PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: October 22, 201/
ACCEPTED: December 3, 201}
PUBLISHED: December 18, 2014

Master integrals for the two-loop penguin
contribution in non-leptonic B-decays

Guido Bell* and Tobias Huber?
@ Rudolf Peierls Centre for Theoretical Physics, University of Ozford,
1 Keble Road, Ozford OX1 3NP, U.K.

b Theoretische Physik 1, Naturwissenschaftlich- Technische Fakultit, Universitit Siegen,
Walter-Flez-Strafie 3, D-57068 Siegen, Germany

E-mail: guido.bell@physics.ox.ac.uk, huber@tpl.physik.uni-siegen.de

ABSTRACT: We compute the master integrals that arise in the calculation of the lead-
ing penguin amplitudes in non-leptonic B-decays at two-loop order. The application of
differential equations in a canonical basis enables us to give analytic results for all mas-
ter integrals in terms of iterated integrals with rational weight functions. It is the first
application of this method to the case of two different internal masses.

KEYWORDS: B-Physics, QCD, Heavy Quark Physics, CP violation

ARX1v EPRINT: 1410.2804

OPEN AcCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP12(2014)129


mailto:guido.bell@physics.ox.ac.uk
mailto:huber@tp1.physik.uni-siegen.de
http://arxiv.org/abs/1410.2804
http://dx.doi.org/10.1007/JHEP12(2014)129

Contents

1 Introduction

2 Definitions and notation

2.1
2.2

Kinematics
Iterated integrals

3 Canonical basis

4 Results
4.1 M,
4.2 M>
4.3 M3 and M4
4.4 Ms
4.5 Mﬁ and M7
4.6 Mg and Mg
4.7 M10 and M11
4.8 Myg — My
4.9 Mys — My

4.10 Mig — Mo,
4.11 Moo

4.12 Mog — Mo
4.13 M26 and M27
4.14 Mgg and M29

5 Checks and validation

6 Conclusion and outlook

A Matrices Ak

B Auxiliary integrals

C Mlg + Mlg to 0(64)

10
11
12
12
13
14
15
18
18
21
21
24
25

27

27

28

33

35

1 Introduction

The study of flavour-changing quark transitions provides an important indirect probe to

search for new heavy particles as well as to test the CKM mechanism of flavour mixing and

CP violation. One prominent class of such transitions are non-leptonic B-meson decays,



which offer a rich and interesting phenomenology including many CP-violating asymme-
tries. Non-leptonic two-body decays therefore play a central role at current and future
B-physics experiments. The extraction of the underlying decay amplitudes is, however,
complicated by the strong-interaction dynamics of the purely hadronic environment. A
systematic formalism to compute the hadronic matrix elements arises in the heavy-quark
limit [1-3]. Schematically,

(MMBIQ:B) = PP [ du T ) b (0
+ [ dododu T 0,0, 0) 65 a0 bralw) (L)

where M, o are light (charmless) pseudo-scalar or vector mesons and @); is a generic oper-
ator of the effective weak Hamiltonian. The hadronic dynamics in the above factorisation
formula is encoded in a form factor F' and in light-cone distribution amplitudes ¢. The
hard-scattering kernels 7', on the other hand, can be computed to all orders in perturba-
tion theory in a partonic calculation. In the last few years, the perturbative corrections
have been worked out to next-to-next-to-leading order (NNLO) accuracy. While the full
set of O(a2) corrections to the spectator-scattering kernels T/ is known [4-8], NNLO
corrections to the kernels TiI have to date only been determined for the topological tree
amplitudes [9-11].

The missing NNLO ingredient consists of a two-loop calculation of the hard-scattering
kernels TZ-] in the penguin sector. The calculation involves various types of operator inser-
tions, for details we refer to a future publication [12]. The one-loop contribution of the
magnetic dipole operator has been computed in [13]. The most difficult part of the calcula-
tion consists in the computation of massive two-loop penguin diagrams like the ones shown
in figure 1. Whereas the integrals that entered the two-loop tree calculation [14, 15] can
be expressed in terms of Harmonic Polylogarithms (HPLs) [16], the massive propagator in
the penguin loop introduces an additional scale and complicates the calculation. In the
present paper we give analytic results for the master integrals that arise in this calculation.

A convenient technique for the calculation of multi-scale integrals is the method of
differential equations [17-19]. In combination with integration-by-parts identities [20, 21]
and Laporta’s reduction algorithm [22], the master integrals are computed by solving a set
of differential equations where the derivatives are taken with respect to the external scales
of the process. It has recently been pointed out that the solution simplifies considerably
if the basis of master integrals is chosen appropriately [23]. We will discuss the properties
of such a canonical basis in detail below. The method has been successfully applied to
compute various massless as well as massive two-loop and three-loop integrals [24-33].
The present calculation is the first application of the method in which the integrals have
two different internal masses.

Our paper is organised as follows. We first discuss the kinematics of the process and
introduce a generalisation of the HPLs in section 2. The canonical basis of master integrals
is defined in section 3, and analytic results for all master integrals are given in section 4.
We comment on several cross-checks of our calculation in section 5, before we conclude in
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Figure 1. Sample diagrams that arise in the two-loop calculation of the leading penguin amplitudes.
The black square denotes an insertion of an operator from the effective weak Hamiltonian. The
line to the left of the square is the incoming b-quark with momentum p, = ¢ + p. The quark in the

penguin loop can either be massless (up, down, strange) or massive (charm, bottom). The momenta
of the massless final state quarks are outgoing.

section 6. The paper is complemented by three appendices with various technical details,
as well as an electronic file that contains the analytic results of all master integrals and is
attached to the arXiv submission of the present work.

2 Definitions and notation

2.1 Kinematics

The kinematics of the process is depicted in figure 1. We write p, = ¢+ p with pg = mg and
p? = ¢> = 0. The momentum ¢ of the emitted final state meson is split up into two parallel
momenta ¢ = uq and g = (1 —u)g = uq of the quark and anti-quark, respectively, where
u € [0, 1] is the convolution variable that enters the first term of eq. (1.1). The quark in
the penguin loop can either be massless in the case of up, down and strange quarks, or
massive of mass m. or my in the case of charm or bottom. For massless quarks, the master
integrals are already known from the calculation of the two-loop tree amplitudes in [14, 15].
We therefore only consider the situation with a massive quark in the penguin loop in the
following. The problem then depends on two dimensionless variables, which we choose as
the momentum fraction @ of the anti-quark and the mass ratio zy = mfe / mg, with f =¢,b.
The analytic continuation is done via zy — zy — i, with infinitesimally small > 0.

In order to express the solution to the master integrals in terms of iterated integrals
with rational weights, it will be convenient to trade the variables @ and z; for other sets
of variables. Our default choice is the set (r, s) with

4z

r=y/1—4zy, s=4/1 = (2.1)
which, when solved for the original variables, implies
1—7r? 1—r?
U =——- = . 2.2
u 1— g2 ’ zf 4 ( )

Let us have a look at the possible values of s. When @ runs from 0 — 1, the variable s for
4zy > 1 runs from +ico — r along the imaginary axis. For 4z;y < 1, s runs from +ioco — 0
along the imaginary axis, followed by 0 — r along the real axis. In this case the threshold
at u = 4z is mapped onto s = 0.



Another convenient choice of variables will be the set (r, s1), with

4Zb

S1 = 1 (23)

U

and z, = 1 — in. The variable s; runs from +ico — +iv/3 along the imaginary axis once
we let & run from 0 — 1.
A third choice of variables consists of the set (r,p) with

1—\/u2+4fLZf (24)

U

p

When solved for the original variable u one obtains

_r2—|—1—2p
—

N

When @ runs from 0 — 1, the variable p runs from 1 — 2z — 1 —2,/z;.

2.2 Iterated integrals

One of the classical examples of iterated integrals are HPLs [16]. They are generalisations
of ordinary polylogarithms and appear in many calculations of higher-order corrections in
perturbative Quantum Field Theory. The HPLs are defined by

Hg, ..., an(x):/o dt fa,(t) Hay,..an (1) 5 (2.6)

where the parameters a; can take the values 0 or =1, and n is called the weight of the HPL.
In the special case that all indices are zero, one defines Hy (z) = 1 In"(z). The weight
functions f,, (x) are given by

A@) =i R@=1,  FaE) =g

(2.7)

In addition one assigns the weight k to numbers like 7%, In*(2) and the Riemann zeta
function (, and one uses that the product of two expressions of weights k1 and ko has
weight k1 + ko.

These definitions were generalised in [34] by introducing linear combinations of f;(z)

and f_i(z), the so-called “+” and “—"-weights, according to
2
fil@) =fi(2) + fa(2) = T—, (2.8)
F() =fala) — fala) = 1oy (29)

In the present work we further generalise the weights by allowing more generic expres-
sions to appear in the weight functions. For any expression w # 0 we define

ful@)= 1 @)= (2.10)

w—x w+zx’




and accordingly

2
v, (2.11)

w2 — 22

fw*(‘r) :fw(x)_‘_f—w(x) =
fw—(x) :fw(l') - f—w($) = 22% .

- (2.12)

Also with these newly introduced weight functions we define a general HPL by means of
eq. (2.6), but we also allow the weights (2.10) — (2.12) to enter the integrand. In the current
calculation, we encounter the following expressions for w,

wy =1, wyg=1++V1—-12%,
we =T, ws=1—+v1—-7r2.
r2+1

2 b

ws = (2.13)
We will refer to wy — ws as rational weights, since any of the w; is rational either in r or
my, given that V1 — 12 = 2,/z5 = 2my/my is free of any square roots.

As a matter of fact, the generalised HPLs are closely related to Goncharov poly-
logarithms [35], which are defined by

vodt
Gayaz,.an (T) = Gay,...an (1) (2.14)
0 t— al
and G (z) = Hj (x). We can therefore always write a generalised HPL as a linear

combination of Goncharov polylogarithms, for example

H +(2) = G_p(z) — Gp(z), (2.15)

Wy

and similarly for higher weights.

The structure of the differential equations in the subsequent sections reveals that the
results of the master integrals are most compactly written in terms of HPLs with generalised
weights. For their numerical evaluation described in section 5, however, we prefer the
notation in terms of Goncharov polylogarithms.

3 Canonical basis

Within dimensional regularisation where space-time is analytically continued to D = 4 —2¢
dimensions, integration-by-parts identities [20, 21] provide non-trivial relations between
different loop integrals. It has now become a standard tool to use automated reduction
algorithms to express complicated multi-loop calculations in terms of a much smaller set
of irreducible master integrals. The choice of the master integrals is, however, not unique.
Henn recently conjectured that the set M of master integrals can always be chosen in a
way such that the set of differential equations assumes the form [23]
0 -~ -
— M(€,zy,) = € A (z) M (€, 2p) , (3.1)

Oxm,



where x,, are dimensionless kinematic variables and A,,(x,) is a matrix which does not
depend on €. In this form the system of differential equations decouples order-by-order in
the e-expansion. The system (3.1) can be written as a total differential,

— ~ —

dM (e, xy) = edA(xy) M(e,xy) . (3.2)

The matrix A contains the relevant information about the structure of the occurring weight
functions. Together with suitably chosen boundary conditions, this entirely fixes the solu-
tion. As an additional feature, the solutions to the master integrals contain functions that
are of uniform weight at each order in €, and the weight increases by unit steps as one goes
from one power to the next one in the e-expansion. As a consequence, by assigning the
weight —1 to € and multiplying the master integrals by an appropriate power of €, one can
achieve that the total weight of each master integral is zero to all orders in €. Integrals
with the latter property and a system of differential equations of the form (3.2) will be
referred to as a canonical basis.

