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Introduction

The correlation functions of stress-energy tensors are very natural quantities to study in any

conformal field theory. It is well known that the two-point function is fixed by conformal

symmetry whereas the higher point correlation functions can have a very complicated

form. Namely, they are given by a linear combination of numerous Lorentz structures

arising as solutions to the conformal Ward identities consistent with the conservation of

the stress-energy tensor. Their total number depends both on the number of points and the

dimension of the space-time. In particular, in a four-dimensional conformal field theory,



the three-point correlation function involves three different Lorentz structures [1-3]. They
coincide with the three-point correlation functions of stress-energy tensors in a free theory
of scalars, fermions and gauge fields, respectively. For four-point functions, the situation
is much more complicated — not only the number of Lorentz structures increases to 22,
but each of them involves some function of the conformal cross-ratios [4]. This makes
the calculation of the four-point correlation function of stress-energy tensors an extremely
difficult task. To the best of our knowledge, there exists no closed expression for such
correlation function in the literature.

The problem becomes significantly simpler if the underlying conformal theory has su-
persymmetry. In general, it leads to additional constraints on the correlation functions of
the stress-energy tensors and, therefore, greatly reduces the number of independent func-
tions of cross-ratios.! In the four-dimensional maximally supersymmetric N' = 4 theory
this number shrinks to one, so that the four-point correlation of stress-energy tensors de-
pends on a single scalar function. The same function determines the four-point correlation
function of the scalar 1/2 BPS operators Oq¢,. The reason for this is that the two opera-
tors, Ogqr and T}, belong to the same N = 4 supermultiplet, the so-called stress-energy
supermultiplet 7, and their correlation functions are related to each other by N' = 4 super-
conformal Ward identities. The general solution to these identities, defining the four-point
correlation function of the supercurrents (7(1)...7(4)), was derived in [11]. Different
correlation functions involving Og¢s and T}, appear as its components.

In this paper, we derive the explicit expression for the four-point correlation function of
stress-energy tensors in an N' = 4 superconformal theory. We show that it has a remarkably
simple and suggestive form (see egs. (3.19)—(3.22) below) allowing us to extend the obtained
results to a larger class of four-point correlation functions involving the stress-energy tensor
and other conserved currents. Our analysis relies only on N/ = 4 superconformal symmetry
and does not use the dynamics of the theory. In the special case of N' = 4 supersymmetric
Yang-Mills theory (SYM), the four-point correlation functions are determined by the scalar
function ®(u,v), which has been extensively studied at weak and at strong coupling.

Among all four-point correlation functions described by (7 (1)7(2)7(3)7 (4)), those
involving two stress-energy tensors play a special role. They can be used to compute inter-
esting (infrared safe) observables, the so-called energy-energy correlations [12], measuring
the flow of energy in the final states created from the vacuum by some source J(z) [13-17].
The choice of the source is arbitrary and physically interesting cases involve the 1/2 BPS
operator Ogq, the stress-energy tensor, the R-symmetry current and the Lagrangian of
the theory, all belonging to the stress-energy supermultiplet 7. The last two cases are
of particular interest since they can be thought of as prototypes of the electromagnetic
current in QCD and of the effective coupling of Higgs boson to gluons in the Standard
Model, respectively.

The energy-energy correlations can be obtained from the four-point correlation func-
tion (0|7}, 0, (1)T )00, (2)J(3)J(4)]0) through a limiting procedure described in great detail
in [18, 19]. Using this approach, the energy-energy correlations have been computed in

!For some general results on superconformal correlation functions see, e.g., [5-10].



N = 4 SYM theory for a scalar source J = Osq at next-to-leading order both at weak
and at strong coupling [20—22]. Based on general physical considerations, we would expect
that the flow of energy in the final state should depend on the choice of the source. Us-
ing the obtained results on the correlation functions, we find that, quite surprisingly, the
energy-energy correlations in N' = 4 superconformal theory are the same for the different
source operators mentioned above and, therefore, are universal.

The paper is organized as follows. In section 2 we describe the properties of the stress-
energy supermultiplet and present the general expression for the four-point correlation
function satisfying the N' = 4 superconformal Ward identities. In section 3 we explain how
to extract the four-point correlation function of stress-energy tensors from the supercorrela-
tor (T(1)T(2)T(3)T(4)). Then we use the special properties of the N' = 4 superconformal
generators to derive its explicit expression. In section 4 we extend the analysis to correla-
tion functions involving conserved currents. We argue that they have a remarkably simple
universal form and illustrate this by a few examples. In section 5 we apply the obtained
expressions for the correlation functions to the evaluation of the energy-energy correlations
for different source operators. Section 6 contains concluding remarks. Two appendices
contain technical details.

2 Superconformal Ward identities

In this section, we summarize the properties of the correlation functions of the A/ = 4
stress-energy supermultiplet. As was already mentioned, this supermultiplet includes the
1/2 BPS scalar operator O, all the conserved currents and the Lagrangian of the theory.
These operators appear as various components in the expansion of the supercurrent 7 in
powers of the Grassmann variables.

2.1 Stress-energy supermultiplet

For 6 = # = 0, the lowest component of 7 is the scalar operator Ogq. It has conformal
weight 2, belongs to the representation 20’ of the R-symmetry group SU(4) and has the
following form

020’(‘7:7 y) = OAB’CD(J:)YABYCD = T(ﬂ?, 0, é’ Y (21)

) ’9:9’:0 ’

where the SU(4) indices take values, e.g., A = 1,...,4. The auxiliary tensors YapYcp
have been introduced to project the operator O4%:CP(z) onto the representation 20”. They

satisfy the relations Yap = —Yp4 and eABCPY , nYep = 0 and can be parameterized as
€ab —Yab
Yip = u:’fecdugd =1 5 “ , (2.2)
Yva! Y Ea’b!
where 2 = det ||[yar|| = %yaa/ybb/e“be“'b' and we used composite indices A = (a,a’) with

a,a’ = 1,2 and similarly for B = (b,b’). The variables y,, have the meaning of coordinates
of the operator Oa¢/(,y) on the four-dimensional coset SU(4)/(SU(2) x SU(2)' x U(1)) of
the R-symmetry group.



In addition, the supercurrent 7 describes a short supermultiplet of the 1/2 BPS type.
This means that it is annihilated by half of the super-Poincaré generators and, therefore,
it effectively depends on 4 chiral and 4 antichiral Grassmann variables, 6% and 53, (with
a,& = 1,2 and a,a’ = 1,2), respectively. The stress-energy tensor can be obtained by
applying N/ = 4 supersymmetry transformations to (2.1) and can be extracted from T
with the help of the differential operator [11]

Ti,5(0) = | = (90)2(00) 50(9p)ar (9) — (90) (0 (D) 5y (D) ()2
2 (0)0(22)5)5 00w ()" | T(,0,8.9)] gy (2.3)

where we switched to spinor notation, T &ps = okl dog BT’W (see appendix A for details) and
denoted the weighted symmetrization of the indices by, e.g., A(,g) = %(Aag + Agy). The
first term in the brackets in (2.3) selects the (92)a5(§2)d 4 component of the supercurrent,
whereas the second and third terms involve total derivatives acting on lower components
of T. These are typical conformal and R-symmetry descendant terms, which have to be
subtracted in order to ensure the expected properties of the stress-energy tensor: current

conservation (9;)%*T s5(x) = 0 and zero R-charge or, equivalently, independence on the
y-variables, (8y)“/“Tad g5(z) = 0.
In a similar manner, the R-symmetry current is related to the supercurrent 7 by the

following differential operator [11]

1

*(833)040'6 (89)(111’ T(gja 0, é? y) |9:§:0 > (24)

Jad,aa’ (.CU, y) = (89_)(54(1’(86')041 + 9

where the second term in the brackets is again the subtraction of a descendant needed to
ensure the current conservation, (8x)°"°‘¢]ad7aa/ (z,y) = 0.

2.2 Auxiliary spinor variables

Let us start with the two- and three-point correlation functions of the supercurrent 7 (i) =
T (x4,0;,0;,y;). The N' = 4 superconformal symmetry fixes them up to a normalization
constant [23-27]

(TWT(2) = 5(D1a)*,
(T)T(2)T(3)) = ¢ D12D23Ds1 (2.5)
where D;; is a free (super) propagator
2 )
Yy _ Yy
D;; = i“?j :L'sz , (2.6)

with :i:%o‘ = J:lo‘]“ + é%al(?/i;_l)aqﬂ%“ and y)?f, = y%“/ + 9%“(:51»;1)&@@%“, for x;; = z; — z; and
similarly for y;;, 0;; and 6;; (see appendix A for our conventions for rising and lowering
Lorentz and the SU(2) indices). In the N'= 4 SYM theory with the SU(N) gauge group

we have ¢ = N2 — 1.



