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1 Introduction

The operator product expansion in N = 4 SYM theory, as in any CF'T , is completely char-
acterized by its 2-point and 3-point correlators, or, in other words, by the spectrum A;(X)
of anomalous dimensions of local operators O; and by the structure constants! Cijk(N).
Both the dimensions and the structure constants are in general complicated functions of
coupling A = ¢?>N, and of quantum numbers of the operators. For the N=4 SYM spectral
problem, there has been a lot of progress in the last years [1-5] allowing to study it numer-
ically, at any coupling. Recently, these developments have culminated in the formulation
of a well defined system of Riemann-Hilbert equations [6]. However, for the correlation
functions the situation is far more complicated, and one is here in the early stage of a
case-by-case study in a weak or strong coupling regime.

A significant progress was achieved for su(2) sector in the weak-coupling regime. The
method of ”tailoring” of Bethe states which was proposed in [7] has been greatly evolved [9-
16]. It was applied to su(3) sector [17] as well as to higher loops in su(2) case [11, 15].
On the other hand, the case of noncompact sl(2) sector has been much less investigated.
Some interesting results concerning sl(2) sector can be found in [18-23]. One can find
in [18] an interesting all-loop prediction for the case of two protected operators and one
twist-2 operator with large spin. One loop prediction for two BPS and one si(2) operator
of arbitrary spin and twist is presented in [16].

“Which are tensors in the general case of operators with spin.
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Figure 1. Graphical representation of the light-ray operator O(z_)

In this note we propose a new approach to the calculation of correlation functions of
sl(2) operators O, 1, = trDiZL with arbitrary spin s and twist L in the leading order
in the coupling. We are starting with the calculation of correlation function of nonlocal
light-ray operators which serve as generating functions for local operators O, 1. In order
to make projection on particular local operators we use Sklyanin’s method of Separation
of Variables (SoV) [24-29]. To generate wave-functions in SoV representation, we act a
few times on the correlator of light-ray operators by (Q-operator which was constructed
in [30]. Further, we are using the scalar product [27] on the space of wave-functions in
SoV representation in order to make projection on particular states. As a check for our
method, we compare our formula in the case of twist-2 operators with a direct calculation
involving explicit expression for the wave-function through Gegenbauer polynomials.

2 Light-ray operator as a generating function

In this section we collect some facts about light-ray operators. For more details, see re-
view [31].
Let us introduce the light-ray operator O(z_):

O(z-) =tr (Z(nyz1-)[nyzi—,nyzo-|Z(ngyzo) ... Z(nyzp— ) nyzp—,nez1-]),  (2.1)

where ny is a light-ray vector? n2 = 0, Z is a complex scalar field, z_ = {z1_,..., 21}
y
is a set of coordinates of Z-fields along n direction and [z,y] = Pexp ig,,, [ dz""A,(2)

x
is a gauge link between x and y (see in figure 1). We will further omit these gauge links,
because we take into consideration only Born level approximation.
The operator O(z_) can be expanded in the Taylor series:

> DYZ(0 > DEZ(0
O(z_) = tr z?ffi() . g 22L7f7”
— i! — ir!
Zlfo ZL—O
S S [PR2O | DEZO)
hoAE T ‘ ,

or!
=0  i,—=0 L

(2.2)

where Dy = n/ D, is covariant derivative in ny direction. This decomposition is an
expansion over local operators. There is a distinguished basis of local operators. They
diagonalize dilatation operator which has the form of sl(2, R) spin chain Hamiltonian in
the one-loop approximation. All primary operators can be constructed using the Bethe

2We use the basis {n4,n_,ei1,e21}, where n?,_ =n2 =0, (nyn— = 1) and any vector can be decom-

posed in the following way © = x_ny +x4yn_ + x, .



ansatz technique. The full basis contains primaries as well as their descendants. Formally,
the decomposition of O(z_) reads as follows:

@(Z_) = Z (I)l,s,{a}(z—)ol,s,{a}(o)7 (23)
l,s,{a}

where Oy 14} (0) is descendant of level [ of primary operator which is characterised by the
set of quantum numbers (s, {a}). The natural label for primary operators is a set of Bethe
roots or some functions of them. We explicitly labeled the spin s hiding all other quantum
numbers in {a}. The coefficient ®; ; ,3(z-) is a homogenous polynomial of order /+s. The
local operators Oy ; 1,1(0) are in one to one correspondence with polynomials ¥; ; 1,1 (p_):

Ol,s,{a}(o) = \Ill,s,{a}(azf)@)(z—)yz—io‘ (24)