At present there does not exist a systematic algorithm to find a canonical basis of
master integrals. The construction therefore requires some level of experimentation, for
some guidelines cf. the discussions in [24, 27, 29, 31, 32]. In the current calculation we
mainly used explicit integral representations to find the canonical basis. The basis consists
of 29 master integrals which we denote by Mj_o9. In terms of the integrals I1_34 defined
in figure 2, they are given by

My(r,s) = etis I (i, zp), (3.3)

My () = eul(a), (3.4)
My(r, s) = 2@ Is(1, zf) (3.5)
Mi(r,s) = s (Ia(, 2¢) +21a(i, ) (3.6)

My (r) = e (I5(z5) + 215(29)) (3.7)
Mg(r,s) = e3u I7(u zf), (3.8)
Mi(r <2umb Is(u, z7) — Is(1, zf) — 214(1,zf)), (3.9)
Mg(r, s) = ¢ ufg(u 2p), (3.10)
My(r, s) = ;ij (zumg To(u, z7) — Is(zp) — 216(zf)) : (3.11)
Mig(r, s) = €ulyi(a, zf), (3.12)
My (r,s) = as (112@ 2) + zflg(a,zf)) , (3.13)
Mia(r, s) = € u 4 (a, zf) (3.14)
Mis(r, s) = € u l15(a, zf) (3.15)



Miy(r,s) = s 7’2 {4zfmb (1 —a+ uzy) (Lis(a, z5) + Lir(a, zy))
¥ 315(1, zf) +26(1 — @+ 2azs) (I (@, 27) + 211 (i, zf))} , (3.16)
Mi5(r,s) = 3 (4, Zf) (3.17)
MIG(Ta 5) = 63@ 119(77‘1 Zf) ) (318)
. s 9 B B 3
M17(T, 8) = 7777,2 Qmeb IQO('LL, Zf) + Gflg(u,Zf) + 2¢ Ilg(u, Zf) , (319)
b
Mig(r, s) = €*u Iy (i, zf) (3.20)
Mg(r, s) = *uIpy(it, zg) , (3.21)
M. __Cus o Iy (@ I 1
20(r,8) = 2m? umy (Ioz(t, z5) + Ioa(, 25)) + Is(zf) + 2Is(zf) ¢ (3.22)

62
le(T, S) — {me((l + ﬂ)QZf — ﬂ2)125(@, Zf) + 2Zf(1 + ﬂ) (Ié(Zf) + 2[!1(2’]0))

umy

+ (@® — 2(1 + w)zy) (I5(2f) + 2L6(25)) + 2wt (121 (G, zf) + I2(T, 25))
— am2(1 + a)(@ — 4z7) (Tos (1, 2f) + Toa(i, 27)) + 20 14(zf)} (3.23)
Moo (r, s) = €(1 — 2¢) u Iog (0, 2f) (3.24)
Moz (r, s1) = € u Iz (1, 2f) (3.25)

May(r, s1) = m \/1 + w {mi (1= s51) (Tas(@, 29) +2 Fog (3, 1))
= 2m (1+ s1) Isol@, 2¢) + (1= s1) (T5(2p) + 2L4(2p)) } (3.26)

Mo (r, 51) = m \/1 n S(Z{Q;Z;l) {mi (1+ s1) (Fas (@, 27) + 2 Too (@, 2))
= 2mE (1= 1) To(@ 27) + (1 + s1) (I5(z¢) +214(2)) } (3.27)
Mag(s1) = €3u I3 (a) (3.28)

2¢2s1

Moy (s1) = T (mb I3o(@) + 3¢ I3 (@ )) (3.29)
Moas(r,p) = é3u Iss (i, 2f) | (3.30)

2
Mosgy(r,p) = W{%L(l - ﬂp)m§I34(a, zp) — (ap — 1+ 2y/z7) (I(z5) + 2[!1(27))} .

b
(3.31)

The variables r, s, s1 and p have been introduced in section 2.1, and the definition of
the integrals I} 5(zf) can be found in appendix B. In addition there are seven auxiliary
integrals, labeled M{_-, which are already known from previous calculations but which are
needed in order to close the system of differential equations.



IlO(I,Zf)
N ‘.’/
Ill(I,Zf) ,[15(1‘,Zf)
IlG(I,Zf) IQO(I7ZJ")
Iy (z, zf) Ins(x, z5)
Iyg(, z¢) I3o(w, 2y)
N . P
131(.75) 132(.%') I33($,Zf) 134(.%',Zf)

Figure 2. Integrals required to define the basis integrals in (3.3)—(3.31). Dashed/wavy/double
internal lines denote propagators with mass 0/,/Zfmp/mp. Dashed/solid/double external lines
correspond to virtualities 0/zm?/m?. Dotted propagators are taken to be squared.



In the given integral basis the system of differential equations takes the form (3.2).
Instead of one large matrix A, we solve each topology separately and in turn get several
smaller matrices flk. We give the solution to the basis integrals M;_o9 in the next section,
together with the relevant boundary conditions. The solution to the auxiliary integrals
M{_ can be found in appendix B.

4 Results

We write the results for the master integrals in the form

LD/2-N -~

M =it Sk (m) M, (4.1)

with the number of loops L and an integer N which denotes the sum of all propagator
powers. The integral M is therefore dimensionless. Our integration measure per loop is
[dPk/(2m)P and the pre-factor Sr reads

1
T @ P =g 2

Once the differential equations are set up, the only missing ingredient are the boundary
conditions. It turns out that the following conditions — almost all of which describe the
vanishing of an integral in a particular kinematic point — are sufficient to write down the
entire solution to an integral. We find that M 3.4.6,7.9,11,14—17,20—22(7, §) and Ma7(s1) vanish
in « = 0, corresponding to s = +ico or s = +ico. Furthermore, Mg 10,1213,18,19(7, 5),
Moy (u), Mas(r,s1), Mag(s1), and Magog(r,p) vanish in @ = 1, corresponding to s = r,
s1=+ivV3orp=1-— 2,/Zy. Moreover, M;(r) vanishes in r = 0. Finally, the integrals
M24725 (T’, 51) fulfill

M24,25(7”, s1 = +ico) = 4M23(7”7 51 = +i00) — 4M41(zf)7 (4.3)

which can be derived using the Laporta reduction algorithm [22]. All these considerations
lead to the full set of solutions which we list below.

4.1 M

As a warm-up exercise and to demonstrate how the method of differential equations in the
canonical basis works, we consider the one-loop integral

dPk €uSs
Mi(rs) = / 2m)P [(k +p —uq)? — zpm][k? — zpmi]? 44

The auxiliary integral

, dPk €
Ml(zf) = /(27T)D [kQ — meg]z (45)

appears as a subtopology and has to be taken into account in order to make the system of

differential equations complete. The solution to the auxiliary integral M (zy) is elementary
and can be found in appendix B.



In terms of the variables r and s, the system of differential equations becomes

OM(r,s) B 2e My(r,s)  2eMi(zy)

0s  s(1—s?) T (46)
OM|(zp)
=0, (4.7)

and

OM, () B 2er M (r,s)

or 1— 12 ’ (4.8)
ONIl(zy) _ 2ev NEi(zy)
or 1= r2 (4.9)

The system of differential equations can be brought into the canonical form (3.2), with
M = {My(r,s), M{(zf)} and

n(1—s?) —2In(s) — In(1 — 2 n Lt
fll(r,s): In(1 ) —2In(s) — In(1 ) 1(1—8)

0 —In(1 —7?)

(4.10)

Solving egs. (4.6) and (4.8) together with the aforementioned boundary condition gives

My (r,s) =z {e [Hw;r(s) — 7|

+ 2 7% + 2im Ho(s) +i7er1_(s) —-2H, +(s)— H,- wi—(s) + 24w In(2)]

0,w/
g[im® 2 2 m , ,
+e 5 " 2r°Hy(s) — le_ (s)+ FH“’IL (s) —4imHpo(s) — 2@7rH0,w1_ (s)
— 2z'7er1_’0(s) - i7er1—’w1—(s) +4H ¢ (s)+ QHO,wf,wf(S) + 2Hw1_,07wf(s)

wy Wy Wy

+H +(s) = 2n° In(2) — dimHo(s) In(2) — 2im H,, - (s) In(2) — 2im ln2(2)}
+ 0(64)} : (4.11)

The solution can also be obtained from the following closed form,

~ _2esT(1—e)T(1+¢)
MI(T7S):ZfE 32_1

3 1
LT PR

by expanding the hypergeometric function e.g. with HypExp [36, 37].

o1 (1,14-6;

4.2 M,

From now on, we will not give the explicit form of the differential equations anymore, but
only the corresponding matrices Ay, and the final solution to the integrals. The integral

~10 -



M> only depends on one kinematic variable, which we choose to be @. The set of integrals
is now given by M = {Mg(ﬂ),M{(zf = 1),]\;[5(71)}, and we have

2In(1 —u) —2In(u) —In(a) —In(a)
Ao(a) = 0 0 0 . (4.13)
0 0 —ln(a)

The solution reads
MQ(’I_L) = 62 [i7T H(](Q_I,) — HO’(](a)]

+ 63 _ 0 77T2H0(ﬂ) — 3’L'7TH0,0(1_L) —amH —’O(Q_L) — Z.T[-wa,()(a) + 3H07070(’L_L)

+H,o o0(@) + Hyt (1) = 2G| + O(eh) . (4.14)

Also in this case the solution can be obtained from an expression containing hypergeometric
functions,

- (1-a)el(1—-¢)T(1+e¢)
M (a) = (2 — 2¢)

—T1—€)e™u o (1,1 —€;2—2¢;1—a) }. (4.15)

{T(1—2¢)oF (1,152 —2¢; 1 —a)

4.3 M3 and M4

In this topology we have the set of integrals M = {Mg(r, s), My(r, s), [Ml 2f ] } together
with the corresponding matrix /13,4(7’, s). Since the expressions for the matrices Ay, become
more and more involved, we from now on relegate them to appendix A. The solution to

Ms(r,s) and My(r, s) reads

Ms(r, s) :2;26 {62 [—7r2—27j7er (s)+2H, + +(5)]

w1 Wy
+63{—7r2Hw7(s)+6772Hw+(3)—2z'7rH - (8)—|—127,7TH 0(s)

8w Hyp o (8) 4 2H, o1 (s) — 12 me o (8) = 8 Hp o (s)

— 27 In(2) + 1607 H,, (5) In(2) — 21 gg,} + (’)(64)} : (4.16)

My(r, s)—zf { [2im —2H, +( )]

+ € [12 Hy .+ (5) +8H, ,+(s) = 12inHo(s) — 8inH,,(s) — 16i7 In(2) - 6x°

+63[—4i7r?’+367r2H0(8)+247r2Hw1( )—2—307r H,+(s) + T2 im Hop(s)
+48in Hy - (s) +48im H,,- o(s) +32im H,- -~ (s) = 124m H1 1 (s)
—T2H 4 (8) =48 Hy o 1 (s) =48 H,, - () =32H,— = +(s)

FI2H 4 ot ot (8 s) + 48 7? In(2) 4 96 im Ho(s) In(2)

+64im H,,—(s) In(2) + 64 im ln2(2)} + 0(64)}. (4.17)

- 11 -



A closed form of these integrals is given by

2 —€ 2 €
a(rs) =2 G GE -y (419

2 1— 52

1 1
+ (1 —2€) (3 — 5%) 3F (1,6,26;2—6,+6; )
1 1
<1,€,26—1;2—6,2+6; ]_—32> },

—(2—3¢) (1 — s%)3Fy

WEy(r, 5) = 7% Fz(l_e)r(i; ) Lle—1) {(e 1) [e(dst — 6524 6) — (s~ 1)F]  (4.19)
—(1—2€)(3+ %) [e (45* — 6) — s> + 1] 3F (1,6,26; 2—6,%4‘6; 1—132>
—(2-36)(1—5%) e (452+6)_ 52—1] 3Fy (1,6, 2¢ —1; 2 —¢, % +e€; 1_182>}

4.4 Ms;

In this case the set of integrals consists of M = {M5('r), [M{(zf)]Q,M{(Zf) Mj(z = 1)}
The matrix 1415(1“) can be found in appendix A, and the solution becomes

Ms(r) =€*[-2 Hw{f,w; (r)—4 Hw1+ (r) In(2)]

+ € AHy o+ = (r) = 6 H,

wy Wy Wy

(r)+38 Hy (r) In(2) — 12 Hot - (r) In(2)
~12H,: () 1n2(2)} O, (4.20)
which can also be obtained from the expansion of

A erT?(1 — eI (1 +¢)
N 1+ 2¢

1 3 1 3
2\ —€ -2 ca2 )\ fg€(1 2\ 2€ - .Y L2
x{(l %) 2F1<1,2,2+6,r> 4¢(1—r°) 2F1<1,2 6,2+e,r>}.

