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1 Introduction

In recent years the remarkable progress towards a possible resolution of the black hole infor-
mation loss paradox in toy models has garnered intense research focus. This development
involved a CFT coupled to a theory of gravity where the inclusion of bulk regions termed
“islands” in the entanglement wedge for subsystems in radiation baths at late times [1–6]
ensured that the von Neumann entropy of the Hawking radiation follows the Page curve [7–
9]. The crucial ingredient in this island formalism is the incorporation of replica wormhole
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saddles dominant at late times, in the gravitational path integral for the Rényi entangle-
ment entropy. In [10], based on holographic arguments, a comparison between the island
formula in such theories with a CFT coupled to a gravitational theory and the boundary
conformal field theory (BCFT) was explored where the authors observed an equivalence
between the two. This was dubbed as the Island-BCFT correspondence.

A more natural way to understand this island formalism was provided through the
doubly holographic description [3, 10–20] in which the radiation baths are described by
holographic CFTs dual to a bulk geometry. The island formula then emerges from the
standard holographic characterization of the entanglement entropy through the (H)RT
prescription in the corresponding higher dimensional bulk geometry. This doubly holo-
graphic interpretation of the island formula was explored in [21, 22] in the context of an
extension of the AdS3/BCFT2 [11, 12, 23–25] duality through the inclusion of additional
defect conformal matter on the end-of-the-world (EOW) brane. In this defect AdS3/BCFT2
framework the equivalence of the quantum corrected RT formula, termed as the defect ex-
tremal surface formula, in the 3d bulk geometry with the corresponding island formula in
the lower dimensional effective 2d description could be demonstrated. This doubly holo-
graphic description in the AdS3/BCFT2 framework was further investigated for different
mixed state entanglement measures [26–30].

In relation to the above discussion, the Jackiw-Teitelboim (JT) gravity [31, 32] coupled
to a radiation bath in two dimensions has proved to be an interesting solvable model
to study the application of the island formula [2–5, 33]. Recently in [34], the authors
have realised this setup through a dimensional reduction of a defect AdS3 bulk with small
transverse fluctuations on the EOW brane.1 In particular, they have derived the full JT
gravity action through a partial dimensional reduction of the 3d bulk wedge sandwiched
between a virtual zero tension brane and the finite tension EOW brane, by identifying the
transverse fluctuations with the dilaton field in the 2d effective description. This has the
effect of tweaking the boundary degrees of freedom to obtain the JT gravity in the dual
theory. Usual AdS3/CFT2 prescription has been utilized in the remaining part of the bulk
to obtain the bath CFT2 on the asymptotic boundary of the AdS3 geometries. This has
provided a 3d holographic dual for the JT gravity coupled to a CFT2 bath.

On a separate note, the doubly holographic description of the island formula has been
further investigated in [39] for an interface CFT (ICFT2) [40] where two CFT2s on half
lines with different central charges were considered to be communicating through a common
quantum dot. The holographic bulk for such a field theoretic configuration is described
by two truncated AdS3 geometries with different length scales, sewed together along the
constant tension EOW brane. In such a configuration, the equivalence between the island
formula and the holographic entanglement entropy has been illustrated for certain bipartite
states.

In this context, lifting the constraint of the rigidity of the EOW brane in the ICFT2
setup could lead to interesting physics as the gravitational theory on the EOW brane

1The authors in [35, 36] had also obtained the JT gravity from Karch-Randall branes in the context of
wedge holography, through a similar prescription. Also note that, the authors in [37, 38] had investigated a
related prescription to obtain JT black holes through a similar partial dimensional reduction starting from
AdS3 geometries.
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becomes dynamical and we expect physical quantities e.g. the Page time, to have non-trivial
dependence on the gravitational degrees of freedom. However, inspired by the Island/BCFT
correspondence, we also expect that the qualitative behaviour of the Page curves will not be
affected. Moreover, owing to the restrictions2 placed on the interface degrees of freedom in
the ICFT2 model [39], a naive generalization of the techniques of [34–36] is not obvious and
requires careful examination. In the present article this configuration has been investigated
where we introduce transverse fluctuations on the EOW brane to obtain the JT gravity
through a partial dimensional reduction. In the lower dimensional 2d effective perspective,
this configuration is described by a JT black hole coupled to two CFT2 baths termed CFTI

and CFTII. In particular, we have two separate CFT2s in the JT background, interacting
through the gravity, whereas they remain decoupled on the remaining half lines with fixed
geometry. An alternative description of this configuration involves the consideration of the
ICFT2 as a holographic dual of the 3d bulk where the interface degrees of freedom may
now be interpreted as an SYK quantum dot. Naturally the three perspectives described
above constitute a double holographic description for this model of JT gravity coupled to
two CFT baths.

We investigate the entanglement entropy for various bipartite states for this model
described by subsystems in the two CFT baths coupled to JT gravity at zero and finite
temperatures. Interestingly for our model we encounter certain novel island configurations
absent in the earlier analysis with a single bath [4, 5]. Specifically we demonstrated that
there are island contribution from both CFTI and CFTII even when the subsystem in ques-
tion involve only bath degrees of freedom from CFTII which leads to a modification of the
standard island formula involving these induced islands. Our results for the entanglement
entropy obtained through the above modified island formula in the 2d effective picture in
the large central charge limit, exactly reproduces the 3d bulk computations in the doubly
holographic perspective.

As a significant consistency check, we perform a replica wormhole computation for
one of the configurations considered above to obtain the position of the conical singularity
situated at the boundary of the island region. To this end, we employ the well known
conformal welding problem [4, 41, 42] to define a coordinate system consistently spanning
the complete hybrid manifold consisting of a gravitational part and two non-gravitating
baths. Solving this welding problem reproduces the location of the quantum extremal sur-
face obtained through the extremization of the generalized entropy. It is worth emphasising
here that the recovery of the quantum extremal surface from the solution of this welding
problem does not assume any holography providing a significant non-trivial consistency
check of the island formula for this setup.

The rest of the article is organized as follows. In section 2, we review the basic ingre-
dients of our model, namely, the mechanism of partial dimensional reduction for a defect
AdS3 bulk to obtain the JT gravity coupled to a radiation bath, and the salient features of
the ICFT2 and its holographic dual. Subsequently, in section 3 we derive the JT gravity

2Note that as compared to a BCFT2 [23], the tension of the EOW brane has a smaller range in the
ICFT2 setup (cf. eq. (2.14)). This arises from the fact that, unlike a BCFT2, the interface degrees of
freedom are constrained by the conformal symmetries of both the CFT2s.
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coupled to two radiation baths through a partial dimensional reduction of two truncated
AdS3 geometries sewed together along a fluctuating EOW brane. Furthermore, we pro-
vide a prescription for the modified island formula in such CFT models. In section 4, we
perform the computation for the entanglement entropy for certain configurations in the 2d
effective description at zero temperature involving extremal JT black holes. Subsequently,
in section 5, the computation of the entanglement entropy for subsystems at finite tem-
perature which involve eternal JT black holes is performed. In section 6, we provide the
replica wormhole computation for a simple configuration considered earlier and show per-
fect matching with the island result. Finally in section 7 we summarize our results and
present conclusions. Additionally, in appendix A we investigate the second order terms
corresponding to the perturbation in the brane tension to obtain the corrections in the
bulk on-shell action.

2 Review of earlier literature

2.1 JT gravity through dimensional reduction

In this subsection we review the mechanism to obtain JT gravity through the dimensional
reduction of an AdS3 geometry truncated by a fluctuating EOW brane [34–36]. For this
purpose, consider the defect AdS3/BCFT2 scenario where additional degrees-of-freedom
are incorporated at the boundary of the BCFT2 which results in the introduction of defect
conformal matter on the EOW brane truncating the AdS3 spacetime. The gravitational
action on the dual bulk manifold N to such a defect BCFT2 defined on the half line x ≥ 0
is given by [21, 22, 26–28]

I = 1
16πGN

∫
N

d3x
√
−g(R− 2Λ) + 1

8πGN

∫
Q

d2y
√
−hK + ICFT

Q , (2.1)

where hab is the induced metric and K is the trace of the extrinsic curvature Kab of the
EOW brane denoted as Q. The Neumann boundary condition describing the embedding
of the EOW brane Q with the defect conformal matter is given by

Kab − habK = 8πGNTab , (2.2)

where Tab = − 2√
−h

δICFT
Q
δhab is the stress energy tensor for the defect CFT2. The authors

in [34] considered the matter action to be of the specific form given by

ICFT
Q = − 1

8πGN

∫
Q

d2y
√
−hT , (2.3)

where T denotes the brane tension.
A convenient set of coordinates to describe the 3d bulk geometry are (t, ρ, y) for which

the AdS3 spacetime is foliated by AdS2 slices and the metric is given by

ds2 = dρ2 + L2 cosh2
(
ρ

L

) −dt2 + dy2

y2 , (2.4)
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Figure 1. Schematics of the partial dimensional reduction of the AdS/BCFT setup with a fluctu-
ating EOW brane Q. Figure modified from [34].

where L is the AdS3 radius. The constant tension T of the brane in these coordinates may
then be obtained to be

T =
tanh ρ0

L

L
(2.5)

where ρ0 is the location of the brane Q.
The EOW brane Q is now made dynamical by introducing a coordinate dependent

perturbation of the form [34, 35]
ρ = ρ0 + ρ̃ , (2.6)

where ρ̃ is a small fluctuation such that ρ̃
ρ0

≪ 1. For the specific form of the metric in
eq. (2.4), it is possible to integrate out the ρ direction in the bulk for the wedge region
N1 + Ñ as shown in figure 1. Dimensional reduction for the region N2 in the ρ direction
will give the original CFT2 on the asymptotic boundary of the AdS3 bulk through the
usual AdS/CFT correspondence.

Now performing this partial dimensional reduction for the bulk gravitational action
given in eq. (2.1) for the wedge region N1 + Ñ , one may obtain the action for the 2d
effective theory as follows [34]

I2d = ρ0
16πGN

∫
Q

d2y
√
−g(2)R(2) + ρ0

16πGN

∫
Q

d2y
√
−g(2) ρ̃

ρ0

(
R(2) + 2

L2 cosh2 (ρ0
L

))+ . . . ,

(2.7)
where g(2)

ab describes the AdS2 metric with the length scale L cosh
(ρ0
L

)
, R(2) is the scalar

curvature corresponding to g
(2)
ab and ellipsis denote O

(
ρ̃2/ρ2

0
)

terms in the perturbative
expansion. The 3d Newton’s constant GN is related to that in the 2d effective theory G(2)

N

as follows [10, 21]
1

G
(2)
N

= ρ0
GN

. (2.8)

It should be noted here that in eq. (2.7), the tension of the EOW brane is considered to
be the same as in eq. (2.5) as the fluctuation (2.6) only changes the tension up to O

( ρ̃3

ρ3
0

)
.
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Remarkably, eq. (2.7) describes the JT gravity action modulo certain boundary terms3 on
identification of ρ̃

ρ0
with the dilaton field. This provides us with a mechanism for obtaining

JT gravity as a 2d effective theory through the partial dimensional reduction of an AdS3
geometry with a fluctuating EOW brane.