Putting § = 6 = 0 on both sides of (2.5) we reproduce the known expressions for the
two- and three-point correlation functions of the 1/2 BPS operators (2.1). To obtain the
correlation functions of the stress-energy tensor from (2.5), we have to apply the differential
operator defined in (2.3) to each 7 (i) in (2.5). After a lengthy calculation we arrive at the
expected result for the two-point correlation function (with z12 = x1 — z2)

(12) (0162 (12) gy, (T12) (26 (T12) 5, )5,

<Ta1d1,ﬂ151 (xl)Ta2d27ﬁ2B2 (‘TZ)) =160c (56%2)6 . (2'7)

Likewise, we can use the second relation in (2.5) to reproduce the known result for the three-
point correlation function of stress-energy tensors in an N' = 4 superconformal theory [5].

We can simplify (2.7) by contracting the Lorentz indices of the stress-energy tensors
with auxiliary light-like vectors nf (with n? = 0)

1. - 3-4
T(i) = nF'nl T (z;) = ZA?A?A?A? T 55(i) (2.8)

where nd® = n!'(5,)% = A* A% with ); and \; being arbitrary two-component (anti)chiral

commuting spinors. Then, we find from (2.7)

({1]z12]2)(2]221]1))*

(53%2)6 ’

where we used the standard notation for (i|x;;|j] = A (zij)aaA

(T(1)T(2)) = 160 ¢ (2.9)

é
- 3

The auxiliary variables \; and \; serve two main purposes. They automatically sym-
metrize the correlation function with respect to the chiral and antichiral Lorentz indices
and, in addition, they simplify the conformal properties of the stress-energy tensor. To

see this, we exploit the freedom in defining \; and \; to assign to them weights under

conformal inversion I[(2;)aa] = (2] *)aa. Then, we choose [28]

IN] = wla) (@7 ) hig, I = wlaa)Ag(a7 )™, (2.10)

7

with a scalar weight factor w(z;) = (27)" that can be chosen at our convenience. In
this section, we put w(z;) = 1 for simplicity but, as shown in section 4.1, the choice of
w(x;) = .CCZQ is more convenient for discussing the conformal properties of the four-point
correlation functions.

We would like to mention that the variables \; and )\; have a natural interpretation in
the context of scattering amplitudes where they are used to describe the helicity states of
scattered massless particles. The invariance of the scattering amplitudes in planar N' = 4
SYM under transformations (2.10) led to the discovery of the dual conformal symmetry
in this theory [28]. As we will see in the next section, the final expression for the four-
point correlation function of stress-energy tensors involves the same N = 4 dual conformal
invariants that have been encountered in the study of the scattering amplitudes.

With the assignment (2.10) and with w(z;) = 1 the quantity (i|x;;|j] entering (2.9)
transforms covariantly under inversion, I[(i|z;;|j]] = (i|zi;]4]/ (mf:c?) leading to the simple
transformation property of the two-point correlation function (2.9)

I(T(T2)] = (2123)(T(1)T(2)). (2.11)



We deduce from this relation that the projected stress-energy tensor (2.8) transforms under
conformal transformations as a scalar conformal primary operator with conformal weight 2,
I[T(i)] = (z2)*T(i) [29, 30]. Notice that, by definition, T(i) is a homogenous polynomial
in \; and \; of degree 2. These two facts will play an important role in what follows.

2.3 Four-point correlation functions

In distinction with (2.5), the four-point correlation function of the supercurrents is not
fixed by N' = 4 superconformal symmetry. The corresponding Ward identities imply that
this correlation function can be decomposed into a sum of two terms carrying different
information about the states propagating in various OPE channels

G = (T()T)TBR)TMA) = 67 + g™, (2.12)

Here G io) receives contributions only from the protected operators in the theory whereas all

the unprotected operators contribute to gianom)

. The latter operators acquire anomalous
dimensions which explains the superscript ‘anom’. As a consequence, the form gf) is fixed

by N = 4 superconformal symmetry and is given by an expression analogous to (2.5)

gﬁo) = ¢(D12D93D34Dyy + D13D23 D2y D14 + D12 D24 D34D13)
2
c
+ Z(D%2D§4 + D3D3, + DiyD33) (2.13)
where the second line corresponds to the disconnected contribution.
The second term Qianom) has more complicated form and, in contrast with (2.13), it is

not a rational function of the distances xfj It admits the following representation
G = (D13Da4)* Tu(2,0,0,y) (2.14)

where the propagators D;; were defined in (2.6) and Zs depends on the four superspace
points. The product of propagators (Di3Da4)? carries the (super)conformal weights of
the supercurrents whereas Z, is invariant under A/ = 4 superconformal transformations,
J I, = 0 with the generators J = {Q4, S4,Q4,S4,...} given in (2.20) below.

As was shown in [11], the invariant Z, admits two equivalent representations

5 F(z)
I4 = QSSS |:911 03 9;’% 02 (D13D24)2:|

=(Q8S® [9% 03 03 0} wi(g;)?} , (2.15)
where Q8 = [1o.a Q4 and S® = [Ta.a 5S4 denote the products of the 8 chiral Poincaré
supercharges and the 8 generators of antichiral special superconformal transformations,
respectively, and similarly for the generators of opposite chirality. Since the generators )
and S are nilpotent and form an abelian subalgebra, {Q, S} = 0, it immediately follows
from the first relation in (2.15) that Z, is annihilated by these generators. Similarly, it
follows from the second relation in (2.15) that Z is also annihilated by @ and S.



The expression in the brackets in (2.15) contains the product of all the available (anti)
chiral Grassmann variables, 0} = [la. 07 and 0F = [Tao 03 as well as a scalar func-
tion F' depending only on the coordinates x;. The Bose symmetry of (2.14) implies that
F(x) should be invariant under the exchange of any pair of points z; <+ x;. In addition,
the invariance of (2.15) under conformal transformations leads to the following inversion
property of F' [11]

1[F () = («3232323) F(a). (2.16)

It allows us to express F'(z) in terms of a function of conformal cross-ratios

P 2 .2 2 .2
F(z) = 7(2“’”2) L u=l2m s, T (2.17)
1“7(95139524)4 Ti3To4 L13T24

The symmetry of F'(x) under exchange of points translates into the crossing symmetry

relations

1 1
O (u,v) = ®(v,u) = (ID(U, ) . (2.18)
Substituting (2.15) and (2.17) into (2.14) we find that the general expression for G ianom)
depends on a single function ®(u,v). The same applies to the variety of four-point corre-

anom) ) powers of the

lation functions that appear as components in the expansion of gi
Grassmann variables. In particular, putting 6; = 6; = 0 on both sides of (2.14) we find that
the function ®(u,v) defines the four-point correlation function of 1/2 BPS operators Ozqr.
The latter correlation function has been thoroughly studied in A' =4 SYM [31, 32] and the

function ®(u,v) is known in this theory both at weak [33-36] and at strong coupling [37-39].

2.4 Master formula

Let us simplify relation (2.14). To begin with, we rewrite it using the first relation in (2.15)

(anom) 2 A4 G4 ard | pd pd pd pa
= (D13D 05 05 65 6
g, (D13D24)” QQ™S™S™ |67 05 03 1 (DysDos)? ]’

(2.19)
where we used the composite index A = (a,a’) to split the product of 8 generators Qé
into @* =] aa Q% and Q" =] ! Qg and similarly for the product of generators 5‘3 and
S'g/. These generators act on the superspace coordinates (z;,6;,0;,v;) (with i = 1,...,4)
at each point and are given by the sum over the 4 points of the following anticommuting
differential operators

o 0
Qa - 67937
a—f,. i + ai
o — Yda 83704@ Yo 8Gg s
5 - 19} 0
Sap = gy T pggtas
q ) a 0 a a 0 =~ = 0
Sb’ﬁ' = l‘a/j’eb/a % + Yy (9703%‘0‘5 — Ga,Byb/@ + Gb/dea,ﬁm . (22())



The explicit form of the NV = 4 transformations generated by these operators can be found
in appendix B.

We notice that the super-propagator (2.6) is annihilated by all the generators (2.20)
except 5’3/. This allows us to simplify (2.19) as

Gy = Q'QUSIS ol 036361 F(a)] (221)
where the notation was introduced for
§b/5 = (D13D24)25b/5(D13D24)_2

= Zl: 9i,b/a8£ad$i7a5 + yi,b’aaggaﬁ,a@ - 9,-7(1/5?;&/6;%%- Hi,b/d9i7a15m . (2.22)
The only difference as compared with the last relation in (2.20) is that, in the first term,
.4 appears to the right of the derivative.

As follows from (2.20), the generators Qg and S, ;5 do not involve spatial derivatives
0/0x and, therefore, in the expression on the right-hand side of (2.21), they only act on
the product of Grassmann variables. In this way, we arrive at the following relation?

g4anom) _ Q/4§/4 [(33%2%%31'%4)2(371_31913 . $1_21912)4(x1_41(914 . :B1_21912)4F(x)] , (2.23)

where the expression inside the brackets is invariant under the exchange of any pair of
points and is independent of 3; and ;. This is the master formula that we shall use in the
following section.

According to (2.23), the dependence of gianom) on 1; and 0; comes entirely from the
product of generators Q45" = [] a0 Qo Iy gb, 5- Obviously, the expression on the right-
hand side of (2.23) is not symmetric under the exchange of chiral and antichiral sectors
which seems to be in a contradiction with the expected reality property of the supercurrent
T [40]. Nevertheless, this symmetry is restored owing to relation (2.15). If we use the
second relation in (2.15) we would derive another equivalent form of (2.23) in which the
variables #; and f; are exchanged.