4.5 MG and M7

M5(7“)

Here the topology consists of six integrals
M = {MG(T7 8)7 M'?(Tv 3)7 MS(Tv §= 7’), M4(7’, s = T)a M{(Zf)Mé(U), [M{ (Zf)] 2} ) (422)

and the corresponding matrix is 1216,7(7“, s). The solutions to the integrals reads
;3 2 2
My(r,s) =8| — 2 4+ 72 H, “H imH, _(s) H H
o(r,8) =€ = 4w Ho(r) + T Hyo () i H o (5) Hoe (1) — "o H, 2 (5)
— iWHw;r (T’) Hw; (S) + 2 iﬂ—HO,wf (7“) — wa (S) war,w;r (7") + Hw; (S) HwTﬂUT (T‘)
+ iﬂHw;r7er (8) -2 Ho(r) wa,wfr (8) — wa (T’) waﬂ‘uf (S) — iﬂwa,w;r (S)

+ H’w;— (7‘) wa’,w; (8) - QHO,’IUI’_,U)T (T) - H T + (S) + H + o+

wy Wy Wy wi ,wiwy (S)

~2H, (9 @)+ 5 G|+ O(), (1.23)
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Mz (r,s)

=¢ [ B MHWT (s) +2 Ho(r) wa (s) + le— (1) Hw;r (s) + me; (s)

— HwIL(Y’) Her( ) + Hw+ awy ( ) — wa,w; (S) + 2Hw;r(8) 111(2)
13

+ ¢ {6 2 H,+ (s) + 2imHo(r) H,+ (s) — inH,, - (r) H,t (s) — 3n° H,t (s)

+ 3imH
—4H (5

r)H ( ) — 6i7rH0(T)Hw;- (s) — 22’7er1_ (r)H, ( )+ H - (s)

Wy wl,wl
Ho ( (T)+6Hw2+(S)H +( )+47’7TH0,wIL( )

0,w/

wi (
)

\_/

+2H +( )H,

0,wy
—4H 7( )HO +(S)—4Z‘7THO7w+(S)+4H j(T)Ho,w;(S)
r)+3H, ()H _ 7(7")+2Hw (s)H, - +(r)

wy Wy

iWHw;,w;( )—6Ho(r)Hw1—7w1+( ) = 3H,(r) H,— .+ (5)

H +(T)Hw1_’w;(s)—2Hw;(s)Her’wl_(r)—i—mH + _( )
5)—|—H ( )Hw?w;(s) —3Hw1+(s)Hw1+7w+( r)—irH, + —(s)

wy Wy

)
2 Ho(r) Hyy ;(s)—Hw;< ) H o () = imH, - o (5) + 2 Ho(r) H,— 1 (5)
(

1
s) +imH,— 4 (s) = H, (r) H,— +(s) =4 H —(s)

0 w1 Wy

—|-4HO + 7(8)—3H7 + 17(8)4-3['[11]1 wwa(S)_H+ - 7(8)

+ H s, 2_(8)—|—H + g, 1‘(5)_Hw;,wf,w;(s)_Qmef(s) In(2)
ot () I0(2) + 6 H, () H,+ (s) In(2) — 4inH, . (5) In(2)
—4H +( )H 2+(s)l n(2) — 8H ( )ln(2)—6Hw;’wfr(s) In(2)

+2H,0 - (5) In(2) - 2Hw1+,w;<s> In(2) + 2 H,_ . (5) In(2)

+6H,1(s) In?(2)| + O(e*). (4.24)

4.6 Mg and Mg

Also here the topology consists of six integrals, namely

—

M = {MS(Tv S)aMQ(Tv S)aMf)(r)? N{(Zf)Mé(u)v [M{(ZfﬂQ’M{(Zf)M{(Zf = 1)} , (4.25)

and the matrix /ng,g(r, s). Owing to simple boundary conditions, the result is quite short,

Mg(r, s) =

My(r, s)

E [~ Hyt ot o (1) + Hygt oty (5) = 2 Hype i (1) In(2)
+2H,+ () In(2)] + O, (4.26)
= [H,p - (s) + 2 H,+(s) n(2)]
& [~2H,y (5) Hy o (r) = Hyp () H,- w1<>+H () Hye o (1)
F2H, () Hy, <>+H (r) Hye o () = A Hy e (5) = 3 H,e oo ()
- w;,w;,wl-(s)— e () H%,wlw <>+4Hw1—<r>Hw1+<>1n<>

~13 -



+2 Hw;r (r) Hw; (s) In(2) — 8 H07w1+ (s) In(2) — 6 Hw;w;r (s) In(2)
+2H,+ - (s) n(2) = 2H,—  +(s) In(2) + 6 H,+(s) In?(2)] 4+ O(e).  (4.27)

4.7 Mm and M11

This topology consists of seven integrals
M: {MIO(T7 3)7 Mll(n 8)7 Mg(?", S): M4(T7 3)7 M5(T)7 [M{(Zf)] 27 M{(Zf)M{(Zf = 1)}7 (428)

and the matrix 12110711(7", s). The result is rather long since we need functions up to weight
four in Myo(r, s),

2 2

~ _ 3 7.(- 7-[- . .
Mio(r,s) =€ [ D) H,- (r) + 5 Hw;(s) —imH 17(7") wa(s) + ZﬂHw;,wf(S)

+i7THw1+7w;(S)+Hw;(T)H+ 1+(8)—H oo+ (s)—H + — +(s)

wy Wy Wy Wy Wy Wy

-H + +. —(r)—2H + +(r)In(2)+ 2Hw1+,w1+(s) In(2)

wy Wy Wy wl 7w1

4 [3 w0 Hy () Hog () 0 oy () Hoy () = 4 (5) H (1)

3 5 ) 3 2 2

—57 Hw;’w; (r) — 527er1+(s) Hw;,w; (r) + 3 Hw;,wf (s) =37 Hw;wj(s)

~ 1 Hyyo o (1) + 6imH,— (r) Hp+ (s) = 37° H+ = (5)
+5inH, (1) Hyt () +3H,, o (r) Hyp o (s) + 2inH,, -~ (r) Hyp o (9)

wy Wy
+2H,+, ()Hw+ +(s)—7r H - -(3)+2i7rH ()Hw—w;r(s)
+4imH 0wy +(r)+4irH 0wty ()—|—217er T 0] ()+327er_w17wT(s)
—627er_w O(s)—f—Qzﬂ'H ()—2171'Hw i w1( )—2@71'Hw i g (r)
= 20mH = ()—i—4z7er+0w (r) — GimH ,+ o 0r (s)
—-6H, ( )H +0w1( )—szHw;r7 o(s )+2z7er+wl T (r)
—727er+w o —(s )—5Hw;(r)Hw1+w; w1( )—217?le s g (r)
-2H, ()Hw+w+w (r)+2H, ()Hw+w+w (r)—2irH +7w2—7w1—(8)
—-2H, () wi wy wt ()72Z7THU) o wl()szﬂ'Hw i wl(s)
-2H, (r) ot () 3Hw17w17w+w+()+6Hw w0t +(s)
—|—2le T w1( ) Hop ot ot —(r )+2Hw1 i g ’wfr(r)
+2H, et () OH oo (8) 4 6H g oo () + 6H e o (5)
T Hyt et (5) F A H e () = 2H g e (r)
+2Hw;r7w1 gy wT(T)+Hw+ ot (1) = 2H 0 (1)
AH . +(r)—=2H, 4 o+ - (M) —4H o+ o (r)

wl ,’ll)l ,UJ2 ,wl

— 14 —



+ 2Hw1 ,w2 7w1 7w1 (S) — 2Hw1+,w2 7w1 w1 ( ) + 2Hw2 ,wl ,wf,wf (S)
H2H bt +(s) — 32 H,-(r) In(2 )+37r2Hw;( 5) In(2)

+4irH _( )Hw1+(s) In(2) — 44inH - wr(s) In(2) — 4i7Twa’,w1‘ (s) In(2)
—4H, ( )wa,wfr r)In(2) +4H - ( )wa,wj(r) In(2)
+6H, ( )H, + wt s)In(2) +4H, IL( )leﬂ +(s)In(2)—2H + . +(r)1In(2)

wy Wy ’“’1

+12H+ ot () I0(2) = 12H o (5)I0(2) + 8 Hy o () In(2)

wOw w’ww1

—10H+ ()111(2)—2H+ + ()ln() 4H+ + ()ln(2)

wy w1 ,u) wy Wy w wy Wy w

S8 H,p e (1) I02) 4 H, e a(s) In(2) — 4 He o (r) In(2)
(2)

~ —~

w w wl
—4H, - b+ (5) IN(2) = 6 Hypr i (r )ln2(2)—|—6HwT’w1+( s) In%(2)
21 21

-5 H,-(r) G+

5 H,-(s) G| +O(e), (4.29)

2w
MH(T‘, S) =€ [Hw;r (S) — iﬂ']
wy

+ € 3 72 + 6imHy(s) — imH,—(r) + 3inH,—(s) + H,—(r) H,+(5)

-6 H07w1+(s) - SHw;,wj(S) +4imin(2) 4+ 2 ij(s) In(2)

+ €3 |24m3 — 1872 Hy(s) + 372 H,-(r) + 6inHo(s) H,-(r) = 9 2 H,-(s)

+3irH,, - (r) H,-(s) + %0 7 H,,+(s) = 2imH,,- (r) H,(s) — 36 inHo,o(s)
+4inHy,(r) = 18inH, - (s) = 6 H,(r) Hy .+ (s) — 18i7H,, - ,(s)

+imH - (r) + wa(s) Hyo o (r)— 9irH, - - (s)—3 H,- ( )H 1+(3)
= 2H () H 5 o (r) + 6inH 1o () + 20mH, = (8) + 2H = (1) H 1 (5)
+36 H g, (5) + 18 Hy o i (s) + 18 H, - o, ( ) +9H,-

+(S)—2H +(s) — 1272 ln( )—24Z7TH0( ) (2)

Wy Wi WY

- 6Hw1 ,w+ w
+ 427er;( r) In(2) — 12i7THw;(S) In(2) +2H 7(7“) H,+ (s) In(2)
—4H,+ (r) Hw;(s) In(2) — 12 H07w1+(3) In(2) — 6 H,- ( ) In(2)

+4H,- .+ (s) In(2 )—8i7r1n2(2)+2Hw1+(s) In?(2) +O(e4). (4.30)