2.2 Interface CFT

In this subsection, we review a class of interface CFT2s (ICFT2s) first discussed in [40]. It
was recently studied by the authors in [39] which involves two CFT2s defined on half lines
coupled through a quantum dot. The bulk dual for such a theory is described by two locally
AdS3 geometries separated by a permeable EOW brane. The two CFT2s located at the
asymptotic boundary of the AdS3 geometries are labelled as CFTI and CFTII with central
charges cI and cII respectively, and the corresponding dual bulk locally AdS3 geometries
are labelled as AdSI and AdSII with length scales LI and LII respectively. In the semi-
classical approximation, there is also an intermediate 2d effective perspective to describe
this configuration, which may be obtained by integrating out bulk degrees of freedom.
This results in the brane being characterized by a weakly gravitating system coupled to
the original CFTI,IIs. This 2d effective perspective will be discussed in detail in section 3
in the context of the JT gravity on the EOW brane.

The action for the dual bulk geometry describing the above configuration is given
by [39]

I = 1
16πGN

[∫
BI

d3x
√
−gI

(
RI + 2

L2
I

)
+
∫
BII

d3x
√
−gII

(
RII + 2

L2
II

)]

+ 1
8πGN

[∫
Σ

d2y
√
−h(KI −KII) − T

∫
Σ

d2y
√
−h
]
,

(2.9)

where hab is the induced metric and T is the tension of the EOW brane Σ. The relative
minus sign between the two extrinsic curvatures KI,II is due to the fact that the outward
normal is always taken to be pointing from the AdSI to the AdSII geometry. The properties
of the EOW brane is fixed by requiring it to satisfy certain junction conditions. The first
of these demands that the induced metric hab on the brane be the same as viewed from
either of the two AdSI,II

3 geometries. The second is the Israel junction condition for the
brane with the two AdSI,II

3 geometries on either side which may be expressed as [39]

(
KI,ab −KII,ab

)
− hab

(
KI −KII

)
= −T hab . (2.10)

Solving these junction conditions will require us to specify the coordinate system de-
scribing the 3d geometry. To this end, the AdS2 foliation of the AdS3 geometry is chosen

3For the recovery of the complete JT action (including the boundary term), see [34].
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again on each patch of the spacetime BI,II as follows4

ds2
Bk

= dρ2
k + L2

k cosh2
(
ρk
Lk

)
h̃ab dyadyb

≡ dρ2
k + L2

k cosh2
(
ρk
Lk

) −dt2k + dy2
k

y2
k

, k = I,II .
(2.12)

Here h̃ab describes the usual Poincaré AdS2 metric with unit radius. In these coordinates,
the EOW brane is considered to be located at ρk = ρ0

k for k = I,II. The first junction
condition thus implies the identification of yk and tk for both the coordinate patches.
Additionally it also enforces the two AdS2 radii to be the same i.e.,

L2
I cosh2

(
ρ0

I
LI

)
= L2

II cosh2
(
ρ0

II
LII

)
. (2.13)

The solution to the second junction condition (2.10) fixes the position of the EOW brane
as follows [39]

tanh
(
ρ0

I
LI

)
= LI

2T

(
T 2 + 1

L2
I
− 1
L2

II

)
, tanh

(
ρ0

II
LII

)
= LII

2T

(
T 2 − 1

L2
I

+ 1
L2

II

)
. (2.14)

Notice from the above that the tension T of the brane has an upper as well as a lower
bound. In the large tension limit described by

T → Tmax = 1
LI

+ 1
LII

, (2.15)

the EOW brane approaches the extended asymptotic boundary of both the AdSk patches.
In this limit, integrating out the bulk degrees of freedom on either side results in the
two CFT2s interacting through the weakly gravitating brane. This is the intermediate 2d
effective scenario mentioned earlier which will be discussed in detail in the following section
in the context of the JT gravity on the EOW brane.

3 Realising JT gravity at the interface of two spacetimes

In this section, we employ a combination of a partial Randall-Sundrum reduction and the
usual AdS/CFT correspondence [21, 22, 26–28, 34] to the AdS/ICFT setup described in the
preceding subsection, while allowing for small transverse fluctuations of the EOW brane Σ.
This procedure results in a two dimensional effective theory comprising of the JT gravity
on the EOW brane Σ coupled to two non-gravitating bath CFT2s. The gravity theory on
the brane is obtained by integrating out the bulk AdS3 geometry near the brane and may

4Here ρ is a hyperbolic angular coordinate which can be related to the usual angle χ as follows

tanh
(
ρk

Lk

)
≡ sinχk. (2.11)

In the rest of the article, the location of the brane at ρ0
k in this coordinate is represented by χk = ψk.
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be thought of as the “bulk dual” of the interface degrees of freedom. On introducing the
transverse fluctuations the locations of the EOW brane is described as follows5

Σ : ρI = ρ0
I − ρ̃I(y)

ρII = ρ0
II + ρ̃II(y) . (3.1)

The schematics of the setup is depicted in figure 2. In the above equation, ρ̃k(y) ≪
ρ0
k are the small transverse fluctuations away from the brane angle ρ0

k. Note that the
fluctuation modes are functions of the braneworld coordinates y and are treated as fields
on the braneworld, as described in [34, 36]. As depicted in figure 2, we may divide the two
AdS3 geometries on either side of the EOW brane, into the wedges W (1)

k and W
(2)
k . With

the fluctuations of the brane turned on, the wedge W (1)
II is extended further to include the

small wedge region6 W̃ which is excised out of the wedge region W
(1)
I . Note that, in this

setup the AdS3 spacetimes on either sides of the brane are composed of several wedges as
follows

BI = W
(1)
I ∪W (2)

I \ W̃ ,

BII = W
(1)
II ∪W (2)

II ∪ W̃ .

We now employ the partial dimensional reduction in the wedge regions W (1)
I \ W̃ in

the AdSI
3 and W

(1)
II ∪ W̃ in the AdSII

3 geometries by integrate out the bulk AdS3 degrees
of freedom in the ρI,II direction(s). On the other hand, in the wedges W (2)

k , we utilize the
standard AdS3/CFT2 correspondence which leads to flat non-gravitating CFT2s on the
half lines stretching out from the interface. Note that in the following analysis we consider
large ρ0

k which restricts us in the large tension regime T → Tmax of the AdS/ICFT setup
as advocated in [39]. In this limit, the EOW brane Σ is pushed towards the asymptotic
boundaries of each AdS3 geometry and hence the AdS3 isometries are reminiscent of the
conformal transformations on the brane. Therefore, it is natural to expect a gravitational
theory coupled to the two bath CFT2s to emerge in the lower dimensional effective descrip-
tion obtained from the partial dimensional reduction. In the following, we investigate the
nature of this gravitational theory by explicitly integrating out the bulk AdS3 geometries.

The three-dimensional bulk Ricci scalars are related to the 2d Ricci scalar R(2) on the
brane Σ as follows

√
−gkRk =

√
−g(2)

R(2) −
2
(
3 cosh2

(
ρk
Lk

)
− 1

)
L2
k cosh2

(
ρ0

k
Lk

)
 , (3.2)

5Note that the fluctuations of the brane angles ρ̃I(y) and ρ̃II(y) are not independent degrees of freedom
as they describe the same fluctuations as seen from either side of the brane. The explicit relation between
ρ̃I and ρ̃II may be obtained by identifying the metric on the brane induced from each AdS3 spacetime (cf.
appendix A).

6Note that the fluctuations of the EOW brane are completely arbitrary in this setting and may as well
excise a portion of the wedge W (1)

II from the AdSII
3 instead.
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Figure 2. Schematics of the partial dimensional reduction of the AdS/ICFT setup with a fluctu-
ating EOW brane Σ.

where we have utilized the metric in eq. (2.12) upto leading order with

g
(2)
ab = L2

k cosh2
(
ρ0
k

Lk

)
h̃ab . (3.3)

Integrating the 3d bulk Einstein-Hilbert actions (cf. eq. (2.9)) of the AdSI,II
3 regions inside

the wedges W (1)
I \ W̃ and W

(1)
II ∪ W̃ leads to

1
16πGN

∫
W

(1)
I \W̃

d3x
√
−gI

(
RI + 2

L2
I

)
+ 1

16πGN

∫
W

(1)
II ∪W̃

d3x
√
−gII

(
RII + 2

L2
II

)

= 1
16πGN

∫
Σ

d2y
√
−g(2)

(ρ0
I − ρ̃I(y)

)
R(2) −

sinh
(

2ρ0
I −2ρ̃I(y)
LI

)
LI cosh2

(
ρ0

I
LI

)


+ 1
16πGN

∫
Σ

d2y
√
−g(2)

(ρ0
II + ρ̃II(y)

)
R(2) −

sinh
(

2ρ0
II+2ρ̃II(y)
LII

)
LII cosh2

(
ρ0

II
LII

)
 . (3.4)

Next, we focus on the Gibbons-Hawking boundary terms and the tension term in eq. (2.9).
The extrinsic curvatures KI,II may be computed using the outward normal vector pointing

– 9 –
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to I → II as follows

KI,ab = 1
LI

tanh
[
ρ0

I − ρ̃I(y)
LI

]
hab, KII,ab = − 1

LII
tanh

[
ρ0

II + ρ̃II(y)
LII

]
hab , (3.5)

where hab is the induced metric on the brane

hab = L2
k cosh2

(
ρk
Lk

)
h̃ab , (3.6)

and h̃ab is as defined in eq. (2.12). We keep the tension of the fluctuating brane constant
as given in eq. (2.14), perturbatively in ρ̃k. This may be interpreted as the tension of the
brane remaining intact under small transverse fluctuations. Hence, the Gibbons-Hawking
boundary term together with the brane tension term leads to

1
8πGN

[∫
Σ

d2y
√
−h(KI −KII) − T

∫
Σ

d2y
√
−h
]

= 1
8πGN

∫
Σ

d2y
√
−g(2)

sinh
(

2ρ0
I −2ρ̃I(y)
LII

)
LI cosh2

(
ρ0

I
LI

) −
tanh

(
ρ0

I
LI

)
cosh2

(
ρ0

I −ρ̃I(y)
LII

)
LI cosh2

(
ρ0

I
LI

)


+ 1
8πGN

∫
Σ

d2y
√
−g(2)

sinh
(

2ρ0
II+2ρ̃II(y)
LII

)
LII cosh2

(
ρ0

II
LII

) −
tanh

(
ρ0

II
LII

)
cosh2

(
ρ0

II+ρ̃II(y)
LII

)
LII cosh2

(
ρ0

II
LII

)
 . (3.7)