3 Four-point correlation function of stress-energy tensors

In the previous section, we presented the general expression for the correlation function
of the supercurrents, egs. (2.12), (2.13) and (2.23). To obtain the four-point correlation
function of the stress-energy tensors

Grrrr(x) = (TO5 (21) T2 (29) TS () TS5 (24)) (3.1)

azfB2 asfs o B

we have to go through two steps: expand the supercorrelator G4 in powers of Grassmann
variables, and then apply to G4 the four differential operators defined in (2.3), one for each
stress-energy tensor.

2To evaluate Q*S*(07 ... 0}) it is convenient to use the integral representation Q*6; = I d*eexp(Q-€)0; =
[ d*e 6} and similarly for S* and apply relations (B.2) and (B.4) from appendix B.



As follows from (2.12), the resulting expression for this correlation function can be
decomposed into a sum of two terms,

Grrrr = G(TO%TT(JJ) - Gg?}lOTHTl) (7). (3.2)

Here the first term Gg?%TT comes from (2.13). It is a rational function of the distances
2

ij?
decomposed into the sum of three different Lorentz structures coinciding with the four-

x7., independent of the variables y;. Like the three-point correlation function, it can be
point correlation functions of stress-energy tensors in a free theory of scalars, fermions and
gauge fields, respectively. To save space, we do not present their explicit expressions.

Let us turn to the second term on the right-hand side of (3.2) generated by (2.23).
Since the differential operator in (2.3) is given by a sum of three terms, the operator that

anom) in order to extract G?;OTH% contains 3* = 81 different terms.

we have to apply to gi
Nevertheless, as we show in this section, it is sufficient to examine only one term, the one
containing the maximal number of derivatives with respect to the Grassmann variables. It
comes from the first term inside the brackets in (2.3) and selects the following component

of the supercorrelator

4 .
gianom) _ H(g?)alﬁl(g?)alﬂl v Ga151...a454 +., (3.3)

a1fBy...aqfs
=1

where (%) = goag? . (éQ)dB = édafgg, and dots denote the remaining components.

3.1 Maximal number of derivatives recipe

Let us first compute Gzigizigj Matching (3.3) to (2.23), we observe that the 8 chiral
variables 6; on the right-hand side of (3.3) can only come from the expansion of the ex-
pression inside the brackets in (2.23). Moreover, since the latter expression has the same
degree 8 in the 6’s, we can neglect the terms containing derivatives Jdp, in the product of
generators 454 in (2.23). In this way, from (2.20) and (2.22) we obtain a simplified form
of the generators Q' and S,
~ 0
a
Qu = Zi:ei,a’d% ;
0

~ _ 8 _ B
Sb/B = Z Hi,bldmmi,ag + 9i1b/d0i,a’5m . (34)

Here in the second relation we also take into account that (-6, 3 ypy Oye,) does not contribute
due to the y-independence of the expression inside the brackets in (2.23).
In order to arrive at (3.3), we have to extract the (éf)dl by (54%)0.44 5, component from

the product of generators @’ 45" in (2.23). This turns out to be an extremely nontrivial
task, mainly due to the presence of the second (nonlinear) term in the second line of (3.4).
There is however a shortcut that allows us to overcome this difficulty. In what follows we
shall refer to it as the ‘maximal number of derivatives’ recipe.

Let us examine the action of Q’4§’4 on a test function f(x,#) independent of the
variables ;. Replacing the generators by their explicit expressions (3.4) we find that the



expansion of @’ 4674 f(x,0) involves various terms including those containing the maximal
number (equal to 8) of derivatives with respect to x;. To identify such terms we can safely
neglect the second (nonlinear) term in §b, F and, in addition, ignore the noncommutativity
of x; and 0,,. Introducing the notation p; = 0,, and treating x; and p; as commuting
variables we get

4 4 4 4
Q’4§4f(a;,9) = <291p1> <291p11’1> f(a;,Q) + ...
=1 i=1

= @%14)2 ( ; éipixi3>4 ( ; 9ipi3?z‘4>4f($7 0)+..., (3.5)

where we used the shorthand notation (G_ipi)g‘, = éija/dpf‘o‘ and (H_ipia:i)b, 5= §i7b’dp?axi,a6
and denoted by dots terms with fewer spatial derivatives. By construction, (3.5) only
describes the terms containing 8 spatial derivatives acting on a test function.

We are now ready to formulate the maximal number of derivatives recipe. It consists
of two steps: (i) expand (3.5) in powers of #; and move all p; to the left of x;, and then
(ii) replace p; = 0y, so that the derivatives act on all z; to the right. It turns out that the
resulting expression gives the exact result for Q' 464 f(z,0), including the terms shown by
dots in (3.5). The proof of this statement can be found in appendix B.

Let us now apply the above recipe to identify the (%) dafy (62) &af, COmMponent of

Q454 f(x,0). We first use the second relation in (3.5) to get

4

Q1S f(x,0) = (H<9?>di@p§%?iﬁf>Mmm“.m () f(2,0)+ ..., (3.6)

=1

where M, 8, ..a48,(2) is symmetric under the exchange of the spinor indices a; « ;. It
admits a concise representation in terms of the auxiliary spinors introduced in (2.8)

0?2 0?2
Mo,y aup(T) = Mz, N, 3.7
broais#) = G M (37)
where M(z, \) is given by
M(z,A) = (Lo woald) (Blesiz12]2) — (Lo ws]3) (4leaz12]2))?, (3.8)

with (1275 24]4) = A (275 224)a” A1 5. Obviously, the expression on the right-hand side
of (3.7) does not depend on the auxiliary spinors A;. They were introduced to make the
symmetry of (3.7) under the exchange of indices more transparent. It is straightforward to
verify that M(x, A) is invariant under the exchange of any pair of points, (x;, A;) < (x5, A;).
In addition, applying (2.10) with w(z;) = 1 we find that it transforms covariantly under
inversion

IM(z,\)] = (x%x%w%:ni)_%\/l(x,)\). (3.9)

Let us now go through the second step of the recipe. Since all p; in (3.6) are located to
the left of some z-dependent functions, we replace p; = 9,, on the right-hand side of (3.6)
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and obtain the exact expression for this particular component of @’ 454 f(x,0). Notice that
in the resulting expression the spatial derivatives act both on Mg, 3, .8, (%) and on the
test function f(x,6).

Going back to (2.23) we choose the test function in (3.6) to match the expression inside
the brackets in (2.23),

[(x,0) = (x%2$%3$%4)2(33f31913 - $f21912)4($f41914 - xf21012)4F(x) . (3.10)

In order to compute (3.3) we only need its component proportional to (8%)a, s, - - - (07)a.s,-
Going through the calculation we find

F(2,0) = [[(02)%% Mayp,...anss (@) F(x) + ..., (3.11)

2

where My, ,...a,8, () is given by (3.7) and the dots denote other components. Finally, we
substitute the last relation into (3.6) and match the result to (3.3) to find

. . 4 .
Gzigi...gigi = H(aﬂﬁi)a K (8961)5 [Malﬁln-azl/?’z;(x)M’7151.--7454 (QZ)F(CE‘)] : (3.12)
i=1
Here the nontrivial information about the particular N' = 4 superconformal theory is
encoded in the function F'(z) defined in (2.17).

3.2 Restoration of the symmetry

We recall that relation (3.12) defines a particular component of the supercorrelator (3.3).
To get the four-point correlation function of the stress-energy tensors (3.1), we have to
add to (3.12) the contribution of the remaining 80 terms mentioned in the beginning of
this section. To understand their role, let us check whether (3.12) is consistent with the
expected properties of the stress-energy tensor.

To simplify the analysis, consider the correlation function

GOB By Ly (3.13)

181 a1

where the dots denote other operators. Then, the symmetry and conservation properties
of the stress-energy tensor, 1), — T, = g"1T,, = 0"1,, = 0, yield the Ward identities?
1 Pran _ aafi, . qoabr _ &b _
Gartr ~ Ghran = € €ap Carpy = On1)sy Ganpy =0 (3.14)
In addition, Ggigi should transform covariantly under conformal transformations with
weight at point x; corresponding to a conformal primary operator of Lorentz spin (1,1)
and dimension 4.

Let us verify that (3.12) satisfies relations (3.14). It is easy to see that the first two
relations in (3.14) are automatically satisfied due to the symmetry of (3.7) under the

3Strictly speaking, relation (3.14) is valid up to contact terms [2, 41, 42]. For four-point correlation
functions in an A/ = 4 superconformal theory, the contact terms are only due to the rational part of (3.2),
whereas the anomalous contribution to (3.2) is less singular and satisfies homogenous Ward identities.
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exchange of indices, €*#' My, 5, a,5(z) = 0. Examining the last relation in (3.14) we
find, using the identity 93¢0 = 0,

(B0 )21 GBI 0408~ €M D [May s () Moy, ey (2) F ()] (3.15)

a1Bi...ufa
Since this expression is different from zero for a generic function F'(z), we conclude
that (3.12) does not respect the conservation of the stress-energy tensor. This is not
surprising since (3.12) is only a part of the correlation function (3.1) and for the expression
on the right-hand side of (3.15) to vanish we have to add the contributions of the remaining
80 terms.