4.8 Mo — My

Again we need seven integrals to complete the system of differential equations. They are
M:{Mlg(r, s), Mys(r, s), Mya(r, s), Ma(r, ), My(r,v), [M](z0)]%, Ma(r, 5) ~{(zf)}, (4.31)

together with the matrix A12_14(r, s). The results are
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Mia(r,s) =€ 71'2wa (r) — 772wa (s) — 27r2Hw1+ (r) — 2imH,,- (s)H,+(r) + 272 H, +(s)

wy
+ 4’i7THQ(T) Hw;r (8) + 2Z'7THw; (7") wa (S) — Zﬂjﬂw; (7") + Z 71'2Hw3 (S)
+ 22’7er?- (r) ng_ (s) + 772ng- (r) — 7r2Hw§-(s) — 2imHy(r) H. ( )
)

—imH - (r) Ht (s) = 4imHy (1) + 2imHy o (r) +imH - (r
— 4i7erirvO(T) — Z.T[-wa,wf (T) + iﬂ—Hu}f,w; (S) + 2Hw ( )H n +(T‘)

wy Wy

— 2Hw5 (S) wavwf (T) — Qiﬂ—Hwir,w; (7“) + 2i7THw;r7w; (7“) — 27’7Twar,w; (S)

3
— 2imH ¢ (r) + Qiﬂwa,w;(S) —2H, ( YH, + +(s)— —inH, - +(r)

wi wy 2 w3 W]
L. . 3 1
-5 imH (s) + 2z7er;70(r) +3 ZTer;w;( r)— 5 imH e (s)
- iT['ngt wy (r)+irH, + g (s) +imH, :) +(r) - me; wi (s)
o () H ()~ 2Hy s (1) o ) H (9

w; ,w1 ,’w1 wy Wi W, wi ,wi Wy

—2H + - ()+2H+ + ()+4H+ + +()+2H+ +(r)

wy ,Wq ’LU wy Wy w wy Wy , Wy w w ,Wy

—H + + +(r)—2H - +(r)+2H, + ()+2H+ + 0+ (T)

w1 ;Wg Wy wy w ’LU wyq ’LU ’LU wy Wy ,Wq

PO Hy e () 45 Hoe i (5) = 2 Hy e (1) 3 By ()

wg 7w1 ;wy 9wy Wy ,w1 w3 Wy Wy

_H+++()—|—H+ +(T‘)—H+— +(s) — H + I‘(T)

w3 ,wi Wy w3 w5 ,w w3 ,w, ,wl w3 w2 R
- 22'77Hw1+ (r) In(2) + 22’7er?(5) In(2) + iTerg- (r) In(2) — ’iﬂ'Hw;- (s) In(2)
+ O(eh), (4.32)

Mis(r,s) = €2 [meT (r) = imH o (5) = Hyyt o () + 1 +(s)}

wl YWy
1 1

3 2 2 2 2
e L0 - 04 0

3 9
5 . 5 -7m“H —(r)

4 w3
. 3 y
_ QZWle— (7‘) wa (S) — 1 7T2Hw3_ (8) - QZWwa (7") ng— (S) - 7T2Hw;' (7“)
i 7r2Hw3+ (s) + 2imHo(r) Hw; (s) + iWwa (r) Hw;r (s) + 21'7er1+ (r) ng (s)
_ %WHO,w; (r) + inwl‘,wf (r)+ z'Terl—ﬂU;r (s) — iﬂ'le—’w;- (r) — QiWHw;rp(?“)
o+ 20mH () i H o (r) i H e o (5) + 2H 0 (8) o (1)

_ 2Hw£ (s) Hot ot (r) + 2H, (r) waL,wa (s) + 2i7er1+’w5 (r) — 2i7THw1+’w27 (r)

3. 1. . 3.
+3 imH = (r)+ zimH, - +(s)— 2Z7THw;70(r) —5 imH (r)

9 wg Wy
1. . . ;
+ B MHU);:UJT (s)+ me;,w; (r) — me;ME (s) — me;,wJ (r)
+ MHw;,wJ(S) — Hw1+ (r) Hw;7w2+(8) - 2mH - 1+(s) — Hw; wi w (r)

() F D ) 2 (5) — Ho (1)

wy ,wy W ww1w1
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N °0H 4 2H +2H,

w;r,w;,wl (S) - wy W Wy ( ) w1 7w1 Ws ( ) w1 ,wl Wy (T)

COH o)A H e oo ()4 2H o ()

- -+ o+ T
wl W3 7w1 wl ’w3 7“’2 “’1 Wa WY 9 W3 ,W;p Wy ( )

Iy HORS Ly, +(7“)—1H+ — b (8) A H v (1)

2 Wz ,wy 7w1 “’3 ;WY Wy 9 Wz ,Wy Wy “’3 :w1 yWa

~H,+ ()+H+ wt () Hyt e () + 2H, v 1 (8)

wg Wy ,w1 Wy Wy ,W

+2imH ¢ (r) In(2) — QZTI'Hw;-(S) In(2) — imH,,+ (r) In(2) + imH ¢ (s) In(2)

—4H,+ (1) In(2) + 4 H,1 o+ (5) In(2) | + O(e"), (4.33)

wl ’wl
My(r,s) =€ [ — 2% — dimHo(r) — 2imH,,— (r) — inH,,_(s) + 2iwH,,_(s) — 2iwH,, (s)
o 2H, o (1) Hoye (5) + Hye () = 2H,, () = 20 n(2)]
+ € [ _ %1 im® — 22 H_1(r?) + 1272 Ho(r) + 4n*Ho(s) + 8 im Ho(r) Ho(s)

+ 4imHo(s) le_ (r)+5 7r2le_ (s) + 8imHo(r) le_ (s) + 2i7er1_ (rYH, -(s)

3 . .
—5 7T2Hw1+ (s) — dimH ¢ (r) H,+ (s)+ 7r2Hw§ (s) + 2imHo(r) H, (s)
. 3 2 . 2
+ Z7THw1— (r) ng (s) — 1 T Hw; (s) — 2z7er;r (r) Hw; (s)—6m Hw; (s)

— 8inHo(r) H,(s) + 6 7° H, 1 (s) + 12im Ho(r) H,4 (s) + 4imH,,- (r) H,, (s)
— 2imH 1 o(r?) — 2imH_1 1 (r?) 4+ 16 47 Ho o(r) + 22'7TH07w1— (s)

— 12Hw; (s) Ho,wf (r) — 4i7rH0’w2_ (s) + 4i7rH0’w2+ (s) — 4ij (r) H01w2+ (s)

- 47;7THw1—,0(T) + 22’71'Hw1_’0(s) —GamH - o (r) + BimH o (s)

—4H 1 (s) H o 4 (r) + 2H = (r) H -+ (s) = dimH -~ (s) + dimH - +(s)
— 4Hw;r (r) wa,w; (s) + 4Hw2+ (s) war,w; (r)+ 4war (s) wa’w;r (r)

. L.
+2H,+ (s) Hop+ ot (r)+ mevaT(S) + 5 imH e (s) —imH (s)

w3 Wy
1. )

3 me;,wj (s) — dimH - o(s)
—dirH,,— - (s) — AH - (r) H oyt (s) + 4imH - (s) — dimH,, .+ +(s)

2

+ 4wa (r) Hw;w;(s) — QHO’w; wi +(s) + 4H0w wt +(s) — 2Hw;,0,wa (s)

1
H + +. +(5)—

w Wy w () wy Wy ,wy w_,w_,w+(s)
2 Wy 2 3 Wy Wy

+ iﬂ-ng,w;r (8) - Hw;r (T) H, - +(S) +

W3 ;W

—3H,- - ()+4H

wy Wy, w

+ Hw3_ Wy ,wi*'( ) Hw+ w+ w+( ) + 4Hw2_,0 ( ) + 4Hw2 Wy ,wj‘ (S)

—4H _ +(s)—|—27r In(2) — 2irH_1 (%) In(2) + 4imHy(s) In(2)
1

— 6z'7er1_ (r) In(2) + 22’7er1_(3) In(2) + inwB_(s) In(2) + 8i7er2+(s) In(2)
+ 8Hw1+ (r) Hw;r (s) In(2) + 4Hw177w1+(3) In(2) — 8Hw7 wt +(s)In(2) — 2in ln2(2)

1

+ O(eh). (4.34)
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4.9 M5 — M7

The integrals in this topology only depend on one non-trivial scale ratio, and their solution
can be written in terms of ordinary HPLs. The topology involves five integrals,

M= {M15(r, s), Mg (r, s), Myz(r, s), [N ()], My (r, S)M{(zf)} , (4.35)

and the matrix 12115_17(7“, s). The result reads

Ms(r,s) = 2;26 {63 [_iﬂ-wa,w (s) + le Tt +(s) — 2i7THwi|- (s) In(2) — 7¢3] + (’)(64)} ,
(4.36)
Y 2ef o[
Mlﬁ(’l”, 8) :z; 6{6 |:2 + Z'TerIL (S) — wavwf (S)
2
™ . .
+€3 [ — 5 Hyp (s) — 7T2Hw1»— (s) — Mwavwf’ (s) — 227‘(‘ij-’0( s) — mel o (s)
+ le wh b (8) F2H i ot (8) + Hyr ot (s) = 2 1In(2) — 2imH,+(s) In(2)
+ 5G] +oe). (4.3
M7 (r,s) = 2;26 {GQ[inwl— (s) — Hw;,wf(s) + 2im In(2)]
o e ()= Tl (s) - 2inH, () — 2inH . (3)
6 wy 2 wl+ 0,wy wy ,0
- BiWHw;,w; (s) — MHw;L,wj(S) +2H, wr w} +(s) + 2Hw17707w1+ (s)

+3H - +(S) + warvwfvwf (S) — 272 hl( ) - 4i7THO(8) ln(2)

wy Wy Wy

—GirH,(s) In(2) — Gir ln2(2)} - 0(64)} . (4.38)

4.10 Mlg — M21
This is the largest topology with eleven integrals,

M :{Mlié(rv 5)3M19(T’ 5)7M20(T7 8)’M21(Ta S)aMS)(T)? [M{(Zf)]zaM{(zf)M{(zf = 1)7
NI (27) M (r, ), M{ (27 = V)M (r, 5), M (=), M3 (2) } (4.39)

and the matrix Ajg_9;(r, s). It turns out that we need the combination M;g(r, s)4 Mg (r, s)
up to functions of weight four. This very coefficient fills several pages and is relegated to
appendix C. The results up to functions of weight three are

7T2 2 ﬂ.2 ﬂ_g
Mig(r,s) =€ | — F H,-(r) + F H,-(s) - 5y (r) + Eng(s) —imH,, (r)H,, (s)
(5) wi wy (r) — H,. (S)le wr —(r) + inH,,- ( ) — imH it o (1)

. 1. 1. 1 )
+imH - (s) = gimH, - +(r) + fzﬂHw;wf(s) + §Z7TH +..—(r)

2 Wz Wy 2 w3 Wy
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MlQ(n S)

M20(r7 5)

1.
+ Qme;’wl_(s) + le_ (T)Hw+ w+( s)—3H, - (r)+ H

wy Wy Wy wy Wy W (T)

+ le_,w:,)_ﬂul_ (’I") B le w+ w+( ) + Hw+ wy w ( ) Hw+ Wy ,wf (S)
1 1
Bt ) 5Pt )~ 5P O) ~ 5P )
1

+(s)—H, + +. -(r)+ 2Hw; (T)Hw;(s) In(2) — 21'7er;r (r)In(2)

