (AikOr; — eikAkj):| e—Z(p—}-q)ﬁX?‘}

=i (£) {@. 28 (9049) — 2 (60,0) Ai] O™ VIV

+i (%) {Q, AGy, — % (=0l + Allelk)] ejke—i<p+q>\/5XZ}

i () {@ 28 (8048) — 2 (60,0) A] O™ r VXL

—i (%) {Q, _A9]k % (=0l + A lglk)] Qike_i(p+q)\/§xz—}

-i () {Q, _8A9ik9kj + iezj (608) Ay, — (60:6) ejkAk} ei<p+q>ﬁX2}
+i (D) {Q, 80,005+ 2051 (60,8) Ky — (009) GikAk} e—i<p+q>ﬁ><2}
i e PTOVIX <p4_q> n ARy, (00k0) + O (6°), (A4)

which gives the equation displayed in (3.10).

Composition of U; (p) Y4 (q). For the product U; (p) Y (¢), the analysis is very sim-
ilar. The explicit expression, according to (2.33) and (2.34), is

_ _ i + (71 = 1 . D _
Ui (p)Va(q) = e wHoveXe { AR = gy (807) 4 5 0uhia

. c 2
(3 : 2 _
+4ifAi9jkAk (607), + 2‘3'0UAJ-A;€ (Gak)d - %eijejk/\kxd
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2

+qf'Ai9jk9klAl (e(fj) GwejkAkAl (00)

2|5l
pq Y
L0 0y (9a’<>d - ﬂqeijejkek,mxd} . (A.5)
Here again, the BRST-exact structures are straightforward to obtain. For example,
A’ixd = - [Q,Ai@d} ; (AG)
. 1 _ _ . _
Aidj (070), = +7 |Q, (Aarbh; — Ouxlis) (079),] — (@ 015564
. 1 _ .
[Q7 j (00:8) (070),] — 5 (@ A0y (070) ]
_ . 1 _ ;
—= [Q,Aeij (070),] + 5 (@, (6070) A; (0'0),]
ol A [ 5, (079), - AAea] — 9AAT,, (A7)
QijAde = — [Q,Hij/\jga] + 6AA¢§@. (AS)
Gathering these results, it is possible to show that
Ui(p)Yal(g) = —; _Qingae_i(erq)ﬁXﬂ +% [Q,Gz’jxjgae_i(pﬂ)ﬁxﬂ

1 [@ Rty — 0aRsy) (070), e 0V

+1 Q, (90Z ) (gja)de—i(pﬂ)\/ixg}

1 [Q.K0, (o79), V2T

Lo .
5 Q.86 (o76),, e~ oV2XT |
_i Q. (0070) A (070), e~V |
_ |:Q, p—&-q\ije A01|

1
ol

The higher powers of 6, can be worked out too, although they are much more complex.

i OVEXE i A[ X, (o79), —Aea} o). (A9)

The final result is displayed in equation (3.14).

BRST-exactness of {c(")" s AaAg (kz)} It was claimed in the text that AX,Ag (k) is
BRST-exact. Analysing first the vector polarisation, given by
— ik k2 ik3
AT (2 k) = A {Ai — 5108y = £ 05k + =036, kemAl} “RVIXE(A10)

the aim here is to identify the BRST-exact structures. To do that, the following identities
are very useful:

1!

3!
Adijhj = o {Q, 00k Ax} (A.11b)
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5!
AB;;0;k Ny = 7 {Q,0:0,101 M} (A.11c)
7!
AO;;01.01 N\ = ol {Q,0:501.01101m A }

= 0. (A.11d)

The last equation vanishes because 0;;0;1001, Ay, contains nine 6,’s. Inserting these
equations in AU; (z;k), it is easy to show that

AU’ (Z’k) = < {Q 01] J} {Q 9139 kAk} - = {Q 92]9 k‘gklAl}> Zk\/ﬁXf’

ik k2 +
= {Q <3'0Z]A 5'6,]93kA 7 engkgklAl> zkﬂXL}

ik k2 k i n
+A <3,9ij/\j + oy fisOinde — 27,9ij9jk9k11\l> e~ hV2XL (A.12)