Adding the contributions from eqs. (3.4) and (3.7) and expanding perturbatively in small(
ρ̃k/ρ

0
k

)
the total bulk action for the lower dimensional effective gravitational theory on

the brane Σ, upon partial dimensional reduction on the wedges W (1)
I \ W̃ and W

(1)
II ∪ W̃ ,

becomes

Itotal = ρ0
I + ρ0

II
16πGN

∫
Σ

d2y
√
−g(2)R(2) − 1

16πGN

∫
Σ

d2y
√
−g(2) ρ̃I(y)

[
R(2) + 2

L2
I cosh2

(
ρ0

I
LI

)]

+ 1
16πGN

∫
Σ

d2y
√
−g(2) ρ̃II(y)

[
R(2) + 2

L2
II cosh2

(
ρ0

II
LII

)] ,
(3.8)

where we have neglected terms of order (ρ̃k/ρ0
k)2. See appendix A, for a discussion on the

higher order corrections. Utilizing eq. (2.13), the above action may be rewritten in the
instructive form

Itotal = 1
16πG(2)

N

[∫
Σ

d2y
√
−g(2)R(2) +

∫
Σ

d2y
√
−g(2) Φ(y)

(
R(2) + 2

ℓ2eff

)]
, (3.9)

where we have defined the two dimensional Newton’s constant G(2)
N and the curvature scale

ℓeff on the brane Σ as follows

1
G

(2)
N

= ρ0
I + ρ0

II
GN

, ℓeff = LI cosh
(
ρ0

I
LI

)
= LII cosh

(
ρ0

II
LII

)
. (3.10)
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Furthermore, in eq. (3.9), we have identified the dilaton field Φ(y) on the brane with the
fluctuations of the brane angles ρ̃k(y) as follows7

Φ(y) = ρ̃II(y) − ρ̃I(y)
ρ0

I + ρ0
II

. (3.12)

With these identifications, the 2d bulk action in eq. (3.9) precisely takes the form of the
action for JT gravity modulo certain boundary terms, with the topological part of the
dilaton field Φ0 set equal to unity. Furthermore, variation of the action with respect to the
dilaton field Φ(y) leads to the Ricci scalar as

R(2) = − 2
ℓ2eff

= − 2

L2
k cosh2

(
ρ0

k
Lk

) , k = I,II (3.13)

which correctly conforms to the fact that the brane is situated at a particular AdS2 slice
as seen from either of the bulk AdS3 spacetimes.

At this point we recall that, in the limit of large ρ0
k the EOW brane Σ is pushed towards

the asymptotic boundary of each AdS3 spacetime. In this limit the tension of the brane is
also large, T → Tmax [39]. As described in [13, 44], in this limit one obtains a non-local
action [45] instead of the first term in eq. (3.9) as follows

Inon-local =
∑
k=I,II

Lk
32πGN

∫
Σ

d2y

√
−h̃

[
R(2) −R(2) log

(
−L

2
k

2 R(2)
)]

. (3.14)

By introducing two auxiliary scalar fields φk (k = I , II), the above mentioned non-local
action may be rewritten in a local form in terms of the usual Polyakov action8 as discussed
in [39]

IPoly =
∑
k=I,II

Lk
32πGN

∫
Σ

d2y

√
−h̃

[
−1

2 h̃
ab∇aφk∇bφk + φkR

(2) − 2
L2
k

e−φk

]
. (3.15)

We may interpret the above Polyakov action as two CFT2s9 with central charges cI and cII
located on the AdS2 brane [39]. The JT gravity on the brane is coupled to these CFT2s
which are also identical to the two bath CFT2s on the two half lines obtained via the
standard AdS3/CFT2 dictionary on the bulk wedges W (2)

k . In other words, we have two
7Note that, in order to break the asymptotic conformal symmetry, we need to introduce a cutoff scale

ϵ≪ 1 such that the boundary value of the dilaton reads [43],

Φ(y)
∣∣
bdy

= Φr

ϵ
(3.11)

where Φr is the renormalized coupling. Since we require the brane fluctuations ρ̃k(y) to be small when
we approach the asymptotic boundary, we have to set Φr ∼ ϵ2 as seen from eq. (3.12). We thank the
anonymous reviewer for suggesting this clarification, along the lines of [35, 36].

8Note that a similar Polyakov action was obtained via covariantization of the induced Liouville action
for the gravity theory in the Island/BCFT correspondence described in [10].

9As explained in [39], the nature of the bulk quantum matter on the brane becomes conformal in the
large ρ0

k limit.
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Figure 3. Schematics of the 2d effective theory comprised of JT gravity coupled to two flat CFT2
baths.

CFT2s defined on the whole real line. In half of the lines the CFT2s live on a curved AdS2
manifold that is the brane, and are coupled to each other via the JT gravity on this curved
manifold. In the other half, the CFT2s live on two flat non-gravitating manifolds and hence
are decoupled. The schematics of this 2d effective scenario is sketched in figure 3.

To illustrate the emergence of the two CFT2s on the brane via the Polyakov action in
eq. (3.15), we note that the zero-dimensional analogue of the transverse area of a codimen-
sion two surface X on the brane is given, for the action eq. (3.15), by [44]

A(X ) = Φ(X )
4G(2)

N

+ 1
8GN

∑
k=I,II

Lk φk(X ) . (3.16)

For the brane Σ situated at the AdS2 slice described by eq. (3.13), the auxiliary scalar
fields φk may be obtained as [13]

φk = log
[
− 2
L2
kR

(2)

]
= 2 log

[
cosh

(
ρ0
k

Lk

)]
, (3.17)

and hence the area term in eq. (3.16) is given by

A(X ) = Φ(X )
4G(2)

N

+ cI
6 log

( 1
cosψI

)
+ cII

6 log
( 1

cosψII

)
, (3.18)

where we have utilized eq. (2.11).
To conclude we have obtained an effective intermediate braneworld description in-

volving the JT gravity on a dynamical manifold coupled with two bath CFT2s through
a dimensional reduction of a 3d bulk which could be understood as a doubly holographic
description for the effective 2d theory. Recall that this 3d bulk has a holographic dual
described by an interface CFT where the interface degrees of freedom may be interpreted
as an SYK quantum dot.

3.1 Generalized entropy

Consider a QFT coupled to a gravitational theory on an hybrid manifold M = Σ ∪MI ∪
MII, where Σ corresponds to the dynamical EOW brane in the doubly holographic 3d
description which smoothly joins with the two non-gravitating flat baths10 MI,II. Trans-
parent boundary conditions are imposed at the common boundary of Σ and MI,II such

10Note that MI,II forms part of the asymptotic boundary of the 3d bulk spacetime, ∂BI,II ≡ Σ ∪MI,II.
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that the quantum matter fields freely propagate across this boundary. The generalized
Rényi entropy for a subsystem A on this hybrid manifold could be obtained through a
path integral on the replicated geometry Mn = Σn ∪MI

n ∪MII
n with branch cuts at the

endpoints of A as follows

(1 − n)S(n)
gen(A) = log TrρnA = log Z [Mn]

(Z [M1])n , (3.19)

where ρA is the reduced density matrix for A in the full quantum theory and Z[Mn]
corresponds to the partition function of the manifold Mn. Under the semiclassical ap-
proximation, the gravitational path integral could be approximated near its saddle point
to obtain the partition function on the replicated manifold Mn as follows

Z [Mn] ≈ e−Igrav[Σn] Zmat [Mn] , (3.20)

where Zmat [Mn] in the matter partition function on the entire replicated hybrid manifold
Mn while Igrav [Σn] is the classical gravitational action on the dynamical manifold Σn.

If the replica symmetry for the bulk saddle point configuration in the semiclassical
approximation remains intact, the orbifold M̃n ≡ Mn/Zn obtained by quotienting via the
replica symmetry Zn contains conical defects with deficit angle ∆ϕn = 2π(1 − 1/n) along
the replica fixed points in the bulk geometry. This is the so-called replica wormhole saddle
discussed in the literature [2–5]. The region enclosed between these conical singularities in
the bulk constitute the island Is(A) for the subsystem A.

In the semiclassical description, the (normalized) matter partition function Zmat com-
putes the effective Rényi entropy of the quantum matter fields inside the entanglement
wedge of A ∪ Is(A) as follows

Zmat[Mn](
Zmat[M1]

)n = e(1−n) log Trρn
A∪Is(A) , (3.21)

where ρA∪Is(A) is the effective reduced density matrix in the semiclassical description.
Unlike the earlier works where JT gravity was coupled to a single radiation bath, in the

current scenario, the presence of two baths modifies the structure of the dominant replica
wormhole saddle to provide two independent mechanisms for the origin of the island region
in the semiclassical description:

• For a subsystem A = AI ∪ AII with AI,II ⊂ MI,II in the radiation baths, both
AI and AII are responsible for the conical singularities appearing in the gravitating
manifold Σ. In this situation, the corresponding island region Is(A) manifested in Σ
depends upon the degrees of freedom for both the CFT baths. In other words, if we
denote the islands corresponding to the individual baths as IsI,II(A), for the present
configuration we have IsI(A) = IsII(A) ≡ Is(A) and the density matrix in the effective
theory factorizes in the following way

ρA∪Is(A) ∼ ρAI∪Is(A) ⊗ ρAII∪Is(A) . (3.22)

– 13 –
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This could also be understood through the doubly holographic formalism where we
have gravitational regions on either sides of the fluctuating EOW brane. Recall that
in the doubly holographic description, the island region in this scenario is described
by the region on the EOW brane between the two RTs crossing from AdSI to AdSII.
For the present configuration the bulk RT surface homologous to the subsystem A

is composed of two geodesics connecting the endpoints of AI and AII, each of which
crosses the EOW brane only once as depicted in figure 4a. This corresponds to the
conventional origin of the island region as described in [4, 5].

• On the other hand, consider a subsystem A residing entirely in the bath MII. If
the central charge of the CFTII is larger than that of the CFTI, depending upon the
size of the subsystem A, conical singularities in the gravitating region Σ may appear
solely due to the presence of A in the bath MII. Since the bulk region Σ is common
between the bath CFTs, the CFTI degrees of freedom present in Σ sense the same
conical singularities and conceive an induced island which we denote by Is(I\II)(A) to
indicate that we obtain an island region in CFTI given some subsystem A in CFTII.
In this case, the density matrix in the effective theory reduces to

ρA∪Is(A) ∼ ρIs(I\II)(A) ⊗ ρAII∪Is(A) . (3.23)

From the doubly holographic perspective, this corresponds to a double-crossing geode-
sic where the minimal curve penetrates into AdSI and returns to AdSII in order to
satisfy the homology condition which is depicted in figure 4b. Note that such an island
region is a novelty of the present model where a gravitational theory is coupled to
two flat baths.

