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1 Introduction

The precise study of top quark properties provides a detailed probe of the Standard Model
of particle physics and models beyond it. Due to its small lifetime, the top quark decays
before it hadronizes and it is the only quark whose production dynamics can be studied
without having to account for hadronization effects. Following its discovery twenty years
ago [1, 2], the top quark has been studied intensively at the Tevatron. Owing to the limited
number of top quarks produced, differential studies there suffered from rather large uncer-
tainties [3, 4]. The measured top quark forward-backward asymmetry received much atten-
tion since it was first found to deviate substantially from Standard Model expectations [5].

With the large number of top quark pairs produced at the LHC, the study of its prop-
erties has become precision physics, and the measurement of very precise differential cross
sections, attainable. Recently, the ATLAS and CMS collaborations reported measurements
of normalised differential observables in ¢t production in several kinematical variables, such
as the transverse momentum, rapidity and invariant mass of the ¢f system, as well as the top
quark transverse momentum and rapidity [6-10]. More recently, both LHC collaborations
have measured the charge asymmetry in top-pair production, [11, 12].

These measurements will allow for a very detailed and accurate probe of the top quark
production mechanism. To reliably interpret data, these very precise measurements must be
matched onto equally accurate theoretical predictions, which can be obtained by including
contributions up to next-to-next-to leading order (NNLO) in perturbative QCD. At present,
NNLO corrections have been included in calculations of the inclusive total ¢t cross section
n [13], for the inclusive and differential Tevatron top quark forward-backward asymmetry
n [14], and for differential LHC distributions in [15].

At NNLO, perturbative calculations of collider observables are typically carried out
using parton-level event generators. These programs generate events for all parton-level
subprocesses relevant to a given final state configuration up to NNLO accuracy and pro-
vide full kinematical information on an event-by-event basis. An NNLO event generator
for observables with n final state particles or jets involves three main building blocks: the
two-loop corrections to the n-parton final state, referred to as double-virtual contributions
(do¥¥io), the one-loop corrections to the (n+ 1)-parton final state, called real-virtual con-
tributions (doRy; o), and the tree-level (n + 2)-parton double real contribution (dokay o).
These three building blocks involve infrared divergences that arise from the exchange or
emission of soft and collinear partons and cancel only in their sum. In addition, two mass
factorisation counter-terms, da%ﬁilo and da%ﬁfo, are needed in the three and two-parton
final states contributions respectively in order to cancel infrared divergences originated
from initial state collinear radiation.

The combination of subprocesses of different particle multiplicity which are individually
infrared divergent is a major challenge in the construction of NNLO parton-level event
generators. Employing a subtraction method to regulate these infrared singularities, the
NNLO partonic cross section for top pair production in a given partonic channel has the



general structure [16]
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Two types of subtraction terms are introduced: d&%NLO for the 4-parton final state, and
da—l\\I/NLO for the 3-parton final state. The former approximates the infrared behaviour of the
double real contributions dc}ll\%)}LO in their single and double unresolved limits, whereas the

latter reproduces the single unresolved behaviour of the mixed real-virtual contributions

~RV
donNLo-

In the context of the present computation, we further decompose the double real
subtraction term dé¥ypo as in [17], which allows us to rearrange the different terms in
eq. (1.1) into the more convenient form

. ~RR A8
donnro = A [doxNLo — doRNLO)
4

+ XD [d&l%\KILO - d6§NLO]
3

+[1>2 [déNNLo — doNnTo) » (1.2)

with
déxnro = déNNrO — /1 doRnLo — 4ONNLOs (1.3)
w%m:—lwﬁm—éwﬁm—wﬁﬁ. (1.4)

The NNLO contributions to the top pair production in the quark-antiquark channel
can be decomposed into colour factors as

D FE G
A _ 2 2 l
daqq,NNLO—(NC_1)|:NCA+NCB+C+JVC+]V02+NI (NCE—’_M)

c

G
TN, <Nc Fy, + Nh> + N?H, + N, N, Hy, + N? Hh] , (1.5)

with N, being the number of colours, N; the number of light quark flavours, and N, the
number of heavy quark flavours. All coefficients multiplying the different colour factors in
eq. (1.5) are gauge invariant and can be computed independently.

The goals of this paper are twofold. The first aim is the derivation of the two-parton
contribution given in eq. (1.2) for the colour factor N2 within the theoretical framework
of antenna subtraction with massive fermions. This framework has been established in
the massless case in [16, 18-23] and extended to the massive case in [17, 24-29]. We



shall not repeat it here. Together with the three and four-parton contributions derived
in [17] the two-parton contribution yields the coefficient A in eq. (1.5) and enables us
to obtain theoretical predictions for the most significant NNLO contribution to top pair
hadro-production in the quark-antiquark channel. In addition, we derive the heavy flavour
contributions labeled in eq. (1.5) as Fj, and Gy, presenting a detailed discussion of the
ultraviolet renormalisation of the loop amplitudes involved.

Our second goal is to present phenomenological results for Tevatron and LHC energies,
including the leading-colour and heavy quark contributions derived in this paper, as well
as the light quark terms, which we completed in previous papers [28, 29].

We employ analytic expressions for all matrix elements, subtraction terms and inte-
grated subtraction terms that arise in our calculation. For the real-virtual contributions,
we use OpenLoops [30] in combination with CutTools [31] and for the double virtual con-
tributions we use the analytic two-loop matrix-elements of [32, 33].1 As a result, at the
real-virtual and virtual-virtual levels, the explicit infrared poles are cancelled analytically.
Furthermore, the numerical evaluation of the finite remainders at each level included in
the parton-level generator is substantially faster than when these terms are evaluated nu-
merically.

The paper is organized as follows: in section 2 we present the derivation of the new in-
tegrated massive initial-final antennae required in the double virtual counter-term d&gNLO
for the leading-colour contributions to top pair production in the quark-antiquark channel.
Section 3 contains the explicit derivation of the counter-term d&gNLO expressed in terms of
massive integrated dipoles. Employing those dipoles, we find that the virtual-virtual sub-
traction term has a similar structure to the one found in the massless case in the context
of di-jet production at NNLO [18]. Section 4 is dedicated to the heavy quark contribu-
tions proportional to Ny N, and Nj/N,. Section 5 contains our numerical results: various
differential distributions are presented and the phenomenological impact of this computa-
tion is discussed. Finally section 6 contains our conclusions. We enclose three appendices
containing the master integrals required to compute the integrated antennae presented in
section 2, as well as the phase space parametrisations needed to calculate these integrals.

2 Integrated initial-final massive antennae

2.1 General features

One of the aims of this paper is the computation of the NNLO two-parton contribution
proportional to N2 for top pair production in the quark-antiquark channel. Within the
antenna subtraction method, this involves the construction of the double virtual counter-
term d&;jq,NNLO, N2 which renders the two-parton contribution

AVV ~U
/d<1> [daqq,NNLO,NE - quzj,NNLO,N?} (2.1)
2

finite and suitable to be implemented in an NNLO parton-level generator.

'For the gluon-gluon channel, which is beyond the scope of the present paper, analytic expressions for
the leading-colour and light quark contributions of the two-loop amplitudes have been presented in [34, 35].



As shown in eq. (1.4), this virtual-virtual counter-term contains mass factorisation
terms together with integrated double real and real-virtual subtraction terms. In order to
compute these, the integrated forms of the antenna functions present in the correspond-
ing real-virtual and double real subtraction terms are needed. The integrated antennae
are obtained by integrating the antenna functions over the corresponding antenna phase
space inclusively. This integration is carried out analytically, and turns the implicit soft
and collinear singularities of the antenna functions into explicit poles in the dimensional
regularisation parameter €, which are then cancelled against the explicit poles of the double
virtual matrix elements and mass factorisation counter-terms.

In the context of this paper, we need the integrated forms of two massive initial-final
A-type antennae which are presented here for the first time. These antennae involve a
massless initial state quark and a massive quark in the final state as radiators, and one
or two final state gluons which are unresolved, i.e. soft and/or collinear. More concretely,
the calculation that we present in this paper requires the integrated forms of the tree-
level four-parton antenna Ag(lQ,Sg,élg,?q) and the one-loop leading-colour three-parton
antenna Aé’lc(lQ,Bg,Qq). The tree-level four-parton antenna appears in the double real
subtraction term (d(}S’2

47,NNLO,N?
behaviour of the leading-colour double real contributions associated to the partonic process

) given in [17]. It is needed in order to capture the infrared

qq — ttgg when the two final state gluons are unresolved and colour-connected. The one-
VS,a

q3,NNLO,N2
required to capture the infrared behaviour of the leading-colour part of one-loop matrix

loop antenna appears in the real-virtual subtraction term d& given in [17]. It is
element associated to the partonic process qq — ttg.

The general definition of the integrated forms of three and four-parton massive anten-
nae in all three configurations (final-final, initial-final, initial-initial), as well as the cor-
responding phase space factorisations and mappings, have been presented in [24, 27, 28].
Below we will only briefly recall the definition of initial-final integrated massive antennae,
as they are the only ones needed in the calculation presented in this paper.

Initial-final three-parton tree-level and one-loop antennae like Aé(lQ, 39, Qq) (l=0,1)
are generically denoted as Xf,jkv with parton ¢ in the initial state, and j,k in the final
state. The kinematics associated to these initial-final antenna functions with one massive
radiator are p; + ¢ — pj + px, with ¢ =-Q®<0, pg = p? = 0 and p% = mé, and the
integrated antennae are defined as [28]

1 (Q*+mj)
C(e) 27

X g1, = /d%(pj,pk;pi, )X i (2.2)

d®, is the corresponding 2 — 2 phase space, and

Cle) = (4@6%. (2.3)

The initial-final massive antenna phase space denoted by d®x, ,, is given by

(Q* +mQ)

o d®s(p;, pk; pis q).- (2.4)

d(I)Xi’jk (p]7pk7 Di, q) =



In addition to the phase space integration, one-loop antennae must be also integrated over
the loop momentum.

Initial-final four-parton antennae like AY(1q,3,,4,, Qq) are generically denoted as
X?jkl, with parton 7 in the initial state and j, k,[ in the final state. The associated kine-
matics is p; + ¢ — pj + pr + p;, with q2 = —QQ, p? = p? = pi =0 and pl2 = mé. The
integrated forms of these four-parton initial-final antennae are obtained as

0o __ 1 (@+mg)
WP 2
and the corresponding antenna phase space is given by
(Q* +m)
d®x, .., (pjs Prs P15 DIy @) = TQd%(pj,pk,pz;pi, q)- (2.6)

After the inclusive phase space integration, the three and four-parton integrated an-

/d%(pjapmpz;pi, X3 i1 (2.5)

tennae are functions of Q2, p; - ¢ and mQQ. We change the dependence on the latter two
variables for

Q2
@ 27
and ) )
+m
z; = @ tmg. (2.8)
2pi-q
We also change the dependence on Q? for 83(7%) and S3(70) in three and four-parton inte-

grated antennae respectively, where the bars and tildes are related to the initial-final phase
space mappings that can be found, for example, in appendix B of [28]. The invariants are
defined as s;; = 2p; - p; with the crossings explicitly performed on the momenta p;, p;, i.e.
Y, p? > 0. In integrated subtraction terms, the mapped final state momenta p;; and pji
are relabeled in accordance to the labeling of momenta in the lower multiplicity final state,
in such a way that the integrated antennae end up depending on invariants s;;. This is the
notation that we shall follow throughout this paper.

In all cases, the inclusive phase space integration is carried out following the standard
technique of reduction to master integrals using integration-by-parts identities (IBP) [36,
37]. The computation of the master integrals is then carried out either directly to all-orders
or iteratively, order by order in €, using differential equations techniques [38].