S Lo
9wz Wy ,wy wg Wy Wy

+ 2@'7er1+(3) In(2) — 2H,- (T’)Hw; (s)In(2) + iWHw;r (r)In(2)

—imH o (s)In(2) = 4H,, -, (r)In(2) +2H, - - () In(2) +2H,, - (r) In(2)
= 2H, 1 (r)In(2) + 2H,+ o+ (5) In(2) = 2H,,-(r) In*(2) + 2H, ( )1 2(2)
)

+2H,,(r ) 2(2 —2Hw3_(s)1112(2) — H,-(r)Liz(1 — 24) + H,- ( )Lig(1—2zy)

+ H,,-(r)Lio(1 = z¢) — H,,~(s)Liz(1 = zp) | + O(e?), (4.40)
2 2 2 2
3| - l . T _
=€ 3 Hw; (r)+ 3 wa(s) me; (T)wa(s) + D ng (r) D Hw; (s)
+ iﬂHw; (T)Hw; (s)—H, ( )Hw; wr (r)+ Hw; (s)Hw;,w; (r)+ iﬂHw;7w1+(s)

—mel—,w;f(r)+i7Tij',w;(r)+Hw (r)H, + . +(s)+ zirH 3_7w1+(r)

U) ’UJl

—EZTI'H +(s) — 1Z7TH —(r) — 1Z7TH (s)— H 17(7“)H +.+(9)

wy 7wl w3 Jwy w3 Jwy w w3 ,w
+ 3Hw1_,w1_,w1_ (T) - le_,wl_,wg ( ) Hw_ w] ,wf’ (S) - le_,wg_,wl_ (T)
+ le W3 ,wfr (T) - ‘FIzL)1+,'L1117,111]L (T) - wa,wf,’uﬁ (7“) - wg,w;,w; (7“)

1

+ ()+H wi (7

o g bt (1) GH oy it 5 Hut wi wi (1) +

FH it it (7 (r) = 2H,-(r)H,-(s)In(2) + 2in H + (r) In(2

— 2imH + (s) 1 (2)+2H ~(r)H,(s)1 ( )—mH +(r)In ( )

+irH, - (s) In(2) wy (1) 10(2) = wy (M)I0(2) = 2H 4+ () In(2)

+2H,,+ .+ (s) In( —2H —r (1) n(2)+2H f i (1) 10(2)

—2H,4 ,+(s) n(2 +2H, ( )1n2(2) —2H,,(s)In*(2) — 2H,, (r) In*(2)
)

+2H,, (s ) °(2 (T)Lu(l —zf) = H,- (s)Lia(1 — z5)

— H,-(r)Lia(1 - 2f) + H,,—(s)Liz(1 — 2) | + O(€"), (4.41)

2 w3 Wy ,wiF (S)

+

r)In(2
2 1

~—

—|—\/

= [_ imH,, (r)+ imH, (s)+ H, (r)H, s (s) = H,— ,+(5) + 2H, () 1n(2)]

'LUl 5
+é {WQHIUI (r) + 2i7rH0(s)Hw; (r) — 7r2Hw; (s) + JimH, - (r)H, —(s)

7I.2
= 2imH,,—(r)H,-(s) — —H,+(s) = 2inH,— (r)H,— (s) + %HH +(s)

Wy 6 Ys wy Wy Wy
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2 , L :
— §7r2Hw1+(s) imH, (1), (5) = 75 Hy (5) + QZwwa(r)Hw;(s)
= 2inH_11(r®) + dimH, - (r) — 2inH;, - (s) = 2H,,- (r)Hy 1 (s)
- 2@'7er;70($) - SiﬂHw;w;(r) -H, ( )H - 7( ) H, ( )le o (r)
+ 2Hw+(s)H - 17(7’) + Hw;(s)Hw;w;( r)— 327rH - ( )
— 3Hw (r )Hw_vwf (s)+ 2i7er:7w1_ (s)—I—Qle—( r)H wr wt +(s) + 2i7THw;,wj(5)
+ 22'7TH - ( )+ 2Hw1_ (T)Hw;,wf (s) + 2z'7erI’ +(s)
- 2Hw;' (S)wa,o(ﬁ) + 2Hw2‘ (S)wa',()(\/@) + 2Hw3' (S)Hw+ ;Wi ( )

1. L.
_ mel ,w+($) - ?Wngvwf (s) — wa (T)wa wf(s) - §Z7THw:>,+vw1+(s)

—2irH,— = (s) = 2H (") H — ,+(s) + 2H; =+ () +2H - o+ (5)
+3H ()—2H () 2H + + +(8) 2H - _ +(S)

wy Wy w1 wg Wy ,wl wg ,wiw wy Wy W
1
—2H_ + ()+H+ + +(S)+ + H +(s)

w4,w w wi Wi ,w 2 Wy Wy wl() w?),wl,w1

+2H, - o (5) = 2imHoy (%) In(2) — 2imH,, - (r) In(2 )

—2H,,- (r)H,+ (s)I0(2) — 2H,,- (r)H,+ (s) In(2) + 4H,, (r) H,+ (s) In(2)

+imH,, - (s)I0(2) + 2H,,- (r)H,+ (s) In(2) + 4H .+ (r) H,,+ (s) In(2)

4H07w1+( $)In(2) = 6H,,— ,+(s) In(2)+4H,,— ,+(s)In(2) +4H,,— +(s) In(2)

—2H,,- o+ (s)In(2) = 4H, +(s)In(2) = 2H,,5 (5) n*(2) — 2H .1 (s) In*(2)
In”(2)

)
2(2) + 2H,+ () In?(2) — H,+(s)Liz(1=2f) — H,+(s)Liz(1-2)

+4H,, ()

— H,+(s)Liz(1 = z) + Hw;(s)LiQQ—zf)] + O(eY, (4.42)

Moy (r, s) =€ [ - 2imH v (s) + 2H v (5)]

8 T
e { — 47%H, (W) - 7T2Hw; (r)+ §7T2Hw; (s) + ?ng (s)

: 11 5 . 2
+dimH - (7")Hw;r (s) — 37 H,- (s) + dimH,, - (T)ij(s) +27°H_ +(s)

— 8imH,, - (T)Hu)+ (5) + 7:Hw3_ (s) — 2imH,,- (T‘)ng— (s) —2H,,- (S)wa:wf (r)
+2H, ( )Hw_,wl_ (r)+ 2Hw4— (s)le_’wl_ (r) — 2Hw3— (S)le—ﬂul— (r)

+ 6Z7TH - ( ) — 4i7Tng,wj (s) — 4i7er;,w1— (s) — 4Hw1_ (T)Hw;-’wf- (s)

— 4itH W ( ) — 42’71'Hw4+7w;(3) — 4wa(T)ij{,w1+(S) + 41'7er?’0(5)

+4H ( VH,, (\/Z) —4H *(S)ij,o(ﬁ) +6i7THw1+’w;(s)

+8H, (1) H 4 (8) +imH = o (8) +imH yr = (8) + 2H, = (1) H it (5)

’U} sWy

+16H, ,+ 0( ) wi (1= 2V/27) + 8Hy o7 (W)
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1
H0w+w (1_2Zf)_8HOw+w+(1_2\/>)+8 Owl,w (1+2\/7)

+2H, ot ot (1—22f)—6H - 1+7w1( )—|—4Hw ot ot +(s )—|—4Hw5 o ,wf(s)
+4Hw wiwy ( )+4H +ow ( ) 4Hw+0w ( ) 6Hw+w w+($)
— ng,wf,wf (s) — Hw;,w;,wf(s) — 372 1In(2) — 4wa (r)Hw;(s) In(2)

+4H,,(r)H,,- (s)In(2) + 4H,,- (r)H,,- () In(2) — dinH,+ (s) In(2)
— 4Hw1_( rH, ( ) In(2) — QiTer;(s) In(2) — 16H0,wf(1 —2,/z7) In(2)

+16H, 1 (1 ) In(2) + 4H, ,+ (1 - 22) In(2)

8Hw5 wt +(s)In(2) — w it +(s)In(2) + 16Hw1+,wf (s)In(2)
+4Hw;w +(s)In(2 ) ( )ln (2) +4H, _(s)ln2(2)—|—4Hw4_(s) ln2(2)
—4H,,-(s)In*(2) — ( JLia(1 — 2f) + 2H,,- (s)Lia(1 — zy)
+2H,,-(s)Lia(1 — 25) — 2H,,- (s)Lia(1 — 27) + 14G3 | + O(e). (4.43)

4.11 Moy

This is the only integral with five lines. However, since it is essentially a one-scale integral
its result can be written in terms of ordinary HPLs. The topology consists of seven integrals,

—

3T —{ Bl (v, 5), a(r, ), Na(r ), M) ¥y, [303 )]

NE (7, ) M (25), N (r, ) M5 () }, (4.44)

and the matrix Ay (r, s). The result reads

~ ) 3
Mo (r,s) = 2;26{63 [ - Z% — 72 Hw; (s5) 4 72 wa(s) — 2ir Hw; wr(s) +im wa wr (s)
+ i wa,uﬁ( ) + 2Hw i wt (S) — wa,wf,wf(s) —on? 111(2) — wa,wfr,wf (S)
21
+2im H,,+ (s) In(2) — 2 Hoyt ot (s) In(2) + 5 Cg] + (9(54)} ) (4.45)

4.12 Moz — Mos
Also this topology is quite large and we need nine integrals
M :{M23(7“, 51),M24(r, 51),M25(r, 51),M5(r), [M{(zf)]Q,M{(zf)M{(Zf =1),
M} (2g). M5 (2p). M () B (r = /3, ) } (4.46)
where r = i1/3 corresponds to zy = 1. Here we choose the set of variables (r,sq). The fact

that the number of integrals is large is not the only complication of this topology. As can
be seen from the matrix Asg_os (r,s1) in eq. (A.11), many factors appear in the differential
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equations which are irrational in both r and s;. For example,

OMas(r, s1) :2€M23(7“ s1) s1(b — s7) _ € Moy(r,s1) (3 —s1)
851 (1 — 81) (3 + Sl) 1 _ 81 \/1 1 1:2,5(11 51)
6M25(T‘ s1) (3+s1) N 26M4(Zf) 51 (4.47)
5 ) .
1 _ 81 \/1 2(1 1r2?9(11+51) 1— 57

Fortunately, we can still find a form of the differential equations which allows us to apply
the formulas for iterated integrals from section 2. There are two reasons why this is
possible. First, there exist variable transformations which rationalise either of the square
roots, namely

2 2
= = SR
and

1 J;sl L1 _231 \/1 2(1 zfj)g)j i) 2027;3”2;?;702 . (4.49)
For later convenience we also define
to = eTr + e )
G S (4.50)

which correspond to the limit s; — +iv/3 of t and v, respectively. Second, it turns out
that we only need the lowest order in the e-expansion for each of the integrals Ma3_o5.
This ensures that My, appears only in combination with ¢, whereas Mas appears only with
v, without any admixture of the respective other variable. This does not hold at higher
orders in €, which can be concluded for instance from the appearance of the logarithm L5
in Ags_o5(r,s1) in eq. (A.11) which contains both ¢ and v. Having said this, we find

Moas(r,s1) =€ [ FOD) + £ + fOw) = fOw) + fO(v) (4.51)
= fW(to) = P (to) = fV(wo) + f @ (vo) = F¥) (v0) + (H,,-(s1) +21n(2))