We notice that (3.15) would automatically vanish if the expression inside the brackets
on the right-hand side of (3.15) and (3.12) are symmetric under the exchange of indices
a1 and ~y;. Similarly, the vanishing of (azz)gj Ggigigigi would follow from the symmetry
under «; <> ;. This suggests that the net effect of the remaining 80 terms is to symmetrize
the product of two M-tensors in (3.12) with respect to the indices (v, 5;,7i,0;). Taking
into account (3.7) we find that (up to an overall normalization factor) this amounts to
replacing in (3.12)

Ma151~~a4ﬁ4(x)M’}’151~~’Y454(x) — H(a)\i)ai(aAi)ﬁi(a)\i)'Yi(a)\i)si[M(x7)\)]27 (3.16)

with M(z, A) given by (3.8). Upon this substitution, (3.12) respects the conservation of
the stress-energy tensor.

Let us now examine the conformal properties of (3.12). As before, it is convenient to
inspect the inversion properties. Denoting the expression inside the brackets in (3.12) by
Fopvs, we find using (2.16), (3.7) and (3.9) that it transforms covariantly

1[Faps) = [L @0 o) (@) @) Fargrs (3.17)

Then, we use GoPL--0afs HZ 1 80‘1%851 ‘F,5ys and apply the identity (A.5) to find

a1fB1...asfs

I[Gdlﬂl...d4ﬁ4] _ H(x2)2(xz)a ( ),31 87,7183;151(‘%1)04

a1B1...aqf

/

(l’z)g: Fa//gl,y/(;/

_H () () (@ )‘*GW1 494 4+ (3.18)

5] Bi o4 By-ah

where the dots in the second relatlon denote inhomogenous ‘bad’ terms coming from the

Pyz’yz 6151 a; 61/ dlBl--~d4B4
6 vy 5T X a1B1...aqB4

00T ] does not
’ 3P

. . . . . I .
transform covariantly. Their contribution however involves terms like €7 Fi,/g,5 and it

commutators | Due to the presence of such terms, G

would vanish if Fj/g4/5 is symmetric with respect to the indices o’ and /. This is exactly
what happens if we apply (3.16) to (3.12).

Thus, we conclude that the substitution (3.16) not only ensures the conservation of
the stress-energy tensor but also restores the correct conformal properties of the four-point
correlation function.

The question remains however whether (3.16) correctly describes the additional con-
tribution to (3.12) coming from the last two terms on the right-hand side of (2.3). Going
through a lengthy and tedious calculation we verified that this is indeed the case.
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3.3 Simplified form of the correlation function

Combining together (3.12) and (3.16), we arrive at the following remarkably simple result
for the four-point correlation function of stress-energy tensors

. 4 . ,
GO0 (1) = [(02) 7 (92,)%% (02, )i, (92,) 5, (O ), (9, )5, { M (2, NP F () } -

i=1
(3.19)
More precisely, this relation describes the ‘anomalous’ (non-rational) contribution to (3.2).
We recall that F'(x) is the nontrivial dynamical function defined in (2.17) and M (z, ) is
a kinematical function given by (3.8). Relation (3.19) is one of the main results of this
paper.
Since M(x,A) is a homogenous polynomial of degree 2 in A¢, the expression on the
right-hand side (3.19) does not depend on the auxiliary spinors A;. This polynomial admits
an elegant representation when expressed in terms of new variables

Zi = <<xi>§m> - (’r>>> o el (320

which satisfy the following determinant relation

(1234) = eryx1 21 29 25 7k
= (1o s w23]3) (4] wa1212]2) — (1|25 w24|4) (3|31 212]2) - (3.21)

Then, we find from (3.8) another equivalent representation
M(z,\) = (1234)2, (3.22)

in which the properties of M(z, \) becomes more transparent. An alternative and simpler
derivation of (3.22) is given in section 4.2. As we show there, the relation (3.22) follows
from the consistency of (3.19) with the expected conformal properties of the correlation
functions of stress-energy tensors.

Relations (3.20) and (3.21) are very familiar from the dual space description of scatter-
ing amplitudes. There, the variables A\; and p; = x;—x;11 define the helicity and the on-shell
momentum of each scattered particle, respectively, and the dual conformal symmetry is
realized as SL(4) transformations of Z!. Relation (3.21) defines the simplest four-point
dual conformal invariant and serves as a building block in constructing four-dimensional
integrands for the scattering amplitudes in planar N =4 SYM [43, 44].

As explained in the previous subsection, relation (3.19) respects the conservation and
conformal symmetry of the stress-energy tensor, independently of the form of F(x). The
expression on the right-hand side of (3.19) involves 8 spatial derivatives acting on the prod-
uct of two functions. Obviously, its expansion yields a very lengthy expression involving
the 22 different Lorentz structures mentioned in the Introduction, each of them involving
derivatives of F(x). The very fact that the correlation function in an A/ = 4 superconfor-
mal theory admits a compact representation (3.19) leads to important consequences that
we explain in section 5.
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We can further simplify (3.19) by considering the correlation function of the opera-
tors (2.8). This amounts to projecting the Lorentz indices on both sides of (3.19) with the
auxiliary spinors \; and \;

4
anom 1 i\ Biy 3 Gty B1...caf3
GEFTTT) = 44 H Ai A? )\i,ai)‘i,ﬁi Gaigiaigi : (3.23)
i=1
Introducing the notation for the differential operator
D; = Xi,d(al’i)da(a)\i)a = [2‘8I1|8)\1> ) (3‘24)

we finally obtain from (3.19) a very compact representation for the correlation function
GEnom) — 44 (D DyDyDy)2 [(1234)  F(x)] . (3.25)

Here the additional normalization factor comes from A¢(9y,)a(1234)* =4 (1234)%.

We notice that, at first glance, relations (3.19) and (3.25) are not symmetric under
the exchange of the chiral and antichiral sectors, «; <> &; and 3; <> 51 As was already
mentioned in the previous section, thanks to relation (2.15), the correlation functions (3.19)
and (3.25) admit another equivalent representation in which the chiral and antichiral indices
are interchanged.

4 Four-point correlation functions of currents

In the previous section we demonstrated that the calculation of the correlation function
of stress-energy tensors can be greatly simplified by employing the maximal number of
derivatives recipe. It allowed us to obtain the very special representation (3.12) for the
relevant component of the supercorrelator G4, and then to promote it to the complete
expression for the correlation function by simply symmetrizing the product of Lorentz
tensors with respect to the chiral indices, eq. (3.16).

In this section we argue that the same approach can be applied to the four-point
correlation functions involving other components of the stress-energy supermultiplet, for
example, the R-symmetry current (2.4).

4.1 Ansatz

Instead of going through the computation of the various correlation functions, let us try to
generalize (3.19) and formulate an ansatz for the correlation function involving conserved
currents J1% (1) of Lorentz spin (S5/2,5/2)

aj...ag
Goras(@,...) = (01Ja1a5 (@) ... 10) (4.1)
where the dots denote the remaining operators. For S = 1 and S = 2 the operator

nglg‘ss () coincides with the R-symmetry current and the stress-energy tensor, respec-
tively. In close analogy with (3.12), we assume that the correlation function (4.1) has the

following general form [11]

Gdl'"ds (.%‘, Ce ) = 8?171 . 62‘575 [Mamq...as’Ys (l‘)F(aj‘)] ’ (4'2)

aj...as
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where 927 = 9 /024 and the number of spatial derivatives matches the Lorentz spin of the
operator. If other operators in the correlation function (4.1) carry nonvanishing Lorentz
spin, the expression on the right-hand side of (4.2) contains additional derivatives acting
on their coordinates.

To ensure the conservation of the current, we require that Mgy, 4, agys(z,...) be
completely symmetric with respect to all 25 chiral indices. Indeed, we verify that

(ax)g;Gdlmds (y...) ~ €O, [Mayqy.agys (@) F(z)] =0 (4.3)

aj...ag

for an arbitrary az-dependent completely symmetric tensor Mg, ~, . .agvs (2, ... ). Let us also

demand that (4.2) has the correct transformation properties under inversion®
V1.0 212 Bs (B1.-.f
I[Gatas(,.. )] = @) afag, . afSaii Gy i (), (4.4)

where we do not display the weight factors corresponding to the other operators. Taking
into account (2.16) and the identity (A.6), we find that (4.4) and (4.2) lead to
I[Mayo.ass (@)] = (27) 7522l all - al3a%8 My, ggss(@). (4.5)

Q1 Y1 asys

As before, we can simplify this relation by projecting all chiral Lorentz indices by the
auxiliary spinor A,

M (@A) = AN NSNS Mg e (7). (4.6)

Taking into account the transformation properties of the auxiliary spinors under inver-
sion (2.10), we find from (4.5)

IMg(z,\)] = w25(m)(x2)_s_2/\/lg(x, A, (4.7)

where w(z) = ()" with an arbitrary n. In the previous section we used w = 1 but it is
now more convenient to choose w = z2, so that I[A\%] = 2% )\;.