Assuming that the backreactions from the conical defects are small, the replica wormhole
saddle are still solutions to the Einstein’s equations. In such case, the classical gravitational
action Igrav[Σn] in eq. (3.20), for the replica wormhole saddle [4, 46] may be expressed for
n ∼ 1 as

Igrav
[
Σn
]
≈ n Igrav

[
Σ̃1
]

+ n− 1
4G(2)

N

A
(
∂Is(A)

)
, (3.24)

where Σ̃n ≡ Σn/Zn is the orbifold for the replicated bulk geometry Σn and A
(
∂Is(A)

)
is

the area of the boundary of the island region Is(A), namely the quantum extremal surface
for the subsystem A. Utilizing eqs. (3.19), (3.20) and (3.24), we may now obtain the
generalized entropy corresponding to the reduced density matrix ρA for the subsystem A

as follows

Sgen (ρA) =
A
(
∂Is(A)

)
4G(2)

N

+ Seff
(
ρA∪Is(A)

)
MI∪MII∪Σ

=
A
(
∂Is(A)

)
4G(2)

N

+ SI
eff

(
ρAI∪Is(A)

)
MI∪Σ

+ SII
eff

(
ρAII∪Is(A)

)
MII∪Σ

, (3.25)

for the conventional island. Note that the subscripts MI,II ∪ Σ denote that the reduced
density matrices ρAI,II∪Is(A) in the effective theory have support on corresponding mani-
folds. On the other hand, for the configuration where we observe the induced island, the
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(a) Schematics of the bulk geodesic homologous
to the subsystem A = AI ∪ AII described by a
finite interval AI,II in dual CFTI,II.

(b) Schematics of the (double-crossing) bulk
geodesic homologous to the subsystem A de-
scribed by a finite interval [σ1, σ2] in dual CFTII.

Figure 4. Two independent mechanisms for the origin of the island region Is(A) in ICFTs.

generalized entropy modifies to

Sgen (ρA) =
A
(
∂Is(A)

)
4G(2)

N

+ SI
eff

(
ρIs(I\II)(A)

)
Σ

+ SII
eff

(
ρAII∪Is(A)

)
MII∪Σ

. (3.26)

Note that the area term in eqs. (3.25) and (3.26) for the generalized entropies are as given
in eq. (3.18).

4 Islands in extremal JT black holes

In this section, we will compute the entanglement entropies of various subsystems at a zero
temperature in the CFTI

2 and CFTII
2 baths in the braneworld setup discussed above. In

particular, we will compute the entanglement entropy for the corresponding subsystems
in the intermediate picture using the island formula. Subsequently, we will substantiate
these field theory results from the bulk computation of the RT surfaces corresponding to
the subsystem using double holography in the large tension limit in which the gravity on
the brane is weakly coupled.

As described in [3–5], the dilaton profiles may be obtained from the equation of motion
which arises from the JT action in eq. (3.9) by varying it with respect to the metric for
the case of extremal black hole as follows

ds2 = 4 dζkdζk(
ζk + ζk

)2 , Φ = Φ0 −
2Φr

ζk + ζk
, (4.1)

where ζ = x+ itE are the planar coordinates and Φ0 is the topological contribution to the
dilaton given in eq. (3.18).
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4.1 Semi-infinite subsystem

We consider the case where a subsystem A is comprised of a semi-infinite interval in each
bath CFT2s as A ≡ [σ1,∞]I ∪ [σ2,∞]II. We describe the computation of the entanglement
entropy of the subsystem A using the island prescription in the effective 2d description
discussed in section 3.1. Later we utilize the Ryu-Takayanagi (RT) prescription [47] to
compute the entanglement entropy of the corresponding interval in the doubly holographic
framework.

Effective 2d description. For this configuration involving a semi-infinite subsystem,
only the conventional island appears. Consider the QES to be located at −a on the EOW
brane. Note that both the CFTI

2 and CFTII
2 are located on the JT brane, thus as discussed

in section 3.1, the conical singularity at the QES −a is present in both CFTI
2 and CFTII

2 .
As can be inferred from eq. (4.1), the UV cutoff on the JT brane has position dependence as
ϵ(−a) = a. Hence, utilizing eq. (3.25), the generalized entanglement entropy for subsystem
A may be obtained as11

Sgen = Φr

a
+ cI

6 log
[ 1

cosψI

]
+ cII

6 log
[ 1

cosψII

]
+ cI

6 log
[(σ1 + a)2

ϵ a

]
+ cII

6 log
[(σ2 + a)2

ϵ a

]
,

(4.2)
where we have used eq. (3.18) for the area of the quantum extremal surface located on the
JT brane. The entanglement entropy may now be obtained through the extremization of
the above generalized entropy over the position of the island surface. The extremization
for arbitrary σ1 and σ2, however leads to complicated expressions. Thus for simplicity, we
assume the symmetric case σ1 = σ2 = σ, for which the extremization equation is given by

∂aSgen = 0 ⇒ a (cI + cII) (a− σ) − 6(a+ σ)Φr = 0 . (4.3)

Finally, the location of the island region a∗ may be obtained from the above quadratic
equation as follows

a∗ =
(cI + cII)σ + 6Φr +

√(
(cI + cII)σ + 6Φr

)2 + 24 (cI + cII)σΦr

2 (cI + cII)
, (4.4)

where we have disregarded the unphysical solution of the QES. The fine-grained entropy
for the subsystem A may finally be obtained by substituting the above extremal value in
eq. (4.2). In order to compare this result with the doubly holographic computation in the
following subsection, we need to consider the large tension limit of the JT brane for which
the brane angles ψI,II may be expanded as [39]

ψI = π

2 − LI
LI + LII

δ , ψII = π

2 − LII
LI + LII

δ , with δ → 0 , (4.5)

where the finite but small δ describes the deviation of the JT brane from the extended
conformal boundary of the AdSI,II

3 .
11In the following we will set 4G(2)

N = 1 for brevity.
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Figure 5. Schematics of the bulk geodesic homologous to the subsystem A described by the union
of two semi-infinite intervals in both CFTI and CFTII.

Doubly holographic description. In this subsection, we substantiate the above island
results in the effective field theory from a doubly holographic perspective. To this end, the
metric described in eq. (2.12) may be mapped to the Poincaré AdS3 geometry through the
following coordinate transformations

zk = y cosχk , xk = y sinχk. (4.6)

The radial direction in the xz-plane in the Poincaré coordinates is described by the coordi-
nate y. At the asymptotic boundary described by χk = ±π/2, y now serves as a boundary
coordinate. Furthermore, the length of a geodesic between points (t, x, z) and (t′, x′, z′) in
the Poincaré coordinates, is obtained through

d = L cosh−1
[
−(t− t′)2 + (x− x′)2 + z2 + z′2

2z z′

]
. (4.7)

Note that for the present configuration, the RT surface homologous to subsystem A

consists of two semi-circular geodesic segments in each of the AdSI,II
3 geometries which are

smoothly joined at the EOW brane as depicted in figure 5. As a consequence of the Israel
junction condition, we may choose the common point on the EOW brane to be parametrized
by a single variable y. The total length of the RT surface may then be expressed as

d =LI log
[

(σ1 + y sinψI) 2 + (y cosψI)2

ϵ y cosψI

]
+ LII log

[
(σ2 + y sinψII)2 + (y cosψII)2

ϵ y cosψII

]
,

(4.8)
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Subsequently, we perturb the EOW brane by introducing a small fluctuation in the brane
angles ψI,II as follows

ψk(y) → sin−1
[
tanh

(
ρ0
k + (−1)kρ̃k(y)

Lk

)]
, (4.9)

where ρ̃I,II
ρ0

I,II
≪ 1. Utilizing the above relation, eq. (4.8) reduces to

d=LI log

2σ1y tanh
(
ρ0

I
LI

)
+σ2

1 +y2

ϵy sech
(
ρ0

I
LI

)
+LII log

2σ2y tanh
(
ρ0

II
LII

)
+σ2

2 +y2

ϵy sech
(
ρ0

II
LII

)


−
ρ̃I

(
σ2

1 tanh
(
ρ0

I
LI

)
+y2 tanh

(
ρ0

I
LI

)
+2σ1y

)
2σ1y tanh

(
ρ0

I
LI

)
+σ2

1 +y2
+
ρ̃II

(
σ2

2 tanh
(
ρ0

II
LII

)
+y2 tanh

(
ρ0

II
LII

)
+2σ2y

)
2σ2y tanh

(
ρ0

II
LII

)
+σ2

2 +y2
.

(4.10)

where we have considered terms up to the first order in ρ̃I,II. Note that, the perturbative
parameters ρ̃I,II are functions of the island location y. Therefore, in the perturbative terms
of the above expression, we replace y with its zeroth order solution in ρ̃I,II such that the
geodesic length in eq. (4.10) contains terms truly upto the first order in ρ̃I,II. Subsequently,
on identifying the dilaton as given in eq. (3.12), the candidate entanglement entropy may
be obtained as follows

Ssingle(σ, y) = Φr

y
+ LI

4GN
log

[
σ2 + y2 + 2σ y sinψI

ϵ y cosψI

]
+ LII

4GN
log

[
σ2 + y2 + 2σ y sinψII

ϵ y cosψII

]
,

(4.11)

where we have considered σ1 = σ2 = σ for simplicity. Now, to obtain the holographic
entanglement entropy, we extremize the above with respect to y to obtain

LII y(y − σ)(y + σ)
[(
y2 + σ2

)
(cosψI secψII + 1) + 2σ y sin(ψI + ψII) secψII

]
−4GNΦr

(
y2 + σ2 + 2σ y sinψI

) (
y2 + σ2 + 2σ y sinψII

)
= 0. (4.12)

The entanglement entropy for the semi-infinite subsystem in question may be obtained
by substituting the physical solution for y in eq. (4.11). Finally, in the large tension
limit described in eq. (4.5), this matches exactly with the corresponding entanglement
entropy computed in the effective 2d theory on utilization of the Brown-Henneaux formula
cI,II = 3LI,II

2GN
[48].

4.2 Finite subsystem

In this subsection, we obtain the entanglement entropy for a finite sized subsystem A ≡
[σ1, σ2]I ∪ [σ1, σ2]II located in the baths CFTI

2 and CFTII
2 . Here, we observe three non-

trivial phases for the generalized entanglement entropy depending upon the sizes of the
subsystem A as depicted in figures 6 to 8 . In this context, we first utilize the effective
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Figure 6. Schematics of the phase-I for the bulk geodesic homologous to the subsystem A described
by a finite interval [σ1, σ2]I,II in dual CFTI,II.

2d prescription to compute the generalized entanglement entropy for the corresponding
subsystem in these scenarios. Subsequently, we provide a doubly holographic character-
ization of the entanglement entropy for the three cases using the RT prescription which
substantiates the corresponding field theory results.