Moy(r, s1) =E[f D) + fO1)] + O(), (4.52)
Mos(r,51) =2[fD (v) — fO(0) + O ()] + O(¥), (4.53)
with
(1) _ 57'('2 57'('2 57T 2
f@) = =5 Hyp (@) = 50 Hoyo(0) = o0 Hype (2) + Hyp (2) Ho0(7)
%H —(x) H_10(r?) + %Hw;(@ H_10(r?) + 2H ,+(2) H,,- (1)
FH, (2) H, o(r) + H,s (2) H, o(r) + % H,i (@) H, (1)
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1 H, (@) Hy ()4 1 Hy (@) Hy (1) = 2Ho(r) He < ()

4 4 Wy Wy
CH, (1) Hyr s (2) = Ho() Hyr ,(2) = Ho(r) Ho: s (2) = Ho(r) H, < ()
g Hoe (1) Hoy () = Ho(r) Hy o () — 5 Holr) i (2)
~Ho(r) Hyg s () = 3 Hy (1) e <x> ~ 5 Ho(r) o (x)
S Ho() Hy oyt (2) = sy (0) 3 H o (0) 45 Hoy s (2)
3 ot gt e (0) 4 3 Hy e ,wz@)—% ot (@ >+in1 e e (@
% SR )+in1 o (@) 4le - ’wz(x)—%er’w;’wl_ (2)
P Hot e @ )+4Hw+ it (@ )+4le it @ )+4le it @)
g F it @4 T Hye e (0 1 Hy s () 4 7 Hy o (2)
J& Hoz it it (%) 411 wy gy (7) +é w;,w;,wg(f“)*é w5 iy i (%)
TRy A <x>+§ w0 = T ot (@) 4 S Hy o (2)
+é oot @)+ 8Hw3 wuin (x)+éHw3 ot @) ;ng ot (@
1 1 1 1

1 1 1 1
_4 'LugL,w3 Wy (IL’) + g Hw3 w3 Wy (x) + g Hw;,w ,w; (CE) + ] ng W3 Wy ( )
1 1 1 1
+§ wy Wy ,wI (JZ') - 4 Hw3 Wy Wy (1’) + ] Hw3 ,w;,w5 (1’) + g Hw3 w3 ,w; (x>
1 1
+§ wi i g (x) + 3 Huf it (x) + H,-(r)H +(x) In(2)
1
5 oo () oy (2) n(2) 4 5 Hyo () Hye () (2) — 2H,0 () In(2)
1
—H, (@) I0(2) = Hypo (2) In(2) + H,o (2) In°(2) + 5 Mz (2) In?(2)
1 1 1
+§ Hw; ($) 1112(2) + 5 wau(ﬂf) Lig(l - Zf) + 1 Hw; (m) Li2(1 — Zf)
1
+Z Hw;(.l:) Lig(l —Zf), (4.54)
1
f@ (@) =im| = H1(r?) Hps (2) = H,,- (r) 1 (2) = 5 Hoa(r?) H,- (2)
1 1
=5 Hyp (1) Hyp (2) = S Ho1(r?) H o (2) o Hyp (r) Hyp (2) + Hypp i (2)
1 I 1 I 1 I 1 1 I
+ 5 w+,w3 (fL‘) + 2 w+,w§' (‘/L‘) + 5 wS ,’u)i'— (x) + Z u)3 7u)3 (fL‘) + 4 'u)3 ’wg' (x)
1 1 1
o Hyg gt (2 + 3 B () 4 3 g (@) (4.55)
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PO @) = Halr") = Hofr)| x [4H-1(0%) 0 + 48,0 H )

4 !
+2H_1(r?) ng () + 2Hw1_ (r) HwST (z) +2H_1(r?) Hw; () + 2Hw1_ (r)H, +(x)

ws

_ 4Hw+,w+ (95) — 2Hw+,w_ (aj) — 2Hwi",w§' (SU) — 2Hw3_,wf ($) - H —,wg— (I)

w3

- 2H,t () = Hypt o () = Hype (@) (4.56)

wy i () =

f(4) (x) 5% + 8 Hy(r )war (x) + 4le_ (r) war (z) +4Hy(r) Hw_ (z) +4Hy(r) Hw; (x)

—4H 10(r*) =8 H,- o(r) = 2H,— (1) + 4H s () — 2H,1 - (x)

wy ’LU5

—2H,, ,, +(a7)_2wa,w4‘($)_2wa,wj($)+2H — —(l’)—H —wg(:v)

wg ,

0)—H, o (0)=H,o (@) 42H ()~ H,p o (2) = Hyp ()

- H’ll) W3 , Wy

— Hyyp e (1) = Hypo e (2) = 4H,, - () In(2) + 8 H, ¢ (2) In(2) — 41n%(2)

W3 ,Wy

— 2Liy(1 — 2f), (4.57)

it

5 . 2
fO ) =im [4H_1(r%) + 4H,,(r) = 4H ¢ () — 2H,,(z) = 2H,+ ()], (4.58)
fO(x) =2[4Ho(r) — Ho(r")] [2H-1 (") +2H - (r) =2H,,+ () — H,, () = H,,+ (2)]. (4.59)
For numerical cross-checks, we also present two-fold integral representations over ordinary
Feynman parameters. For the relevant coefficients of the e-expansion of Ma3_o5(r, 1), they
read (z=1—-2z,2=1+41x)

_s2 _
€3 (5% + 3) to 1n|:<1 751)(15 t2t2+t1zf):|

i ( )—/dt /dt tata((1—2t1) —s) Lo 4)
B e A (DR B (e ET

1 1 881Zf 2( _ 5 )
\/ A2 S1titote — 22 4818
M24 7" 81 /dtl dtQ 3 t t n 25 t21t 1{ n t_ . f 5 11 12t 5 + 0(63) ’
;) Ttoto 12§ Ttato + 112y s7— (1 —2ty)
Mos(r, s1) = Maa(r, —s1) . (4.60)

4.13 MQG and M27

This topology consists of four integrals, M = {]\;[26(31), Maz(s1), M}, ]\;fé}, and the matrix
12126727(31). The integrals in this topology depend on a single variable and we only need
functions up to weight two. The solution reads

472

MQG(Sl) :€2|: 7 *327TH (81)+3Hw1|-’w1-(81) +O(63), (461)

Myr(s1) =€ [—H,+(s1) + in]

2 lH o 7 iﬂH o i I 2o
+ € B wl—,w;r(sl)—i- wa;r(sﬁ—? wl—(sl)— im Ho(s1) — m° —imwIn(2)
+ O(e%)

(4.62)
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4.14 MQS and M29

The integrals in this topology already appeared in the two-loop calculation of the tree am-
plitudes [9-11], where explicit Mellin-Barnes (MB) representations have been used for their
numerical evaluation (for a convenient parameterisation cf. also the appendix of [38]). With
the current techniques, we are now in the position to compute these integrals analytically.

For this topology, it will be convenient to use the variables (r,p) defined in section 2.
We need seven integrals,

NE={ W (7, p), Moo (r, ), W () V3 (1), [0 ()], B (2 ) M (2 = 1), M (z), M5 (29) }

(4.63)
and the matrix 12128,29 (r,p). The integral Mg is required up to functions of weight three,
but Mag is only needed up to weight two. The solution is again lengthy, and we introduce
a short-hand notation for pg =1 —2,/z5. We find

Mas(r,p) =€ [fD(p) — F7 (po)] + O(*), (4.64)

May(r.p) = E[f O (p) — fO(po)] + O(?), (4.65)

f(7) (z) = — iWHw;r (x)wa (po) + QHO(T)Hwi‘r (x)Hw;r (po) + Hw; (T)Hu}j (x)wa (po)

T, @)= T H, (o0)H, () + Ho(r)H g (), (@)~ H,,_ (@
b Hy () Hy (po) H () — 0 Ho (2) H,y (p0) = Hoy () (2)
+ Ho(r) oy (2) H, (po) — Ho (2) Hoy (po) + 3 Ho(r) H (2) - (po)
T @) = T (p0) (@) + Hor) s () (0) — =, )
b g Hoe (1) Hys (p0) oy () — 0 Hy (po) Hy () + 5 Ho(r) Hy (o) H ()
— T H s () Hy (o) + Ho(r)Hy (2) (o) — Ho(r)H i, (1)

T Hy (@) H g (p0) + 3 Ho(r) o (2) Ly (o) — o Hly () e ()

5 Ho(r)Hs (2) e (o) — 2H,,— () Hool/Z7) + H, (2) Hoo(/27)

+ Hy (@) Hoo(y/Z7) + 5 o (0)Hye o(V27) + 5 Ho (1) H,, o(y/77)

~ Hoy () H e o(VZ7) — 5 Hy (0)H s o(/77) (o7

S H 0 Hyt (V2 + Hoe (00 o (p0) + 5 oo (2 Hot - (p0)

b ) H e o (p0) = 5 oyt (1) Hyt (o) in (2)H - (p0)
T H @) H e (o) — %Hw;( VHyt i (p0) = Hy (2) Ly (o)
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T H 0 H s (0) — 5 Hos (2) - (o) — ZHw (£)H, - (p0)
ot (O H e (0) = 5 Hoye (0 Hoy i (50) = 1 H (9)Hy e (p0)
T H (0 H et (0) i H e (1) = 2BV H e (2) + 0 Ho o (2)
o H, @, , (p0)+4Hw (x )ng,wl—(po)ﬂLiH s @) H, ()
T H 0 (o) §Hw3 (0)H,, . (po) - §Hw3 (@) H,, - (1)
L H ) H (o) = SH (2, (o) — gHw;< VH,- e (o)

— Hr ) H o (00) = SH (0 Hy () — S (), (90)

1 1 1
- Zle (@) H - o (po) — g H (x)H% i (Po) — gij( )de i (o)
i 1

— SHO()H () + 1H it (O H e o (00) + JHo (00 (00)

b 3 H @) H o (o) — sz+< D), (o) - 8Hw (#)H, e ()

~ H () H, —(po)—ZHuﬁ( o), +<po>—§Hw3< V1 i (00)

— Hy (0)H +<po>—ZHw Oy () = S Ho () H i (90)

g @ (o) — TH @) (o) — S H (@) ()
1

 H(2)H, +<po>+—Hw;,wl+<x>—Ho<r>H+ @)+ T, (@)

8 w3 wg W 2 4 w3 w3

G H () H e (0) = g Ho() e (2) 4 Hy ()= Ho(r) Hl e (2)
+ ;waw () 4 3 Hyt g (@) = 2Hy e () = Hye it ()
+%Hw1+7w1+7w4_(a:)—|— Hypoes@) = SHoe )+2Hw1+,w3 e (@)
+in1+@ @+ TH @)+ T H (@) - %wa’w;wl— ()

+1le+’w3,w5 (@) 3 Hy ot (@) 2 Hot ot ()+in ot (@)
+31Hw3 b @) F THy @)+ TH, e (@) + ing e
Ty )+ SH @) 4 CH (@) ()
S H e () = TH (@) SH (@) SH e (2)
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+ %Hw;ws (@) + %st ot (@) = ;wal @)+ in;’wl e (@)

+ leHw;’wf’N () + iﬂw;wm () + 1Hw§,wl+7w4+ (z) — ing e

+ éerj’w;’wg (z) + éﬂwﬁw @)+ ;ng e (@) %H@ws e
Tt )+ St e () 4 S et () St (0)

+ é wi i o} (w)—I—QHw;r (:U)er (po) ln(2)—Hw3_7w1+ (x)In(2) — Hopt ot (z)In(2)
+ wa (pg)Hw; (x)In(2) + wa (pg)Hw;r (z)In(2) — 2Hw1+7w;r (x)In(2), (4.66)

£ a) =i, (@) = 2H0(r) H, (2) = H,,_(r) H, . (2) + % H,_(a) — Ho(r) H,_ ()
£ Hp (1) — Holr) Hoy (2) — Hye oo () + 3 Hy o (@) 45 Hye o (2)
1 1 1 1 1

5 Checks and validation

We performed several cross checks of the analytic results presented in the previous section.
First of all, we evaluated the generalised HPLs numerically by rewriting them in terms of
Goncharov polylogarithms and evaluating them both with the GiNaC-library [39, 40] and
an in-house Mathematica routine. We also derived MB representations for most of the
integrals, where the AMBRE-package [41] proved to be useful. Their numerical evaluation
with the MB-package [42], however, turned out to be difficult due to highly oscillating inte-
grands related to the presence of the threshold. We therefore used the MB representations
to derive ordinary Feynman parameter representations, similar to the ones given in (4.60).
Another purely numerical method is sector decomposition, where we used both the SecDec-
package [43, 44] as well a Mathematica-based in-house routine. For the most complicated
coefficients the numerical evaluations confirm the analytic results at the level of 1074, and
for the simpler coefficients the agreement is several orders of magnitude better.