The z-dependent factor on the right-hand side of the last relation defines the local con-
formal weight associated with the current of spin S. If the correlation function (4.1) con-
tains four currents with different spins 5;, the total conformal weight of the corresponding
function Mg, g,5,5,(x, ) is given by the product of four such factors, one for each current.
As a consequence, Mg, s,5,5, (%, A) depends on four auxiliary spinors A; (with i =1,...,4)
and satisfies two main requirements: (i) to be a homogenous polynomial in A{* of degree
2S5, and (ii) to transform under inversion as

I[Mg, 85858, (2, A)] = H(mg)Si_Z Mg,858584 (@, A) - (4.8)

In addition, if two operators are identical with, e.g., S1 = Ss, in virtue of the Bose symmetry
of the correlation function, the function Mg, g,5,5,(x,A) should be invariant under the
exchange of points 1 and 2.

4We recall that inversion swaps the chirality of the Lorentz indices.
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Having determined Mg, g, 555,(x, ), we can reconstruct the four-point correlation

. a1...0c5, . . . . .
function of the currents Ja1...as,f (z;). To simplify the resulting expression, we project
all Lorentz indices by the (anti)chiral auxiliary spinors A; and ); and define

3 05, v 3 1005y BBy 1. A55,01 -85
— aq 4 . . 1 2 3 4
G, 9,855, (T, A, A) = A AT ANy )‘4,654 Ga1---asl B BSy 1.5 0105 (x). (4.9)

This function admits the following representation (up to an overall normalisation factor)
3\ . S11S29S53 1S4
G51525354($7)‘> )‘) - Dl 7')2 DZ’) D4 [M5152S354(33’)‘)F($)} ) (4-10)

where the differential operator D; is defined in (3.24). This relation generalizes (3.25) to
the case of currents of spin .S; = 1,2. Moreover, it is also applicable for S; = 0 in which case
the corresponding operator is the 1/2 BPS operator Os¢. Notice that the R-symmetry
current and the 1/2 BPS operator have an R-charge and depend on the auxiliary variables
y. In the representation (4.10), this dependence is carried by the function Mg, s,5,3, (%, A).

As shown in [11], relations (4.2) and (4.10) can be generalized to the fermionic N' =4
supersymmetry currents Jg’;‘laz and J919 which are also members of the stress-energy
supermultiplet. They carry Lorentz spins (3/2,1/2) and (1/2, 3/2), respectively, and should
appear in pairs in a non-vanishing correlation function. The only difference as compared
with (4.2) is that the numbers of (chiral) a- and v-indices of the fully symmetric tensor
M do not match. As a result, in the general case of operators of Lorentz spin (.5;/2, S;/2),
their four-point correlation function is given by (4.10) with DiSi replaced by Dfl{. As
already mentioned, there exists another, equivalent representation of the same correlation
function involving the conjugate operators DZS i= [8;\i\8xi\i>si and conjugate antichiral
tensor MS{SQS;’),SZL (z, A).

4.2 Special solutions

Let us construct some solutions to (4.8). We notice that (4.8) defines Mg, g,5,5,(x, A) up
to multiplication by an arbitrary function of the conformal cross-ratios u and v defined
in (2.17). Such a function will in general induce additional singularities for x% — 0. To fix
the ambiguity, we shall assume that Mg, 5,555, (%, A) should not have such singularities.

We expect that Mg, 5,555, (%, A) is a rational function of the distances x%j admitting an
analytic continuation to complex space-time coordinates. The rational behind this is that
the analysis of the conformal properties of Mg, s,5,3, (%, A) can be simplified by employing
Dirac’s embedding formalism. There the complexified Minkowski space is realized as a
light-cone in complex projective space CP® with homogenous coordinates X'/ = —Xx /I
(with I,.J = 1,...,4) satisfying ez X!/ X% = 0. The complex coordinates 29 define
a particular parameterization of X!7

6045 _xBa

1J _ )
X = L,ag 2268

1 z? -z
L Xpy= e XEE= | T TR g
2 TR 60-[5

with composite indices I = (o, &) and J = (3, ). Then, the conformal transformations
correspond to global SL(4; C) transformations of X/, The attentive reader will notice the
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similarity between (4.11) and (2.2). Indeed, 2,4 and y,. appear on an equal footing as
bosonic coordinates of the supercurrent.

In addition to (4.11), we also need the variables (3.20) that carry the dependence on
the chiral spinors A. As was already mentioned, there exists some freedom in choosing
the weight factor w in (2.10). The advantage of the choice w = 22 is that the action of
inversion on Z! corresponds to a global SL(4) transformation®

1171 = (x"|)‘i>) = bz (4.12)

We can use the variables X/7 and Z! (with i = 1,...,4) to define various SL(4)
invariant quantities. Taking into account the identity ZiI (X;)17 = 0 we can define three
different Z-dependent structures

(1234) = ery1 2129 25 7k |
Xgjs = Z1(X3) 1025 ~ (1|z13m35|2) ,
Nipzy = 21 (Xa)1(X3)" " (Xa)k1(Z1)" ~ (Uz1amasmaaman|1) (4.13)

where the first structure already appeared in (3.21). X123 and Xjpp34) are antisymmetric
with respect to the points indicated inside the brackets, whereas (1234) is completely
antisymmetric with respect to the four points. We verify that, as expected, they transform
covariantly under inversion

1 1
I[(1234)] = (1234), I[X93] = ?X[lﬂ?)a I[X234] = m/lﬁ[%zg . (4.14)
21324

3
We are now ready to construct solutions to (4.8).
Let us first revisit the four-point correlation function of stress-energy tensors, S; =
Sy = S3 = S4 = 2. Denoting the corresponding solution to (4.8) as Mprrr(x, ), we
deduce from (4.8) that it should take the form of a homogenous polynomial in ZZA of degree
4, invariant under inversion and under the exchange of any pair of points. Examining (4.14)
we immediately find the solution

Mopppr(z,X) ~ (1234)4, (4.15)

which agrees with (3.25). There exist other solutions, e.g. X'ja34)X2(341)X3(412)Xa[123]/
I[Tic; a7;, but in contrast with (4.15) they have singularities for 7; — 0.

The second example is the correlation function of two stress-energy tensors and two 1/2
BPS operators, S} = Sy = 2 and S3 = Sy = 0. The corresponding function, Mrroo(z, \),
is a homogenous polynomial in Z; and Zs of degree 2. According to (4.8), it should have
conformal weight 1/(x32%)? under inversion and be invariant under the exchange of points

1 <> 2 and 3 <> 4. We use (4.14) to obtain

Mrroo(x, A) ~ (X[12}3X[12]4)2 = [<1|x139€32|2><1!JJ14CU42|2)]2- (4.16)

°In fact, Z! can be identified as coordinates on twistor space.
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As in the previous case, there are other solutions involving &34 but we have to discard
them since they are singular for 17%- — 0. In distinction with (4.15), the function Moo
should also depend on the variables y at points 3 and 4. This dependence is unambiguously
fixed by the R-symmetry and amounts to an additional factor of (y3,)? on the right-hand
side of (4.16). This factor has the meaning of the Clebsh-Gordon coefficient corresponding
to the singlet representation in the tensor product decomposition 20" x 20’.

The third example is the correlation function of two stress-energy tensors and two
R-symmetry currents, 51 = Sy = 2 and S3 = 54 = 1. Going along the same lines as in the

two previous cases, we arrive at

My (@A) ~ (1234)* Xjyg3 X104 = (1234)*(1w13232]2) (1@ 14742]2) - (4.17)
The y-dependence of the R-current J%% (z4,v;) leads to an additional factor of ygiailygiag
on the right-hand side of this relation. As in the previous case, it corresponds to the singlet
representation in the tensor product 15 x 15.
We notice that, up to an overall normalization factor, the obtained expres-
sions (4.15), (4.16) and (4.17) satisfy the following interesting relation

(Mr710)? ~ Mrrrr Mrroo (4.18)

4.3 Comparison with known results

Combined with (4.10), relations (4.16) and (4.17) yield predictions for the correlation func-
tions involving two stress-energy tensors. The same correlation functions can be computed
using the approach described in section 3.

As an example, we can consider the correlation function (7°(1)7°(2)O(3)O(4)) contain-
ing two 1/2 BPS scalar operators. Following (3.3), we identify the Hi:l,z(‘gg)aiﬁi@?)mgi
component of (2.23), and then apply the maximal number of derivatives recipe to obtain
a representation similar to (3.12). In close analogy with (3.16), the restoration of the
conservation of the stress-energy tensor and its conformal properties can be achieved by
symmetrizing the corresponding M-tensor with respect to the Lorentz indices. Going along
these lines we obtain

(T()T(2)0(3)0(4)) = (D1D2)*[(y31)*(1|z13232]2)* (L2 1a242|2) 2 F ()] - (4.19)
In the same way, for the correlation function containing two R-symmetry currents we find

(T(1)T(2)J3% (3). %% (4))
= (D1Dy)? DDy [y53 4y (123 4)2(1|21523)2) (1| w1424]2) F ()] (4.20)

where J%% (i) = Jg;ag(xi))\?jx‘-j‘.