All the master integrals found contain multiplicative factors of the form (1 — z;)™"¢
which regulate soft endpoint singularities and should be kept unexpanded. All other terms
can be safely expanded in e. As we explain in detail in appendix C, in some of the
master integrals found in the reduction of the one-loop antenna of interest here, namely
A},}’lc(lQ,?)g, 24), more than one e-power of (1 — z;) is encountered. Therefore, the master
integrals which we denote collectively by I, (z;, xo, €) can be most generally expressed as:

To(wi w0, €) = Y (1= i)™ " R (i, 20, €). (2.9)

n,m

The integers m and n are specific to each master integral; the functions Rgl)(a:i, xo, €) are
regular as x; — 1 and can be calculated as Laurent series in e.



The integrated antennae collectively denoted by X(z;,xo,€) are linear combinations
of master integrals with coefficients containing poles in € as well as in (1 — ;). After the
masters have been inserted into the integrated antennae, these take the form

X (zi,70,€) = (1 — 23) "Ry (w4, 20, €), (2.10)

where Ry (z;, zo, €) is a regular function as z; — 1. The Laurent expansion of the singular

factor (1 — z;)~17"¢ is done in the form of distributions:
1 d(1—2) < (—ne)™
1—g) e A7 Dy, 2.11
(1-2) w4 3 D) (211)

with

(1—=)

It is worth noting that in the functions R&n)(a:i,xo,e) and Ry (x;,xo,€), which are

Dy(z) = (h‘m(lx)>+ . (2.12)

regular as x; — 1, the massless limit xyp — 1 cannot in general be safely taken. This is
due to the presence of terms of the form logh(1 — zq) = logk(mé/(Q2 + mé)), which are
expected and correspond to quasi-collinear limits of the antenna functions [24, 27, 39].

In order to perform the Laurent expansion of the integrated antennae, we distinguish
two regions: a hard region where z; # 1 and a soft region where x; = 1. The highest order
in € needed in the expansion of each master integral is determined by the € and z;-dependent
coefficient that multiplies the integral in the integrated antenna. In the soft region, since
the expansion in distributions generates an additional 1/e factor, the functions Rgl) are
required to one order higher in e than in the hard region. Further details concerning the

integration of AJ(1g,3,,44,2,) and Aé’lc(lQ, 34,2,) will be presented below.

: 0 0
2.2 The integrated tree-level antennae Aq’Qg and .Aq’Qgg
The computation of d&%yNNLO, N2 requires the knowledge of the integrated tree-level three
0
7,Q99°
derived in [24], and only its pole part will be recalled below. The integrated flavour-

0
q,Q99

and four-parton massive initial-final antennae .,427@9 and A The former has been

violating four-parton antenna A is new and will be presented here for the first time.

2.2.1 The integrated three-parton antenna Ag,Qg

The pole part of the integrated antenna A27Qg is given by

1
Poles (Angg(e, S7jy L)) = —21&2;(6, s7;)0(1 — ) + F((]é) (), (2.13)
where IS(% is a colour-order infrared singularity operator which has been presented in [24]

and reads

e 2

€YE SH= 1 5 1 m
W spr) = ——C—(%Qa) | = 2~ (2 2.14
Qq(e’ 5Qa) 2I(1 —€) \ p? 2¢2 + 4e + 2 so7 ||’ ( )



and I‘gé) (x) is a colour-ordered splitting kernel given by

rD(z) = —= (45(1 — )+ Dy() — 5 — 23:) : (2.15)

As can be seen from the equations above, .A27Qg has its deepest pole at 1/¢2. In the
virtual-virtual subtraction term that will be presented in section 3, we will need products
and convolutions of two of these integrated antennae, and we will therefore require its Lau-
rent expansion up to order €2. The resulting expression is too long to be presented here. It
is included in an ancillary Mathematica file attached to the arXiv submission of this paper.

The integrated initial-final antennae depend explicitly on one momentum fraction x;
carried by the initial state parton. In order to combine these integrated forms with other
integrated subtraction terms depending on both momentum fractions x; and xy carried by
the incoming quark-antiquark pair, it is useful to make all antennae explicitly depend on
both x1 and x2. We achieve this by introducing delta functions in the following way:

Angg(e, 51, T1,T2) = /dnggQg(e,slj,ml)é(l — 9) (2.16)
AS,Q9(67 §2j, L2, 1) = /dxlAg,Qg(‘faSQj,@)fs(l —x1) (2.17)

c . . . 0 1,lc
The same prescription will be applied to A 5, and A o .

2.2.2 The integrated four-parton antenna Ag’Qgg

0
q,Q99

all phase space integrals as cuts of two-loop four-point functions with two off-shell legs in

To compute the integrated initial-final massive antenna A we start by expressing

forward scattering kinematics [40], and reduce these four-point functions to master integrals
with LiteRed [41].
As mentioned above, we consider the following DIS-like kinematics

D2+ g — p1+Dp3+Dpa (2.18)
with p2 = p% =pi=0,p?= mé, ¢*> = —Q? < 0. The denominators that we find are:

Dy = pi — mé

Dy = p3

D3 = pj

Dy = (p1—q)

D5 = (p3 +pa)®

Ds = (p3 — p2)?

D7 = (ps—p2)?

Dg = (p1 +p3)? — mé (2.19)

where Dy, Dy and D3 are the cut propagators. In the reduction procedure we impose
momentum conservation and mass-shell conditions for the external legs, and we discard all
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(a) Iy, Ii_g- (b) I () Tia -

\
an
\

(d) ][4,5,8]~ (e) [[4,7,8]-

Figure 1. Master integrals for Ag,Qgg. Integrals are labelled according to the denominators

involved (see eq. (2.19)). Bold (thin) lines are massive (massless). The double line in the external
states represents the off-shell momentum ¢ with ¢> = —Q2?. The cut propagators are the ones
intersected by the dashed lines.

integrals that do not contain the propagators Dy, Do or D3 with power -1. We find the six
master integrals depicted in figure 1. Their explicit expressions, together with a parametri-
sation of the phase space measure are presented in appendices A and B respectively.

The integrals Ijg), Ijs) and Ijy are known [24, 25]. We computed the remaining master
integrals, namely, g, I[4,58 and Iy 7g), using differential equation techniques, and we
present them here for the first time. Although the differential equations for these three
integrals are coupled, they can be decoupled order by order in €, which enabled us to solve
them iteratively. We fixed two of the three sets of undetermined integration constants by
demanding that the integrals be regular as z — 1 after factoring out an appropriate power
of (1—z). In order to fix the remaining set of integration constants we calculated via direct
evaluation the soft limit of /|4 7], and employed it as a boundary condition. The details
of the computation of this soft limit can be found in appendix B.

The highest order in ¢ with which each master integral contributes up to the finite
part of ./427@99 is specified in table 1. As mentioned before, in the soft region (z = 1), they
must be expanded to one order higher than in the hard region (z # 1).

After expanding in distributions we find that the integrated four-parton massive an-

0
q,Qg9

level Ag(lQ, 34,4y, Qq) contains double soft and triple collinear singular limits, which are

tenna A has a deepest pole at O(1/e*). This is expected since at the unintegrated
employed to reproduce the singular behaviour of the double real contributions associated
to the partonic process qq¢ — ttgg. The integrated antenna can be written in terms of
harmonic polylogarithms (HPLs) with arguments x; or zp and generalised harmonic poly-
logarithms (GPLs) of argument zp and weights involving 1/z;. GPLs and HPLs appear
with up to trascendentality three and four respectively. Given its length, the full expression
of this antenna up to O(e%) is given in the ancillary file attached to the arXiv submission



Integral | Needed in the hard region to | Deepest pole
I e €0
I_g e €?
Iy € €0
Iy g e’ €?
Iy 5.8 e’ €3
Iiy7.9) e’ €3

Table 1. Deepest poles and highest order in € needed for each master integral in Aq Qgg-

of this paper. The deepest poles read

=2
>_S§j€

Angg( y Sijs Ti
><{4145(1 )+ g {1—1—:1:1 +o(1 - )(32 +G(L; xo)> —QDO(xi)]

+i (11a3z? + 59x32? — 22z027 — 118x07; + 22; + 68) (9 + 1122)
2 24(1 — zoz;)? 8(1 — ;)

(7 - 27) >
331 1372 35

1
4(1 — ;) x; o
+5(1— ) ( _ BT a0 + G x0)> — Do) (35 +26(1; x0)>
144 48 24 12

G(0;z;)

€

G(1;x0) + 73(1 + x?)G<7

—2(1 + ;)G(1; ;) + 4(1 — ;)

+4D1(a:i)] + (’)(61)}. (2.20)

2.3 The integrated one-loop three-parton antenna AL gg

The leading-colour one-loop antenna employed in [17] for the construction of a real-virtual
subtraction term for partonic process qg — ttg at one-loop is given by

M5 10,30 2P oy o )|M“°’]<<13>Q, Al

AY(10,34,2,) = ,
@ M3((13)q, 2,) 2 IM3((T3)g, 2,2

(2.21)
where the subscript [Ic] indicates that only the leading-colour primitive amplitude (pro-
portional to N,) is kept. As mentioned above, the DIS-like kinematics associated with this
antenna function is

P2 +q—p1+Dp3 (2.22)

with pg = p% =0, p% = mé, ¢*> = —Q? < 0. The corresponding phase space parametrization

has been derived in [28] in the context of the integration of tree-level initial-final massive
antennae. It is repeated for completeness in appendix C.

The phase space integration of the second term in eq. (2.21) is trivial, since the ratio
]M[Zlc} ((13)q, iq)P/]./\/lg((ﬁ’))Q, iq)P only depends on 2, and it can be therefore pulled out
of the phase space integral. Thus, only Ag(lQ, 39, Qq) must be integrated over the phase
space, and this integral is known.

~10 -



(a) Ipy- (b) I35 () I3,q)-
(d) [[416]' (e) I[3,4,6]~ (f) [[3,4,5,6]-
(&) 113,467

Figure 2. Master integrals for A;:lé ,- Integrals are labelled according to the denominators involved
(see eq. (2.23)). Bold (thin) lines are massive (massless). The double line in the external states
represents the off-shell momentum ¢ with ¢> = —Q?. The cut propagators are the ones intersected
by the dashed lines.

We must therefore focus on the first term in eq. (2.21), for which we follow the same

0

procedure as the one described above for A The following denominators must be

4,Q99°
considered:
D = p% — mé
Dy = p3
Dy =1 — mé
Dy = (I—p1)?

Dg = (I —p1 +pa — p3)?

l
(
Ds = (I—p1 — p3)?
(
D7 = (

p1—q)%, (2.23)

where D; and D5 are the cut propagators, D3 to Dg are the loop propagators, and D7 =
—s23. We find the master integrals depicted in figure 2.

In addition to these new master integrals, the ultraviolet renormalised integrated an-
tenna A;”g g also contains the known inclusive phase space integral, denoted by /| which
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Integral | Needed in the hard region to | Deepest pole
I e €0
I3 €2 e
I3 5 el et
Ii3.6) € et
I, €2 et
I3 4,6) e’ €2
I13.4.5,6) e” e?
Ii3.4.6,7 e’ e?

Table 2. Deepest poles and highest order in € needed for each master integral in A;:Sg~

was computed in [24]. This integral is brought about by the phase space integration of the
mass and strong coupling renormalisation counter-terms.

The evaluation of the loop integrals I|3}, I3 5], Ij3,6) and I[4 6] is rather straightforward.
It can be done to all orders in € by integrating the underlying loop integrals over the phase
space. The remaining three master integrals, namely /(3 46], [[3,4,5,6) and I[34,6,7], cannot be

computed in this way. Instead, we calculated them using differential equations. Unlike the

0
9,Q99°
case fixed by imposing regularity conditions on the integrals. This impossibility is due to

case of the master integrals needed for A the integration constants cannot be in this
the fact that each integral contains several different powers of (1 — z). Therefore, in order
to determine the integration constants, we employed in this case independently computed
soft limits as boundary conditions. For I3 456 we used the soft limit of the underlying
one-loop box given in [42], whereas for Ij3 44 and Ij3 47 we calculated the soft limit of
the one-loop triangle to all orders in € using a Mellin-Barnes representation. More details
on these derivations are given in appendix C.