This procedure can be repeated, such that

77 1 ; 2 ‘

{ {Q, 0501 M1} + {Q 9@J9gk9szz}} —ikv2X;
ik k »
= {Q’ <|9ijAj I w@ij@jk@klA[) e W?Xf}

ik k2
* {Q <5l 0i30k Ak + 7! engkﬁkl/\l) zk\ﬁer}

k? e
+A {—'QijejkAk + Zﬁ

ik k2
a {Q (3!0UA 51 91]0 A — 7! (91]9 keklAl) lkﬁxf}

ik k2 "
+ {Q (5, 0:50;1 Ay + 9zg9gk9kz/\z) —ikV2X] }

000k N1 } e HVEXE

7!

k? i
T {Q, 00,101\ } e VIXE

1 ik k2 +
= {Q, <3'02]A] - gewejkAk 7' HZJ0]k0k1A1> 74k\/§XL }

ik k?

+ {Q7 <2eij9jkAk + 7 Hljejk‘ek‘lAl> zk\/in—}
K2 —ikv2X T

=19 | iatiluds | e L. (A.13)

The final result is
— 1 k2 +
AU; (2 k) = {Q7 (3,9ijAJ =7 0is0; k9szz> VXY } : (A.14)
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For the spinor polarisation, the supersymmetry charge ), comes in hand, as it com-
mutes with (). Because {Qa,Ui} = —ikaéd?a,

[Qay AU;] = AU —ikaly, (AY )

= [Q,0.U;] — ikl (AY4) (A.15)
which implies that
2
iholy (AV3) = [Q {Qa,( ks — o euejkokml) ikVEXE H Q0T (A6)

Therefore, A\gAs (k) = a;AU; — £,AY ; is BRST-exact, as claimed.

Commutator [Vf C.s VL,C,]. This commutator is straightforward to obtain from the
SO(8) decomposed OPE’s:

da ()T (1)) ~ ((Zf?) (A.17a)
da (2) X} (y) ~ regular, (A.17b)
d (2)d; (y) ~ —% (A.17c)
N (2) N (y) ~ \2 (‘faf;). (A.17d)

The less trivial part is to organise the result in a simple way. For (k+ p) # 0, it can
be cast as

V. (p), Vi (k)] = +2ikV (p, k)
m;ﬁa{x Ao () B (k)

7§a{A )= ik (p) Aa ()]}

kjf“ Q. p {0X (440 A (1) — s ) 2 )]}

ik [Q, 55 { (Hi - i\/ipﬁi) A; (p) B:Ae (k)}}
ik [Q, §£ {(90s + ipds) Aa (p) BeAs (k:)}} , (A18)

where V' (p, k) was defined in (3.18). For (k+ p) = 0, it is a bit more subtle. It can be
shown that

Vi e (=), Vio. (k)] = +2ik VP (k. k)

_ ;ﬁa [;AAi (k) Ay (—k) — ikNaAs (—k) BoAs (k)}
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% 95 9 [80 (oA (), A" ()]
+% 5’58 [A9.A; () (0" A(—k)),]
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492 (/mja;‘f n iEaEZ> [Q, 55 N}
ik [ou f { (14 vRRRL) 4: (o Bee )

ik [Q, 95 (08 — ikds) Ay (—k) BeAs (k)}] L (A19)

where N = (N + %Gapa — %@J)a) and N = Nt~ is the Lorentz ghost current . Following

the analysis of the subsection 3.1, V(Q) (p, k) is BRST-exact for a non null resulting momen-

tum and proportional to cg when p = —k. This demonstrates the resulting commutator

displayed in (3.47).

Anticommutator {VL*.C‘, v C_}. A direct computation gives

{(Vie (kiai &) Ve (b %) ) =

where
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is the analogous of the operator
field, Ay Aq (p), and one antifield, A X\;A4; (k). Observe that

[Q7 VO (k,p)| = yga (A Xada (p) Ny Ay (K)) - (A.22)

Following the same steps as before, it is now trivial to show that V) (k,p) is pure gauge
for (k+p) # 0. As for (k+p) = 0, V® (k, —k) is proportional to an SO(8) version of
the integrated vertex associated to the pure spinor measure of integration, given by M
in (3.49). This demonstrates the result (3.48).

For completeness, the integrated form of the covariant measure can be written in a

very simple way,

Ma = BA(SOX™ + (67706)) (0176) (X70) (67,1 0)} (A.23)
satisfying
@ M) = 0{0976) (9"8) (4978) (61 ) (A.24)
Note that [Q,0X™] = £0 (\y™0) and
(N70) (\r"0) (\P00) (B7mnpf) = (31™0) (N170) (N1P0) (OrmnpD0),  (A.25)

which follows from 7, (70%7;‘)\ + YaryVEr + fy;”)\fygw) = 0 and the pure spinor constraint.