4.2.1 Phase - I

Effective 2d description. We begin with the computation of the generalized entangle-
ment entropy for the phase where the intervals [σ1, σ2]I and [σ1, σ2]II are small such that
no island region is observed as depicted in figure 6. For this configuration the area term in
generalized entropy vanishes and the expression for the entanglement entropy may trivially
be obtained to be

SA = (cI + cII)
3 log

[
σ2 − σ1

ϵ

]
. (4.13)

Doubly holographic description. From the doubly holographic perspective, it may
be observed that the RT surfaces for the intervals [σ1, σ2]I,II in CFTI,II

2 are described by
the usual dome-shaped geodesics each in the dual bulk AdSI,II

3 geometries as depicted in
figure 6. The entanglement entropy for this configuration may then be obtained to be

Sdome = (LI + LII)
4GN

log
[
σ2 − σ1

ϵ

]
, (4.14)
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which matches identically with the corresponding expression obtained in the effective 2d
description in eq. (4.13) through the utilization of the Brown-Henneaux formula.

4.2.2 Phase - II

Effective 2d description. We now discuss the next phase where the sizes of the intervals
in the CFTI,II are increased such that we now observe an island region on the JT brane
described by [−a2,−a1]I,II. Note that this configuration corresponds to the conventional
origin of the island as discussed in section 3.1. The effective terms of the generalized
entanglement entropy given in eq. (3.25) for this case may be obtained through the four-
point twist correlators in CFTI,II

2 which factorize in the large-c limit in the following way〈
Tn(σ1)T̄n(σ2)Tn(−a2)T̄n(−a1)

〉
CFTk

2
=
〈
Tn(σ1)T̄n(−a1)

〉
CFTk

2

〈
T̄n(σ2)Tn(−a2)

〉
CFTk

2
.

(4.15)
Subsequently, we may express the generalized entropy in the large-tension limit as follows,

Sgen = Φr

a1
+ cI

6 log
[(

LI + LII
LI δ

) (σ1 + a1)2

a1

]
+ cII

6 log
[(

LI + LII
LII δ

) (σ1 + a1)2

a1

]

+ Φr

a2
+ cI

6 log
[(

LI + LII
LI δ

) (σ2 + a2)2

a2

]
+ cII

6 log
[(

LI + LII
LII δ

) (σ2 + a2)2

a2

]
.

(4.16)
Similar to section 4.1, the above may be extremized over the positions of the QES at a1
and a2 to obtain expressions similar to eq. (4.4) with σ replaced by σ1 and σ2 respectively.
Finally, the entanglement entropy for this configuration may be obtained by substituting
these extremal values of the island locations in the above generalized entropy.

Doubly holographic description. For this phase, owing to the conventional island,
the RT surface homologous to subsystem A is composed of two single-crossing geodesics of
the type discussed in section 4.1 and as depicted in figure 7. Consequently, the candidate
entanglement entropy for the present configuration may be expressed as

Sbulk = Ssingle(σ1, y1) + Ssingle(σ2, y2) . (4.17)

As earlier, to obtain the locations of the common points yis on the EOW brane, we ex-
tremize the above with respect to y1 and y2 to obtain equations analogous to eq. (4.12)
whose physical solutions will lead to the holographic entanglement entropy. Subsequently
in the large tension limit described by eq. (4.5), this agrees with the corresponding result
in the effective 2d description.

4.2.3 Phase - III

Effective 2d description. We now proceed to the final phase depicted in figure 8 which
involves the novel induced islands discussed in section 3.1. The location of this island
region is described by [a1, a2]I,II on the JT brane for the given subsystem. For this phase,
we utilize the generalized entanglement entropy formula in eq. (3.26) for the corresponding
subsystem A. The presence of induced island results in the factorization of the four-point
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Figure 7. Schematics of the phase-II for the bulk geodesic homologous to the subsystem A

described by a finite interval [σ1, σ2]I,II in dual CFTI,II. Here Is(A) denotes the island region in the
effective 2d description.

twist correlators in the effective terms of the generalized entanglement entropy in the
following way〈

Tn(σ1)T̄n(σ2)Tn(−a2)T̄n(−a1)
〉

CFTI
2

=
〈
Tn(σ1)T̄n(σ2)

〉
CFTI

2

〈
Tn(−a1)T̄n(−a2)

〉
CFTI

2〈
Tn(σ1)T̄n(σ2)Tn(−a2)T̄n(−a1)

〉
CFTII

2
=
〈
Tn(σ1)T̄n(−a1)

〉
CFTII

2

〈
Tn(σ2)T̄n(−a2)

〉
CFTII

2
.

(4.18)
On utilization of the area term given in eq. (3.18) and the position dependent cut-off ϵ(y) on
the JT brane, the generalized entanglement entropy in this case may then be expressed as

Sgen = Φr

a1
+ Φr

a2
+ cI

3 log
[ 1

cosψI

]
+ cII

3 log
[ 1

cosψII

]
+ cI

6 log
[(σ2 − σ1)

ϵ

]
(4.19)

+ cI
6 log

[
(a1 − a2)2

a1 a2

]
+ cII

6 log
[

(σ1 + a1)2

ϵ a1

]
+ cII

6 log
[

(σ2 + a2)2

ϵ a2

]
.

We now introduce a parameter Θ = σ2
σ1

which is motivated from the analysis12 described
in [39]. Moreover, one can also establish a similar relation between the QES a1 and a2
located on the JT brane as a2 = κΘ a1 where κ is now one of the parameters whose
extremal value will minimize the entanglement entropy. In the case of non-perturbed EOW
brane where we obtain the usual ICFT2 setup, it was shown in [39] that the current phase is

12Note that the authors [39] only described the bulk computation of the entanglement entropy for finite
interval located in the CFTII

2 .
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Figure 8. Schematics of the phase-III for the bulk geodesic homologous to the subsystem A

described by the finite interval [σ1, σ2]I,II in dual CFTI,II. Here Is(A) denotes the induced island
region in the effective 2d description.

only possible above a certain value of the parameter Θ depending upon the configuration of
the EOW brane. Thus in our computations we assume Θ to be large. Finally, we introduce
Θ and κ in eq. (4.19), and extremize over the parameters a1 and κ in the large tension
limit to obtain the following relations,

∂κSgen = 0 ⇒ a1 (cI + cII)κ+ (cI − cII)σ1 = 0
∂a1Sgen = 0 ⇒ a1σ1 (cIIσ1 + 3(κ+ 1)Φr) − a3

1κ cII + 3a2
1κΦr + 3σ2

1Φr = 0 .
(4.20)

Solving the above, the extremal values of the QES are obtained to be

κ∗ = (cII − cI) σ1
(cI + cII) a∗1

a∗1 =
(cI + cII)σ1 + 6Φr +

√
((cI + cII)σ1 + 6Φr)2 + 24 (cII − cI)σ1Φr

2 (cII − cI)

(4.21)

where we have only considered the physical solutions of the island surfaces. The fine grained
entropy for the subsystem A may now be obtained by substituting the above extremal value
in the generalized entropy in eq. (4.19).

Doubly holographic description. In this subsection we obtain the length of the RT
surfaces supported by the finite-sized subsystem [σ1, σ2]I,II located in the dual CFTI,II

2 as
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depicted in figure 8. The interval in CFTI
2 supports the usual boundary anchored dome-

shaped geodesic. However, for the interval in CFTII
2 , the extremal curve is composed of

three circular segments forming a double-crossing RT saddle as discussed in section 3.1.
This double-crossing geodesic intersects the EOW brane at y1 and y2 which form the
boundary of the island region in the effective 2d description.

Utilizing eq. (4.7), the length of the double-crossing geodesic may be obtained as13

d =LI cosh−1
[

(y2 − y1) 2 sinψI(y1) sinψI(y2) +
(
y2

1 + y2
2
)

cosψI(y1) cosψI(y2)
2y1y2 cosψI(y1) cosψI(y2)

]

+ LII log
[

(σ1 + y1 sinψII(y1)) 2 + (y1 cosψII(y1)) 2

y2 cosψII(y1)

]

+ LII log
[

(σ2 + y2 sinψII(y2)) 2 + (y2 cosψII(y2)) 2

y2 cosψII(y2)

]
. (4.22)

We may now introduce the variables Θ = σ2
σ1

and y2 = κ̂Θ y1, similar to the effective 2d
perspective considered earlier. As advocated in [39] in the context of AdS3/ICFT2, such
double-crossing geodesics are only permissible for large Θs. Consequently, in the large Θ
limit of the above length, we obtain

d ≈LI log
[ Θ κ̂

cosψI(y1) cosψI(y2)

]
+ LII log

[
σ2

1 + 2y1σ1 sinψII(y1) + y2
1

y1 cosψII(y1)

]

+ LII log
[

Θ(σ2
1 + 2κ̂y1σ1 sinψII(y2) + κ̂2y2

1)
κ̂ y1 cosψII(y2)

]
.

(4.23)

Next we implement the position dependence of the brane angles ψI,II(yi) explicitly in the
following way

ψI(yi) → sin−1
[
tanh

(
ρ0

I − ρ̃I (yi)
LI

)]
,

ψII(yi) → sin−1
[
tanh

(
ρ0

II + ρ̃II (yi)
LII

)]
.

(4.24)

Expanding eq. (4.23) upto the leading order in ρ̃I,II and identifying the dilaton as in
eq. (3.12), we may obtain the corresponding contribution from the double-crossing geodesic
as follows

Sdouble(y1, y2) = Φr

y2
+ Φr

y1
+ LI

4GN
log

[
y2
y1

sec2 (ψI)
]

+ LII
4GN

log
[(
σ2

2 + 2y2 σ2 sinψII + y2
2
) (
σ2

1 + 2y1 σ1 sinψII + y2
1
)

y1 y2 cos2 ψII

]
,

(4.25)

where we have restored the original variables σ2 and y2.
13Note that the transverse fluctuation of the EOW brane requires the brane angles ψI,II(yi) to be position

dependent.
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Finally the candidate entanglement entropy for finite sized subsystem under consid-
eration may be obtained by including the contribution from the dome-shaped geodesic as
follows

Sbulk = Sdouble(y1, y2) + LI
4GN

log
[(σ2 − σ1)

ϵ

]
. (4.26)

The above may be extremized over the undetermined parameters y1 and y2 to obtain

2y1 σ1 sinψII (4GNΦr sinψI + LIy1) + σ2
1 (4GNΦr sin (ψI) + (LI + LII) y1)
−y2

1 ((LII − LI) y1 − 4GNΦr sinψI) = 0 , (4.27)
2y2 σ2 sinψII (4GNΦr sinψI − LIy2) + σ2

2 (4GNΦr sinψI − (LI − LII) y2)
−y2

2 ((LI + LII) y2 − 4GNΦr sinψI) = 0. (4.28)

Solving the above equations for y1 and y2 and substituting the extremal values in eq. (4.26)
will finally result in the holographic entanglement entropy for the given finite subsystem.
Once again, in the large tension limit described in eq. (4.5), we observe that the correspond-
ing entanglement entropy obtained through the effective 2d description is reproduced.