Like the integrated four-parton antenna presented above, ‘A;ZCS g has its deepest pole at
O(1/€*). Tt can also be written in terms of HPLs and GPLs of trascendentality four and
three respectively. The HPLs have arguments x; or xg, and the GPLs have argument xg
and 1/z; in the weights. The complete expression for .A;’lé g is enclosed in the ancillary file
included in the arXiv submission of this paper. Its deepest poles are given by

1,lc 5 N o—2€
‘Aq,Qg(e’ 5ijs i) = 534

1 1 (1+ ) 71 1
X{ — 8?5(1 — .CCZ) + ;3 - T — 5(1 — x,) <6 + 4G(1;$0)> + 2D0($i)]
1 29+&%ﬁ+2&@ﬁ—1m@@—5m@m+5m_Fa1+x%
2 12(1 — wow;)? 4(1 — ;)

(1+x2) 1
1. 1 .
1—xiG< ’$0)+2(1—xi)G v 0

G(0; ;)

+(1+2:)G(L; ;) —
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2
+4(1 — x;) ( — g + 5478 — %G(l;wo) - %G(l, 1;2:0)) + Do(z4) <167 + G(l;:cg)>
—2D1(.1‘Z'):| + 0(6_1)}. (2.24)

3 Top quark pair production at NNLO

Following the decomposition of the NNLO cross section for top pair production in two, three
and four-parton final state contributions as shown in egs. (1.2) and (1.4), in this section we
present the two-parton final state for the coefficient A in eq. (1.5). In particular, we shall
construct the virtual-virtual subtraction term d&gq,’NNLO’ N2 @S a combination of integrated
real-real and real-virtual subtraction terms, and mass factorisation counter-terms. We
will show that these ingredients can be arranged in such a way that d&gq,NNLO, N2 can
be expressed in terms of so-called integrated dipoles, which facilitate the cancellation of
explicit infrared poles in the two-parton final state contribution.

For massless jet observables computed at NNLO with antenna subtraction, the general
formalism allowing to write the real-virtual and virtual-virtual counter-terms using inte-
grated dipoles was presented in [18]. There it was shown that massless integrated dipoles,
denoted as J ;@ with ¢ = 1,2, emerge naturally when rearranging the mass-factorisation
counter-terms and integrated double real and real-virtual subtraction terms into three
different pieces that are free of collinear initial state singularities. It was furthermore
observed that the colour-ordered J g)’s are related to Catani’s one and two-loop infrared

singularity operators I g)(e) [43].

U
qq,NNLO,
quark pair production is similar in structure to the massless case. For the purpose of

making this similarity manifest, we define a new type of massive integrated dipoles J g).

(

In particular, the dipole J 21) that we find in the present calculation of this leading colour

contribution is related to the colour-ordered infrared singularity operator IS%, defined

in [17, 24] and recalled in eq. (2.14).

As we will see below, the virtual-virtual subtraction term d& N2 for heavy

3.1 NNLO contributions to top quark pair production in the gqq channel

In order to set up our conventions for normalisation factors and matrix elements, we start
by recalling the leading order partonic cross section for heavy quark pair production. It
can be written as

d6 4510 = L‘i%/d%(pz,m;pl,pz) MY (3. 45, 24, 10) IS (03, pa), (3.1)

J2(2) (p3,pa) is a so-called

where, d®y(ps, p4; p1,p2) is the 2 — 2 partonic phase space, and
measurement function, which ensures that a pair of final state massive quarks of momenta
p3 and py are observed. MJ(...) is a colour-ordered and coupling-stripped tree-level am-

plitude. It is related to the full amplitude through the (trivial) colour decomposition

1 L
M 0.0, = 9 (&31-15,»21-4 -5 51-32-451-22-1) Mi(3¢. 49524, 1q)- (3.2)
C
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The normalisation factor is

w_ 1 <as(u)>2 CleP (N2 - 1) 53

LO ™ 95 27 C(e)? 4NZ ~

where s is the energy squared in the hadronic center-of-mass frame. Included in N Lo are
the flux factor, as well as the sums and averages over colour and spin. The constant C/(e)
has been defined in eq. (2.3), while C(e) is given by

C(e) = (4m)e 5, (3.4)
providing the useful relation
2 _(Gs Cle)
§? = dray = <27T) el (3.5)

The leading-colour double real corrections to heavy quark pair production are due to
the tree-level partonic process q§ — @Qgg. They read

daqq NNLO,N2 = (3.6)
RR, 4
= Nynte, N2 d®4(ps, ps, ps, pe; p17P2)|M21(12HQ3Q4g5g6 k 2J2( (03, p1, ps. Do),
where d®4 is the 2 — 4 phase space, and |Mq1q2 Qs Q4g5g6| is the square of the full
coupling-stripped tree-level amplitude normalised to (N? — 1). This factor is included in
the overall normalisation NNNI:%I, which is given by
2 A2
RR,qq7 qq O‘s(u) 0(6)
NNNLO NLO < 1t > 0(6)2 . (37)

The subscript N2 on the matrix element squared indicates that only the terms proportional
to this colour factor are to be kept.

Given the fact that the measurement function J2(4) allows the final state gluons with
momentum ps and pg to become unresolved, i.e. soft or collinear, eq. (3.6) contains infrared
divergences. These divergences are implicit, in the sense that they only become explicit as
poles in € after the integration over the phase space is performed. The antenna subtraction
term that regulates these infrared divergences has been derived in [17].

The mixed real-virtual contributions are given by the phase space integral of the in-

terfered one-loop and tree-level amplitudes for the 2 — 3 process ¢ — QQg. They read

dxq dzo
dU 4G NNLON2 = NG N2 /ch>3 (p3, pa, ps; 1p1, T2p2)d(1 — 21)d(1 — 22)

0t (3)
x 2Re (MQ1Q2HQ3Q495Mq1§2%Q3Q495) % (P3, P4, P5), (3.8)
NZ
with the normalisation factor NNNfg given by
RV,qq qq as(p) ? RR.q7 ~
Nanio = NLo o C(e) = Nuni6 Clo). (3.9)
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The real-virtual contributions in eq. (3.8) contain explicit ultraviolet and infrared di-
vergences as well as implicit infrared ones. The explicit poles in € originate from the loop

integration in M? whereas the implicit singularities are due to the phase space

integration over r(ggf;nts téghere the matrix elements diverge: the soft limit p; — 0 and the
collinear limits p1||ps, p2||ps. While the ultraviolet poles are cancelled upon renormali-
sation, we employ a subtraction term d&qT@NNLQ N2 to deal with the infrared ones. This
subtraction term has the twofold purpose of canceling the explicit poles, whose structure
is well known [44], while simultaneously regularising the phase space integrand in the soft
and collinear limits. Its explicit construction was derived in [17].

Finally, the double virtual contributions have not been derived before and are the
object of study in the next section. They involve the interference of a two-loop 2 — 2
matrix element with its tree-level counterpart, and a one-loop amplitude squared. They
can be written as,

. dzq dx
déy unwonz = Nani6 Ve / o APa(ps, pas wip,ap)(1 = 21)S(1— 25) - (3.10)

0f 2 (2)
X [2Re (Mqlq2HQ3Q4Mqqu%Q3Q4) + \Mq1q2HQ3Q4| ] J57 (p3,p4)
2

NC
where the normalisation factor NNNIL%Z is given by
2
VV, g [ & (:u‘) RR, RV,
MR8 =25 (B oo —wERB P —ARB C. ()

After ultraviolet renormalisation, these double virtual contributions contain explicit
infrared poles up to order four, which originate from the loop integration. There are no
implicit poles, as the measurement function J2(2) does not allow any final state particle to
be unresolved. As we shall see below, all explicit infrared poles in eq. (3.10) are captured
and cancelled by those in the subtraction term da-;jq,NNLO, N2

For the two-loop matrix element in eq. (3.10) we employ the analytic results of [33].
The square of the one-loop amplitude was calculated in [45]. However, we independently
computed our own expression, written in terms of GPLs. For the numerical evaluation of
the HPLs in the double virtual amplitudes we use Chaplin [46], and for the genuine GPLs,
the GiNaC implementation of [47]. We derived an expansion of both terms in dé VY, 4G.NNLO, N2
at the production threshold (§ ~ 4mQ) in order to circumvent the numerical instabilities
that occur when evaluating the GPLs in this limit.

Before proceeding to the construction of the double virtual counter-term, it is worth
commenting on the purpose of the x; and 3 dependence in egs. (3.8) and (3.10). This seem-
ingly trivial dependance introduced in d(%zl;{quNLO N2 and d&;;VNNLO N2 through delta func-
tions, facilitates the combination with the counter- terms da 4 NNLO,N2 and daqq NNLO,N2?
which contain integrated antennae and splitting kernels that are non-trivial functions of
the momentum fractions x; and xo. In general, three regions can be distinguished: the
soft (x1 = xg = 1), the collinear (1 = 1,29 # 1 and 1 # laxg = 1) and the hard
(x1 # 1xg # 1). The two delta functions in the above equations imply that the real-virtual
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and the virtual-virtual corrections only contribute in the soft region. Their respective
counter-terms, on the other hand, contribute in all regions.

3.2 Structure of the virtual-virtual subtraction term quq,NNLo N2

In general, the virtual-virtual subtraction term denoted as d&NNLO is built from mass
factorisation counter-terms, as well as integrated double real and real-virtual subtraction
terms. In the present case, it is given by

da,U _ &S,b4 . dA dé’MF72
q3,NNLO,N2 — ; q3,NNLO,N2 SN2 NNLO N2 q3,NNLO,N2

~VS.a . VS,b .VS,d
B /1 & g NNLoN2 /1 G g NNLoN2 /1 6z im0 Nz (3:12)

The unintegrated forms of all these terms have been given in [17]. f2dA§qb§NLo N2
and fl dA;/q?I\?NLO N2 contain the new massive initial-final integrated antennae presented in

1,lc

section 2, namely the tree-level four-parton antenna A° and the one-loop antenna A 000"

7,Q99
In general, an additional integrated real-virtual subtraction term, related to a double real
subtraction term capturing almost-colour-unconnected unresolved limits, and denoted as
fl dUNNLO, should be present in eq. (3.12). Its absence in the present case is due to the
fact that at the real-real level the partonic process contains only two gluons.

Following [18] we decompose our virtual-virtual counter-term as

~U ~U,c
dC"qti,NNLO,NQ daqq NNLO,N2 + do, qq NNLO N2 +do qq,NNLO,N2’ (3.13)

where, by construction, each term will be free of explicit initial state collinear poles. In
order to achieve this, some rearrangements in the integrated real-virtual subtraction terms

[, do VS.a are necessar
19943 NNLO, N2 Y-

We decompose the real-virtual subtraction term d&V_SI\?NLO N2 in two parts:
A VS _ ~VS,a ~VS,a,2
/1d qq,NNLO N2 T /1d qq,NNLO N2 + /d qq,NNLO,NCQ' (314)
U,a

In the first term, which will be included in da we group the contributions of the

U,c
qq3,NNLO,N2>’

@,NNLO,N2>
form A9|M}|?, whereas in the second term, Wthh will be a part of d6
the subtraction terms of the form XJ}|MYJ%.

The integrated form of the ultraviolet-scale-compensating subtraction term given in
eq. (8.22) of [17] reads

we put

~VS.d vV, dzy dzy
/d 44,NNLO,N2 — NNTS N2/d‘1’2(p3 P4; T1D1, T2P2)
1

bo 5130\ -
XE{ [(;5”) - 1] AQqq(€: 513, 1, 72) + (’:;“) ]Aq 04, 524,;132,;51)}

x IM$(30, 4, 24 1) [P IS (03, pa), (3.15)
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where by is the N, coefficient of the QCD beta function at one loop, i.e. by = 11/6. The

square brackets in the second line may be expanded to produce two terms: the terms with
U,c
44,NNLO,N2"

the factor —1 in the square brackets with be part of d&

while those terms originated from
U,a

44,NNLO,N2*

In order to render each of the three pieces of the virtual-virtual subtraction term in

the pre-factor (s;;/ ©?)~¢ will be part of dé

eq. (3.13) free of initial state collinear singularities, we must split the mass factorisation
MF,2

43.NNLO_N2 into three parts. This construction is detailed below.

counter-term do

MF,2
a3, NNLO,N?