SO(8) decomposition of (AY™0) (AY"0) (AYPO) (0Ymnpf). After some algebraic
manipulations, the pure spinor measure can be cast in a simple SO(8) version:

(A"0) (M"0) (AP0) (07mnpt) = 60 (AAA;05; + AAN;;05:)

+10 (AN A;0j; + ANA;65;) (A.26)
Considering now the BRST-exact quantities
Q. AR, (60,8) 8;:] = ARA,8; — 3AKA;, 85, (A.27a)
[Q,AN;;05;] = 2AAA;;05; — 2AAA;;6;;, (A.27b)
(Q,AN; (00;0) 0] = AN A;05; — BAAN;;6;, (A.27¢)
the measure can be rewritten as
15 (9™8) (3976) (X9%6) (Bnpf) = (1+C) KA A6

+A [Q, AKl (90)@) gﬂ] + (6 — 2B — 30) KAKUHﬂ
+B [Q, AK@,‘]@]‘Z'] +C [Q, AA; (50}9) 9]‘@‘] +(6 —3A+2B) AKAijgji
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A deeper analysis shows that this is the most general construction for the measure in
SO(8). The particular case with A = —1, B = —% and C' = 5 is displayed in equation (3.39).
In lower dimensions, the analysis is not so simple because there are more independent
contributions. In [29], there is a very complete discussion for the case D = 4.

Anticommutator {cé’ s cg'}. Given the operator car in (3.23), its anticommutator with

itself is computed to be:

{C(—]i_, CE)F} = é%{HiHUAjA — % (90‘,8@) Hl'jAjA}
—i 7§ {V2ANA + (00d) Aid | + %AE)A

2
+\1€ §1§8X+Ai9ijAj 5 55(989) AibijA;

48
2 5
117 POROMOA; + 0 PO A, (A.29)

The easiest way to see that {cg , car} is BRST-exact is recognising that it is the integrated
version of a BRST-exact expression. Observe that

1
Q. {a i} = 1 PolarBsA.
Now using equation (A.3), the surface term can be rewritten as
_ _ 1 _

Therefore, {car , car } is BRST-exact. A similar procedure can be used to show that {ca ,Co }
is also trivial.

B Fields and antifields in bosonic string theory

The bosonic string action after gauge fixing can be simply written as

Sp = 2i a2z {;axmaxm + bdc + bac} : (B.1)
7T

together with the (holomorphic) BRST charge

Qp = %{ch +bede} (B.2)

such that T,, = —%8Xm8Xm is the matter energy-momentum tensor and Q% = 0 for
D = 26. The ghost energy-momentum tensor is Ty, = —2bdc + cOb. Notice that

{QB7 b} =Tm + Tgh7 <B3)

which implies that the cohomology of @p is nontrivial only for null conformal weight
states. In terms of the eigenstates of the momentum operator P™ = % $OX™, it is
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straightforward to determine the cohomology of the bosonic string. The zero-momentum
part is given by
{ 1, cOX™, cOcOX™, 000620} ,

which is organised according to the ghost number current Jp = ¢cb. The last state is the
tree-level ghost measure of integration.
The ground states correspond to the tachyon and antitachyon vertices,

Ut = Ceik.X) (B4)

U = ccetX. (B.5)

In bosonic string theory, the cohomology at ghost number two is in one-to-one corre-
spondence with the physical states, defined to be at the ghost number one cohomology. In
short terms, for each physical state it is possible to obtain its dual (antifield) by the action
of the ¢ ghost zero mode, ¢y. For example, the massless gauge boson, described by the
vertex

am ¢ XM, (B.6)

immediately determines its antifield,
al, cdcdXmer, (B.7)

In the state-operator map, dc is associated to c¢g.

BRST-closedness of (B.6) with respect to @Qp implies a™k,,, = k™k,, = 0. For the
antifield, however, this is a bit more subtle, as the massless condition is not imposed. It is
straightforward to rewrite it as a (singular) BRST-exact expression

2

al, cdcdXmeh T = — (/{:2

) ay, [QB,caXmeik“ . (B.8)
In fact, this can be extended to the massive states as well and the whole antifields spectrum
presents an analogous expression. This is an odd feature when amplitudes are concerned
as it would induce the presence of § (k2 + m2) insertions instead of the usual poles/cuts
structures. It can be shown, in fact, that unitarity implies the decoupling of states that are
not annihilated by the b ghost zero-mode, by. That is why by [1)) = 0 is called a physical
state condition.