4.2.4 Page curve

We now plot the entanglement entropy for the finite subsystem A under consideration in
the dual CFTI,II

2 s with respect to the variable Θ = σ2
σ1

parameterizing the subsystem size
in figure 9. For the given value of parameters, we observe transitions between the three
phases discussed above as the subsystem size is increased. Initially when the subsystem
is small in size, phase-I has the minimum entanglement entropy and is dominant. As we
increase the subsystem size, subsequently phase-III starts dominating as crossing over to
the region with smaller AdS radius AdSI

3, is more economical for the geodesic. Finally if
the subsystem size is further increased, this advantage of double-crossing vanishes as the
length of dome-shaped RT surface supported by the interval in CFTI

2 keeps increasing.
And ultimately, phase-II becomes dominant.

5 Islands outside eternal JT black holes

In this section, we consider semi-infinite subsystems in thermal CFT2 baths coupled to an
eternal JT black hole. The thermofield double (TFD) state in this case may be constructed
through the Euclidean path integral on half of an infinite cylinder [39]. The corresponding
cylinder geometry may be obtained by applying a series of transformations on the planar
ICFT2 setup described by ζ = x+ itE . We begin by mapping the flat interface to a circle
of length ℓ through the following SL(2,R) transformation

p = 4ℓ2
2ℓ− ζ

− ℓ , (5.1)

where p = x̃+ it̃E . The corresponding bulk transformations may be obtained through the
Bañados formalism [49–51] as follows

x̃ =
x− x2+z2−t2

2ℓ
1 − x

ℓ + x2+z2−t2
4ℓ2

+ ℓ , z̃ = z

1 − x
ℓ + x2+z2−t2

4ℓ2
, t̃ = t

1 − x
ℓ + x2+z2−t2

4ℓ2
. (5.2)
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Figure 9. Variation of the entanglement entropy with Θ = σ2
σ1

for the finite sized subsystem A

where cI = 35, cII = 800,Φr = 6.958, δ = 0.1, σ1 = 0.4. Here S1, S2, S3 correspond to the entropy
in phase-I, phase-II and phase-III respectively. The entanglement entropy is given by the minimum
Smin of these possible candidates for a given subsystem size.

We further obtain the cylinder geometry via the usual exponential map given by

p = ℓe
2π
β
q
, (5.3)

where the coordinate q = u+ivE describes the cylinder with circumference β. The interface
is now mapped to a circle Re(q) = 0 with the two CFT2s mapped on either side. The dual
bulk theory for the TFD state on this cylinder is then described by an eternal black string
spanning two AdS3 geometries separated by a thin AdS2 brane. The horizon of the black
string crosses the brane and induces a horizon on it. A similar partial dimensional reduction
as described in section 3 may now be performed for this 3d bulk to obtain an effective 2d
description comprising of two thermal CFT2 baths coupled to an eternal JT black hole.

In the cylinder coordinates, the metric and the dilaton profile for the eternal JT black
hole in AdS2 are given as follows [3–5]

ds2
grav = 4π2

β2
dq dq̄

sinh2
(
π(q+q̄)
β

) , Φ = Φ0 −
2πΦr

β
coth

(
π(q + q̄)

β

)
, (5.4)

where Φ0 is the topological contribution to the dilaton given in eq. (3.18). On the other
hand, the metric for the CFT2 baths may be expressed as

ds2
bath = 1

ϵ2
dq dq̄ . (5.5)

However, in the following we will employ the planar coordinates p in which the field
theory remains in the ground state and the corresponding stress tensor vanishes. The
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Figure 10. Schematics for the semi-infinite subsystem A in phase-I where the extremal curve is
composed of two Hartman-Maldacena surfaces.

corresponding metrics and the dilaton are given as follows

ds2
grav = 4

(1 − |p|2)2 dp dp̄, ds2
bath = β2

4π2ϵ2
dp dp̄
|p|2

,

Φ = Φ0 + 2πΦr

β

1 + |p|2

1 − |p|2
. (5.6)

We will now obtain the fine-grained entanglement entropy for a semi-infinite subsystem
in bath CFTI,II

2 s coupled to an eternal JT black hole. For this case, we observe two phases
for the entanglement entropy as depicted in figures 10 and 11. Specifically, for the first
phase, we do not observe islands and obtain a steadily rising entanglement entropy as the
black hole evolves. For the second phase, QES are observed outside the eternal JT black
holes, indicating the presence of islands which saturates the entanglement entropy.

5.1 Phase - I

Effective 2d description. Now we describe the computation of the generalized entan-
glement entropy in the first phase for the subsystem composed of semi-infinite intervals
[P,∞]I ∪ [R,∞]I considered in CFTI

2 bath and [Q,∞]II ∪ [S,∞]II in CFTII
2 bath as de-

picted in the figure 10. Here the points P , Q have coordinates as (u0, v)I,II in the cylinder
coordinates and the points R, S are their corresponding TFD copies with coordinates
(u0,−v + iβ2 )I,II. Note that in this case, the area term in the generalized entanglement
entropy formula is vanishing as no island region is observed for this phase. The generalized
entropy then involves only the effective term described by two two-point twist correlators
and may be obtained to be

SA = (cI + cII)
3 log

[
β

π ϵ
cosh

(2πv
β

)]
. (5.7)
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Doubly holographic description. The double holographic description for this phase
corresponds to the RT surfaces being composed of two Hartman-Maldacena (HM) surfaces
stretched between the endpoints of the semi-infinite intervals on the asymptotic bound-
aries as depicted in figure 10. The endpoints of the intervals are specified in the planer
coordinates as x̃1(qI

1) and x̃1(qII
1 ) which may be obtained via the conformal maps eqs. (5.2)

and (5.3). Consequently, in this phase the entanglement entropy corresponding to the HM
surfaces may be obtained as

Sbulk = LI
2GN

log
[

2x̃1(qI
1)

ϵ̃

]
+ LII

2GN
log

[
2x̃1(qII

1 )
ϵ̃

]

= (LI + LII)
2GN

log
[
β

πϵ
cosh

(2πv
β

)]
. (5.8)

Note that the UV cut-offs between the two coordinates are related by ϵ̃(u, v) = ϵ 2πℓ
β e

2πu
β .

The above expression matches identically with the result obtained in the effective 2d de-
scription.

5.2 Phase - II

Effective 2d description. Now we describe the second phase for the generalized entropy
of semi-infinite subsystems [P,∞]I ∪ [R,∞]I in CFTI

2 bath and [Q,∞]II ∪ [S,∞]II in CFTII
2

bath. Note that, as earlier, the points P , Q are located at (u0, v)I,II in the cylinder
coordinates and the points R, S are their corresponding TFD copies. This phase involves a
conventional island region bounded by the QES M ≡ (−a, va)I,II and N ≡ (−a,−va+iβ2 )I,II
on the JT brane leading to area terms in the generalized entanglement entropy. The
effective terms in eq. (3.25) now involve four two-point twist correlators. The generalized
entanglement entropy may then be obtained as

Sgen = 4πΦr

β
coth

(2πa
β

)
+ cI

3 log
[ 1

cosψI

]
+ cII

3 log
[ 1

cosψII

]

+ (cI + cII)
3 log


(
e

2π(−a−va)
β − e

2π(u0−v)
β

)(
e

2π(−a+va)
β − e

2π(u0+v)
β

)
π ϵ
β e

2πu
β

(
1 − e

−4πa
β

)
 . (5.9)

We first extremize the above over the time va of the QES to obtain the extremal value as

∂va
Sgen = 0 ⇒ v∗a = v . (5.10)

Subsequently, the extremization of the generalized entropy is performed over the location
a of the QES to obtain the following equation

∂aSgen = 0 ⇒
sinh

(
π(a−u)

β

)
sinh

(
π(a+u)

β

) = 12πΦr

β (cI + cII)
csch

(2πa
β

)
. (5.11)

where we have implemented v∗a = v. The fine grained entanglement entropy for this config-
uration may be obtained by solving the above for the extremal value a∗ and substituting
it in eq. (5.9).
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Figure 11. Schematics for the semi-infinite subsystem A in phase-II where we observe the island
region NM on the JT brane in the effective 2d description.

Doubly holographic description. This subsection describes the doubly holographic
computation of the entanglement entropy for the semi-infinite intervals in the dual CFTI,II

2 s
at a finite temperature as depicted in figure 11. In particular, we compute the lengths of
the RT surfaces homologous to the semi-infinite intervals. Similar to the previous case, we
perform the computation in the planar coordinates14 where the endpoints of the intervals
are described by (x0, t0)I,II (and similarly for the TFD copies) in the dual CFTI,II

2 s, whereas
the island point on the EOW brane is located at (y, ty). The length of the RT surface may
now be obtained to be

d = 2LI log
[

(x0 + y sinψI)2 + (t0 − ty)2 + (y cosψI)2

ϵ y cosψI

]

+ 2LII log
[

(x0 + y sinψII)2 + (t0 − ty)2 + (y cosψII)2

ϵ y cosψII

]
, (5.12)

where the factor 2 arises from the symmetry of the TFD state. After introducing transverse
fluctuations on the EOW brane and identifying the dilaton, the entanglement entropy may
be expressed as

Sbulk = 2Φr

y
+ LI

2GN
log

(
x2

0 + 2x0y sinψI + y2

ϵ y cosψI

)

+ LII
2GN

log
(
x2

0 + 2x0y sinψII + y2

ϵ y cosψII

)
, (5.13)

where extremization over ty has been performed to set ty = t0. The location of the island
y may now be obtained by extremizing the above to obtain eq. (4.12) which may be trans-
formed using the maps in eqs. (5.2) and (5.3) to obtain the corresponding extremization
condition for the present scenario. Finally it may be observed that in the large tension
limit the corresponding results match in the effective 2d theory.

5.3 Page curve

We now plot the Page curve for the entanglement entropy for the semi-infinite subsystem
under consideration in the dual CFTI,II

2 s at a finite temperature in figure 12. We observe
14Note that it is convenient to work with the (x, t) coordinates in this case where we have a planar brane

profile.
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Figure 12. Page curve for semi-finite subsystem in the dual CFTI,II. Here we have chosen
c1 = 6, c2 = 12, u0 = 10, β = 2π, ϵ = 0.1.

that, similar to the conventional scenarios with a single CFT2 bath, initially phase-I is
dominant with a monotonically increasing entanglement entropy and finally the island
saddle for phase-II takes over when the entropy gets saturated to a constant value. This
is expected as the presence of the additional bath does not affect the radiation process of
the JT black hole. It just provides an additional reservoir for the Hawking radiations to
be collected.

6 Islands and replica wormholes: gravity coupled with two baths

In this section, we investigate the replica wormhole saddle for the gravitational path integral
and reproduce the location of the conical singularity and the entanglement entropy. We first
perform the analysis for the effective lower dimensional model obtained from the AdS/ICFT
setup by integrating out the bulk degrees of freedom, namely the “brane+bath” picture
with topological gravity on the AdS2 brane. Later on, we will include JT gravity on the
brane and obtain the location of the island and the corresponding fine-grained entropy.