Explicit form of polynomials W; , r,1(p_) can be found by applying the Bethe ansatz tech-
nique. All descendants have the following form:

\Pl,s,{a}(ﬁzf) = (Si)lq}s,{a}(azfx
‘I)l,s,{a}(z—) = Tis,{a} (,S""')ZCI)s’{a}(z_)’

L L
where operators S~ = > S;, St = > S are defined as a sum of sl(2, R) generators in
i=1 =1

1=
the spin—% representation:

SO = zn_i + 1 (2.7)

_ 0
tonm Su = Ozp— 2

St=22 -
n n azn_’

n

O0zp—
The coefficient 77, oy is a normalizing constant defined by the following condition:
U6 {0} (02 ) @5 a3 (Z-)|a=0 = 01,005, 50(a} {ar}- (2.8)

As it was established in the paper [32], polynomials W, 1, (p_) and @, 1,1(z_) are related
by the dual symmetry:3

Ut} (P2) = &0} Ps (0} (2-), Die = 2ic — 211 2(i4+L)— = Zie> (2.9)
s -1
7 1
Cs»{a} = 7 = ( (7 + ZUk)) ) (210)
Qs,{a}(f) ]}_Il 2

S
where {uy} is the set of Bethe roots, and Qg 10} (u) = [] (u — uy) is Baxter’s Q-function.
k=1

2.1 Q-operator

One can obtain the explicit form of the conformal operators O, (41 and their anomalous
dimensions 7, (,} by diagonalizing the dilatation operator in the sl(2) sector of N=4 SYM.

®For descendants this duality reads as 0 = 0, because ¥, s (o} (P_)|p;=2—z;1 = 0.



Having used (2.3) and (2.4), this spectral problem can be reformulated as an eigenproblem
for the Hamiltonian H which acts [33] on the space of polynomials ¢(z_):

H(I)s7{a}(z—> - '78,{04}(1)3,{04} (Z—)7 (2'11>
H = g*(Hi2 + ...+ Hp1), (2.12)
H; i+1¢(2i—72(i+1)7) =
dT
7(2¢(Zz y Z(i+1)— ) — ¢(zi—, (1 - T)Z(z'+1)7+2’z‘—) — (1 —7)zi + TZ(i+1)—> Z(i+1)f))‘
0

The Baxter approach to this eigenproblem is based on the existence of operator @(u)
which depends on complex variable u, acts on the space of polynomials, and satisfies a set
of conditions:

o [Q(u1),Q(uz)] =0,
o [Q(w1), T(ug)] =0,
° @(u +i)(u+ %)L + @(u —i)(u— %)L = T(u)@(u),

where T'(u) = 2u” + guul=2 4 ... + gz, is the auxiliary transfer matrix for s/(2) spin chain,
{qx} is a complete set of commuting conserved charges which can serve as a label (s, {a})
for states. Since such an operator exists, the problem (2.11) is equal to the diagonalization

of Q(u):

Q(u)q)s,{a} (Z) =

Qs,{a}(u)q)s,{a} (Z*)’ (2'13)

Cs,{a}

where Q, o1 (u) is a Q function deﬁned above, and ¢, (4} is a normalization constant which

we [1X as C4 {1 = sta e operator , satisfying all conditions mentione
fi o} = = Qs 4oy (%). Th Q(u fying all condj d

Cs {a}
above, was constructed in [30](see also [32]) and it reads as follows:

Q)21 ..., 20 ) = [P(m+ ;>F<—Z’u+ ;)}L

Lr
/Hd —zu 1/2 Ti)iu71/2¢<7'12’1_ +(1 —Tl)ZQ_,...,TLZL_ +(1—TL)Z1_). (2.14)
o =1
The operator Q(u) is SL(2, R) invariant, and thus, we get the following action of Q(u) on
descendants:
@(u)q)l,s,{a}(zf) - Cof }Qs {a}( ) l,s,{a}(zf)' (215)

3 Two-point correlation function

Let us consider the correlator of two light-ray operators O(xg,x_), O(yo,y_) stretched
along ny direction. In the tree-level approximation both of them should have the same



number L of fields Z and Z. Extra labels zg and 1 indicate the starting points for these

operators:
= (To—, o+, ToL),
= (Yo—, Yo+ YoL),
= (To- + Ti—, Tot,ToL),
= (Yo + Yi—» Yo+, YoL)- (3.1)
We fix the propagator for Z-field in the planar limit in the following way:
(5“60 1
(Zy(2)Z(y)) = : (3:2)
PRSI TN, T —yP?
The correlator in the tree-level approximation simply reads as follows:
wL(x(]:X—vyOv}I—) = <@($07 y07 ’ (33)
zg:ll_‘! ’mz yo L+1—9) ’2
where o is a cyclic permutation of (1,...,L), and the sum goes over L different cyclic

permutations.