(2

Comparing these relations with (4.16) and (4.17) we
observe perfect agreement.

We can apply the same technique to computing the correlation functions of other
components of the stress-energy supermultiplet. The components 7 = ... + 0*L(x) +
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O*L(z)+ ... are of particular interest since they define the chiral (L) and antichiral (L) on-
shell Lagrangians of the theory, with L(z) = L'(z) and i(L(z) — L(z)) being a topological
term,

(T()T(2)L(3)L(4)) = (D1D2)° 0, [Myppp (2, N F ()],

T4

(L(1)L(2)L(3)L(4)) = 03,008, [(«3)* F ()] , (4.21)

with Myppzp (2, A) = (Xuga)* = (Lzazae|2)*. Tt casy to verify using (A.7), (4.8) and (2.16)
that the expressions on the right-hand side of (4.21) have the correct transformation prop-
erties under inversion. The second correlation function in (4.21) is equivalent to the result
of [45] obtained by a different method. The latter has been used as a nontrivial consis-
tency check of two AdSs x S supergravity calculations, that of the dilaton/axion amplitude
in [46] and that for the bottom component of the same massive multiplet in [38].

Another class of correlation functions containing three 1/2 BPS operators and a con-
served current has been studied in [11]. We can use these results to obtain

(T(1)0(2)0(3)0(4)) = D [13s034534 (Yo (2, 1)) F ()] ,
(7" (1)0(2)0(3)0(4)) = D1 [V (v, ) X134 (w, A F ()] (4.22)

where X934 was defined in (4.13) and the notation was introduced for

V1234 = 95%2%49539%4%[34} + 55%395%4%4?/%43/1[23] + 95%395%4953.@%43/1[42} ) (4.23)

with Y170 = (y1iyi951)™" . Here Yippaq) and Y1
and are completely antisymmetric under the exchange of the points indicated inside the
brackets. We recall that the R-current and the 1/2 BPS operator belong to the SU(4)

representations 15 and 20, respectively. The three terms in the expression for V1234]

carry the dependence on the y-variables

correspond to three overlapping SU(4) representations in the tensor products 15 x 20" and
20" x 20'.

Thus, we demonstrated on various examples that the correlation functions of conserved
currents in an A/ = 4 superconformal theory have the general form (4.10) in which the
information about the quantum numbers of the currents is encoded in the M-function. In
particular, if the currents carry R-charge, the M-function can be decomposed into a sum
of various irreducible components corresponding to overlapping SU(4) representations in
the different channels.

We would like to emphasize that the expressions for the correlation functions presented
in this section are valid up to overall normalization factors. The latter can be determined,
e.g., from the consistency with the operator product expansion.

5 Application to energy-energy correlation

In this section, we use our results for the four-point correlation functions to compute the
energy-energy correlation (EEC) in an A/ = 4 superconformal theory. This infrared safe
observable describes the flow of energy in the final state created from the vacuum by some
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source [12]. More precisely, EEC(n1, ng) measures the correlation between the energy fluxes
in two different directions defined by light-like four-vectors ny and ng (with n? = n2 = 0).
As such, it is expected to be a regular positive-definite function of the angles defining the
relative orientation of ny and ns.

5.1 Generalized optical theorem

The energy-energy correlation admits the following representation in terms of a correlation
function [13-17]

EEC(ny,ng) = o ! /d4:x !9 G(z;n1,n2)

G(l‘g — Tg45MN7, TLQ) = (5(?11)5(7L2)J(I’3)j($4)>w y (5.1)

where the Fourier integral fixes the total momentum of the final state to be ¢g. The nor-
malization factor o is fixed by the requirement that, in the rest frame of the source, for
q = (E,0) and n; = (1,7;), the energy-energy correlation averaged over the spatial orien-
tation of the unit vectors 7i; has to satisfy the condition [ dQz dQz,EEC(ni,ng) = 1.

The correlation function G(x34;n1,n2) involves the so-called energy flow operators,
E(n1) and E(n2), which are expressed in terms of integrated stress-energy tensors (see [14,
15] for the explicit expression). The operator J(z) defines the source. If the source is
created by a conserved current of spin S, the operator J(z) depends on the polarization
tensor e

J(x) = g gs Jalas (@), (5.2)

The operator J(x) = J'(x) is given by a similar expression with e replaced by the con-
jugated polarization tensor €. The subscript w in the second line of (5.1) indicates that
this is the Wightman (not time-ordered) four-point function. It is related to its Euclidean
counterpart via analytic continuation.

To compute (5.1) it proves convenient to perform a conformal transformation and go
to new coordinates z* — z# [20, 47]

1 TT z da?
+ _ - — > — 2 _
= 2T = g 7=1 dz = e (5.3)
where the notation was introduced for the light-like coordinates % and # = (x, 7),
i xt T 9 L. _
Tag = Tp(0")aa = e | do® = dx"dx™ — dxdzx. (5.4)

Then, if the source (5.2) is defined by an operator of spin S and dimension Ag, the function
G(z34;n,n") in (5.1) is given by the four-point correlation function integrated over the light-
cone coordinates of the two stress-energy tensors

(25 2 )55 ' 306 ' 3
3 ~4 el1--as éﬁl--ﬂSAal’Yl (3)/\51 1(4) . A\GsTs (3)Aﬁs S(4>

(nfn;)?) Qaj...as BlBS a1y 5151 asys 5555

Gs(z34;m1,n2) =

o0 . .
x / day dzy (T(OF, 27, 21)T(07, 25, 20) T3 35 (23) T30 05 (2a) w

—00

(5.5)
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where the product of the z-dependent factor and Agz(z) = azzﬁ [0z in the first line
arises from the conformal transformation (5.3) of the two currents. Here T'(z;" = 0, 2;, Z})
(with ¢ = 1,2) are the stress-energy tensors (2.8) whose Lorentz indices are projected
onto the same auxiliary spinors A& = (1,0) and \§ = (é) satisfying A\§zaa Ay = 27. The
nontrivial dependence of (5.5) on the light-like vectors n; and ny comes through the variable
Zi =1,/ n;r, depending on the light-cone coordinates of these vectors.

According to (5.1) and (5.5), the definition of the energy-energy correlation depends
on the choice of the source J. Later in this section, we consider four choices for J: a
1/2 BPS operator, an R-symmetry current, a stress-energy tensor and a Lagrangian of the
theory. We will show that, in virtue of N' = 4 superconformal symmetry, the energy-
energy correlations are given in all four cases by the same expression and, therefore, do not

depend on the choice of the source.

5.2 Integrated correlation functions

Let us first examine the Euclidean version of the correlation function entering (5.5). In
close analogy with (3.2), this correlation function can be split into a sum of rational and
anomalous pieces. As was shown in [18, 19], the contribution of the former to the energy-
energy correlation (5.1) vanishes for generic n and ng and, therefore, can be discarded.”

The anomalous contribution to the correlation function in (5.5) can be found
from (4.10) for S; = Sy and S3 = Sy = S. More precisely, in order to match (5.5),
we have to identify the auxiliary spinors, A\; = Aoy = A\g and \; = Ay = A\g. Taking into
account that \g and Ao satisfy Aa‘zadj\g‘ = 27 for an arbitrary four-vector z, we can simplify
the expression for the differential operators D; and Dy defined in (3.24) (see (A.4))8

D; = X0.(0:)% (9r,)o = ~ N (02, )ad, — .- (5.6)

In addition, we can safely neglect terms containing d,- = 0/0z; since they produce a
contribution to the correlation function (4.10) that intlegrates to zero after substitution
n (5.5). Since the expression inside the brackets in (4.10) is a homogenous function of \;,
we can replace D; ~ 0z, for i = 1,2. In this way, we obtain from (4.10)

(T(1)T(2)J5(3)Js(4)) = (05,05,)*(D3Da)® [Mrry555 (2, NV F(2)] + ..., (5.7)

where the dots denote terms containing total derivatives with respect to z; and z, , and
we used the shorthand notation for T'(i) = T'(0%, 27, Z;) and

b A

Js(k) = N Ny o AL Mg I8 (2) (5.8)

Y178

For a source defined by the Lagrangian of the theory, we find from (4.21) that the correlation
function (5.7) takes a slightly different form

(T()T(2)L(3)L(4)) = (92,02)* O2, [Mpppi(2, VF(2)] + ... (5.9)

SIn all cases except the last one we have Ag — S = 2. The Lagrangian appears as O(6?) component of
the stress-energy supercurrent 7 and it has dimension 4 and spin zero.

"More precisely, it is proportional to a delta function with support at x = ¢*(nin2)/(2(qn1)(gnz)) = 1.

8Notice that we have to apply to derivative dy, before putting \; = Ao.
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As before, to obtain the correlation function in (5.5), it suffices to differentiate both sides
of (5.7) with respect to the auxiliary spinors A\; and A, with k = 3,4.