The procedure for obtaining the replica wormhole solutions from the boundary curve
in two-dimensional gravity coupled to flat bath requires solving the so called conformal
welding problem [4, 42]. The schematics of the welding problem is sketched in figure 13.
Essentially, the problem consists in finding a new Riemann surface out of two regions inside
and outside of a disk which are described by different coordinate patches. Consider the
regions parametrized by |w| < 1 and |v| > 1 which are glued together along their boundaries
at |v| = |w| = 1, where the complex coordinates are described by

v = ey = eσ+iτ , w = eγ+iθ . (6.1)
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Figure 13. The conventional conformal welding problem [4]. The two disks |v| > 1 and |w| < 1
are glued in terms of the boundary mode θ(τ), where w = eiθ(τ) and v = eiτ .

It is, in general, impossible to extend the coordinates w or v holomorphically beyond the
respective boundary circles. However, by virtue of the Riemann mapping theorem, one can
find two holomorphic functions F and G to establish another coordinate system z on a new
Riemann surface such that the regions |w| < 1 and |v| > 1 are holomorphically mapped to
the coordinate z. In other words, one requires

z = G(w), for |w| < 1
z = F (v), for |v| > 1 (6.2)

G
(
eiθ(τ)

)
= F

(
eiτ
)
, for |v| = |w| = 1 .

The problem of finding holomorphic F (v) and G(w) given the boundary mode θ(τ) is
termed the conformal welding problem. In the case of two dimensional gravity on a AdS2
manifold coupled to a flat CFT2 bath such a welding issue arises naturally [4, 42]. In
the presence of dynamical gravity, the entanglement entropy for a subsystem is computed
through the Lewkowycz-Maldacena procedure by considering an n-fold cover of the original
manifold M [52]. For a replica symmetric saddle Mn to the gravitational path integral,
it is convenient to quotient by the Zn replica symmetry and consider a single manifold
M̃n = Mn/Zn. The orbifold M̃n essentially describes a disk with conical singularities at
which twist operators for the conformal matter theory are inserted. The metric on the
interior manifold M̃n may be described by a complex coordinate w as follows:

ds2 = e2ρ(w,w̄)dwdw̄, for|w| < 1 . (6.3)

In a finite temperature configuration with τ ∼ τ + 2π, in order to join the metric of
the quotient manifold of the gravitating region to the flat space outside described by the
exterior coordinates v = ey, it is required to solve the conformal welding problem discussed
above. In this case, the boundary mode θ(τ) plays the role of the reparametrization mode
in two-dimensional gravity [4].

6.1 Replica wormholes from AdS/ICFT

In this subsection, we focus on the replica wormhole solutions in the framework of AdS/ICFT
discussed in [39] and briefly reviewed in section 2. In the effective lower dimensional sce-
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Figure 14. The single sided configuration in the Lorentzian signature (left) and in the Euclidean
signature (right).

nario obtained from integrating out the bulk spacetimes on either side of the brane σ, we
have two flat baths attached to the gravitational region on the EOW brane Σ which has a
weakly gravitating metric in the large tension limit. There are two CFTs along the flat half
lines which extends to the gravitating region where they interact via the weakly fluctuating
metric. The schematics of the setup is sketched in figure 14.

As discussed earlier, for a quantum field theory coupled to dynamical gravity on a
hybrid manifold, the replica trick to compute the entanglement entropy for a subsystem
involves a replication of the original manifold in the replica index n. The normalized
partition function Zn on this replica manifold then computes the entanglement entropy as
follows [4, 52]

S = −∂n
( log Zn

n

) ∣∣∣∣∣
n=1

. (6.4)

The partition function for the gravity region concerns a gravitational path integral which
may be solved in the saddle-point approximation in the semi-classical regime by specifying
appropriate boundary conditions. These saddles may be characterized by the nature of glu-
ing of the individual replica copies. In particular, two specific choices will be of importance
for our purposes, namely the Hawking saddle where the n-copies of the bath(s) are glued
cyclically while gravity is filled in each copy individually, and the replica wormhole saddle
in which along with the copies of the bath, gravitational regions are dynamically glued
together. In these replica wormhole saddles, upon quotienting via the replica symmetry
Zn, additional conical singularities dynamically appear at the fixed points of the replica
symmetry in the orbifold theory.

The gravitational action on the orbifold Σ̃n obtained by quotienting the replicated
EOW brane Σn is given by

− 1
n
Igrav

[
Σ̃n
]

=
∑
k=I,II

Lk
32πGN

∫
Σ

d2y

√
−h̃

[
R(2) −R(2) log

(
−L

2
k

2 R(2)
)]

−
(

1 − 1
n

)∑
i

S(wi) , (6.5)
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Figure 15. Conformal welding problem for our setup with two CFT2 baths defined in the regions
|vI| > 1 and |vII| > 1 which are coupled to gravity inside the circle |w| < 1.

where S(wi) denotes the contributions from the dynamical conical singularities. In our
case, this is just a constant given in eq. (3.16) with a vanishing dilaton term.

We choose the complex coordinate w to describe the gravity region inside the disk
|w| = 1. Furthermore, the baths outside the disk are described by the complex coordinates
vk , (k = I,II), in the spirit of eq. (6.1). Then the conformal welding problem sketched
in figure 15 is reduced to the determination of the appropriate boundary mode θ(τ). We
consider two semi-infinite intervals in the bath CFTI,II

2 s as [σ1,∞]I and [σ2,∞]II and in
the replica manifold twist operators are placed at the locations vI = eσ1 and vII = eσ2 .
Note that for the replica wormhole saddle, a dynamical conical singularity also appears at
w = e−a.

To proceed, we now require the energy flux equation at the interface of the gravitational
region and the bath CFTs. The variation of the gravitational action with respect to the
boundary mode is vanishing

− 1
n
δIgrav = 0 . (6.6)

On the other hand, the variation of the matter partition function Zmat with respect
to the boundary mode leads to the following expression [4]

δ log Zmat = i

∫
dτ

∑
k=I,II

(
T (k)
yy − T

(k)
ȳȳ

) δθ(τ)
θ′(τ) (6.7)

Utilizing the above equations, the energy flux condition at the boundary may be expressed
as follows

i
[
T (I)
yy (iτ) − T

(I)
ȳȳ (−iτ)

]
+ i

[
T (II)
yy (iτ) − T

(II)
ȳȳ (−iτ)

]
= 0 . (6.8)

Under the conformal map y → z = Fk(vk), the energy momentum tensor transforms as

T (k)
yy (iτ) → e2y

[(
dFk(ey)
dvk

)2
T (k)
zz − ck

24π {Fk(ey), vk}
]
, k = I, II (6.9)
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In the replicated geometry, the uniformization map for the conical singularities is given by
z → z̃ = z1/n such that T (k)

z̃z̃ = 0 and the energy-momentum tensors for the two CFTs in
the z-plane is given by

T (k)
zz = − ck

24π

(
1 − 1

n2

) 1
z2 . (6.10)

Therefore, the energy-flux condition in eq. (6.8) reduces to

0 =
∑
k=I,II

ie2iτ ck

1
2

(
1 − 1

n2

)(
Fk

′(eiτ )
Fk(eiτ )

)2

+
{
Fk(eiτ ), eiτ

}+ c.c. . (6.11)

Since the maps Fk depend on the gluing function θ(τ), the above equation is in general
hard to solve. However, one may solve it near n = 1 as described below.

For n = 1, the first term in the parenthesis of eq. (6.11) vanishes and the welding is
trivial. Therefore, we may conclude that the maps Fk are well approximated near n = 1
by Möbius transformations of the form

z = Fk(vk) = vk −A
Bk − vk

, A = e−a , BI = eσ1 , BII = eσ2 (6.12)

It is straightforward to verify that these functions indeed map the branch points at −a and
σ1,2 to z = 0 and z = ∞ respectively. Therefore, near n ∼ 1, the energy flux condition
becomes

cIFI + cIIFII = 0 , (6.13)

where

Fk = ie2iτ
(
Fk

′ (eiτ )
Fk (eiτ )

)2

+ c.c. = ie2iτ (A− Bk)2

(e−iτ −A)2 (eiτ − Bk)2 + c.c. (6.14)

Now, performing a Fourier transformation in the above equation (restoring the temperature
β), the expression for the k = 1 mode reads

0 =
∫ β

0
dτ e−

2πiτ
β (cIFI + cIIFII)

= cI

sinh
[
π(a−σ1)

β

]
sinh

[
π(a+σ1)

β

]
+ cII

sinh
[
π(a−σ2)

β

]
sinh

[
π(a+σ2)

β

]
 (6.15)

In order to compare with the quantum extremal surface condition at zero temperature, we
now take the β → ∞ limit to obtain

0 = cI

(
a− σ1
a+ σ1

)
+ cII

(
a− σ2
a+ σ2

)
, (6.16)

which on solving for a gives

a∗ =
(cI − cII) (σ1 − σ2) +

√
4 (cI + cII)2 σ1σ2 + (cI − cII)2 (σ1 − σ2)2

2 (cI + cII)
. (6.17)

The above expression is identical to the position of the quantum extremal surface obtained
through extremizing the generalized entropy in [39].
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6.2 Replica wormholes with JT gravity coupled to two baths

With JT gravity on the EOW brane Σ, the energy flux condition at the boundary of
the replicated geometry is modified and the conformal welding problem is a bit more
involved. The variation of the gravitational action with respect to the boundary mode θ(τ)
no longer vanishes since in the case of JT gravity θ(τ) serves as the “boundary graviton” [4].
The energy flux condition in the presence of JT gravity on the brane is then modified
to [4, 10, 42]

∂τM = i
[
T (I)
yy (iτ) − T

(I)
ȳȳ (−iτ)

]
+ i

[
T (II)
yy (iτ) − T

(II)
ȳȳ (−iτ)

]
(6.18)

where M corresponds to the ADM mass of the gravitational theory which is related to the
Schwarzian boundary action.