On the other hand, one can expand O(zg,x_), O(yo,y_) over local operators us-
ing (2.3), and rewrite the correlator of two nonlocal operators as a sum of 2-point corre-
alators of local operators:

<@(1‘0, X— ) 3/07 Z (I)l s {Oc} q>l s {a}( )<Ol,s,{o¢} ($0)@l,s,{a} (y0)> (34)
l,s,{a}

Now let us act on x_ - coordinates by Qx_(u)* on both sides of (3.4):
Qx_ (w)(O(z0,x-)O(yo, y_)) =

Qs, «a (u) A
= Z C{i}q)l,s,{a}(x—)q)l,s,{a}(Y—)(Ol,s,{a}(xO)Ol,s,{a}(yO»‘ (35)
l,s,{a} s,{a}

Applying L — 1 operators Qx_ (u1)...Qx_(ur—1) to both sides of (3.4), we get:
L-1 )
H Qu (1) (O (0, x-)O(yo, y_)) =

Qs s {a}\Wi) uz _
Z H (o) o, ,8 {oz}( )(I)l,s,{oc} (Y—)<Ol,s,{a}(xO)Ol,s,{a}(yo»' (36)
l,s,{a} i=1 Cs {a

Now let us introduce € (o3 (u) = Qg (43 (u1, ..., ur—1) - the wave function in the SoV
representation:

Qs {a} H Qs Ao} uk) (37)

4Extra label ”x_" was introduced to stress that this operator acts on coordinates x_ = {z1-,... 2}



The SoV representation for the sl(2, R) spin chain was constructed in [27]. The authors
have explicitly established unitary transformation to Separated Variables along with the
Sklyanin’s measure defining the scalar product in the SoV representation. They have also
proved equivalence of SoV and ABA methods.

The orthogonality condition for the wave functions in the SoV representation reads as
follows:

<(37 {a})u|(3/7 {a/})u>ﬁ = / dL 'u H Qs Aa} uk)Qs {o/}(uk) s,{a}(ss,s’(s{a},{a’}v
RL-1
(3.8)

where |(s, {a})u) = QL (s{a}) (W), Ny 1o} is a coefficient, and the label ji means that the
scalar product is deﬁned by the measure ji(u), which has the following form:

L—1 L—1 1 1 L
i(u) = — u,) sinh — U, (= +dug JT'(=—3 . 3.9
itw) = T (o= wp)sin(run =) TT |1 (5 i) (5 -in) | o)
7,k=1 k=1
i<k
Now let us obtain 2-point correlator of particular operators from the correlator of two
light-ray operators (3.4).
We are interested in the particular primary operator O, (,) with spin s. Thus, we can
expand w(xg,X_,yo,y_) in the series and collect the terms, such as Ps(x_)Qs(y_) , where
Py(x_) and Qs(y_) are homogenous polynomials of order s. It can be easily done by one

extra integration. Namely, one can replace x_ = (x;_,...,z_) by rescaled coordinates
MxX— = (NxT1—,...,MxTr—), and carry out contour integration 5 fdnxns%(. ..) around
0 X

zero. We introduce wj (o, X—,yo0,y_), the projection of the function wr(x¢,x—,y0,y_) on
the states with spin s:

1 1
CUZ(ZL'(), — Y0, Y- ) (2m)?{dnxwygdnyww(moanxx790777y)’)- (310)
0 0

This projection corresponds to the contribution of all operators with spin s. In the general
case of arbitrary twist L we have several primary operators of the spin s. Moreover,
the descendants Wy ,_j 1y also have spin s and contribute to (3.10). To separate one
particular primary operator with quantum numbers (s, {a}) we use orthogonality of the
wave-functions in the SoV representation. As a first step, we generate Wave functions

Qs {ay(0), Qg 1a3(v), acting on wf(zo,x—,y0,y_) by operators Qx_( (u) = H Qx_ (u;)
~ L-1 .
Gy ) =TT @y (w0

@x_ (u)@y_ (V)WZ(anX77y07y—) =
1 _
= Z 2L 2 QS’,{Q}(u)Qs’,{a}(V)q)l,s/,{a}(X—)(I)l,s’,{a}(y—)<Ol,s’,{a}(x0)ol,s/,{a}(y0)>;
l,s' {a} Csr o}
I+s'=s
(3.11)



and then we use orthogonality:

(I)s,{a} (X—)(I)s,{a} (y—> <Os,{oz} (xO)Os,{a} <y0)> -
CQL—Q
_ s{a}

- 2
N; o}

where ((s, {a})u, (s, {a})v] = Qs g3 (WL 103 (V).