3.3 The mass factorisation counter-term d&
In general, for a given partonic process initiated by two partons ¢ and j with momenta
p1 and ps, the mass factorisation counter-term d&%\;{gﬁLo to be included at NNLO at the
virtual-virtual level reads [18, 22, 23],

~MF,2 as\2 5 dzq dzo 2 .
o o = — (2—;) C(e)? / o 7 ZFz(j,)kl(xlax2)dakl,LO($1p17$2p2) (3.16)
ol

as) = dzq dao (1) [ AV ~MF / ~S

—|=)C(¢e)] ———= L (x1,20)|do +do + [deo }x , T ,

(271' ( )/ p— ; i (@1, @2) | nLo kLo + [ dFkiNLo (z1p1, 22p2)

where dc}l\gl,NLo, d&%}f\mo and fl d&,%hNLO are the NLO virtual contributions, mass fac-

torisation counter-terms and integrated subtraction terms respectively, and the splitting
(1) (2 :

kernels I', ikl and I'; i are given by

T80 (21, 22) = 6i0(1 — 21)T) () + 08(1 — 22)T5 (1) (3.17)
T (21,02) = 0ri0(1 — 21)T( (w2) + 0;6(1 — 22)T) (1) + T (21)TY) (w2). (3.18)

To simplify the construction of the double virtual subtraction term d&g NNLO* I‘Z(.?)kl can
be written as suggested in [18] as

=(2) Bo

2 1 14
I‘z('j;)kl(xl’xZ) = I‘ij;kl(xh'xQ) — ?ng;)kl(l‘l,xg) + — [I“( )

1)
9 L™ ij;ab ® Fab;kl] (w1, 22), (3.19)

such that,

T (@1, 22) = T (21)80(1 — wa) + T (w2)0ud(1 — 1). (3.20)

The reduced kernel ffj)(z) is related to the usual Altarelli-Parisi splitting functions [48] as

(2 1 bo 10
T, (x) = ~ 5 <P21](x) + ?Pij(x) . (3.21)
Following [18] the double virtual mass factorisation can be split into three terms,
~MF2  _ ,.MF2, ~MF,2,b ~MF,2,
d6;; Nnwo = 4635 Nnto + 467 NnLo T+ 4075 NNLo> (3.22)

where the individual contributions are given by:

MF,2,a s\ A dzy dze a1 AV as\ =, bo ..
daij,NNLO:_<%) C(E)/%lx2 rij;)kl<d0kl,NLO_(2ﬂ_) Cle)_ddwro |, (3.23)
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MF,2,b s\ A dzy dxo 1 MF .S
do;; nnto = + (ﬁ) C(e) / xlx?{ - Fz(j;)k:l (dakl,NLO + ldakl,NLO
as\ =, 1) (1) 744
- (ﬂ) C<€)§[ iiiab @ Lo dGri10 ¢ (3.24)
~ MF,2, as\? 4 doydry =2 .
do; NN = — (ﬁ) 0(6)2/961962 ikt dOkiLO- (3.25)
We apply the generic definitions given above to obtain the mass factorisation counter-
terms d&;\g\ﬁ\}io, N2 (x = a, b, c) for the leading-colour NNLO corrections to top pair hadro-
. . . ~MF,2,a
production in the quark-antiquark channel. For daq(j,NNLO, Nz We find
MF,2,a _ 9 (Qs\ A dzy dzs
d6,gNNLoNz = Ve (g) C(ﬁ)/xlx2 T {iaq (21, 22)
~V Qg = bO ~
x(doyinco . = (52) CORdogLo ) (wipr,zope).  (3:26)

where d&t\zlq,NLO, n, is the leading-colour NLO virtual cross section, and

I (@1, 22) = 6(1 — 22) T (1) + 6(1 — 1) T (2), (3.27)

with I‘,(Ié) (x) given in eq. (2.15).
~MF,2,b

The second part of the mass factorisation counter-term, daqiNNLO, N2> reads
JeMF2 (% pre [AErde [ py qeME 455
04aNNLO,N2 — T o (€) 1 3 | aqaq(71,22) | dGgg NLO N T ) 94q,NLO,N,
ag\ =, .1 .
_ (5) C(e)5 [Tihag @ Diglag) (21, xQ)daqq,Lo}. (3.28)

Using the expressions for d(}};\g\mo, ~, and fl df}(?q,NLO, ~, given in [17], we get

~MF,2,b =~ vo (Qs\2 [ dzydeg 1 1
d6ggxnLo = C(e) (g) /3;1372 X {[Féngq ®Ft(1q);qq] (21, 22) (3.29)

- [F((J}zgqq ® "427@9(6’ s13)] (21, 22) — [Fggqq ® ‘AEJ),Qg(67 s24)] (22, xl)}d&quLO(‘rlpl’ TP2)-
The convolution of two functions f(x1,x2) and g(y1,y2) is defined as

[f @ gl(21,22) = /dx1dx2dy1dy2f(x17332)9(,91,?/2)5(21 —x1y1)0(22 — w2y2),  (3.30)
in such a way that the convolutions appearing in eq. (3.29) take the following forms

) oTd

4999 qq;qq] (x1,22) = 6(1 — x2) [Ft(z}z) ® th}” (z1) +6(1 — 1) [Fg? ® Ff(l}l)] (22)

+200) (21T (22) (3.31)
[Thihaq © Af g€ s1,)] (x1,22) = 6(1 — 22) [T @ Af g (e 51,)] (1)
+F¢(Z}Z) (IQ)'AS,Qg(Gv 51,5s 1‘1) (332)
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[Fggqq ® "42,629(67 Sﬁj)] (x2,21) = 0(1 — 1) [FI(I}I) ® "42,@9<6’ S?,j)] (22)
T (1) AL 0 (€, 59,4, 22) (3.33)

with
[ ©gl(x) = / drdzsf(21)g(22)8(x — 2122). (3.34)

The convolution of the form [ aq ) ® .Aq 0g(€ s)| has not been computed before. It is
needed up to finite order and reads

[ ®Ang( )] (x) =57 x {613[:5(1—@—#;7)0(3:)— 111:]

+€% [ (‘r I L 25(1 —z)+ ;Do(x)> G(1;29) — (3(11 Zs 1 i x) G(0;)

1+ 2)G(1 ) + % + @ + @) 51— 2)

- P00 - 221(0)] + O D . (3.35)

The complete expression can be found in the ancillary Mathematica file attached to the
arXiv submission of this paper.

Finally, the mass factorisation counter-term denoted as d&l\/{?\ﬁ\&o N2 reads

2 dzi dz
MF,2 9 1dz2 —(2) R
45 5NNL0 N2 = ~Ne <27r> (e’ / £, 3 Logigq(®1,2)d00g L0 (T1p1, T2p2),  (3.36)

with the leading-colour two-loop kernel 2 (21, x2) defined as in eq. (3.20) and

99399
T @) =, TW) (3.37)
—% [(g; - 21—471'2 + g In(z) — iln(x) In(1 —2x)+ % lnz(x)>pqq(x)
+§ (1—z)+ %(1 ~ 3z — (1+2)In(z )) In(z) + (% + 15’5)5(1 - x)].
As usual, pyq is given by
Pgq(x) = 1 E i 1—um. (3.38)
3.4 The subtraction term d&Uq‘;TNLO N2
The virtual-virtual subtraction term dUU’aNNLO, N2 is given by
d&iﬂ\lNLo N2 — _/1dA$1\?1\11L0 N2 T /1dA;i]S,1\?1\IlLO N2 di\g\ﬁ\}io N2 (3.39)

ANV dwq dao
—Nxnie N2 / 77d‘1)2 (p3, a3 x1D1, T2P2)

X |:<A27Qg(€, S13, L1, T2) — I‘((]}I) (x1)0(1 — :UQ))
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+<A2,Qg(€7 3247'7:27331) - I‘((]}])( 1 — I >:|
§

,lC A A ~
x{wi[ (304037, 1) - 2 |MS(30. 40, q>2}J§2><p3,p4>

where M}L’[Zd(?)QAQ,iq, iq) is a shorthand notation for the interference of the one-loop
leading-colour primitive amplitude Mi’[lc] (3,40, §q, iq) and its tree-level counterpart. The
content of the square bracket is manifestly free of initial state collinear divergences as is
the whole virtual-virtual subtraction term daqq’%NLO N2*

In analogy to the massless case [18], and using a similar notation, we can reformulate

eq. (3.39) in terms of integrated dipoles. Indeed, we can define the integrated massive NLO

dipoles as:
I3(1,Jq) = AJ g€, 5140, 1, 32) — T{ (21)8(1 — 2) (3.40)
J3(2.Jq) = AQ g€ 5355, 22, 21) — T (22)8(1 — z1). (3.41)

Using the expression in eq. (2.13) for the pole part of .Aq Qg One can immediately see
that these massive integrated dipoles of the form J3 are directly related to the massive
1)

colour-ordered infrared singularity operator I(Qq

. . ~U,a .
Furthermore, the integrated subtraction term daqiNNLO, N2 may be rewritten as

~U VV dIL‘l dZL‘Q _ _
6 \xro, N2 T —Nynia N2 / 7761‘1’2 (p3, P4 T1P1, T2P2) (Jé(l, 30) + J§(2,4Q))

1,[ic 5 % 5 % 2
x{w (80, 40,34, 1)~ 2 M3, 4, 24 mr?}Jé (ps.pa). (3:42)

In general, for an n-jet hadron collider observable computed at NNLO, dO’NNLO contains
integrated dipoles of three types: final-final, initial-final and initial initial. In our case, for
the leading colour contributions, the initial-final dipoles defined in eqgs. (3.40) and (3.41)
are sufficient.

3.5 The subtraction term da’q ’NNLO N2

For the virtual-virtual subtraction term qué,NNLO, Nz We obtain:

L Ub .S.d L VS,b1 MF 2,
9 inNLoNz = /d q2,NNLO,N2 /d G q.NNLON2 ~ 4000 NNLO, N2 (3.43)
VY, dwzq dao
= —Nan16 Ve / o 2y (%2(P3, P4 211, T2p2) { [Cighaq ® Tiilaa] (21, 22)

[Fq}J laa ® Agqq(€; 324)} (w2, 21) — [T, qq a0 ® Agqq(€ 513)] (1, 22)

S S 2
+ [AD (e, 575) © AL (€, 534)] (1, xz>}w2<3@, 46,24, 1) 215 (D3, pa).

Using egs. (2.16) and (2.17) it can be noticed that the convolution of two antennae
[A;)?Qg(e, 513) ® A21Q9(6,5§4)] (x1,x2) is in fact only a product. Furthermore, it can be
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seen that do U,Ii\l

edy this, we define

NLO,N2 is not free of explicit initial state collinear poles. In order to rem-

d&gq*’,BNNLo,N? dAg;ﬁ\INLO,Ng - 5d6(?q,NNLo,Ng (3.44)
with
5dé-}zjc7NNLO,N2 Nggﬁ%NQ/(?11(:622(1‘1)2(?3,}74,901291,@}72)
x5 { [ A0 (651) © AL gy er513)] (1,2) + [ A0, g 520) © AG g 520)] (2, 00) }
X ‘M4(3Q74Q7 )| Jz (p3,p4)- (3.45)

After this modification, daqq NNLO, N2 Call be written as a convolution of integrated massive
dipoles, with no infrared collinear Slngularlties left:

~UD AV dxy dxg
Ao NnLo,nz = —NuNiS NZ / 77d@2(p3>p4,1?1p17$2p2) (3.46)

1

x5 {|3301.30) + 3h(2.49)] © [Jz@ 30) + 33(2,40)| } IMI(Ba, 49, 24 1) IS (93, pa).