For the two single intervals [σ1,∞]I and [σ2,∞]II on CFTI,II
2 baths, a conical singularity

appears inside the gravity region on the orbifold theory Σn/Zn at a point −a and we need
to consider the subsystems [−∞,−a]I ∪ [σ1,∞]I and [−∞,−a]II ∪ [σ2,∞]II.15 Once again,
we will work with a finite temperature configuration with β = 2π. We may now uniformize
the interior conical singularity at w = A = e−a by utilizing the map

w̃ =
(
w −A

1 −Aw

) 1
n

. (6.19)

In the w̃ coordinates, the gravity region has the usual hyperbolic disk metric [4]

ds2
in = 4dw̃d ¯̃w

(1 − |w̃|2)2 . (6.20)

In these coordinates we may set w̃ = eiθ̃ at the boundary. Now using the Schwarzian
composition rules, we may obtain the ADM mass of the spacetime to be [4]

Φr

4π
{
eiθ̃, τ

}
= Φr

4π

[{
eiθ, τ

}
+ 1

2

(
1 − 1

n2

)
R(θ)

]
, (6.21)

where the function R(θ) contains the information about the branch point −a as follows

R(θ) = −(1 −A2)2(∂τθ)2

|1 −A eiθ|4
. (6.22)

Now, utilizing eqs. (6.11), (6.18) and (6.21), the energy flux condition at the boundary
becomes

−12Φr ∂τ

[{
eiθ, τ

}
+ 1

2

(
1 − 1

n2

)
R(θ)

]

=
∑
k=I,II

i e2iτ ck

1
2

(
1 − 1

n2

)(
Fk

′(eiτ )
Fk(eiτ )

)2

+
{
Fk(eiτ ), eiτ

}+ c.c. (6.23)

15Note that the local geometry at the point −a on the replica manifold Σn is completely smooth.
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The above relation is quite complicated as the map F depends implicitly on the gluing
function θ(τ). Nevertheless, as earlier, we may solve it near n ∼ 1 as follows. Near n ∼ 1,
we may expand the boundary mode θ(τ) as follows [4]

eiθ(τ) = eiτ [1 + iδθ(τ)] , (6.24)

where δθ(τ) is of order (n− 1). Next we use the following relation [4]

e2iτ
{
Fk, e

iτ
}

= −1
2(1 +H)(δθ′′′ + δθ′) , (6.25)

where H is the Hilbert transform16 which projects out the negative frequency modes of
δθ. Note that, except for in the Schwarzian term

{
Fk, e

iτ
}
, the functions Fk appear with a

factor of (n− 1) in eq. (6.23) and we may keep only up to the zeroth order solutions given
in eq. (6.12). Restoring the temperature dependence utilizing the scaling Φr → 2πΦr

β and
Fourier transforming to the k basis, the k = 1 mode requires

∫ β

0
dτ e−

2πiτ
β

[
cIFI + cIIFII −

24πΦr

β
∂τR(τ)

]
= 0 (6.27)

which leads to the condition

cI

sinh
[
π(a−σ1)

β

]
sinh

[
π(a+σ1)

β

]
+ cII

sinh
[
π(a−σ2)

β

]
sinh

[
π(a+σ2)

β

]
 = 12πΦr

β
csch

(2πa
β

)
(6.28)

In the β → ∞ limit, this reduces to a cubic equation in a as follows

cI

(
a− σ1
a+ σ1

)
+ cII

(
a− σ2
a+ σ2

)
= 6Φr

a
(6.29)

The above equation is easily solved for a but the solutions are not quite illuminating.
Instead, we take the simplifying limit σ1 = σ2 = σ to get the quadratic equation

a(a− σ) − 6Φr

(cI + cII)
(a+ σ) = 0 . (6.30)

Solving for the position of the conical singularity a, we obtain

a∗ =
(cI + cII)σ + 6Φr +

√
((cI + cII)σ + 6Φr)2 + 24 (cI + cII)σΦr

2 (cI + cII)
(6.31)

which is identical to the position of the QES obtained in section 4.1.
16The Hilbert transform is defined through the action

H · eimτ = −sgn(m)eimτ , H · 1 = 0 . (6.26)
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7 Summary and discussion

In this article, we have investigated the entanglement structure of various bipartite states
in a hybrid manifold where a JT gravity is coupled to two non-gravitating CFT2 baths.
To this end, we first construct this hybrid theory through a dimensional reduction of a 3d
geometry. The 3d geometry is comprised of a fluctuating EOW brane acting as an interface
between two distinct AdS3 geometries. Performing a partial Randall-Sundrum reduction
in the neighbourhood of the fluctuating brane results in JT gravity on the EOW brane.
Furthermore, utilizing the usual AdS/CFT correspondence on the remaining wedges of the
two AdS3 geometries leads to two non-gravitating CFT baths on two half lines. In the limit
of large brane tension, we obtain the 2d effective theory of JT gravity coupled to conformal
matter on the hybrid “brane+baths” manifolds.

Furthermore, we have provided a prescription for computing the generalized Rényi
entropy for a subsystem in this hybrid manifold. In particular, for this scenario where
the JT gravity is coupled to two CFT2 baths, the dominant replica wormhole saddle is
modified to provide two independent mechanisms to obtain an island region. Other than
the conventional origin of the island region where the degrees of freedom for the CFT
in the gravitational region is shared by bath CFTs, we also observe cases where island
region is captured for CFTI even though no bath degrees of freedom is considered. We
have called such regions as the induced islands, as the subsystem purely in CFTII induces
an island region even for CFTI. In the doubly holographic perspective this phenomena
corresponds to the double-crossing geodesic where the RT surface crosses from AdSII to
AdSI and returns to AdSII.

Subsequently, we obtain the entanglement entropy for subsystems comprised of semi-
infinite and finite intervals in CFTI,II

2 coupled to extremal as well as eternal JT black holes.
We perform computations from the effective 2d perspective using the generalized entangle-
ment entropy formula and find agreement with the doubly holographic computation in the
large tension limit of the EOW brane for all the cases. We also plot Page curves for the
different configurations of the subsystems and observe transitions between different phases
of the entanglement entropy.

We have also performed the so called conformal welding problem for the replica worm-
hole saddle in the effective “brane+bath” scenario and obtained the location of the island
for semi-infinite subsystems in the baths. To this end, we begin with the lower dimensional
effective picture obtained from the AdS/ICFT setup discussed in [39] and reproduce the
QES result. Subsequently, this is extended to the case with JT gravity on the EOW brane
which substantiate the island computations for the corresponding configuration.

There are several future directions to explore. For finite intervals in the baths coupled
to JT gravity, the location of the islands may be obtained through the conformal welding
problem with the replica wormhole by extending of the analysis in [42]. It will be inter-
esting to explore the nature of mixed state entanglement in Hawking radiation from the
JT black hole via different entanglement and correlation measures such as the reflected
entropy [53], the entanglement negativity [54], the entanglement of purification [55] and
the balanced partial entanglement [56]. Furthermore, our setup can be extended to include
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holographic models of interface CFTs which involve two interface branes separating three
bulk regions [57]. A partial dimensional reduction on different bulk wedges would result in
two fluctuating JT branes with black holes which interact through the CFT2 baths on a
hybrid seagull-like geometry. This provides yet another exotic model of Hawking radiation
which may lead to new insights for the information loss problem.
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A Second order fluctuations

In this appendix, we investigate the second order terms in the brane fluctuations ρ̃k(t, y)
and obtain corrections to the on-shell action eq. (3.9) describing the effective intermediate
perspective along the lines of [34–36]. We assume that the brane fluctuations ρ̃k depend
on both the coordinates (t, y). The normal vectors to eq. (3.1) are given by

n(I)
µ = NI

(
1, ∂ρ̃I
∂t
,
∂ρ̃I
∂y

)
, n(II)

µ = NII

(
1,−∂ρ̃II

∂t
,−∂ρ̃II

∂y

)
, (A.1)

where the normalizations Nk contributes only in higher order terms.
The trace of the extrinsic curvatures of the EOW brane embedded in each AdS3 ge-

ometry may now be computed as

Kk = ∇µn
µ (k) = 1√

−g
∂µ
(√

−g gµνn(k)
ν

)
= 2
Lk

tanh
(
ρ0
k + (−1)kρ̃k

Lk

)
+ (−1)ky2

L2
k cosh2

(
ρ0

k
+(−1)kρ̃k

Lk

) [∂2ρ̃k
∂t2

− ∂2ρ̃k
∂y2

]
, (A.2)

which at the leading order, matches with the trace of the extrinsic curvature in eq. (3.5).
For the hypersurface parametrized by (ρ0∓ ρ̃I,II, t, y), we may construct the tangent vectors
e
µ (I)
a = ∂xµ

I
∂ya and e

µ (II)
a = ∂xµ

II
∂ya to obtain the induced metric on the brane (cf. eq. (3.6))

hab = gI
µν

∂xµI
∂ya

∂xµI
∂yb

= gII
µν

∂xµII
∂ya

∂xµII
∂yb

. (A.3)

The determinant of the induced metric expanded upto second order in ρ̃k reads

√
−h = L2

k

y2 cosh2
(
ρ0
k + (−1)kρ̃k

Lk

)
− 1

2

[(
∂ρ̃k
∂t

)2
−
(
∂ρ̃k
∂y

)2]
(A.4)

Now, integrating the Einstein-Hilbert action upto second order in ρ̃k and adding the con-
tributions from the Gibbons-Hawking boundary terms and the tension term, we obtain the
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following correction to the effective action for the lower dimensional theory,

Idilaton = − 1
8πGN

∫
d2y

√
−g(2)

tanh
(
ρ0

I
LI

)
2L3

I cosh2
(
ρ0

I
LI

) (2ρ̃2
I + y2

[
−
(
∂ρ̃I
∂t

)2
+
(
∂ρ̃I
∂y

)2])

+ 1
8πGN

∫
d2y

√
−g(2)

tanh
(
ρ0

II
LII

)
2L3

II cosh2
(
ρ0

II
LII

) (2ρ̃2
II + y2

[
−
(
∂ρ̃II
∂t

)2
+
(
∂ρ̃II
∂y

)2])

= − 1
8πGN

∫
d2y

√
−g(2)

[
TI
2 ∇µρ̃I ∇µρ̃I + TI

ℓ2eff
ρ̃2

I −
TII
2 ∇µρ̃II ∇µρ̃II −

TII
ℓ2eff

ρ̃2
II

]
,

(A.5)

where ℓeff is given in eq. (3.10), the metric g(2)
ab is related to hab through eqs. (3.3) and (3.6),

and we have defined

Tk ≡
1
Lk

tanh
(
ρ0
k

Lk

)
. (A.6)

In the following, we will set ℓeff = 1 for brevity. Introducing,

ψ(y) = TI√
TI + TII

ρ̃I + TII√
TI + TII

ρ̃II , (A.7)

and subsequently performing a Weyl transformation of the 2d metric

g
(2)
ab → e

TITII
TI+TII

(ρ̃II−ρ̃I)g
(2)
ab , (A.8)

the complete induced action may be simplified to obtain the JT gravity coupled to a massive
scalar field as follows

Itotal = Itopological + 1
16πG(2)

N

∫
Σ

d2y
√
−g(2) Φ(y)

(
R(2) + 2

)
+ 1

8πGN

∫
Σ

d2y
√
−g(2)

[1
2∇µψ∇µψ + ψ2

]
. (A.9)

Interestingly, we may gauge out the scalar field entirely by performing yet another Weyl
transformation,

g
(2)
ab → e−ψg

(2)
ab , (A.10)

thereby reproducing the JT gravity action as in eq. (3.9).
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