6 Conclusion and outlook

We computed the master integrals that arise in the computation of the two-loop correction
to the vertex kernel of the leading penguin amplitudes in non-leptonic B-decays. The
calculation is complicated by the presence of two non-trivial scales (% and zy = mfc /m?),
as well as the kinematic threshold at u = 4zy. We computed the master integrals in
a recently advocated canonical basis, which enabled us to derive analytic results for all
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master integrals in terms of generalised HPLs. The results are given up to the relevant
order in the e-expansion that is needed to obtain the finite terms of the penguin amplitudes.
Our calculation is the first application of a canonical basis to integrals with two different
internal masses. Apart from the integral basis, we find that the choice of the kinematic
variables is of utmost importance since it renders the logarithms in the matrices Ay, rational
and therefore makes the formulas for iterated integrals applicable.

The results of this paper form the basis to derive fully analytic expressions for the hard-
scattering kernels TZ-I in the factorisation formula (1.1). In phenomenological applications,
one has to integrate over the product of the kernels and the Gegenbauer expansion of
the light-cone distribution amplitudes. The presence of the charm threshold makes the
numerical evaluation of the convolutions delicate. The threshold is much easier to handle
in an analytic approach, and the convolutions can now be computed to very high precision.

The integrals presented here are also relevant for other applications such as rare or
radiative B-meson decays. For example, the two-loop QCD correction to the matrix ele-
ments of current-current operators in inclusive B — Xt/ decays have to date only been
computed numerically [45] or as expansions in the lepton-invariant mass ¢® [46, 47]. With
the present results, one can now obtain completely analytical expressions for any value
of ¢. In exclusive B — K®¢T¢~ decays, one can study non-factorisable corrections to
charm-loop effects.
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A Matrices Ak

In this appendix we list the matrices A, for the different subtopologies. To this end, we
define the following logarithms,

1—-V1—r2+zx
1—V1i—r2—z)’

1+ z?+3
L§:1D<1_x> ) T3:ln 4 > ’
L% =In(r? — 2?), f4—ln(x2—x(r2+l)—|—l),
+
f=In (:—x> , Liz=In((1-s1)1—-¢t)—(1+s1)(1—-v)),
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24 1\°
L‘gzln(( 5 ) —x2> , Lig=In((1+s1)1+r)—2(1—-1)),
r? 2z +1
2 1
L§:1n<<1—|— 1—r2) —x2> , Lig=In (\/1—7"2 2t + ( 1—51)(1—1—5 1—r2)>,
1+V1—r2+2z (
Ly =In , Lig=In(vV1—-r2—=2v+(1+s)(1+ = \/1—7“2
? (1+\/1—7’2—x> " )
2
s :1n<<1— Vi—r) _) (A1)
The matrices Ay now assume a compact form,
—L5—-2L} —L3 0
Az = 6L;  —6L7+4L5—-2L5 2L3 | (A.2)
0 0 —2L%

—2L7 2L} 2L}

As=| o 215 0 |, (A.3)
0 0 -ILj
~L3-L5—14 L Fog0 00
305  AL§j+3Ly-Ly—L; 55 L L
- ! T _Jr
or— 0 0 3Ly —Ljy 0 0 | ()
0 0 6L, 2L5—6L} 0 -2
0 0 0 0 Ly-Ly—L 0
0 0 0 0 0 2Ly
—L5—3L5+L5 L 5 0 0 0
3L L3 4+3L5—3Ly+L5 2 L Ly L3
~ _¢ T _ ¢ T T
i = 0 0 2L 0 L% 2L} (A.5)
0 0 0 Ly—3Ly+L 0 Lj—L3
0 0 0 0 205 0
0 0 0 0 0 L
—2L5—3L5+2L L3 B_L
6Ls —6L5+3L5—3Ly+2L5 —3L§
] 0 0 —L3—2L}
Ao = 0 0 613
0 0 0
0 0 0
0 0 0
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Ly

2 > 00
Li—Lj L 0 L3
L3 0 0 0
“6LS+AL5—2L5 0 —2L5 0O
0 oLt —2L% 2L}
0 0 —2L5 0
0 0 0 -Ij
—L§—2L5+2L% — LE i L s
2 2 4 6 2 2 R 2 . 3
Ly—2L5+Ls  Li—Ly—2L5+% .
) L§— L3 —L5—% —arsqors— Ly —2L5+ %
Ap 14 = 0 0 0
0 0 0
0 0 0
0 0 0
—Ly— g+t 0 0 0
FHLy-E B0 L3
S -y 0 —Ly-205+2L
—3L} — I3 0 0
6L}, L% — 6L —2L% 0
0 0 -2r; 0
0 0 Ly —2L5+L5—2L;
—L3—2L5 0 _ I3 0 0
) Ly L3—2Ly 0 0 I3
Ays_17 = L3 —L§ —2L5+2L5—2L; O L3
0 0 0 —2I% 0
0 0 0 L —2L5+L5 — 2L}
—L§ — 204 +2L5 — L 0
Ls— L3 —2L5 — Ly+2L5
—3L5 — Li+2L5+2L5, —2L5+2L5+2L5,
—10L3+A4LS — 2L3+4L3+4L5, —12L5+4L5+4L3+4L5,
AIS—QI =

o O O O o o o

o O O o o o o
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Ly+% - Ly 0
_L7 L3 L _L3 0
2 s s g 4 2
—2L542L05 — Lh+2L+ 5 — 20— 203, B+ -Li—-Ly, L3 L
AL+ LS — AL — AL, 3Ly — Ly+5 — 205 —2L5, 0 0
0 0 —2LF 2L}
0 0 0 —2I}
0 0 0 0
0 0 0 L
0 0 0 0
0 0 0 X Is
0 0 0 L
0 Yo Ly- % 2L5+2L5 — 2L 0
0 s -4 gy § —2L§ — 2L5+2L 0
—L§ L Ly—5  orng—oLs4org+2Ls, 2L5, - 2L
0 205+ L5 —L —AL3 — ALS+AL+4L5, AL5, — AL}
2L} 0 0 0 0
0 0 0 0 0
— L} 0 0 0 0
0  —2Li+Lj—2L} 0 0 0
L3 0 —2L5+15 — L} 0 0
e 4 0 0 ~3L1, ~Liy
~L 0 0 3L1o Ly, — 2L}
(A.9)
Ly -1 0 0 0 @ —I3 ~ L3
0 Ly -Ly 0 0 0 0
0 6L§ 4L5—6L; 0 —2L5 0 0
Ayy=[ 0 0 0 Ly 0 0 0 — 205 17yr, (A.10)
0 0 0 0 0 0 0
0 0 0 0 Ly Ly—2Li 0
0 0 0 Ly 0 0  2L§—2L:
Lyt 5L31
1204 +12L% — 6LE+6LL —L' +-2- — 22 + Lo+ LiL+2L5 — 2L — 4Lf,
12L8+12L% — 6LY+6LY —L3' — L — L34 +2L45
A23725 =

S O O O O O

0
0
0
0
0
0
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Ly Ly Ly Ly L 0
4 4 8 8 2
L= Lh - L2l OLL+2LSL — ALyg ALL+2L} — 21T,
Lt Ol IS ory 918 — ALY, 20542134 — ALyy ALY+2L5 — 2L7,
0 —2I7 —2r;
0 0 —2I}
0 0 0
LY LY
0 0 e
0 0 Lz
0 0 0
0 — Ly 0

—ALY — 2L5+2L%, 12L4+6LL — 6L, — 1217, —4L3' — AL — ALT,+8L1g
—ALY — 2L +2L7, 12L5+6LY — 6LY — 1217, —AL} +4L3 — 4LT,+8Lyg

2L 0 0
0 0 0
L 0 0
% - % —3L75 —L1s
~L 3L12 Lig —2L;
Ly 0 0
0

ALY +ALY — 2L5+-2LL
—4LY — ALY +2L¢ — 2LY

0
0 . (A11)
0
0
0
2L 4 LY — L
515" Lt
S =
_ 9L L 5L 3L
Age 27 = 1 o2 S| (A.12)
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—I5 3Ly~ S Ml - L4 Ih - 17,
—3L8 — 3054356 — %
] 0
Agg o9 = 0
0
0
0
L§+L7" Ly L 0
LP LIJ
3L+ L5 43 — L§+Lg — LYy+LY, —4L%, szg - L§+76 -
0 7 QY 5 N S BN S I
0 0
0 0
0 0
0 0
0 0 Sy
- Loyl L§+ +% p% | BLh - 3L5 3L7 —3L1a+3L7,
o © T ey )
—2L} 0 0
0 — I3 0
e -~y L
Lp+L"’ Ly L
3L5+3Lp+25s — 31 2L§+2L +Lip — Liy — ALY,
0
0 (A.13)
0
—L12
Ly, - 2L

B Auxiliary integrals

Here we collect the results of the integrals that are already known from previous calcula-

tions, but which appear as subtopologies of the master integrals discussed in the main text

and are needed in order to make the system of differential equations complete. In terms of
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the integrals defined in figure 3, they read

Mi(zf) = e Ii(2) M3(z5) = € /75 (I5(zy) + 204 (25)) (B.1)
Mi(z) = ex Ij(x), M = e (If +2I7) (B.2)
Mi(z) = ex I}(z), M, =1, (B.3)

Mj(zp) = € Iy(zp) (B.4)

Normalizing these integrals according to the definition in (4.1), the results become

M (zf) = 2 Tl—e)I(1+e), (B.5)
N . 3(1—¢ €

My(z) =—e™ a* 2 (11“(1 )_F2(2)+ ) : (B.6)
Mi(z) = — f_‘”em —OT(1+6€) oF (1,1 +¢€;2—¢; 2)

=elIn(l — ) — € [Lig(z) + In?(1 — z)] + €} [—2 Li3(1 — ) — Lis(z)

+ ; m3(1 — 2) — In(z) (1 — 2) + %H (1 — 2) + 2G5] + O(eY), (B.7)
~r/ 2 ™ 1 2 1.
W) = | = Ty = § g (1) = Hyp () 1) = 12(2) = § Lia(1 — 59

e [2 Bt (V25) = 5 B ug or (1) Hur i o(VZ7) = 3 Hopp i (r) In(2)

2 3 7

—3H,(r) In*(2) - 2In*(2) + % (1 —zp) + 5 Lig(1 = 25) — 5 C3] +0(eh),

(B.8)

ot oWVE7) =~ B o) + 47 1n(2)] 4 O,
(B.9)

1_7

My =—T31—€)T(1+¢)T(1+26), (B.10)

- [(1—4e)T*(1 — ) T(1 +€) T(1 + 2¢)
M=~ AT(1—36)T(1 — 2¢) ' (B-11)
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I4(z5) I5(z5)

(o 1(2)
e

Figure 3. Integrals required to define the auxiliary integrals in (B.1)—(B.4). The notation has been
introduced in the caption of figure 2.