It is worth notlng that, in general, the terms that we added to ds¥ ,NNLO N2 in order

to construct daqq NNLO,N2 1€ provided by the integrated subtraction term of the form

fl d&l\\llﬁnio When those terms are present, which is not the case for our computation as
discussed previously, d&gi\?Lo is naturally written as a convolution of a sum of integrated
dipoles without any further additions required.

Finally, we remark that for the sum of dGU-?\INLo N2 and dc}U_CNNLO N2 to remain un-
changed, doU,CNNLO N2 will be redefined as we will see below.

3.6 The subtraction term da’qq’ NNLO, N2

For the integrated virtual-virtual subtraction term ds% ,NNLO N2 We have:
dAUC _ dASb4 _ dAVSQQ _ dAVSdQ dAMF,Q,C
qq,NNLO,NC2 - 9 qq,NNLO N2 qq,NNLO N2 1 qq,NNLO,N?2 qq,NNLO N2
_ VV,qq 2 dzy de2
= NNLO N¢ / ——dq)g(pg,p4,x1p1,x2p2)

0 0
X {A%Qgg(e? 513, 11, x?) + Aq,Qgg(ea 8245 X2, xl)

1,0 1,0
+ A0, (€: 513,71, 2) + A5, (€, 524, T2, 1)
bo S7a\ ¢ .
—f—? [(;5’) A27Q9(6,8137$17JJ2) + (:5’) Aq Qg(e S54, T2, X1)

=(2
_Ft(zq),qq(th?)}’M4<3Q74Q7 )‘2 Jz (3, pa). (3.47)
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The expression in the above equation is not free of initial state collinear poles. It
U,b
4@,NNLO,N2 in
order to render it free from initial state collinear singularities. Indeed we find that

becomes so, however, once we add back the contributions subtracted from d&

~U,c ~U,c ~U
do 0 4G.NNLO, N2 — =do qq,NNLO,N2 + 5d0qq,NNLO,NE (3.48)

has a similar structure than the one found for d&lt\lji\?LO in the massless case, and allows for
the definition of new initial-final massive integrated dipoles:

- . bo [ s13\ ©
J3(1, 30) = Anggg(e, S13,T1,T2) + A;:ng(e, $13,T1,%2) + 2 <123>
—=(2
T )51~ 2) — 5[ gy er51) ® A gyer513)]| (w1,2)  (3.49)

_ S5
J%(274Q) Angg(e 324,x2,x1)+Ang(e $34, T2, T1 +< ;)

1

_ff]?(mﬁ(l — 1) — 3 [Aq Qg (€ 524) ® AD o, (€, 534 ](562,961) (3.50)

In terms of these massive integrated dipoles we have

~U,c VV 4G A2 de’l d.’EQ
do, . \Nro, N2 = Nxnto Ve /dq’z D3, P4; L1P1, T2P2)

x(J%<1,3Q>+J%<2,4@>)|M4<3Q,4@72q7 112 75 (s, pa). (3.51)

As in the massless case, one can see that the integrated dipoles present here are related
to integrated subtraction terms which involve genuine NNLO objects. This feature can be
regarded as an additional check on the correctness of the construction of the subtraction
terms at real-real, real-virtual and virtual-virtual levels in this NNLO computation.

3.7 Explicit pole cancellation

With the explicit expressions included above one can show analytically that each of the
U,a ~U,b

4@,NNLO,N2> d&  \Nro. N2 and
explicit initial state collinear poles and that the sum of those bulldmg blocks is such that

dAU,C

virtual-virtual subtraction terms do 4. NNLO,N2 is free of

Poles (dc}fyﬁYNNLO,NE - d&gq,NNLO,Ng ) =0. (3.52)

This is an ultimate check that demonstrates that we have correctly implemented the sub-
tractions terms at real-real, real-virtual and virtual-virtual levels for the leading-colour
contributions to ¢¢ — QQ + X at NNLO.

4 Heavy quark contributions

In this section we present the heavy quark contributions to the top pair production cross
section in the quark-antiquark channel computed at O(a?). They are proportional to the
colour factors NN, (leading-colour) and N /N, (subleading-colour), and correspond to
the coefficients Fj, and Gy, in eq. (1.5).
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Both Fj, and G}, receive contributions in the two and three-parton final states, and
require, in both final states, subtraction terms to cancel explicit and implicit infrared diver-
gences. For all loop matrix elements involved we perform the ultraviolet renormalisation
in the so-called decoupling scheme, with the gluon wave functions and the heavy quark
mass and wave functions renormalised on-shell, and the strong coupling o, renormalised
in the MS scheme with N; active flavours. The two-loop amplitudes employed in our cal-
culation [33], were originally computed with the strong coupling renormalized in the MS
scheme with Np = Nj, + N; active flavours, and therefore required a conversion to the
decoupling scheme.

In this section we will explicitly construct the two and three-parton contributions to
the NpN. and Nj /N, colour factors, and we will show how the amplitudes computed
in [33] in the full-flavour scheme can be converted to the decoupling scheme via a finite

renormalization of .

4.1 Real-virtual contributions

In the antenna subtraction framework, the three-parton heavy-quark contribution to top
pair production at NNLO in the ¢ channel is given by

~RV AT
/dq) [daqq,NNLO,Nh - daqq,NNLO,Nh]' (4.1)
3

Following the colour decomposition of the real-virtual matrix-element as presented in [29]
d&%YNNLO, N, can be written as

. LRV dzy dzo
dorosnron, = NE&ro Na / 77d‘1)3 (P3, P4, P5; T1P1, T2p2)0 (1 — 21)d(1 — x2)

{ [‘Ml[h](?’QaE’gvlqw q )’2"‘ ’Ml[h](g@ qm2w5y74Q)‘
o | M5 50,50, 4053 30, 1)+ IMEP 30,4123, 1)
~2M 30, 1,20 10,5 |}V 1,0 (4.2)
where we have used the following shorthand notation:
M2 = 2Re(Mp M (MY (4.3)

with Mg and Mé’[h] being respectively the tree-level and the N}, coefficient of the one-loop
amplitude associated to the process ¢g — ttg. In addition, in eq. (4.2) we have defined the
one-loop amplitude Mé’[h](?)Q, 45, Qq, iq, 5,) as

h 5 3 L[k 55 L[k 54
M (30,405,24,14,5,) = M (30,5,, 145520, 40) + My (30,1433 24,54, 40)

~

_ Ml[h](3Q>5g>4Q§§2t7ai )+ M3 (30, 40:124,50. 1), (44)

where the gluon is photon-like.
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After UV renormalisation in the decoupling scheme d&%YNNLo, N, 18 free of explicit
e-poles. It contains, however, infrared implicit poles: the phase space integral is divergent
due to integration over the soft limit p; — 0 and the collinear limits p;||ps and po||ps,
where the matrix elements are singular. The subtraction term d5c1Tq,NNLo, N, ineq. (4.1)
regularises these implicit divergences of the phase space integral. We shall present it below.

4.2 Real virtual subtraction term d&quj,NNLO, Ny,

Both the leading-colour (N, N.) and subleading-colour (Nj/N.) real-virtual subtraction
terms only contain terms commonly known in the antenna subtraction literature as
dgVSal), They are built as products of tree-level antennae and reduced one-loop ma-
trix elements squared. Unlike in the most general case, there are no integrated double real

MF,1

subtraction terms, no mass factorisation counter terms do , nor subtraction terms in-

volving one-loop antennae. The absence of one-loop antennae in dé L. NNLO.N, 18 due to the
qq, N
fact that the Nj, coefficient of the antennae A}, which would be in principle be required,
vanishes in the decoupling scheme. It is also worth mentioning that in the decoupling
scheme the reduced one-loop matrix element Eleeded in d&;%,NNLO, N, 1-e. the Nj, part of
the one-loop amplitude for the process qq — tt, is finite.
Explicitly, we find,

. - dzi dz
d6 g xnLo,N, = MiRLo Nh/lzd%(pg P4, ps; 21p1, T2p2)d(1 — 21)5(1 — 3)
{ [A3<3Q,5g,1 MU (55)0. 4 30, 1) P (0. )
+ A (45,59, 20) MM (30, (45) 5, 24, 1) 215 (3, piz)
]_ 0 A~ 1,[h} S A
+ﬁc 2A3(3Q759’25)|M4 ((35)6274@ 2 )‘ (p357p4)
+2A9(45, 59, 1) MY (30, (45) 5, 24, 1) P I8 (93, p3z)
~249(30, 59, 1) M ((35) 0, 46, 24, 10) 257 (P55, a)
—2A9(45, 59, 29) MM (30, (45) 5, 24, 10) 215 (93, p35)
—A49(30, 54, 45)IM((3B)q, (45)5, 24, 1) 12157 (52, D)
3(9Q, 99, 4@ 4 Q> Q> 4a> Lq)l Y2 P35, Py

A9y, 5,. 1) MU By, §Tq>|2J§2><53,54>H. (4.5)

Since, as we mentioned above, \./\/l4 Ik ](SQ, 45, iq, iq)P has no e-poles, the subtraction term
in eq. (4.5) does not contain any explicit infrared singularities.

Being a pure subtraction term, d&gq,NNLO, n~,, must be added back in integrated form
to the cross section at the two-parton level. The required A-type integrated massive and
massless antennae are all known [24, 27].

— 24 —



4.3 Double-virtual contributions d&;/qYNNLO, N,

In this section we present the heavy quark NNLO two-parton contributions to ¢g — tt in
the decoupling scheme, which are given by

/d<I> [d6yannLoN, — d8ggNNLON, ] - (4.6)
2

We shall focus in particular on the construction of the double-virtual counterterm

daqq NNLO.N, » SPit into a leading-colour (N5 N.) and a subleading-colour (N, /Nc) part.

The contributions from the double-virtual matrix elements can be written as

~VV VV dzy dao
dogaNNLO, N, = NNquth / 77(1@2(]33, ..., P4} T1P1, T2P2)

X(S(l - 331)5(1 - x2)|M4(3Q74Q7 2677 iq)|2 J2(2)(p3)p4) ) (47)

with NNNIng given in eq. (3.11), and with the abbreviation

(4.8)

2 _ 5 7 2 07 2
|M4(3Q7 4Q7 2‘77 1‘1)’ |:2R‘e (Mqlqgﬁ)tgt4Mq1(72—)tsf4) + ’Mq1q2~>t3t4‘ :|
Np,

For the Nj, part of the two-loop matrix element in eq. (4.8) we employ the analytic results
of [32] converted to the decoupling scheme via a finite renormalisation of a that will be
described below. The “one-loop squared” term has been computed analytically in [45].
We re-derived it ourselves, also analytically, and use our own result in our event genera-
tor. We further compared these results with those provided by Roberto Bonciani in both
renormalisation schemes and found full agreement.

After UV-renormalisation, da-;/q\,/NNLO, n,, contains explicit infrared poles, that are can-
celled by the virtual-virtual subtraction term d‘}gq,NNLo, n, derived below.

4.4 Virtual-virtual subtraction term d&%’NNLO, Ny,

Following the decomposition of the mass factorisation counter term de™M™2 and doV ex-
plained in section 3, we find that d&% NNLO.N;, only contains terms denoted there as dgV»
involving only the mass factorisation counterterm d&g/q{’FA’,QZ’\;I LON, and the integrated form
of the real-virtual counter term derived in eq. (4.5).

The mass factorisation counterterm is given by

Qs

~MF,2,a A
quq,NNLo Ny, = —C(e) (ﬂ) Np, (

77qu qq($1, x2)daqq NLO,Nj, (w1p1, 22p2)

(4.9)
with I’gzqq given in eq. (3.27), and where d&c\fq NLo.n;, the Nj coefficient of thes the NLO
virtual cross section.