At the next step, we use the expressions for Mt .4 obtained in the previous section
to evaluate them in terms of the z-coordinates. For instance, for the 1/2 BPS operator
Oz0' we apply (4.16) to get (with z;; = 2z — 2;)

2 _
Mrroo = (y34)°[(01213232]0) (0]214242|0)]” = (y34)* 212 (25 2)*. (5.10)

Here in the first relation we rewrote (4.16) in z-coordinates, added the y-dependent factor
and identified the auxiliary spinors |1) = |2) = |0). In the second relation, we replaced
(2i)aa by its expressions (5.3) and (5.4) in terms of light-cone variables and took into
account that 2" = 257 = 0.

For the Lagrangian, the stress-energy tensor and the R-current, we apply rela-
tions (4.21), (4.15) and (4.17), respectively, and go through similar calculations to find

4 4

Mopprr = le(ZI) )

Moy = 25 (3|lw|4)?,
’

azal agal_4 4+ 4

Morrys = yYsy "Ysq CZi2723 74 <3|W’4>27 (5.11)

where (3|w|4) = \§ )\f wqp and the matrix wqg is given by

oo [ 0 23] | (5.12)

Examining (5.10) and (5.11) we observe an interesting property: the obtained expres-
sions for the M-functions are independent of the coordinates z; and z, and, at the same
time, they have the same dependence on Zjs. The former property implies that, upon
substitution of (5.7) and (5.9) into (5.5), the integration over z; and 2z, can be reduced
to evaluating the following integral

oo
dzydzy F(z2) = ————=6G(7), (5.13)

/—oo (22300323 2
where the function F(z) was defined in (2.17). Here the z-dependent factor on the right-
hand side carries the scaling dimension of the integral, so that G(vy) is dimensionless.
Moreover, the detailed analysis shows [11, 18, 19] that the argument of G(v) is a rational
function of v = ~y(z;) whose form is much simpler when expressed in terms of z-coordinates

x34m1)(T34M2)

_
=2 2 () (5.14)

The explicit expressions for G(v) in N' =4 SYM at weak and at strong coupling can be
found in [18]. We do not need them for our purposes.
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5.3 EEC for a scalar source

To avoid the technical difficulties related to the Lorentz structure of the source, let us first
consider (5.5) with a scalar source J given by the 1/2 BPS operator Oa¢ or the Lagrangian
L. We apply (5.7)—(5.11) and (5.13) to get for Ap, , =2, A =4 and S =0

20/
Z+Z+ 3 - -
Go(zza;n1,n2) = (y§4)2W&i%(zn)g(@zﬁm)z‘[z’w G(v)],
172 ~12734
G ) (VA2 (Z;fo):g = \3 2=
L(w3asna,n2) = (27)°0Z, (P22 )3(212) (02,05,)° [2126(7)] (5.15)
17%2 712734

where the subscript on the left-hand side indicates the choice of the source. We can now
use (5.3) to write the expressions on the right-hand side in terms of x;. This can be done
with the help of the identity

[v*(1 - 7)29”(7)]” = (£12)*(05,05,)* [7126G(7)] = %(9534)3 Oz, i(gz) ; (5.16)

which can be verified by a straightforward calculation. Taking into account that 2(ning) =

ning z% and 23, = 22,/(25 z;) we arrive at Lorentz covariant expressions for the integrated

correlation functions

(B> o 90)

Go(wza;ni,ng) = 128(n1na)® "™ 22,

1 g(7)
Gr(wsa;n1,ng) = m%% 2, (5.17)

We notice that the two expressions are related to each, G ~ D§3 Go.

To compute the energy-energy correlation (5.1), we have to analytically continue rela-
tions (5.17) to get the Wightman correlation functions, and then Fourier transform them
with respect to 34 = x3 — x4. It is easy to see that the Fourier transforms of Go and G,
are proportional to the same dimensionless function, e.g.

(¢*)°

4, Alzq . =t 7 1
[ et Grlaining) = A 7 (), (5.18)

where the notation was introduced for x = ¢*(n1n2)/(2(gn1)(gn2)) and

2 4 iqe 9w (7)
F(x)=¢q /d xe' 7040 (5.19)
Here Gy () corresponds to the particular analytic continuation of its Euclidean counterpart
G(v). Together with the ‘—i0z"" prescription in the denominator this ensures that the
Fourier integral (5.19) is different from zero only for ¢ > 0 and qo > 0, as it should be for
a physical quantity measuring the flow of energy in a final state with total momentum ¢. As
a consequence, F () is different from zero for 0 < y < 1. In the rest frame of the source, for
q=(E,0) and n; = (1,7;) (with 717 = 1), the scaling variable y = (n1n2)/2 = (1 —cosf)/2
is related to the angle # between the unit vectors 77; and 7s.
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Substituting (5.17) into (5.1) we find that the energy-energy correlations in both cases
are proportional to F(x). The proportionality factor can be determined by imposing the
normalisation condition

1
1
/ AXEEC() = 5 (5.20)
0
which follows from the requirement for the total energy in the final state to be equal to
the momentum transferred ¢. In this way, we arrive at

F(x)
X3

EECo = EECy, = (5.21)

with x = (n1ng)/2 = (1 — cos6)/2 in the rest frame of the source.

5.4 EEC for a tensor source

For a scalar source, Lorentz invariance implies that EEC(n1,n2) can only depend on the
relative angle y between n; and ng. For a source defined by the R-current and the stress-
energy tensor, this is not necessarily the case due to the dependence of EEC(n1,n2) on the
polarization vectors (5.2). Nevertheless, as we show in this subsection, the energy-energy
correlations in an N = 4 superconformal theory do not depend on the choice of the source
and are given by the universal scaling function (5.21).

For a source given by a current of spin S, an additional complication arises in (5.5)
due to the necessity to deal with Lorentz indices. Let us first examine the expression in the
second line of (5.5) with the four-point correlation function replaced by (5.7). According

o (5.11), the M-functions corresponding to the R-current and stress-energy tensor do not
depend on 27 5 and admit the following representation Mrr,.74 ~ 215 (3|w]4)25 (24 2 )25
for S =1 and S = 2, respectively. Then, we find from (5.7)

| ez ryr@as)5s@)

~ (D3D4) (23 21 )* " (3|wl4)*°(85,0z,) le/ dzy dzy F(2)

s (8lwl4)* (2521)°
(2 ;r +)S+2 (2122 :%4)3
where in the second relation we applied (5.13).

We observe the striking similarity of (5.22) with the first relation in (5.15). An im-
portant difference is however that the last relation involves the derivatives D34 and the

= (D3Dy)® (£12)(0,05,)* [212G(7)] , (5.22)

matrix element (3|w[4) defined in (3.24) and (5.12), respectively. They induce the depen-
dence of (5.22) on the auxiliary spinors \; and ); with i = 3,4. To obtain the correlation
function in the second line of (5.5), we have to differentiate (5.22) with respect to A; and
A;. In this way, we arrive at the following differential operator
_ 2 ap..ag 1.8
PS(a:cha aﬂc4) - (Z:)TZI) egi gg 85152
HAa 7 Aﬁi(gi (4)(8,\3)%(6,\4)51.(8;\3)%(8;\4)51 (D3D4)SW )

(5.23)
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where Agz(z) = azzﬁ/axffd and D; = X; 4(05,) (0, )a- It is easy to see that it does not
depend on the auxiliary spinors and is given by a linear combination of powers of the
differential operators 0., and 0,,. Using (5.3) they can be converted into the differential
operators 0z, and 0,,. For S = 1,2 the explicit expressions for Pg(0,,,0s,) are given below
in (5.26). Notice that (5.23) only depends on points 3 and 4.

Combining together (5.22) and (5.23) we find from (5.5) with the help of the iden-
tity (5.16)
g()

1
———— Pq(0s., 0p 12 . .24
128(n1ng)3 5(Drs, Ors) D, :c§4 (5.24)

Gs(xga;ni,ng) =

We observe that the only difference with (5.17) is the appearance of the differential operator
Pg(0y4, 0z,) that carries the dependence on the polarization tensor of the current. Upon
the Fourier transform (5.1), this operator is replaced by Ps(q, —q)

(¢*)?

128(mymg) L@~ F (0, (5.25)

/d4x e Gg(x;n1,n2) =
where the function F(x) is given by (5.19). Going through a lengthy calculation we find
from (5.23)

4 1 N _ _
Ps-1(q, ~q) = d*edel + 5 (edas) (€505) = 20°¢"e, + 2(e"q) (ua”)
1B B

a1 a1 P11\ (=282 do P2 _a2f32 co

) o
PS:Z(Q; _Q) = 6(6d131 4o, QBl ) (GQQBQQO‘Q qﬁg) + 36(] (edllglqﬁg) (66262 4o )€a1ﬁ2651a2
= 24[(6“”quq,,)(éw,q“q") + 12q2e“pép,,quq" - 6(q2)2e“"éw,] , (5.26)

where e/ = 2e%(o")4 and et = %ezg(a”)g(a” )g are the polarization tensors for currents
of spin S =1 and S = 2, respectively.

The very fact that the expression on the right-hand side of (5.25) factorizes into a
product of the polynomial Pg(q, —¢) and the universal scaling function F(y) immediately
implies that the energy-energy correlations (5.1) normalized according to (5.20) cease to
depend on the spin of the current and the polarization tensor. We therefore conclude
that in A/ = 4 superconformal theory the energy-energy correlations do not depend on the
choice of the source

F)

EEC, = EECy = EECp = EECL = —3
X

(5.27)

In the A/ = 4 SYM theory, the function F(x) is known at next-to-leading order both at
weak [21] and at strong coupling [18, 20, 22].