Determining the cohomology and all the gauge transformations is not an easy task
when the goal is to find the physical degrees of freedom. In this sense, an explicit gauge
fixing of the reparametrisation and residual symmetries might be more interesting. This
leads to the well known light-cone gauge, where the excitation modes from the light-cone
directions (X, X ™) decouple from the spectrum (in this case, there are no ghosts).

DDF operators. In [30], it was proposed a method of constructing the physical vertex
operators that can be used to match the the BRST-description and the nice features of the
light-cone spectrum, which is known as DDF construction.

It is based on a particular choice of the Lorentz frame that enables an explicit decou-
pling of the unphysical degrees of freedom. In particular, the massless states are set to
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have momentum & = 0 and k= # 0 (or k™ # 0) non-null, so that the integrated vertex
associated to (B.6) is given by

V' (k) = yﬁaxie—imxf . (B.9)

This corresponds to the physical polarisations, since Vs pure gauge and V' is not
BRST-closed. Observe that

[Vi (k),V’ (p)} = V2kn 5,4, PY, (B.10)

which constitutes a creation/annihilation algebra whenever acting on states with P # 0.
The reason for the v/2 factor is to make it compatible with the pure spinor description in
the main text. There, this is a convenient choice for the superfield expansions.

Extended DDF algebra. The integrated vertices associated to the zero-momentum
states cOcOX™ are given by

= —f&lgﬁc@Xi (B.11)

The normalisation is chosen in order to make the comparison with the results of sec-
tion 3 easier.

It is possible to generalise the DDF construction to the antifields vertex operators. In
the frame P~ # 0, they are defined as

Vi(k) =~ [eg.Vik)]
= —2ik %acaxieimxr, (B.12)
and the creation/annihilation algebra is easily extended:
V' (k). V (p)] = 2v/2kp6. ?gacﬁXJF@—i(ker)\/iXL*’

_ (];/;kp [ %aX‘ —z(k+p)fx+] + 2k* e Opqp5, (B.13)

(Vi (k), V' (p)} = 4?7¢jk'p§l§ (9cd%c) emithHPIVAXE,

= <2fkp> Mij {Q, yg (9c0X7) ei(kﬂo)ﬁxz} — 4k*1ij Mpos

k+
(B.14)

Here, My,s = ¢ (30820), such that

Q. M) = 0 (cOc2%) (B.15)

i.e. My, is the integrated vertex associated to the ghost measure cdcd?c.
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Spectrum. To obtain the physical spectrum associated to the bosonic cre-
ation/annihilation algebra, one has to define a ground state. This enables a one-to-one
map with the light-cone spectrum. The natural option is the tachyon vertex

Ui (z;k) = c exp {—ik\/ﬁXZr + \/%kXL_} , (B.16)

with k™k,, = —m? = 2. Choosing, for simplicity, k = @, the ground state will be defined
by the state-operator map

. V2
0), = lim U, <z7 k= 2) 10) . (B.17)

Due to the OPE
e~ VEXE (1) XD (5) o (y — 2)V2E . (XD VERXE) Ly (B.18)

it is straightforward to show that v (k)10), = 0 for k£ > 0. For k < 0, this operation makes

m

sense only for £ = — 5 with m € Z*. This is the only way the OPE above will have
integer poles. Defining

Vzm = ¢8Xie_imxg, (B.19)

states of the form

IT1I > Cim ) (Vim)n 1)+ (B.20)

i m>0 n

are BRST-closed by construction and span the (left-moving) light-cone spectrum of the
bosonic string, with mass

Mm% oeeq = 2N — 2, (B.21)

and N € Z*. The coefficients C;,, (n) are just numerical constants. Note that for the
particular solution X7 = Inz and the Laurent expansion

)

; o
0X'=) (B.22)
n

the operator in (B.19) takes the form
V. =a (B.23)

making the map between the light-cone gauge and the DDF operators even more explicit.
The simplest (excited) DDF state is the massless vector, given by

V' ,|0), = cOXe Xt (B.24)

The differences between open and closed string will not be discussed here, but can be
found in [10] for the pure spinor case.
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