N2—1) dzy dxo

We decompose the double virtual counter term into a leading and a subleading-colour
part:

~U _ AU ~U
daqq,NNLO,Nh = daqq,NNLO,NhNC + daqq,NNLO,Nh /N (4.10)
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The leading-colour part is given by
~U VV qq dz1 dzo
dGg w08 Ne = ~NNNEG NilNe | == d®a(ps, pas 21p1, 22p2) (4.11)
A i —TW(21)6(1 —
X q,Qg(e’ 813,l‘1,{1}2) qq (751) ( .73‘2)
(A (e 520 ) = 01 = 1)) | 15 50,4 B2 L) P )

The terms present in the square bracket are manifestly free of initial-state collinear diver-
gences as is the whole double virtual subtraction term d‘}gq,NNLo, N, N.- Using the same
integrated massive NLO dipoles as in section 3.4 for the leading-colour double virtual
counter-term contributions, we can rewrite eq. (4.11) as

. VY, dzy dxg
6y NNLON, N, = —NunT e N Ne /d‘I)z (P3, p4; T1p1, T2p2)
% (3L, 30) + 35(2.49) ) IM5 " (3.4, 24, 1) 257 (pa. pa). (4.12)
The subleading-colour heavy quark counter term d&gq NNLO, Ny, /N reads,

N, dxq dz
~ VV h 1 2
A6 45 NNLON,/v. = ~NNNLO N, / o 2, (P2(Ps i 11, 22p2) (4.13)

X (2./427@9(6, S5, T2,T1) + 2.,427(29(6, S74,T1,T2) — 2./427@9(6, $73,T1,T2)
_QAS,Qg(ea 534, T2, fl?l) - A%gé(ev 534,71, 332) - quy(ev 512, L1, LITQ)
T (21)8(1 — m2) + Tl (22)5(1 — a:1)> MM (30,46, 24, 1) P IS (03, pa).-

This subtraction term can also be written in terms of integrated dipoles. In addition to
the initial-final massive dipoles defined in egs. (3.40)—(3.41), this requires a new final-final
massive dipole defined as

J3(I, Kg) = Ay (e six), (4.14)
as well as a massless initial-initial dipole defined in [18] and given by

I(1g.29) = A% (21, 22) — TH (21)6(1 — 2) — DD (22)8(1 — 7). (4.15)

In terms of these three type of integrated dipoles, the virtual-virtual subtraction term
d(}gj,NNLO, Ni/Ne takes the following form:

R Ny, [ dx dx
dU‘IIquNNLOaNh/Nc = IEI/IEI/L% N, /12d‘1’2 P37P4,$1P1,$2p2)
% (234(2,3) + 234(1, 4g) — 235(1,3q) — 233(2, 4g) — J3(30, 4¢) — 33(1,2))
h 2~ 2
x| My (30,40, 25, 1) P (03, pa). (4.16)
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The pole parts of each of the integrated dipoles in eqs. (4.12) and (4.16) is given by
a specific colour-ordered infrared singularity operator Iijl- given in [17]. In terms of those
operators we find that the pole part of the entire double-virtual heavy-quark counter term
reads:

Poles (d&gq,NNLQNhNC +d6y; NNLON,, /NC>
dxq dz
gfflzI/L%l / 7172d‘132 (p3, pa; w11, 22p2)0(1 — 21)0(1 — 22)
1 1
|:8NCIEQ(3(€> 513) - ﬁc (41&2%(6, 813) — 4122%(6, 823) + It(pj) (6, 812)

1 (esan)) [ Re(ROIMIP B, 40. 3 1) A ). (417)

As mentioned above, the renormalized one-loop amplitude M}l’[h] is finite. It is fur-
thermore proportional to its tree-level counterpart:

Lk 5 3 5 3
M, [ }(3(2, 4@, 23, 1q) =Ry Mi(?)Q, 4@, 23, 1q), (4.18)

with the factor Ry in the equation above given by

Ry = —% (8 -36%) - §(3 ~ ) H(0:) - mg (3-5) +0() (4.19)

and with § = /1 — 4m2Q /s12. Using this expression for the one-loop amplitude, we can also

express the pole structure of the “one-loop squared” contributions in d&;;YNNLO’ N, given
in eq. (4.7) in terms of infrared singularity operators. For the leading-colour part we find

Poles <2Re(M}g“c] (30, 4a: 20, I My (30,45, 24, iq)T)> =
AT (€, s13)Re(Ri)|M§ (30, 4, 2, 14) 2 (4.20)
and for the subleading colour part, we get,
Poles (2Re(M1 (35,46, 24, 19 My (30,40, 24, iq)f)> = (4.21)
- 2(4183(6,513) AT0) (€, 523) + 1 (€, 512) + 105 (e, 334))Re(Rh)|M2(3Q,4Q,Qq, i)

QQ

Taking the pole part of the integrated subtraction terms given above (where we have used
momentum conservation to set sg4 = s13 and s;4 = s23) enabled us to verify the pole
structure of the two-loop amplitudes in the decoupling scheme.

We conclude this section by showing how the one and two-loop amplitudes computed
in [33] in the full-flavour scheme can be converted to the decoupling scheme with N; active
flavours. This conversion can be achieved with the well known finite renormalisation of «y

(see e.g. [49, 50])
(V) (VM) 2
as as 3
(5 )e s () 6 vo]
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with alVF) denoting the strong coupling in the full theory, and ol the strong coupling

in the decoupling regime. The renormalisation constants &; are given by

N,
£ = ?hL,u,e (4.23)
N2 N, N, 4Cy4  15C
& = | —tte=2(5C4+3Ck) Li,e+7h(5CA+3CF)LM7€_Nh e I CE2)
9 "“12 6 9 8
with
Amr)€ 2\
€

mnQ
We can use eq. (4.22) to relate an amplitude M computed in the full theory to its
counterpart in the decoupling scheme, denoted as M. We have,

a(NF) a(NF) 2
M= (47al¥) § MO 4 [ 2 I MmO 4 (2 ) M@ 4 0(ad)

2T 2T

= (4ma™) { MO o™ )
= (4mal™) § MO 4 [ Z— M + M

() 2
+<a;7r ) {M(2>+2§1M(1)+§2M(0)} +O(a§'>}, (4.26)

such that for the one and two-loop amplitudes we find respectively,

MY = MO 4 g MO (4.27)
M = M® £ 26, MO £ e MO = M@ 4 og Y (gz —9 (51)2) MO (4.28)

5 Numerical results

Together with the double real and real-virtual leading-colour contributions derived in [17],
the two-parton channel presented in section 3 completes the calculation of the coefficient
Ain eq. (1.5). We implemented this coefficient along with Fj, Fy, G;, Gy, H;, Hy, and Hy,
in a Monte Carlo parton-level event generator based on the set up of eq. (1.2). While the
inclusion of the coefficients Hx is rather straightforward, as they are all infrared finite and
only receive contributions from double virtual matrix elements, the coefficients Fx and
G x are non-trivial. Fj and G were presented in [29], and F}, and G}, were derived in this
publication in section 4.

Using an adaptation of the phase space generator employed in the NNLO di-jet calcu-
lation of [51], our program, written in Fortran, provides full kinematical information on
an event-by-event basis, thus allowing for the evaluation of differential distributions for top
pair production including exact NNLO results for the quark-antiquark channel. Naturally,
the calculation of total cross sections is also possible.

In this section, we present numerical results for LHC and Tevatron. For LHC, with
Vs = 8TeV, we show differential distributions in the transverse momentum of the top
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LO NLO NNLO (LC) NNLO (ref. [52])
Tevatron 6.069 5.845 6.425 6.118
LHC 7 29.76 28.21 29.51 28.59
LHC 8 37.60 35.67 37.31 36.22
LHC 14 91.22 85.91 89.96 87.99

Table 3. Contributions to the total hadronic cross section from the quark-antiquark channel at
LO, NLO and NNLO at different collider energies. Cross sections are in [pb], with pug = up = m;.
Our NNLO predictions are contained in the third column, labelled as NNLO (LC), as they are
dominated with the leading colour (LC) part.

quark ph., the top quark rapidity y’, the invariant mass of the tf system my and its
rapidity . For Tevatron we show differential cross sections in P,y and my, as well
as in the absolute value of the top quark rapidity |y!|. In a separate sub-section we
present our results for the forward-backward asymmetry App, differential in the rapidity
difference |Ay*| = |yt — 4| as well as in m,; and ptj’g.

All the results presented below include all partonic channels at LO and NLO. At NNLO,
the contributions to the quark-antiquark channel from the colour factors N2, N;N., N;/N.,
NpN¢, Ny /Ng, Nl2, N,%,NlNh and NN, and N /N, are included. We use the pole mass
of the top quark m; = 173.3 GeV, and the PDF sets MSTW2008 68cl. The factorisation
and renormalisation scales are set equal to the top quark mass ur = ur = m; throughout.
Where provided, scale variations correspond to the range m;/2 < m; < 2my.

The total hadronic cross section in the quark-antiquark channel is presented in table 3
for Tevatron, and LHC with center-of-mass energies 7, 8 and 14 TeV. From the comparison
with the full NNLO calculation of [52] it can be seen that, due to the omission of subleading-
colour pieces at O(a4), our results consistently overestimate the NNLO correction to the
total cross section, indicating that the combined contribution of the coefficients C' and
E in eq. (1.5) is negative and non-negligible. It should be noted that the size of these
subleading-colour terms decreases with the hadronic center-of-mass energy, as can be seen
from the fact that the discrepancies between or results and those of [52] at NNLO are 5%
for Tevatron, 3.25% for LHC 7, 3% for LHC 8 and 2.25% for LHC 14.

5.1 Differential distributions for LHC

In figure 3 we present differential distributions for top pair production in pp collisions
with /s = 8 TeV at LO, NLO and NNLO, together with the corresponding k-factors. As
expected, the impact of the NNLO corrections in the ¢q¢ channel on LHC cross sections is
in general mild, given the dominance of the gluon-gluon initiated process in this scenario.

From the ratios NNLO/NLO in the lower panels of figures (a) and (c), it can be
seen that the NNLO corrections decrease the pf. and my; distributions over the entire
spectra considered. The decreases range between 3% and 7%, being in both cases more
pronounced in the tails of the distributions.
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In the distributions in ¢* and y*, given in figures (b) and (d), it can be seen that in
comparison with the full NLO result, NNLO corrections in the quark-antiquark channel
shift the cross sections downwards in the central region by 5%. In the very forward and
backwards ends of the spectra the impact of these corrections is more substantial, causing
an upwards shift of 12% in the y' distribution, and over 50% in the y** distribution.

All plots in figure 3 show a slight reduction in the scale uncertainty when the NNLO
corrections to the ¢¢ channel are included.

In order to assess the relative size of the contributions from the different colour factors
included at NNLO in our calculation, in figure 4 we show the breakdown of the NNLO
corrections to the g channel as functions of p}. and y*. We find that the leading-colour

piece, proportional to N?, contributes most significantly, followed by N;N., which was

c’
calculated in [17]. The contributions from all other colour factors are very small.
To further disentangle the light and the heavy quark contributions, in fig 5 we show
only the fermionic contributions, omitting the N2 colour factor.

5.2 Differential distributions for Tevatron

In figure 6 we present differential distributions for top pair production in pp collisions
with /s = 1.96 TeV at LO, NLO and NNLO, along with the corresponding ratios. Given
the dominance of the quark-antiquark channel in this scenario, the impact of the NNLO
corrections included in our calculation is more important here than in the LHC distributions
presented above. In all cases we find good agreement with experimental data, and a
significant reduction in the scale uncertainty at NNLO.

As can be seen from the distribution in pf. given in figure (a), in the lower part of the
spectrum, NNLO corrections introduce a 10% shift with respect to the NLO prediction.
This shift decreases as p. increases, becoming negligible in the tail of the distribution. In
the distribution in |y!| given in figure (b), NNLO corrections to the ¢g channel introduce
an increasing shift of up to 30% with respect to the NLO result. A significant reduction in
the scale uncertainty is also observed. In figure (c) we show the inclusive cross section for
top pair hadro-production as a function of the invariant mass of the top-antitop system.
NNLO corrections, in this case, cause a positive shift over the entire spectrum ranging from
15% near the production threshold to approximately 5% in the tail of the distribution.