C MlS + Mlg to 0(64)

Here we present the result of Mig(r,s) + Mig(r,s) to O(e*). This result is needed in the
final result of the QCD amplitude, but due to its length it was relegated to this appendix.

Mlg(r, s) + Mlg(T, S)|64 = —272H, (H—ZW) ( )+ 2% Hy (m) Hw; (s)
2
7T .
Y le_ (r) le_ (s) + 7r2Hw1_ (r) er (s) + 7T2Hw1— (r) Hw2_ (s) + 227er;r (r) H,Ll(TQ)
. ) 4
—2imH ¢ (s) H_11(r%) + dimH .+ (s) Hy,,- (r) + 3 WQHw;,w; (r)
2 2
—3irH .+ (s) Hyo oo (r) — 3 Hye e (s)+ Hye e (r) Hyo o (s) + 3 e e (r)
m° 1,

5 Hw;,wg (s) — Hw;,w; (r) Hw;,wg(s) - 2z7er;(r) Hw;w; (s) — 57 Hw;,w; (r)
1, , ,
+€ ™ Hw;,w; (s) — Hw;’w; (r) Hw;,w; (s) — 227er; (r) Hw;,wj (s)—m wa,wf (s)

2 7.‘.2

20w, (1) Hyyp i (8) + 5 Hoy e (1) = 5 Hyr () 4+ Hypo o (1) Hyp o (5)
+irH, (r) wr (5) - 7T2H - _(r) + 2@'7er1_ (r) ij-’o(s)

wy (7) H o(VZr) = 2Hw;,w;(8) Ht o(VZp) = 2H - (1) Hyv o(V/Z5)
+2H wr (s)H oWZp) = mH v o (s) + 3imH,, (r) Ht - (5)

wy Wy

2
—22’7er1_ (r) H (3) + g ij,w;(r) + Zij,o(ﬁ) H o (1) — E H +(s)

wy Wy “’1 7“’5
—H e (r) H4 wi +(s) — 2ij,o(ﬁ) Hw;,w; (s) — 2imH,, - (r) wavwl( s)
—%77 H,+. +( ) = 2H,,5 o (V/Z7) Hyp o () + %1 T H, 1 (5)
~H oo (1) Hyt i (5) + 2H 1 o (VZ7) Hypt () + % wQmer (r) — % W2le+7w1+ (s)
2 2
F2H, e () Hoyp i () T () Hoyp o () 75 Hp (1) = 75 Ht e (9)
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+H _ 7(T)le+7w;(8)+2i7THw;(T)H . 7(S)+2H +7w;(T)H + . +(8)

wy Wy wy Wy

—m°H, o (s) + 2imH - (r) H, o (s) = 4imHy o (7)

1

+8H, ( ) H 0,wi,0 (1+2ﬁ) - 8Hw;(5) Hy it 0 <1+2\ﬁ> AT Hy it (r)

—4H (7") 0w wr ~(1—2/z5) +4le_(s)H0w wr —(1—2/z5)

1
+4H,, (T) 0w wy <1+2ﬁ) - 4Hw;(3) Hy ot o7 <1+2ﬁ>
+Hw; (T) HO,UJIL,U);( — QZf) — wa (S) HO,U/IL,U); (1 — QZf)
_4Hw; (7") HO,er w+(1 - 2\/5) + 4wa (8) HO,er,wf(l - 2@)
4 0) Hop i (5975 ) = 4 () o (v2757)
+H _(7“) Ho,wf,w;r(l —2z5) — H 1—(s) Hy o w+(1 —2zp) + dinH - - w;(r)
+dimH - - w:(r) —inw;’w;’wl( s) — 2imH,,- - 7w3( r) — 2imH,, - s ’wIL(T)
+2imH, - - ( )+ 2imH, - (3) +2H,,- (r )wa i w+( s) — 2mH = e it (r)
—|—2277Hw ] w+(s) —i—Qzﬂ'H wf o ~(s)+2H, ( )Hw_ wf +(s) — 2277Hw1_7w1 o(s)
—ATH =t e —(r) — ITH = it —(s) + 2z7er ot s —(r) + 2mH = - (r)
1

—2Hw; (r) Hw;’w;r’wl +(s) — mel i g (r) — 2277Hw it g (r)+ = Z7THw oyt (r)

1 1 1
—= z7er1 g ’wfr(s) - = mel i wr (r)—= z7er i T (s) — Hw; (r) Hwiw;’wfr(s)
—227THw g wf( ) 427{'H +0w7( )—27,71'[‘[ +0w7( ) 2H 7(T)H +0,wf(8)
—2imH wi wr ols) — 3177Hw+ Wy s —(s )—|—2z7er+w o —(r )+217er+w wp (r)
—3Hw;(r Hw1+ w it +(s) — z7er+ T g —(r) — 217er+ T g —(r)+ 2177Hw+ s T (s)
+2Hw— (7“) le g w (S) — 217THw+ w+ w+( ) + 2’L7THw+ Wi, w+( ) + 2Z7THw+ wy W (8)
+2H,,- (r) Hot et +(s) — 2imH ¢t w+( r) + 2imH 1t w+(5)
_2wa (S) le ,w T (7") + 2Hw ( )Hw+ w+ T ( ) + ’L7THw+ w+ w1+(’r')

: 1 1
_mej,wfr,wf(S) ZT['le g T (r) — mel g (s) — Hw; (r) wa,wg,wf(s)

1. 1
+§ Zﬂ-war,w;,wf (T) 2 ZWle wiwi ( ) — QZTI'le g T ( ) — 2wa (7“) war,w;,wfr (8)
—2inw;7w;7w1 +(s) — 227er it oo (s) —2H, ( )wa it w1+( s) — 6Hw;7w;7w;7w;(7’)
+3 le_,wl_,wl Wy ( ) + 3le_,wl_,wl_,w4 ( ) - 3Hw1 WY LW, ,Ws ( ) + 2Hw1 WY Wy ,Wq (T)
_4Hw1 ;W ,w+ w+( ) + 2Hw1 WP LWy Wy <T) - 4Hw1 Wy ,wz w ( ) + le Wy ,w;r,u);r <T)
+Hw1 Wy ,wl w4 ( ) + le Wy ,w w ( ) + Hu)l Wy ,wi",wi" (S) - le_,wl_,wi",w;' (T)
_2Hw1 WL W3 Wy ( ) + 2Hu) KT w w ( ) w1 Wy Wy Wy (T‘) + 2Hw1 Wy ,w;r,wf (7’)
- wy Wy ,w W (S) - 2Hw1 ,w; wy w (8) - 2Hw w+ w+ wy (T) w1 AWy Wy Wy (’I")
+2Hw1 Wy ,wl ,wl (’I”) w1 Jwy wy wJr (8) - 2Hw1 ,w4 Wy w (S) - 2Hw Wy ,wIL,wl (T)
+2Hw wl (8) + le 7w1 wy w ( ) + le ,w1 Wy, w ( ) + 2I—Iw1 7w1 KT ,wfr (T)
+H -+ - +(S)—H7 4+ - +(r)—2H ()-i—H + . —(r)

wy W, Wy W] wy Wy Wy Wy wy ,wl Wy W wy ,wl Wy W
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w1 RO w5 w1 RUNIKITRTIA

wl w1 ’LUl ’LU

+
+(r) +
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“2H it e ot o (1) w1 wi () T 2H bt b (1) = 2H et 0t (5)
+2le ,wf,wl Wy (T) w1 ,wfr,wl Wa ( ) N 4I—Iuﬁ ,wf,wl ,w; (T) N wa“,wf,wf,wfr (T)
1
+Hw1 "Wy 7“’1‘_ “’1 ( ) - 2]{“’1 7w1 W Wy ( ) 4}le Wy ’“’3— wy (T) T 5 wy,Wg Wy Wy (T)
1 1
+§ Hust oy aor ot (8) F Hut ozt wor ) = Hut it aor wr (1) = 5 Hut it ot ot (1)
+ le ,w3 ,w1 7w1 ( ) + 2Hw1 Wy ,Wq 7w1 ( ) - 2Hw1 ,Wo ,wir,wl (T) + 2Hw;,wf,wfr,wir (S)
3, 3
+2Hw5’wl+7w;7wl+(s) — 57 H,- (r) In(2) + = 5T (s) n(2)
+2inH_1(r?) wa(r) In(2) — 2irH_y(r )H (3) n(2) — 2irH, (r) wa(s) In(2)

(1) Hy (1= 2/Z5) 1n<2>+8Hw1—<>Ho,wl+<1 2/77) In(2)
#8 B () Hou: (rigey) 102) =8 Ho () Hop (173757 12

+2H,,- (r) H07w+(1 —2z5) In(2) — 2H,,,- (s) Ho,wj(l —2z5) In(2)

+2H,,- (r) Hye o (8 (s) In(2) — 2H,,- (r) Hw;w: s) In(2) — 2H 17(7") Hye r (s) In(2)
+2i7THw;,wj'( s5) In(2) +2H ( )H,, f,wg(s) In(2) — imH = +(r) In(2)
—|—i7er;7w3+(s) In(2) + 227rH + o () In(2) = 2H, —(r )le+7w5+(s) In(2)

—2H,, ( )H, ’ +( ) In(2) — 4H _(S)H +) +(T) 1n(2)+4Hw2_(s) war,wj’(r) In(2)
+4AH - (r) H +( ) n(2) —imH ¢ - (7 )ln( ) +imH v - (s) In(2)

—|—2le_ (r) wa',w;'(s) In(2) + 4H +( )wa,w;”(s) In(2) — 6Hw1_7w1_7w1_ (r) In(2)
+4Hw;’w7’w7 (r) In(2) + 4Hw;’w;7w47 (r) wr, n(2)

n(2) —4H - Wy wy (r)1
1

VAAE\A/—\/—\

[NV}

SN—

+

5 &

+

+
VVA?/-\/-\

—|—2le wif ot (T In(2) —2Hw1 i wr (8) I 2)+4Hw1+707w1+(r In(2
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4Hw;;U51 7;Uf (r) In(2) + 4Hw£;u5—lﬂ’u+ (s) In(2) + 2Hw;;u+l’;ul_3(r) In(2)
_4ij,w4 it (r) In(2) + 4Hw1+’w47’w+ (s) In(2) + 2Hw1+,wj{,w; (r) In(2)
—AH 5t s (r) In(2) — 8H i+ b it (r) In(2) + 2H it o ot (r) In(2)
—2H ¢ 7w1+(5) In(2) — 2Hw;r’w;7w;(r) In(2) — AH 4 et (s) In(2)

AH, b b (1) I0(2) = 4H () In(2) = 2H, - - (r) In*(2)
+2H,,- - (s) n%(2) + 2H -~ (r) *(2) = 2H,,—  ~(s) n*(2) + 2H,,- - (r) In*(2)
—2H - - (s) In?(2) — 2Hw;7w5 (r) In?(2) + 2H - ; (s) In?(2) + 2Hw1+7w; (r) In*(2)
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TH ey (s)Lia(1 —zf) + Hoyt ot (r)Lig(1 — 2zf) — wa',w;'(s) Lio(1 — zy)
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—H, o (5) Lis(1 = 2¢) = Hye e (1) Lin(1 = 27) + Hye o+ (5) Lin(1 = 2)
+7Hw; (r) ¢z — 7Hw;(s) (3. (C.1)
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