6 Conclusions

In this paper, we have studied the four-point correlation functions of the conserved currents
in N/ = 4 superconformal theory. Contracting the Lorentz indices of the currents with
auxiliary spinors we found that the correlation functions have a remarkably simple form —
they are given by total spatial derivatives acting on some scalar functions, with the number
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of derivatives related to the spin of the currents. The scalar functions factor out into the
product of a universal dynamical function and kinematical M-functions depending on the
chiral auxiliary spinors and the space-time coordinates of the operators. We demonstrated
that the requirement for the correlation functions to respect the conservation of the currents
and to have correct conformal properties lead to powerful constraints on the M-functions.
This allowed us to determine them for various correlation functions without doing any
calculations.

The obtained results for the M-functions revealed a surprising similarity with the
known expressions for the scattering amplitudes in AV = 4 SYM theory. Promoting the
auxiliary spinors to new, twistor-like coordinates of the operators and assigning them a def-
inite conformal weight, we found that the M-functions are built from very special blocks
which have been previously identified as the simplest, four-point dual conformal invari-
ants for the scattering amplitudes. We believe that this is not accidental and hints at the
existence of an additional symmetry of the correlation functions. Our results are in agree-
ment with the recent findings of [48] for a new class of NV = 4 superconformal invariants.
They admit a compact representation if expressed in terms of twistor variables analogous
to (3.20) and their linear combinations describe the multiple-point correlation functions
of N/ = 4 supercurrents in the chiral sector. It would be interesting to generalize such a
representation to include the dependence on the anti-chiral variables 6.

It is natural to ask whether the higher-point correlation functions of the stress-
energy tensor admit the same ‘derivative’ representation as the four-point functions.
It is interesting to note that a similar representation exists for the two-point function
(T(1)T(2)) ~ (D1D2)?[(12)*/(22,)?], but not for the three-point function since otherwise it
would imply the vanishing of the two-point function, in virtue of the Ward identities [42].
We recall that the distinguishing feature of the derivative representation is that the result-
ing expression for the correlation function satisfies the homogenous Ward identities (3.14).
In general, the contact terms in the Ward identities are proportional to correlation func-
tions with fewer points. Then, the absence of contact terms for the anomalous contribution
to the four-point function is an immediate consequence of the protectedness of the two- and
three-point functions in an A/ = 4 superconformal theory. Since the four-point function is
not protected, we do not expect the higher-point correlation functions to obey homogenous
Ward identities, thus making the derivative representation problematic.

One of the byproducts of our analysis is the prediction for the four-point correlation
function of stress-energy tensors in planar N' = 4 SYM theory at strong coupling. It is
given by (3.2), (3.25) and (2.17) with the function ®(u,v) replaced by its expression found
in [37-39]. Via the AdS/CFT correspondence this correlation function is dual to the four-
graviton scattering amplitude in AdSs. Due to the complexity of the corresponding Witten
diagrams, such an amplitude has not been computed so far. The fact that the correlation
function has the special form described above should simplify the problem and make the
calculation feasible.
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A Conventions

A four-dimensional vector x,, can be represented by a 2 x 2 matrix

+ —
ZTag = Tp(0")aa = o 22 =det||zga|| =272 — 22 (A.1)
(676 12 (6707 T m_ bl o [e7e3 . .

We use the following conventions for rising/lowering indices

. ;. . ;. —x T
;Cg = Gaﬁl’ﬁo}, xg = xaﬂ.eﬁ@é7 7o — eaﬁxﬁgeﬁa = |: . _w+:| , (A2)
where the completely antisymmetric tensors are normalized as €'? = €15 = (2 = €5 =1
and satisfy the relations .
e 5= o5, eo‘ﬁewa =45 . (A.3)
Defining the derivatives by (0,)%z Tpy = 5655’ we find for Ao = (0, —1)

da aer ag;

It is straightforward to verify that under inversion I[z ] = (x71)ga = xpa/x? the deriva-

Roa(0,) = —<§z ) . (A.4)

tives transform as

o) = wpagomah Lo < attadion,
; : 1
I[amﬂlaazﬁz] _ (3:2)2373‘11 222 (LRGN ﬁlx% iR
I[ad161ad2528d363] _ (x2)2xf'y‘11xf'y‘22x?y‘5 (3&1713’72%5'&373) gix%x% Cith (A.5)
The generalization to an arbitrary number of derivatives is straightforward
I[o%P1 . gonPn] = (a2)2a21 . a8 (9 .. @1yt | e (A.6)

Loy o Ly (22)2°
This relation can be proved by induction. Contracting the indices on both sides of (A.6)
and using the identity 0%1519%2P2¢5 5 = —e‘ild?D, we obtain

with €B8:Bit1

I0%] = («%)'07%,
(A7)

I[D} = (332)3D%, I[adlﬁlm] = (z )3 o (({)A’Wll]) S

where [J = 9#9,,.
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B N = 4 superconformal generators

In this appendix we elucidate the origin of the maximal number of derivatives recipe that
we used in section 3.1 to compute various components of the super correlation function.

It is well known that the special superconformal S-transformations can be realized as
a superposition of inversion and chiral super-Poincaré Q)-transformations

Si&=1QaT, (B.1)

with the composite index A = (a,a’). The super-Poincaré transformations generated by
Q% and ng take the form

! — . a’e_, . —
Li e — Li,ad + € lialas y ia y@ )
la  __ pa a a . a N/
0 o ei,a + €a + €a yi,a’ ’ 07, a'de T 67«,(1 @ (B2)

Y . . . . . .
where 2} = e© @+ Q2. and similarly for the other coordinates. The action of inversion on
the supercoordinates looks as

I[287] = (2717, yiar"] = yiar™ + 07 (27 ac bt

1107,] = (=7 H30¢5, I[0ir6) = =0, (a7 )2 (B.3)
Combining these relations we obtain from (B.1) the global form of the S-transformations
yi + 0:8)
"0:) " (E+ i) (B4)

where 2/ = e&5+E-S" 1 and we did not display the Lorentz and SU(4) indices for the sake
of simplicity. One can verify that the generators of the transformations (B.4) are given by
the operators S¢ and S¢ defined in (2.20).

The expression for the supercorrelator (2.23) involves the differential operator S, 3
which is related to the generator S, 3 by a similarity transformation (2.22). It is easy to
see using (2.20) that

S S 7 1 & (22,2 212
S = Sup + 20 Oiws = Tz Swa(aieieiel)
A

(ziz5z3T]
1
= g’ QoA (B5)

where in the second line we applied (B.1). It follows from the first relation that
{Sb//j” Qa'a} = 0. Then, we apply (B.5) to get

1

2.2 .2

§/4 —
(55%552%354)2

1Q" I(ata3a3a?)?, (B.6)

where §'4 = Hb’ ; Sy and similarly for Q4.
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Let us now examine the action of Q'* on a test function f(z). Replacing the Q'-
generator by its explicit expression (2.20) we find

@) =TT | X flral0)™| 0
aa S1<i<4
1 _ ;= _ o =
— ﬁ Z (eila’il)alal ((97;281'2)3/12 (923823)0422 (92‘487;4)(1/2&1‘]"(1*) , (B7)

1<y inyig,i4<4

where we used the notation for (6;0;)*" = (éi)%,(ﬁxi)éa and the SU(2) indices a and o

are lowered and raised in the same manner as the Lorentz indices, e.g, 0% = ¢%@, and
Oy = €uy0” (see appendix A). Each term on the right-hand side of (B.7) involves four
spatial derivatives and the same number of #-variables.

We can use (B.6) together with (B.7) to obtain an analogous expression for S’ f(x).

To this end, we first apply inversion to both sides of (B.7)
1Q*f(x) = 1Q* I (afada32?)’d(x) = (via3a3a])? S o() (B.8)
with ¢(z) = I[(x2232323)? f(x)]. To evaluate I Q"* I we apply the identity

I[(0)™ ... (00)* "] = («*)*(60) " ... (00) ™ 2! .. aln (;)2 (B.9)

that follows from (A.6) and (B.3). In this way, we arrive at

o 1 n aral (p a2(p asab (p «
Sl4¢(x) - ﬁ Z <9i16i1> ! 1(0i28i2) 2(92'381'3) ? 2<9i48i4)a§

ay
1<y ,12,i3,14<4

X (xil)aldl (xiz)aw'éz (xis)gg (1’2‘4)3}1 ¢(~T) : (B.l())

Notice that the spatial derivatives in the first line do not commute with the product of z’s
in the second line. Let us compare (B.10) with the analogous relation in which we replace
S’ by its explicit expression (2.20)

§o(x) = H [1;4(91- )" (w:)ac + 07056 (05,)"7 | 6() (B.11)

We observe that in order to reproduce (B.10) it is sufficient to neglect the second term inside
the brackets in (B.11), and then move all spatial derivatives to the left of all z-dependent
factors. It is this shortcut that we used in section 3.1.
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