It is well known that QCD corrections to the y' distribution in pp collisions cause a
shift towards the forward region. This fact can be observed in our result shown in figure (d),
where it can also be seen that NNLO corrections modify this shift in comparison to the
NLO result. As we will see in the next section, this will have an effect in the NNLO result
for the forward backward asymmetry.

In figure 7 we show the breakdown of the NNLO corrections to the y' and my
distributions into colour factors. The same pattern found in figure 4 can be observed,
with the N2 colour factor contributing most significantly, followed by N;N.. As before,
in figure 8, we omit the leading color factor in order to further examine the size of the
different fermionic colour factors.
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Figure 3. Differential distributions for LHC (y/s = 8 TeV) in: (a) top quark transverse momentum
ph, (b) top quark rapidity y, (c) invariant mass of the ¢t system myz, (d) rapidity of the ¢t system
y'*. The NNLO contributions included are in the quark-antiquark channel only. Renormalisation
and factorisation scales are set equal pr = pr = p and varied as m;/2 < p < 2my.

5.3 The forward-backward asymmetry at Tevatron

The forward backward asymmetry in hadronic top quark pair production is an observable
that measures the difference between forwardly and backwardly produced top quarks. It
is defined as

J(Ayf) — J(Ayt_{)
o(Aytt) + o(Ayt)

App = (5.1)
with Ayt =yt — yf and Ayl = 9(£Ay™).

At leading-order App vanishes given the forward-backward symmetry of the Born
matrix elements. At higher orders, however, loops and real emissions in the quark-antiquark
and quark-gluon channels cause the (anti)top to be more likely produced in the hemisphere
defined by the direction of the incoming (anti)quark. Due to this fact, which was first
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factors.

observed in [53], a non-vanishing App in pp collisions is predicted starting at next-to-

leading order.

Much attention was dedicated to the forward-backward asymmetry after measurements
by the CDF collaboration showed a pronounced discrepancy with the Standard Model NLO
prediction [5, 54]. A recent publication by the DO collaboration [55] showed measurements
that differ from those by the CDF collaboration, and are in agreement with all SM pre-
dictions. In [14], the NNLO QCD corrections to App were calculated for the first time,
yielding a significant reduction in the scale uncertainty and confirming the agreement be-
tween the SM prediction and the latest result from DO.
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Figure 6. Differential distributions for Tevatron in: (a) top quark transverse momentum p.,
(b) absolute value of the top quark rapidity |y?|, (c) top quark rapidity 3¢, (d) invariant mass of
the ¢ system m. The NNLO contributions included are in the quark-antiquark channel only.
Renormalisation and factorisation scales are set equal ur = pp = p and varied as myop/2 < p <
2myop. Experimental data points from CDF and DO are taken from the results in the ¢ + jets

channel presented in [3] and [4] respectively.

Here we present our results for the forward-backward asymmetry at NNLO, computed
in the so-called unexpanded form:

agAaNLo + OzﬁAUNNLO + O(ag’)

Appg = . 5.2
rB OégULO +04§UNLO +Oz§UNNLo +O(O¢§) (5:2)
In figure 9 we show Arp as a function of |Ay’| = |y* — yt| as well as in m,; and ptTE. In

the first two cases we find agreement with the DO measurements, as well as a substantial
reduction in the renormalisation and factorisation scale dependence at NNLO. The change
from NLO to NNLO in the scale variation bands of the p%g distribution is rather unusual,
with a reduction in the scale dependence in the first bin, and an increase in all others.
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Figure 8. Contributions to the NNLO QCD corrections to pp(qq) — ¢t + X from fermionic colour
factors.

We compared the results in figure 9 for the differential asymmetries with [14]. Although
at NNLO our computation only includes the quark-antiquark channel at NNLO (and it
does not include all colour factors), when this channel is dominant, the two results are in
agreement. Our results appear to differ at the edges of the distributions. In those regions
the top quark pair are produced mostly asymmetrically where we expect the quark-gluon
channel, not included in our computation (but included in [14]), to play an important role.

6 Conclusions

We presented the computation of the virtual-virtual two-parton final state contributions to
top pair production in the quark-antiquark channel proportional to the leading colour factor
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Figure 9. Differential Arp in: (a) absolute rapidity difference |Ay*| = |y* — 4|, (b) invariant
mass of the ¢t system myz, and transverse momentm of the ¢ system p%?. The NNLO contributions
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equal pur = pp = p and varied as Myop/2 < p < 2myop. Experimental data points from CDF and
DO are taken from the results in the ¢ + jets channel presented in [54] and [55] respectively.

NZ2. Together with the three and four-parton contributions derived in a previous publica-
tion [17], this enabled us to complete the NNLO corrections to top pair hadro-production
in the quark-antiquark channel for the phenomenologically most important colour factor.

We derived the subtraction term needed at the two-parton level using the antenna
subtraction method extended to deal with massive coloured final states. This required the
integration of new massive tree-level four-parton and three-parton one-loop antennae, which
we presented here for the first time. We showed that the virtual-virtual counter-term has a
similar structure to that found in the massless case [18], and can be expressed in terms of in-
tegrated massive dipoles whose pole part is related to the massive infrared singularity oper-
ators of [44]. We furthermore demonstrated that the explicit poles of the double virtual ma-
trix elements can be analytically cancelled against those of the corresponding counter-term,
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providing a crucial check on the correctness of our calculation. In addition, we presented
the computation of the heavy quark contributions related to the colour factors N, N. and
Np/N,. In particular, we presented our results using analytic expressions for the loop ampli-
tudes in the so-called decoupling scheme, which were not available as such in the literature.

Together with the NNLO corrections proportional to the number of light quark flavours
N; obtained in [29], as well as other easily added fermionic colour factors, we implemented
the leading-colour and heavy quark NNLO contributions to qg — ¢t + X completed in this
paper, in a fully differential Monte Carlo event generator. This program allowed us to
produce several differential distributions for top pair production with NNLO corrections
in the quark-antiquark channel for Tevatron and LHC energies. In particular, we obtained
distributions in the top quark transverse momentum ptT and rapidity ¢, as well as in the in-
variant mass and rapidity of the top-antitop system m,; and ytf. As expected, we found that
at the LHC, the NNLO corrections to the ¢ initiated process are not phenomenologically
significant, except in the very forward and backward regions of the rapidity spectrum. For
Tevatron, on the other hand, we found that these corrections are important and drastically
reduce the scale dependence in all distributions considered.

In addition, we evaluated the NNLO corrections to the differential forward-backward
asymmetries at Tevatron and found good agreement with the results from DO [55]. In the
regions where the contributions from the quark-gluon channel are expected to be small, we
also found agreement with [14].
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A Master integrals for A} ,

In this appendix we collect the six master integrals found in the IBP reduction of the

0
q,Qg9"

terms of HPLs with arguments x; or g and GPLs of argument xy and weights involving

integrated antenna A The Laurent expansion of these integrals can expressed in

1/z;. We keep the overall factor

Nxos = C(e) (Q% +m) (1 —a) ™7 (A1)
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unexpanded, in order to facilitate the introduction of the master integrals into the inte-
grated antennae and the subsequent expansion in distributions.
For the integrals Ijg) and I|_g we have the following all order expressions [24]:

(1 —e¢ B -
Iigp = Nxoa M exp”?E (Q* + mé) 27 P21 — )3 (1 — wyme) 1
1-— xI;
X o F1 <1—6,2—26,4—46;> (A.2)
1-— T;X0
I = Nxoa M exp€® (Q2 + m2) x; 2+2 (1— xi)4(1 — w;0) 242¢
1-— €T;
><2F1<1—6,2—2€,5—46;>’ (A3)
1-— T;X0

These all order expressions can be expanded up to the required order in e using the
Mathematica package HypExp [56]. The expanded forms written in terms of HPLs and
GPLs are included in the ancillary file attached to the arXiv submission of this paper.

The remaining master integrals are computed using differential equation techniques.
We had already calculated Ij4 in [25]. Written in terms of x; and ¢ it reads:

N 1 2’z
Iy = ;204 {moG(O;zi) — (1 = 20)G(1;20) + (1 — 20)G (xi;x()) +e { ; 0

+5x0G (05 ;) — 5(1 — 20)G (1;20) — (1 — 29)G (05 2;) G (L;20) + 5(1 — 29)G (;, x())

7

3 K

+3(1 - .%'Q)G (0; xz) G <1, 1‘0) + 3$0G (0, 0; .TUZ) - 2G (O, 1; J}o) +2G (0, %; l’o)

1
+4x0G (1,0; ;) + (1 —20)G (1, 1;29) — 3(1 — 29)G <1, ;; 1:0>

1 1 1
+(1 —20)G (, 1;x0> +(1—20)G (, ;:co) ] + 0(62)}. (A.4)

The masters Iy g), /[4,5,8), and I[4 7 g are new. The first terms in their Laurent expansion
are given by

_ 1
Ing = Nxos (Q° +md) b {G(Q 1;20)G(0; ;) — G(0; ;)G <m7 1; wo) (A.5)

)

2 1 1
-6 (250) + GLG0.0:0) - GO.00)6 (i) - G206 05

3 xT; i

1 1 1 1 1
+G(1507I1)G <7J;0) -G <O7O7ax0> —G<,0,1,l‘0> +G <7077x0)

2 7T2

—|—%G(1; xo) + G(0,0,1;z0) + ?G(O; z;) + G(0,0,0;2;) — G(0,1,0; ;) + 2(3 + 0(6)}

2 2\—2 1‘12 1 1 . 1 . 1 L
1[4,5,8] = NX04 (Q —|—mQ) H @—’_672 G(O, $1)+6G(1,$0)+ G ;i,l‘o (AG)

1(1 3 1 1 1 1 1
+- |:2G<1,$0)G(0, ;) + §G<O,$i)G <m,xo) +5G (1, xﬂ«“o) +3G (l’i’ 1va>

(2
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1 11 1 572
- - . — ZG(1.1: e S0 0
#5650 i) - §601 L) +36(0,0:2) - 52] + 0}
2 1 1 1[ 72
1[4,7,8] = NXO4 (Q2 + m2 ) x; { — @ - QG(l,xo) + E |: - 736 - G(O, 1,330) (A?)

1 1 1
+G <O, m;xo) +2G (1,0;z;) + gG(l, Lizg) — G <1, m;xo)} + O(EO)}.