(s, {a})u, (5, {a})vIQx_ (W)Qy_(V)wi (0, %, 50,y ))zs (3.12)

3.1 Discussion of (3.12)

At first, we should stress that the representation (3.12) gives us in one calculation both
2-point correlator and the polynomial @ 1) which is dual to the wave function ¥, (..

The second comment concerns normalization. One can multiply functions ®; (,) by
any constant ¢ and, at the same time, multiply two-point correlator by C% Thus, the
left-hand side of (3.12) will not be changed. This freedom in the normalization is not
surprising, because we have fixed only the action of ¥, (,3(0x_) on @, 1,1 (x—) in the (2.8).

In order to obtain the two-point correlator of particular operators, it is sufficient to act
in (3.12) just by one operator Qx_, and take the scalar product with ((s, {a})u| = Qs {ay (w).
Indeed, all other terms disappear due to orthogonality of local operators. Nevertheless, we
choose the form as in (3.12) because it is symmetric and well adopted for the normalization
of three-point correlation functions.

Now let us notice, that the product of I'-functions in the measure (3.9) is exactly
canceled by I-functions which comes from operator Qx_(u). For this reason we intro-
duce a new operator Qx_(u) = [[(iu + $)I'(—iu + %)]L@x_ (u). The action of operator
Qx_(u) = LHI Qx_ (u;) implies L —1 substitutions such as {z;— — z;_7;;+2(j41)- (1—75) }-

i=1
Nevertheless, this action can be explicitly formulated:

L—1 I1r o o
Q. (Wo(x-)=[[Qu) (a1, ...,21-)= /L T drirs ™ 2 (0= 7)™ 21—, ... 21,
i=1 0 =L=1

(3.13)

where Z;_ is a linear combination of all coordinates x;_. Operation "hat” in Z;_ has an
elegant graphical representation.

Let us define a strip of width L —1 in the vertical direction and infinite in the horizontal
direction with factorization x(yr)— = x;—. Formally, it is equivalent to the cylinder. All
paths start on the upper horizontal boundary and go to the bottom line as depicted in the
figure 2. Any path is a sequence of vertical and tilted arrows, as shown in the figure 3 Now
we define function & which maps each path to the expression depending on {7;;} and one
of the coordinates {z;_}. Any path is a link of vertical and tilted arrows. The function
£ acts multiplicatively, namely, if the path is represented as a sequens of arrows abc. ..
then &(abe...) = &(a)€(b)é(c) . ... The action of £ on different arrows is represented in the

figure 4 The expression for the #;_ is given by the sum 2;_ = )  £(() over the set H,,
CEHy_



Ti_ - Tp_ Tr_— T1—

€T1_ e L **° Tr_ Ti—

Figure 2. An example of path which contribute to Z;_.

(i,) (i,j+1)

(i+1,5) (i+1,7+1)

Figure 3. Path goes only from Nord to South or from Nord-West to South-East. First type of
links gives us the multiplier 7;; while the second one gives us (1 — 7;;).

() (i)

¢ l — 7y ' =17

(i+1,5) (i+1,5+1)
(L—1,m) (L-1,m—1)
5 =TL-1,mTm— f = (1 - 7—L—l,m—l)ajm—
Ty Tym—

Figure 4. Action of function £ on different arrows.

of different paths of length L — 1 with the starting point x;_ on the upper boundary, and
a final point on the down boundary.

The formula (3.12) can be rewritten in the following way:

(I)s,{a} (x—)q)s,{a} (Y—) <OS,{a} (xO)@s,{a} (y0)> =

2L-2
= 3 (s, fahus (5. {ahv|Qe. WQy (Mwi (20, %90,y Vs (3:14)
s.{a}
where operators Qx_(u) and Qy_(v) act as in the (3.13), and (...|...), is defined as



follows:

(@), = [ d i), (3.15)
S
u(ua) = H (wp — uj) sinh(m(ug, — u;)). (3.16)
7,k=15<k

4 Three-point correlator

In this section we provide expressions for the three-point correlators , where a few of oper-
ators belong to sl(2) sector. Let’s start with the case of two sl(2) operators O, (s, fa1}) =
trD} Z5, OLy (s2,{az)) = trD2Z%2, and one operator Oa =trZ...Z ... with Ly — fields
Z and L; —1 fields Z. Our approach can be applied in a similar way to sl(2) operators with
different polarizations, but for sake of brevity in notations we restrict ourselves to the case
of one polarization ny. The operator Oa consists of terms with different order of fields,
and is mixed with fermions and gluons. In the leading order in the coupling,” nonzero
contribution comes only from one term, when all fields Z are grouped on the left hand
side, and all fields Z on the right. Let’s start with the correlation function of two nonlocal
operators Qz(zo,x_), Oz (yo,y_) stretched along n-direction and local operator Oa (zp).
The operator Oz(zg,x—_) consists of L; fields Z, the operator Qz(yp,y_) consists of Lo
fields Z. The correlator in the planar limit is depicted in figure 5 As we noticed before, only
one term from the operator O gives nonzero contrubution to the correlator in the lowest
order in the coupling. This term has the form catrZ%2=tZL1=! where ca is a coefficient.
In this paper we are concentrated on the sl(2) operators. Due to this reason, we introduce
extra normalisation ﬁ which cancels this coefficient, irrelevant to our discussion. We will
specify A a bit later.

The 3-point correlator can be calculated in the same way as in the 2-point case. Its
expression reads as follows:%

Pr 5140 ) (X P Ly (52,4001 (YO (51,4011 (20) OLy (52,102 }) (¥0) O (20)) =
= H((L1, (51, {01}))y» (L2, (52, {o2}))y, Q@ (W)Qy_ (V)i 220 (w0, X, 90, ¥ 3 20)[fh:1)

L1t a1
_ 1 Ly,(s1.{a1}) Lo,(s2.{as})
where H = ¢ 1
Ne ™2 N1y (s1.{a1 D VLg (s2.{az})’

<(L17 (317 {al}))lh (L27 (827 {OQ}))V‘ = QL1,(81,{0¢1})(u)QLz,(sm{az})(v)a
(..p = / / dirta dl2 vp(u)pv) ..., (4.2)

RL1—-1 RLo—1

5The planar limit is implied.

5To distinguish two operators of length L; and Lo, we explicitly introduce corresponding label. For
example, polynomial ®1, (s, a;})(X-) corresponds to the polynomial ® (s, (q,})(x-) of operator with twist
L1, etc.
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Figure 5. Three-point correlator of two nonlocal and one local operator in the tree-level approxi-
mation.

and the function w?l,stéOM (z0,X—,Y0,¥_; 20) has the following form:

51,82,0 1

1 1
le,L%M(','UO) X ,Y0,Y_; ZO) = (27_”)2 % dn:v 7751+1 % d77y n52+1w(330a NeX—, Y0, NMyy 3 ZO))
z Yy
0 0

(4.3)
1 1 1 1

w(xo,X—,Y0,y_;20) = X

azz,;y Zo,1) = 2 %oty = 21* Woy(r2) = 21* Woyae1) — 21

1 1
X 5 or (4.4)
|Zop(L1—141) = Yo, ()] |Zo0(L1) = Yo, (1)l
where o, and oy are cyclic permutations of {1,..., L1} and {1,..., L2} correspondingly.

Labels M and 0 mean the twist M = L1+ Lo — 2l and spin of operator O correspondingly.

The three-point correlator of operators with spin is a sum of different tensor struc-
tures [34, 35]. It means that the correlator is characterised by the set of structure constants.
As was demonstrated in the [19](see also appendix A),by choosing a special kinematics, one
can collapse all those tensor structures into one. To achieve this goal we restrict positions
of all local operators to the two-dimension subspace § = {n4,n_} spanned by two light-ray

~10 -



vectors n4, n—. In this case, 3-point correlator has the following form:
(OLy (s1.£01 D (T)O Ly (53, {a2}) (W) O (2))5 = By(Ly (51, {01 1) (L2, (s2.{a2})). 6 X (T, Y5 2),

1
871+82+l(x_z)L17l(x_Z)El%»slfsgfl(y_z)Lgfl(y_Z)L2+527slfl’

+ +
(4.5)

where symbol 75" means that we restrict positions of all operators to two-dimension space

R P T Py

i .For two-point correlators we get:

_ B
_ B(L1,(s1,{e1}))
<OL1,(81,{041})(-T)OLl,(s1,{a1})(y)>h = (x _ y)il (x _ y)£1+251 s (4.6)
_ B
_ B(L2,(s2,{a2}))
<OL2,(82,{042})($)OL2,(52,{a2})(y)>h = (.%' _ y)JLFZ (x _ y)£2+282 s (4.7)
~ Bya
(OA(2)OA(y))y = (x — g)lrtEe Ty bl (4.8)
The normalized 3-point structure constant is defined as:
B
B(L1,(s1,{a1})),(L2,(s2,{@2})),A
Ch(La (51 {ca D)L (o2 faa ). = e e (4.9)