. 0
B Massive phase space for Aq’Qgg

In order to provide a boundary condition for the system of differential equations involving
the integrals Ijyg), Ij4 55, and 475 given in the previous section, we computed the soft
limit of Ij4 7 g via direct evaluation. This required a parametrization of the phase space
associated to the DIS-like kinematics

P2 +q—p1+p3+ps (B.1)

with p2 = p% =pi=0,p}= m2Q, q?> = —Q? < 0. As far as we know, this phase space has
not been derived previously in the literature. We present it below.
The starting point is

1
/d(I>3 = @ms /ddplddpsddp45+(p% —mg)6T (p3)0™ (p3)0 (p1 + p3 + pa — 2 — )

1 d4=1ps di-ip,

_ + N2 2
= d(2ny s B E 6" ((p3 +pa—p2 —q)" —mp) (B.2)

where we have used the momentum-conserving delta function to integrate out p;. Now, we
parametrise the momenta as

p2 = E2(136(d—2)> 1)
q = (Eem — E2,0(4_9), —E»)
p3 = E3(1,6(d_3),sin91,00891)

—
os)
w

~

pa = E4(1, 6(d,4), sin 0 sin 63, sin O cos 03, cos 2)

P1 =p2+tq—P3— P4, (B.4)

such that,

00 1
/dd_lp?, =/ dEs Eg_z/ d(cos 0;) sin?™* Ql/de_g
0 -1
00 1 1
/dd1p4 :/ dFE, Ef_2/ d(cos ) sin?—4 92/ d(cos 03) sin?=? Gg/deg. (B.5)
0 -1 -1

The phase space measure takes the form

Q0
/d@g = W/dEng;ld(COS 61)d(cos 02)d(cos 03)

d—3 d—4
X [E3E4] [Sin 01 sin 92} sin? @5, (B.6)
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with the solid angle given by

/2
Oy = 5(7; T3 (B.7)
We can now change variables to the following invariants:
So3 = 2p9 - p3 = 2E9E3(1 — cos 6)
Soq4 = 2p9 - p3 = 2E9E4(1 — cos )
S34 = 2p3 - pg = 2E3F4(1 — sin 6 sin 0 cos 03 — cos 61 cos 03)
$13 = 2p1 - p3 = 2p2 - p3 +2q - p3 — 2p3 - pa = 2E3Ecm — S34
S14 = 2p1 - Pg = 2p2 - pa+2q - ps — 2p3 - pa = 2E4F ey — S34. (B.8)

The corresponding Jacobian is

O(s13, 514, 523, 524, 534) -1 1
J = |det = . B.9
[ ¢ (8(E3,E4,COS€1,COS«92,00503) 32E2 F2E2E?sin 0 sin (B.9)

Note that the energy Ej is fixed such that 2ps-q = E?, +@Q? and s;2 is not an independent

m
integration variable. It is given by

S19 = 2p1 - p2 = (Egm + Q2) — S23 — S24. (B.10)

Using the above expressions, the phase space measure in d = 4 — 2¢ dimensions reads:

_ M 2 2)—1+2¢ A 1/2e
dd; = T2 (EZ, + Q%) dsio ds3 dsig dsosz dsag dsza(—Ay)

X @(—A4) 5(E62m—m22 —S813—S14 —834) 5(E02m+Q2 —S812— 85923 —824) (B.ll)

where the dependence on s12 has been introduced through a delta function, and the Gram
determinant is given by

Ay = A(s12534, $13524, 514523) + 4MH 523524534 (B.12)

with
Nz, y,2) = 22 + y* + 22 — 22y — 222 — 2y2. (B.13)

We now define the following dimensionless variables:

2 2 2
_ Q _
Ul U= e (B-14)
cm Q cm Q
and
1 1 1
z12 = D) 2 512 213 = 2 P} 513 214 = 2 2 S14
(Ecm - mQ) (Ecm - mQ) (Ecm - mQ)
1 1 1
#23 2 5y 523 k24 = 3 5 824 234 5 5~ s34 (B.15)
(Ecm - mQ) U(Ecm - Q) (Ecm - mQ)
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with

(B, —miy) = 5 (@ md) (B.16)
where 0? ) 0 ) )
+m +m
T = Q— % and xo = Q72 (B.17)
2p2-q (B2, +md) Q2+ mg

In terms of the dimensionless variables z;; the phase space reads,
2(47.‘.)744’26 o
/dq)g = m (ECQm + Q2)1 2 /d212 leg d214 d2’23 d224 d234
X (—54)71/276 @(—A4) 5(1—213—2’14—2’34) (5(1 —212—223—2’24) (B.18)
with
Ay = Nz12234, 213224, 214%23) + 4U0223224234. (B.19)

We use the delta functions to integrate out zi2 and z34, and reparametrise the remaining
integration variables as

213 = X1
ot x2(1 —x1)
24 7(1‘{'“0)
oy = x1x3(1+up — x2(1 — x1))
(14 wo)(uo + x1)
214 = 274 + X4(zf§1 — 214), (B.20)

where zﬁ are the roots of A4 viewed as a function of z14. The Jacobian for this reparametri-

sation is (1 )(1 (1 ) )
X1 —x1)(L +uo — (1 —x1)x2

dy1dyodys, B.21

(1+UO)Q(UO+X1) } X1dx24dX3 ( )

and the integration region gets mapped to the hypercube 0 < y; < 1. We finally arrive at

dz13dzo3dzoy = {

—dt2e
/d(I>3 = m(Q2 +mg) (1 - 331')1_26951-_1“6/dX1dX2dX3dX4

X [Xl(l - Xl)] o [Xz(l - Xz)] h [X3(1 - m)} h {m(l - x4)} e

[(1 —xo) +x1 (1 — iﬁi)] o (B.22)

In the soft limit x; — 1, after the trivial integration over y4 is performed, our phase
space parametrisation completely factorises as,

1
/dq)?),soft — 2—7+46 7T—3+26

m(QQ +md) T2 - )31 — ) 2

—€

1—2¢ —€
X /dX1dX2dX3 X [Xl(l - Xl)] [X2(1 - Xz)} [Xs(l - Xs)} ; (B.23)
and the invariants take the following simple form

s12 = (Q% +md)
S$13 — (Q2 + mé) (1 — l'i)Xl
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s23 = (Q* + M) x1Xs ((1 — @)

(1~ o)
sa1 — (Q% + m)xa(l — Xl)g_z))
s1a = (Q* +mp) ! ;wl 214
s34 = (Q*+mp) < ;imi)&u
so34 — —(Q% + mgg)((ll__;)) xixs + (1 — Xl)X2] (B.24)

Using egs. (B.23) and (B.24) we can find explicit all order expression for all master

integrals that do not involve the invariants si4 or s34. As a boundary condition for the

0

integrals found in the reduction of A we only needed to compute the soft limit of

7,299
I14.7.8), which reads
1 I'2(1—¢)
I(Soft) - N 1— +2¢ 2evE
[4,778} X04 (Q2 n mQQ)z( 0) F(]. _ 2:) exp
1 1
fﬁ+6—33Fg (1,—2¢,1 —¢;1 —3¢,1 —2¢;1) | . (B.25)
€ €

. 1,lc
C Master integrals for A ',

In this appendix we collect the seven master integrals found in the IBP reduction of the
integrated antenna Aé’lé g The Laurent expansion of these integrals can expressed in terms
of HPLs with arguments x; or 29 and GPLs of argument z( and weights involving 1/x;.

The phase space associated to the DIS-like kinematics of this antenna, namely

p2+q—p1+p3 (C.1)

with p3 = p3 =0, pf = mé, q®> = —Q?* < 0, was derived in [24]. Tt is given by

(47r)72+6 2 2 \—€ € 1—2¢ —1+e ! —€ —€
d®x, ;. = (QW)m (Q"+mg) “xf (1 —z;) (1 — wiz0) ; dyy “(1—-y)~
(C.2)
with ) ) )
_I_
xo = _@ x; = w (C.3)
Q% +mg, 2p2 - q

The inclusive phase space integral, denoted as Ijg}, is obtained by performing the y
integration in eq. (C.2):

—€ —14e€ F(l — 6) € —2¢ —1+e
Iy = (Q* + mg) ™ (4m)~1F m%(l — ) (L = @) T (C4)
With this parametrization of the phase space, the invariants can be expressed as
1 —y—xix0 + 2y (1 —a;)y
2 2 i i 2 2
pu— = - < . C.5
s12 = (@ —i—mQ)( R p— ) s23 = (Q7+mg) (:c,(l m— (C.5)
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The third invariant s;3 can be obtained using momentum conservation. It reads

1—x
S13 = S12 + s23 — Q° — M = (QQ—i—mé)( i ) (C.6)

T

The evaluation of the master integrals I3, Ij35), I[3,6] and I|4¢) is straightforward. It
can be done to all orders in € by employing an all order representation of the tadpole and
bubble integrals involved, and integrating over the phase space in eq. (C.2). The loop
integrals that we need are

Tadny) = [ oty = i G ) ) e
Bub(k?;0,0) = / (Sjidﬂ(z i e ie(l(iFQE) (-3 (C.8)

(008 = | G e
— (10E : 1&1——23 (m?) ™ 2 Fy <e,1,2—e; T’Z;) (C.9)

with
1 I?1—el(1+4e¢)

(4m)*¢  T(1—2e)

Integrating these loop integrals over the antenna phase space in eq. (C.2) we find

Cr = (C.10)

I3 = /d@xwk Tad(mQQ)

2€(1 — 24)172(1 — mo) ™¢(1 — wimo) 1T
€(1—e)(1—2e¢)

= Nx13 5. (Q2 + m%) (C.ll)

1[375} = /d(PXi,jk BUb(513 + sz, 0, mQQ)
~ Nx138 [cos(27re)F(1 —e)I'(1 + 2¢) 2

1— 2)274€(1 — g.pg) ~212€
(1 — 2¢)? o (1 +€) (1= 2)" (1 = zimo)

1—
_I_x}-‘rE(l _ xi)l—Qe(l _ xo)l—E(l — xixo)_2+€ 2F1 (1, 6, 26, 1_@?;()) :| (012)

1[376} = /d(PXi,jk BUb(_Q2aovm2)

Nx13S 3 B
= a0 _E %) 25(1— ) 721 — zymo) 19 (1 —€,6,2 — ;) (C.13)

Iye = /d‘I’X@jk Bub(—s23,0,0)

(1 2e)r(2 “37

== NXlg S (]_ — .Ii)l_ge(l — $i$0)_1+2€, (014)

with the overall factors Nxi13 and Se given by

Nx13 =i C(e)* (Q* +mg) > (C.15)
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Figure 10. Triangle and box one-loop integrals.

and
667E

Se = Cr2r(1—e)'

(C.16)

The remaining three master integrals, namely Ij3 4], /34,5,6 and I3 467, cannot be
computed in this way. This would require all order expressions for the triangle and box
integrals depicted in figure 10 and given by

d4] 1

om) (B~ w2y~ p2 —pr tpr—pa)? T

Tri(mév_sxﬂa_QZ;m%aOﬂO):/(

Box(mg, 0,0, —Q%; s13 + mg), —sa3;mg, 0,0,0) =
d? 1
/ : L (Cas)

2m)d (12 = m) (I — p1)2(l = p1 — p3)2(l = p1 + p2 — p3)?

which are not known.

We computed these mixed one-loop phase space integrals with differential equations,
using their soft limits, independently evaluated to all orders in €, as boundary conditions.
For Ij3 456 We used the soft limit of the underlying one-loop box given in [42], whereas
for I(346) and Ij3 467 we calculated the soft limit of the one-loop triangle to all orders in
€ using a Mellin-Barnes representation.

(n)

We express the integrals in terms of the regular functions Ry,

to facilitate the expansion of A; lég in plus distributions. The decomposition of I3 4,

as in eq. (2.9) in order
I13456 and Ij3 467 into regular functions R&n) reads

Iigag = Nxas (1= 2) 2R, g + (1= 2)RY, g+ (1 -2) ™R, ) (C19)

(
I[3,4,6,7] = NX13<(1 _ a:) 2ER(2)

—3e p(3) —4e p(4)
sy T8 B+ (1 -2) R[3467]> (C.20)

I3 as6 = Nxis(1 — )R} (C.21)

[3,4,5,6]"

(n)

The first few terms in the Laurent expansion the Ry, ”’s in the above equation are given by:

(2) 1 1 . L. 1 L. .
R[3,4,6} Q2 2 ZL'Z{862 |:G(1, IEO) -G <xz, $0> :| + g 4G 0, ;i, o | — 4G (O, 1, 1'0)
1 1 1 1
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(3) LERPN B N PN 1 1
R[346} Q2+m xl{ 1 [G(l,xo) G(xi,xo)} +4€ 3G | 0, xi,xo

1 1 1
—3G (0,1;20) + G (1,1; ) — 3G <1,m;x0) +2G m,m;moﬂ +0(e°)} (C.23)
(4) 1 1 . L 1 L .
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—G(1,1;20)+3G (1, —;20 )| =G| —,L;zo )| =G| —,—;20 | | + O(€") (C.24)
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126 (0,1 —oa (1, +7T2 + O(e%) (C.25)
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1
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’mﬁxo ’l'i,ajo 36 € .
@ 1 z? 5 1 1
R[3,4,5,6] ~Q? +m2Q)2 1_ :Ui{24e3 + 512 G(1;z9) + 15G(0; z9) + 9G - : T
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