VBa(Lr(s1.4011) Bi(La (52 {a})) Beas
As it was mentioned above, one can introduce a normalization factor ﬁ, and cancel the
contribution of operator Oa. Namely, we specify this factor as a normalized structure
constant N' = Cl(L1,(0,{0})),(L2,(0,{0})),» Of three operators trZ5 trZ%2 and Oa. It can be
easily calculated:

1 CA L1Ly
N = Cy(r,0401), (L2, (0.{01). = N, JEEE VN (4.10)
Na

where N is defined through the 2-point correlator (O (z)Oa (y)); = (e—9)s (e—y) 1Tl
The ratio of two normalized 3-point correlators can be expressed in the following way:

Li+Ly—21

ColLr (1 fon ) (La(sa fa). s _ 27 2 Ol (s1.{a1}) (La(s2 {an})) (X— ¥ ) (4.11)
Co(L1,(0,401)(L,(0.{01).2 VIiLz 01y (s1,{011) (X=)0(L, (52, {021)) (V)

where

O (L1 (s1,{a1 1)) (Las(s2,{02})) (X, ¥ ) =
= (L1, (s1, {1 }))u, (L2, (52, {02 })v] Qe (W)Qy_ (V)W 20 (20, X, y0, 1 20)) 5 X
(x(%0,%0,20)) ", (4.12)
O(L1,(s1.{0n})) (X=) =
= ((L1, (51, {a1}))u, (L1, (51, {a1 }))v] [Qx_ (0)Qy_ (V)wi (w0, X, Y0, Y- )buly —x_ X
x (20 — yo) ' (w0 — yo) T2, (4.13)
O(La.(s2.{on})(Y-) =
= <(L27 (32’ {OQ}))ID (LQa (827 {a2}>)v| ‘Qx, (U)Qyi (V)W?2 (l‘o, X_, Y0, y—)>hM’X7*>y, X
x (0 — o) 5 (w0 — yo) 222, (4.14)
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The last multiplier of all expressions (4.12)—(4.14) was introduced to cancel coordinate
dependence.

4.1 Case of three si(2) operator

In order to construct three-point correlator of three sl(2) operators, let us introduce three
6-dimension vectors p1, p2, p3 with zero norm |p;|?> = 0 and nonzero pairwise scalar products

(Pm,Px) # 0. Then we can introduce three si(2) sectors which consists of operators with
the form Op, (s,..am) = trD7" Uy Lm where U, = Z pl @7 and {¢”} are 6 scalar fields in
N=4 SYM. The propagator between two fields Uk( ) and Uy, (y) has the following form:

0508 (P> Pm)

Ar—E (4.15)

(Uk(x)yUm(y)g) =

Thus, we construct nonzero three-point correlator:

T1,2,3 (xv Y, Z) = <OL1,(51,041) (x)OLQ,(SQ,OéQ) (y)OL3,(S3,O¢3) (Z)> (416)

We can obtain the representation similar to (4.1)

(I)LL(SL{OH})(X*)<1>L27(527{042})(yf)q)Ls,(S:a,{aa})(Zf)T1,2,3($0a Y0, 20) =
:H123<1U72V73w‘(@x7(u)@y,(v)@zf( )Wzll7s[2/jzs(x07 —u?/OaY—;ZOvZ—»lM (417)

L1t a1 a1
Hioq — -1 Ly,(s1.401 ) Lo (59,402} L3, (s3,{a3})
187N, NLy(s1.401 DNVLo (s2.{ao N VL3, (s3. {03 })

L3+Li—Lo L3+Ly—Lg Lo+Li—L3

15 /M3 3, P2 25 M1 )
(pr,p3) 2 (p3ip2) 2 (p2,p1)” 2

(Lus 2v, 3wl = Qpy (o1, {001 (WL, (53, {2)) (VILLg (53, {5 1) (W)
(-op = / / dirta dlrtvdls  twp(w) p(v)p(w) ..., (4.18)

RL1—1 gLo—1 pL3—1

1,52,53

and the function wj'*? 1, (Xx—,y¥_,z_) has the following form:

)
(

21175121;23 2o, X—-3Y0,yY_; ZO7Z*) =
1 1 1 1
= @ni? e —1 P Ay—;77 P N5, 7 7 WL Lo, Ls (T0, X =, Y05 Ny —5 20, 0:2-),
e N My Nz
0 0 0
(4.19)
1
WLy,L2, L3\ X0, X—3Y0,Y_320,2—) = X
halal )= 2 = TP e O — 2. ORI
o 1 1
’xo'ac(Ll)_yUy(l)P st ‘xo'a: (M2+1)_y0'u (Mg)’2 |y0'y(L2)_ZO'z(]‘)’2 ot ‘yUy(M3+]‘)_ZO'z (Ml)‘Q,
(4.20)
where M = W, My = W, M; = % 0z, 0y and o, are cyclic

permutations of {1,..., L1}, {1,...,Ls} and {1,..., L3} correspondingly. For discussion
on how this method works for numerical calculations see appendix B.

"We can also choose three different polarizations n,, in the coordinate space, but for the sake of brevity
in notations we restrict ourselves to the case of only one polarization n.
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4.2 Case of twist-2 operators. Comparing with direct calculation

In the special case of twist-2 operators one can calculate left-hand side of (4.11), using ex-
plicit form of operators Oy (s 1a11)(%),02,(s3,{as}) (¥) through the Gegenbauer polinomials:

Df—ﬁ)

— 1
Os (s fa 1) (@) = tr(D +ﬁ81Z:cCS2 Z(x), 4.21
2,(s1,{ar }) (¥) = tr(Dy + Dy)" Z () 1<D:+Tﬁ (z) (4.21)

.
Os(er gy (¥) = tr(Dy + D) Z(y)C2 <D+ - b_+> Z(y). (4.22)

Dl +D;

The direct calculation gives us:

Co2, (51, 1), @ (o2 f0ap), s _ (514 59)! (4.23)

Ch(2,0,{01)),(2,(0.{0})),2 (251)!(2s2)!

On the other hand the measure in this case is p(u) = 1, and @Q-function is Hahn polynomial
Qs(u) ~ 3Fy(—s,s5 + 1,% —iu;1,1;1). Using these explicit formulas and appendix B, we
have checked that the right hand side of (4.11) exactly coincides with (4.23).

5 Conclusions

In this paper we have proposed a new approach to the leading order calculation of two-
(3.14) and three-point (4.1), (4.11), (4.17) correlation functions of sl(2) operators. It
is important to stress that our construction gives us in one calculation both 2-,3- point
correlator and polynomials @ .y which are dual to wave functions W, ,y. As the initial
data we use only Baxter Q-function. This approach is based on the decomposition (2.3) and
Sklyanin’s method of separated variables. SoV representation is one of the most general
methods in Integrability. We suppose that this approach can be efficiently applied to the
study of large spin s case [36], because number of integrals doesn’t depend on s. It would
be interesting to generalize our construction to su(2) case, and clarify a connection with
the method proposed in [7].

The wave function in SoV representation is constructed from Q-functions. On the
other hand, recently proposed P — p system [6] gives us information on a variety of Q-
functions at any coupling. It would be very tempting to construct SoV representation for
N=4 SYM [37], and then, use it for generalization of our method. Another important
point to stress in this context concerns nonlocal light-ray operators (2.1). They are our
starting objects, and they preserve their form at any coupling constant.

Our construction can also be useful for the calculation of correlators of generalized
operators, such as O, = trZDJ_rH“’Z with w — 0. Operators O, play an important
role in the BFKL physics, and they were recently understood [38] as nonlocal light-ray
operators realizing principal series representation of sl(2, R). Corresponding noncompact
spin-chain can not be solved by ABA technique due to the absence of the extremal-weight
vector. However, it was solved by authors of [39], who have applied both methods of Baxter
Q-operator and Separation of Variables.
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A Three-point correlator of operators with spins

This appendix is a reminder of the formulas obtained in the paper [35], with some precisions
for our particular cases. According to its methods, a formula for correlation function of
any three primary operators with dimensions A; and spins [; was obtained, using the
embedding formalism. Below we give their expression in original notations and apply
it to the particular case, when all operators are restricted to two-dimensional plane §j =
{ny,n_}. Embedding formalism implies the embedding of physical space V = R¢ (RI~F:+)
into the space M = RV (RI=F+LA+1) where the conformal group SO(1,d+1) (SO(d —
k+ 1,k + 1)) is realized linearly. The vector = from V lifts up to M by the formula
x <> P, = (1,22, 2) , which sets the one-to-one correspondence of vectors from V and
light-rays in M. Scalar product of two vectors P, = (P14, Pi—,p1) and P, from M sets
as (P - P) = —M + p1p2, where p1ps means the scalar product in V. In the
paper [35], three vectors of polarization Z; <> z; were introduced which contract tensor
indices of each operator: ¢(z,2) = @q,,..q,2" ... 2%. In our case this corresponds to the
projection of all indexes on n, direction. Thus in our case all indices have the same
polarization z; = 29 = 23 = ny. The formula for three-point correlation function reads in
these notations as follows:

Ar Ay Ay
(B(Pr, Zn (P Zn )®(P3, Zn)) = > Anpinigmss | 0 12 13|, (A
niz,n13,n2320 N3 M13 MN12

where summation goes over all possible tensor structures. The coefficients Ay, 55,00, are
labeled by the set {ni2,ni3,n23} of integers satisfying the following inequalities m; =
ll — N12 — Ni13 2 0, mo = ZQ — Ni12 — N23 2 0, ms3 = l3 — N13 — N23 2 0 and the tensor
structures are explicitly given by

A1 Ay Aj
l l l — ‘/lml ‘/2m2 Vz’)msHILZIQ‘Hﬁ;?)H;SQ:i (A 2)
o2 Lr+m—m3) S (m+ms—m2) S (retT3—m1)’ ’
P12 P13 P23

n23 M13 N2
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where

T = A + 1, (A-3)
(Zi - Pj) (B - Py) — (Zi - Py) (P - )
Vijk = ’ P..P . ’ (A-6)
( J’ k)
xr 132 — X .73'2
Vi=Vigs = 271 3 Ao (A7)
L33
2 2
Vs = Vgt — 324X, . $12+$23’ (A.8)
13
T134-L32 — T34 T2
Vi = Vit = 13+ 23552 23+%13 (A.9)
12

In a general case all tensor structures are different. In the case when the coordinates
are restricted to the {ny,n_} - plane we get much simpler expressions for V;:

T124+L13+ L23+L12+ L13+T23+
Vi=————— Vo=—"""T Vg=——""2, (A.l())
T23+ T13+ T12+

In this case all tensor structures are collapsed in one:

A1 Ay Ag
o1y I3 | = (_1)11+12+l3*n12*n13*n232”12+n13+n23*%(7'1+72+7'3) %
n23 Ni13 Ni12
1
, (A.11)
a(1.213) _b(1.213) _a(1,3]2) b(1.3]2) a(2.3]1) b(2.3[1
A
where
1
a(l,j|k‘) = §(AZ+ZZ+A]+ZJ*A;€*Z]§), (A12)
1
b(i,jlk) = Q(Ai—li-f—ﬁj—lj — Ak + ). (A.13)

B The method at work

Our method can be easily realized in any mathematical package, such as Mathematica.
Indeed, let us look through the main steps of calculation in (3.14), (4.1), (4.11) or (4.17).
Step 1. As a first step, we should calculate functions wj (zo,x—,%0,¥_),
wzll’fffM(:no,X,,yo,y,; 20), wzll”sf;‘fza (o, X—;Y0,y_; 20,Z—). This calculation corresponds
to the calculation of residue of an rational function. It can be easily carried out by Math-
ematica.
Step 2. The next step is to act by operators Qx_(u) which are defined in (3.13). After

proceeding through Step 1 we get polynomial expression w.r.t. x_. It is easy to see that
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all integrals which can appear, have very simple form:

1
s — L . 1 1
/dTijTZ-jwz 2+k(1 _ Tij)zui—%-‘rm = B( — zuz + 5 + k,zul + 5 + m), (Bl)

where k and m are integer numbers. One can rewrite Beta-function in the following way:

1 1 1 w  D(—iu;+ 3+ k) T(iu; + 3 +m)
B( —iuj+ 5 +kjiug+ 5 +m ) = 2 2
( T Ty m> (k +m)! cosh(mu;)  T(—iu; + 3) L(iu; + 3)
(B.2)

D(—iu;+3+k) I(iu;+3+m)
I(—iui+3) and L(iui+3)
Qx_(u) we get the following expression:

Terms are polynomials w.r.t. uw;. It means that acting by

L-1
B.
lel cosh (mru;)) L’ (B-3)
where P(u) is a polynomial of variables (uq,...,ur_1).

Step 3. Finally, we should carry out an integration with measure p (3.16). It is easy
to see, that all integrals have the following form:

I(L,k,m) = /duW (B.4)
e " (cosh mu; )L '

Number m is less then L because the power of the exponent comes from the measure (3.16).
It means that, all integrals are well defined. This integral can be calculated by Mathematica
for any integer numbers k, m, L. Moreover, one can reduce this integral to the calculation
of derivatives:

1 9k
(L, k,m) = —p = I(L,0,m), (B.5)
oL L+m L+m
I(L = 1 -1 — B.
( 707m> L+m2 1( 9 + 9 >+(m<—> m) ( 6)
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